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PREFACE 


The Handbook of Ordinary Differential Equations for Scientists and Engineers, is a 
unique reference for scientists and engineers, which contains over 7,000 ordinary differ- 
ential equations with solutions, as well as exact, asymptotic, approximate analytical, nu- 
merical, symbolic, and qualitative methods for solving and analyzing linear and nonlinear 
equations. First-, second-, third-, fourth- and higher-order ordinary differential equations 
and systems of equations are considered. A number of new nonlinear equations, exact solu- 
tions, transformations, and methods are described. Equations arising in various applications 
(in the theory of heat and mass transfer, nonlinear mechanics, elasticity, hydrodynamics, 
theory of nonlinear oscillations, combustion theory, chemical engineering science, etc.) 
are considered. Analytical formulas for the effective construction of solutions are given. 
Special attention is paid to equations of general form that depend on arbitrary functions. 
Almost all other equations contain one or more arbitrary parameters (i.e., in fact, this book 
deals with whole families of ordinary differential equations), which can be fixed by the 
reader at will. A number of specific examples where the methods described in the book are 
used are considered. Statements of existence and uniqueness theorems as well as theorems 
of stability and instability of solutions are given as well. Boundary-value problems and 
eigenvalue problems are described. Significant attention is given to Cauchy problems with 
blow-up solutions as well as the important questions of nonexistence and nonuniqueness of 
solutions to nonlinear boundary-value problems. Elements of bifurcation theory, Lie group 
and discrete-group methods for ODEs, and the factorization principle are discussed. Sym- 
bolic and numerical methods for solving ODEs problems with Maple, Mathematica, and 
MATLAB® are considered. 

All in all, the handbook contains much more ordinary differential equations, problems, 
methods, solutions, and transformations than any other book currently available. It essen- 
tial that symbolic computation systems, even the most powerful ones such as Maple or 
Mathematica, can provide no more than 40-50% of the exact analytical solutions to ODEs 
given in this book (Chapters 13 through 18). 

The main material is followed by a number of supplements, which present tables of 
integrals, finite and infinite series, and integral transforms as well as a brief description of 
the basic properties of elementary and special functions (Bessel, modified Bessel, hyperge- 
ometric, Legendre, etc.). 


New material compared to Handbook of Exact Solutions for Ordinary Differential 
Equations, 2003: 


e The total volume of the new handbook has almost doubled (increased by nearly 700 
pages). 

e Some first-, second-, and third-order nonlinear ODEs with solutions. 

e Some analytical methods (including new methods) and standard numerical methods. 


e Special numerical methods (including new methods) for solving problems with qual- 
itative features or singularities. 


e Symbolic and numerical methods with Maple, Mathematica, and MATLAB. 
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e Many new problems, illustrative examples, and figures. 
e Elementary theory of using invariants for solving equations. 


e Methods for the construction of particular solutions (including the method of differ- 
ential constraints). 


e Systems of coupled ordinary differential equations with solutions. 


e Equations defined parametrically or implicitly (exact and numerical methods and 
exact solutions) as well as overdetermined systems of ODEs and underdetermined 
ODEs. 


For the convenience of a wide audience with varying mathematical backgrounds, the 
authors tried to do their best to avoid special terminology whenever possible. Therefore, 
some of the methods are outlined in a schematic and somewhat simplified manner, with 
necessary references made to books where these methods are considered in more detail. 
Many sections were written so that they could be read independently (moreover, many top- 
ics do not require special mathematical background for their understanding and successful 
practical application). This allows the reader to get to the heart of the matter quickly. 

The handbook consists of parts, chapters, sections, subsections, and paragraphs. The 
material within sections is arranged in increasing order of complexity. An extensive table 
of contents and detailed index provides rapid access to the desired equations. 

Isolated sections of the book can be used by university and college lecturers in practical 
courses and lectures on ordinary differential equations for graduate and postgraduate stu- 
dents. Furthermore, the second part of the book (Chapters 13-18) can be used as a database 
of test problems for numerical, approximate analytical, and symbolic methods for solving 
ordinary differential equations. 

We would like to express our keen gratitude to Alexei Zhurov for fruitful discussions 
and valuable remarks. We are very thankful to Inna Shingareva and Carlos Lizarraga- 
Celaya, who wrote three chapters (19-21) of the book at our request. Also, we would like 
to express our deep gratitude to Vladimir Nazaikinskii for translating several chapters of 
this handbook. 

The authors hope that the handbook will prove helpful for a wide audience of re- 
searchers, university and college teachers, engineers, and students in various fields of math- 
ematics, physics, mechanics, control, chemistry, economics, and engineering sciences. 


Andrei D. Polyanin 
Valentin F. Zaitsev 


MATLAB® is a registered trademark of The MathWorks, Inc. For product information, please contact: 


The MathWorks, Inc. 

3 Apple Hill Drive 

Natick, MA, 01760-2098 USA 
Tel.: 508-647-7000 

Fax: 508-647-7001 

E-mail: info@mathworks.com 
Web: www.mathworks.com 
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BASIC NOTATION AND REMARKS 


Brief Notation for Derivatives and Operators 


1. Throughout this book, in the original equations, the independent variable is denoted 
by x, and the dependent one is denoted by y. In the given solutions, the symbols C, Co, 
Ci, Co, ... stand for arbitrary integration constants. Solutions are often represented in 
parametric form (e.g., see Sections 13.3.1 and 14.3.1). 


2. Notation for derivatives: 


’ dy " d?y mM dy mr dty (n) _ d”y 


Yr = az Yea = dpe’ Yor = dae’ Yeuax = dx!’ Yan" = dz” with n>=5 
3. Brief notation for partial derivatives: 
of of Of Of 
La fy = By fox = a> Feu = ray’ where f= f(x,y). 


d\n bind 
4. In some cases, we use the operator notation ( f —) g, which is defined by the 
x 
recurrence relation 


d\n d d \n-1 
G@=) s@) =f@—|(FO=) 9). 
: : . : a: 0 6) 
5. Brief operator notation corresponding to partial derivatives: O, = Da’ C= By" 
z y 


Special Functions 
Ai(x) = + {5° cos($t? + at) dt Airy function; 
Ai(e) = 2 (50)? Kia($29”) 


T 


[oe] 
Ceneg) => Adae cosh|(2k+p)z] Even modified Mathieu functions, where 


i=l p=0,1; Cean inl 2, q) = bean en (UF, q) 
(oe) 
cean(z,q) = >, Az? cos 2kx Even 7z-periodic Mathieu functions; these 
k=0 satisfy the equation y” +(a—2q cos 2x)y=0, 
where a = a2,,(q) are eigenvalues 
[oe] 
tional¢.q) =>, AST cos|(2k+1)z] Even 27-periodic Mathieu functions; these 
k=0 satisfy the equation y” +(a—2q cos 2x)y=0, 
where a = 2n41(q@) are eigenvalues 
Dg= DAZ) Parabolic cylinder function; it satisfies the 
equation y” + (v+ 5 — 42*)y =0 
erf x = z Jo exp(—€?) dé Error function 
erfe 7 = - ji exp( —€ ) dé Complementary error function 
H,(x) = (—1)"e*” a (a) Hermite polynomial 
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HY be) = Jy tr) 1Ya) Hankel function of first kind, i? = —1 
HY Ge). = Tuleh) Yo) Hankel function of second kind, 7? = —1 
(oe) 
FG@,0,¢¢)=1l>>s) = Hypergeometric function, 
Net (@)n =a(at+1)...(a+n-1) 
ie) yv n 
Lie) = > wy Modified Bessel function of first kind 
n 
oo Zs v+2n 7 : 
IAC) = au Sere Bessel function of first kind 
Lon) =s ee Modified Bessel function of second kind 
Gy = cae (ate) Generalized Laguerre polynomial 
P, (2) = aon (2? - 1)" Legendre polynomial 


P™(x) = (1—2?)™/ 2 Bl) Associated Legendre functions 


(oe) 
Seon+p(z,q) = >> Be sinh[(2k+p)x] Odd modified Mathieu functions, where 
k=0 p= 0,1; Stopip(@,0) = 1 seonap (22; 9g) 
(oe) 
seon(@,q) = >> Ber sin Qke Odd z-periodic Mathieu functions; these 
ia satisfy the equation x’ + (a — 2q cos 2x)y = 
0, where a = bo,,(q) are eigenvalues 


[oe) 
Sontag) =>, Baek sin|(2k+1)x] | Odd 27-periodic Mathieu functions; these 
k=0 satisfy the equation y” + (a—2q cos 2x) y = 
0, where a = bon+1(q) are eigenvalues 


Y, (2) = ew cost) J) Bessel function of second kind 
a 
ve Ga [y ee de Incomplete gamma function 


Slo ee : Gamma function 


ee? 


Degenerate hypergeometric function, 
(@)n =a(a+1)...(a+n—-1) 


ee 


Miscellaneous Remarks 


1. Throughout the book, unless explicitly specified otherwise, all parameters, variables, 
and functions occurring in the equations considered are assumed to be real numbers. 


2. If a formula or a solution contains derivatives of some functions, then the functions 
are assumed to be differentiable. 


3. If a formula or a solution contains finite or definite integrals, then the integrals are 
supposed to exist and to be convergent. 


f(x) 


4. If a relation contains an expression like 5° it is often not stated that the as- 


sumption a # 2 is adopted. 


n+1 


1 
5. In solutions, expressions like yp, (x) = ae 
n 
cover the case n = —1 in accordance with the rule y_1(x) = In|z|. This is accounted 


can usually be defined so as to 
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for by the fact that such expressions arise from the integration of the power-law function 


pale) = a dx. 


6. The order symbol O is used to compare two functions, f = f(€) and g = g(e), where 
€ is a small parameter. So f = O(g) means that | f /g| is bounded as e > 0, or f and g are 
of the same order of magnitude as « —> 0. 


7. In Chapters 13-18, when referring to a particular equation, we use notation like 
14.1.2.35, which denotes Eq. 35 in Section 14.1.2. 


8. The handbooks by Kamke (1977), Murphy (1960), Zaitsev and Polyanin (1993, 
2001), Polyanin and Zaitsev (1995, 2003) were extensively used in compiling this book; 
references to these sources are frequently omitted. 


9. In some sections (e.g., see 13.3, 14.3-14.6, 15.2—15.3), for the sake of brevity, so- 
lutions are represented as several formulas containing terms with the signs “=” and “=.” 
Two formulas are meant—one corresponds to the upper sign and the other to the lower 
sign. For example, the solution of equation 13.3.1.16 is written in the parametric form 


1 =af-texp(tr2), y= af [exp(Fr2) + 2r/], 
where 
f = fewer) dt — C,; A= 2a". 


This is equivalent so that the solutions of equation 13.3.1.16 are given by the two formulas: 


x =af~‘exp(—1’), y=af~*[exp(—r*) + 2rf], 


where 


f= feo) dr—C, A= —2a? 
(for the upper signs) and 


x =af~'exp(r*), y=af~"[exp(r?) — 2rf], 
where 


f= [ex) dr—C, A=2a? 


(for the lower signs). 
10. To highlight portions of the text, the following symbols are used throughout the 
book: 
> marks the beginning of a small section of the fourth level; such sections are referred to 
as paragraphs; 
@ indicates important information pertaining to a group of equations (Chapters 13-18); 


© indicates the literature used in the preparation of the text in subsections, paragraphs, 
and specific equations. 
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Chapter 1 


Methods for First-Order 
Differential Equations 


1.1 General Concepts. Cauchy Problem. 
Uniqueness and Existence Theorems 


1.1.1 Equations Solved for the Derivative 
> Form of equations. General and particular solutions. 


A first-order ordinary differential equation solved for the derivative has the form! 


Yo = f(z, y). (1.1.1.1) 


In what follows, we often call an ordinary differential equation a “differential equation” or, 
even shorter, an “equation.” 

Sometimes equation (1.1.1.1) is represented in terms of differentials as dy = f(x, y) dz. 

A solution of a differential equation is a function y(x) that, when substituted into the 
equation, turns it into an identity. The general solution of a differential equation is the set 
of all its solutions. In some cases, the general solution can be represented as a function 
y = »(x, C) that depends on one arbitrary constant C; specific values of C' define specific 
solutions of the equation (particular solutions). In practice, the general solution more 
frequently appears in implicit form, ®(x,y,C) = 0, or parametric form, x = x(t,C), 
y= y(t, C). 

Geometrically, the general solution (also called the general integral) of an equation is 
a family of curves in the xy-plane depending on a single parameter C’; these curves are 
called integral curves of the equation. To each particular solution (particular integral) there 
corresponds a single curve that passes through a given point in the plane. 

For each point (x,y), the equation y/, = f(x,y) defines a value of y/,, i.e., the slope 
of the integral curve that passes through this point. In other words, the equation generates 
a field of directions in the zy-plane. From the geometrical point of view, the problem of 


Unless otherwise specified, we assume here and henceforth that y = y(«) and f = f (x, y) are real-valued 
functions of real arguments. 
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Figure 1.1: The direction field of a differential equation and the integral curve passing 
through a point (29, yo). 


solving a first-order differential equation involves finding the curves, the slopes of which at 
each point coincide with the direction of the field at this point. 

Figure 1.1 depicts the tangent to an integral curve at a point (xo, yo); the slope of 
the integral curve at this point is determined by the right-hand side of equation (1.1.1.1): 
tana = f(2o, Yo). The little lines show the field of tangents to the integral curves of the 
differential equation (1.1.1.1) at other points. 


> Equations integrable by quadrature. 


To integrate a differential equation in closed form is to represent its solution in the form 
of formulas written using a predefined bounded set of allowed functions and mathematical 
operations. A solution is expressed as a quadrature if the set of allowed functions consists 
of the elementary functions and the functions appearing in the equation and the allowed 
mathematical operations are the arithmetic operations, a finite number of function compo- 
sitions, and the indefinite integral. An equation is said to be integrable by quadrature if its 
general solution can be expressed in terms of quadratures. 


> Cauchy problem. Uniqueness and existence theorems. 


The Cauchy problem (or the initial value problem): find a solution of equation (1.1.1.1) 
that satisfies the initial condition 


y=yo at xr=20, (1.1.1.2) 


where Yo and 29 are some numbers. 

The geometrical meaning of the Cauchy problem is as follows: find an integral curve 
of equation (1.1.1.1) that passes through the point (xo, yo); see Fig. 1.1. 

Condition (1.1.1.2) is alternatively written y(%9) = yo or y|z=25 = Yo- 


EXISTENCE THEOREM (PEANO). Let the function f(x,y) be continuous in an open 
domain D of the xy-plane. Then there is at least one integral curve of equation (1.1.1.1) 
that passes through each point (xo, yo) € D; each of these curves can be extended at both 
ends up to the boundary of any closed domain Dg C D such that (x9, yo) belongs to the 
interior of Do. 
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UNIQUENESS THEOREM. Let the function f(x, y) be continuous in an open domain D 
and have in D a bounded partial derivative with respect to y (or the Lipschitz condition 
holds: | f(x,y) — f(x,z)| < K|y — z|, where K is some positive number, called the 
Lipschitz constant). Then there is a unique solution of equation (1.1.1.1) satisfying con- 
dition (1.1.1.2). 


> Comments on the uniqueness and existence theorems. 


The violence of a condition stated in the existence and uniqueness theorems may result 
in the existence of one, several, or infinitely many solutions or even no solutions at all. 
Below we give a few simple illustrative examples for the case where the right-hand side of 
equation (1.1.1.1) has a singularity at the boundary of the domain. 


Example 1.1. Consider the Cauchy problem 
y, =y'/> («@>0), y(0) =0. (1.1.1.3) 


Since the right-hand side of the equation is a continuous function, the existence theorem states 
that there is a solution, at least for x close to 0. It is easy to verify that problem (1.1.1.3) two 


solutions: y; = 0 and y2 = (42) oe Furthermore, the problem has infinitely many solutions (a 


one-parameter family) of the form 


(x) 0 if 0<a4<a, (1.1.1.4) 
Lr) = pile 
[2(@-a)]*” if c>a, 


where a > 0 is an arbitrary constant. Function (1.1.1.4) is differentiable everywhere, even at x = a, 
and it satisfies both the differential equation and the initial condition (1.1.1.3). 

The uniqueness is violated here due to the fact that the derivative of the right-hand side of the 
equation with respect to y becomes infinite at x = 0, by virtue of the initial condition. 


Example 1.2. Consider the Cauchy problem 
oe 0 0) = 0. 1.1.1.5 
Ye = Fy (x >0), (0) ( ) 
Here the right-hand side of the equation becomes infinite at x = 0 by virtue of the initial conditions. 


Problem (1.1.1.5) has two solutions: y; = —\/x and yg = \/z. 


Example 1.3. Consider the Cauchy problem 


yi, = a (x >0), y(0)=0. (1.1.1.6) 


The right-hand side of the equation becomes infinite at x = 0 by virtue of the initial condition. 
Problem (1.1.1.6) has one solution: y = ($2) aor 


Example 1.4. In the Cauchy problem 


2 
yl, = 7 (x >0), y(0)=0, (1.1.1.7) 
the right-hand side of the equation has a fixed singularity at the boundary (becomes infinite at x = 0). 
Problem (1.1.1.7) has infinitely many (a one-parameter family) smooth solutions: y = ax?, 
where a is an arbitrary constant. 
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Example 1.5. In the Cauchy problem 


1 


the right-hand side of the equation becomes infinite at x = 0 by virtue of the initial condition. 
Equation (1.1.1.8) has the general integral 


y? =-2+C, (1.1.1.9) 


where C’ is an arbitrary constant. Using the initial condition y(0) = 0, we get C = 0. With C' = 0, 
the left-hand side of (1.1.1.9) is positive (nonnegative), while the right-hand side is negative for 
x > 0. Hence, the Cauchy problem (1.1.1.8) does not have a real solution. 


Remark 1.1. Cauchy problems in which the right-hand side of equation (1.1.1.1) has a singu- 
larity in the interior of the domain are treated in Sections 1.7.3 and 1.7.4. 


> Theorems on smoothness and parametric continuity of solutions. 


THEOREM ON SMOOTHNESS OF SOLUTIONS. Let the function f(x,y) have n continuous 
derivatives in either argument. Then any solution y = y(a) to equation (1.1.1.1) has contin- 
uous derivatives up to the (n + 1)st order inclusive. If f(x,y) is analytic, then all solutions 
y = y(2) are also analytic. 


THEOREM ON PARAMETRIC CONTINUITY OF SOLUTIONS TO THE CAUCHY PROB- 
LEM. Let in the initial value problem 


the differential equation and/or the initial condition depend continuously on one or more 
parameters A = (\j,...,A,%). Then the solution y = y(x, 2) (which is assumed to exist 


and be unique) depends continuously upon the parameters. 


> Point transformations. 


In the general case, a point transformation is defined by 
2=F(XY), y= GCGY), (1.1.1.11) 


where X is the new independent variable, Y = Y(X) is the new dependent variable, and 
F and G are some (prescribed or unknown) functions. 
The derivative y/, under the point transformation (1.1.1.11) is calculated by 


» _ Gx + GyYx 
Ye Ry £ YY!’ 


where the subscripts X and Y denote the corresponding partial derivatives. 
Transformation (1.1.1.11) is invertible if FyGy — FyGx 40. 
Point transformations are used to simplify equations and reduce them to known equa- 
tions. Sometimes a point transformation enables the reduction of a nonlinear equation to a 
linear one. 
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Example 1.6. The simplest point transformations are 
x=X+A, y=Y-+B translation transformation; 
x= AX, y= BY scaling transformation, 
where A and B are arbitrary constants. 
Example 1.7. The hodograph transformation is an important example of a point transformation. 


It is defined by x = Y, y = X, which means that y is taken to be the independent variable and x the 
dependent one. In this case, the derivative is expressed as 


; 1 


Other examples of point transformations can be found in Sections 1.2 and 1.4—1.6. 


1.1.2 Equations Not Solved for the Derivative 
> Form of equations not solved for the derivative. Existence theorem. 


A first-order differential equation not solved for the derivative can generally be written as 
F(z,y,y,) = 0. (1.1.2.1) 


EXISTENCE AND UNIQUENESS THEOREM. There exists a unique solution y = y(«) 
of equation (1.1.2.1) satisfying the conditions y|z=2, = yo and y!,|r=r, = to, where to is 
one of the real roots of the equation F'(xo, yo, to) = 0 if the following conditions hold in a 
neighborhood of the point (x0, yo, to): 

1. The function F(x, y,t) is continuous in each of the three arguments. 

2. The partial derivative F, exists and is nonzero. 

3. There is a bounded partial derivative with respect to y, |Fy| < K. 

The solution exists for |x — x9| < a, where a is a (sufficiently small) positive number. 


> Singular solutions. 


1°. A point (x, y) at which the uniqueness of the solution to equation (1.1.2.1) is violated 
is called a singular point. If conditions 1 and 3 of the existence and uniqueness theorem 
hold, then 

Pegi =0, Fia72) =0 (1.1.2.2) 


simultaneously at each singular point. Relations (1.1.2.2) define a t-discriminant curve in 
parametric form. In some cases, the parameter ¢ can be eliminated from (1.1.2.2) to give 
an equation of this curve in implicit form, U(x, y) = 0. If a branch y = w (a) of the curve 
W(x, y) =O consists of singular points and, at the same time, is an integral curve, then this 
branch is called a singular integral curve and the function y = w(x) is a singular solution 
of equation (1.1.2.1). 


2°. The singular solutions can be found by identifying the envelope of the family of integral 
curves, ®(x,y,C) = 0, of equation (1.1.2.1). The envelope is part of the C-discriminant 
curve, which is defined by the equations 


O(xz,y,C)=0, Oo(2,y,C) =0. 


The branch of the C-discriminant curve at which 
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(a) there exist bounded partial derivatives, |®,| < Md; and |®,| < M2, and 
(b) |®2| + |®,| #0 
is the envelope. 


© Literature for Section 1.1: E. L. Ince (1956), G. M. Murphy (1960), L. E. El’sgol’ts (1961), P. Hartman 
(1964), N. M. Matveev (1967), I. G. Petrovskii (1970), G. F. Simmons (1972), E. Kamke (1977), G. Birkhoff 
and Rota (1978), A. N. Tikhonov, A. B. Vasil’eva, and A. G. Sveshnikov (1985), D. Zwillinger (1997), 
C. Chicone (1999), G. A. Korn and T. M. Korn (2000), V. F. Zaitsev and A. D. Polyanin (2001), A. D. Polyanin 
and V. F. Zaitsev (2003), W. E. Boyce and R. C. DiPrima (2004), A. D. Polyanin and A. V. Manzhirov (2007). 


1.2 Equations Solved for the Derivative. Simplest 
Techniques of Integration* 
1.2.1. Equations with Separable Variables and Related Equations 
> Equations with separated variables. 
An equation with separated variables (a separated equation) has the form 
fue = 9(@). (1.2.1.1) 


Equivalently, the equation can be rewritten as f(y) dy = g(x) dz (the right-hand side de- 
pends on z alone and the left-hand side on y alone). The general solution can be obtained 
by termwise integration: 


[toa =foear+e, 


where C is an arbitrary constant. 


> Equations with separable variables. 


An equation with separable variables (a separable equation) is generally represented by 


fi(y)gu(@)y, = fe(y)g2(@). (12.1.2) 


Dividing the equation by fo(y)gi(a), one obtains a separated equation. Integrating yields 


fily) ... [ 9) ‘ 
roa | eaaere 


Remark 1.2. In termwise division of the equation by f2(y)gi(x), solutions corresponding to 
fo(y) = 0 can be lost. 


> Related equation. 
Consider an equation of the form 

y,, = f(ax + by). (1.2.1.3) 
The substitution z = ax + by brings it to a separable equation, z/, = bf(z) + a. 


“This section deals with equations of fairly general form involving arbitrary functions. 
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1.2.2 Homogeneous and Generalized Homogeneous Equations 
> Homogeneous equations and equations reducible to them. 


1°. A homogeneous equation remains the same under simultaneous scaling (dilatation) of 
the independent and dependent variables in accordance with the rule x > az, y > ay, 
where a is an arbitrary constant (a # 0). Such equations can be represented in the form 


Yn = #(=). (1.2.2.1) 


The substitution u = y/zx brings a homogeneous equation to a separable one, ru!, = f (u) — 
uw; see Section 1.2.1. 


2°. The equations of the form 


b 
i= ( — es =) (1.2.2.2) 
agx boy (63) 


can be reduced to a homogeneous equation. To this end, for a,x + biy 4 k(agu + bey), 
one should use the change of variables € = x — x9, 7 = y — yo, where the constants 2x9 
and yo are determined by solving the linear algebraic system 


aj,%o + byyo + c1 = 0, 


agXo boyo Q= 0. 


As a result, one arrives at the following equation for 7 = n(&): 


p_ gf 1€ +617 
io (2 ar mt), 


On dividing the numerator and denominator of the argument of f by &, one obtains a ho- 
mogeneous equation whose right-hand side is dependent on the ratio 7/€ only: 


,_ pf mtbin/é 
a (Soe. 


For a,x + biy = k(agx + bay), we have an equation of the type 1.2.1.3. 


> Generalized homogeneous equations and equations reducible to them. 


1°. A generalized homogeneous equation (a homogeneous equation in the generalized 
sense) remains the same under simultaneous scaling of the independent and dependent 
variables in accordance with the rule x > ax, y — a*y, where a ¥ 0 is an arbitrary 
constant and & is some number. Such equations can be represented in the form 


=a fue) (1.2.2.3) 


The substitution u = yx" brings a generalized homogeneous equation to a separable 
equation, ru’, = f(u) — ku; see Section 1.2.1. 
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Example 1.8. Consider the equation 
yl, = ax? y* + by. (1.2.2.4) 
Let us perform the transformation x = a%, y = ay and then multiply the resulting equation 
by a‘~* to obtain 


7, = aadl*+)) 5254 4 bak tt, (1.2.2.5) 
It is apparent that if & = —1, the transformed equation (1.2.2.5) is the same as the original one, 
up to notation. This means that equation (1.2.2.4) is generalized homogeneous of degree k = —1. 


Therefore the substitution u = ay brings it to a separable equation: ru’, = au* + bu? + u. 
2°. The equations of the form 
ut = yf (Oy) 
can be reduced to a generalized homogeneous equation. To this end, one should use the 
change of variable z = e” and set \ = —k. 


1.2.3. Linear Equation and Bernoulli Equation 
> Linear equation. 


A first-order linear equation is written as 


Yn + f(x)y = g(a). (1.2.3.1) 
The solution is sought in the product form y = uv, where v = v(x) is any function that 
satisfies the “truncated” equation v/, + f(x)v = 0 [as v(x) one takes the particular solution 
v =e-", where F = J f(x) dz]. As a result, one obtains the following separable equation 
for u = u(x): v(x)ul, = g(x). Integrating it yields the general solution: 


y(z) =e" (| ef g(x) dx + c), P= [t@ dx; (1.2.3.2) 


where C is an arbitrary constant. 


> Bernoulli equation. 


A Bernoulli equation has the form 

Ye t+ f(a)y =g(a)y’, — BA, 1. (1.2.3.3) 
(For 6 = 0 and § = 1, it is a linear equation.) The substitution z = y!~° brings it to a linear 
equation, z/, + (1 — B)f(a#)z = (1 — 8)g(x). With this in view, one can obtain the general 
integral: 


gq sce 41 —ByeF f e-Fg(x) dx, where F=(6-1) / f(x) dx, (1.2.3.4) 


and C’is an arbitrary constant. 
Example 1.9. Let us look at the Cauchy problem for the Bernoulli equation 
yl, =—f(x)yt+g(x)\y? («>0), y(0)=a>0. (1.2.3.5) 
Using formula (1.2.3.4) with 8 = 2 and considering the initial condition, we can write the solution 
to problem (1.2.3.5) as 
ae~F (#) 


a T= aGtey 2)= fF) ae, Gla) = fe P gle) ad (1.2.3.6) 
0 


This solution does not have singularities if g(a) < 0. If g(x) > 0, two scenarios are possible. 
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1°. Let limy-... G(a) < 1/a. Then there is a solution for all x > 0. 


2°. Let lim,_,0 G(x) >1/a. Then there exists a critical point, «.., satisfying the condition G(x, ) = 
1/a, which makes the denominator in (1.2.3.6) vanish. In this case, there is a solution, in the limited 
range 0 < x < «,, that increases indefinitely as x — x,. Such solutions are known as blow-up 
solutions. 

If the equation coefficients are constant, f(a) = b and g(x) = c, we have 


ab 


—_—_—_—_——. 1.2.3.7 
ac + (b—ac)e* oe 


Y= 


The condition ac/b > 1 corresponds to a blow-up solution existing on the interval 0 < a < ay, 
where x, = -+ In(1 — +). 
By letting b > 0 in (1.2.3.7), we get 


a 


J eer 


If c > 0, this is a blow-up solution with x, = 1/(ac). 


> A related equation. 
Consider an equation of the form 
Uy = F(z) t+g(z)e* (AF 0). 


The substitution u = e~*” brings it to the linear equation u/, + Af (x)u + Ag(x) = 0. 


1.2.4 Darboux Equation and Other Equations 
> Darboux equation. 


A Darboux equation can be represented as 


7(4) +ah( 2) |, =9(4) + yo" ta( =). (1.2.4.1) 


Using the substitution y = xz(x) and taking z to be the independent variable, one obtains 
a Bernoulli equation 


[g(z) — zf(2)]2, = f(z) + 27***h(z), 


which is considered in Section 1.2.3. 


> Other equations. 
1°. Consider an equation of the form 
ry, = y+ f(x)g(y/z). 


The substitution u = y/x brings it to a separable equation, xu’, = f(x)g(u); see Sec- 
tion 1.2.1. 
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2°. Consider a more complex equation 


/ 
v= Sut fase), 9 = (a). (1.2.4.2) 
The substitution w = y(x)y brings it to a separable equation, w/, = v(x) f(x)g(w). 


Example 1.10. The equation 


Y, = —y + f(a)g(e"y). 


is a special case of Eq. (1.2.4.2) with y = e”. Therefore, the substitution w = e”y brings it to a 
separable equation, w’/, = e” f(x)g(v). 


@ Some other first-order equations integrable by quadrature are treated in Chapter 13. 


© Literature for Section 1.2: D. M. Sintsov (1913),E. L. Ince (1956), V. V. Stepanov (1958), G. M. Mur- 
phy (1960), L. E. El’sgol’ts (1961), P. Hartman (1964), N. M. Matveev (1967), I. G. Petrovskii (1970), 
G. F. Simmons (1972), E. Kamke (1977), G. Birkhoff and Rota (1978), M. Tenenbaum and H. Pollard (1985), 
A. N. Tikhonov, A. B. Vasil’eva, and A. G. Sveshnikov (1985), R. Grimshaw (1991), M. Braun (1993), 
D. Zwillinger (1997), C. Chicone (1999), G. A. Korn and T. M. Korn (2000), V. F. Zaitsev and A. D. Polyanin 
(2001), A. D. Polyanin and V. F. Zaitsev (2003), W. E. Boyce and R. C. DiPrima (2004), A. D. Polyanin and 
A. V. Manzhirov (2007), V. F. Zaitsev and L. V. Linchuk (2015). 


1.3 Exact Differential Equations. Integrating Factor 


1.3.1 Exact Differential Equations 


An exact differential equation has the form 
7) 
f(x,y) dx + g(x,y) dy =0, where By On (31h 


The left-hand side of the equation is the total differential of a function of two variables 
U(x,y). 

The general integral, U(x, y) = C, where C is an arbitrary constant and the function U 
is determined from the system: 


Integrating the first equation yields U = [ f(x,y) dx + U(y) (while integrating, the vari- 
able y is treated as a parameter). On substituting this expression into the second equation, 
one identifies the function WY (and hence, U). As a result, the general integral of an exact 
differential equation can be represented in the form 


r y 

i, F(Ey) ag + f g(%0,n) dn = C, (1.3.1.2) 
rO Yo 

where xg and yo are any numbers. 


Example 1.11. Consider the equation 


(ay” + bx)y), +byt+cr™ =0, or (by+cax™) dx + (ay” + bx) dy =0, 
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defined by the functions f(x, y) = by + ca™ and g(x,y) = ay” + bx. Computing the derivatives, 
we have 
of _, a9 _, af _ ag 


oy Ox Oy Ox 
Hence the given equation is an exact differential equation. Its solution can be found using formula 
(1.3.1.2) with x9 = yo = 0: 
a n+1 b c mt+1 = C 
n+1 : oo m+1 . 


1.3.2 Integrating Factor 


An integrating factor for the equation 


f(x,y) dx + g(x,y) dy =0 


is a function ju(x, y) # 0 such that the left-hand side of the equation, when multiplied by 
(x,y), becomes a total differential, and the equation itself becomes an exact differential 
equation. 

An integrating factor satisfies the first-order partial differential equation, 


Ou oe = (2 “) 


which is not generally easier to solve than the original equation. 
Table 1.1 lists some special cases where an integrating factor can be found in explicit 
form. 


© Literature for Section 1.3: G. M. Murphy (1960), N. M. Matveev (1967), E. Kamke (1977), D. Zwillinger 
(1997), G. A. Korn and T. M. Korn (2000), A. D. Polyanin and V. F. Zaitsev (2003), A. D. Polyanin and 
A. V. Manzhirov (2007). 


1.4 Riccati Equation 


1.4.1. General Riccati Equation. Simplest Integrable Cases. 
Polynomial Solutions 


> General Riccati equation. 


A Riccati equation has the general form 


y!, = fo(x)y? + filx)y + fo(z). (1.4.1.1) 


If fo = 0, we have a linear equation (1.2.3.1), and if fo = 0, we have a Bernoulli equation 
(1.2.3.3) with a = 2, whose solutions were given previously. For arbitrary fo, f1, and fo, 
the Riccati equation is not integrable by quadrature. 


> Simplest integrable cases. 


Listed below are some special cases where the Riccati equation (1.4.1.1) is integrable by 
quadrature. 
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TABLE 1.1 
An paar factor 4. = u(x, y) for some types of ordinary differential equations f dx + g dy = 0, where 
= f(x,y) and g = g(z,y). The subscripts x and y indicate the corresponding partial derivatives 


7 af — - | af-yo 40; 0; 
4 ee a yeas ve yas ae ee 
ie f + 7g is an analytic function 
fe = 9y» fy = of the eee variable x + iy 


uw =exp[4 f v(z) dz], z=27?+y? 


(y)f | w=exp[f p(x) da + fvly ) and 7)(y) are any functions 


w = w(x, y) is any function 


= d 
ny, Ly ele) 0] of two variables 


1°. The functions fo, f,, and fo are proportional, i.e., 


yh, = 9(a)(ay” + by +c), 
where a, b, and c are constants. This equation is a separable equation; see Section 1.2.1. 


2°. The Riccati equation is homogeneous: 


2 
’ y Y 
Ye = eC ae + ¢. 
See Section 1.2.2, Eq. (1.2.2.1) with f(z) = az*+bz+e. 


3°. The Riccati equation is generalized homogeneous: 


b 
yi, = aay? + a a, 
See Eq. (1.2.2.3) with k = —n — 1. The substitution z = x"+1y brings it to a separable 
equation: xz/,=az?+(b+n+l1)z+e. 
4°. The Riccati equation has the form 


yl, = ary? + ™ 


nr 
y+cxr*™ 


By the substitution y =a" z, the equation is reduced to a separable equation: 2~"~"™z/, = 


az? + ¢. 
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@ Some other Riccati equations integrable by quadrature are treated in Chapter 13 (see 
equations 13.2.2.1 to 13.2.9.14). 


> Polynomial solutions of the Riccati equation. 
Let fo = 1, fi(a), and fo(x) be polynomials. If the degree of the polynomial 
A= fi - (file — 4fo 


is odd, the Riccati equation cannot possess a polynomial solution. If the degree of A is 
even, the equation involved may possess only the following polynomial solutions: 


y= -4(fi (VB) 


where [Vv A] denotes an integer rational part of the expansion of A in decreasing powers 


of x (for example, [Vv x? — 27+ 3 | =x-—1). 
1.4.2 Use of Particular Solutions to Construct the General Solution 


> One particular solution is known. 


Let yo = yo(«) be a particular solution of equation (1.4.1.1). Then the substitution y = 
Yo + 1/w leads to a linear equation for w = w(x): 


wi, + [2fa(x)yo(x) + fila) w + fo(x) = 0. 
The general solution of the Riccati equation (1.4.1.1) can be written as 
=1 
y= yo(x) + 2(x) [0 - # (2) fol) de] (1.4.2.1) 


where C is an arbitrary constant and 


O(x) = exp f [2fa(e)y0(a) + fi(x)| da. (1.4.2.2) 


To the particular solution yo(a) there corresponds C' = oo. 


> Two particular solutions are known. 


Let y: = yi (x) and y2 = yo(x) be two different particular solutions of equation (1.4.1.1). 
Then the general solution can be calculated by 


_ Cy + U(x)ye 


C+U(z) where U(x) = exp [/ foly1 — yo) dx]. 


To the particular solution yj (a), there corresponds C' = oo; and to y2(x), there corresponds 
C=0. 
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> Three particular solutions are known. 


Let y1 = yi(x), yo = yo(x), and yz = y3(x) be three distinct particular solutions of equa- 
tion (1.4.1.1). Then the general solution can be found without quadrature: 


¥Y— Y2 ¥3— V1 at 
¥Y— V1 Y3 — Y2 


This means that the Riccati equation has a fundamental system of solutions. 


1.4.3. Some Transformations 
> Nonlinear transformation reduces the Riccati equation to a Riccati equation. 


The transformation (y, 71, Ww, W3, and 74 are arbitrary functions) 


oe wa(E)u + w3(€) 
wo(€)u + o1(€) 


reduces the Riccati equation (1.4.1.1) to a Riccati equation for u = u(€). 


x = (€), 


> Reduction of the Riccati equation to a second-order linear equation. 


u(x) = exp(- fay dr) 


reduces the general Riccati equation (1.4.1.1) to a second-order linear equation: 


fou, — [(f), + fifo]u, + fofsu =0, 


which often may be easier to solve than the original Riccati equation. 


The substitution 


> Reduction of the Riccati equation to the canonical form. 


The general Riccati equation (1.4.1.1) can be reduced with the aid of the transformation 


60), gl eoe42(2), see ROSPOe, CasD 
T= YPC); ele as 2 Fy 2\F F Ww a = Jil?) Pe, ae 


to the canonical form 


we = w+ WE). (1.4.3.2) 
Here the function W is defined by the formula 
1 1 1? PN | ae 
(6) =hHR--F+ FF - Fh 4--(|2 = 
)= foe - Girt oh sag (2 oR? 


the prime denotes differentiation with respect to €. 

Transformation (1.4.3.1) depends on a function y = y(€) that can be arbitrary. For a 
specific original Riccati equation, different functions y in (1.4.3.1) will generate different 
functions WY in equation (1.4.3.2). In practice, transformation (1.4.3.1) is most frequently 
used with y(&) = €. 
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1.4.4 Special Riccati Equation 


1°. A special Riccati equation has the form 


yt, tay? = br™. (1.4.4.1) 
For m # —3, the transformation 
1 1 1. 
y= +e, w= Ems (1.4.4.2) 
LH ax 


brings equation (1.4.4.1) to a similar equation 


’ 2 — mit b eo 
= b m+3 —————————— b — 
Ne + ain i ee cs 
The essential parameter m changes by the rule 
m+A4 
— -——. 1.4.4.3 
m ea ( ) 


(The parameters a and 0 are inessential, as they can be made equal to one by changing the 
scale of x and y.) Repeating the above transformation & times, we arrive at a special Riccati 
equation with the exponent 

(2k — 1)mo + 4k 


= = 1.4.4.4 
si kmp + 2k +1” ( ) 


where mop = ™. 


2°. Let us now discuss the integrability of the special Riccati equation. 

For m = 0, it becomes separable. This equation is linked to other quadrature-integrable 
special Riccati equations through transformations of the form (1.4.4.2) whose exponents 
are obtained by substituting mp = 0 in (1.4.4.4): 


(1.4.4.5) 


where & is an arbitrary integer. 
For m = —2, the equation becomes generalized homogeneous; with the substitution 
y = 1/z, it is reduced to the homogeneous equation z/, = a — b(z/x)?. 


THEOREM (LIOUVILLE). The values 


4 
m= 3-4 (k is any integer) and m=-—2 (1.4.4.6) 


exhaust all quadrature-integrable cases of the special Riccati equation. 


3°. If the exponent m in (1.4.4.1) is different from the values of (1.4.4.6), the solutions can 
be expressed in terms of special functions. The substitution y(a) = z/,/(az) reduces the 
special Riccati equation to the second-order equation 


xx 


Zee = aba™z, (1.4.4.7) 
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whose solutions can be written as 


v= viele é (SoS) +oY (Ao5."*)| if b<0, 


m+2\ m+2 


2Vab m 2/ab m 
2=/2 Cyl i 2 x + Cok 1 as x if b>O, 
m2 \m+2 mt2 \m +2 


where J,(z) and Y,(z) are Bessel functions of the first and second kind, respectively, 
while I,,(z) and K,,(z) are modified Bessel functions. If m = —2, equation (1.4.4.7) is the 
Euler equation. The values (1.4.4.5) give us the set of orders v of the Bessel functions and 
modified Bessel functions at which they are expressible in terms of elementary functions. 
This occurs at half-integer orders: 


2k+1 
v= i 
2 


© Literature for Section 1.4: G. M. Murphy (1960), N. M. Matveev (1967), W. T. Reid (1972), E. Kamke 
(1977), D. Zwillinger (1997), G. A. Korn and T. M. Korn (2000), A. D. Polyanin and V. F. Zaitsev (2003), 
A. D. Polyanin and A. V. Manzhirov (2007). 


1.5 Abel Equations of the First Kind 


1.5.1 General Form of Abel Equations of the First Kind. Simplest 
Integrable Cases 


> General form of Abel equations of the first kind. 


An Abel equation of the first kind has the general form 
Ye = fa(a)y" + falx)y’ + file)y + folx), f(x) #0. (Sid) 


In the degenerate case fo(x) = fo(a) = 0, we have a Bernoulli equation (1.2.3.3) with 
a = 3. The Abel equation (1.5.1.1) is not integrable in closed form for arbitrary f,,(x). 


> Simplest integrable cases. 


Listed below are some special cases where the Abel equation of the first kind is integrable 
by quadrature. 

1°. If the functions f,(x) (n = 0, 1, 2, 3) are proportional, ie., fn(z) = ang(x), then 
(1.5.1.1) is a separable equation (see Section 1.2.1). 


2°. The Abel equation is homogeneous: 


3 2 
po Y y 
Yn =a ath c— +d. 


See Section 1.2.2, Eq. (1.2.2.1) with f(z) = az? + bz? + cez+d. 


3°. The Abel equation is generalized homogeneous: 


< Cc i 
yl, = az? thy3 + bry? —y dx7"~?. 
xv 


See Eq. (1.2.2.3) with k = —n — 1. The substitution w = x”*1y leads to a separable 
equation: rw’, = aw? + bw? + (c+n4+1ljwt+d. 
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4°. The Abel equation 


m 


— vy +a” 


yl, = ae yP 4. bg? y* ai ? 


can be reduced with the substitution y = x"’~"z to a separable equation: x~"~""z/, = 
az? + bz* +¢. 

5°. Let fo = 0, fi = 0, and (f3/f2)/, = af2 for some constant a. Then the substitution 
y = fof ‘u leads to a separable equation: u!, = f3 f;'(u3 + u? + au). 


6°. If 

_fife  2ff 1d fe 
3f3 27 Ve 3 dx f3’ 

then the solution of equation (1.5.1.1) is given by 


y(2) = E(c — 2 | fae? av) fa where EF = exp / (4 = #) ac]. 


fo Ja =— fe 


- 3fs" 
@ For other solvable Abel equations of the first kind, see Section 13.4.1. 


1.5.2 Some Transformations 
> Reduction of the Abel equation of the first kind to the canonical form. 


The transformation 


2 
y = U(x)n(€) — = e= [ne dx, where U(x) = exp / (t — A) ac], 


brings equation (1.5.1.1) to the canonical (normal) form 
ne = n° + O(E). 


Here the function ®(£) is defined parametrically (x is the parameter) by the relations 


-1 (pf, 28 14h) @ fw 
°= Fan(s ee en) c= f pu o 


> Reduction to an Abel equation of the second kind. 


Let yo = yo(x) be a particular solution of equation (1.5.1.1). Then the substitution 


y=Yot =. where E(x) = exp| | (Baud + 2foyo + fi) dx}, 


leads to an Abel equation of the second kind: 
22, = —(3fsyo + fo)Ez — fgE’. 


For equations of this type, see Section 1.6. 


©) Literature for Section 1.5: G. M. Murphy (1960), E. Kamke (1977), A. D. Polyanin and V. F. Zaitsev 
(2003), A. D. Polyanin and A. V. Manzhirov (2007). 
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1.6 Abel Equations of the Second Kind 


1.6.1 General Form of Abel Equations of the Second Kind. Simplest 
Integrable Cases 


> General form of Abel equations of the second kind. 


An Abel equation of the second kind has the general form 


[y+ 9(a)lyi, = folx)y? + filx)y+ fo(x), g(x) £0. (1.6.1.1) 


The Abel equation (1.6.1.1) is not integrable for arbitrary f,,(a) and g(x). Given be- 
low are some special cases where the Abel equation of the second kind is integrable by 
quadrature. 


> Simplest integrable cases. 


1°. If g(x) = const and the functions f,,(x) (n = 0, 1, 2) are proportional, i.e., f(x) = 
ang(ax), then (1.6.1.1) is a separable equation (see Section 1.2.1). 


2°. The Abel equation is homogeneous: 
/ a 9 
(y+ sx)y¥, = —y" + by + cx. 


See Section 1.2.2. The substitution w = y/zx leads to a separable equation. 
3°. The Abel equation is generalized homogeneous: 


a 
(y+ sx”)y, = —y? + baby + cx? 
xv 


See Eq. (1.2.2.3) with for / = n. The substitution w = yx~” leads to a separable equation: 
z(w+ s)wi, = (a—n)w? +(b-—ns)wte. 


A°. The Abel equation 
(y + aga + c2)y, = biy + aie + c1 
is a special case of equation (1.2.2.2) with f(w) = w and bz = 1. 
5°. The unnormalized Abel equation 
[(aya + aga”)y + bia + bow" |yi, = cay? + cry + co 


can be reduced to the form (1.6.1.1) by dividing it by (a,2 + ajx"). Taking y to be the in- 
dependent variable and x = x(y) to be the dependent one, we obtain the Bernoulli equation 


(coy* + cry + co)at, = (ary + b1)a + (aay + ba)a”. 


See Eq. (1.2.3.3). 
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6°. The general solution of the Abel equation 


yt+gy,=hythythg-fe, fr=Fn(z), 9 =9(2), 


is given by 
y=-gt cE+e [Uf +1,—2fog)E-1da, where E= exp(/ fo dw). 


7°. If f, = 2fog — g/,, the general solution of the Abel equation (1.6.1.1) has the form 


, 2 =2 a 
y=-9£ EL | (fo+ 994 — fog )E-*dx+C|]  , — where E=exp( | fear). 


@ For other solvable Abel equations of the second kind, see Section 13.3. 


1.6.2 Some Transformations 
> Reduction of the Abel equation of the second kind to the canonical form. 
1°. The substitution 
w=(yt+g)E, where E= exp(— i] fe dw), (1.6.2.1) 
brings equation (1.6.1.1) to the simpler form 
ww), = F,(x)w + Fo(z), (1.6.2.2) 
where 


Fi =(fi-2fog+g,)E, Fo =(fo — fig t+ fog?)E’. 


2°. In turn, equation (1.6.2.2) can be reduced, by the introduction of the new independent 
variable 


a= [ro dz, (1.6.2.3) 
to the canonical form 

ww, —w = R(z). (1.6.2.4) 
Here the function R(z) is defined parametrically (x is the parameter) by the relations 


_ Fo(z) = 
LS F(a)’ z= f Ple)az, 


Substitutions (1.6.2.1) and (1.6.2.3), which take the Abel equation to the canonical form, 
are called canonical. 


Remark 1.3. The transformation w = aw, z = az + b brings (1.6.2.4) to a similar equation, 
ww’, — @ = a~'R(az + b). Therefore the function R(z) in the right-hand side of the Abel equa- 
tion (1.6.2.4) can be identified with the two-parameter family of functions a~' R(az + b). 


Remark 1.4. Any Abel equations of the second kind related by linear (in y) transformations of 
the form 
T=i(z), Y= ypo(x)y + v3(z) 


have identical canonical forms, up to the two-parameter family of functions specified in Remark 1.3. 


22 METHODS FOR FIRST-ORDER DIFFERENTIAL EQUATIONS 


> Reduction to an Abel equation of the first kind. 
The substitution y + g = 1/u leads to an Abel equation of the first kind: 
ut, + (fo — fig + fog?)u® + (ft — 2fog + g,)u? + fou = 0. 
For equations of this type, see Section 1.5. 
1.6.3 Use of Particular Solutions to Construct Self-Transformations 
and the General Solution 
> Use of particular solutions to construct self-transformations. 


1°. Let a particular solution yo = yo(a) of an Abel equation of the second kind (1.6.1.1) 
be known. Then the substitution U = 1/(y — yo) leads to a similar Abel equation: 


(o+ 1 Ju, = Bh hy 
Yo 9g 


° yo +9 yo +9 
If fo = 0, equation (1.6.1.1) has the trivial particular solution yo = 0. In this case, the 
change of variable U = 1/y leads to an Abel equation of the form (1.6.3.1) with yo = 0. 


(1.6.3.1) 


2°. Given a particular solution yo = yo(x) of the Abel equation of the second kind 


yy, = filx)y + fo(z), (1.6.3.2) 
the substitution 
A(x)y 


= ———,,__ where H(x) = exp (/ fac), (1.6.3.3) 
Yo(yo — ¥) 


Yo 


brings (1.6.3.2) to another, similar Abel equation: 
ww, = Fi(x)w + Fo(z). (1.6.3.4) 
Here, the functions F; = F,(x) and Fp = Fo(x) are defined by 


+ 3fo)H H? 
R= (fiyo : fo) . He ts 
Yo Yo 


It is not difficult to verify by direct substitution that equation (1.6.3.4) has a particular 


solution: 
H(z) 


yo (2) 
The transformation based on the particular solution (1.6.3.5) brings the Abel equation 
(1.6.3.4) to the original equation (1.6.3.2) with f; having the opposite sign. 


wo(z) = . (1.6.3.5) 


Remark 1.5. In general, the canonical forms of equations (1.6.1.1) and (1.6.3.1) and also those 
of equations (1.6.3.2) and (1.6.3.4) are different. See Section 1.6.2. 


Remark 1.6. Given é distinct particular solutions y; of equation (1.6.3.2), k distinct Abel equa- 
tions of the second kind related to (1.6.3.2) by known substitutions of the form (1.6.3.3) can be 
constructed. 
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> Use of particular solutions to construct the general solution. 


For some Abel equations of the second kind, the general solution can be found if 7 of its 


distinct particular solutions y, = yz (x), k = 1,...,n, are known. 
Below we consider Abel equations of the canonical form 
yy, —y = R(z), (1.6.3.6) 


whose general solutions can be represented in the special form: 
I ly — ye(x)|"™ =C. (1.6.3.7) 


Here, the particular solutions y, = y;,(a) correspond to C = 0 (if mz > 0) and C = on (if 
Mr < O). 

The logarithmization of (1.6.3.7), followed by the differentiation of the resulting ex- 
pression and rearrangement, leads to the equation 


UG n n—1 n-1 
Yo [mth — yj) [[@- n)| =, > Oy + >) Way* = 0, (1.6.3.8) 
j=l k=1 s=1 s=1 
kAj 
where y; = (yj). We require that equation (1.6.3.8) be equivalent to the Abel equa- 
tion (1.6.3.6). To this end, we set: 
Vv, =—,, W,_; = —R(x)®, and equate the other ®; and W; with zero. 


Selecting different values v = 1, 2,..., m — 1, we obtain n — 1 systems of differential- 
algebraic equations; only one of the systems, corresponding tom, # 0 for all k =1,...,n 
and y; # y; for 2 # j, leads to a nondegenerate solution of the form (1.6.3.7). Consider 
the Abel equations (1.6.3.6) corresponding to the simplest solutions of the form (1.6.3.7) 
in more detail. 


1°. Case n = 2. The system of differential-algebraic equations has the form: 
my +m = M, 
miy2 + m2y = 0, 
my, + mays = M, 
maiyy2 + meyiys = —MR(2), 


(1.6.3.9) 


where M is an arbitrary constant. It follows from the second and third equations that 


yi = —— (M+), y= —-—z—+5 (MeN), 
my — Mp5 my — Mp5 


where NV is an arbitrary constant. Introducing the new constants 


mym2(m + m2) 
(m1 — mg)? 


we find from the last relation in (14) that 


mym2(m + m2) 


he 
(m1 — m2)? 


M, B= N, 


R(x) = Ax + B, (1.6.3.10) 
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which means that for n = 2 the right-hand side of the Abel equation is a linear function 
of x (see equation 13.3.1.2). 

The particular solutions y;, y2, and the corresponding exponents ™1, 7™2 in the gen- 
eral integral (1.6.3.7), are expressed in terms of the coefficients A, B on the right-hand 
side (1.6.3.10) of the Abel equation (1.6.3.6) as follows: 


14+ /44+1 
a i = TAs BY. my, =2A+1+V4441, 
i44fAF1 


= —____“"“~"______(Ar+ B), = 2A. 
- sy ee eae 6 Te cia ), ms 


2°. Case n = 3. Equation (1.6.3.8) with n = 3 leads to the Abel equation (1.6.3.6) with 
the right-hand side 


R(a) =-22+A+ Bao? (1.6.3.11) 


(see equation 13.3.1.3). 


The particular solutions and the exponents in the general integral (1.6.3.7) are expressed 


as: 


= =-xr4+ =—r,2 — = 
= a) 30 = 34) 


where the A, are roots of the cubic equation 


3°. Case n = 4. Equation (1.6.3.8) with n = 4 leads to the Abel equation (1.6.3.6) with 
the right-hand side 


Ra)\= —3a + Ar7V¥3 4 Bye 5/8 


(see equation 13.3.3.61). 
The particular solutions and the exponents in (1.6.3.7) are expressed as: 


ya = Set 1/344 3/-3B 2? + V-3Ba2 V3, mz = (24 - V—3B), 
Y3,4 = 3x siz 4/3A = ay —3B gi/3 — /-3B gs, m3.4 = —V 4A? + 3B. 


4°. Case n> 4. The equations for y, are algebraic equations of degree n and, in the general 
case, are not soluble in radicals. The right-hand side of equation (1.6.3.6) is expressed as 


n—-1 


R(x) =— n2 e+ Q(z), 


with the function Q(x) bounded as x — co (Q can be specified in parametric form). 


© Literature for Section 1.6: B. M. Koyalovich (1894), G. M. Murphy (1960), E. Kamke (1977), V. F. Za- 
itsev and A. D. Polyanin (1993, 1994, 2001) A. D. Polyanin and V. F. Zaitsev (2003), A. D. Polyanin and 
A. V. Manzhirov (2007). 
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1.7 Classification and Specific Features of Some Classes 
of Solutions 


@ The uniqueness and existence theorems stated in Section 1.1 do not say anything about 
qualitative features of solutions arising in specific problems. This section deals with cer- 
tain classes of problems and solutions that have important distinguishing features or show 
pronounced unusual properties (as a rule, such problems cannot be solved with standard 
numerical methods). 


1.7.1. Stable and Unstable Solutions. Equilibrium Points 
> Stable, asymptotically stable, and unstable solutions. 


In many applications, the independent variable x plays the role of time. 
Let (x) be a solution of equation (1.1.1.1) with initial condition (1.1.1.2) and let y(x) 
be a solution of the equation with initial condition y(xo) = Yo. 


1°. A solution y(x) is called (Lyapunov) stable if for any sufficiently small « > 0, there 
exists a 6 > 0 such that any solution y(x) that is close to y(x) initially, |yo — yo| < 4, 
remains close to it at all times: |y(x) — y(x)| < 6 for all x > ao. 

Any solution that is not stable is called unstable. 


2°. A solution (a) is called asymptotically stable if it is stable and, in addition, there 
exists a dg > 0 such that whenever |yo — Yo| < do, we have |y(x) — y(x)| 4 0 as x > oo. 


Remark 1.7. In stability analysis, it is normally assumed, without loss of generality, that rp = 0. 
(This can be achieved with the substitution X = x — xg.) Further, with the change of variable 


the stability analysis of any solution is reduced to that of the zero solution, Y = 0. 


> Equilibrium points. An example. 


Simplest solutions of the form y = y, where yj = const, are called equilibrium points (or 
stationary points). Equilibrium points (if they exist) make the right-hand side of equation 
(1.1.1.1) zero for any x. For simplicity and clarity, we will discuss equilibrium points of 
autonomous equations, whose right-hand side is independent explicitly of zx, 


yh, = f(y). 74.1) 
Equilibrium points are roots of the algebraic (or transcendental) equation f(y) = 0. 
Example 1.12. Consider the logistic differential equation 
y, =kyi-y), k>0. (1.7.1.2) 


It is one of the simplest nonlinear population mathematical models in which y denotes the dimen- 
sionless number of individuals. Solving the quadratic equation f(y) = y — y? = 0 gives two 
equilibrium points: y; = 0 and yo = 1. 
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The general solution of the separable equation (1.7.1.2) is 


7 Cek* 

~ 14+ Ceke’ 

where C is an arbitrary constant. At C = 0 and C = on, we get the equilibrium points y; and yo. 
The solution to equation (1.7.1.2) satisfying the initial condition y(0) = a corresponds to C' = 


7 in (1.7.1.3) and is expressed as 


y (7135 


ae’® 
y= 


~ l-ataeke’ 

The initial value in the logistic equation (1.7.1.2), describing model population dynamics, is 
assumed to be positive, a > 0. For small initial values, a < 1, the solution initially rises expo- 
nentially as ae**, which corresponds to the Malthusian population model with unlimited resources. 
However, as x increases, the rate of rise decreases gradually and the solution levels off tending to 
an equilibrium. 

The first equilibrium solution y,; = 0 is unstable, since all nearby solutions go away from it 
rapidly with an exponential rate. The second equilibrium solution y2 = 1 is asymptotically stable, 
since any solution (1.7.1.4) with a > 0 tends exponentially to the equilibrium value, y(2) > ye as 
LO. 


(1.7.1.4) 


> Theorems on stability or instability of equilibrium points. An example. 


For the autonomous equation (1.7.1.1), there is a simple criterion for determining stability 
or instability of an equilibrium, which is stated below. 


THEOREM | (ON STABILITY/INSTABILITY OF EQUILIBRIA). Let y be an equilibrium 
point of the autonomous differential equation (1.7.1.1). If f(y) < 0, then y is asymptoti- 
cally stable. If f(y) > 0, then y is unstable. 


Example 1.13. Consider the differential equation 
Yr = yy. 
Solving the cubic equation f (7) = 7 — y? = 0 gives three equilibrium points: 7, = —1, #2 = 0, and 
Ys = 1. 
Using Theorem 1, we calculate the derivative, fy y) = 1 — 3y?, and its values at the equilibria: 


fi(-—D=-2<0, f{(0)=1>0, fi) =-2<0. 


This suggests that equilibrium points y; = —1 and ys = 1 are both stable, while yz = 0 is unstable. 


Theorem | does not answer the question whether the equilibria with fi) = 0 are 
stable or unstable. In this situation, the following additional criterion can be used. 


THEOREM 2 (ON ASYMPTOTIC STABILITY OF EQUILIBRIA). An equilibrium point 
y of the autonomous differential equation (1.7.1.1) is asymptotically stable if and only if 
f(y) > 0 fory—6 <y<yand f(y) <0 fory <y < y+, where 6 is a sufficiently small 
positive number. 


> Supplementary remarks, examples, and theorems. 


1°. A solution to an ODE, y = y(z), is said to be indefinitely extensible to the right if it 
exists for any x € [x9, 00), where Zo is the value appearing in the statement of the Cauchy 
problem. A solution that is not indefinitely extensible to the right will reach the bound of 
the existence range at a final x = 7. 
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Example 1.14. The domain of definition of the equation 


ys, = (1— V1 — ax? y?) f(x,y) (1.7.1.5) 


with a > 0 and 0 < f(x,y) < co is given by x?y? < 1/a. Equation (1.7.1.5) has an equilibrium at 
y = 0. The Cauchy problem solutions for this equation with the initial condition y(0) = yo behave 
differently depending on the sign of yo: if yo < 0, the solutions are indefinitely extensible to the 
right, while if yo > 0, these reach the bound of the existence range at a finite x and so are not 
indefinitely extensible to the right. The equilibrium y = 0 is unstable, since there is an inextensible 
solution in any of its neighborhoods. 


Remark 1.8. Numerical solutions of the Cauchy problem for equation (1.7.1.5) with a = 1 and 
f(x,y) = 1 and various initial conditions are presented in Section 19.4.3 (see Fig. 19.7). 


2°. The definition of stability involves the initial point x9, which is further treated as the 
initial time. The question arises whether the property of stability is dependent on the choice 
of the initial time. 


THEOREM. If an equilibrium of an equation (or system of equations) is stable for an 
initial time x = xo, it is also stable for any subsequent time x = x1 > Xo taken as the initial. 


3°. Let us now discuss whether the property of stability of a solution is preserved under 
transformations of the class of equations (or system of equations) in question. In general, 
this property in not preserved. 


Example 1.15. Consider the Cauchy problem 


y,=1, (0) = yo, (1.7.1.6) 
whose solution is given by 
Y=Yot &. (1.7.1.7) 
Let us investigate the stability of this solution. 

If the initial condition is perturbed, y(0) = yo + 0, we get the perturbed solution y = yp +0 +2. 
The difference between the perturbed and original solutions, |y — y| = 6, is indefinitely small for 
small 6 and any yo. 

Changing in (1.7.1.6) to the new dependent variable z = y”, we obtain the problem 


a =2/2, 2(0)— 9. (1.7.1.8) 
Then, solution (1.7.1.7) becomes 
z= (yo +2)’. 
With the perturbed initial condition, z(0) = y@ + 6, the solution of the transformed problem is given 
by 
Z= (Vy+5+2)°. 


|Z— z| = 2(V yg +5 —yo)e +d 
is unbounded as x — oo no matter how small the initial perturbation 6 was. 


One can see that, in this problem, the solution stable with respect to the original variable y 
became unstable with respect to the new variable z. 


The difference 


4°. For the stability analysis to be correct, one has to understand clearly the variables 
by which the stability is assessed. Furthermore, if the analysis of the problem requires 
changing to new variables, one must guarantee the equivalence of the stability properties in 
terms of the original and new variables. 

Transformations of variables that preserve the properties of stability between solutions 
are called allowable. 
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THEOREM ON ALLOWABLE TRANSFORMATIONS. Let y = 0 be a stable solution of 
the equation y,, = f(x,y) and let the transformation y = (x, z) with p(x, 0) = 0 satisfy 
the conditions: 

(i) the partial derivative :p, is nondegenerate in a neighborhood of z = 0; 

(ii) the functions yp and vy! are uniformly continuous in x at z = 0. 

Then the solution z = 0 of the equation z!, = y,'| f(x,y) — Ye] is stable. Otherwise, it is 
unstable. 


1.7.2 Blow-Up Solutions 
> Blow-up solutions with a power-law singularity. An example. 


There are Cauchy problems whose solution tends to infinity at a certain finite value, 7 = z,, 
which does not appear in the equation explicitly and is unknown in advance. Such solutions 
exist on a limited interval, denoted x) < x < x, throughout this section, and are called 
blow-up solutions. 

In general, a blow-up solution with a power-law singularity at a singular point x, can 
be represented as 


ywA(c.—z)"*, p>d, (1.7.2.1) 
where A is some constant. So we have |y(x.)| = 00. 
Example 1.16. Consider a model Cauchy problem for a separable ODE: 
y,, = sby> («> 0), y(0) =1. (1.7.2.2) 
The exact solution to this problem is 
1 
oS Vita 


If b < 0, the solution exists and is bounded for all z > 0. If b > 0, the solution is only defined on a 
limited interval, 0 < 2 < x,, where x, = 1/b is a singular point, at which the solution is infinite. 
This is a blow-up solution, which does not exist for x > x,. One cannot see in advance from the 
statement of the problem (1.7.2.2) that the solution has a singularity. 


(1.7.2.3) 


Remark 1.9. In problems where the independent variable x plays the role of time, the critical 
value x, is often called the blow-up time. 


> Blow-up solutions with a logarithmic singularity. An example. 


There are blow-up problems whose solution has a singularity other than (1.7.2.1). In par- 
ticular, blow-up solutions with a logarithmic singularity at a point x, can be represented 
as 


y = Aln| B(x, —2)], 
where A and B > 0 are some constants. We have |y(x.)| = 00. 


Example 1.17. Consider a model Cauchy problem for a separable ODE: 


y, =be” (4 >0), y(0) =a (1.7.2.4) 
with a > 0 and b > O. The exact solution is 
y = —In(e-* — ba). (1.7.2.5) 


It has a logarithmic singularity at x, = e~*/b and does not exist for 7 > xx. 
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> Autonomous equation. 


Let us look at the Cauchy problem for the autonomous equation (1.7.1.1) subject to the 
initial condition y(0) = a > 0. We assume that f(y) > 0 is a continuous function defined 
for all y > a. The solution to the Cauchy problem for x > 0 can be written in implicit form 
as 


eg 
C= iS (1.7.2.6) 
a F() 
This is a blow-up solution if and only if the definite integral (1.7.2.6) is finite for y = oo. 
The critical value x, is evaluated as: 
[oe] 
d 
i= a. (1.7.2.7) 
a SF) 
Sufficient criterion for the existence of a blow-up solution. Suppose that the above 
conditions hold as well as the limiting relation 
fy) 


lim ie 0<s<ow, (1.7.2.8) 
yro yr? 


for some a > 0. Then the solution to the Cauchy problem is a blow-up solution. If f(y) is 
differentiable, then (1.7.2.8) can be replaced with the equivalent criterion 


Jim, [y "fy y)| =s1, 0< 5, <00 (a> 0), 


Example 1.18. Consider the Cauchy problem for the power-law autonomous ODE 

yi, =by*, (0) =a, (1.7.2.9) 
where a > 0 and b > 0. The solution is given by formula (1.7.2.6), which can be solved for the 
unknown function and rewritten explicitly as 

y= [al-* — b(k- 1)z] er 

It is apparent that the problem has a blow-up solution if k > 1. The critical value x, is given by 
— 
ak-lb(k—1)° 
We use criterion (1.7.2.8) in order to determine, without solving problem (1.7.2.9), the value of 


the parameter k corresponding to the blow-up solution. To do so, o in (1.7.2.8) can be chosen in the 
form o = k — 1 to give s = b. Since the condition 0 > 0 must hold, we get k > 1. 


Ly = 


> Nonautonomous equations. Some estimates. 


Consider the Cauchy problem for the general equation (1.1.1.1) subject to the initial condi- 
tion (1.1.1.2) with zg = 0. Suppose the conditions 


f(x,y) >g9(y)>0 forall y>y>0 and x>0, (1.7.2.10) 


hold and the finite integral 


i — 1.7.2.11 
: [ g(€) =n 
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exists. Then the solution y = y(x) of the Cauchy problem (1.1.1.1)-(.1.1.2) is a blow-up 
solution, with the critical value x, satisfying the inequality 


Ry S Ty: (1.7.2.12) 
This estimate follows from the inequality (see Theorem 1 in Section 1.12.1) 


y(x) = yg(2), (1.7.2.13) 


where y(a) is the solution of the Cauchy problem (1.1.1.1)—(1.1.1.2), while y,(a) is the 
solution of the auxiliary Cauchy problem 


Y¥,=9(y) (e@>0),  y(0) =. (1.7.2.14) 
Example 1.19. Consider the Cauchy problem for the Riccati equation 
y,=y’?+h(r) («>0); y(0)=a>0. (1.7.2.15) 
If h(a) > 0 for x > 0, then the following inequality holds: 
fia,y=y’+h(z) > g(y)=y?>0 forall y=yo>a. 
Evaluating the integral (1.7.2.11) with g(y) = y? and yo = a, we get 
L,= im < oO. (1.7.2.16) 
Hence, the solution to the Cauchy problem (1.7.2.15) with h(x) > 0 is a blow-up solution, with 
Ly <1/a. 
Remark 1.10. In the Cauchy problem for the more complex Riccati equation 
ye=y' t+ fila)yt folz) («>0); y(0)=a>0, 


one can obtain, apart from the obvious conditions f; (2) >0 and f(x) >0, more complex conditions 
for the existence of a blow-up solution: 


at4fi(0)>0, folz)>4f%(x)-4f(e) for «>0. 
(x 


This can be proved by substituting uw = y + 4 f(x) into the equation and taking into account the 
results obtained in Example 1.19. 


Consider two cases in which the estimate (1.7.2.12) can be improved. We use the 
notation: 


Ga ee ee 17217 
. Yo f(0, 2 : Yo f(h, £) : 


1°. Suppose the integral J; in (1.7.2.17) exists and is finite. Suppose also that the condi- 
tions 


f(x,y) >0 and f,(z,y) >0 forall O< a< I, and y>yo>0 (1.7.2.18) 
hold. Then, the integral [> exists and we get 


f(0,y)< f(y) <fih,y) for 0O<a<h (1.7.2.19) 


1.7. Classification and Specific Features of Some Classes of Solutions 31 


and 
yi(z) < y(a) < yo(x) for O<a<b<h. (072.20) 


Here, y(x) is the solution to the Cauchy problem (1.1.1.1)-(1.1.1.2), while y1 (x) and y2(x) 
are the respective solutions of the auxiliary Cauchy problems 


Yr=f(0,y) («>0), yO) = yo; (1,7.2,21) 
Yr =F(sy) (@>0),  y(0) = yo. (1.7.2.22) 
The solutions x(a) and y2(x) can be represented in implicit form as 
vy dé vy dé 
r= and x= : (1.7.2.23) 
Yo f(0, €) Yo f(h,&) 


The critical value x, satisfies the bilateral estimate 
In<a, <th. (1.7.2.24) 


2°. Suppose the integrals J, and Jj defined in (1.7.2.17) exist and are finite. Suppose also 
that the conditions 


f(x,y) >0 and f,(2,y) <0 forall O< a < Ip and y> yo > 0 (1.7.2.25) 
hold. Then, we get 
fih,y) < flay) <fO,y) for 0<ar<k (1.7.2.26) 
and 
yo(x) < y(x) <yi(x) for O<a<h<h, (1.7.2.27) 


where y(z) is the solution to the Cauchy problem (1.1.1.1)—(1.1.1.2), while y; (x) and y2(z) 
are the respective solutions of two auxiliary Cauchy problems (1.7.2.21) and (1.7.2.22). 
The last two solutions can be represented in the implicit form (1.7.2.23). The critical value 
x, Satisfies the bilateral estimate 


I, <a, < Th. (1.7.2.28) 


Example 1.20. Let us look at the Cauchy problem for the Riccati equation (1.7.2.15) once again. 
1°. Suppose h(x) > 0 and h/,(a) > 0. In this case, the first auxiliary Cauchy problem (1.7.2.21) 
becomes 


y,=y?+h(0) («>0), y(0)=a. (1.7.2.29) 
Its solution is determined explicitly by the first relation in (1.7.2.23) with yo = a and f(0,y) = 
y? + h(0). By a simple rearrangement, this solution can be rewritten in explicit form as 
5 a cos(Vba) + Vbsin(Vb x) 
y= ee ee 
Vbcos(Vbx) — asin(Vbx) 


The singular point of this solution, /;, is equal to the first integral in (1.7.2.17) with yo = a and 
f (0, y) = y? + h(0), is given by 


= h(0). (1.7.2.30) 


32 METHODS FOR FIRST-ORDER DIFFERENTIAL EQUATIONS 


The solution to the second auxiliary Cauchy problem (1.7.2.22) can be obtain from formula 
(1.7.2.30) by formally replacing h(0) with h(,). This results in the following bilateral estimate for 
the critical value 7,,: 


h(0) 1 h(h) 
Ig <a, <h, = arctan » b= arctan .  (1.7.2.31) 
h(0) a h(t) a 
In the limit case h(0) — 0, we get 
1 A( 
Ty=1/a, Ig = —— arctan Vets) 
h(1/a) a 


If h(a) = const > 0, then inequalities (1.7.2.31) give the exact result 7, = I; = In. 

In particular, if a = 1 and h(x) = x™ with m > 0 in (1.7.2.15), we have J, = 1 and Jj = arctan 1. 
Hence, 0.785 < a, <1. 
2°. Let h(a) > 0 and h/,(x) < 0. In this case, the solution to the first auxiliary Cauchy problem 
(1.7.2.29) is also given by formula (1.7.2.30), while that to the second auxiliary Cauchy problem is 
obtained from (1.7.2.30) by formally replacing h(0) with h(J,). This gives the following bilateral 
estimate for the critical value x..: 

qi < Lx < Io, 

where the integrals J; and Ip are defined by (1.7.2.31). 


Remark 1.11. It is noteworthy that, in case 2°, it does not matter how the function f(z, y) and 
its derivative f,.(x, y) behave for x > J; in particular, the right-hand side of equation (1.1.1.1) can 
be negative for 7 > Ip. 


> An approximate method for determining the critical value z... 


The material below describes an approximate (engineering) method for evaluating the crit- 
ical value x, in blow-up problems. Consider the recursive sequence of integrals 
Ing = Yes n=0, 1, 2 (1.7.2.32) 
n+ ” f(UIns€)’ Page ay see edo 
The first two terms coincide with the integrals (1.7.2.17) in which Jp = 0. Going to the limit 
in (1.7.2.32) as n — oo, we atrive at an approximate transcendental equation for 7 © @,, 
[oe] 
i. = _ &, = lim Ip. (1.7.2.33) 
Yo f(Es, £) aa, 
For autonomous equations, those with f(x,y) = f(y), formula (1.7.2.33) gives the exact 
result. 
Equation (1.7.2.33) can be used for rough (engineering) estimates of the critical value 
X & &, in blow-up problems in which f(x,y) > 0 and max;>9 f(x, y)/ming>o0 f(x, y) = 
O(1) for all y > yo. 


Example 1.21. In the Cauchy problem from example 1.20, the recursive sequence of integrals 


1 AUIn 
In41 = arctan VREn) 
Vh(h) a 
Going to the limit as n — oo, we get an approximate transcendental equation for Z.., 
1 h(&« 
Qa ee Ok re (1.7.2.34) 


/h(ax) a noo 


If h(x) = const, equation (1.7.2.34) provides the exact result. 


1s 


1.7. Classification and Specific Features of Some Classes of Solutions 33 


In particular, if a@ = 1 and h(x) = 2? in (1.7.2.15), we get 2. © 0.8336. 


Remark 1.12. For the numerical integration of problems with blow-up solutions, see Sec- 
tion 1.14.4. 


1.7.3. Space Localization of Solutions 
> Preliminary remarks. An example of a spatially localized solution. 


There are Cauchy problems whose solution is bounded and changes only on a finite interval, 
Lo <x < x,y, while being constant, y = y = const, for x > x,, where y is an equilibrium 
point (if y = y the right-hand side of equation (1.1.1.1) is zero). The critical value x, does 
not appear in the equation and is unknown in advance. 


Example 1.22. Consider a model Cauchy problem for a separable ODE: 
y= By"? (w@>0), (0) =a, 
where a > 0. Its exact solution is 


(a2/3 — x)3/2 if O< a < a2/3, (1.7.3.1) 
ae A: 
y 0 fea, 


This solution is nonnegative and decreases monotonically from the initial value a, at x = 0, to zero, 
atx, = a2/ 3. and then remain constant for 7 > «,. Solution (1.7.3.1) is smooth (it has a continuous 
first derivative for all x > 0, including the point 7 = x.,.). 


> Autonomous equations. 


1°. Let us look at a more general, than in example 1.22, Cauchy problem for an equation 
with a power-law nonlinearity: 


y, =—by" (x > 0), y(0) =a. (1.7.3.2) 
If the conditions 
a>0, b>0, O<p<l 


hold, problem (1.7.3.2) has a spatially localized solution: 


ail 
[a *—b1—p)clt# if O<aK<a,, __at 


(1.7.3.3) 
0 if > as, b(1 — 4) 


y(x) = 


Remark 1.13. If a > 0, b > 0, and yw > 1, the solution to problem (1.7.3.2) is strictly mono- 
tonically decreasing for all x > 0 and the limit relation limz_,.. y = 0 holds (so the solution is not 
spatially localized). 


2°. Consider the Cauchy problem for a general autonomous equation 


y,=—fly) (e>0), y(0)=a. (1.7.3.4) 


Let the conditions 


a>0, f(0)=0, f(y)>0 for 0<y<a 
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hold and let there exist a js from the interval 0 < yz < 1 such that 


lim[y “f(y)]=s, O<s<oo. 
y0 


Then, problem (1.7.3.4) has a spatially localized solution, which can be written in a mixed 
explicit/implicit form: 


= O(y,a) if Oe < ay, [ dé 
® =| — g,=80,0), (73: 
a ee w= [Fe m= 80.0). 0.735) 


> Nonautonomous equations. Some estimates. 
1°. Consider the Cauchy problem for a general nonautonomous equation* 
Y, =—f(z,y) («> 0), y(0) =a. (1.7.3.6) 
Suppose the conditions 


a>0, f(z,0)=0, f(z,y) >0 and f,(2,y) >0 for s>0 and O< y<a 


(1.7.3.7) 
hold and there exists a ys from the interval 0 < ys < 1 such that 
lim [yf (z,y)| =s(z),  0<s(@) < co. (1.7.3.8) 
y>+0 
Using the notation 
a d& i d& 
h= [ ——~, h=}] —— (1.7.3.9) 
dy FO Io FU) 
we get 
f(0,y) < f(a,y) < fy) (1.7.3.10) 
and 
yo(x) < y(x) < yi(z). (1.7.3.11) 


Here, y(«) is the solution of the Cauchy problem (1.1.1.1)—(1.1.1.2), while y1 (x) and y2(a) 
are the respective solutions of the two auxiliary Cauchy problems 


Yr=—f(0,y) (@>0),  y(0) =a; (073.12) 
Yr =—f(li,y) («>0), y(0) =a. (1.7.3:13) 
The solutions y; (a) and y2(x) can be represented, respectively, in implicit form as 
a dé [ dé 
r= and x= —. (1.7.3.14) 


The critical value x, is estimated as 
In<a, <i. (1.7.3.15) 


“The right-hand sides of equations (1.1.1.1) and (1.7.3.6) differ in sign. 
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2°. Consider the Cauchy problem (1.7.3.6). Suppose the conditions 
a>0, f(v,0) =0, f@,y)>0 and f,(2,y) <0 for 7 >0, O<y<a (1.73.16) 


hold and there exists a js from the interval 0 < ys < 1 such that the limit relation (1.7.3.8) 
holds. Then, we have 


f(0,y) = f(a,y) = f(y) (1.7.3.17) 


and 


yi(x) < y(x) < yo(z), (1.7.3.18) 


where J; is defined in (1.7.3.9), y(a) is the solution of the Cauchy problem (1.1.1.1)- 
(1.1.1.2), while y1 (a) and y2() are the respective solutions of the auxiliary Cauchy prob- 
lems (1.7.3.12)—(1.7.3.13). The last two solutions can be represented in implicit form with 
formulas (1.7.3.14). The critical value x, is estimated as 


Ih <a, <I. (1.7.3.19) 
Example 1.23. Consider the Cauchy problem 
y, = —b/y—h(x)y (x >0), y(0) =a, (1.7.3.20) 


where a > 0, b > 0, and h(x) > 0. 
This is a special case of problem (1.7.3.6) with f(a, y) = b\/y + h(x)y. Conditions (1.7.3.16) 
and (1.7.3.8) hold if hi,(x) < 0 and pp = 5. Using formulas (1.7.3.9), we evaluate the integrals 


2 2 
= —In( 1+ ve), » bg=—lIn( 1+ 2 , In =h(0). (1.7.3.21) 
Ip b i, b 
In view of (1.7.3.19), the critical value x, can be estimated as 
2 2 
<= Int 1p Bra < ae < Slnl i+ va, (1.7.3.22) 
Io b Ty b 


Since the equation in question is a Bernoulli equation, problem (1.7.3.20) admits the exact 
solution 


yeule-P (a 


which is valid in the range 0 < x < x, where x, is the root of the equation 


2 
’ 


E(x) = exp -3 h(E) ie). (1.7.3.23) 


vd. 2 

a _ aa (1.7.3.24) 

o Ef) 6 

For z > x, we get y = 0. 
In the special case h(x) = ho = const, the root of equation (1.7.3.24) is given by 
2 

beeen has i), (1.7.3.25) 

ho b 


Let us dwell on the special case of problem (1.7.3.20) with a = b = 1 and h(x) = 2/(14+ 2). 
Using (1.7.3.21), we find that J; = In3 ~ 1.099 and Jz = 744 In(1 + In3) ~ 1.349. Hence, 


1.099 < x, < 1.349. 


The exact value of x, is determined by relation (1.7.3.24), in which E(x) = 1/(1+ 2). It follows 
that 7, = V5 — 1 # 1.186, which is the positive root of the quadratic equation xv? +22, —-4=0. 


e 
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> An approximate method for calculating the critical value ~.,. 


Below is an approximate (engineering) method for calculating the critical value x, in spatial 
localization problems. Consider the recursive sequence of integrals 


a d& 
huge) =e WSO. o x. 1.7.3.26 
+1 as . eae 


The first two terms coincide with the integrals (1.7.3.9) with Jg = 0. Going to the limit in 
(1.7.3.26) as n — oo, we arrive at the following transcendental equation for 7 ¥ Z,: 


ft dé De 


n> Co 


For autonomous equations, with f(x,y) = f(y), equation (1.7.3.27) provides an exact 
result. 


1.7.4 Cauchy Problems Admitting Non-Unique Solutions 


This section discusses a few Cauchy problems that have a unique solution at sufficiently 
small deviations form the initial value of the independent variable, xp < x < xg + 6, while 
for x > x, > 6, where x, is a critical value, the desired function y = y(x) can be non-unique. 


> An example of a problem with a non-unique solution. 
Example 1.24. Let us look at the model Cauchy problem 
ye=—lyl? (@>0), yO)=1 (1.7.4.1) 


If 0 < y < 1, the equation is equivalent to y/, = —y'/?, Then the solution coincides with solution 
(1.7.3.3) of problem (1.7.3.2) with a = b = 1 and p = 4: 
y(a)= 4(2—-2), O<e2<a, =2. (1.7.4.2) 


At a = 2, the function y(«) and its derivative y’,(~) both become zero. Therefore, arguing as in 
Section 1.7.3, one can construct a spatially localized solution by extending solution (1.7.4.2) with 
zero to obtain 


1(2-2)? if0<2<2 
_J4 aa 1.7.4.3 
ya) ‘; if 2 >2. ( ) 


This extension is not unique. Specifically, the one-parameter family of smooth functions 
(2-2)? if0<a2<2, 
if 2<a<c, (1.7.4.4) 


-F(z-c)? if x >c, 


y(z) = 40 


where c is an arbitrary number such that c > x, = 2, is also a solution. This means that the Cauchy 
problem (1.7.4.1) admits infinitely many smooth solutions. 

The spatially localized solution (1.7.4.3) is unique if the additional condition y > 0 is imposed. 
Alternatively, problem (1.7.4.1) can be treated as a boundary-value problem with the additional 
condition 


y(b) = —k 
with b > 2 and k > 0. This problem has a unique solution given by (1.7.4.4) with c = b — 2Vk. 
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> Autonomous and nonautonomous equations. 


1°. Consider a more general Cauchy problem than in Example 1.24: 
y, =—bly|* (x > 0), y(0) =a. (1.7.4.5) 
Under the conditions 
a>0, b>0, O<p<l 
problem (1.7.4.5) has a one-parameter family of smooth solutions 
al — B(1 — p)x] 1-4 if0<a2< 4a, 
(2) =4 0 if cr, <a <e, — 
—[b(1 — p)(x — c)| = if r> Cc, 


where c is an arbitrary number such that c > 2... 


2°. The autonomous Cauchy problem 
vr =—lyl"g(y) (@>0), — y(0) =a 
has a non-unique solution under the conditions 
a>0, O<yuw<l1, O0<gly)<o for 0<y<a. 
3°. The nonautonomous Cauchy problem 
vr=—lyl*g(@,y) («@>0), y(0)=a 
has a non-unique solution under the conditions 
a>0, O<p<l1, O<g(z,y)<oco for «>0 and 0<y<a. (1.7.4.6) 


© Literature for Section 1.7: R. Meyer-Spasche (1998), A. Goriely and C. Hyde (2000), V. F. Zhuravlev 
(2001), P. J. Olver (2012). 


1.8 Equations Not Solved for the Derivative 
and Equations Defined Parametrically 


1.8.1 Method of “Integration by Differentiation” for Equations Not 
Solved for the Derivative 


In the general case, a first-order equation not solved for the derivative, 
F(a, y,y',) =0, (1.8.1.1) 
can be rewritten in the equivalent form 


Figy,j=0, t=y. (1.8.1.2) 
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We look for a solution in parametric form: x = x(t), y = y(t). In accordance with the first 
relation in (1.8.1.2), the differential of F' is given by 


F, dx + Fy dy + F,dt =0. (1.8.1.3) 


Using the relation dy = t dx, we eliminate successively dy and dx from (1.8.1.3). Asa 
result, we obtain the system of two first-order ordinary differential equations: 
dx F; d tF; 
—= =e, Pe ps as (1.8.1.4) 
dt F, + tk, dt Ff, + thy 
By finding a solution of this system, one thereby obtains a solution of the original equa- 
tion (1.8.1.1) in parametric form, x = x(t), y = y(t). 
Remark 1.14. The application of the above method may lead to loss of individual solutions 
(satisfying the condition F,, + tf, = 0); this issue should be additionally investigated. 


Remark 1.15. One of the differential equations of system (1.8.1.4) can be replaced by the al- 
gebraic equation F(x, y,t) = 0; see equation (1.8.1.2). This technique is used subsequently in 
Section 1.8.2. 


1.8.2 Equations Not Solved for the Derivative. Specific Equations 
> Equations of the form y = f(y/,). 


This equation is a special case of equation (1.8.1.1), with F(x,y,t) = y — f(t). The 
procedure described in Section 1.8.1 yields 
dx fit) 


=, v=fl. (1.8.2.1) 


Here the original equation is used instead of the second equation in system (1.8.1.4); this is 
valid because the first equation in (1.8.1.4) does not depend on y explicitly. 
Integrating the first equation in (1.8.2.1) yields the solution in parametric form, 


r= [ Mare, y= fe 


> Equations of the form « = f(y’/,). 


This equation is a special case of equation (1.8.1.1), with F(z,y,t) = x — f(t). The 
procedure described in Section 1.8.1 yields 
dy 


“= F(t), ae amas (1.8.2.2) 


Here the original equation is used instead of the first equation in system (1.8.1.4); this is 
valid because the second equation in (1.8.1.4) does not depend on z explicitly. 
Integrating the second equation in (1.8.2.1) yields the solution in parametric form, 


x= f(t), y= frase 
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> Clairaut’s equation y = xy’, + f(y/,). 


Clairaut’s equation is a special case of equation (1.8.1.1), with F(a, y,t) = y—at— f(t). 
It can be rewritten as 


y=at+f(), t=y}. (1.8.2.3) 


This equation corresponds to the degenerate case F’, + tFy = 0, where system (1.8.1.4) 
cannot be obtained. One should proceed in the following way: the first relation in (1.8.2.3) 
gives dy = xdt +tdx + f’(t) dt; performing the substitution dy = t dx, which follows 
from the second relation in (1.8.2.3), one obtains 


[x + f'(t)] dt = 0. 


This equation splits into dt = 0 and x + f’(t) = 0. The solution of the first equation is 
obvious: t = C’; it gives the general solution of Clairaut’s equation, 


y= Cx+ f(C), (1.8.2.4) 


which is a family of straight lines. The second equation generates a solution in parametric 
form, 


c=—fi(t), y=—tf't) +f, (1.8.2.5) 
which is a singular solution and is the envelope of the family of lines (1.8.2.4). 


Remark 1.16. There are also “compound” solutions of Clairaut’s equation; they consist of part 
of curve (1.8.2.5) joined with the tangents at finite points; these tangents are defined by formula 
(1.8.2.4). 


> Lagrange’s equation y = «f(y’,) + g(y’,). 


Lagrange’s equation is a special case of equation (1.8.1.1), with F(x, y,t) = y — xf (t) — 
g(t). In the special case f(t) = t, it coincides with Clairaut’s equation. 
The procedure described in Section 1.8.1 yields 
/ / 
< + — = a y = af(t)+ g(t). (1.8.2.6) 
Here the original equation is used instead of the second equation in system (1.8.1.4); this is 
valid because the first equation in (1.8.1.4) does not depend on y explicitly. 

The first equation of system (1.8.2.6) is linear. Its general solution has the form 7 = 
p(t)C + w(t); the functions vy and w are defined in Section 1.2.3 (see formula (1.2.3.2)). 
Substituting this solution into the second equation in (1.8.2.6), we obtain the general solu- 
tion of Lagrange’s equation in parametric form, 


c=PH)C+V¥(t), y= [~PC+YO| FO +9(0). 


Remark 1.17. With the above method, solutions of the form y = t,xz + g(t,), where the t,, 
are roots of the equation f(t) — t = 0, may be lost. These solutions can be particular or singular 
solutions of Lagrange’s equation. 
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1.8.3 Equations Defined Parametrically and Differential-Algebraic 
Equations 


In general, first-order ordinary differential equations defined parametrically is written using 
two coupled equations of the form 


Aig. h. Maggy. =, (1.8.3.1) 


where y = y(a) is an unknown function, t = t(x) is a functional parameter, F\(...) and 
F>(...) are given functions of their arguments. 

In what follows, it will be assumed that the derivative y’, can be isolated from one of 
the equations (1.8.3.1) to get y/, = G(a, y,t). By eliminating the derivative from the other 
equation, one can rewrite the original parametric equation in the canonical form 

F(z,y,t)=0, y, = G(z,y,t). (1.8.3.2) 
Below we deal with the general case where the parameter ¢ cannot be eliminated from the 
equations (1.8.3.2). 

In the theory of differential-algebraic equations, equations of the form (1.8.3.2) are 
called systems of semi-explicit DAEs or systems of ODEs with constraints. The standard 
way of reducing such equations to an ordinary system of ODEs for y = y(x) and t = t(zx) 
is to differentiate the first equation in (1.8.3.2) with respect to 7. However, there is an 
alternative system of ODEs for y = y(t) and x = x(t) which is more convenient for seeking 
exact solutions to semi-explicit DAEs. This system is derived below. 

By taking the full differential of the first equation, we can rewrite system (1.8.3.2) as 


f,ie + Fy dy + hat =), dy= Gla, yt) dz, (1.8.3.3) 
where F,, Fy, and F;, are the respective partial derivatives of the function F = F(x, y,t). 
The parametric equation (1.8.3.2) can be integrated in three ways, which are outlined below. 
1°. Eliminating dx from (1.8.3.3) yields a first-order ODE for y = y(t): 


(F, + GF,)y, + GF; = 0. (1.8.3.4) 


In conjunction with the first relation in (1.8.3.2), equation (1.8.3.4) may be simpler than the 
original parametric equation, in which case these can be used to seek solutions in parametric 
form. 


2°. Eliminating dy from (1.8.3.3) yields a first-order ODE for x = x(t): 
(F, + GF,)x, + F, = 0. (1.8.3.5) 
Equation (1.8.3.5) in conjunction with the first relation in (1.8.3.2) can be simpler than the 
original equation, in which case these can be used to seek solutions in parametric form. 
3°. With the second relation in (1.8.3.3), we eliminate dy and then dx from the first relation 
in (1.8.3.3) to arrive at the system of two ODEs 
g== Fi —_——- GF, 

Pc "RitGh.” “— "2, £en, 
If found, a solution to this system will be a solution to the original equation (1.8.3.2) in 
parametric form. 


(1.8.3.6) 
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Remark 1.18. With the above techniques, isolated solutions, satisfying F, + GFy = 0, may be 
lost; this issue calls for further analysis (see also Example 1.27). 


Example 1.25. Consider the following first-order ODE defined in parametric form: 
c=f(t), ye =g9(t), (1.8.3.7) 


where ¢ is the parameter, while f(t) and g(t) are given, sufficiently arbitrary functions. 
It is a special case of equation (1.8.3.3) with F = x — f(t) and G = g(t). We have 


F,=1, F,=0, K=—filt). (1.8.3.8) 


Substituting (1.8.3.8) into (1.8.3.4) gives the separated equation y; — g(t) f/(t) = 0. Integrating this 
equation and taking into account the first relation in (1.8.3.7), we arrive at the general solution to 
equation (1.8.3.7) in parametric form 


x = f(t), y= f KgHare, (1.8.3.9) 


where C is an arbitrary constant. 
For solution (1.8.3.9) to exit, it suffices that the function f(t) is continuously differentiable and 
the integral exists. 


Remark 1.19. In the special case g(t) =t, ODE (1.8.3.7) is equivalent to « = f(y/,); its general 
solution can be found in Section 1.8.2. 


Example 1.26. Consider the following first-order ODE defined in parametric form: 


y=f(t), Yr =9(t). (1.8.3.10) 
It is a special case of equation (1.8.3.3) with F = y — f(t) and G = g(t). We have 
F,=0, F,=1, R=—fi(t). (1.8.3.11) 


Substituting (1.8.3.11) into (1.8.3.5) yields the separated equation g(t)y; — f/(t) = 0. In view of 
(1.8.3.10), its solution gives the general solution to equation (1.8.3.10) in parametric form 


ie / LO sc, y= Flt), (1.8.3.12) 
g(t) 


where C is an arbitrary constant. 


Remark 1.20. In the special case g(t) = t, ODE (1.8.3.10) is equivalent to y = f(y/,); its general 
solution can be found in Section 1.8.2. 


Example 1.27. Consider the equation 


Fy, 
Fayn= 32> a (1.8.3.13) 
7] 


which corresponds to the degenerate case G = —F,,/F, and F, + GF, = 0 (see Remark 1.18). 
Eliminating dy from (1.8.3.3) gives 

F, dt = 0. 
This equation splits into dt = 0 and F; = 0. The solution of the first equation is obvious: t = C; it 
gives the general solution to the original equation in implicit form: 


F(2,y,C) = 0. 


The second equation generates a singular solution, which is defined by two algebraic (or transcen- 
dental) coupled equations: 
F(a,y,t)=0, Fi(a,y,t) =0. 
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> Transformation of standard differential equations to parametric equations. 


The standard first-order ODE 
Ve = f(z,y) (1.8.3.14) 


can be rewritten as a parametric ODE defined by two relations 
f(z,y)-t=0, yL=t. (1.8.3.15) 


This equation is a special case of equation (1.8.3.2) with F(z,y,t) = f(x,y) — t and 
G(x, y,t) = t. It can be reduced to a standard system of first-order ODEs: 


(fo ttfy)v,=1, (fe +tfy)yy =t. (1.8.3.16) 


The system is obtained by substituting F' = f — t and G = t in the equations of (1.8.3.6). 
System (1.8.3.16) is convenient for the numerical integration of Cauchy problems with 
blow-up or square-root singularity, in which the solution, y = y(), or its first derivative 
become infinite at a finite value x = x, (the number x, is unknown in advance and is to 
be determined in solving the problem). In such problems, the critical value x = 2, for 
equation (1.8.3.14) corresponds to t — -+too for system (1.8.3.16). See Sections 1.14.4 
and 1.14.5 for the usage of system (1.8.3.16) in the numerical integration of equations of 
the form (1.8.3.14). 
© Literature for Section 1.7. G. M. Murphy (1960), N. M. Matveev (1967), E. Kamke (1977), K. E. Bre- 


nan, S. L. Campbell, and L. R. Petzold (1996), A. D. Polyanin and V. F. Zaitsev (2003), A. D. Polyanin and 
A. V. Manzhirov (2007), A. D. Polyanin and A. I. Zhurov (2016a, 2016b, 2017a, 2017b). 


1.9 Contact Transformations 


1.9.1 General Form of Contact Transformations. 
Method for the Construction of Contact Transformations 


> General form of contact transformations. 


A contact transformation has the form 


(1.9.1.1) 


where the functions F(X, Y,U) and G(X, Y,U) are chosen so that the derivative y’, does 
not depend on YY y: 


= yx - Gx+GyYx + GuYXx 


= SS. = XY YS). 1.9.1.2 


The subscripts X, Y, and U after F' and G denote the respective partial derivatives (it is 
assumed that Fry 4 0 and Gy £ 0). 
It follows from (1.9.1.2) that the relation 


oe (Se or) a oe) =0 


au lax tay) ~ a lax +l ay ane 
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holds; the derivative is calculated by 


Gu 
—a 1.9.1.4 
On Fy’ (1.9.1.4) 


where Gy /Fy 4 const. 

The application of contact transformations preserves the order of differential equations. 
The inverse of a contact transformation can be obtained by solving system (1.9.1.1) and 
(1.9.1.4) for X,Y, Y3. 


> Method for the construction of contact transformations. 


Suppose the function F = F(X, Y,U) in the contact transformation (1.9.1.1) is specified. 
Then relation (1.9.1.3) can be viewed as a linear partial differential equation for the second 
function G. The corresponding characteristic system of ordinary differential equations (see 
Polyanin, Zaitsev, and Moussiaux, 2002), 


dX  dY | Fy dU 
1 U Fx +UFy’ 
admits the obvious first integral: 


F(X,Y,U) =Ci, (1.9.1.5) 


where C’} is an arbitrary constant. It follows that, to obtain the general representation of the 
function G = G(X, Y,U), one has to deal with the ordinary differential equation 


YL =U, (1.9.1.6) 


whose right-hand side is defined in implicit form by (1.9.1.5). Let the first integral of 
equation (1.9.1.6) have the form 


®(X,Y,C 1) = Co. 
Then the general representation of G = G(X, Y, U) in transformation (1.9.1.1) is given by 
G=U(F,9), 


with U(F, ®) representing an arbitrary function of two variables, F = F(X,Y,U) and 
& = 0(X,Y,F). 


1.9.2 Examples of Contact Transformations 


> Contact transformations linear in the derivative. 
Example 1.28. Legendre transformation: 
r=Yy, y=XYY-Y, y!,=X (direct transformation); 
X=yi,, Y=ay,-—y, Yx =x (inverse transformation). 
This transformation is used for solving some equations. In particular, the nonlinear equation 
(xy, —y)"f(uz) + yo(yr) + eh(y;,) = 0 


can be reduced by the Legendre transformation to a Bernoulli equation: [Xg(X) + h(X)]Yx = 
g(X)Y — f(X)Y® (see Section 1.2.3). 
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Example 1.29. Contact transformation (a 4 0): 


t=Yy+aY, y=be*Y;, y,, = be** (direct transformation); 
1 : il 
=-—In Yo =— (« — +), Y= ae (inverse transformation). 
ab a Ls r 


Remark 1.21. It is apparent from this example that a contact transformation that is linear in the 
derivative can have a nonlinear inverse, which is also a contact transformation. 


Table 1.2 presents some other contact transformations linear in the derivative. 


TABLE 1.2 
Some contact transformations linear in the derivative 


e=Yet—oY, y= XY, XeY, yf = Xt, 


_ ty, +ay 


Fly! 
oo (a+ Dy, 


) and g = g(X 
are ase eo 
y = exp[f(9/f) 4X] 


f= f(X) and g = g(X) 
are arbitrary functions, 
P=] fax, 5 = ferdx 


> Contact transformations nonlinear in the derivative. 
Example 1.30. Contact transformation (a 4 0): 
e=Yx+aX, y=H(Yx)? +aY, y,, =Yx (direct transformation); 
X= ~ (2 —y)\, Y= x [2y — (y/,)?], Yx =y!, (inverse transformation). 
Example 1.31. Contact transformation (ab 4 0): 


= oF) —bX, y=2a(Yx)?-3bY, = yf, =3Y% — (direct transformation); 
1 2 1 1 
X= 9b ~ (yi)? =>" y= a (y/.)> — — 35% Y= aus (inverse transformation). 


Table 1.3 presents some other contact transformations nonlinear in the derivative. 
© Literature for Section 1.8: D. Zwillinger (1997), A. D. Polyanin and V. F. Zaitsev (2003), A. D. Polyanin 


and A. V. Manzhirov (2007). 
1.10 Pfaffian Equations 


1.10.1 Preliminary Remarks 
A Pfaffian equation is an equation of the form 


P(a,y,z) dx + Q(z, y, z) dy + R(a, y, z) dz =0. (1.10.1.1) 
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TABLE 1.3 
Some contact transformations nonlinear in the derivative 


Contact transformations 


= Vy + zY, y = X°(¥x)? —Y?, yl, = 2X? YX (direct transformation) 


1 : : 
t—/ey,—y, Y = +————— = ——— (inverse transformation) 
x ; y 


/ 
x : : 
pea _ (inverse transformation) 


2/LYr — Y 


; h Xx 
Y?, y= Yx cosh X —Y sinh X, y/, = = — (direct transformation) 
x 


cos X 
2Y¢ 


z= (Y¥x)?+Y", y=YkcosX +YsinX, y, = (direct transformation) 


ee 
ces 
/ 


X=x- Yer Y=yy (yi)? — 1, vo — St (inverse transformation) 
Ya —_ 


r=X —-YVYx, y=-Y JS (YS)? -1, yo = (direct transformation) 


i? Yr = Yx (direct transformation) 
+ 


, Yx = yl), (inverse transformation) 


/ 


Ya 


aaa 
~ k+l 


_ _a(yn)* ty ak(ys 7 


¥ 
D(k+1)F bd’ b(k+1)8*2 b(k +1)’ 
Here ab 4 0 and k 4 —-1 


x =a(Yx)* —bX, y= ak(Yx)*t! — (K+ LY, yy, = (K+ 1)YX (direct transformation) 
/ 
= 


(inverse transformation) 


Equation (1.10.1.1) always has a solution x = 20, y = yo, 2 = 29, where Zo, yo, and Zo 
are arbitrary constants. Such simple solutions are not considered below. 


We will distinguish between the following two cases: 

1. Find a two-dimensional solution to the Pfaffian equation, when the three variables 
x, y, 2 are connected by a single relation (a certain condition must hold for such a solution 
to exist). 

2. Find a one-dimensional solution to the Pfaffian equation, when the three variables 
x, y, 2 are connected by two relations. 


1.10.2 Completely Integrable Pfaffian Equations 
> Condition for integrability of the Pfaffian equation by a single relation. 


Let a solution of the Pfaffian equation be representable in the form z = z(x,y), where z 
is the unknown function and x, y are independent variables. From equation (1.10.1.1) we 
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find the expression for the differential: 


P Q 
=-—dzr—-— —dy. 1.10.2.1 
dz R dx R dy (1.10.2.1) 
On the other hand, since z = z(x,y), we have 
0 0 
dz = de 4 S ey. (1.10.2.2) 
Ox Oy 


Equating the right-hand sides of (1.10.2.1) and (1.10.2.2) to each other and taking into 
account the independence of the differentials dx and dy, we obtain an overdetermined 
system of equations of the form 


=P), =O: (1.10.2.3) 


In the general case, system (1.10.2.3) is unsolvable. To derive a necessary consis- 
tency condition for the system, let us differentiate the first equation with respect to y and 
the second with respect to x. Equating the expressions of the second derivatives zz, and 
Zya to each other and then eliminate the first derivatives from the resulting relations using 
(1.10.2.3), we obtain a necessary condition for consistency of system (1.10.2.3): 

P(Qz — Ry) + Q(Rz — Pz) + R(Py — Qz) =0. (1.10.2.4) 

If condition (1.10.2.4) is satisfied identically, the Pfaffian equation (1.10.1.1) is inte- 
grable by one relation of the form 


U(z,y,2z) =C, (1,110:2.5} 


where C is an arbitrary constant. In this case, the Pfaffian equation is said to be completely 
integrable. The left-hand side of a completely integrable Pfaffian equation (1.10.1.1) can 
be represented in the form 

P(a,y,2) dx + Q(a,y, 2) dy + R(a, y, 2) dz = u(a,y, z) dU(a,y, 2), 


where u(x, y, Z) is an integrating factor. 


> Solution methods for completely integrable Pfaffian equations. Examples. 


There are two main methods for the solution of completely integrable Pfaffian equations. 
These methods are outlined below. 

First method. An integrable Pfaffian equation can be solved by the direct solution of 
the overdetermined system (1.10.2.3). 


Example 1.32. Consider the Pfaffian equation 
ae’ * dx + (be¥* +1) dy —dz =0. (1.10.2.6) 


In this case, we have P = ae¥~*, Q = be¥~* +1, and R = —1; the consistency condition (1.10.2.4) 
is satisfied identically. System (1.10.2.3) has the form 


Zy =aey*, zy = be * +1. (1.10.2.7) 


To solve the first equation, let us make the change of variable w = e* to obtain the linear 
equation w,, = ae”. Its general solution has the form w = ae¥x + y(y), where y(y) is an arbitrary 
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function. Going back to the original variable, we find the general solution of the first equation of 
system (1.10.2.7): 
z = In[ae’x + v(y)]. (1.10.2.8) 


Substituting this solution into the second equation of system (1.10.2.7), we obtain a linear first-order 
equation for » = y(y): 

gy = et be®. 
Its general solution is y = (by + C)e¥, where C is an arbitrary constant. Substituting this solution 
into (1.10.2.8), we obtain the following solution of system (1.10.2.7): 


z = In[ae’x + (by + C)e’] = y + In(ax + by + C). 
It is the solution of the Pfaffian equation (1.10.2.6). 


Second method. For solving a completely integrable Pfaffian equation, the following 
technique can also be used: it is first assumed that x = const in equation (1.10.1.1), which 
corresponds to dx = 0. Then the resulting ordinary differential equation is solved for 
z = z(y), where «x is treated as a parameter, and the constant of integration is regarded as 
an arbitrary function of x: C = y(z). Finally, by substituting the resulting solution into the 
original equation (1.10.1.1), one finds the function v(x). 


Example 1.33. Consider the Pfaffian equation 
y(az +a)dx+a(y+b)dy+a°ydz =0. (1.10.2.9) 


The integrability condition (1.10.2.4) is satisfied identically. Let us set dz = 0 in equation (1.10.2.9) 
to obtain the ordinary differential equation 


(y + b) dy + xydz =0. (1.10.2.10) 


Treating x as a parameter, we find the general solution of the separable equation (1.10.2.10): 


1 
2=-—(y + bln|yl) + (2), (1.10.2.11) 


where (x) is the constant of integration, dependent on x. On substituting (1.10.2.11) into the 
original equation (1.10.2.9), we arrive at a linear ordinary differential equation for y(): 


ry, tapt+a=0. 
Its general solution is expressed as 
a C 
g(x) =-—In|a|+—, 
x x 


where C' is an arbitrary constant. Substituting this y(a) into (1.10.2.11) yields the solution of the 
Pfaffian equation (1.10.2.9): 


1 
z= ara +aln|x|+ bln|y| — C). 
This solution can be equivalently represented in the form of an integral (1.10.2.5) as 


zz+ytaln|a|+blniyl=C. 


> Geometric interpretation. 


Let us introduce the vector F = {P,Q, R}. Then the condition of complete integrability 
(1.10.2.4) of the Pfaffian equation (1.10.1.1) can be written in the dot product form: F - 
curl F = 0. Solution (1.10.2.5) represents a one-parameter family of surfaces orthogonal 
to F. 
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1.10.3 Pfaffian Equations Not Satisfying the Integrability Condition 


Consider now Pfaffian equations that do not satisfy the condition of integrability by one re- 
lation. In this case, relation (1.10.2.4) is not satisfied identically and there are two different 
methods for the investigation of such equations. 

First method. Relation (1.10.2.4) is treated as an algebraic (transcendental) equation 
for one of the variables. For example, solving it for z, we get a relation z = z(x,y).* The 
direct substitution of this solution into (1.10.1.1), with x and y regarded as independent 
variables, answers the question whether it is a solution of the Pfaffian equation. The thus 
obtained solutions (if any) do not contain a free parameter. 

Second method. One-dimensional solutions are sought in the form of two relations. 
One relation is prescribed, for example, in the form 


= 7a); (1.10.3.1) 


where f(x) is an arbitrary function. Using it, one eliminates z from the Pfaffian equation 
(1.10.1.1) to obtain an ordinary differential equation for y = y(): 


Q(x,y, f(2))¥y + P(x, y, f(x)) + R(a,y, f(x)) f(x) = 0. 
Suppose the general solution of this equation has the form 
O(2,y,C) =0, (1.10.3.2) 
where C is an arbitrary constant. Then formulas (1.10.3.1) and (1.10.3.2) define a one- 
dimensional solution of the Pfaffian equation in the form of two relations involving one 
arbitrary function and one free parameter. 
Example 1.34. Consider the Pfaffian equation 
y dx + dy +adz=0. (1.10.3.3) 


Substituting P = y, Q = 1, and R = z into the left-hand side of condition (1.10.2.4), we find that 
x +10. Therefore, equation (1.10.3.3) is not integrable by one relation. 
Let us look for one-dimensional solutions by choosing one relation in the form (1.10.3.1). Con- 
sequently, we arrive at the ordinary differential equation 
Yr ty t+ xf, (x) = 0. 


Its general solution has the form 
y=Ce*— a) e*afi.(x) dx, (1.10.3.4) 


where C’ is an arbitrary constant. Formulas (1.10.3.1) and (1.10.3.4) represent a one-dimensional 
solution of the Pfaffian equation (1.10.3.3) involving an arbitrary function f(a) and an arbitrary 
constant C’. 


Remark 1.22. For equations that are not completely integrable, the first relation can be chosen 
in a more general form than (1.10.3.1): 


a= f(x,y), 


where f(x,y) is an arbitrary function of two arguments. Using it to eliminate z from the Pfaffian 
equation, we obtain an ordinary differential equation for y = y(x). However, it is impossible to 
find the general solution of this equation in closed form even for very simple equations, including 
equation (1.10.3.3). 


© Literature for Section 1.9: G. A. Korn and T. M. Korn (2000), A. D. Polyanin and V. F. Zaitsev (2012). 


“There may be several such relations, and even infinitely many. 
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1.11 Approximate Analytic Methods for Solution of ODEs 


1.11.1 Method of Successive Approximations (Picard Method) 
> Description of the method. 


The method of successive approximations consists of two stages. At the first stage, the 
Cauchy problem 


yi, = f(z,y) (equation), (1.11.1.1) 
y(xo) = Yo (initial condition) (LA) 


is reduced to the equivalent integral equation: 


y(x) =w+ fo f(t, y(t) dt. (1.11.1.3) 


Then a solution of equation (1.11.1.3) is sought using the formula of successive approxi- 


mations: 
x 


Ynt1(Z)=Yot | f(t,yn(t)) dt; n=0,1,2,... (1.11.1.4) 


xO 
The initial approximation yo(x) can be chosen arbitrarily; the simplest way is to take the 
number yo that appears in the initial condition (1.11.1.2). The iterative process converges 
as n — oo, provided the conditions of the theorems in Section 1.1.1 are satisfied (see also 
below). 


> Estimates of the convergence range and error of approximation. 


Suppose that the function f(z, y) is continuous in the rectangle 
|e — ao] <a, |y—yo| <6, GL. 11.1,5) 
and satisfies the Lipschitz condition y: 
|f(z,y1) — f(@, y2)| < Klyi — yal, K = const, (1.11.1.6) 


with respect to y for |x — xo| < a. 


Remark 1.23. The Lipschitz condition (1.11.1.6) holds, in particular, if f = f(x,y) has a 
bounded derivative f,, such that | f,| << K. 


Since the function f(x, y) is continuous in the closed region (1.11.1.5), it is bounded in 
this region: | f(x, y)| < M. Under the above conditions, a solution to problem (1.11.1.1)- 
(1.11.1.2) exists and is unique on the interval 


| -—29|<c, c=min(a,b/M); 


the solution can be found as the limit of successive approximations defined by formula 
(1.11.1.4). 
The estimate M (Ke)" 
ly(2) — yn(a)| $ 5 
holds true; however, the bound is greatly overestimated. In practice, the successive approx- 
imations should be stopped at an n at which y,, and y,41 coincide to within a selected error 
threshold. 


(1.11.1.7) 
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Example 1.35. Consider the Cauchy problem 
y, =ay?+Bx!, y(0)=0, (1.11.1.8) 


where p, q, a, and ( are free parameters, with p > 0 and q > —1. 
Let us choose yo(x) = 0 to be the initial approximation. The recurrence formula (1.11.1.4) 
gives the first and second approximations 


° B 
= f= ——_" 
yi (2) : B ar 
“| __ ab? (q+1) ay? +p+1 B +1 
y a= [| eI) + BtT| dt = gPIrPr® + gi, 
oe o L(q+1)P (q+1)?(pq+p +1) qt+1 


Let us focus on the special case p = q = 2 anda = 6 = 1. The corresponding first three 
approximations are 


yi(x) = 
yo(x) = 


x 
y3(x) = [se + gt) + ?] dt = 5a" a ae m ar ek ne Ee 
0 


v+ aa’, (1.11.1.9) 


In the rectangle |x| < 1, |y| < 1, which corresponds to 7p = yo = Oanda = b= 1 in (1.11.1.5), 
the approximations y2(a) and y3(x) are quite close to each other: 


2 41 115 2 = 
|\ys(2) — yo(x)| a sora + 595357 | S a079 + a < 10 


Hence, we can set 
y(z) ~ 32° + dea’ (1.11.1.10) 


To assess the accuracy of the estimate (1.11.1.7), we evaluate the constant K appearing in the 
Lipschitz condition (1.11.1.6) with f = y? +? in the rectangle || < 1, |y| < 1 (which corresponds 
to ©) = yo = Oanda = 6b = 1 in (1.11.1.5)): 


= max — =. 
eae lel<1[y ee yl 


We also evaluate the constants 


= max =2, c= min (a,b/M)=s 
elec oy ay) 


Substituting these values into (1.11.1.7) with n = 3 yields 
ly(x) — y3(a)| < 4 < 0.17. CRbe ene 


This estimate will be shown later on to be quite rough, two orders of magnitude worse than the true 
error (see Example 1.36). 


1.11.2 Newton—Kantorovich Method 
> Description of the method. 


Suppose there is a not-too-rough initial approximation of the solution to a problem. In 
a nutshell, the Newton—Kantorovich method serves to construct more and more accurate 
successive approximations each obtained by solving a linear ODE. 
Suppose there is an approximate solution ¥ to problem (1.11.1.1)—(1.11.1.2) that satis- 
fies the condition 
y-Y=é, (1.11.2.1) 
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where |e| << 1 (here and henceforth, we omit the argument x of the function ¢). Substituting 
y = y + € into the right-hand side of equation (1.11.1.1), expanding it in the Taylor series 
in powers of €, and retaining only the first two terms, we obtain 


w=fegtre => ywY=fenN+hle get of). (1,111.2,2) 


Omitting terms of the order of o(€), we replace ¢ with the left-hand side of (1.11.2.1) and 
rearrange to obtain 


te — fg BY =F BG) — fy Boy: (111.23) 


The approximate relation (1.11.2.3) forms the basis of the Newton—Kantorovich method. 
Specifically, given an approximation y,, = y,(a), one finds the next approximation y,41 = 
Yn+1(2) as the solution of the linear equation 


Una — Fue, Unum = Flue) — Folesdalyn (1.11.2.4) 


satisfying the initial condition (1.11.1.2). The recursive sequence of equations (1.11.2.4) is 
obtained from (1.11.2.3) by the formal substitutions y = yn+1 and ¥ = Yn. 
The first-order ODE (1.11.2.4) subject to the initial condition (1.11.1.2) has the solution 


Yn4i(t) = En (2) luo + . pest ae) (1.11.25) 


where 


Reap | [ fultsante) at), dnltt) = f(0,ynl2)) — fle, Yn (@))n(). 


> Convergence condition and error estimate of the approximate method. 


Suppose the function f = f(x,y) and its partial derivatives f, and fy, are all continuous 
in the rectangle (1.11.1.5); hence, these are bounded: 


We assume that the initial approximation yo(x) is defined for |x — xo| < a and satisfies the 
inequality |yo(x) — yo| < b. Denote 


p=. max 
|z—29|<a 


yo(x) —w~ f stew(e)at}, (1.11.2.7) 


If the initial approximation is close to the exact solution, then p must be small. We set 


y = aMope2™ (1.11.2.8) 
and assume that the inequalities 
1 20 
<— and 1.11.2.9 
T=) ia oy ( ) 


hold. Then the subsequent approximations (1.11.2.5) obtained by the Newton—Kantorovich 
method satisfy the inequality |y,,(2) — yo| < b and, hence, are uniformly convergent to the 
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exact solution of problem (1.11.1.1)-(1.11.1.2) on the interval |a — xo| < a. The rate of 
convergence is estimated by 


ly) — yn(2)| < sae)". (1.11.2.10) 
The inequality 


2 
ly(x) — yo(z)| < iwi (1.11.2.11) 


enables one to assess the proximity of the initial approximation to the exact solution. 


> Error estimates of approximate solutions obtained by other methods. 


It is important that the inequality (1.11.2.11) can also be used to assess the accuracy of solu- 
tions obtained by other approximate analytical or asymptotic methods (or obtained empiri- 
cally from physical or other considerations). To this end, the approximate solution we wish 
to test should be taken to be the initial approximation yo(a) in the Newton—Kantorovich 
method. Then one evaluates the constants M1, Moe, p, and y appearing in (1.11.2.6)- 
(1.11.2.8) and checks whether the inequalities (1.11.2.8) hold (these inequalities can be 
satisfied by varying the parameters a and b defining the size of the domain (1.11.1.5)). 


Example 1.36. Let us use the Newton—Kantorovich methods to assess the accuracy of the ap- 
proximate solution to problem (1.11.1.8) with p = q = 2 and a = 8 = 1. The solution will be 
constructed on the interval || < 1. We take 


yo() = 40° + ba? (1.11.2.12) 


as the initial approximation; it satisfies the initial condition and corresponds to the second successive 
approximation (see second formula in (1.11.1.9)). 

Taking into account that f(x,y) = y? + x”, we find M,, Ma, p, and y appearing in (1.11.2.6)- 
(1.11.2.8): 


M, = M2 = 2, 
4 6 10 14 2 1 
an eal 3 ae a ase rf G a at + Tsat a sent ) dé| = —~ 3079 oF 50535 < 0.001, 


y = 2pe* < 0.110. 
The right-hand side of (1.11.2.11) is evaluated as 
2p 2 x 0.001 
Tiyi=y 144/000 


It follows that the solution to the problem, y = y(a), exists and is confined, for |a| < 1, within the 
bounds 


< 0.00107. 


ly — $23 + &a"| < 0.00107. (1.11.2.13) 


It is noteworthy that the estimate (1.11.2.13) is two orders of magnitude more precise than the 
estimate (1.11.1.11) obtained in Example 1.35 by the method of successive approximations. 


Remark 1.24. In this example, by evaluating the maximum discrepancy using the formula 


= / wigs _ 
c= max|yo (2) yp (x) 


where yo(x) is the initial approximation (1.11.2.12), we obtain 6 = aeaed + Tar < 0.011, which 
is an order of magnitude more precise than the estimate of the maximum deviation of the above 
approximation from the exact solution (1.11.2.13). 
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One possible way of employing inequality (1.11.2.11) is to look for the approximate 
solution yo() as a finite polynomial (satisfying the initial condition (1.11.1.2)) with free 
coefficients, which are to be determined by minimizing the right-hand side of (1.11.2.7). 
Apart from polynomials, one can use sums of exponential, trigonometric, or other func- 
tions with undetermined coefficients. For convenience, the square of the right-hand side of 
(1.11.2.7) can be minimized. 


1.11.3 Method of Series Expansion in the Independent Variable 
> Method of Taylor series expansion in the independent variable. 


Let the right-hand side of equation (1.11.1.1) be an infinitely differentiable function in both 
arguments. Then the solution of the Cauchy problem (1.11.1.1)—(1.11.1.2) can be sought 
in the form of the Taylor series in powers of (x — x9): 


(n) 


n! 
(1.11.3.1) 
The first coefficient y(2q) in solution (1.11.3.1) is defined by the initial condition (1.11.1.2). 
The values of the derivatives of y(a) at x = xo are determined from equation (1.11.1.1) 
and its derivative equations (obtained by successive differentiation), taking into account 
the initial condition (1.11.1.2). In particular, setting x = xo in (1.11.1.1) and substitut- 
ing (1.11.1.2), one obtains the value of the first derivative: 


y(x) = y(wo) + yi,(xo)(x — 0) + 


Yr(t0) = f (x0, Yo). (1.1.3.2) 
Further, differentiating equation (1.11.1.1) yields 
You = fo(z,y) + fy(z, ¥)¥e- (1.11.3.3) 


On substituting « = xg, as well as the initial condition (1.11.1.2) and the first deriva- 
tive (1.11.3.2), into the right-hand side of this equation, one calculates the value of the 
second derivative: 


Ye (Lo) = fx(Z0, yo) + f(®0, Yo) fy(Zo, Yo): 


Likewise, one can determine the subsequent derivatives of y at x = 2. 
Solution (1.11.3.1) obtained by this method can normally be used in only some suffi- 
ciently small neighborhood of the point x = Zo. 


Example 1.37. Consider the Cauchy problem for the equation 
y,, =e" + cosa (1.11.3.4) 


with the initial condition y(0) = 0. 
Since zo = 0, we will be constructing a series in powers of x. Differentiating equation (1.11.3.4) 
sequentially, we find the following three derivatives: 


uw oye a 
Yea = EY, — SIL, 
WW 


Vern = CPU ns ar e¥(y!,)? — COS Z, (1.11.3.5) 


Wi — Aun fll y,/,/1 y 1\3 t 
Yexrrr — © Vere + 3¢ Ya en +e (yi) + sin xv. 
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Using equation (1.11.3.4), the initial condition y(0) = 0, and formulas (1.11.3.5), we evaluate 
the derivatives at zero: 


y',(0) = [e” + cosa] 2 


x=y=0 ey 


Ure (0) 7 [ev — sin | e=y=0, y,=2 2, 


Yorn (0) = [eYyz,, + €¥ (yi)? — cosa] 


LLL 


5, 


x=y=0, Yn =Uy =2 = 
ny aon my tow 1\3 : —_ 
Yeoas(0) = [€¥Ysen + 3e°Yn¥er + eX(ys) +8ing] ig yay a9, yi a = 25- 
Substituting the values of the derivatives into series (1.11.3.1) with x = 0, we obtain the desired 
series representation of the solution: 


y=2e+a7+ 3a°+ Baty... 


> Equations with integrable singularities admitting the application of Taylor’s 
method. 


There are differential equations (including those with integrable singularities) that cannot 
be directly treated with the method of Taylor series expansion but can be transformed to 
enable the application of this method. 


1°. Consider the equation with fractional powers of the argument 


rs = a2 A(x, y) + fala, y) + al? fs(x, y); (1.1 1.3.6) 
where f; (x,y) (7 =1, 2, 3) infinitely differentiable functions in both arguments for x > 0. 
If f1(0,y) # 0, the right-hand side of equation (1.11.3.6) has an integrable singularity at 
x = 0. The equation cannot be solved in terms of the Taylor series (1.11.3.1) with x9 = 0. 
However, if one makes the change of variable x = t?, equation (1.11.3.6) becomes 


Y= W(t’, y) + 2tfolt?,y) + 2 fay). 
This equation already enables the application of the method of Taylor series expansion. It 
is important to note that if f,(0, y) 4 0, equation (1.11.3.6) has a singularity at x = 0. 
2°. Equation (1.11.3.6) is a special case of the equation 


up = 2 Pfi(xt,y) + folat,y) + 2 fa(aty), (1.11.3.7) 

where p=m/n, q=k/n;m, n, and k are positive integers with m <n; f;(€,y) G=1, 2, 3) 
are infinitely differentiable functions in both arguments for x > 0. The change of variable 
x = 2" reduces this equation to 

yf, = nz ™" Fi(a®,y) + nz" fo(a*,y) + nz™*™ fa(a*, y). 
This equation does not have singularities and so is treatable with the method of Taylor 
series expansion. 
3°. Consider the equation 

yp = a" fi(a’,y) +0" fola’,y) + 2" fa(a’, y) (1.11.3.8) 
where 0 < v < 1, with rational or irrational values of v allowed. If f1(0, y) 4 0, equation 


(1.11.3.8) has an integrable singularity at x = 0. With the change of variable t = x”, it can 
be reduced to an equation without a singularity 


vy} = filt, y) + t fa(t, y) + t f(t, y), 
which is treatable with the method of Taylor series expansion; as previously, the functions 
f(t, y) are assumed to be infinitely differentiable. 


1.11. Approximate Analytic Methods for Solution of ODEs 55 


> Equations involving fractional powers and untreatable with Taylor’s method. 


In general, equations involving fractional powers of the independent variable cannot be 
reduced to equations treatable using the method of Taylor series expansion. A local solution 
to such equations in the neighborhood of xz = 0 can be sought in the form 


m 
y= Aja? + 02"), 
j=0 


with the coefficients 0; and A; to be determined successively in the analysis after substi- 
tuting the series into the equation; it is assumed that 0; < 0j+1. 


Example 1.38. Consider the equation with an integrable singularity 
y, =a “(ag +aix+azy)+f(r,y), O<v<1, (1.11.3.9) 
where f (x, y) is an analytic function expandable in a series at x = y = 0: 
f(x,y) = bo + dix t+ boy +--+. (1.11.3.10) 


We look for an approximate solution to equation (1.11.3.9) satisfying the initial condition 
y(0) = 0 in the form 


y = c2% + con® + e327 + o(27), O<a<B<y, (1.11.3.11) 


for small positive x. Substituting (1.11.3.11) into (1.11.3.9) and taking into account (1.11.3.10), we 
obtain 


care! + cbr} + cyya?—1 
= age” 4 bp + Goce?” + bocia® + aie” + acon? 7 +s, (1.11.3.12) 


The leading terms of the expansion are underlined on both sides (it is assumed that a9 4 0). We see 
that 


a=1-y, cc =ao/a. (1.11.3.13) 
Substituting (1.11.3.13) into (1.11.3.12) yields 
co Ba?! + egya¥—! = bp + agent?” + (ay + boc, )a*~” + iiyegee YM eee. (14003.14) 


Now, depending on the value of v, a few different cases are possible, which are considered in order 
below. 


1°. LetO0<v< 4 and bo # 0. The first term on the right is leading for small x. By matching up 
the terms on the left- and right-hand sides of (1.11.3.14), we find that 
G=1, y=2(1-v), c=bo, ce =aoc/y (a2 £0). (1.11.3.15) 


The coefficients c, and a are defined by formulas (1.11.3.13). 


2°. Let 4 < vy <1and a2 # 0. The second term on the right in (1.11.3.14) is leading for small x. 
By matching up the respective terms on the left- and right-hand sides, we obtain 


B=2(1-v), 7y=1, C2 = age /8, c3 = bo (bo 4 0). (1.11.3.16) 


3°. Lety = 4. Then 8 = 1 andy = 3, and the original equation (1.11.3.9) becomes a special 
case of equation (1.11.3.6), to which the method of Taylor series expansion will be applied after 
substituting 2 = t?. 
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1.11.4 Method of Regular Expansion in the Small Parameter 


Consider a general first-order ordinary differential equation with a small parameter ¢€: 


Yo = f(x,y, €)- (1.11.4.1) 


Suppose the function f is representable as a series in powers of e: 


f(a,y,e) = doe" fala, y). (1.1.4.2) 
n=0 


One looks for a solution of the Cauchy problem for equation (1.11.4.1) with the initial 
condition (1.11.1.2) as ¢ — O in the form of a regular expansion in powers of the small 
parameter: 


y=) e"Y,(2). (1.1.4.3) 
n=0 


Relation (1.11.4.3) is substituted in equation (1.11.4.1) taking into account (1.11.4.2). Then 
one expands the functions f,, into a power series in ¢ and matches the coefficients of like 
powers of < to obtain a system of equations for Y,,(): 


Yq = fol, Yo), (1.11.4.4) 
Y{ = 9(z,Yo)¥i+ filz,Yo), g(x,y) = ——. (1.11.4.5) 


Only the first two equations are written out here. The prime denotes differentiation with 
respect to x. The initial conditions for Y, can be obtained from (1.11.1.2) taking into 
account (1.11.4.3): 

Yo(to) = yo,  Yi(xo) = 0. 

Success in the application of this method is primarily determined by the possibility of 
constructing a solution of equation (1.11.4.4) for the leading term in the expansion of Yo. 
It is significant that the remaining terms of the expansion, Y,, with n > 1, are governed by 
linear equations with homogeneous initial conditions. 

Example 1.39. Consider the following Cauchy problem for a nonlinear equation with a small 
parameter: 

yi ty=ey’, y(0)=1. (1.11.4.6) 

The solution is sought in the form (1.11.4.3) while retaining the first three terms in the expan- 

sion: 


y=YoteYi te?¥o+o(e”), Yn =Yp(a). (1.11.4.7) 
Substituting (1.11.4.7) into (1.11.4.6) and collecting the terms with like powers of ¢€ yields 
Yo + Yo te(¥i +¥i — Ye) +e? (Vo + Yo — 2Y0Y1) + ofc?) = 0. (1.11.4.8) 
Similarly, substituting (1.11.4.7) into the original condition (1.11.4.6) gives 
Yo(0) — 1+ Y1(0) + e?Y2(0) + o(e?) =0. (1.11.4.9) 


Now equating the terms with like powers of ¢ in (1.11.4.8) and (1.11.4.9) to zero, we arrive at the 
following sequence of simple linear problems: 


Yo + Yo =0, Yo(0) = 1; 
Way, Yi(0) = 0; 
Yy+¥2=2Y0N%1, Y¥2(0) =0. 
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Integrating these equations sequentially yields 
Yo=e”, 
Yi =e ve ar _ ¢ "(l-—e m) 


Yo =e ®_ 9% 20 4 © 3a _ 6 *(1-—e sa 


Substituting these expressions into (1.11.4.7), we obtain the desired solution in the form 
y=e *[l+e(1—e7”) +e7°(1—e7*)*] + o(e”). (1.11.4.10) 

Let us compare the asymptotic solution to problem (1.11.4.6) with the exact solution 
= e* 
1—e(1—e-*) 


By expanding expression (1.11.4.11) in a series in powers of the small parameter ¢ and retaining 
the terms up to the second order inclusive, we arrive at the expression of the asymptotic solu- 
tion (1.11.4.10). 


y (1.11.4.11) 


Remark 1.25. Section 3.6.2 gives an example of solving a Cauchy problem by the method 
of regular expansion for a second-order equation and also discusses characteristic features of the 
method. 


Remark 1.26. The methods of scaled coordinates, two-scale expansions, and matched asymp- 
totic expansions are also used to solve problems defined by first-order differential equations with 
a small parameter. The basic ideas of these methods and illustrative examples are given in Sec- 
tions 3.6.3, 3.6.5, and 3.6.6. 


© Literature for Section 1.10: L. V. Kantorovich and G. P. Akilov (1959), G. M. Murphy (1960), S. G. Mikh- 
lin and Kh. L. Smolitskii (1965), A. H. Nayfeh (1973, 1981), G. A. Korn and T. M. Korn (2000), E. Kamke 
(1977), D. Zwillinger (1997), A. D. Polyanin and V. F. Zaitsev (2003), A. D. Polyanin and A. V. Manzhirov 
(2007). 


1.12 Differential Inequalities and Solution Estimates 


1.12.1 Two Theorems on Solution Estimates 


THEOREM 1. Let y = y(x) and u = u(2) be solutions to the differential equations 


y,=f(a,y), uw, = 9(a,u) (1.12.1.1) 
satisfying the condition 
y(xo) > u(x) (112,12) 
for some xo. If the functions f(x,y) and g(x, y) are continuous in some domain G and 
Fay) > gle,y), (1.12.1.3) 
then the inequalities 
y(z) > u(x) if «>, ye) <ule) if 2 < zy (1.12.1.4) 


hold in this domain. 


Remark 1.27. If at least one of the functions f or g satisfies the conditions of the uniqueness 
theorem from Section 1.1, then the sign > in (1.12.1.3) can be replaced with >; moreover, the strict 
inequalities in (1.12.1.4) must be replaced with non-strict ones. 
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Example 1.40. Consider the special case where the right-hand side of the second equation in 
(1.12.1.1) has the form 
g(xz,u) = bu? with b>0 and y>1 
and the initial conditions for both equations are the same: y(0) = u(0) = a > 0. Then the inequality 
y(x) > u(a) holds for x > 0. In this case, u(x) is unbounded and exists on a finite interval 0 <x < x, 
(blow up; see also Section 1.14.4); it is given by formula (1.14.4.21) in which u must be replaced 
with y. It follows that whenever the conditions 


f(x,y) > by” with b>0 and y>1 


hold, the Cauchy problem for the equation y/, = f(x, y) with the initial condition y(0) = a > 0 also 
has a blow-up solution. 


THEOREM 2. Let the functions f(x,y) and g(x,y) be continuous in a domain G and 
let the inequalities 


lf(a,y1) — f(a, ye)| < Kly. — yel, 


(1.12.1.5) 
f(y) —g@y)l Se, 
the first being the Lipschitz condition, hold in G. Then the estimate 
ly(x) — u(x)| < = (ele = (1.12.1.6) 


holds for the solutions y = y(x) and u = u(x) of the differential equations (1.12.1.1) that 
share the same initial condition: 


y(Zo0) = u(Xo). (112,17) 


This theorem enables one to obtain approximate solutions to nonlinear differential equa- 
tions through the analysis of suitable simpler equations. 


1.12.2 Chaplygin’s Theorem and Its Applications (Bilateral Estimates 
of the Cauchy Problem Solution) 


> Chaplygin’s theorem. An illustrative example. 


Consider the Cauchy problem for equation (1.11.1.1) with the initial condition (1.11.1.2). 
Suppose the conditions of the uniqueness theorem in Section 1.1.1 are satisfied and y= y(z) 
is a solution to the problem. 


Theorem (Chaplygin). Suppose there are two functions, u = u(x) and v = v(x), that 
satisfy the same initial conditions as in (1.11.1.2), 


u(xo) = v(20) = yo, (12.315 
and also satisfy the differential inequalities 


uy — f(@,u(x)) <0, 


1.12.2.2 
vf, — f(a, 0(a)) > 0 ee 

for x9 < x < x. Then the inequalities 
u(az) < y(x) < v(x) (1.12.2.3) 


hold for xp < x < 21. 
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Chaplygin’s theorem enables one to make estimates for solutions to Cauchy problems. 

In order to choose the auxiliary functions u() and v(a) appearing in the statement of 
the theorem, one should take a test function w = w(x, k) involving one or more parameters, 
k = {k1,..., km}, and satisfying the initial condition w(xo, k) = yo. Then, one introduces 
the discrepancy 

6= ve _ f(z, y)ly=w 

and selects two values of the parameter vector, k = k; and k = kg, such that 6 < 0 and 
5 > 0, respectively, in the range of the argument. One chooses w(x, k;) to be u(a), which 
gives a lower estimate, and w(x, k2) to be v(x), which gives an upper estimate. 


Example 1.41. Consider the Cauchy problem 
y,=y'+2*, y(0)=0, (1.12.2.4) 


and estimate its solution on the interval 0 < x < 1. 
Let us take w = w(a, k) = kx as the test function with parameter k to be varied in the analysis. 
Introducing the discrepancy 


6= ly, — 7? +27) yew = o*(5k —1—k?2°), 


we get 

a4 (5k —1—k?) <6 < «*(5k—1). (1.12.2.5) 
For the lower estimate, we take k = ky = . which makes the right-hand side of inequality (1.12.2.5) 
zero, to obtain u(x) = w(x,ki) = $2°. For the upper estimate, we take the least root of the 


quadratic equation 5k — 1 — k? = 0, which makes the left-hand side of inequality (1.12.2.5) zero, 
ky = 2 — ¥22 ~ 0.2087, to obtain v(x) = w(x, ka) = 0.2087 2°. This suggests that, by virtue 
of Chaplygin’s theorem, the solution of the Cauchy problem (1.12.2.4) on the interval 0 < x < 1 


satisfies the inequalities 
tax? <y(x) < 0.2087 2°. 


Remark 1.28. In the statement of Chaplygin’s theorem, the initial data in (1.12.2.1) can be 
replaced with the inequalities 
u(xo) < yo < v(z0). (1.12.2.6) 


The functions u(a) and v(a) are called, respectively, a lower and an upper solution of the Cauchy 
problem (1.11.1.1)-(1.11.1.2). 


p> First method for successive refinement of estimates. 


Suppose we have a suitable pair of functions, u(az) and vu(a), that satisfy inequalities 
(1.12.2.2). Is it possible to improve the bilateral estimate? 

Let the second derivative fy, retain its sign in a rectangular domain (1.11.1.5). Let us 
look at the surface z = f(x,y) in the three-dimensional space (x, y, z) and focus on the 
curves along which the surface intersects with planes x = const. These curves are either 
concave upward, if f,,, > 0, or concave downward, if fy, <0. On the curve z= f(x,y) with 
x =const, let us choose an arc segment defined by the values of y such that u(x) < y < v(z) 
and write the equations of the tangent line at y = u(a) and the chord connecting the points 
y = u(z) andy =o(z): 


z= f(x, u(a)) + fy(@, u(2))(y — ula) = M(a)y + N(a), 


= Aiea OS) 2), 12.2.7) 
= FEM) +e) ule) 
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The curve z = f(x,y) lies between the tangent and the chord, and hence the function 
f(x, y) is lies between the functions f; = M(x)y+ N(a) and fo = Q(x)y+ R(x), which 
are linear in y. To be specific, we assume that f,, > 0. Then the curve is above the tangent 
and below the chord: 


M(x)y + N(x) < f(v,y) < Q(@)y + R(@). 
Consider two auxiliary Cauchy problems for the first-order linear differential equations 
(u1)> = M(x)u+N(x), (vile = Q(x)v1 + R(a) (1.12.2.8) 


subject to the initial conditions (1.12.2.1). The solutions of these problems, wu; = ui(x) 
and v, = v(x), are straightforward to obtain. One can easily prove that the inequalities 


ula) < uy(z) < y(z) <u (@) < a(x) (1.12.2.9) 


hold, which suggests that the new functions u;(a) and v;(x) provide more accurate ap- 
proximations of the desired function y(x). In a similar fashion, starting from u;(x) and 
v1 (x), one can obtain further, even more accurate approximations, w(x) and v2(a), and so 
on. The process is rapidly converging, so that 


A 


Un(Z) — Un(x) < a (1.12.2.10) 


where A is a positive constant independent of x and n. 
Example 1.42. Consider the Cauchy problem 
y, =y’? +27, y(0)=0. (1.12.2.11) 


Its solution will be sought in the range 0 < x < va = 0.7071. 
We see that f/,, = 2 > 0. Let us show that the initial functions u(x) and v(x) can be taken in 
the form 


i=, wep= 2° 
Indeed, 
ul, — uw (2)— 2? = qu <0, 
2 2_ 1,2  121,6_ 2/1 _ 1214 2/1 _ 1211 2 


0 
Calculating M(x), N(a), Q(x), and R(x) by formulas (1.12.2.7), we get 


M(2)= 22°, N(z)=2?-40°; Q(2)= 2°, R(x) =2° - Ho". 


Equations (1.12.2.8) for the next approximation are written as 


Yes 2_ 1,6 Pip Fos 2_ 11,6 
(4), = 3¢ ute —g2, (),=prute — pt - 


Their solutions satisfying the initial conditions u(0) = v(0) = 0 are 
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Now by expanding the exponentials into power series and retaining only the terms up to x! and 
t!!, we obtain 
5 13417 2 wll 
us (x) = t1(@) = ga + Gxt! + aoe, 
11 
vi(2) Y B(x) = tx + ae + sa50 
Let us show that the functions uw; and v, are also upper and lower bounds of the desired solution: 
— vy  =2 2 1 4 14 4 18 4,22 
(tia), — Bi (e) — 2” = —[(g3x + axg07a) © + saxzore? + ap7ere”’] < 0, 


(G1) — O(a) — 2° = aL iy — [Cate + tes) @* + reaa0t* + sore") }- 


The derivative of the expression in braces is negative for0 < x < va: hence, the expression attains 
its minimum at the right endpoint of the range, 7 = va Consequently, 
Hoyt gi 21,105 1 1 1)1 2 1 1 1 
(1), — 0 (2) — 2° > ge’ {aig — [Caer + tes) 2 + Too X te + OF X Galt > 0. 
It follows that 
178 es, 2 1 1,3 17 uae at V2 
gt tat sot Se eae eet Sage > Ree 
If either function u1(2) or v(x) is taken to be an approximate solution to problem 
(1.12.2.11), then the approximation error does not exceed 


(obs ~ aha)" < (aby - ap) 22 ~ 10° 


> Second method for successive refinement of estimates. 


Below we outline another method for successive refinement of the approximations u(a) and 
v(a), which does not require the assumption that the second derivative f,, is sign invariant. 
Let K be the Lipschitz constant appearing in the first inequality in (1.12.1.5). It can be 


shown that the functions 
EY 83 


u(x) = ule) + fe [F(t,u(e)) — uf] 
js (1.12.2.12) 
(a) = ola) — fe fh(t) — F(t, v(0)] a 
xO 
satisfy the initial conditions 1.12.2.1 and inequalities (1.12.2.9) hold for x > xo. By re- 
peated application of formulas 1.12.2.12, one can obtain a sequence of more and more 
refined approximations u,,(”) and v,,(x). It can be proven that u,,(x) and v,(x) converge 
uniformly to the solution y(x) are n — oo; however, the rate of convergence is lower than 
that provided by formula (1.12.2.10). 


© Literature for Section 1.12: 1. S. Berezin and N. P. Zhidkov (1960), S. G. Mikhlin and Kh. L. Smolitskii 
(1965), E. Kamke (1977). 


1.13 Standard Numerical Methods for Solving Ordinary 
Differential Equations 

1.13.1 Single-Step Methods. Runge—Kutta Methods 

> Preliminary remarks. 


1°. The classes of differential equations that allow for exact general solutions (in closed 
form), using exact methods developed so far, are quite narrow and cover only a small 
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portion of practical problems. For this reason, numerical methods are commonly used 
nowadays, which apply to wide classes of equations and enable one to obtain particular 
solutions to specific problems. 


2°. Consider the Cauchy problem for the first-order differential equation 


Ve =F). (2 > 2) (1.13.1.1) 


with the initial condition 
y(xo) = Yo- (1.13.1.2) 


Our aim is to construct an approximate solution y = y(zx) of this equation on an interval 
[x0, x «] . 

Difference solution methods for problem (1.13.1.1)—(1.13.1.2) will be understood as 
numerical methods based on the replacement of the differential equation (1.13.1.1) for the 
continuously differentiable function y = y(x) with an approximate equation (or equations) 
for functions of discrete argument, which are defined at a discrete set of points from the 
interval |:9, x]. This makes us look at difference equations of integer argument, which are 
a special case of functional equations. 


3°. Let us split the interval [xo, x,] into n equal segments of length h = (x, — x) /n. Let 
Yi, «++» Yn denote the approximate values of the function y(x) at the partitioning points 
L1,.--,%n = Ly. The discrete set of points X;, = {xo, 11, ..., Ln} is called a mesh, the 
individual points x; are mesh nodes, and h is a mesh increment or step size. The collection 
of values of the desired quantity is called a mesh function and denoted y‘”) = {i k= 
Odoeces tt 

Statement of a numerical problem: given an initial value yo = y(xo) and a sufficiently 
small h, find approximate values of the unknown function, y, = y(xz), at the points 7, = 
to tkh,k =1,...,n. 


> Order of approximation of a numerical method. 
It is convenient to represent equation (1.13.1.1) in the short operator form 


Lly] = f. (1.13.1.3) 


Likewise, the corresponding numerical (difference) scheme approximating (1.13.1.3) 
can be represented as 
Lily] = f, (1.13.1.4) 


with the same initial value yo as in (1.13.1.2). It is assumed that for any smooth function 
u = u(2), the limiting relations 


‘ _ : h 
lim Lp[ul = Lu] = ut}, lim f! vo = fly=u 


hold. Specific numerical schemes (1.13.1.4) will be outlined below. 
Let Y;, denote the space of mesh functions defined on the mesh X;, with norm* 


(A) |), — 
lye’ lly imax lun: (1.13.1.5) 


“This norm is a difference analogue of the norm in the space of continuous functions. 
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Let F)}, denote the space of mesh functions of two arguments with norm 


toa ee = . 
Pen lle omax lel; Sic = f (ks Ye) 
Suppose the difference problem (1.13.1.4) has a unique solution. If the mesh function 


ys? coinciding with the exact solution at the mesh nodes is substituted in (1.13.1.4) for 
y("), the resulting discrepancy, 


of) = Lalye?] _ Mae 


will generally be nonzero. 

Definition. The difference scheme (1.13.1.4) will be said to approximate the differential 
problem (1.13.1.3) on the closed interval [29, x] if ||5f ||» + 0 as h > O. If, in addition, 
the inequality 

of le < Crh™ (1.13.1.6) 


holds, where C’; and m are some positive constants, then the difference scheme will be said 
to have approximation of order m with respect to the step size h; the quantity m is also 
called the global order of approximation. 


Remark 1.29. Suppose that the exact value of y = y(x) at 2 = x41, which corresponds to 
h — 0, differs from the approximate value y,41 by a quantity of the order of O(h™),. Then the 
number ™, is called the local order of approximation of the numerical method in question. The 
local and global orders of approximations are related to each other simply as mj; = m+ 1. 


Remark 1.30. Suppose one looks at a boundary value problem of the second or third kind for a 
second or higher order equation, where a solution derivative is involved in the boundary condition. 
When the problem is replaced with a suitable difference scheme, the error in approximating the 
boundary conditions will affect the order of approximation of the difference problem. 


> Single-step methods. 


In general, a single-step method is a numerical method that provides successively an ap- 
proximation of the exact solution, y;,41, at the point x;,41 based on the known approxima- 
tion y;, at the point xp. 

Explicit single-step methods for solving the Cauchy problem for equation (1.13.1.1) are 
defined by formulas of the form 


One = OF; Dies Yes Beis): (1.13.1.7) 


For simplicity, the dependence of ® on h is not specified. 
More complex, implicit single-step methods are defined by 


YR = OF; 2k, Yes Sev, Yee) (113,18) 


with the unknown y;41 appearing on both the left- and right-hand side of (1.13.1.8). The 
values y,41 can be found using, for example, iterative methods that are suitable for solving 
algebraic (generally transcendental) equations. Implicit methods are usually more prefer- 
able than explicit ones because of greater stability. 
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> Euler Method of polygonal lines. Implicit Euler method. 


1°. Suppose that the Cauchy problem for equation (1.13.1.1) is solved at the points xo, x1, 
..., £, to obtain the set of values yo, y1, ..., Ye. By integrating equation (1.13.1.1) over 
the interval [x,, x,41], we get 


lars) = ulcer) + f° Fley(a)) ae. (1.13.1.9) 


Many numerical methods are based on various approximations of the integrand in 
(1.13.1.9). 


2°. For a given initial value yo = y(xo) the values y, = y(x,) at the other points x, = 
xo + kh are calculated successively by the formula 


Yri1 = Ve thf (xe; yr) (Euler polygonal line), (1.13.1.10) 


where &k = 0,1,...,n-—1. 

The Euler method is the simplest explicit single-step method providing a first-order 
approximation (with respect to the step size h). It is obtained from formula (1.13.1.9) by 
the replacement of the integrand with a constant, f(x,y) © f (xx, yx). 

The Euler method is of little or no practical use, since its accuracy is usually very low. 


3°. If the integrand in (1.13.1.9) is replaced with a constant, f(x,y) © f(ve-+41, Ye+1), this 
will result in the following algebraic (transcendental) equation for y+ 1: 


Yer = Ye + hf (Cep1, Yeti): (1.13.1.11) 
This equation defines the implicit Euler method with the first order of accuracy. In general, 
the nonlinear equation (1.13.1.11) is solved numerically using a suitable iterative method 
(e.g., Newton’s method). 


p> Single-step methods with a second-order approximation. 


1°. There is a modification of the Euler method of polygonal lines known as the modified 
Euler method that provides a second-order approximation and so is more accurate. With 
the modified Euler method, one first calculates the intermediate values 


and then calculates y,;41 by the formula 
Yk = Yk + hf (p44 Yer2) =yrthf(te+ sh, yet shh), (1.13.1.12) 


where fy, = f(rz, yz) andk =0,1,...,n—1. 


2°. Another second-order single-step method for solving the Cauchy problem is defined 
by the recurrence formula 


Yroi = Yet sh[f (ce, ye) + f(ce+1, ye + fab]. (1.13,1.13) 


This method is sometimes called Heun’s method. 
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Example 1.43. In the simple special case where the right-hand side of the equation is indepen- 
dent of y, or f(x,y) = f(x), the maximum error ¢ of the approximate solution (1.13.1.13) is 


estimated as L 
en SS max| ff, (0)|h, 


where L = x, — XQ is the length of the interval where the solution is looked for (% < @ < &x). 


3°. Apart from formulas (1.13.1.12) and (1.13.1.13), the equation 


Yer = Yet Sh[f (ee, Ye) +f (e+1, Yeti) (1.13,.1.14) 


is sometimes used. It determines an approximate solution in implicit form, since yz+1 
appears in both the left- and right-hand side of Eq. (1.13.1.14). 


> Runge-Kutta fourth-order methods. 


1°. The unknown values y;, are successively found by the formulas 


Ye+1 = Yk + thy + Qpo + 2y3 + ya), (1.13.1.15) 


where , ' 
gi=f(te, ye), po=fl(te+ sh, y+ shy), 


y3 = f(tr+sh, yetshpo), gs=f (ae +h, yet hys). 
This is one of the most common methods providing fourth-order approximation. 


Remark 1.31. When saying the “Runge-Kutta method” without further specifications, one usu- 
ally means the classical fourth-order Runge—Kutta method defined above. 


For a rough estimate of the local accuracy of formula (1.13.1.15), it is quite useful to 
evaluate the quantity 


€ = A(8fe41 + 1 — 2y3 — 2a). 


Example 1.44. In the simple special case f(x,y) = f(x), meaning that the right-hand side of 
equation is independent of y), the maximum error €m of the approximate solution (1.13.1.15) can 
be estimated as 


L 
< mn 4 13.1. 
Em S a8 max |f’" (x)|h*, (1.13.1.16) 


where L = x, — £0 is the length of the interval on which the solution is looked for (a < x < x). It 
is apparent that, apart from rapid decrease of the error as h — 0, the right-hand side of (1.13.1.16) 
contains a very small numerical coefficient, [/2880. This is one of the causes of the high accuracy 
of the method. 


The above scheme has the convenience that the step size h can be changed starting 
from any & (e.g., it can be decreased where the desired functions are rapidly changing or 
increased where these change slowly). In practice, the step size can be controlled using the 
following simple technique. For each k, one evaluates the parameter 
p2— 3 
pl — 2 
While 6 is of the order of a few hundredths, the computation should be carried out with the 
same step size. If @ is greater than one tenth, the step size can be decreased. If @ is less than 
one hundredth, the step size can be increased. 
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2°. Although much less common, the following formula provides a fourth-order approxi- 
mation and can also be efficiently used in computations: 


Yori = Yk + ¥h(Y1 + 3p2 + 3y3 + Ya), (1.13.1.17) 


where 
yi=f(rk, Ye), G2=Sf(te+ Zh, ye+ Zhi), 
y3 = f (te + 3h, ye — shy + hy), 
ya = flag th, yx + hy — hye + hys). 


> Runge-Kutta methods. General scheme. 


1°. All explicit numerical methods outlined above are special cases of the general ap- 
proach, known the family of explicit Runge-Kutta methods, whose main ideas are outlined 
below. For a detailed description of this approach, see the monographs listed at the end of 
the current section. 

The value y,41 = y(2~_ +h) is approximated using the formula 


Pp 
y (ae +h) © (xe, h) = y(ae) +S Ansn(h), (1.13.1.18) 


n=1 


where 5, = S,,(/) is the set of functions defined as 


st = hf (@ks Yk); 
so =hf (ap + ah, yp + 82,151), 
83 = hf (ap + a3h, ye + 83,151 + 63,282), 


Sp = er =F Oph, YR Dnt Si pene sh Bogie pi): 


The unknown parameters A,,, @,, and Brym (O<m <n <p) are chosen from the conditions 


6(0) = 6'(0) = 6"(0) =--- = 5 (0) =0. (1.13.1.19) 


The function d(h) = y(x, +h) — €(xp, h) shows the discrepancy between the approximate 
solution €(#,, h) and exact solution y(x, + h). 

In the family of Runge-Kutta schemes defined by formula (1.13.1.18), one can make 
the approximation error indefinitely small by increasing the parameter p. The value p = 1 
corresponds the Euler method (1.13.1.10), while p = 4 results in the more accurate formula 
(1.13.1.15). 


2°. The computation error of formula (1.13.1.18) can be estimated using Runge’s rule 


Yk+1,h/2 — Yk+1,h 


Ye — Yk+1,h/2 © pr —] ’ 


where ye is the exact solution, 4;,+1,, 18 the approximate solution corresponding to the step 
size h, and y;,41,n/2 is the approximate solution corresponding to the step size h/2. 
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> Qualitative features of the Runge-Kutta schemes. 


The Runge—Kutta schemes outlined above offer a number of important advantages: 

(i) All of them are stable and provide high accuracy (except for Euler’s method of 
polygonal lines). 

(ii) In explicit schemes, the value y;,,1 is calculated from the values obtained at previ- 
ous steps using fixed formulas and a number of operations. 

(iii) All of the schemes allow for straightforward generalizations to utilize variable step 
sizes, hy =X, —Xp_1; Starting from any point (any k), the step size can be decreased, where 
the function is rapidly changing, or increased, where the function changes slowly. 

(iv) No use of further methods is required (unlike, for example, the multistep methods 
discussed below). 

The Runge-Kutta schemes are easy to extend from a single equation to a system of 
first-order differential equations with the formal change of the variables y, f(x,y) to y, 
f(x,y) (see Section 7.4 below). 

The errors of the Runge—Kutta schemes are determined by the maxima of the absolute 
values of derivatives. If the function f(x) on the right-hand side of equation (1.13.1.1) 
is continuous and bounded together with its fourth derivatives (as long as they are not 
too large in magnitude), then the fourth-order scheme (1.13.1.15) provides good results 
due to the very small coefficient in the remainder and rapid increase in the accuracy as 
the step size decreases. If f(a) does not have the required derivatives (or they are un- 
bounded), it is more reasonable to use lower-order schemes, whose order is determined by 
the highest continuous and bounded derivative available; for example, the simple scheme 
(1.13.1.12) or (1.13.1.13) can be used for the twice continuously differentiable right-hand 
side in (1.13.1.1). 


> Remarks on the choice of the step size. 


Remark 1.32. In practice, calculations are performed on the basis of any of the above recurrence 
formulas with two different steps h, th and an arbitrarily chosen small h. Then one compares the 
results obtained at common points. If these results coincide within the given order of accuracy, one 
assumes that the chosen step / ensures the desired accuracy of calculations. Otherwise, the step 
is halved and the calculations are performed with the steps sh and th, after which the results are 
compared again, etc. (Quite often, one compares the results of calculations with steps varying by 
ten or more times.) 


Remark 1.33. For schemes with a variable step size, hy, = xp, — Xx—1, intended for the solution 
of equation (1.13.1.1), the formula 


h 


h ___E___E OO 
ae al f (@e—1, yr—1)| 


(1.13.1.20) 
can be used to select the step size automatically, with a being a positive numeric parameter whose 
value can be chosen depending on the problem (schemes with a constant step size correspond to 
a = 0). The step size should be decreased when the function is rapidly changing and increased 
when it changes slowly. 

Instead of | f(%x—1, Ye—1)| in the denominator in (1.13.1.20), one can also use | f(%,_ 1, Yx—4)|, 


where Tpk = Tei t Sh and Ye—2 = Yk-1 + SAF (@e—-1, Ye—-1): 
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1.13.2 Multistep Methods 
> Preliminary remarks. General scheme. 


1°. Multistep numeric methods are those in which the unknown yz41 at 7,41 is calculated 
based on a number of known values, yp_m+1, Yk—m+2> --+> Yk at several previous points, 
Lk—m+1> Tk—m+2> ---, Lz. In practice, three to five points usually suffice, which suggests 
that m = 3, 4, or 5, with m = 1 corresponding to single-step methods. 


2°. In the implementation of multistep methods, the problem arises of how to start the 
method, since the values of the unknown quantity at 71, ..., Z»—1 must already be known. 
This can be done with any single-step method by using the initial condition y= yo at x = xo. 
Sometimes, on the initial segment, one uses a truncated Taylor series (see Section (1.11.3)) 
with sufficiently many terms retained. 


Remark 1.34. The values of the unknown at the initial points 71, ..., 2 »—1 must be evaluated 
with an accuracy at least several times higher than it is required for the entire solution; in the Runge— 
Kutta method used to calculate the initial values, the step size h should be taken much smaller than 
in the multistep method used for subsequent values. 


> Adams methods. 


1°. Extrapolation methods. In the explicit Adams method, to calculate the integral appear- 
ing in (1.13.1.9), one replaces the integrand with an interpolation polynomial of degree 
m—1, Pm—1(), whose values coincide with the those of f(x, y(x)) at the points 7, -m+1, 
Lk—-m+2, ---, Lz. In particular, with a polynomial of degree 0 (e.g., with the integrand 
replaced with its value at the left endpoint of the interval at x;,), one obtains the explicit 
Euler method. 

With a cubic interpolation polynomial determined by the last four points of the in- 
tegrand, one obtains a formula representing the Adams—Bashforth method of the fourth 
order: 


1 
Yeti = YR + aq (55s — 59 fp-1 + 37 fe—2 — 9fn—3)h, (1.13.2.1) 


where fs = f (2s, Ys). 


2°. Interpolation methods. In the implicit Adams method, to calculate the integral ap- 
pearing in (1.13.1.9), one replaces the integrand with an interpolation polynomial of degree 
m—1, Qm—1(«), whose values coincide with the those of f(x, y(a)) at the points 7,_-m+2, 
Uk—m4+3>+++> UR+1- 

In particular, the four-step Adams—Moulton implicit formula is 


1 


Yeti = Ye + 5g (Ofer + 19f~ — 5fr-1 + fe-2)h. (1,13.2.2) 


It is apparent that (1.13.2.2) is an equation for y;41, which appears on both sides of the 
equation. However, one usually avoids solving this equation by replacing f;,,, on the 
right-hand side with a value calculated by an explicit formula (e.g., the Adams—Bashforth 
formula). This approach underlies predictor-corrector methods, which are discussed below 
in Section 1.13.3. 


1.13. Standard Numerical Methods for Solving Ordinary Differential Equations 69 


> Milne method. 


The multistep Milne method of the fourth order can be implemented in two different ways: 


4 


Ye+1 = Ye-3 + + (2fk — fe-1 + 2fe-2) (first way), 


3 
3 
Yeo = Ya + 5 (7 fie —3frioit+ 5 fi—2) (second way). 


To start the computation, four initial points are requited. 


> Nystrom method. 
The multistep Nystr6m method of the fourth order results in the formula 
1 
Yk+1 = Ye-1 + 3 (Sf — 5fe—-1 + 4fk—2 — fe—3)h. 


The method requires four initial points. 


> General scheme. Concluding remarks. 


1°. In general, multistep methods are based on the following approximation of the deriva- 
tive at the point x;: 


1 s 
yl, z > acy (k41-1): (1.13.2.3) 
The right-hand side of the differential equation (1.13.1.1) at x, is approximated as 
s 
f(x,y(x)) © ¥- dif (we41—i, (e412). (1.13.2.4) 
i=0 


The numeric coefficients a; (ag 4 0) and b; are independent of h. 
This results in finite-difference schemes of the form 


S- aiyesi-i—h Sd: feg1—i = 0: (1.13.2.5) 
7=0 1=0 


Explicit schemes correspond to bo = 0, while implicit schemes correspond to bo £ 0. 
If scheme (1.13.2.5) is obtained with the approximations (1.13.2.3) and (1.13.2.4), then 
the coefficients a; and 6; must satisfy three relations 


s 


ee So(k+1-i)a; =1, Sey 
1=0 i=0 


i=0 
Remark 1.35. When writing specific schemes, it is customary to set the coefficient of y,+1 


equal to one, which is equivalent to dividing all coefficients a; and b; by ao. 


The error of a scheme is determined by the leading term in the expansion of the left-hand 
side of (1.13.2.5) as h — 0. In the expansion, one must take into account the dependence 
of yx = y(xx) and f, = f (xp, ye) on h, since x, = 2p + kh. 
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2°. The difference scheme (1.13.2.5) is associated with a characteristic polynomial 
Ss 
P(u) = > axe", (1.13.2.6) 
i=0 


which is obtained by substituting y, = j:* into the truncated equation (1.13.2.5) with h = 
0. The roots of the characteristic polynomial, which are determined from the algebraic 
equation P(j1) = 0, will be denoted j1;, where j = 1,...,s. 

Difference schemes of the form (1.13.2.5) must satisfy the a-condition: all roots of the 
characteristic polynomial (1.13.2.6) must lie in the unit circle (|1;| < 1), with no multiple 
roots on the circumference. 

For any difference scheme that does not meet the a-condition, there exists an equation 
of the form (1.13.1.1) with a smooth right-hand side whose difference solution does not 
converge to the differential solution (obtained without rounding) as the step size of the 
mesh decreases. 

Let m be the order of approximation of the difference scheme (1.13.2.5). Then the 
following theorem holds. 


THEOREM. In the cases that 


the scheme is explicit and m > k, 
the scheme is implicit, s is odd, andm > k +1, 


the scheme is implicit, s is even, andm > k + 2, 


there is a at least one root, among all roots of the characteristic polynomial (1.13.2.6), 
whose absolute value exceeds unity. 


This theorem states that schemes of the form (1.13.2.5) with a sufficiently high order of 
approximation do not satisfy the a-condition. 


3°. Apart from the problem of solution initiation in multistep methods, one faces the prob- 
lem of step size change in the course of the solution. This problem requires nonstandard 
actions; it is easily solved in single-step methods. With the same accuracy, the Runge— 
Kutta method allows one to use 4—6 times larger step sizes than the Adams method. For 
this reason, the Adams and Milne methods are much less common in practice than the 
Runge-Kutta methods. 


1.13.3 Predictor—Corrector Methods 
> Adams type predictor—corrector method. 


This method combines the explicit and implicit four-step Adams method and makes it pos- 
sible to increase the accuracy of the Adams method by computing the value of f(z, y) 
twice when determining y;,+1 in each new step with respect to x. The following actions are 
performed: 

(i) Predictor step. Starting from the values at x,_3, Tp_2, Le_1, LR, one calculates an 
initial guess value y,41 at 2,41 using Adams’s formula (1.13.2.1). 

(ii) Intermediate step. One calculates the intermediate value of f at the new point: 


Free = f Oe Ves) 
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(iii) Corrector step. Using the fourth-order Adams method and the values of y at r,_2, 
Le—1, Lk, C41, one calculates a refined value at 7,41: 


veer = ont 57 (OF + 19f% — 5fe—-1 + Se-2)h. CL.13.3.1) 


The truncation error of this method is of the order of O(h*). If the refined value does 
not deviate from the guess value by the allowed computational error, |yz41— yr+il < €, 
the step size h is considered acceptable. 


> Milne predictor—corrector method. 


The following actions are performed: 
(i) Predictor step. Starting from the values of y at x,_3, Zp_2, Lp_1, LR, One calculates 
an initial guess value at x,41 by the formula 


Te+1 = Ye-3 + y = (2ft — fr + 2fpe—2)h. (1.13.3.2) 
(ii) Intermediate step. One sie: the intermediate value of f at the new point: 


fit = f(@r41, Yeq)- 


(iii) Corrector step. The refined value is calculated by the corrector formula 


Yeti = Yk-it > = (Favs +4 fy + fr—1)h. (1.13.3.3) 


The truncation error of the Milne method is O(h?). 
The computational error can be estimated as 


€ = gglyn+i — Yeril- (1.13.3.4) 


If the maximum allowed error equals 6, then condition 6 < ¢ must be checked at each step. 
If this condition does not hold, the step size should be decreased h. 


> Hamming predictor—corrector method. 


In fact, the Hamming method has four steps: calculation of a prediction y;, followed by 
an improvement dy; +, and then calculation of a correction y; , followed by its refinement 
yi+1. The prediction and its improvement are performed using not only nodal values of 
the derivative of f(x, y(x)) but also nodal values of the desired function y(x) as well as 
auxiliary quantities. 

The four steps are expressed by the formulas 


1 1 
=(2yn—1 + Ye—2) + 79 (191 fi — 107 f,_1 + 109 f;,_2 — 25 f,_3)h, 


i = 5 
WT. 
OYk+1 = Yet — 750 (Ue 7 ie 
ofa 
Yi = 3 = (2yk—1 + YR—-2) + = [25 f (e415 6ye41) + 91 fe + 43fn—1 + Ofk—2] A, 
43 ; 
Yk = Yer + sen aa (Yeti — Yer) 


The truncation error of this method is O(h°). 
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1.13.4 Modified Multistep Methods (Butcher’s Methods) 


Just like multistep methods, the modified multistep methods use several preceding values of 
the unknown, yz,_;, to compute the current value y;,; moreover, just as in the Runge-Kutta 
methods, they also calculate the right-hand side several times at each step. Two examples 
are given below. 


1°. Formulas providing an accuracy of O(h*): 
Ye = Ya-2 + 4 (9 fie + 3f,p—2)h, 
Ye = (28yn—-1 — 23yz-2) + ig (32f,_4 — 60fx—-1 — 26 fg_a)h, 
Ye = 37 (82YR—1 — Ya—2) + 93 (64f;,_2 + 15ff + 12 fe_1 — fr—2)h, 
where fg = f(x,y): 
2°. Formulas providing an accuracy of O(h®): 
Up soe (—225y,-1 + 200y%—2 + 153yR—3) + qog (225 fe—1 + 300 fe_2 + 45 fn_3)h, 
Ye = 37 (540yK-1 — 297y~—2 — 212y,_3) 
ahs (384f,_1 — 1395 fn1 — 2130 f—2 — 309fx-s)h, 
7(783yp—1 — 135y~—2 — 31 y%—3) 
aus (2304 fy—4 + 465 fp — 185 fe-1 — 495 f,2 — 39 fie—3)h. 


| w 


|- 


Yk =F 


Te 


1.13.5 Stability and Convergence of Numerical Methods 
> Stability. 


Definition 1. The difference scheme (1.13.1.4) is called stable, if there are positive numbers 
hm and 6 such that for any h < h», and any mesh function of arguments, ¢“””, that satisfies 
the inequality |e”) ||» < 6, the difference problem 


Lyle] = f™ +e, (1.13.5.1) 


obtained from (1.13.1.4) by adding the perturbation <“”) to the right-hand side, has a unique 
solution 2”) and the relation holds 


2) — yy < Colle || p, (1,13:5.2) 


where (> is a constant independent of h. 


This definition is quite general; it is valid even if L;, is nonlinear. Inequality (1.13.5.2) 
suggests that a small perturbation on the right-hand side of the difference scheme (1.13.1.4) 
causes a uniformly small (with respect to h) disturbance of the solution. 

In the above case, the operator L,, is linear and the definition of stability is equivalent 
to the following. 

Definition 2. The difference scheme (1.13.1.4) with the linear operator L;, is said to 
be stable if for any f Me KF pn equation (1.13.1.4) has a unique solution y) € Y;, and the 
inequality 

yy < Calf lle 


holds; C’2 is a constant independent of h. 
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Remark 1.36. Stability is an intrinsic property of the difference scheme; it is not related to the 
original differential problem. 


> Convergence. Lax theorem. 


Definition. A solution y“”) of the difference equation (1.13.1.4) is said to be convergent, 
as h — 0, to a solution y = y(zx) of the differential equation (1.13.1.1), both subject to the 
same initial condition (1.13.1.2)), if 

ly? —y|ly +0 at ho, (1.13.5.3) 
where ys is amesh function coinciding with the solution y at the mesh nodes. 

The relationship between approximation, stability, and convergence is set by the fol- 
lowing theorem. 

LAX THEOREM. Let the difference scheme (1.13.1.4) provide an h™ approximation 
of the differential equation (1.13.1.1) on the solution y and be stable. Then the solution 
y(”) of the difference equation (1.13.1.4) converges to yt? and the estimate 

[9 — yy < C1Cah™ (1.13.5.4) 
holds true; C, and C2 are the constant appearing in the estimates (1.13.1.6) and (1.13.5.2). 


To prove this theorem, let us set e() = 6f and ys? = z(") in (1.13.5.2). The we get 
the estimate ee — yO |ly < Colo f™||p. In view of (1.13.1.6), we immediately arrive 
at the required inequality (1.13.5.4). 


1.13.6 Well- and Ill-Conditioned Problems 


Numerical methods can only be applied to well-conditioned problems, in which small 
changes in the initial data (or the right-hand side of the equation) lead to small changes 
in the solution. Otherwise, for ill-conditioned problems, small perturbations in the ini- 
tial conditions (or the right-hand side of the equation) or equivalent errors inherent in the 
numerical method can significantly change the solution. 


Example 1.45. Consider the ordinary differential equation 


y, =ay—a’x (0<x2< 100) (1.13.6.1) 
with a free parameter a and subject to the initial condition 
y(0) =1. (1.13.6.2) 


The general solution to (1.13.6.1) is 
y=lt+art+Ce™, (1.13.6.3) 


where C is an arbitrary constant. 
In view of the initial condition (1.13.6.2), we get C' = 1 and then 


y=l+az, (1.13.6.4) 
Now consider equation (1.13.6.1) with a slightly changed initial condition: 
y(0) =1+¢, (1.13.6.5) 


where ¢ is a small positive number. 
Substituting (1.13.6.3) into (1.13.6.5) yields the solution of problem (1.13.6.1), (1.13.6.5): 


Ye =1+axr+ee". (1.13.6.6) 


Solution (1.13.6.6) shows a qualitatively different behavior depending on the value of the pa- 
rameter a. Let us look at possible situations. 
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1°. Ifa < 0, the exponential ce in (1.13.6.6) decays as x —> oo. The difference between solutions 
(1.13.6.6) and (1.13.6.3), equal to ce*”, tends to zero as € — 0 for all x > 0. If a = 0, the difference 
between the solutions is also a small quantity equal to ¢. Hence, the values a < 0 correspond to a 
well-conditioned problem (1.13.6.1)-(1.13.6.2), with respect to changes in the initial data, so that 
te — 4S € 
2°. If a > 0, the difference between solutions (1.13.6.6) and (1.13.6.3) increases exponentially 
without bound as 7 — oo. In this case, for any ¢ > 0 solutions (1.13.6.3) and (1.13.6.6) diverge 
indefinitely far as x — oo. Hence, problem (1.13.6.1)—(1.13.6.2) is ill-conditioned for a > 0. 

In particular, if a = 1,¢ =10~° < 1, and x = 10?, we get y = 101 and y- © 2.7 x 10°”, which 
show that the solution has changed dramatically (y- — y > 1). 


Remark 1.37. If a > 0, the solution to the equation 
y, =ay—a’at+e (e<1) (1.13.6.7) 
subject to the initial condition (1.13.6.2) is 
ye =1—\+ax +4 Se%. (1.13.6.8) 
a a 


In this case, the difference between solutions (1.13.6.8) and (1.13.6.3) increases exponentially with- 
out bound as x — oo. This means that problem (1.13.6.1)-(1.13.6.2) is ill-conditioned for a > 0 
with respect to small perturbations of the right-hand side. 


© Literature for Section 1.13: M. Abramowitz and I. A. Stegun (1964), J. C. Butcher (1965), C. W. Gear 
(1971), N.S. Bakhvalov (1973), J. D. Lambert (1973), E. Kamke (1977), N. N. Kalitkin (1978), A. N. Tikhonov, 
A. B. Vasil’eva, and A. G. Sveshnikov (1985), J. C. Butcher (1987), E. Hairer, C. Lubich, and M. Roche 
(1989), M. Stuart and M. S. Floater (1990), E. Hairer, S. P. Norsett, and G. Wanner (1993), W. E. Schiesser 
(1994), R. E. Mickens (1994), L. F Shampine (1994), K. E. Brenan, S. L. Campbell, and L. R. Petzold (1996), 
J. R. Dormand (1996), E. Hairer and G. Wanner (1996), D. Zwillinger (1997), U. M. Ascher and L. R. Petzold 
(1998), R. Meyer-Spasche (1998), G. A. Korn and T. M. Korn (2000), S. S. Gaisaryan (2002), P. J. Rabier and 
W. C. Rheinboldt (2002), A. D. Polyanin and A. V. Manzhirov (2007), S C. Chapra and R. P. Canale (2010), 
P. G. Dlamini and M. Khumalo (2012). 


1.14 Special Numerical Methods for Solving Problems 
with Qualitative Features or Singularities 


1.14.1. Special Methods Based on Auxiliary Equations 
> Preliminary remarks. 


Certain problems require the use of special methods devised for fairly narrow classes of 
equations; these methods usually become unsuitable for other classes of equations. 

The majority of special methods for equations of the form y/, = f(x,y) are based on 
seeking an auxiliary equation u’, = g(x, u) such that its solution is expressed in terms of el- 
ementary functions in a simple way, with the approximate relation y(x) + u(x) being valid 
on a sufficiently large interval for the argument. In other words, one seeks an approximate 
solution having a fairly simple form. 

Outlined below are three techniques for the construction of numerical schemes under 
the assumption that a suitable auxiliary solution, u = u(x), has been obtained. 
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> First technique. 


This approach is especially suitable for solutions changing their sign. One looks at the 
difference w(x) = y(x) — u(x). Subtracting the auxiliary equation for the original one 
leads to the equation for the difference 


/ 


w, = f(z, u(x) + w) — g(z, u(z)), (1.14.1.1) 
where, by assumption, u(x) is a known function. If u(2) approximates the solution suffi- 
ciently well, then w = w(z) is fairly small in magnitude or subject to weak changes; hence, 
equation (1.14.1.1) should be easily integrable with customary numerical methods (e.g., 
Runge-Kutta methods). 


Example 1.46. Let us look at a problem defined on the semi-infinite interval [0, 00). Suppose 
the asymptotic behavior of its solution, y ~ p(x) as x — 00, is known; (2) is a (rapidly) oscillating 


function. Then 
(x) 6x 
u(x) = ———— 
1+62 a 


with 6 < 1 being a sufficiently small positive number, can be used as the auxiliary function. For 
small and moderate values of x, we have |u(a)| < 1, while for large x, the function u(x) is asymp- 
totically equivalent to y(a). As g in equation (1.14.1.1), one should take the derivative u/, (a). 

On the right-hand side of (1.14.1.2), 6x can be replaced with 6s(x), where s(x) > 0 is a mono- 
tonically increasing function that tends to infinity as x — oo. 


(x), (1.14.1.2) 


> Second technique. 


This approach is especially suitable for solutions that keep a constant sign and increase 
exponentially of by a power law. One looks at the ratio w(x) = y(x)/u(ax). It is not 
difficult to verify that the ratio satisfies the equation 


w, = —~|f(e, u(x)w) — wg(2, u(z))], (1.14.1.3) 
u(x) 
where u(x) is a known approximate solution. Just like in the previous case, this equation 
should be easy to integrate using standard numerical methods. 


Remark 1.38. Both of the above techniques allow the application of high-order Runge-Kutta 
schemes; however, the remainder may not necessarily be small, since the solutions y(x) and u(z) 
can significantly differ and the right-hand sides of equations (1.14.1.1) and (1.14.1.3) can be large 
in magnitude. Nevertheless, both techniques can be applied locally to a short interval of the mesh 
(see the third technique below); in this way, one can construct special high-order schemes with a 
small remainder. 


> Third technique. 


Instead of a large interval, the auxiliary equation is constructed for a single mesh step, 
Lp <@<XLp41, which is a small interval of length h = x,41—2,. One takes an approximate 
solution, u,(x), satisfying the initial condition un(%n) = Yn © y(@n). Since the step 
size is small, the approximate solution will be close to the exact one, so that we can set 
Yn(Ln41) © Ynti = U(an+41). Difference schemes based on this technique are intended 
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to ensure that the auxiliary equation is solved exactly, while the original equation is solved 
approximately with a small error. 

In some cases, to construct an approximate solution for a single-step interval, one can 
first solve the autonomous equation 


vu, = f(0,0) (1.14.1.4) 


with parameters 0 = const and then use u(x) = u(x,o), where v is the solution of this 
equation, as the auxiliary function. Equation (1.14.1.4) can be obtained from (1.13.1.1) by 
formally replacing f(x, y) with f(o, y) and y with v. 
Example 1.47. Let us look at the nonlinear equation 
vy, =—[y?+o(z)], p(x) > 0, (1.14.1.5) 
which arises in differential sweep problems. If one sets p(x) ~ const = p;4 2 on the interval 
Lp, < & < Lp41, then the auxiliary equation becomes 
ul, = —(u? + p), p =const. 


This is a separable equation; it is easy to integrate in terms of elementary functions. As a result, we 
obtain 


Uk Wk 
arctan — — arctan { = —hy/p. 
p VP 


This relation can be explicitly solved for ux+1 © Yyx+1 to give the following special numerical 


scheme: 
Yk — /Ppre tan(h,/pprr 
Yk+1 — ‘Prod ow = VPag tan(h Pag) 
VPive + yx tan(h pres ) 
This scheme can be simplified under the assumption that the step size is sufficiently small, h,/p<1, 
to give 


Prod = P(e + Zh). (1.14.1.6) 


Yk — hppysr 
1+ hyp, 
Schemes (1.14.1.6) and (1.14.1.7) ensure fairly good results even in the cases where the sweep 
stability condition is not satisfied and the exact solution of the problem for equation (1.14.1.5) has 
poles. 


Yer = (1.14.1.7) 


Remark 1.39. With the third technique, one often succeeds in constructing first- or second-order 
schemes with a sufficiently small remainder. 


1.14.2 Numerical Integration of Equations That Contain 
Fixed Singular Points 


> Preliminary remarks. 


A solution can be singular at isolated points of the domain in question; this can happen if 
the right-hand side of equation (1.13.1.1) or its derivative becomes infinite. Let us assume 
that the initial point, x = 0, is singular. There are three main techniques for the numerical 
integration of such equations. These will be outlined below by looking at the example 
problem 

yp =f(a,y)+b2-¥/?,  y(0) =0, (1.14.2.1) 
where f(x,y) is a smooth function without singularities and b ¥ 0 is a free parameter. The 
right-hand side of equation (1.14.2.1) has an integrable singularity of the order of x—!/? as 
x — 0. 
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> First technique. 


One looks for a change of variables that converts the original equation into one without 
singularities. In this case, it suffices to use the substitution 2 = 7; then the singular problem 
(1.14.2.1) reduces to the problem without singularities 


y, = 2tf(t?,y)+2b, y(0) =0. (11493) 


Remark 1.40. The substitution « = ¢? can be used as a transformation preceding numerical 
integration of equations with a fixed singularity of the form 


yl, = fila/?,y) +a? fo(a'/?, y), 


where f1,2(z, y) are smooth functions, with f2(0,y) # 0. For the numerical solution of the more 
general class of equations with a singularity 


yan’ "fe ye he .y), O<uv<1, 


one should use the change of variable t = x”, which will lead to a singularity-free equation. 


> Second technique. 


In a small neighborhood of the singular point, one makes an asymptotic expansion of the 
solution (while retaining only a few terms) or constructs an equivalent approximate solution 
as x —> 0. Suppose the function f(x,y) is expandable in a double Taylor series about 
x = y = 0. Then, near the singular point x = 0, the solution of equation (1.14.2.1) can be 
represented as a series in integer powers of z = «!/?: 

y= aya? + agx + aga°/? + aga” =f 


1.14.2.3 
a = 2b, ar=f(0,0), as = 4bf,(0,0). aa 


Let us look at a point % close to the singular point and compute the solution at 7 using 
the first few terms of the series (1.14.2.3). The point Z is not singular; it can be taken as 
the first node of the difference mesh and used as the starting point of the computation with 
standard numerical methods. 


Remark 1.41. It is noteworthy that if z is close to the singular point x = 0, the right-hand side 
of the equation and its partial derivatives can be quite large at z and, hence, the standard numerical 
methods may give a significant error near this point. It is therefore desirable to choose Z as close as 
possible to « = 0. But then, to ensure a high accuracy of y(Z), one has to use a sufficiently good 
approximate solution involving more terms of the asymptotic expansion. 


For more details on the methods of series expansion of solutions in the independent 
variable in a neighborhood of the singular point, see Section 1.11.3. 


> Third technique. 


This approach is based on developing a problem-specific scheme that allows the numerical 
integration to start directly from the singular point. 
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1°. Equation (1.14.2.1) can be integrated over a single step interval of the mesh to obtain 


ee ae / LE we) + EY? ] ae 


Lk 
= Ye +hf (re, ye) +2b(Vap,th—Vae), Cer =Iet+h. (1.14.2.4) 


The first term in the integrand has been integrated approximately using the rectangle rule 
based on the left endpoint of the interval, while the second term has been integrated exactly. 

The explicit scheme (1.14.2.4) is constructed in a similar way to first-order schemes; it 
becomes the Euler scheme of polygonal lines at b = 0. 


2°. For equation (1.14.2.1), it is possible to construct more accurate numerical schemes 
similar to Runge—Kutta schemes by using more accurate approximations of the integral of 
the first term in (1.14.2.4). In particular, one can use the scheme 


e+ = Yk + AS (@p p14 4) + 2(Vax +h — Vze), (1.14.2.5) 
Tpyl = TE + sh, Yerd = Uk + Shf (xk, ye) + 20(V re + sh —- Vze), 


which becomes the modified second-order Euler scheme (1.13.1.12) at b = 0. 


> Some generalizations. 


1°. Let us look at a more general problem than (1.14.2.1), 
m 
= f(x,y) + >> ei(x)gj(y),  y(0) = 0, (1.14.2.6) 


assuming that f(a, y) and g;(y) are smooth functions without singularities and the y;() 
are functions with integrable singularities at x = 0 (so that ~;(0) = 00). 
Integrating equation (1.14.2.5) over a small interval [7,, 74%41] yields 


Tk+1 TR+1 


y(©e41) = ular) + f f(x, y(x yar fs (y(x)) dx. (1.14.2.7) 


rk 


Replacing the integrand of the first integral with f (x,, y(xz)), we get 


[ f(x, y(a)) dx = hf (xp, y(£k)), 


k 
where h = %p41 — Lp. The remaining integrals, which contain singularities, can approxi- 
mately be calculated as follows: 


[ei@atuoyae = [pile aj(uten)) a 


= stm) | ita Ge = SGN e: 


where ©; (2) = [J yj (x) dx and y, = y(xp). This results in the difference scheme 


Yer = Ye + hf (es Ye) + ya; i(Tp41) — ©; (rE) I] 95 (Ye). (1.14.2.8) 
j=1 
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If p;(z) = 0G =1,..., m), it becomes Euler’s scheme of polygonal lines of the first 
order of accuracy. 

One can construct more accurate numerical schemes analogous to Runge-Kutta meth- 
ods by using more accurate approximations of the integrals (e.g., see Item 2° below for an 
example). 


2°. Asa further generalization, let us look at the problem 
(ry + Dae x)gj(z,y),  y(0) =0, (1.14.2.9) 


where f(x,y) and g;(,y) are singularity-free smooth functions satisfying the conditions 
g;(0, y) ¥ 0, while the :~;(z) are functions with integrable singularities at x = 0 (so that 
yj (0) = ov). 

A simple Euler-type difference scheme for equation (1.14.2.9) is 


m 
Yeti = Yk + hf (ce, ye) + > [85 (@e41) — Bj (wn)] 9; (es Ye)- (1.14.2.10) 
j=l 


Remark 1.42. Note that the order of accuracy of schemes (1.14.2.4), (1.14.2.5), (1.14.2.8), 
and (1.14.2.10) is unknown in advance, since the derivatives of the right-hand sides of (1.14.2.1), 
(1.14.2.6), and (1.14.2.9) are unbounded; this question calls for further investigation and is not 
discussed here. 


1.14.3 Numerical Integration of Equations Defined Parametrically or 
implicitly 


> Numerical integration of equations defined parametrically. 


Consider the Cauchy problem for an equation defined parametrically using two relations 
(see Section 1.8.3): 


F(z,y,t)=0, y, = G(z,y,t) (equation); (1.14.3.1) 
y=yo at xr=29 (initial condition). (1.14.3.2) 


Let us look at the general case where the parameter ¢ cannot be eliminated from equa- 
tions (1.14.3.1). Below we describe the main ideas of two methods for the solution of such 
problems. 

First method. We start from equations (1.14.3.1). Let yr = yr(a,t) denote a solution 
of the first equation (which is algebraic or transcendental) and let ye = yq(x,t) denote a 
solution of the second (differential) equation subject to the initial condition (1.14.3.2). We 
also use the notation 


A(z, t) = ya(z,t) — yr(z,t). (1.14.3.3) 


By fixing a value of the parameter, ¢ = ¢,, and finding the corresponding solutions 
yr(a, t;,) and yo(x, t,) (for example, yr can be constructed by the iterative Newton method 
and yq by the Runge-Kutta method). Further, by varying x, we find an x; such that the 
right-hand side of (1.14.3.3) becomes zero, A(xz,,t,) = 0. To this x, there corresponds 
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the value of the desired function y, = yr(xz, tk) = yo(xr, te). Thus, each value t;, in the 
(x,y) plane is associated with the point (x, y,) at which the curves yr = yr(x,t,) and 
YG = yc(z, tz) intersect. By taking another value of the parameter, t,+1, we find a differ- 
ent point (2%41, Yz41). The combination of discrete points (x,, yz) with k = 0, 1, 2, ... 
determines an approximate solution y = y(x) to problem (1.14.3.1)-(1.14.3.2). The initial 
value of the parameter, ¢ = to, is found from the algebraic (or transcendental) equation 


F (x0, yo; to) = 0, (1.14.3.4) 


where zo and yo are the quantities appearing in the initial condition (1.14.3.2). 

This method is especially easy to use if the first equation is explicitly solvable for y 
or x. 

Second method. Using the method outlined in Section 1.8.3, we reduce equation 
(1.14.3.1) to a standard system of first-order differential equations for x = x(t) and y = y(t) 
(see system (1.8.3.6)): 


: iF; : GF; 


_ ft ii EE, 1,143, 
1 Gn —~ Ranon, Gilt o®) 


Suppose that F;, + GF, # 0. Then system (1.14.3.5) with the initial conditions 


z(to)=20, y(to) = yo, (1.14.3.6) 


where tg is found from the algebraic (or transcendental) equation (1.14.3.4), can be solved 
numerically with, for example, the Runge-Kutta method (see Section 7.4.1 for relevant for- 
mulas). The solution will simultaneously be a solution to the original problem (1.14.3.1)- 
(1.14.3.2) in parametric form. 

This method is much more effective than the first one. 


Remark 1.43. The algebraic (or transcendental) equation (1.14.3.4) can generally have more 
than one different root. Then the original system (1.14.3.1}-(1.14.3.2) will have the same number 
of different solutions. 


Remark 1.44. Sometimes, it is more convenient to replace the second equation in (1.14.3.1) 
with the equivalent equation y’, = G(x, y,t), where Gi(a,y,t) =G(a,y,t)+ F(a, y,t)A (a, y,t) 
and H (a, y, t) is some function. 


> Numerical integration of equations defined implicitly. 


Let us look at the Cauchy problem for the equation defined implicitly as 
F(2,y, Yr) =0 (1.14.3.7) 


subject to the initial conditions (1.14.3.2). 
The substitution y/, = t reduces equation (1.14.3.7) to the parametric equation 


Fago=0, y= (1.14.3.8) 


and initial conditions (1.14.3.2). 
Problem (1.14.3.8), (1.14.3.2) is a special case of problem (1.14.3.1)-(1.14.3.2) with 
G(x, y,t) = t; it can be solved using the numerical methods described above. 
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Remark 1.45. For special forms of equation (1.14.3.7), it may be more convenient to change 
the definition of the parameter t. For example, in the implicit equation 


Fly,y, + f(z,y)) = G(z,y), 


the parameter can be introduced as t = y/, + f(x,y). This will result in the parametric equation 


Fiy,t)-Gia,y)=0, t=y,.4+f(a,y). 


> Differential-algebraic equations. 


Parametrically defined nonlinear differential equations of the form (1.14.3.1) are a special 
class of coupled (DAEs for short). For numerical methods for DAEs other than those 
described above, see the books by Hairer, Lubich, and Roche (1989), Schiesser (1994), 
Hairer and Wanner (1996), Brenan, Campbell, and Petzold (1996), Ascher and Petzold 
(1998), an Rabier and Rheinboldt (2002). 


1.14.4 Numerical Solution of Blow-Up Problems 
> Preliminary remarks. Blow-up solutions with a power-law singularity. 


There are problems whose solution tends to infinity at some finite value of the indepen- 
dent variable, x = x,, which is unknown in advance. Such solutions exist only on the 
bounded interval 79 < x < x, and are called blow-up solutions. A practically important 
question arises in treating such problems: How can one determine the singular point x, 
with numerical methods? 


Example 1.48. Let us look at the model Cauchy problem for a separable ODE 
ye=y (e>0), y(0)=a, (1.14.4.1) 


where a > 0. The exact solution of this problem is 


S— (1.14.4.2) 
1—az 
It has a power-law singularity (a pole) at x, = 1/a and does not exist for x > x. 

If we solve problem (1.14.4.1) using, for example, the first-order Euler method of polygonal 
lines with a constant step size h, we obtain a numerical solution which is positive, monotonically 
increases, and exists for arbitrarily large x,,. By the form of the numerical solution, it is impossible 
to conclude that the exact solution has a pole—it looks like the exact solution rapidly increases and 
exists for any x > 0. The same qualitative behavior is given by explicit high-order Runge—Kutta 
schemes. Furthermore, the standard implicit schemes also fail to determine the right qualitative 
behavior of solutions in such case. 


In general, blow-up solutions with a power-law singularity can be represented in the 
vicinity of the singular point x, as 
yx A(a,—2)"%, pw>d, 


where A is some constant. For blow-up solutions, we get y(x,.) = 00. 
Below we outline a few numerical methods for solving problems of the form (1.13.1.1)— 
(1.13.1.2) having blow-up solutions. We assume that f(x, y) > 0 for x > x and y > yo > 0. 
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> Method based on the hodograph transformation. 


For monotonic blow-up solutions, having performed the hodograph transformation, we will 
be solving the following Cauchy problem for z = x(y): 


1 
/ 
Ly = —~—~ (> Yo); x(Yyo) = Xo. (1.14.4.3) 
Fag) ee Ne 
The computations will be carried out using the explicit fourth-order Runge-Kutta scheme. 
The existence of an asymptote 7 = x, can be numerically established at large y. 


Example 1.49. In the model problem (1.14.4.1), the hodograph transformation results in the 
exact solution 


It satisfies the initial condition (a) = 0, does not have singularities, monotonically increases for 
y > a, and tends to the limit value v,, = limy-... x(y) = 1/a. 


Remark 1.46. This method is also suitable for the numerical integration of higher-order equa- 
tions when dealing with Cauchy problems having blow-up solutions. 


> Method based on the use of the differential variable t = y’,. 


Suppose that f(x,y) > 0. Let us introduce the auxiliary differential variable t = y', and 
rewrite problem (1.13.1.1)—(1.13.1.2) in parametric form: 


f(z,y)-t=0, yL=t (£> tp); (1.14.4.4) 
a(to)= 20, y(to)=yo, to = f(x0,y0). (1.14.4.5) 


Using the results of Section 1.14.3, we treat these equations as system (1.14.3.5) with 
F = f(x,y) —t and G = t to obtain the Cauchy problem for the system of two first-order 
equations 


! 1 ! t 
i ry a | ay re ae 
: fu t+tfy : ta ttfy 


subject to the initial conditions (1.14.4.5). 

Assuming that the conditions f, + tfy > 0 at tg < t < oo hold, we solve problem 
(1.14.4.6), (1.14.4.5) numerically with, for example, the Runge-Kutta method (for the rel- 
evant formulas, see Section 7.4.1) or other standard numerical methods. In this case, no 
blow-up related difficulties will occur, since «/, rapidly tends to zero as t + oo. The result- 
ing solution will also be a solution to the original parametric problem (1.13.1.1)—(1.13.1.2). 
The upper bound of the existence domain of the solution, x = x,, is determined numerically 
for sufficiently large t. 


(t > to) (1.14.4.6) 


Example 1.50. In the model problem (1.14.4.1), the introduction of the new differential variable 
t = y/, leads to the following Cauchy problem for a system of equations: 
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The exact solution of this problem is 
AS vt (t >a) (1.14.4.7) 
el —; = 7 Q). . Tt. 
a Jt . 


It does not have singularities; the function « = x(t) monotonically increases for t > a and tends to 
the desired limit value x. = lim... z(t) = 1/a, while y = y(t) monotonically increases without 
limit. 
Example 1.51. In the more general Cauchy problem 
yp =y",  y(0) =a, 


where a > 0 and k > 1, the introduction of the new variable t = y/, leads to a system whose solution 
is expressed as 
1 __ 28 1 - 
= (a *-t FF), vate (20°). (1.14.4.8) 


Its behavior is qualitatively similar to that of solution (1.14.4.7). 


Remark 1.47. Solutions (1.14.4.7) and (1.14.4.8) approach their asymptotic value x — 2, as 
t — oo quite slowly. To speed up the process, one can substitute exp(AT) for t, with A > 0, which 
is equivalent to introducing the new variable 7 = + Iny). 


> Method based on the arc length transformation and its modification. 


In problems with a blow-up solution, y = y(x), the right-hand side of equation (1.13.1.1), 
equal to f(x, y) and determining the derivative y/,, tends to infinity as x > x,. The fact that 
f(x,y) becomes infinite at a finite value of the independent variable, x,, which is unknown 
in advance, is the main reason for the failure of standard numerical methods. 


1°. This issue can be avoided by replacing the original problem for a single equation 
(1.13.1.1)-(1.13.1.2) with an equivalent problem for a system of two equations: 


y pS (ey) 
A+ Pa@y t+ Py) (1.14.49) 


a(0)=29, y(0) = yo. 


Problem (1.14.4.9), unlike (1.13.1.1)-(1.13.1.2), does not have singularities. As x > 
xx, we have f(x, y(x)) — oo, and hence, x, + 0 and y/, + 1. When obtained, the solution 
x = 2x(s), y = y(s) determines the solution of the original problem in parametric form. 

Problem (1.14.4.9) can be solved numerically using, for example, the Runge-Kutta 
method (for the relevant formula, see Section 7.4.1). 


Remark 1.48. The auxiliary variable s appearing in the autonomous system (1.14.4.9) is ex- 
pressed in terms of the solution to the original problem as follows: 


o= [ i+ Py ae = | Tepe oe: (1.14.4.10) 


It has a clear geometrical meaning; specifically, s is the arc length of the desired curve y = y(a) in 
the (x, y) plane, counted off from the initial point (79, yo). The following limit property holds true: 
S—> COAST Ly. 

Relation (1.14.4.10) is called the arc length transformation. 
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Figure 1.2: a, numerical solution x = x(&), y = y(€) of the Cauchy problem (1.14.4.11) 
with the scale factor v = 30; b, exact solution (1.14.4.2) with a = 1, solid line; numerical 
solution of problem (1.14.4.11), open circles. 


Example 1.52. In the model problem (1.14.4.1) with a = 1, the equivalent problem for the 
system of equations (1.14.4.9) takes the form 


1 y? 
=, = SS; 
f Vityt +98 
The second equation of this system is a separable equation whose solution is not expressed in terms 
of elementary functions. 


Figure 1.2 shows a numerical solution of the Cauchy problem (1.14.4.11) in parametric form 
and compares the numerical solution with the exact solution (1.14.4.2). 


x(0)=0, y(0) =1. (1.14.4.11) 


2°. The above method allows various modifications. For the numerical solution, one can 
use, for example, the following simpler problem instead of (1.14.4.9): 


/ _ i y, _ f(x,y) i 
* let lfGagy "Tee play)” (1.14.4.12) 
x(0)=29, y(0) = yo. 


x 


It is equivalent to the original problem (1.13.1.1)—(1.13.1.2). (The modulus sign in the de- 
nominators is used for generality, since problem (1.14.4.12) can also be used in the case of 
f <0 for the numerical investigation of problems having solutions with roots singularities; 
see Section 1.14.5.) 


Example 1.53. In the model problem (1.14.4.1) with a = 1, the equivalent problem for the 
system of equations (1.14.4.12) results in the parametric solution 


w=14+$7r—-gv7r74+4, y=sgrtagvre+4 (7 > 0). 


This solution satisfies the initial conditions x(0) = 0 and y(0) = 1 and does not have singu- 
larities. The function «(7) monotonically increases and tends to the desired limit value x, = 
lim;_,o0 4(T) = 1. The function y(7) monotonically increases and tends to infinity as T + oo; 
moreover, lim,_,o. y(7)/T = 1. 
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> Method based on nonlocal transformations. 


Introducing a new nonlocal variable by the formula 


= / janie, ou), (1.14.4.13) 


leads the Cauchy problem for one equation (1.13.1.1)—(1.13.1.2) to the equivalent problem 
for the autonomous system of equations 
1 / ACE y) 


x(0)=20, y(0) = yo- 
The regularizing function g = g(x,y) must satisfy the following conditions: 
g>0ife>x,y>y0; gromwayoouw; f/g=kasyroou, (1.14415) 


where k = const > 0 (and the limiting case k = oo is also allowed); otherwise the func- 
tion g can be chosen rather arbitrarily. It follows from (1.14.4.13) and the second condi- 
tion (1.14.4.15) that Ue > 0asE> ow. 

A blow-up problem of the form (1.13.1.1)—(1.13.1.2) can be solved using the equivalent 
system (1.14.4.14). With this equivalent system, the unknown singular point, = 2,, 
of the solution to the original problem (1.13.1.1)—(1.13.1.2) becomes the known point at 
infinity € = oo of system (1.14.4.14). The Cauchy problem (1.14.4.14) can be integrated 
numerically by applying the Runge-Kutta method or another standard numerical method. 


Here are a few possible ways of how the regularizing function g in system (1.14.4.14) 
can be chosen. 

1°. The special case g = f is equivalent to the hodograph transformation with an addi- 
tional translation of the dependent variable, which gives € = y — yo. 

2°. We can take g = (c+|F/9)/° with c>Oand s > 0. In this case, k= 1 in (1.14.4.15). 
For c = 1 and s = 2, we get the method of arc length transformation. 

3°. We can take g = f /y, which corresponds to k = oo in (1.14.4.15). 

4°. For problems with non-monotonic blow-up solutions, a nonlocal transformation 
with g = (1+ |f|)!/? is more efficient than transformations with the functions of Item 2°; 
this regularizing function can be used for solutions having a pole of integer order at the 
blow-up point. 


Remark 1.49. It follows from Items 1° and 2° that the method based on the hodograph trans- 
formation and the method of arc length transformation are special cases of the method based on a 
nonlocal transformation of general form. 


Example 1.54. For the model problem (1.14.4.1), in which f = y?, we take g = f/y = y (see 
Item 3° above). By substituting these functions into (1.14.4.14), we arrive at the equivalent Cauchy 
problem 


Has, Ye=y (€>0); 
x(0)=0, y(0)=a. 


(1.14.4.16) 


Its exact solution is i 
t=—(1-e'), y=ae (€>0). (1.14.4.17) 
a 
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Figure 1.3: a, numerical solution x = x(&), y = y(€) of the Cauchy problem (1.14.4.16) 
with a = 1 (v = 30); b, exact solution (1.14.4.2) with a = 1, solid squares; numerical 
solution of the Cauchy problem (1.14.4.16), open circles. 


This solution does have singularities. The function x = 2(€) monotonically increases for € > 0 and 
tends rapidly to the desired limit value x, = lime... 4(€) = 1/a, while y = y(€) monotonically 
exponentially increases with €. 

Figure 1.3 shows a numerical solution of the Cauchy problem (1.14.4.16) in parametric form 
and compares the numerical solution with the exact solution (1.14.4.2). 


Remark 1.50. The method based on the use of the special case of system (1.14.4.14) with 
g = f/y (see Item 3°) is more efficient than the methods based on the hodograph transformation, 
arc length transformation, and differential variable t = y/,. 


> Method based on a special Rosenbrock scheme. 


Another useful method for the numerical analysis of blow-up solutions is based on the 
one-parameter Rosenbrock scheme, which is defined by the formulas 


Yei1 =Yet+hRey,, [1— ah fy(Lp425 YK) PK = F(@ppas Yk)» (1.14.4.18) 


where « is a numerical (generally complex) parameter, f, is the partial derivative of f with 
respect to y, Typpl = Tk + sh, and Re y;, is the real part of y;. 

There is a special complex scheme from the family (1.14.4.18) that corresponds to a = 
$(1 +i) with i? = —1,* which possesses some unique properties. The scheme is of second- 
order approximation in /; it is stable and monotonic on all linear problems, allows a simple 
generalization to systems of nonlinear ODEs (and PDEs), shows high reliability, and is 
suitable for stiff problems. 

In explicit form, the special scheme (1.14.4.18) with a = $(1 + 7) is written as 


[2 = hfy(@ 425K)? a h? fj (@p445 Yk) 


*This is a little-known scheme proposed by Rosenbrock (1963) and employed by Alshina, Kalitkin, and 
Koryakin (2005), whose results are used here (see also Kalitkin, Alshin, Alshina, and Rogov (2005)). 


Yet = Yr th (1.14.4.19) 
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Example 1.55. Let us look at the more general differential equation than (1.14.4.1) 
Yo = by”. (1.14.4.20) 
For b > 0 and y > 1, the exact solution of this equation has a pole: 


y=A(z,—2)-8, A=(B/b)®, B= — > 0. (1.14.4.21) 


If the solution is to satisfy the initial condition y(0) = a, the position of the pole is given by 
&y = (a/A)'~7 = (a/A)-?. 
For equation (1.14.4.20), the special scheme (1.14.4.21) becomes 
2 — hoy 
(2— hbyyg”")? + (hbyyg-")?- 
Scheme (1.14.4.22) possesses the following properties: 
1 


Yk+1 = Yk + 2hby? (1.14.4.22) 


Property 1. There is a value y, = [2/(hby)|7—! at which the numerical solution remains the 
same when it goes to the next step: yx = Yr+1 = Yx- 
Property 2 (attraction property). If y,+1 > y., the increment of the function is negative (yz4.1 — 
YR < 0) and, conversely, if yx+1 < ys, the increment of the function is positive (yz41 — Yr > 0); 
this suggests that whatever y;, is, the special scheme (1.14.4.21) makes the next step toward the 
1 


equilibrium y,. = [2/(hby)]7-!. 

Property 3. If 1 < y < 2, the numerical solution tends to its limit value y, monotonically. 
For y > 2, a nonmonotonicity near y, is possible; however, each subsequent y; comes closer and 
closer to y,. On the whole, for y > 1 and b > 0, the numerical solution obtained with the special 
Rosenbrock scheme tends to the limit y,. 

A solution obtained with the special scheme increases until it reaches the pole and then levels off 
at a constant value. The smaller the mesh increment the larger the height of the plateau. The scheme 
allows one to determine the position of the singular point x, with a high accuracy. The article by 
Alshina, Kalitkin, and Koryakin (2005) also shows how to determine the degree of singularity @ of 
the singular point numerically. 


Remark 1.51. It is noteworthy that the qualitative behavior of a numerical blow-up solution to 
an equation of the form (1.14.4.20) with b > 0 and y > 1 differs significantly between explicit and 
implicit Runge-Kutta schemes (explicit schemes of the first to fourth order were tested as well as the 
implicit Euler scheme). All explicit schemes give monotonically increasing solutions; the higher the 
order of approximations of the scheme, the faster the solution increases. Soon after the point x, at 
which the solution has a pole is passed, arithmetic overflow occurs and further computation becomes 
impossible. This kind of qualitative behavior is extremely annoying, especially because it is uneasy 
to identify the cause of the overflow. 

Implicit schemes have a different problem. At first, the solution increases and then, immediately 
before the pole, rapidly drops and becomes negative. In this situation, the calculation of the right- 
hand side of (1.14.4.20) for fractional y becomes impossible, since raising a negative number in a 
fractional power is undefined. 


Remark 1.52. Example 1.40 describes a much wider class of equations admitting blow-up so- 
lutions than (1.14.4.20). 


Remark 1.53. Other numerical methods for blow-up solutions with their domains of applicabil- 
ity are discussed, for example, in Stuart and Floater (1990), Hirota and Ozawa (2006), and Dlamini 
and Khumalo (2012). 


> Numerical solution of blow-up problems with logarithmic singularity. 


There are blow-up problems that have a logarithmic singularity at the point z,. 
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Example 1.56. Let us look at the model Cauchy problem for the separable ODE 
=e (eS 0), y(0) =a, (1.14.4.23) 


where a > 0. Its exact solution is 


e® 


y=ln (1.14.4.24) 


1—e%z’ 

It has a logarithmic singularity at the point z7,. = e~® and does not exist for x > z,. 
Problems with logarithmic singularities can usually be treated with the same methods as 

described above. Below are brief comments on the use of these methods for such problems. 
Method based of the hodograph transformation. This method suggests that the original 

Cauchy problem (1.13.1.1)—(1.13.1.2) for y = y(x) is replaced with the Cauchy problem 

(1.14.4.3) for x = x(y). 


Example 1.57. In the model problem (1.14.4.23), the hodograph transformation leads to the 
solution 


which satisfies the initial condition x(a) = 0, does not have singularities, and monotonically in- 
creases for y > a while tending to the desired limit value ., = limy_,.. x(y) =e. 


Method based on the use of the differential variable t = y’,. This method suggests the 
use of the new auxiliary variable t = y/, and replacement of the original problem (1.13.1.1)— 
(1.13.1.2) with the Cauchy problem for the system of two first-order equations (1.14.4.6) 
subject to the initial conditions (1.14.4.5). 


Example 1.58. In the model problem (1.14.4.23), the introduction of the variable t = y/, leads 
to the following Cauchy problem for a system of two equations: 
ae "/t, yoe 
(to) = 0, y(to) =a, to = e": 
The exact solution of this problem is 
1 1 
=—-=— =Int t> e*), 
Cea: Soe (t > e*) 
It does not have singularities; the function z = x(t) monotonically increases for t > e* and tends 
to the desired limit value x, = limy,.. x(t) = e~*, while y = y(t) increases monotonically and 
unboundedly with ¢. 


(1.14.4.25) 


Methods based on the arc length transformation or nonlocal transformations. These 
methods suggest that the original problem (1.13.1.1)—(1.13.1.2) is replaced with the equiv- 
alent Cauchy problem for the system of two first-order equations (1.14.4.9), (1.14.4.12), or 
(1.14.4.14). 


Example 1.59. To the model problem (1.14.4.23) there corresponds the equivalent Cauchy prob- 
lem (1.14.4.14) with f(x,y) = e¥ andg = f/y = e¥/y: 


aaye", y= 
z(0)=0, y(0) =a. 
Its exact solution is 


a 


xz =e *—exp(—ae’), y=ae’ (t > 0). 
It does not have singularities; « = x(t) monotonically increases for t > 0 and tends rapidly to 
the desired limit value x, = limy_,.. x(t) = e~%, while y = y(t) increases monotonically and 


exponentially with ¢. 
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Method based on using the special Rosenbrock scheme. Scheme (1.14.4.19) can be 
used for the numerical analysis of blow-up solutions with logarithmic nonlinearity. Solu- 
tions obtained with this scheme level out (nonmonotonically) at y, = In(h/2), where h is 
the mesh increment. 


Remark 1.54. The qualitative behavior of a numerical solution with a logarithmic nonlinearity 
is significantly different between explicit and implicit Runge—Kutta schemes in a similar way to that 
of solutions with a pole. Computation using explicit schemes results in overflow shortly after x.,, 
while computation based on implicit schemes is characterized by a sign change of the numerical 
solution. 


1.14.5 Numerical Solution of Problems with Root Singularity 
> Preliminary remarks. Solutions with a root singularity. 


There are problems whose solutions exist, although limitedly, on a finite interval x9 < x < 
x, where x, is unknown in advance and |y/,(x,)| = oo. In studying such problems, a 
practical question arises on how to determine, with numerical methods, the endpoint x, as 
well as the solution near it. 


Example 1.60. Let us look at the model Cauchy problem for the separable ODE 


1 
Ye=—5- (@>0), yO) =a, (1.14.5.1) 
y 


where a > 0. Its exact solution is 


y= Va? —«a. (1.14.5.2) 


It is nonnegative and monotonically decreases from the initial value a at x = 0 to zero at 7, = a? 
and does not exist for x > x,. (since the radicand becomes negative). Furthermore, very importantly, 
solution (1.14.5.2) has an infinite derivative at the finite point z,. 

If problem (1.14.4.1) is solved, for example, using the Euler method of polygonal lines, the 
resulting numerical solution will, at first, be positive and monotonically decreasing and then will 
become negative. The same qualitative behavior gives explicit Runge-Kutta schemes of high orders. 
The large errors of these methods near x, are due to the infinite derivative at the endpoint x, and 
the absence of solution for x > x,. 


In general, we will say that a solution has a root singularity at x = x, if the following 
approximate relation holds near this point: 


yx A(t,—z)", O<p<l, (1.14.5.3) 


where A is some constant. For solutions with root singularities, we have y/,(x,.) = 00. 


Example 1.61. The model equation (1.14.4.20) has solutions with a root singularity if the in- 
equalities 


b<0, -w<y<0 


hold. In this case, the root singularity index 1 in (1.14.5.3) is linked to the parameter y in (1.14.4.20) 
by the simple relation 
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Below we briefly describe a few numerical methods for problems of the form (1.13.1.1)— 
(1.13.1.2) having solutions with a root singularity. To be specific, we assume that f(z, y) < 
0 and yo > 0. Suppose that there are reasons to believe that the solution to the problem 
in question has a root singularity (for example, if there were strange problems with using 
explicit schemes). 


> Method based on the hodograph transformation. 


By making the hodograph transformation x = x(y) followed by the change of variable 
z= Yo — y, one reduces the Cauchy problem (1.14.4.3) to the form 


1 
x, = -—~————~_ (z > 0), x(0) = xo. (1.14.5.4) 
“f(x, Yo — 2) ee ” 
The computation is carried out using, for example, a fourth-order explicit Runge-Kutta 
scheme. Problem (1.14.5.4) is solved starting from z = 0 and up until z = yo. The endpoint 


of the existence domain is obtained as 
| sing i (1.14.5.5) 


Example 1.62. In the model problem (1.14.5.1), the hodograph transformation followed by the 
change of variable z = a — y leads to the Cauchy problem 
v,=2(a—z) (z>0), 2x(0)=0. 


Its exact solution is 


xv = 2az— 2. 


The function x = x(z) does not have singularities, is infinitely differentiable, and increases mono- 


tonically for 0 < z < a. The endpoint of the existence domain is determined by formula (1.14.5.5), 


ty = Play = 0", 


Remark 1.55. This method is also suitable for higher-order equations when integrating Cauchy 
problems having solutions with a root singularity. 


> Method based on the introduction of the new independent variable t = —y’.. 


Let f(x,y) < 0. We introduce the auxiliary variable t = —y/, and substitute it into problem 
(1.13.1.1)-(1.13.1.2) to obtain 


f(z,y)+t=0, y,=—t (t> to); (1.14.5.6) 

a(to)=20, y(to)=Yo, to =—f (0, Yo): (1.14.5.7) 

Then, taking advantage of the results of Section 1.14.3, we consider problem (1.14.3.5) 

with F = f(x,y) +t and G = —+t to arrive at the Cauchy problem for the system of two 
first-order equations 


' 1 yo t 
Athy eth, 
subject to the initial conditions (1.14.5.7). Further, we solve problem (1.14.5.8), (1.14.5.7) 
numerically using, for example, the Runge-Kutta method (see Section 7.4.1 for relevant 
formulas). The resulting solution is a solution to the original problem (1.13.1.1)—(1.13.1.2) 
represented in parametric form. The endpoint of the existence domain of the solution, 


XL = Xx, is determined numerically at sufficiently large t. 


(t > to) (1.14.5.8) 
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Example 1.63. In the model problem (1.14.5.1) with a = 1, the introduction of the variable 

t = —y/, leads to the following Cauchy problem for a system of equations: 
a, = 2y*/t, y,=—2y*  (t > to); 
x(to) = 0, y(to) =1, to= x. 

Its exact solution is 

1 1 
ae =— t>-), 1.14.5.9 

Af2 ? 7] Dt ( ee 5) ( ) 

It does not have singularities; « = x(t) monotonically increases for t > 4 and tends to the de- 
sired limit value x, = limy_,.. x(t) = 1, while y = y(t) monotonically decreases with ¢ so that 


limz +o y(t) = 0. 


r=1 


Example 1.64. In the more general Cauchy problem 


y\, = -y*, y(0) =a, 


where a > 0 and k& > 0, the introduction of the new variable t = —y’, leads to a system of equations 
whose solution is given by 
1 ki, - i _k 
= —_ —t &k =t t> ; 1.14.5.10 
= k+1 (a ), y (¢>a™") ( ) 


This solution has a similar qualitative behavior to that of solution (1.14.5.9). 


> Method based on the use of an equivalent system of equations. 


In problems having solutions y = y() with a root singularity, the right-hand side of equa- 
tion (1.13.1.1), equal to f(x,y) and determining the derivative y/,, tends to infinity as 
x —> xy. The fact that f(x,y) becomes infinite at an unknown finite value of the inde- 
pendent variable, x,, is the main reason of failure of the standard numerical methods in 
solving problems whose solutions have a root singularity, just as in solving problems with 
blow-up solutions. 


1°. This situation can be avoided if one replaces the original problem (1.13.1.1)—-(1.13.1.2) 
with the equivalent Cauchy problem for the system of two first-order equations (1.14.4.9) 
or (1.14.4.12). It should be reminded that the computation must be carried out with respect 
to the new independent variable, s or 7, until y = 0, where the right-hand side of equation 
(1.13.1.1) becomes infinite. 


Example 1.65. In the model problem (1.14.5.1) with a = 1, the equivalent problem for a system 
of equations (1.14.4.12) results in the parametric solution 


e=T+3$V9—-47-3, y= gv9-47-§ (0<7 <2). 

This solution satisfies the initial conditions x(0) = 0 and y(0) = 1 and does not have singularities 
for 0 < 7 < 2. The function y(7) monotonically increases and tends to the desired limit value 
vy = lim,422(T) = 1. 

2°. Apart from system (1.14.4.9) or (1.14.4.12), a number of other equivalent systems can 
be used to solve problems of the form (1.13.1.1)-(1.13.1.2) with a root singularity. In 
particular, if f(z,y) < 0 and y(0) > 0, the following Cauchy problem for a system of 
equations can be helpful: 


J, t > 0): 
fay’ *~ 9 au) (1.14.5.11) 


92 METHODS FOR FIRST-ORDER DIFFERENTIAL EQUATIONS 


The unknown singular point x = x, of the solution to the original problem (1.13.1.1)- 
(1.13.1.2) becomes the known point at infinity t = oo of system (1.14.5.11), with y = 0 at 
t =o. 


Example 1.66. To the model problem (1.14.5.1) there corresponds the equivalent Cauchy prob- 
lem (1.14.5.11) with f(x, y) = —(2y)7?: 


Its exact solution is 
s=e(l-e*), y=ae™* (t > 0). 


This solution does not have singularities; x = x(t) monotonically increases for t > 0 and tends 
rapidly to the desired limit value x, = lim;5.. x(t) = a”, while y = y(t) monotonically exponen- 
tially decreases with t so that lim; y(t) = 0. 


> Method based on the use of a special Rosenbrock scheme. 


The special Rosenbrock scheme (1.14.4.19) can also help in the solution of problems with 
root singularities. When used with a small step size, this scheme can cause oscillatory 
nonmonotonicity of the solution x,, with the first local minimum, yim approximately de- 
termining the endpoint of the existence domain: y(x.) © Yim. The article by Alshina, 
Kalitkin, and Koryakin (2005) describes a technique that allows finding the index of the 
root singularity numerically. 


Remark 1.56. Numerical solutions obtained with explicit Runge—Kutta schemes intersects the 
tangent at the singular point x, (coinciding with the asymptote of the derivative) at a y > O and, 
immediately after x.., the computation breaks down to negative values. Computations using the 
implicit Euler scheme also fail resulting in negative values, after which the computation becomes 
impossible. 


© Literature for Section 1.14: H. H. Rosenbrock (1963), N. N. Kalitkin (1978), S. Moriguti, C. Okuno, R. 
Suekane, M. Iri, and K. Takeuchi (1979), M. Stuart and M. S. Floater (1990), U. M. Ascher and L. R. Petzold 
(1998), G. Acosta, G. Duran, and J. D. Rossi (2002), E. A. Alshina, N. N. Kalitkin, and P. V. Koryakin (2005), 
N.N. Kalitkin, A. B. Alshin, E. A. Alshina, and B. V. Rogov (2005), C. Hirota and R. Ozawa (2006), P. G. 
Dlamini and M. Khumalo (2012), A. Takayasu, K. Matsue, T. Sasaki, K. Tanaka, M. Mizuguchi, and S. Oishi 
(2017), A. D. Polyanin and A. I. Zhurov (2017b), A. D. Polyanin and I. K. Shingareva (2017a,b,c,d,e). 


Chapter 2 


Methods for Second-Order 
Linear Differential Equations 


2.1 Homogeneous Linear Equations 


2.1.1. Formulas for the General Solution. Wronskian Determinant 
> General form of a homogeneous linear equation. 


Consider a second-order homogeneous linear equation in the general form 


fo(@) Yee + f(z), + fo(x)y = 0. 111) 


The trivial solution, y = 0, is a particular solution of the homogeneous linear equation. 


> Two particular solutions are known. 


Let yi(x), y2(x) be a fundamental system of solutions (nontrivial linearly independent 
particular solutions) of equation (2.1.1.1). Then the general solution is given by 


y = Cryi(x) + Coyo(2), (2.1.1.2) 


where C', and C2 are arbitrary constants. 


> One particular solution is known. 


Let y; = yi(x) be any nontrivial particular solution of equation (2.1.1.1). Then its general 
solution can be represented as 


—F 
y=n(Gi +e far), where P= [ Dae. (2.1.1.3) 
Uy fr 


> General solution of an equation of the canonical form. 


Consider the equation 


93 
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which is written in the canonical form; see Section 2.1.2 for the reduction of equations to 
this form. Let y; = yi(x) be any nontrivial partial solution of this equation. The general 
solution can be constructed by formula (2.1.1.3) with F’ = 0 or formula (2.1.1.2) in which 


aan if [f (x) = Ulyt = (%4)"I Yo 
yt + (yh)? yi + (yh)? 
Here the prime denotes differentiation with respect to x. The last formula is suitable where 
y1 vanishes at some points. 


et 


> Special properties of some solutions. 


1°. Suppose y = Cif (x)[9(a)]* + Cof (x)[g(a)]° is the general solution of the homoge- 
neous linear equation with a ~ b, where a and b are free parameters. Then the function 
y = Cif (x)[g(x)]* + Cof (x)[g(x)]* In g(x) will be the general solution of this equation 
with a = b. 

2°. Suppose a particular solution of a homogeneous linear equation is obtained in the 
closed form y = [f(x)]*, with this formula valid for f(x) > 0. If the equation makes 
sense in a range of x where f(x) < 0, then the function y = |f(x)|% will be a particular 
solution of the equation in that range. 


> Constant-coefficient linear equation. 
The second-order constant-coefficient linear equation 


Ynn + ay, + by = 0 (2.1.1.4) 


has the following fundamental system of solutions: 


yi(x) =exp(—Jaz) sinh($2/ a?—Ab), yo(x) =exp(—Jaz) cosh($a a?—4b) if a?> 4b; 
yi(x) =exp(—Faz) sin($2V4b—a?), — yo(a)=exp(—Fazx) cos(S2V4b—a?) if a?< 4b; 
yi(x) =exp(—Faz), y2(«) =x exp(—fax if a?=4b. 


> Euler equation. 
The Euler equation 
ay! + ary), + by =0 


is reduced by the change of variable x = ke! (k 40) to the second-order constant-coefficient 
linear equation y, + (a — 1)y; + by = 0, see Eq. (2.1.1.4). 


@ Solutions to some other second-order linear equations can be found in Section 14.1. 


> Wronskian determinant and Liouville’s formula. 
The Wronskian determinant (or Wronskian) is defined by 


yi(z) yeo(x) 
yi(x)  yo(2) 


where yi (x), y2(x) is a fundamental system of solutions of equation (2.1.1.1). 


W(x) = = y1(y2)y — y2(Y1) 95 
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Liouville’s formula: 


W(x) = W (ao) exp - : aa at) 


2.1.2 Factorization and Some Transformations 
> Factorization. 


1°. Let y; = yi (x) be any nontrivial particular solution of equation (2.1.1.1). Then the 
equation can be factored as 
Lolyy = 0, (2.1.2.1) 


d fi 
Ly =y1— — y} Ly = — 
1 Yon V1; 2 -(+ a 4). 


2°. Equation (2.1.1.1) also admits a more general ee in the form (2.1.2.1) with 


_lfad eu _ (2 "4 ef 
— (= a b=v(q+e ) 


where y; = y1(«) is any nontrivial particular solution of the equation and ~ = w(x) is an 
arbitrary function (the special case y = 1/y coincides with Item 1°). 


where 


Remark 2.1. The factorization (2.1.2.1) of equation (2.1.1.1), with L; and Lz being some first- 
order differential operators, is equivalent in complexity to seeking a nontrivial particular solution of 
the equation. 


> Reduction to the canonical form. 


1°. The substitution ; 
y = u(x) exp (-; — ar) (2.1.2.2) 


brings equation (2.1.1.1) to the canonical (or normal) form 


2 / 
vat f(x)u =0, where /f = = = +(4) = >(4) ; (2.1.2.3) 


2°. The substitution (2.1.2.2) is a special case of the more general transformation (vy is an 
arbitrary function) 


c= lf), y=ul€) Ol en(-5 [ de). 


which also brings the original equation to the canonical form. 


> Reduction to the Riccati equation. 


The substitution u = y/,/y brings the second-order homogeneous linear equation (2.1.1.1) 
to the Riccati equation: 


fola)ul, + fo(x)u? + fi(x)u + fo(x) =0, 


which is discussed in Section 1.4. 
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> Reduction to a constant-coefficient equation (a special case). 


Let fo = 1, fo # 0, and the condition 
1 d fi 
Th a, Vv lol + 
| fol dex V\fol 
be satisfied. Then the substitution € = / \/|fo| dx leads to a constant-coefficient linear 


equation, 


= a= const 


Yee + aye + y sign fo = 0. 
© Literature for Section 2.1: G. M. Murphy (1960), E. Kamke (1977), D. Zwillinger (1997), S. Yu. Do- 


brokhotov (1998), C. Chicone (1999), G. A. Korn and T. M. Korn (2000), A. D. Polyanin and V. F. Zaitsev 
(2003), W. E. Boyce and R. C. DiPrima (2004), A. D. Polyanin and A. V. Manzhirov (2007). 


2.2 Nonhomogeneous Linear Equations 


2.2.1. Existence Theorem. Kummer-—Liouville Transformation 
p> Existence and uniqueness theorem. 


A second-order nonhomogeneous linear equation has the form 


f2o(@) te + fil)yy + fo(@)y = g(2). (241) 


EXISTENCE AND UNIQUENESS THEOREM. On an open interval a < x < }, let the 
functions fo, f1, fo, and g be continuous and f2 4 0. Also let 


y(zo) =A, y,(z0) = B 
be arbitrary initial conditions, where x9 is any point such that a < x9 < b, and A and B are 


arbitrary prescribed numbers. Then a solution of equation (2.2.1.1) exists and is unique. 
This solutions is defined for all x € (a, b). 


> Kummer-Liouville transformation. 


The transformation 
z=a(t), y= f(t)z+7(), G22) 
where a(t), 3(t), and y(t) are arbitrary sufficiently smooth functions (6 ¥ 0), takes any 
linear differential equation for y(z) to a linear equation for z = z(t). In the special case 
7 = 0, a homogeneous equation is transformed to a homogeneous one. 
Special cases of transformation (2.2.1.2) are widely used to simplify second- and higher- 
order linear differential equations. 


2.2.2 Formulas for the General Solution 


> Representation of the general solution as the sum of two solutions. 


The general solution of the nonhomogeneous linear equation (2.2.1.1) is the sum of the 
general solution of the corresponding homogeneous equation (2.1.1.1) and any particular 
solution of the nonhomogeneous equation (2.2.1.1). 
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> Two particular solutions are known. 


Let yi = yi(Z), yo = yo(x) be a fundamental system of solutions of the corresponding 
homogeneous equation, with g = 0. Then the general solution of equation (2.2.1.1) can be 
represented as 


y = Cy + Cayo + yo (2.2.2.1) 


g dx g dx 
5 are ee rt 
fo W fo W’ 
where W = yi(y2)), — yo(y1)/, is the Wronskian determinant. 
> One particular solution is known. 
Given a nontrivial particular solution y; = y;(x) of the homogeneous equation (with g = 0), 


a second particular solution yz = y2(x) can be calculated from the formula 


_F 
Y2= Y1 / a dz, where F = A dz, W= eo. (2.2.2.2) 
yy fo 


Then the general solution of equation (2.2.1.1) can be constructed by (2.2.2.1). 


> A property of nonhomogeneous linear ODEs. 


Let ¥, and Y be respective solutions of the nonhomogeneous linear differential equations 
L [gy] = gi (x) and L [2] = go(a), which have the same left-hand side but different right- 
hand sides, where L [y] is the left-hand side of equation (2.2.1.1). Then the function y = 
Y1 + Ye is a solution of the equation L [y] = gi (x) + go(z). 


© Literature for Section 2.2: G. M. Murphy (1960), E. Kamke (1977), D. Zwillinger (1997), C. Chicone 
(1999), G. A. Korn and T. M. Korn (2000), A. D. Polyanin and V. F. Zaitsev (2003), W. E. Boyce and 
R. C. DiPrima (2004), A. D. Polyanin and A. V. Manzhirov (2007). 


2.3 Representation of Solutions as a Series 
in the Independent Variable 


2.3.1 Equation Coefficients are Representable in the Ordinary Power 
Series Form 


Let us consider a homogeneous linear differential equation of the general form 


You + f(x)y¥y + g(x)y = 0. (2.3.1.1) 


Assume that the functions f(x) and g(x) are representable, in the vicinity of a point 
X = Zo, in the power series form, 


f(z) =~ An(a@—-20)", (2) = S> Ba(x— 20)", (2.3.1.2) 
n=0 n=0 
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on the interval |x — xo| < R, where R stands for the minimum radius of convergence of 
the two series in (2.3.1.2). In this case, the point x = 9 is referred to as an ordinary point, 
and equation (2.3.1.1) possesses two linearly independent solutions of the form 


“wle)= S° An(@— 2X0)", Yyo(x) = S° bn (a — £0)”. Cee Bey) 
n=0 n=0 


The coefficients a,, and b,, are determined by substituting the series (2.3.1.2) into equa- 
tion (2.3.1.1) followed by extracting the coefficients of like powers of (x — x9).* 


2.3.2 Equation Coefficients Have Poles at Some Point 


Assume that the functions f(x) and g(a) are representable, in the vicinity of a point x = zo, 
in the form 


f(t) = 55 An(w@- 20)",  g(z) = S> Ba(w— 20)”, (2.3.2.1) 


n=—-1 n=—2 


on the interval |x — xo| < R. In this case, the point x = xo is referred to as a regular 
singular point. 
Let A; and 2 be roots of the quadratic equation 


i Avg SN 4 Beg = 0. (2.3.2.2) 
where A_,; and B_g are the leading terms in formulas (2.3.2.1) at x + xo. There are three 
cases, depending on the values of the exponents of the singularity. 


1°. Case Ay 4 A2 and 4 — Ag is not an integer. 
Equation (2.3.1.1) has two linearly independent solutions of the form 


sn(z) = [2 —ao)™ [1+ Y an(x ~ 20)", 
(2.3.2.3) 
sn(a) = |e — ao? [1 +) bale ~ 20)". 


n=1 


2°. Case \y = A42 = . 
Equation (2.3.1.1) possesses two linearly independent solutions: 


yi(x) = |x — ao|* E + 2 An (x — ao)", 
ae " (2.3.2.4) 
yo(x) = yr(x) In |x — x9| + |x — 29|* S° bn (a — x0)”. 


n=0 
3°. Case 1 = 42 + N, where N is a positive integer. 


*Prior to that, the terms containing the same powers (a — xo)*, k = 0,1,..., should be collected. 
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Equation (2.3.1.1) has two linearly independent solutions of the form 
(oe) 
yi(@) = |x — xo|™! E + Se an(a - x0)" | 
n=1 


yo(x) = ky; (a) In |x — ao] + |2 — 20"? So ba(x — a0)”, 


n=0 


(2.3.2.5) 


where k; is a constant to be determined (it may be equal to zero). If k # 0, then we can set 
k; = 1 without loss of generality. 


To construct the solution in each of the three cases, the following procedure should be 
performed: substitute the above expressions of y; and yz into the original equation (2.3.1.1) 
and equate the coefficients of (z— x)” and (x —29)" In |x — x9| for different values of n to 
obtain recurrence relations for the unknown coefficients. From these recurrence relations 
the solution sought can be found. 


Example 2.1. The Bessel equation 


ayn, + vy’, + (a —v?)y =0 (2.3.2.6) 


is a special case of equation (2.3.1.1) with the functions of the form (2.3.2.1), where 


Therefore A_; = 1 and B_2 = —v’, and the quadratic equation (2.3.2.2) has the form 
2 — v7? =0. (2.3.2.7) 


The roots of the equation are Ay = v and Az = —v. 


1°. If Ay — A2 = 2v is not an arbitrary integer, then equation (2.3.2.6) has two linearly independent 
solutions of the form (2.3.2.3). 
2°. Ifv = Ai = Ag = 0, then equation (2.3.2.6) has two linearly independent solutions of the form 
(2.3.2.4). 
3°. If A; — A2 = 2v is an arbitrary integer, then there are two cases, depending on the values v. 
3.1. Case v is an arbitrary integer (i.e., 4; — Az is an even number). Then equation (2.3.2.6) has 
two linearly independent solutions of the form (2.3.2.5) with k = 1. 
3.2. Caev =n+ 3, where n = 0, 1, 2, ... (ie., Ay — Ag is an odd number). Then equa- 
tion (2.3.2.6) has two linearly independent solutions of the form (2.3.2.5) with k = 0. 


For more detailed information on solutions to the Bessel equation (2.3.2.6), see also Sec- 
tion 14.1.2 (Eq. 126) and Section $4.6. 


© Literature for Section 2.3: G. M. Murphy (1960), E. Kamke (1977), D. Zwillinger (1997), G. A. Korn and 
T. M. Korn (2000), A. D. Polyanin and V. F. Zaitsev (2003). 


2.4 Asymptotic Solutions 


This section presents asymptotic solutions, as € — 0 (€ > 0), of some second-order linear 
ordinary differential equations containing arbitrary functions (sufficiently smooth), with 
the independent variable being real. 
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2.4.1 Equations Not Containing x’ 
> Leading asymptotic terms. 


Consider the equation 
e*y!. — f(x)y =0 (2.4.1.1) 
on a closed interval a < x < b. 


Case I. With the condition f # 0, the leading terms of the asymptotic expansions of 
the fundamental system of solutions, as « — 0, are given by the formulas 


Yi = f-Mexp(-= | VFae), =f exr(= | Vier) iff > 0, 
Y= (4) c08( | v-Far), y2 = (-#)-"4sin(= | V-Far) if f <0. 


Case 2. Discuss the asymptotic solution of equation (2.4.1.1) in the vicinity of the point 

x = Xo, where function f(x) vanishes, f (a9) = 0 (such a point is referred to as a transition 
point). We assume that the function f can be presented in the form 
f(x) = (@o— x) (a), — where (x) > 0 

In this case, the fundamental solutions, as ¢ — 0, are described by three different formulas: 


worn 7a [= | ViFerar + 5 *| te =og 20, 


as , ‘ 
Y=) ae Al2) if |v —xo| <4, 
ay | 
Fa exp| f(x) da if rt — 2 > 6, 
1 1 [ Ti x 
———__ cos] — \f(x)|de+—| if r-xp >, 
|F(x)|/4 E 0 nq 
T ; 
yo = Ewa) 7 2 if |x — xo| < 6, 
1 : 
Ter °° (=f Vf 2) de] if I9 -L=> é, 
where Ai(z) and Bi(z) are the Airy functions of the first and second kind, respectively (see 


= 


Section $4.8), z = 7 ?/3[ab(xp)]!/3 (ao — x), and 6 = O(e?/). 


> Two-term asymptotic expansions. 


The two-term asymptotic expansions of the solution of equation (2.4.1.1) with f > 0, as 
€ — 0, on aclosed interval a < x < b, has the form 


n= f-N4exp(— =f vFae) {1— er (x) + O(e?)}, 


‘ie pes(= f Vf de) {1+ e1(2) + 0(e)}, (2.4.1.2) 


ee LG os 2 cal os 
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where %o is an arbitrary number satisfying the inequality a < x < b. 

The asymptotic expansions of the fundamental system of solutions of equation 
(2.4.1.1) with f <0 are derived by separating the real and imaginary parts in either formula 
(2.4.1.2). 


> Equations of the special form. 
Consider the equation 
ety! — 2 F(x)y = 0 (2.4.1.3) 


on a closed interval a < x < b, where a < 0 and 6 > 0, under the conditions that m is a posi- 
tive integer and f(x) #0. In this case, the leading term of the asymptotic solution, as e > 0, 
in the vicinity of the point x = 0 is expressed in terms of a simpler model equation, which 
results from substituting the function f(x) in equation (2.4.1.3) by the constant f (0) (the 
solution of the model equation is expressed in terms of the Bessel functions of order 1/m). 

We specify below formulas by which the leading terms of the asymptotic expansions of 
the fundamental system of solutions of equation (2.4.1.3) witha <x <Oand0<a<b 
are related (excluding a small vicinity of the point x = 0). Three different cases can be 
extracted. 


1°. Let m be an even integer and f(x) > 0. Then, 


foes [Vieja] it <0, 
v= Ope 

mf) exp[= f f(x) dx] it o> 0, 
fa) exp[-= f° VF@ax] it x <0, 
kif (a)|-4 exp [-= f° Vile) de| if «> 0, 
where f = f(x), k = sin(“). 


2°. Let m be an even integer and f(x) < 0. Then, 


Fal" *cos-= f° ViFeTTae + 5] ft e< 0, 


Y2 >= 


y —4 x 

Fla" cos [= f VIF@)| de - =| nee’ 
_ F(a) os[-= f ViF@) de — =] if x <0, 
— 


ki f(x)| 7/4 cos | — a JV f@)| dx + =| if x >0, 
0 
where f = f(x), k = tan(-). 


3°. Let m be an odd integer. Then, 


Lf (@)|-2/4 cos[-= ViF@dr +] if «<0, 
Sk F(@) 4 exp E ie Vi(a) de| if «>0, 
0 


Y= 
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LF (2)-¥/4 cos | - 2h, Ve) [dx — =| if «<0, 
kU f(«)| J" exp| er vi Jf 2) da if x >0, 


where f = f(x), k = sin(<-). 


Y2 = 


> Equation coefficients are dependent on ¢. 
Consider an equation of the form 
e*yt, — f(x, e)y =0 (2.4.1.4) 


on a closed interval a < x < b under the condition that f # 0. Assume that the following 
asymptotic relation holds: 


é)= > fr(aye*, e 0. 
k=0 


Then the leading terms of the asymptotic expansions of the fundamental system of solutions 
of equation (2.4.1.4) are given by the formulas 


y= fo (x x) exp [-= | vw ) dx +5 ar aa 1+ 00) 


= fo (a )exp|= | Viowax+ 5 a5 | [1+0()]. 


2.4.2 Equations Containing y’, 
> Equations of a special form. 
1°. Consider an equation of the form 
EYox + g(x)yy + f(x)y = 0 


on a closed interval 0 < x < 1. With g(x) > 0, the asymptotic solution of this equation, 
satisfying the boundary conditions y(0) = C; and y(1) = C2, can be represented in the 
form 


x 
y = (C — kC2) exp[—e7'9(0) a |+Cren[f OD ae ] +0), 
1 
where k = exp [f F(z) 
0 
2°. Now let us take a look at an equation of the form 
ey, + eg(x)yl, + f(x)y =0 (2.4.2.1) 


on a closed interval a < x < b. Assume 


D(x) = (g(x) — 4f (x) 40 
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Then the leading terms of the asymptotic expansions of the fundamental system of solutions 
of equation (2.4.2.1), as ¢ — 0, are expressed by 


wn = |D(a)|- 4 exp|— = | VFO x) dx — = ot foes x| [1+ O()], 


= [Deo exn[s- [ VBR ae— 5 f BE ae] 1 +0(0) 


> Equations of the general form. 
The more general equation 
eye + €9(@,€)yy + f(a, €)y = 0 


1 
is reducible, with the aid of the substitution y = w exp(—5- / g dx), to an equation of 


the form (2.4.1.4), 


Eig + (f= ao = Zegna =0, 


which can be solved using the asymptotic formulas given above. 


© Literature for Section 2.4: W. Wasov (1965), F. W. J. Olver (1974), A. H. Nayfeh (1973, 1981), M. V. Fe- 
doryuk (1993), A. D. Polyanin and V. F. Zaitsev (2003). 


2.5 Boundary Value Problems. Green’s Function 

2.5.1 First, Second, Third, and Some Other Boundary Value 
Problems 

We consider the second-order nonhomogeneous linear differential equation 


fo(2)ufe + file)y + fo(z)y = 9(z) 25.115 


on a bounded interval 7; < x < xg. We assume that fo(x) 4 0. 


> First boundary value problem. 


Statement of the problem: Find a solution of equation (2.5.1.1) satisfying the first-type 
boundary conditions (or Dirichlet conditions) 


y=a, at ©=%, y=aq at =o. (2.5.1.2) 


(The values of the unknown are prescribed at two distinct points 7; and x2.) 


> Second boundary value problem. 


Statement of the problem: Find a solution of equation (2.5.1.1) satisfying the second-type 
boundary conditions (or Neumann boundary conditions) 


y, =O, at 2=%, Y, =O, at Z= 2p. (2.5.1.3) 


(The values of the derivative of the unknown are prescribed at two distinct points 21 
and £2.) 
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> Third boundary value problem. 
Statement of the problem: Find a solution of equation (2.5.1.1) satisfying the third-type 
boundary conditions (or Robin boundary conditions) 

y,-ky=a, at r=, 


; (2.5.1.4) 
Y, tkey=ag at t=. 


> Mixed boundary value problems. 


Statement of the problem: Find a solution of equation (2.5.1.1) satisfying the mixed-type 
boundary conditions 
y=a, at r=, y= 0g at C= ap. (2.5.15) 


(The unknown itself is prescribed at one point, and its derivative at another point.) 
Other mixed boundary value problem: Find a solution of equation (2.5.1.1) satisfying 
the boundary conditions 
y,, = ay at r=, y=aq at ©=29. (2.5.1.6) 


Boundary conditions (2.5.1.2), (2.5.1.3), (2.5.1.4), (2.5.1.5) and (2.5.1.6) are called 
homogeneous if ay = a2 = 0. 


> Problems with boundary conditions involving the values of the unknown (or/and 
its derivative) at both endpoints of the interval. 


Sometimes, one has to deal with problems whose boundary conditions involve the values 
of the unknown (or/and its derivative) at both ends of the interval. 
Example 2.2. Here are two examples of such boundary conditions: 
y(ti)=a1, (x2) + ky;,(#1) = ae 


and 
y(t1)+ky(v2)=a1, yf, (t2) = ae. 


> Problems with a nonlocal condition. 


Statement of the problem: Find a solution of equation (2.5.1.1) satisfying a boundary con- 
dition of the first kind at x (see the first boundary condition in (2.5.1.2)) and the nonlocal 
condition 


i. hia )y(a) da = b, (2.5.1.7) 


where h(x) is a given function and b is a given number. 
Condition (2.5.1.7) can be interpreted as a conservation law (with weight h) for the 
unknown. In particular, if 


= const 


ee 
ae 


condition (2.5.1.7) defines the integral mean of the unknown. 
The nonlocal condition (2.5.1.7) can be set together with a boundary condition of the 
second or third kind at one of the ends of the interval where the solution is sought. 
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> Boundary value problems with a degeneration at the boundary. 


Let us look at the situation where the coefficient of the highest derivative in (2.5.1.1) be- 
comes zero at the left endpoint: 


fo(a1) =0, — f? (a1) + fo(21) 40. 


In this case, one of the solutions to equation (2.5.1.1) may tend to infinity as 7 — 21; in 
order to establish this fact, one has to find the leading asymptotic terms of the fundamental 
system of solutions as x — 21). If one of the solutions is unbounded as x — 21, then for 
the problem to be well-posed, a boundedness condition for the solution needs to be set at 
the left endpoint: 

gl Aso. at a=2,. (2.5.1.8) 


The boundary at the other end, x = x2, can be any of the those listed above. 


Example 2.3. Suppose the coefficients of equation (2.5.1.1) can be expanded in a Taylor series 
about x = 21, so that 


fo(x) ~ (@-—21), fila) ~b #0, fol(t)ee (#24). (2.5.1.9) 


In view of (2.5.1.9), the leading asymptotic term of the (potentially) singular solution to equation 
(2.5.1.1) as > x1 will be sought in the form 


y = (e—21). (2.5.1.10) 


(By virtue of the linearity of the equation, the solutions are determined up to a constant factor). 
Substituting (2.5.1.10) into ODE (2.5.1.1), taking into account (2.5.1.9), and dividing by (a — x71 es 
we obtain A(A — 1+6)(a2 —21)~'+ O(1) = 0. For the left-hand side of this relation to be bounded 
as © —> X1, we must set 

MA —1+6) =0. (2.5.1.11) 


The zero root \ = 0 corresponds to a regular solution to equation (2.5.1.1), which does not have a 
singularity at « = x; and is expandable in a Taylor series in powers of x — x. The other root of the 
quadratic equation (2.5.1.11) is 

A=1-5). (2.5.1.12) 


If b > 1, then A < 0; hence, the solution with the asymptotic behavior (2.5.1.10) is unbounded as 
x —> x1. In this case, the boundedness condition (2.5.1.8) should be set at the left endpoint. If 
b = 1, equation (2.5.1.11) has a double root A = 0, which determines a solution with a logarithmic 
singularity; in this case, a boundedness condition should also be set at the left endpoint of the 
interval [21, x2]. 


> Boundary value problems on an unbounded interval. 


Consider equation (2.5.1.1) on the unbounded interval 7, < x < oo (1.e., 2 = 00). Let one 
of the fundamental solutions of the equation tend to zero and be bounded as x — o0 and let 
the modulus of the other solution increase without bound. Then, a boundedness condition 
has to be set at the right end of the interval: 


ly] Aco as 2-00. (25,113) 


The boundary condition at the left endpoint, x = x1, can be any of those listed previously. 
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Remark 2.2. If the bounded fundamental solution is monotonic for sufficiently large x, the 
equivalent condition 
y, >0 as 2400 (2.5.1.14) 


can be used instead of (2.5.1.13). 


Example 2.4. Let the coefficients of equation (2.5.1.1) be expandable in Taylor series as x —> oo 
and tend to constant quantities: 


falo)=a, filwe)=6,  frlo)—a (2.5.1.15) 


Then the qualitative behavior of the fundamental system of equations as x — oo is determined by 
the roots of the characteristic equation 


ad? +b\+c=0, 


which is obtained by substituting y = e*” into equation (2.5.1.1), whose coefficients are replaced 
with their leading asymptotic terms (2.5.1.15). 
Condition (2.5.1.14) (or (2.5.1.13)) must be set if either (i) ac < 0 or (1i) c = 0 and ab > 0. 


2.5.2 Simplification of Boundary Conditions. Self-Adjoint Form of 
Equations 


> Simplification of boundary conditions. 


Nonhomogeneous boundary conditions of the first-, second-, third-, and mixed kinds set at 
the endpoints of a bounded interval [21,22] can be reduced to homogeneous ones by the 
change of variable 


z= Agu* + Ayx+Agty, 


with the constants Az, A;, and Ag selected using the method of undetermined coefficients. 
Table 2.1 gives examples of such transformations. 


TABLE 2.1 
Simple transformations of the form z = Aor? + Aix + Ao + y 
that lead to homogeneous boundary conditions (71 < x < 22) 


First boundary 
value problem 


Second boundary 
value problem 


Mixed boundary 


r A271 — ay, 
value problem 


Mixed boundary 
value problem 


r A122 — a2 
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> Reduction of a bounded interval to a unit interval. 


The interval x; < x@ < x2 on which a boundary problem is defined can be reduced with 
the change of variable x = x, + (x2 — 21)Z to the unit interval 0 < z < 1. Homogeneous 
boundary conditions of the first-, second-, third-, and mixed kinds remain homogeneous 
under this transformation. 


> Self-adjoint form of equations. 


fi(z) 
fo(z) 


[p(x) yi], + a(x)y = r(z), 25.2.1) 
where (2) = fo(x)p(#)/fa(x) and r(a) = g(x) («)p(a)/fo(a). 


Hence, without loss of generality, we can further deal with equation (2.5.2.1) instead 
of (2.5.1.1). We assume that the functions p, p’,, g, and r are continuous on the interval 
L1 <2 < £9, and p is positive. 


On multiplying by p(x) = exp] ac], one reduces equation (2.5.1.1) to the self- 


adjoint form: 


2.5.3 Green’s and Modified Green’s Functions. Representation 
Solutions via Green’s or Modified Green’s Functions 


> Green’s function. Linear problems for nonhomogeneous equations. 


A Green’s function of the first boundary value problem for equation (2.5.2.1) with homo- 
geneous boundary conditions (2.5.1.2) is a function of two variables Ga, €) that satisfies 
the following conditions: 


1°. G(x, €) is continuous in x for fixed €, with 21 <a < ag anda, <€ < x9. 


2°. G(z,€) is a solution of the homogeneous equation (2.5.2.1), with r = 0, for all x1 < 
Xx < 2 exclusive of the point x = €. 


3°. G(a, ) satisfies the homogeneous boundary conditions G(x1,€) = G(x2,€) = 0. 
4°. The derivative G’,(x, €) has a jump of 1/p(€) at the point x = €, that is, 


/ / 1 
Crt) |p oe _ cA 3 | ee = ple) 


For the second, third, and mixed boundary value problems, the Green’s function is de- 
fined likewise except that in 3° the homogeneous boundary conditions (2.5.1.3), (2.5.1.4), 
and (2.5.1.5), with aj = a2 = 0, are adopted, respectively. 

The solution of the nonhomogeneous equation (2.5.2.1) subject to appropriate homoge- 
neous boundary conditions is expressed in terms of the Green’s function as follows:* 


Was / ” Gla, &)r(@) dé. (2.5.3.1) 


*The homogeneous boundary value problem—with r(x) = 0 and a1 = az = 0—is assumed to have only 
the trivial solution. 
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> Representation of the Green’s function in terms of particular solutions. 


1°. We consider the first boundary value problem. Let y; = yi(x) and yo = yo(x) be 
linearly independent particular solutions of the homogeneous equation (2.5.2.1), with r=0, 
that satisfy the conditions 


yi(t1) =0, y2(x2) = 0. (2.5.3.2) 


(Each of the solutions satisfies one of the homogeneous boundary conditions.) 
The Green’s function is expressed in terms of solutions of the homogeneous equation 


as follows: ()ynl€) 
Ye )Y2 
G(a,é) = 4 POW) a (2.5.3.3) 
yils)ya(t) 2525, 
(€)W(€) ana 


where W(x) = y1(x)y5(a) — y}(x)y2(x) is the Wronskian determinant. 


2°. Formula (2.5.3.3) can also be used to construct Green’s functions for the second, third, 
and mixed boundary value problems. To this end, one should find two linearly independent 
solutions, y; = yi(x) and y2 = yo(x), of the homogeneous equation with r = 0; the 
former satisfies the corresponding homogeneous boundary condition at 7 = x, and the latter 
satisfies the one at 7 = 2 (see also the paragraph “Modified Green’s function” below). 


3°. The solution of the nonhomogeneous equation (2.5.2.1) subject to the second, third, 
and mixed homogeneous boundary conditions is also expressed in terms of an appropriate 
Green’s function by formula (2.5.3.1). 


4°. Table 2.2 contains the simplest examples of Green’s functions G(x, €) for some linear 
boundary value problems for ODEs of the form (2.5.2.1). In all these examples, G(x, €) = 
G(€,«x), and therefore the Green’s function is specified only in the domain x < €. For 


equations with the operator L[y] = [f(a)y/,]/,, it is assumed that f(a) > 0 and y(x) = 
dt 
o f(@) 
5°. Formula (2.5.3.3) can also be used to construct the Green’s functions for boundary 
value problems when the equation has a singular point at the boundary (i.e., when p(z) 
becomes zero at x = x, or/and x = x2 or when g(a) becomes infinite at these point). In 
such cases, the relevant boundary condition must be replaced with a boundedness condition 


at the singular point (see rows 7, 8, and 9 of Table 2.2 for examples). 


> Modified Green’s function. Representation in terms of particular solutions. 


Now let us look at equation (2.5.1.1) subject to homogeneous boundary conditions of the 
general form 
my, tky=0 at c=2, 
ie ne : (2.5.3.4) 
moy, tkey=O at r=2. 
With suitably selected coefficients k,, and m,,, these conditions cover the first, second, 
third, and mixed boundary conditions are special cases (see Section 2.5.1). 
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TABLE 2.2 
Green’s function for some boundary value problems for linear second-order ODEs L[y] = r(x) 


fa Differential operator, L[y ee 2 conditions Green’s function, G(x 


ksink 


sinh(ka) sinh[k(1 — €)] 
- ksinhk 


‘ n 
(tay Tow 
(Legendre’s operator) 


The solution of the nonhomogeneous equation (2.5.1.1) subject to homogeneous bound- 
ary conditions (2.5.3.4) is* 


2) = / " G(x, €)g(6) dé, (2.5.3.5) 


where G(x, €) is the modified Green’s function 


yi(x)yo(&) or 7 x 
o(a,e) - RQWE SESS Cae 
: yi (§)y2(x) for €<x< x2 
POW © ~~ 


where y; = yi(x) and yg = yo(x) are linearly independent particular solutions of the 


*The homogeneous boundary value problem, with g(x) = 0, is assumed to have only the trivial solution. 
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homogeneous equation (2.5.1.1), with g = 0, that satisfy the conditions 


mi(yi), t+kiyr =O at x=, 


A iGeO ak ay, (2.5.3.7) 
and W(x) = yi(x)y(ax) — y}(x)y2(x) is the Wronskian determinant. 
Example 2.5. Consider the equation 
You + Wo = 9(2) (2.5.3.8) 
with the homogeneous mixed boundary conditions 
y(0)=0, y'(1) =0. (2.5.3.9) 
The general solution of equation (2.5.3.8) with g(x) = 0 is 
y = C1 + Cre, (2.5.3.10) 


where C, and C4 are arbitrary constants. Linearly independent particular solutions y; = yi (a) and 
Y2 = Yy2(x) that satisfy the homogeneous conditions y; (0) = 0 and y(1) = 0 are 


yi(z) =1—e%, yo(a) = 1. (2.5.3.11) 


Substituting (2.5.3.11) into (2.5.3.6) and taking into account that fo(a) = 1, we find the modified 


Green’s function 
il 
=e (1 —e ) fora <a“<6, 


Gir,é)=4 ¢ (2.5.3.12) 
el —e%) for &<a< 2m, 


The solution to the boundary value problem (2.5.3.8)—(2.5.3.9) is defined by formulas (2.5.3.5) 
and (2.5.3.12). 


© Literature for Section 2.5: L. E. El’sgol’ts (1961), E. Kamke (1977), A. N. Tikhonov, A. B. Vasil’ eva, 
and A. G. Sveshnikov (1980), G. A. Korn and T. M. Korn (2000), A. D. Polyanin and V. F. Zaitsev (2003), 
A. D. Polyanin and A. V. Manzhirov (2008). 


2.6 Eigenvalue Problems 


2.6.1 Sturm—Liouville Problem 
Consider the second-order homogeneous linear differential equation 

[p(x)¥ele + [As(x) — 4(2)]y = 0 (2.6.1.1) 
subject to linear boundary conditions of the general form 


ay, + fiy=0 at c=m%1, 


2.6.1.2 
azy,, + Boy =0 at v=2p. ( ) 


It is assumed that the functions p, p’,, s, and g are continuous, and p and s are positive on 
an interval 7, < x < 2g. It is also assumed that |a,| + |G1| > 0 and |ag| + || > 0. 

The Sturm—Liouville problem: Find the values 4,, of the parameter \ at which problem 
(2.6.1.1), (2.6.1.2) has a nontrivial solution. Such ,, are called eigenvalues and the corre- 
sponding solutions y, = Y,(x) are called eigenfunctions of the Sturm—Liouville problem 
(2.6.1.1), (2.6.1.2). 
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2.6.2 General Properties of the Sturm—Liouville Problem (2.6.1.1), 
(2.6.1.2) 


1°. There are infinitely (countably) many eigenvalues. All eigenvalues can be ordered so 
that Ay < Az < A3 <.---. Moreover, A, 00 as n — oo; hence, there can only be a finite 
number of negative eigenvalues. Each eigenvalue has multiplicity 1. 

2°. The eigenfunctions are defined up to a constant factor. Each eigenfunction y,,(a) has 
precisely n — 1 zeros on the open interval (x1, x2). 

3°. Any two eigenfunctions y,,(x) and ym(x),n Am, are orthogonal with weight s(x) on 
the interval x1 < x4 < x9: 


’ Sf)i, (2), (e\de—0 af ae, 


iL. 
4°. An arbitrary function f(x) that has a continuous derivative and satisfies the bound- 
ary conditions of the Sturm—Liouville problem can be decomposed into an absolutely and 
uniformly convergent series in the eigenfunctions 


n=1 


where the Fourier coefficients F;, of F(x) are calculated by 


1 - v2 
foe Tunll? [ s()F(x)yn(ax) da, — |ynl|? = / s(x)y? (x) dx. 
Yn|| v1 
5°. If the conditions 
q(x) >0, afi <0, arf, >0 (2.6.2.1) 


hold true, there are no negative eigenvalues. If g = 0 and 6, = 35 = 0, the least eigenvalue 
is Ay = 0, to which there corresponds an eigenfunction y; = const. In the other cases where 
conditions (2.6.2.1) are satisfied, all eigenvalues are positive. 


6°. The following asymptotic formula is valid for ee as 2 — Oo: 


2,,2 
== +0(1), A= [ ‘ee (2.6.2.2) 
A - 


Sections 2.6.3 through 2.6.6 will describe special — of the Sturm—Liouville 
problem that depend on the specific form of the boundary conditions. 


Remark 2.3. Equation (2.6.1.1) can be reduced to the case where p(x) = 1 and s(x) = 1 by the 


change of variables 
c= ff ae, we) = fp@ste)]“*v(0). 


In this case, the boundary conditions are transformed to boundary conditions of similar form. 


Remark 2.4. The me linear oe 


can be represented in the form of equation poe where p(x i a(2). and q(x) are given by 


faery or feat 


112 METHODS FOR SECOND-ORDER LINEAR DIFFERENTIAL EQUATIONS 


2.6.3 Problems with Boundary Conditions of the First Kind 


Let us note some special properties of the Sturm—Liouville problem that is the first bound- 
ary value problem for equation (2.6.1.1) with the boundary conditions 


y=O0O at x=, y=O0O at =o. (2.6.3.1) 


1°. For n — ov, the asymptotic relation (2.6.2.2) can be used to estimate the eigenval- 
ues X,,. In this case, the asymptotic formula 


allenic 18 ae] +o(4), a= [" (22a 


holds true for the eigenfunctions y,,(x) 


. If g = O, the following upper estimate holds for the least eigenvalue (Rayleigh—Ritz 
ete Ne 


| [p(a)(2!)? + g(a) 22] dex 
CC  ———— (2.6.3.2) 


| s(x)z? dr 


where z = z(x) is any twice differentiable function that satisfies the conditions z(x1) = 
z(x2) = 0. The equality in (2.6.3.2) is attained if z = y1(x), where y;(x) is the eigen- 
function corresponding to the eigenvalue \;. One can take z = (% — 21)(x2 — x) or 


T(x — si . 


in (2.6.3.2) to obtain specific estimates. 
2 — 2X4 


It is significant to note that the left-hand side of (2.6.3.2) usually gives a fairly precise 
estimate of the first eigenvalue (see Table 2.3). 


z =sin| 


TABLE 2.3 
Example estimates of the first eigenvalue A; in Sturm—Liouville problems with boundary conditions of the first 
kind y(0) = y(1) = 0 obtained using the Rayleigh-Ritz principle [the right-hand side of relation (2.6.3.2)] 


yl. + A(4— 27)-*y =0 135,317 134.837 


(bay uh + Ay =0 7008 67 
(VI Fay)! +rAy =0 11.9956 | 11.8985 | | 11.8985 | 


z=sinne 0.54105 1? 0.54032 12 
"' + \(1+sin7z)y = 0 
Yara + AC yy z=a(1—z) 0.55204 12 0.54032 2 


3°. The extension of the interval [x1, x2] leads to decreasing in eigenvalues. 


4°. Let the inequalities 


0< Pmin < p(x) < Dmax; 0 < Smin < s(x) < Smax; 0< Qmin S q(x) < dmax 
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be satisfied. Then the following bilateral estimates hold: 


Pie 22 
Pmin Tn 4 dmin ae Oe Pmax Tn Qmax 
Smax (xo = £1)? Smax _ ~ Smin (xo = a)? Smin 


5°. In engineering calculations for eigenvalues, the approximate formula 


nn? 1 "2 g(a) 72 | s(x) 
A 2 Toei | a) dx is ney dx (2.6.3.3) 


may be quite useful. This formula provides an exact result if p(x)s(x) = const and 
q(a)/s(x) = const (in particular, for constant equation coefficients, p = po, ¢ = qo, and 
S = Sg) and gives a correct asymptotic behavior of (2.6.2.2) for any p(x), g(x), and s(x). 
In addition, relation (2.6.3.3) gives two correct leading asymptotic terms as n — oo if 
p(x) = const and s(a) = const [and also if p(a)s(x) = const]. 


6°. Suppose p(x) = s(x) = 1 and the function g = q(x) has a continuous derivative. 
The following asymptotic relations hold for eigenvalues \,, and eigenfunctions y,,(a) as 
nm — CO! 


1 1 
Vn = a +—Q(1,22)+0(), 


QL TN 


ana) 1 [(21 2) Q(e, 2) + (e2—2)Q(a1,2)| Cos mir) -0(4). 


LQ Ly TN 


Yn(x) = sin 
where 
1 VU 
Q(u,v) = 5 i q(x) dx. (2.6.3.4) 
U 
7°. Let us consider the eigenvalue problem for the equation with a small parameter 
Yro + [A+ eq(x)]y=0 (€ 40) 


subject to the boundary conditions (2.6.3.1) with x; = 0 and z2 = 1. We assume that 


q(x) = q(—2). 


This problem has following eigenvalues and eigenfunctions: 


A2 
An = Tn ay eae oe 3 ar a 


1 
5 +O0(e%), Ank =2f q(x) sin(anz) sin(rkx) dx; 
0 


Yn(x) = V2 sin(rnz) 7 Eb 

an 

Here the summation is carried out over k from 1 to oo. The next term in the expansion 
of y, can be found in Nayfeh (1973). 


5 Sin(tkr) +O(e >), 


2.6.4 Problems with Boundary Conditions of the Second Kind 


Let us note some special properties of the Sturm—Liouville problem that is the second 
boundary value problem for equation (2.6.1.1) with the boundary conditions 


7=0 a 2=7, y,=0 at r=2. 


1°. If q > 0, the upper estimate (2.6.3.2) is valid for the least eigenvalue, with z = z(x) 
being any twice-differentiable function that satisfies the conditions 2/,(a1) = z/,(x2) = 0. 
The equality in (2.6.3.2) is attained if z = y1(x), where y1(z) is the eigenfunction corre- 
sponding to the eigenvalue \. 
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2°. Suppose p(x) = s(x) = 1 and the function g = q(x) has a continuous derivative. 
The following asymptotic relations hold for eigenvalues \,, and eigenfunctions y,,(a) as 
n —> 00: 
a(n — 1) L 1 
Fa BEB + Eaten) +0(h) 
oe eT ae x2) +O|\-5 
n(n — 1)(a@ — 41) 1 | 
rQ— 2 m(n — 1) (21 — 2)Q(@, 22) 
. tn-l\(*e#-2 1 
+ (xq — ©)Q(a1, x)| sin tae) + (=), 
£2 — £1 n 


where ((u, v) is given by (2.6.3.4). 


2.6.5 Problems with Boundary Conditions of the Third Kind 


We consider the third boundary value problem for equation (2.6.1.1) subject to condi- 
tion (2.6.1.2) with ay = a2 = 1. We assume that p(x) = s(a) =1 and the function g = q(x) 
has a continuous derivative. 
The following asymptotic formulas hold for eigenvalues \,, and eigenfunctions y,,(zx) 
as 2 —> oo! 
Vn = waa + pay laters) = fi + B2| +0(), 


mn= Wea) | aay { 1 — 2) O(e. 22) + Ba 


an) = 208 £2 — 2X) t(n—1 


+(e ~2)[Q(e1,2) ~ i] } sim SAVE“) 5 (4), 
where Q(u, v) is defined by (2.6.3.4). 


2.6.6 Problems with Mixed Boundary Conditions 


Let us note some special properties of the Sturm—Liouville problem that is the mixed 
boundary value problem for equation (2.6.1.1) with the boundary conditions 
y= 0 a @= 21, y=0 at c=. 
1°. If q => 0, the upper estimate (2.6.3.2) is valid for the least eigenvalue, with z = z(x) 
being any twice-differentiable function that satisfies the conditions z/,(2 ) = 0 and z(x2) = 
0. The equality in (2.6.3.2) is attained if z = y;(x), where y;(x) is the eigenfunction 
corresponding to the eigenvalue 1. 
2°. Suppose p(x) = s(x) = 1 and the function g = q(x) has a continuous derivative. 
The following asymptotic relations hold for eigenvalues \,, and eigenfunctions y,,(a) as 
nm — CO! 
m™(2n — 1) ] 1 
GD eo, 
""" 2(a2 — 21) + m(2n — 1) Q(e1, 22) + n? 
m(2n — 1)(x — 21) 
- 2(x2 — £1) m(2n — 1) G =a) eee) 
2n — 1)\(a@ - 1 
m(2n — 1)(x — 21) +0(5), 
2(x2 = wy) 


Yn(x) = 


+ (2 — x)Q(z1,2)| sin 
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where ((u, v) is defined by (2.6.3.4). 


© Literature for Section 2.6: L. Collatz (1963), E. Kamke (1977), A. G. Kostyuchenko and I. S. Sargsyan 
(1979), V. A. Marchenko (1986), B. M. Levitan and I. S. Sargsyan (1988), V. A. Vinokurov and V. A. Sadov- 
nichii (2000), A. D. Polyanin (2002), A. D. Polyanin and V. F. Zaitsev (2003). 


2.7 Theorems on Estimates and Zeros of Solutions 


2.7.1. Theorem on Estimates of Solutions 


Let f,(x) and g,(x) (n = 1, 2) be continuous functions on the interval a < x < b. 


THEOREM. Let the following inequalities hold: 


O< filz) < fo(z), O< gilx) < ga(z). 


If Yn = Yn(X) are some solutions to the linear equations 


Yn = fn(z) Yn + Gn(2) (n = 1, 2) 


and y1(a) < yo(a) and yi(a) < yh(a), then yy (x) < ya(a) and yi (x) < yp(a) on each 
interval a < x < ay, where y2(x) > 0. 


2.7.2 Sturm Comparison Theorem on Zeros of Solutions 
Consider the equation 

[f(z)yV+9(z)y=0 (a<a<b), Cre 
where the function f(x) is positive and continuously differentiable, and the function g(x) 


is continuous. 


COMPARISON THEOREM (STURM). Let Yn = Yn(x) be nonzero solutions of the linear 
equations 
[fn(x)y | a In(X)Yn =0 (n =, 2) 
and let the inequalities f;(x) > f(x) > 0 and gi(x) < g2(x) hold. Then the function yo 
has at least one zero lying between any two adjacent zeros, x1 and x2, of the function y; 
(it is assumed that the identities f,; = f2 and g; = ge are not satisfied on any interval 
simultaneously). 


COROLLARY 1. If g(x) < 0 or there exists a constant k, such that 


2 
f(x) >ki > 0, g(e) <m(5=-) ; 


then every nontrivial solution to equation (2.7.2.1) has no more than one zero on the interval 
[a,b]. 
COROLLARY 2. If there exists a constant kg such that 


2 
0< f(x) < ka, gl) > ka( =) where m=1, 2,..., 


b-a 


then every nontrivial solution to equation (2.7.2.1) has at least m zeros on the interval |a, b]. 
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2.7.3 Qualitative Behavior of Solutions as x — co 


Consider the equation 
y" + f(x)y = 0, (2.7.3.1) 


where f(x) is a continuous function for x > a. 


1°. For f(a) < 0, every nonzero solution has no more than one zero, and hence y # 0 for 
sufficiently large x. 
If f(x) < 0 for all x and f(a) F 0, then y = 0 is the only solution bounded for all x. 


2°. Suppose f(x) > k? > 0. Then every nontrivial solution y(a) and its derivative y’ (zx) 
have infinitely many zeros, with the distance between any adjacent zeros remaining finite. 

If f(x) > k? > 0 for x — oo and f’ > 0, then the solutions of the equation for large x 
behave similarly to those of the equation y” + k?y = 0. 


3°. Let f(a) — —oo for |x| — oo. Then every nonzero solution has only finitely many 
zeros, and |y’/y| — 00 as |x| —> oo. There are two linearly independent solutions, y; and y2, 
such that y; > 0, yi — 0, y2 — oo, and y — —oo as x — —oo, and there are two linearly 
independent solutions, y; and Y2, such that y; > 0, y, > 0, 2 — oo, and y5 > 00 as 
L— OO. 


4°. If the function f in equation (2.7.3.1) is continuous, monotonic, and positive, then the 
amplitude of each solution decreases (resp., increases) as f increases (resp., decreases). 
© Literature for Section 2.7: E. Kamke (1977), A. D. Polyanin and A. V. Manzhirov (2007). 


2.8 Numerical Methods 


Linear problems can be solved using the numerical methods outlined in Section 3.8, which 
are designed for solving more complex, nonlinear problems. Due to their specific proper- 
ties, linear problems are easier and more efficient to solve with special methods described 
below. 

In the numerical methods discussed below, the second derivative is approximated with 
the following finite-difference expression: 


nw, Yk+1 — 2Yk + Yk-1 
Voor © a: rn, 


where yx, = y(Xz), Le = LO + kh (ap < x < xy), and h is the mesh increment. 


2.8.1 Numerov’s Method (Cauchy Problem) 


The Cauchy problem for linear differential equations of the form 


You + f(x)y = g(x) (2.8.1.1) 


can be solved using the recurrence formula 


Un+1 = Quy — Ue—-1 + [—feye + 9% + 5 (G41 — 29% + 9e-1)]h?, (2.8.1.2) 


where 
Up =ye(lL+apfeh”), fe=f(re), ge =9(rk). 
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2.8.2 Modified Shooting Method (Boundary Value Problems) 


Let us look at the linear boundary value problem defined by the equation 


ra + fi(@)¥e + fo(x)y = 9(2) (2.8.2.1) 

and general homogeneous boundary conditions of the third kind 
ay,,+by=0 at xr=0, (2.8.2.2) 
aay, t+boy=O at wr=l. (2.8.2.3) 


We assume that a solution to problem (2.8.2.1)—(2.8.2.3) exists and is unique. 
First, we find an auxiliary function y; = y;(«) that solves the first auxiliary Cauchy 
problem for the nonhomogeneous equation (2.8.2.1) with the initial conditions 


y=a, at xr=0; y,=—b, at «=0. (2.8.2.4) 


By virtue of (2.8.2.1), the function y; = y1(«) satisfies the left boundary condition (2.8.2.2). 
Then, we find an auxiliary function yo = yo(x) that solves the second auxiliary Cauchy 
problem for the homogeneous equation (2.8.2.1) with g(x) = 0 and the boundary con- 
ditions (2.8.2.4). By virtue of the linearity of the problem and homogeneous boundary 
conditions, the function C'yo(x) is also a solution to equation (2.8.2.1) satisfying the left 
boundary condition (2.8.2.2). Therefore, the solution of the original boundary value prob- 
lem (2.8.2.1)—(2.8.2.3) can be sought as the sum 


y(x) = yi(x) + Cyo(2). QO895) 


The constant C' is determined from the requirement that function (2.8.2.5) must satisfy the 
right boundary condition (2.8.2.3): 


ay, (1) + beyi (1) + Clazyo(l) + beyo(1)] = 0. (2.8.2.6) 


Thus, solving the original boundary value problem is reduced to solving two auxiliary 
Cauchy problems; this can be done using, for example, the Runge-Kutta method (see Sec- 
tion 3.8). The case of nonhomogeneous boundary condition can be considered likewise. 


Example 2.6. Let us look at the special case of equation (2.8.2.1) 


You + £(x)y = g(x) (2.8.2.7) 
subject to the nonhomogeneous boundary conditions of the first kind 
y=a at xr=0; y=b at x=. (2.8.2.8) 


The mesh version of the above shooting method for this problem is as follows. By setting the initial 
values* 


Y=4 w= yy=0, Y= Ba, (2.8.2.9) 
we successively find y3,..., yi and y3, ..., y? from the difference equations 


View — 2Y— + Yet £ Foyt = 
he k¥kR = Gk; 


0 0 
UYR+1 Qui, Tv URE 
af) ee he A+ fay =0, 


where f, = f(g), Gk = g(a), and h is the mesh increment. Then, we find C' from the equation 
yn + Cy? = band set yx = yz, + Cy; the function y;, is the desired solution. 


“The numbers 3; and G2 4 0 can generally be any; in particular, we can set 6; = a and Bo = h. 
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2.8.3. Sweep Method (Boundary Value Problems) 
Below we outline the sweep method for the following system of difference equations: 
AgYk-1 _ Crk =P Bryk+i = Dr, k= i, a tL; (2.8.3.1) 
yo=ayt+ PB, Yn=VWYn-1t 0. (2.8.3.2) 


Relation (2.8.3.1) approximates a linear differential equation, while relations (2.8.3.2) rep- 
resent boundary conditions of the third kind (or the first kind if a = y = 0). 
Provided that all of the conditions 


Ap > 0, Be > 0, Cy > 0; Cy> Ap t+ Be; OS a<1; 0O<y<1 (2.8.3.3) 


hold true, problem (2.8.3.1)—(2.8.3.2) is solvable and has a unique solution. 


Remark 2.5. Problem (2.8.2.7)-(2.8.2.8) is approximated by the difference equation (2.8.3.1) 
and boundary conditions (2.8.3.2) with 


Ay = Beal, Cp a2- Fi Dea oe, OHH L,. Pag: d= hi 


We will look for numbers a; and (;, called sweep coefficients, such that for all k = 
1, 2, ..., m the relations 
Yr—-1 = ObYk + Pr (2.8.3.4) 
hold. Substituting (2.8.3.4) into (2.8.3.1) yields 
(Anon — Ce)¥n + Beyeta + AnBe — Dp = 0. 
By expressing y; in terms of y,41 using formula (2.8.3.4), we obtain 


[(Anox — Ce)orsz1 + Be) yeri + [(Anox — Cr) Br41 + Ax Be — Dz] = 0. 


Equating the expressions in square brackets with zero for allk =1, 2, ..., n—1, we arrive 
at recurrence relations to determine the coefficients a,+1 and 8,41 once a= a and B = 6, 
are known (forward sweep): 


nes gee 

k+1 ae k+1 C= a. 

If conditions (2.8.3.3) hold, the numerators in formulas (2.8.3.5) are positive and 0 < az, < 
1. 


From formula (2.8.3.4) with k = n and the second boundary condition in (2.8.3.2) we 
find the last value of the unknown: 


(2.8.3.5) 


) 
fs ee (2.8.3.6) 
1— yan 
where 1 — ya, > 0. Now, by formula (2.8.3.4), we can successively determine the un- 
knowns yz_1 with k =n, n—1, ..., 1 (backward sweep). 


Remark 2.6. In the above sweep method, the coefficients are first determined starting from the 
left boundary condition and then the solution is recovered from right to left by formula (2.8.3.4). 
Quite similarly, the reverse scheme can be used where the coefficients are first determined starting 
from the right boundary condition and then the solution is recovered with the sweep from left to 
right. 
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2.8.4 Method of Accelerated Convergence in Eigenvalue Problems 


Consider the Sturm—Liouville problem for the second-order nonhomogeneous linear equa- 
tion 
[f (2)yele + g(x) — A(a)ly = 0 (2.8.4.1) 


with linear homogeneous boundary conditions of the first kind 
y(0) = y(1) = 0. (2.8.4.2) 


It is assumed that the functions f, f/, g, h are continuous and f > 0, g > 0. 

First, using the Rayleigh—Ritz principle, one finds an upper estimate for the first eigen- 
value \9 [this value is determined by the right-hand side of relation (2.6.3.2)]. Then, one 
solves numerically the Cauchy problem for the auxiliary equation 


Lf (x)yil + g(a) — h(x)ly = 0 (2.8.4.3) 
with the boundary conditions 
y(0)=0, y,(0) = 1. (2.8.4.4) 


The function y(zx, A?) satisfies the condition y(xo, A?) = 0, where a9 < 1. The criterion of 
closeness of the exact and approximate solutions, \, and \?, has the form of the inequality 
|1 — x| < 6, where 6 is a sufficiently small given constant. If this inequality does not hold, 
one constructs a refinement for the approximate eigenvalue on the basis of the formula 


( 2 
ee of er €9 = 1-209, (2.8.4.5) 
y 
1 
where ||y||? = g(x)y?(x) dx. Then the value A} is substituted for A? in the Cauchy 


problem (2.8.4.3)-(2.8.4.4). As a result, a new solution y and a new point x; are found; 
and one has to check whether the criterion |1 — 7| < 6 holds. If this inequality is violated, 
one refines the approximate eigenvalue by means of the formula 


! 1 2 
= Ai-— ef yer €, = 1-21, (2.8.4.6) 


and repeats the above procedure. 


Remark 2.7. Formulas of the type (2.8.4.5) are obtained by a perturbation method based on a 
transformation of the independent variable x (see Section 3.6.3). If x» > 1, the functions f, g, and h 
are smoothly extended to the interval (1, €], where € > xp. 


Remark 2.8. The algorithm described above possesses the property of accelerated convergence, 
En+1 ~ €2, which ensures that the relative error of the approximate solution becomes 10~* to 1078 
after two or three iterations for €9 ~ 0.1. This method is quite effective for high-precision calcula- 
tions, is fail-safe, and guarantees against accumulation of roundoff errors. 


Remark 2.9. In a similar way, one can compute subsequent eigenvalues A,,, 7m = 2, 3, ... (to 
that end, a suitable initial approximation \°, should be chosen). 


Remark 2.10. A similar computation scheme can also be used in the case of boundary condi- 
tions of the second and the third kinds, periodic boundary conditions, etc. (see the reference below). 
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Example 2.7. The eigenvalue problem for the equation 
Yeo + A(1 + 27)~*y =0 


with the boundary conditions (2.8.4.2) admits an exact analytic solution and has eigenvalues A; = 
15, Az = 63, ..., An = 16n? — 1. 

According to the Rayleigh-Ritz principle, formula (2.6.3.2) for z = sin(7a) yields the approx- 
imate value A? = 15.33728. The solution of the Cauchy problem (2.8.4.3)-(2.8.4.4) with f(a) = 1, 
g(a) = A(1 + x?)-2, A(x) = 0 yields xp = 0.983848, 1 — xp = 0.016152, ||y||? = 0.024585, 
y), (29) = —0.70622822. 

The first iteration for the first eigenvalue is determined by (2.8.4.5) and results in the value 
At = 14.99245 with the relative error A\/\t = 5 x 1074. 

The second iteration results in A7 = 14.999986 with the relative error A\/\7 < 10~°. 


Example 2.8. Consider the eigenvalue problem for the equation 
(V1l+zry/,)), +Ay =0 


with the boundary conditions (2.8.4.2). 
The Rayleigh-Ritz principle yields \? = 11.995576. The next two iterations result in the values 
At = 11.898578 and \7 = 11.898458. For the relative error we have A\/A? < 107°. 


2.8.5 Well-Conditioned and IIl-Conditioned Problems 


Numerical methods can only be applied to well-conditioned linear problems, in which small 
perturbations in the initial data (or the right-hand side of the equation, which determines its 
nonhomogeneity) lead to small changes in the solution. Otherwise, when the problem is ill- 
conditioned, small perturbations in the initial data (or the right-hand side of the equation) 
or equivalent small errors of the numerical method can significantly distort the solution. 


Example 2.9. Let us look at the linear second-order ordinary differential equation 


no + (1 + a)y, + ay = 0 (2.8.5.1) 
subject to the initial conditions 
y(0)=1, (0) = —1, (2.8.5.2) 


where a is a free parameter (a 4 1). 
The solution of problem (2.8.5.1)-(2.8.5.2) is 


y=e™. (2.8.5.3) 
Now let us suppose that the boundary conditions of equation (2.8.5.1) are slightly changed: 
y(0)=1+e, y,(0)=-1, (2.8.5.4) 


where ¢ is a small positive number. 
The solution of problem (2.8.5.1), (2.8.5.4) is 


v= (1- — Jers Fear, (2.8.5.5) 


l-a l-a 


Solution (2.8.5.5) behaves qualitatively differently depending on the value of the parameter a. 
Consider the possible situations. 

If a > 0, solution (2.8.5.5) decays exponentially as x —> oo. The difference between solutions 
(2.8.5.3) and (2.8.5.5) vanishes as « — 0 for all x > 0. If a = 0, the difference between solutions 
(2.8.5.3) and (2.8.5.5) is a small constant quantity equal to e. If a > 0, problem (2.8.5.1)-(2.8.5.2) 
is well-conditioned. 
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Remark 2.11. For 0 < a < 1 and fixed € > 0, the second term in solution (2.8.5.5), proportional 
to e~“*, dominates as x — co and the relative disturbance, |y- — y|/y, due to the small perturbation 
in the initial conditions, tends to infinity. 


If a < 0, solution (2.8.5.5) increases without bound as x — oo. In this case, for any € > 0, 
solutions (2.8.5.3) and (2.8.5.5) diverge indefinitely far apart as x — oo. If a < 0, problem (2.8.5.1)- 
(2.8.5.2) is ill-conditioned. 


Remark 2.12. It is easy to show that for a < 0, the solution to the equation 
Yro t(l+a)y,+tay=e  (€<1) 


subject to the initial conditions (2.8.5.2) increases indefinitely as x — oo. This means that for a < 0, 
problem (2.8.5.1)-(2.8.5.2) is ill-conditioned with respect to perturbations of the right-hand side. 


For more details about iteration and numerical methods, see the list of references given 
below. 


© Literature for Section 2.8: J. D. Lambert (1973), N. N. Kalitkin (1978), A. N. Tikhonov, A. B. Vasil’ eva, 
and A. G. Sveshnikov (1985), J. C. Butcher (1987), W. E. Schiesser (1994), L. F. Shampine (1994), L. D. Aku- 
lenko and S. V. Nesterov (1996, 1997, 2005), G. A. Korn and T. M. Korn (2000), A. D. Polyanin and A. V. Man- 
zhirov (2007), S. C. Chapra and R. P. Canale (2010). 
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Chapter 3 


Methods for Second-Order 
Nonlinear Differential Equations 


3.1 General Concepts. Cauchy Problem. 
Uniqueness and Existence Theorems 


3.1.1. Equations Solved for the Derivative. General Solution 


A second-order ordinary differential equation solved for the highest derivative has the form 


=F ye.) (3.1.1.1) 


A solution of a differential equation is a function y(x) that, when substituted into the 
equation, turns it into an identity. The general solution of a differential equation is the set 
of all its solutions. 

The general solution of this equation depends on two arbitrary constants, C, and C2. 
In some cases, the general solution can be written in explicit form, y = y(x, C1, C2), but 
more often implicit or parametric forms of the general solution are encountered. 


3.1.2 Cauchy Problem. Existence and Uniqueness Theorem 


Cauchy problem: Find a solution of equation (3.1.1.1) satisfying the initial conditions 


y(%o) = Yo, Yy(%o) = Y1- (3.1.2.1) 


(At a point x = 2x, the value of the unknown function, yo, and its derivative, y1, are 
prescribed.) 


EXISTENCE AND UNIQUENESS THEOREM. Let f(x,y, z) be a continuous function in 
all its arguments in a neighborhood of a point (x9, yo, y1) and let f have bounded par- 
tial derivatives f, and f, in this neighborhood, or the Lipschitz condition is satisfied: 
\f (x,y,z) — f(x, 9, 2)| < K(\y—9| +|z—2|), where K is some positive number. Then a 
solution of equation (3.1.1.1) satisfying the initial conditions (3.1.2.1) exists and is unique. 
© Literature for Section 3.1: E. L. Ince (1956), G. M. Murphy (1960), L. E. El’sgol’ts (1961), P. Hartman 


(1964), N. M. Matveev (1967), I. G. Petrovskii (1970), G. F. Simmons (1972), E. Kamke (1977), G. Birkhoff 
and Rota (1978), A. N. Tikhonov, A. B. Vasil’eva, and A. G. Sveshnikov (1985), D. Zwillinger (1997), 
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C. Chicone (1999), G. A. Korn and T. M. Korn (2000), V. F. Zaitsev and A. D. Polyanin (2001), A. D. Polyanin 
and V. F. Zaitsev (2003), W. E. Boyce and R. C. DiPrima (2004), A. D. Polyanin and A. V. Manzhirov (2007). 


3.2 Some Transformations. Equations Admitting 
Reduction of Order 
3.2.1 Equations Not Containing y or x Explicitly. Related Equations 
> Equations not containing y explicitly. 
In the general case, an equation that does not contain y implicitly has the form 
F(S, 9.5 Uen) =O (3.2.1.1) 


Such equations remain unchanged under an arbitrary translation of the dependent variable: 
y — y+const. The substitution y/, = z(x), y,, = 2/,(x) brings (3.2.1.1) to a first-order 
equation: F'(z, z, z/,) = 0. 


> Equations not containing x explicitly (autonomous equations). 


In the general case, an equation that does not contain x implicitly has the form 


PO), Gus Van) = 0. (3.2.1.2) 


Such equations remain unchanged under an arbitrary translation of the independent vari- 
able: x — x + const. Using the substitution y/, = w(y), where y plays the role of the 
independent variable, and taking into account the relations yi, = wi, = wyy!, = wi,w, one 
can reduce (3.2.1.2) to a first-order equation: F'(y, w, wwi,) = 0. 


Example 3.1. Consider the autonomous equation 


Yeu = F(y); 


which often arises in the theory of heat and mass transfer and combustion. The change of variable 


y;, = w(y) leads to a separable first-order equation: ww), = f(y). Integrating yields 


w? =2F(w)+Ci, where F(w)= [fo dw. 


where C’ is an arbitrary constant. Solving for w and returning to the original variable, we obtain 
the separable equation y/, = +,/2F(w) + C4. Its general solution is expressed as 


TFT das 


where C2, c;, and c2 are arbitrary constants. 


Remark 3.1. The equation y’,, = f(y + ax? + bax + c) is reduced by the change of variable 
u=y+ax? + bx +c to an autonomous equation, uw”, = f(u) + 2a. 
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> Related equations. 
Consider equations of the form 


F(ax + by, Yn, Yon) = 0. 


Such equations are invariant under simultaneous translations of the independent and depen- 
dent variables in accordance with the rule x > x + bc, y > y — ac, where c is an arbitrary 
constant. 

For b = 0, see equation (3.2.1.1). For b € 0, the substitution bw = ax + by leads to 
equation (3.2.1.2): F(bw, wi, — a/b, w",,) =0. 


3.2.2 Homogeneous Equations 
> Equations homogeneous in the independent variable. 


The equations homogeneous in the independent variable remain unchanged under scaling 
of the independent variable, x — az, where a is an arbitrary nonzero number. In the 
general case, such equations can be written in the form 


FG. Gi @ Ue) =: (3.2.2.1) 


The substitution z(y) = xy/, leads to a first-order equation: F'(y, z, zz, — z) = 0. 


> Equations homogeneous in the dependent variable. 


The equations homogeneous in the dependent variable remain unchanged under scaling of 
the variable sought, y + ay, where a is an arbitrary nonzero number. In the general case, 
such equations can be written in the form 


F(x, 45/4; Veu/y) = 0. (3.223) 


The substitution z(x) = y/,/y leads to a first-order equation: F(x, z, 2/, + 27) =0. 


> Equations homogeneous in both variables. 


The equations homogeneous in both variables are invariant under simultaneous scaling 
(dilatation) of the independent and dependent variables, x — ax and y > ay, where a is 
an arbitrary nonzero number. In the general case, such equations can be written in the form 


F(y/2, yp) Yn) = 0. (3.2.2.3) 
The transformation t = In |x|, w = y/zx leads to an autonomous equation 
F(w, wi, + w, wy + w;) = 0, 
see Section 3.2.1. 
Example 3.2. The homogeneous equation 
Yire — Yr = f(y/x) 
is reduced by the transformation t = In |x|, w = y/a to the autonomous form: w/, = f(w) + w. 


For the solution of this equation, see Example 3.1 in Section 3.2.1 (the function on the right-hand 
side has to be changed there). 
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3.2.3 Generalized Homogeneous Equations 
> Equations of a special form. 


The generalized homogeneous equations remain unchanged under simultaneous scaling of 
the independent and dependent variables in accordance with the rule 2 > az and y > a*y, 
where q is an arbitrary nonzero number and ‘ is some number. Such equations can be 
written in the form 


F(a"y, a) *y,, 2 *yt,) = 0. (3.23.1) 
The transformation t=Inz, w=a~* y leads to an autonomous equation (see Section 3.2.1): 


F(w, w;, + kw, wy + (2k — 1)w, + k(k - 1)w) = 0. 


> Equations of the general form. 


The most general form of representation of generalized homogeneous equations is as fol- 
lows: 


Fay” a, 0 veel v) =. (3.2.3.2) 


The transformation z = x"y"™, u = xy’,/y brings this equation to the first-order equation 
F(z,u,2z(mu + n)u, —u+ u’) = (). 


Remark 3.2. For m 4 0, equation (3.2.3.2) is equivalent to equation (3.2.3.1) in which k = 
—n/m. To the particular values n = 0 and m = 0 there correspond equations (3.2.2.1) and (3.2.2.2) 
homogeneous in the independent and dependent variables, respectively. Forn = —m 4 0, we have 
an equation homogeneous in both variables, which is equivalent to equation (3.2.2.3). 


3.2.4 Equations Invariant under Scaling—Translation 
Transformations 


> Equations of the fist type. 
The equations of the form 
F(e**y, &y/,, ey.) = 0 (3.2.4.1) 


remain unchanged under simultaneous translation and scaling of variables, 7 — x +a 
and y + Gy, where 6 = e~™ and a is an arbitrary number. The substitution w = ey 
brings (3.2.4.1) to an autonomous equation: F(w, w/, — Aw, w!,, — 2Aw!, + A2w) =0 (see 
Section 3.2.1). 


> Equations of the first type. Alterative representation. 


The equation 
F(e*y",y/,/Y, Yax/y) = 0 (3.2.4.2) 


is invariant under the simultaneous translation and scaling of variables, x — x + a and 
y > By, where 8 = e~/" and a is an arbitrary number. The transformation z = e**y”, 


w = y/,/y brings (3.2.4.2) to a first-order equation: F(z, w, z(nw + A)w!, + w*) = 0. 
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p> Equations of the second type. 


The equation 
F(ae, cy’, 27y".) = 0 (3:24.3) 


is invariant under the simultaneous scaling and translation of variables, 7 — ax and 
y > y+ 6, where a= ePA/" and G is an arbitrary number. The transformation z = rey, 
w = xy’, brings (3.2.4.3) to a first-order equation: F(z, w,2(Aw +n)w, — w) = 0. 


3.2.5 Exact Second-Order Equations 


The second-order equation 
F(£,Y,Vn:Yex) = 0 (3.2.5.1) 


is said to be exact if it is the total differential of some function, F = y/,, where y = 
p(x, y, y’,). If equation (3.2.5.1) is exact, then we have a first-order equation for y: 


O(2,Y, Ur) =C, (3.2.5.2) 


where C is an arbitrary constant. 
If equation (3.2.5.1) is exact, then F(x, y, y',, y”,,) must have the form 


F(2,Y, Yrs Yro) = f(2,Ys Yr )¥re + (29, Yr): (3.2.5.3) 
Here f and g are expressed in terms of y by the formulas 


f(2,Y, Ye) = ae G2, Y, Yr) = oe - Fe (3.2.5.4) 
By differentiating (3.2.5.4) with respect to x, y, and p = y/,, we eliminate the variable 
from the two formulas in (3.2.5.4). As a result, we have the following test relations for f 
and g: 
Joa 2p fey +p" fyy = 9xp + PIyp — Gy, 
Sep + Dfyp + 2hy = Ipp: 

Here the subscripts denote the corresponding partial derivatives. 
If conditions (3.2.5.5) hold, then equation (3.2.5.1) with F' of (3.2.5.3) is exact. In this 
case, we can integrate the first equation in (3.2.5.4) with respect to p = y/, to determine 


y= p(2,y, y;,): 


(3.2.5.5) 


ve / CU ee cn (3.2.5.6) 


where ~(x, y) is an arbitrary function of integration. This function is determined by sub- 
stituting (3.2.5.6) into the second equation in (3.2.5.4). 


Example 3.3. The left-hand side of the equation 
yy, + (yl)? + 2aryy’, + ay? =0 (3.2.5.7) 


can be represented in the form (3.2.5.3), where f = y and g = p? + 2axyp+ay?. It is easy to verify 
that conditions (3.2.5.5) are satisfied. Hence, equation (3.2.5.7) is exact. Using (3.2.5.6), we obtain 


g=ypt ¥(a,y). (3.2.5.8) 
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Substituting this expression into the second equation in (3.2.5.4) and taking into account the relation 
g =p" +2aryp+ay”, we find that 2aryp+ay? = vz +py. Since ~ = (a, y), we have 2ary = wy 
and ay” = wy. Integrating yields / = axy? + const. Substituting this expression into (3.2.5.8) and 
taking into account relation (3.2.5.2), we find a first integral of equation (3.2.5.7): 

yp tary? =Ci, where p=yl.. 


Setting w = y?, we arrive at the first-order linear equation w/, + 2arw = 2C}, which is easy to 
integrate. Thus, we find the solution of the original equation in the form: 


y? = 2C, exp(—az”) [ exp(az’) dz + C2 exp(—az”). 


3.2.6 Nonlinear Equations Involving Linear Homogeneous 
Differential Forms 


Consider the nonlinear differential equation 
F(a, Li[y], La[y]) = 0, (3.2.6.1) 


where the L,,[y] are linear homogeneous differential forms, 


2 
Laly] = >~ eh (x)yo, = n=1,2. 
m=0 


Let yo = yo(x) be a common particular solution of the two linear equations 


Li[yo] = 9, Le[yo] = 0. 
Then the substitution 
w= ¥(2)|yo(x)¥r — yo(n)y (3.2.6.2) 

with an arbitrary function ~)(x) reduces by one the order of equation (3.2.6.1). 

Example 3.4. Consider the second-order nonlinear equation 

nw = F(x)g(xys — y)- 
It can be represented in the form (3.2.6.1) with 
F(z,u,w)=w-f(a)gu), w=Lifyl=cy—y, w=Lely]=yre- 
The linear equations L,,[y] = 0 are 
vy,—Yy=0, Yeo = 0. 


These equations have a common particular solution yo = x. Therefore, the substitution w = xy’, — y 
(see formula (3.2.6.2) with w(a) = 1) leads to a first-order equation with separable variables: 


For the solution of this equation, see Section 1.2.1. 
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3.2.7 Reduction of Quasilinear Equations to the Normal Form 


Consider the quasilinear equation 


Vou + f(x)y, + o(z)y = O(x,y) C274) 


with linear left-hand side and nonlinear right-hand side. Let y;(x) and y2(x) form a fun- 
damental system of solutions of the truncated linear equation corresponding to ® = 0. The 
transformation 


fx y2(2) . ws y 
yi (x) yi (x) 
brings equation (3.2.7.1) to the normal form: 


(3.2.7.2) 


3(x 
Uge = U(E,u), where W(£,u) = a P(x, yi (x)u). 


Here, W(x) = y1y5 — yoy) is the Wronskian of the truncated equation; and the variable x 
must be expressed in terms of € using the first relation in (3.2.7.2). 

Transformation (3.2.7.2) is convenient for the simplification and classification of equa- 
tions having the form (3.2.7.1) with ®(a, y) = h(«)y*, thus reducing the number of func- 
tions from three to one: { f,g,h} => {0,0, hi}. 


Example 3.5. Consider the equation 


Yo — Yo = C7” f(y). GQ273) 


A fundamental system of solutions of the truncated linear equation with f(y) = 0 are yi(x) = 1 
and y2(x) = e®. The transformation 


g=e", usy 
brings equation (3.2.7.3) to the normal form: 
Ure = f(u). 


For solution of this autonomous equation, see Example 3.1 in Section 3.2.1. 


3.2.8 Equations Defined Parametrically and Differential-Algebraic 
Equations 


> Preliminary remarks. 


In fluid dynamics, one often employs von Mises or Crocco type transformations to lower the 
order of boundary layer equations (and also some reduced equations that follow from the 
Navier-Stokes equations). Such transformations use suitable first- or second-order partial 
derivatives as new independent variables. The resulting equations sometimes admit exact 
solutions that are represented in implicit or parametric form. This leads to the problem: how 
to obtain exact solutions of the original hydrodynamic equations using these intermediate 
solutions. 

To solve this problem, one has to be able to solve nonlinear ordinary differential equa- 
tions defined parametrically. Due to their unusual form, such non-classical ODEs have 
been given very little attention. 
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> General form of equations defined parametrically. Some examples. 


In general, second-order ordinary differential equations defined parametrically are defined 
by two coupled equations of the form 


Fi G59; Usted) =O, Pale tei t) =, (3.2.8.1) 


where y = y(z) is an unknown function, t = t(x) is a functional parameter, F\(...) and 
F,(...) are given functions of their arguments. Below we consider two cases. 


1°. Degenerate case. We assume that the derivative y/,, can be eliminated from the equa- 
tions (3.2.8.1) and the resulting equation can be solved for y/, to obtain y/, = F(z, y,t). 
Using this expression, we eliminate the first derivative from one of the equations (3.2.8.1) 
to get F3(x,y, y/.,t) = 0 and then solve this equation for y’,.. The outlined procedure 
reduces the original equation (3.2.8.1) to the canonical form 


y,, = F(z,y,t), yy, = G(z,y,t). (3.2.8.2) 


Note that parametrically defined nonlinear differential equations (3.2.8.2) form a special 
class of coupled differential-algebraic equations. 

Below we give a description of a method for integrating such equations and list a few 
simple equations of this kind whose general solutions can be obtained in parametric form; 
we deal with the general case where the parameter ¢ cannot be eliminated from the equa- 
tions (3.2.8.2). 

On differentiating the first equation in (3.2.8.2) with respect to t, we obtain (y/,); = 
Fx, + Fyy, + Fy. Taking into account the relations y; = Fx and (y/,); = x}y!t,., we find 
that 

LiYng = Fyu, + FFyx, + Fi. (3.2.8.3) 
Eliminating the second derivative y//,. with the help of equation (3.2.8.2), we arrive at the 


first-order equation 
(G— F, — FF,)x, = Fi. (3.2.8.4) 


Taking into account that y/ = F'x;, we rewrite (3.2.8.4) in the form 
(G—F, — FF,)yl = FF. (3.2.8.5) 


Equations (3.2.8.4) and (3.2.8.5) represent a system of first-order equations for « = x(t) 
and y = y(t). If we manage to solve this system, we thus obtain a solution to the original 
equation (3.2.8.2) in parametric form. 

In some cases, it may be more convenient to use one of the equations (3.2.8.4) or 
(3.2.8.5) and the first equation (3.2.8.2). 


Remark 3.3. With the above manipulations, isolated solutions may be lost, which satisfy the 
relation G — F, — F’F,, = 0 (this issue requires a further analysis). 


Let us look at two special cases. 


1°. If 
G=Ff,4+ FF, + a(t)b(2)F, 
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where a(t), b(a), and F = F(a,y,t) are arbitrary functions, the variables in equation 
(3.2.8.4) separate, thus resulting in the solution 


[r@a= fre 


with C; is an arbitrary constant. 
2°. If 
G=F,4+ FF, + a(t)by) FF, 
where a(t), b(y), and F = F(x,y,t) are arbitrary functions, the variables in equation 
(3.2.8.5) separate, thus resulting in the solution 


frmw= fare 


with C; is an arbitrary constant. 
Below are a few simple equations of the form (3.2.8.2) whose general solution can be 
obtained in parametric form. 


Example 3.6. Consider the second-order parametric ODE 


L=oo, 7 .=v), (3.2.8.6) 


where ¢ is the parameter, while y(t) and 7)(t) are given, sufficiently arbitrary functions. 
In this case, 


F=o(t), G=(d). 
Substituting these expressions into (3.2.8.4) gives the equation 7(t)x, = y;(t), whose general 
solution is ; 
y(t) 


— 
v(t) 
where C, is an arbitrary constant. Expression (3.2.8.7) together with the first equation (3.2.8.6) 
represent a first-order parametric ODE of the form (1.8.3.7) with 


dt + Ch, (3.2.8.7) 


_ f &@ = 
fi) = | —~dt+CQ, g(t) = v(t). (3.2.8.8) 
v(t) 
Substituting (3.2.8.8) into (1.8.3.9) yields the general solution to ODE (3.2.8.6) in parametric form: 
y(t) f p(t)y;(t) 
z= | —~dt+C, = | dt +O, (3.2.8.9) 
0 > vl) : 
where C'; and C% are arbitrary constants. 
Example 3.7. Consider equation (3.2.8.2) with 
F= f(x)gy)h(t), G=f(x)gy)oyw)h?® — frlz)gy)A@), (3.2.8.10) 
where f(x), g(y), A(t), and A(t) are arbitrary functions. Equation (3.2.8.4) now becomes 
f(z) (h(t) + AM] x, = —F(a)hi(t), (3.2.8.1) 


and its general solution is expressed as 


f(z)=CQ1EQ@), E(t) =exp|- [ HOS), (3.2.8.12) 
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where C; is an arbitrary constant. Substituting expressions (3.2.8.10) and (3.2.8.12) into the first 
equation (3.2.8.2), we arrive at the separable first-order equation 


f(a) _hOhi(t) 


— ee 3.2.8.13 
in which x must be expressed via ¢ using the integral (3.2.8.12). 
In particular, if f(a) = x, the general solution to equation (3.2.8.13) is 
d h(t)h,(t)E?(t 
[3S =-C? / TORRE NED, oe (3.2.8.14) 
g(y) h(t) + A(t) 


Formulas (3.2.8.12) and (3.2.8.14), where C and C2 are arbitrary constants, define the general 
solution to equation (3.2.8.2), (3.2.8.10) with f(x) = a. 


Example 3.8. Consider a special case of equation (3.2.8.2) with 
G=F,+FFy, (3.2.8.15) 


where F' = F(x, y,t) is an arbitrary function. In this case, the expressions in parentheses in (3.2.8.4) 
and (3.2.8.5) vanish and equation (3.2.8.2) admits the first integral 


Vy, = F(z, y,C1), 


where C; is an arbitrary constant. In addition, there is a singular solution which is described by the 
parametric first-order equation 


y,, = F(a,y,t), Filz,y,t) =0. 
2°. Degenerate case. Suppose one of the two equations in (3.2.8.1) does not contain deriva- 


tives. If the other equation can be solved for y”.., we obtained a parametrically defined 
equation of the form 


Pgyt)=0, y=] 64.7): (3.2.8.16) 


By differentiation of the first relation, such equations can be reduced to a nonlinear 
system of second-order equations. Without writing out this system, we give an example of 
such an equation whose solution can be obtained in parametric form. 


Example 3.9. Consider the following second-order ODE defined parametrically: 


y=(t), Yeo = v0). (3.2.8.17) 
Its solution is sought in the parametric form 
t= [1 dt+A, y= i(t). (3.2.8.18) 


The derivatives are expressed as 


i i. /\I if: / 
Ut 7 vt i 
By comparing the second derivatives in (3.2.8.17) and (3.2.8.19), we obtain a first-order equation 


for f = f(t): 


(vi /f)e = UF. (3.2.8.20) 
The differentiation with respect to ¢ in (3.2.8.20) results in a Bernoulli equation, whose general 
solution is expressed as 
-1/2 


f(t) = +y;(t) 2 [von dt+B , (3.2.8.21) 


where B is an arbitrary constant. Formulas (3.2.8.18) and (3.2.8.21) define the general solution to 
to equation (3.2.8.17) in parametric form. 
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> Reduction of standard differential equations to parametric differential equations 


A standard second-order ODE of the form 
You = G(z,Y; Yx) (3.2.8.22) 


can be represented as a parametric ODE defined by two relations 


1.4 


(3:2:8.93} 
Ug = Oy): 


This equation is a special case of equation (3.2.8.2) with F(x, y,t) = t; it can be reduced 
to the standard system of first-order ODEs 


(3.2.8.24) 


This system is obtained by substituting F’ = ¢ into equations (3.2.8.4)—(3.2.8.5). 

System (3.2.8.24) is useful for the numerical solution of blow-up Cauchy problems or 
problems with a root singularity, in which the solution y = y(x) or its derivative become 
infinite at a finite value x = x, (the value x, is unknown in advance and has to be determined 
in the solution of the problem). In such and similar problems, the critical value x = ~,. for 
equation (3.2.8.22) corresponds to t + too for system (3.2.8.24). For how one can use 
system (3.2.8.24) for the numerical integration of equations of the form (3.2.8.22) in blow- 
up problems, see Section 3.8.7. 


© Literature for Section 3.2: E. L. Ince (1956), G. M. Murphy (1960), L. E. El’sgol’ts (1961), P. Hartman 
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3.3. Boundary Value Problems. Uniqueness and 
Existence Theorems. Nonexistence Theorems 


@ Nonlinear boundary value problems for ODEs are much more complex for mathematical 
analysis than initial value problems. This is because initial value problems (with well- 
behaved functions) have unique solutions (i.e., are “well-posed”), whereas boundary value 
problems (even with well-behaved functions) may have one solution, several solutions, or 
no solution at all. This section highlights characteristic features of different classes of 
nonlinear boundary value problem, states useful theorems on existence or nonexistence of 
solutions, and discusses examples of specific problems having nonunique solutions. 
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3.3.1 Uniqueness and Existence Theorems for Boundary Value 
Problems 


> Preliminary remarks. 
> First boundary value problems. Existence theorems. 


We will be looking at boundary value problems for second-order nonlinear differential 
equations of the form 


You = F(2,Y, Vx) (3.3.1.1) 


defined on the unit interval 0 < x < 1 (as shown in Section 2.5.2, any finite interval for the 
independent variable can reduced to a unit interval) and subject to the first-type boundary 
conditions* 


y(0)=A, y(1)=B. (3.3.1.2) 


EXISTENCE THEOREMS. The first boundary value problem (3.3.1.1)3.3.1.2) has at 
least one solution if the function f = f(x,y, z) is continuous in the domain Q = {0 <a < 
1, —oo < y,z < oo} and any of the following four assumptions holds: 

1. f(x,y, Zz) is bounded; 

2. For sufficiently large |y 
9.645; 


, the inequality f(x,y, z) < k|y| holds, where k < V3n3 = 


nee Y, z) 


lyl + |2| 
on each finite interval, f satisfies the Lipschitz condition 


— 0 uniformly on the interval 0 < x < 1 as |y| + |z| > oo; in addition, 


lf(x,y, 2) — f(z, 9, Z| < Kly —g| + Lz - al, (3.3.1.3) 


where K and L are some positive numbers (Lipschitz constants); 

4. f satisfies the Lipschitz condition (3.3.1.3) and has the form f = (x, y)+w (2, y, Z), 
where yp is continuous and monotonically increasing with respect to y, and ee 
y| + |z 

uniformly on the interval 0 < x < 1 as |y| + |z| > oc. 


UNIQUENESS AND EXISTENCE THEOREMS. 

1. Let the function f = f(x,y, z) be continuous in the domain Q = {0 <x <1, —oo < 
Y, 2 < co} and satisfy the Lipschitz condition (3.3.1.3). Then problem (3.3.1.1)—(3.3.1.2) 
has one and only one solution if the inequality tK + $L < 1 holds, where K and L are 
Lipschitz constants. 

2. Let the function f = f(x,y, z) be continuous in the domain Oy ={0<a2<1, -N< 
y < N, —4N < z < 4N} and satisfy the Lipschitz condition (3.3.1.3) in Qy. In addition, 
let 

Te mae Fe, Ae men |e) 


z,y,zEQn 


Then if 
a= ;K+5L<1 


“First-, second-, third-, and mixed-type boundary conditions for second-order nonlinear differential equa- 
tions are stated in exactly the same way as for linear equations; see Section 2.5.1. 
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and any of the two inequalities 


(i) m<8N(1—0), 
(ii) M<8N 


hold, then problem (3.3.1.1)—(3.3.1.2) has one and only one solution y = y(a) such that 
Wis N, |wl<4N (O0<a<1). 


Remark 3.4. Under certain conditions, the unique solution to problem (3.3.1.1)-(3.3.1.2) can 
be obtained with Picard’s method of successive approximations by solving the equations 


a = ry) ree es ae 


where each y,, is chosen so as to satisfy the boundary conditions (3.3.1.2); the desired solution 
is y = limn-+oo Yn. For the iterative process to converge, it suffices that the Lipschitz conditions 
(3.3.1.3) hold. 


EXISTENCE THEOREMS (FOR EQUATIONS OF A SPECIAL FORM). The first boundary 
value problem 


Yoru =f(2,y); yO)=A, yA)=B (3.3.1.4) 


has at least one solution if f = f (x,y) is continuous in the domain Q = {0 < «<1, -—coo< 
y < oo} and any of the following two assumptions holds: 

1. The function f is monotonically increasing (nondecreasing) with respect to y and 
satisfies the Lipschitz condition | f(x,y) — f(x,y)| < K\y — y| on each finite interval (or 
if fy is bounded on each finite interval). 

2. If A= B =0 and the inequality 


y 
| Teeat = —cy* — 
0 


holds, where co > 0 and0 < cy < 31°. 


Remark 3.5. Problem (3.3.1.4) has a unique solution if f = f(a, y) is continuous in the domain 
Q. and satisfies the Lipschitz condition with the Lipschitz constant K < 1. 


> First boundary value problems. Lower and upper solution. Nagumo theorem. 


Definition 1. Twice differentiable functions u = u(x) and v = v(x) are said to be a lower 
and an upper solution to the boundary value problem (3.3.1.4) if the following inequalities 
hold: 


Head (z,u) a. Ogee 
Vig — f(x, v) at O<2< 1; (3.3.15) 
u(0)< A<v(0), u(l)< B<v(1). 


> 0 
<0 
Here, u(0) = lim,_,9 u(x); the values v(0), w(1), and v(1) are defined likewise. 


NAGUMO-TYPE THEOREM (FOR EQUATIONS OF A SPECIAL FORM). Let the bound- 
ary value problem (3.3.1.4) have a lower solution u = u(a) and an upper solution v = v(x), 
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with u(x) < v(x) for0 < a <1. In addition, let f(x,y) be continuous and satisfy the Lip- 
schitz condition on0 < x <1 with u(x) < y < v(x). Then there exists a solution y = y(x) 
to problem (3.3.1.4) satisfying the inequalities 


u(z) <y < v(x) (Oe <= 1) (3.3.1.6) 


This theorem allows one to effectively determine the domain of existence of solutions 
to some classes of nonlinear boundary value problems. The linear functions w= C; + Dix 
and v = C)+ Dox can be used as lower and upper solutions, with the coefficients C; and D; 
chosen so as to satisfy the inequalities (3.3.1.5). 


Example 3.10. Consider the first boundary value problem for the Emden—Fowler equation 
Yi = ary”; yO)=A, y(I)=B. (3.3.1.7) 


Letn >0,m>1,A>0,and B > 0. In this case, u(x) = 0 is a lower solution. Any constant C’ 
such that C > max[A, B] can be taken to be the upper solution, u(z) = C’. Then, by the Nagumo- 
type theorem, there is a nonnegative solution to the boundary value problem (3.3.1.7) satisfying the 
inequalities 

0 < y(x) < max[A, B]. 

Example 3.11. Consider the first boundary value problem for the equation with a cubic nonlin- 

earity 
Yeo = ylyt+ o(z)]ly— h(x); -y(0) =A, (1) = B, (3.3.1.8) 
where g(x) > 0 and h(x) > 0 are continuous functions in the domain 0 < x < 1. 

Let A > 0 and B > 0. In this case, u(2) = 0 is a lower solution. Let hmax = max, h(x). 

We will show that any constant C' such that C > max[A, B, hmax] can be taken as the upper 
solution, u(x) = C. Indeed, we have f(x, v) > 0 and, therefore, u,, — f(x,v) < 0. Then, by the 
Nagumo-type theorem, there exists a nonnegative solution to the boundary value problem (3.3.1.8) 
satisfying the inequalities 

0 < y(x) < max[A, B, hax]. (3.3.1.9) 

The estimate (3.3.1.9) can be improved. To this end, the lower solution can be taken in the 
form u = 6 > 0, where 6 < min[A, B, Amin} with hmin = min, h(a). The upper solution will be 
left unchanged. It follows that there exists a nonnegative solution to the boundary value problem 
(3.3.1.8) satisfying the inequalities 


min[A, B, Amin} < y(v) < max[A, B, himax]. 


Definition 2. The function f(x,y, z) will be said to belong to the class of Nagumo 
functions on a set (x,y) € D if there is a positive continuous function y(z) satisfying the 
following two conditions: 


(i) |f (x,y, z)| < y(z|) for all (x, y) € D and —o0 < z < 00; 
(oe) 
(ii) a e* = 00 
o (2) 

NAGUMO THEOREM. Let u(x) be a lower solution and v(x) an upper solution to the 
first boundary value problem (3.3.1.1)-(3.3.1.2) such that 

1. The inequality u(x) < v(x) holds for0 <x < 1. 

2. The function f(x,y, z) belongs to the class of Nagumo functions on the set D = 
{UA @< wis) << oe) |. 
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3. The function f(x,y, z) is continuous in x and continuously differentiable with re- 
spect to y and z in the domain0 < x < 1, u(x) <y < u(x), -weo< z< wo. 

Then there exists at least one twice continuously differentiable solution y = y(x) to 
problem (3.3.1.1)3.3.1.2) satisfying the inequalities 


u(xz) <y < v(x) (Oa <1}. 


> Third boundary value problems. 


Let us consider the equation (3.3.1.1) with third-type boundary conditions 


aoy—a1y,=A at r=0, (3.3.1.10) 
Boy -fiy,=B at x=1, (3.3.1.11) 


where ao, a1, Go, and 3; are nonnegative constants with ag + a; > 0, 69 + 61 > 0, and 
ao + Bo > 0. 

EXISTENCE AND UNIQUENESS THEOREM. There exists a unique solution y = y(x) of 
the boundary value problem (3.3.1.1), (3.3.1.11) if the following conditions hold: 

1. The function f (x, y, z) is continuous on the set Q. = {0 <x < 00, —oo < y,z< oo}. 

2. There exists an M > 0 such that | f (x,y, z2) — f(a, y, 21)| < M|ze — 21], on. 

3. The function f(x,y, z) is nondecreasing with respect to y on the set 2. 


3.3.2 Reduction of Boundary Value Problems to Integral Equations. 
Integral Identity. Jentzch Theorem 


> Reduction of boundary value problems to integral equations. 


We will be looking at boundary value problems for second-order nonlinear differential 
equations of the form* 

You tAL (L,Y, Yx) = 0 (3.3.2.1) 
with parameter \ and homogeneous boundary conditions of a different kind on the unit 
intervalO <a <1. 

Assuming f(x, y(«), y;,(a)) to be a known function of x and using formula (2.5.3.1) 
with r(x) = —Af(x,y(x), y,(x)) as well as suitable Green’s functions for the operator 
L\y] = yt, (see the first four rows of Table 2.2 with a = 1), we can represent boundary 
value problems for equation (3.3.2.1) subject to boundary conditions of the first or mixed 
kind as a nonlinear integral equation with constant limits of integration: 


1 
y(a) =X / IG(@, OF Ey ©. 4k ©) a. (3.3.2.2) 


The modulus of the Green’s function is used to stress that the kernel of the integral operator 
is positive. 

Table 3.1 lists a few Green’s functions |G(x,€)|, which appear in the integral equa- 
tion (3.3.2.2), for several boundary value problems on the unit interval 0 < x < 1. Note 
that Table 3.1 contains a new Green’s function (for the third boundary value problem) as 
compared to Table 2.2. 


“Note that equations (3.3.1.1) and (3.3.2.1) differ in form. 
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TABLE 3.1 
Kernel of the integral operator G(x, €) = |G(a, €)| appearing on the right-hand side 
of equation (3.3.2.2) for some boundary value problems (0 < x <1,0<€ < 1) 


ape Boundary value problem Lee conditions 
First Jifas | el itese 
)ifE<a 
Mixed zifa<€é 
EifE<a 
é if u<é 


y(0) =0, 


y(1) + ky, (1) = 
(with k 4 —1) 


ay(0) — By: (0) = 0, 

yy(1) + dy2(1) = 0 
(with a, 8,y,6 > 0 and 5—y2x) if <2 
p=ay+a6+ By > 0) 


POSITIVE PROPERTY SOLUTIONS. If \ > 0 and f > 0 (f can be zero at isolated points 
XZ = xx) and a boundary value problem for the nonlinear ODE (3.3.2.1) from Table 3.1 has 
a solution, then the right-hand side of the integral equation (3.3.2.2) is positive, and hence, 
the desired function y = y(x) (on the left-hand side) is positive in the domain 0 < x < 1. 


> Integral identity. 


u(a) and then 
ele — (Yt) + 


Let us multiply the differential equation (3.3.2.1) by a test function u = 
integrate with respect to x from 0 to 1 while using the identity uy’, = (uy 
yu, to obtain 


u(1)y(1) — yu (L) — u(O)y%,(0) + (0)e;, (0) 


+f y(ax)ur,.(x) dx + fa y(x), y,.(x)) dx = 0. (3.3.2.3) 


By choosing different test functions u = u(2) in (3.3.2.3), we will be analyzing impor- 
tant qualitative features of some nonlinear boundary value problems in subsequent para- 
graphs. 


> Properties of integral equations with positive kernel. Jentzch theorem. 


A number a is called a characteristic value of the linear integral equation 


b 
(x) — | K (a, t)u(t) dt = f(a) 
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if there exist nontrivial solutions of the corresponding homogeneous equation (with f (2) = 
0). The nontrivial solutions themselves are called the eigenfunctions of the integral equation 
corresponding to the characteristic value o. 

A kernel (a, t) of an integral operator I{u] = i K (a, €)u(€) dé is said to be positive 
definite if for all functions y(2) that are not identically zero we have 


b pb 
/ / K(2, €)p(a)y(€) de dé > 0, 


and the above quadratic functional vanishes for y(a) = 0 only. Such a kernel has positive 
characteristic values only. It is allowed that the kernel may vanish at isolated points (on a 
set of zero measure) of the domain a < x,t < b. 


GENERALIZED JENTZCH THEOREM. If a continuous or polar kernel K (x,t) is posi- 
tive, then its characteristic values og with the smallest modulus is positive and simple, and 
the corresponding eigenfunction uo(«) does not change sign on the interval a < x < b. 


3.3.3. Theorem on Nonexistence of Solutions to the First Boundary 
Value Problem. Theorems on Existence of Two Solutions 
> Theorem on nonexistence of solutions to the first boundary value problem. 


KEY ASSUMPTIONS: 

1°. Let \ > O and f(x,y, z) > 0 be a continuous function in the domain 0 < x < 1, 
—oo < y,z < co (f can be zero at finitely many isolated points x = x;). 

2°. Suppose that Assumption 1| holds and the function appearing in equation (3.3.2.1) 
possesses the property 


f(x,y,z) >ay, where a>0O, y>0O. (3.3.3.1) 


Consider the nonlinear boundary value problem for equation (3.3.2.1) with the homo- 
geneous boundary conditions of the first kind 


y(0)=0, y(1)=0. (3.3.3.2) 
We assume that the problem has at least one solution. Let us take 
u(x) = sin(72) (3333) 
to be the test function, which possesses the properties 
u(0)=u(1)=0, u(z)>0 forO<a2<1, w(x) =-au(x). (3.3.3.4) 


By virtue of conditions (3.3.3.2) and (3.3.3.4), the first line of the integral identity 
(3.3.2.3) is zero. Using the last relation from (3.3.3.4), we rewrite (3.3.2.3) in the form 


1 1 
i ula)ule(a) de +d [u(x Fe. ule). af (@)) de 
1 


= | u(x) [Af (x, y(x), yf,(x)) — 1?y(a)] dx = 0. (3.3.3.5) 


0 
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Using the key assumptions above, we obtain the estimate 
1 


1 
/ u(x) [Af (x, y(a), y,(2)) — 2?y] dx > [ (Aa — 17)u(x)y(a) dex. (3.3.3.6) 


0 
Since u(x) and y(x) are both positive on 0 < x < 1 (see the positive property solutions 
at the end of Section 3.3.2 and (3.3.3.4)), the second integral in (3.3.3.6) must also be 
positive, provided that \ > 1?/a. On the other hand, if the first integral in (3.3.3.6) is zero, 
the second integral must be negative. This contradiction, obtained under the assumption 
that the problem has a solution, allows us to state the following theorem. 

NONEXISTENCE THEOREM (FIRST BOUNDARY VALUE PROBLEM). If the key as- 
sumptions (see the beginning of this section) are valid and X is a sufficiently large number 
such that 

A> n/a, (3.3.3.7) 
the first boundary value problem for equation (3.3.2.1) subject to the boundary conditions 
(3.3.3.2) does not have solutions. 


Examples of mixed boundary value problems that do not have solutions can be found 
in Section 3.3.4. 


> On the evaluation of the constant a appearing in condition (3.3.3.1). 


Let us look at the nonlinear boundary value problem for the autonomous equation 
Urn tAF(y) = 0 (3.3.3.8) 


subject to the boundary conditions of the first kind (3.3.3.2). Note that equation (3.3.3.8) 
coincides, up to notation, with the autonomous equation considered in Example 3.1, which 
admits order reduction and is easy to integrate. 

We assume that the conditions 


f >0 for—w<y<0o, 20 for y2 0, m fy = 00 


li 
yoo" * 
hold. The constant a appearing in (3.3.3.1) can be evaluated as 


a= min fH) 


ae 
O<y<oo Y ( ) 


Differentiating f(y)/y with respect to y yields an algebraic (transcendental) equation for 
the minimum point y°: 


f(y?) —y° fyly®) = 0. (3.3.3.10) 
Then a can be found using either formula 
a= a or a= f,(y°). (3.3.3.1) 


Example 3.12. In the first boundary value problem for the equation 
Yoo + Ma + Bly|*)=0, a, 6>0, k>1, 
subject to the boundary conditions (3.3.3.2), the constant a appearing in (3.3.3.1) is found as 


a=6tl aE] ve 
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> Theorems on existence of two solutions for the first boundary value problem. 


Let us look at the nonlinear boundary value problem with homogeneous boundary condi- 
tions of the first kind 


yi tf(tjy)=0 <2<1); y(0) = y(1) = 0. (3.3.3.12) 

Let the function f(x, y) > 0 be continuous in the domain Q = {0 << a<1, 0<y<co} 

and let f(x,y) # 0 on any subinterval of 0 < x < 1 for y > 0. We use the notation: 
Ilyl| = SUPo<2<1 |y(x)|. 

ERBE—HU-—WANG THEOREM | (A SPECIAL CASE). Suppose the following two as- 


sumptions are valid: 
1. The limits relations 


lim min 24 — jim min (zy) =o (3.3.3.13) 
y>00<#<1 oy yrod<r<l  y 
hold. 
2. There is a constant p > 0 such that 
fe) stp for 0<2< 1,05 9< 9, (3.3.3.14) 


Then the first boundary value problem (3.3.3.12) has at least two positive solutions, 
Y1 = y1(x) and y2 = yo(x), such that 
0 < lull <p < |ly2ll- 
Example 3.13. Consider the first boundary value problem 
yo ti+y=0 (0<2<1); y(0)=y(1)=0. (3.3.3.15) 
Condition (3.3.3.13) for this equation holds. Condition (3.3.3.14) becomes 
1+y?<6p for 0<y<p. 


The maximum allowed value of p is determined from the quadratic equation p? — 6p + 1 = 0, which 
gives pm = 3+2V/2 © 5.828. Hence, by virtue of the Erbe-Hu—Wang theorem (see above), problem 
(3.3.3.12) has at least two positive solutions y; and y2 such that 0 < |\yi|| < pm < yall. 


ERBE—HU-—WANG THEOREM 2 (A SPECIAL CASE). Let the following two assump- 
tions be valid: 
1. The limits relations 


lim max 24 — jim max (zy) =0 (3.3.3.16) 
y>00<r<1 oy yro0<r<1 oy 
hold. 
2. There is a constant q > O such that 
f(v,y)>2q for ¢<a<3,gq<y<e@ (3.3.3.17) 


Then the boundary value problem (3.3.3.12) has at least two positive solutions y, = yi (x) 
and y2 = y2(x) such that 
0< Ilull <¢ <lyel- 


Remark 3.6. The above Erbe—Hu—Wang theorems are special cases of more general theorems 
for boundary value problems of the third kind, which are stated below in Section 3.3.7. 


142 METHODS FOR SECOND-ORDER NONLINEAR DIFFERENTIAL EQUATIONS 


3.3.4 Examples of Existence, Nonuniqueness, and Nonexistence of 
Solutions to First Boundary Value Problems 


Below we exemplify the above qualitative features of nonlinear boundary value problems 
with boundary conditions of the first kind by looking at a few specific problems admitting 
exact analytical solutions. 


> A nonlinear boundary value problem arising in combustion theory. 


Example 3.14. Consider the nonlinear boundary value problem described by the equation 
Yow + A€¥ = 0 (3.3.4.1) 


subject to the homogeneous boundary conditions of the first kind (3.3.3.2). Equation (3.3.4.1) arises 
in combustion theory, when the Frank-Kamenetskii approximation is used for the kinetic function, 
with y denoting dimensionless excess temperature, x dimensionless distance, and A > 0 is the 
dimensionless rate of reaction. Equation (3.3.4.1) is a special case of equation (3.3.3.8). 

Let us analyze the qualitative features of problem (3.3.4.1), (3.3.3.2) for different values of the 
determining parameters A, which is assumed positive. 

Equation (3.3.4.1) is a special case of the autonomous second-order equation considered in 
Example 3.1, which admits order reduction and is easy to integrate. With \ > 0, the general solution 
to equation (3.3.4.1) is 


1 | oe | (3.3.4.2) 
— tH 0 |e eT JT. 
: cosh? (ca +b) |’ 


where b and ¢ are arbitrary constants. From the boundary conditions (3.3.3.2), we obtain a system 
of transcendental equations for b and c, 


2c? = Xcosh? b, 2c? = Acosh?(c + b), 
which is convenient to rewrite in the equivalent form 


8b? 
A=—z, 3C=—2b. 3.3.4.3 
cosh? b ‘ 
The first equation serves to determine b, after which the evaluation of c is elementary. 
The function p(b) = 8b?/ cosh? b is positive if b 4 0, it tends to zero as b + 0 and b — 00, and 


it has the only maximum equal to Af = max p(b) = 3.5138. It follows that if 
A>, 


the first equation in (3.3.4.3) has no solution; hence, the original boundary value problem (3.3.4.1), 
(3.3.3.2) has no solution either (the critical value \ = Af corresponds to a thermal explosion). For 
0 <A < Jf, the first equation in (3.3.4.3) has two distinct positive roots, b; and bz, which generate 
two different solutions of the original boundary value problem (3.3.4.1), (3.3.3.2). When A = Xf, 
the roots b; and bz become the same, b; = bz = bf & 1.1997, to give a single solution to the original 
problem. 

Let us assess the accuracy of the critical value Af by using the above theorem on nonexistence 
of solutions to the first boundary value problem. In this case, f(x, y, y/,) = e¥. It is not difficult to 
show that e¥ > ey for y > 0, which suggests that a = e. Substituting this value into (3.3.3.7) gives an 
approximate estimate for the boundary of the nonexistence domain with respect to the parameter A: 


A> AP =n’/e & 3.6311. 


This value, provided by the nonexistence theorem, differs from the exact value Af by only 3.3% 
(which is a very high accuracy for a qualitative analysis). 
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Now let us estimate the boundaries of the existence domain for the two solutions using Erbe— 
Hu—Wang theorem 1. The first condition of the theorem, (3.3.3.13), clearly holds, since 


(c/y) = lim (e¥/y) = 0. 


The second condition, (3.3.3.14), can be rewritten in the form 


lim lim 
yO yoo 


A\<6pe" for O<y<p. 


It follows that \ < 6pe~?. The left-hand side of this inequality attains a maximum at p = 1; hence, 
the condition \ < 6/e ~ 2.207 must hold to ensure that the two solutions exist. This estimate is 
lower than the exact boundary of the existence domain of two solutions by 37.2%. 


Remark 3.7. The second boundary value problem for equation (3.3.4.1) subject to the boundary 
conditions y/.(0) = y/,(1) = 0 for any \ > 0 has no solution. This is easy to see from the general 
solution (3.3.4.2). 


> A problem on an electron beam passing between two electrodes. 
Example 3.15. Consider the autonomous equation 
yi, =dry 4 (O<a<1) (3.3.4.4) 
subject to the nonhomogeneous boundary conditions 
y(0)=1, y(1)=1. (3.3.4.5) 


The following notation is used here: y is dimensionless potential, x is dimensionless distance, and 
A => 0 is dimensionless electric current density (Zinchenko, 1958). 


Remark 3.8. Problem (3.3.4.4)—(3.3.4.5) is quite interesting because it can be reduced, with the 
change of variable u = 1 — y, to a problem of the form (3.3.3.8), (3.3.3.2) for which the conditions 
of the theorems stated in Section 3.3.3 do not hold. 


Problem (3.3.4.4)-(3.3.4.5) is symmetric about the mid-point z = 1/2. Therefore, it reaches 
a maximum at « = 1/2, with y/,(1/2) = 0. With this in mind, we integrate equation (3.3.4.4) 
multiplied by 2y’, from x to 1/2 to obtain 


(y,)? = 4A(V¥ - C), (3.3.4.6) 


where C' = ,/¥j|z=1/2 is an arbitrary constant. Integrating again from x to 1/2 and rearranging, we 
arrive at the solution in implicit form 


(Ju — C)/g+ 20) = AArA2x - 1)’. (3.3.4.7) 


Formula (3.3.4.7) describes a family of third-order curves with respect to \/y. The constant C’ 
depends on X and satisfies the cubic equation 


(1—C)(1+2C)? = SH), (3.3.4.8) 


which is obtained by inserting the boundary conditions (3.3.4.5) into equation (3.3.4.7) (both bound- 
ary conditions result in the same equation for C). 

Since A > 0, it follows from equation (3.3.4.8) that C < 1. On the other hand, from the first 
integral (3.3.4.6) we get C = VY min > 0. In the range 0 < C < 1, the maximum of the left-hand 
side of equation (3.3.4.8) is attained at C = 4, which gives Amax = ao & 14.22. Hence, problem 
(3.3.4.4)-(3.3.4.5) has no solution for \ > Amax- 

A more detailed analysis of the curve (3.3.4.7) shows that three different situations are possible 
depending on the value of A: 
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G) HfO<A< Ay Ow = we ~ 7.11), problem (3.3.4.4)-(3.3.4.5) has only one solution, which 


corresponds to the only root of the cubic equation (3.3.4.8) in the domain we <C <1. Forsmall 4, 
equation (3.3.4.8) provides the asymptotic behavior 


C=1-A+0() (A 0). 


(ii) If A. < A < 2A, = Amax & 14.22, problem (3.3.4.4}-(3.3.4.5) has two solutions, which 
correspond to two distinct roots of the cubic equation (3.3.4.8) in the domain 0 < C'< wes = 0.866. 
For the upper curve, which has a physical meaning (the other solution has no physical meaning), 
the value of C’ gradually decreases as increases. When \ = Amax, Which corresponds to Cy 2 = 4, 
the two solutions become the same. 


(iii) If A > Amax, the problem has no solution. 


1.5) y r=6 8615) y rA=10 15) y r=14 


Figure 3.1: Solutions to problem (3.3.4.4)—(3.3.4.5) for different values of 2. 


Figure 3.1 displays solutions to problem (3.3.4.4)—(3.3.4.5) for different values of the parameter: 
A = 6, 10, 14; the dashed lines correspond to the second solution (which has no physical meaning). 
Figure 3.2 shows the dependence of the roots C12 of the cubic equation (3.3.4.8) on the parameter A 
(the root C; corresponds to the solution having a physical meaning). 


C 


| 
X 

T T T T T T rl 
0 4 64/9 12 128/9 


Figure 3.2: Dependence of the roots of the cubic equation (3.3.4.8) on the parameter . (the 
root C, corresponds to the solution having a physical meaning). 


Remark 3.9. For \ < 0, the boundary value problem (3.3.4.4)-(3.3.4.5) has no solution. 
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> A model boundary value problem with the modulus of the unknown. 


Example 3.16. Consider the nonlinear boundary value problem 


Yeo tk*|y|=0 O<2<a); (3.3.4.9) 
y(0)=0, y(a)=—8, (3.3.4.10) 


where a, b, and & are all positive numbers. 

Depending on the sign of y, the nonlinear equation (3.3.4.9) reduces to two linear equations, 
y/.,, + k?y = 0, whose solutions are expressed in terms of trigonometric and hyperbolic functions. 
For ak > 7, problem (3.3.4.9) has two solutions: 


b ; 
Y= ~ Sinh(ka) sinh(ka); (3.3.4.11) 
b 
————- sin(kz) if 0<a<zq/k, 
sinh(ka — 7) (3.3.4.12) 
ie = i <a<a. 
ake S a) sinh(ka —7) if t/k<a<a 


Here, yi = yi() is a monotonically decreasing function such that y;(x) < 0. The function 
Y2 = Y2(x) monotonically increases for 0 < a < a/(2k), attains a maximum at x = 7/(2k) 
and monotonically decreases for 7/(2k) < x < a. It is positive for 0 < « < m/k, becomes zero at 
x = 1/k, and is negative for « > 7/k. For all 0 < x < a, the inequality y2 > y; holds. 


@ See also Section 8.3.3. 


3.3.5 Theorems on Nonexistence of Solutions for the Mixed Problem. 
Theorems on Existence of Two Solutions 


> Theorems on nonexistence of solutions for the mixed problem. 


Let us look at the nonlinear boundary value problem for equation (3.3.2.1) subject to ho- 
mogeneous mixed boundary conditions of the form 


y',(0)=0, y(1)=0. (3.3.5.1) 


It is assumed to have at least one solution. 

Suppose that the key assumptions stated at the beginning of Section 3.3.3 are valid. 
This means that the function appearing in equation (3.3.2.1) has the property (3.3.3.1). Just 
as previously, we use the integral identity (3.3.2.3). We take 


u(x) = cos(Z2) (3.3.5.2) 
as the test function; it possesses the properties 
u,(0)=u(1)=0, u(z)>O0forO<z<1, uf,(z)= —tr°u(z). 33.5.3) 
By virtue of conditions (3.3.5.1) and (3.3.5.3), the first line of the integral identity 
(3.3.2.3) is zero. Now using the last relation in (3.3.5.3), we rewrite (3.3.2.3) in the form 


1 1 
/ ula)ulfe(a) de +d f u(x) (@, ule). af (@)) de 
1 


= 7 u(x) [Af (x, y(x), y,(a)) — Fr?y(x)] de =0. (3.3.5.4) 


0 
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In view of inequality (3.3.3.1), it follows that 


1 1 
[ u(x) [Af (x, y(x), y,(z)) — qn’y| az > i (Aa — 47” )u(x)y(x) ag. -(3.3,55) 
0 0 


Since u(x) and y(z) are both positive on 0 < x < 1 (see positive property solutions at the end 
of Section 3.3.2 and (3.3.3.4)), the second integral in (3.3.5.5) must be positive, provided 
that A > $n/ a. On the other hand, the first integral in (3.3.5.5) is zero, suggesting that the 
second integral must be negative. This contradiction, obtained under the assumption that 
the problem has at least one solution, allows one to state the following theorem. 


NONEXISTENCE THEOREM 1| (MIXED BOUNDARY VALUE PROBLEM). If the key as- 
sumptions from Section 3.3.3 are valid and . is a sufficiently large number such that 


N> 4r°/a, (3.3.5.6) 


the mixed boundary value problem for equation (3.3.2.1) with the boundary conditions 
(3.3.5.1) has no solution. 


See Section 3.3.6 for examples of mixed boundary value problems having no solution. 


> Generalization of nonexistence theorem 1 for the mixed problem. 
Suppose that the function f(x, y, z) appearing in (3.3.2.1) satisfies the inequality 
f(z,y,2)29(a)y (0<2<1,y>0), (33.5.1) 


where (a) > 0 is a continuous function. 
To be specific, we will consider a boundary value problem for equation (3.3.2.1) subject 
to the mixed boundary conditions 


y;,(0) = y(1) = 0. (3.3.5.8) 


The problem is assumed to have at least one solution. Let us impose conditions on the test 
function u(x) such that the first line of the integral identity (3.3.2.2) is zero. These are 


u(0) = ul,(1) = 0. (3.3.5.9) 


As a result, equation (3.3.2.3) becomes 
1 1 
| y(x)ul,.(x) dx + | u(x) f (x, y(z), y,(x)) dx = 0. (3.3.5.10) 
0 0 
Let wu = u(x) satisfy the linear equation 


Un, + op(r)u = 0. (3,3.5,11} 


where v(x) is the function appearing in inequality (3.3.5.7) and o is some (spectral) param- 
eter. The boundary value problem (3.3.5.11), (3.3.5.9) is equivalent to the integral equation 


1 
u(x) <0 / |Ga(a,£)|o(OulEé) dé, (3.3.5.12) 
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where |G'2(x,&)| is the modulus of the Green’s function shown in the second row of Ta- 
ble.3.1. 

Since the kernel of the integral operator (3.3.5.12) is positive, it follows from the Jentzch 
theorem (see Section 3.3.2) that the least eigenvalue is positive, a9 > 0, and the correspond- 
ing eigenfunction ug(x) does not change its sign on 0 < x < 1. In equations (3.3.5.10) 
and (3.3.5.11), we first set u = ug(x) and o = oo and then eliminate the second derivative 
(uo), from (3.3.5.10) with the help of (3.3.5.11). The resulting expression can be written 
as 


20 _ Jo vole) F(a,9(@), up (a) deo 
‘ fo uo(@)e(a)y(a) dv 


Since, by assumption, inequality (3.3.5.7) holds, it follows from (3.3.5.13) that o9/A > 1. 
However, for sufficiently large \ > go, this estimate cannot be ensured. For such values 
of A, the boundary value problem (3.3.2.1), (3.3.2.1) surely has no solution. In the class 
of boundary value problems concerned, there is a critical value of the parameter, X,., that 
delimits the domains of existence and nonexistence of solutions. For \ > A, with Ax < a0, 
there are no solutions (79 provides an upper estimate for the critical value ’,, beyond which 
there are no solutions). 


(3.3.5.13) 


These results allow us to state the following theorem on nonexistence of solutions to 
the mixed problem. 


NONEXISTENCE THEOREM 2 (MIXED BOUNDARY VALUE PROBLEM). If inequalities 
(3.3.5.7) hold and X is sufficiently large, \ > A, > 0, the mixed boundary value problem 
for equation (3.3.2.1) subject to the boundary conditions (3.3.5.8) has no solution. The 
critical value satisfies the inequality ,. < 09, where 09 is the least eigenvalue of the linear 
eigenvalue problem (3.3.5.11), (3.3.5.9). 


Remark 3.10. The nonexistence theorem can be elaborated further if the boundary value prob- 
lem is for a nonlinear equation of the special form 


Yeo + Alo(x)g(y) + h(x, y, ¥r)] = 0 
with the initial conditions (3.3.5.8). If the conditions 


y(t) >0, gly)>0, lim gj(y)=co, A(a,yy,) 20 (0<2<1,y>0) 


yoo 


hold, the problem has no solution for sufficiently large \ > A, > 0. 


> Theorems on existence of two solutions for the mixed boundary value problem. 


Let us look at the nonlinear boundary value problem with homogeneous boundary condi- 
tions of the first kind 


You t f(e,y)=0 (O<e<1); y(0)=y,(1) =0. (3.3.5.14) 


Let the function f(x, y) > 0 be continuous in the domain 2 = {0 << a<1, 0<y<co} 
and f(x,y) 4 0 on any subinterval of 0 < x < 1 for y > 0. We use the notation: ||y|| = 


SUPo<2<1 |y(x)|. 
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ERBE—HU-—WANG THEOREM | (A SPECIAL CASE). Let the following two assump- 


tions hold: 
1. lim min f(@y) = lim min (zy) =O. 
y00<r<1 oy yrod<a<l 


2. There is a constant p > 0 such that 


f(z,y)<2p for O<a<1,0<y<p. 


Then the first boundary value problem (3.3.5.14) has at least two positive solutions, y; = 
yi(x) and y2 = yo(x), such that 


0 < |ly|| < p< |lyell. 


ERBE—HU-—WANG THEOREM 2 (A SPECIAL CASE). Let the following two assump- 


tions hold: 
1. lim max f(y) = lim max f(a.y) = 0. 
y>00<2<1 yoo 0<r<1 


2. There is a constant q > 0 such that 
f(a,y) > #q for tS, TOS y <4. 


Then boundary value problem (3.3.5.14) has at least two positive solutions, y; = y(a) and 
Y2 = yo2(x), such that 
0 < |lyill <@ < |lyell. 


Remark 3.11. The above Erbe—Hu—Wang theorems are special cases of more general theorems 
for boundary value problems of the third kind, which are stated below in Section 3.3.7. 


3.3.6 Examples of Existence, Nonuniqueness, and Nonexistence of 
Solutions to Mixed Boundary Value Problems 


In this section, we exemplify the above qualitative features of nonlinear boundary value 
problems with mixed boundary conditions by looking at a few specific problems admitting 
exact analytical solutions. 


> Plane problem I arising in combustion theory (Frank-Kamenetskii approxima- 
tion). 


Example 3.17. Consider a one-dimensional problem on thermal explosion in a plane channel 
described by equation (3.3.4.1) subject to the mixed boundary conditions (3.3.5.1): 


yin tre’ =0; yi. (0) = y(1) = 0, (3.3.6.1) 


where y = y() is dimensionless excess temperature. 
We proceed from the general solution to the equation, which is given by formula (3.3.4.2). 
Using the boundary conditions, we get the equations for the constants b and c: 
aC 


b=0, A= . 3.3.6.2 
cosh? ¢ ( ) 


The function g(c) = 2c*/cosh” c is positive for c 4 0, it tends to zero as c + 0 and c > 00, and 
it has the only maximum equal to \*, = max q(c) ¥ 0.8785. Consequently, if 


A>; 
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the second equation in (3.3.6.2) has no solution; it follows that the original boundary value problem 
(3.3.6.1) has no solution either. For 0 < A < A, the second equation in (3.3.6.2) has two distinct 
roots, c, and cz, which determine two different solutions of problem (3.3.6.1). If A = As, the roots 
c, and cp merge to become one, cy = cz = cy, & 1.1997, which corresponds to a single solution of 
the problem. The critical value 4 = A*, corresponds to a heat explosion. 

By comparing the critical values of the parameter \ determining the boundary of a nonexistence 
domain for solutions to the first and mixed boundary value problems, we obtain the simple relation 
Ap = 4X5. 

This relation is exact; it follows from the equation p(b) = 4q(b), which is valid for all b. 

The maximum value of the dimensionless excess temperature is attained at x = 0; it is given 
by the formula y(0) = In(2c?/A), which is derived from (3.3.4.2) and (3.3.6.2). The critical values 
A%, and c*, correspond to a thermal explosion. Substituting these values in the formula for the 
temperature at x = 0 yields the critical temperature y,.(0) ~ 1.1868 leading to the thermal explosion. 

Now let us assess the accuracy of the critical value ;? provided by theorem | on nonexistence 
of solutions (see the previous section). In this case, f(x, y, y;,) = e¥. So we have e¥ > ey for y > 0; 
hence, a = e. Substituting this value into (3.3.5.6) yields an approximate estimate for the boundary 
of nonexistence of solutions with respect to A: 


A> AP = zn7/e = 0.9077. 
One can see that, in this problem, the difference between Aes estimated using the nonexistence 
theorem, and the exact value AF is just over 3%. 


> Plane problem II arising in combustion theory (Arrhenius law-based model). 


Example 3.18. Let us look at a more realistic model of thermal explosion than that considered in 
Example 3.17, in which the kinetic function describing heat release is now bounded and determined 
by the Arrhenius law. In terms of suitable dimensionless variables, the corresponding nonlinear 
boundary value problem is 


View +A exp( 


where \ > Oando > 0. 

The general solution to the equation of (3.3.6.3) can be obtained by quadrature (e.g., using 
formulas from Example 3.1); however, this solution cannot be expressed in terms of elementary 
functions. In the limit case of o = 0, problem (3.3.6.3) becomes (3.3.6.1). 

It can be shown that, for o > 0, problem (3.3.6.3) has at least one solution for any A > 0. 
Furthermore, for sufficiently small o, there is a domain of \ with three solutions (the curve yo = 
yo(A), with yo = y(0), has an S-shaped portion). 

A numerical analysis of problem (3.3.6.3) shows that at a = 0.2, there are two critical values, 
Aj © 0.877 and AS = 1.162, called hysteresis parameters, such that 

(i) there is only one solution for 0 < Ay and A > Xo, 

(ii) there are three solutions for A; < A < Ao, and 

(iii) there are two solutions for \ = A; and A = Ap. 


y _ '(Q) — - 
= a =0; (0) = (1) =0, (3.3.6.3) 


> An axisymmetric problem arising in combustion theory (Frank-Kamenetskii ap- 
proximation). 


Example 3.19. Now consider the one-dimensional problem on thermal explosion in a cylindri- 
cal vessel described by the following equation and mixed boundary conditions: 


1 
eas zue +rAev=0; yy, (0) =y(1) =0, (3.3.6.4) 


where x is a dimensional radial coordinate. 
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Problem (3.3.6.4) is solved explicitly in terms of elementary functions: 


y = —2In[b+ (1—b)2?], 


3.3.6.5 
A= 8b(1—b), b=e7¥/?, yo = y(0). 


One can see that for 0 < A < A%, = 2, there are two solutions corresponding to two distinct values 
of yo (the solution having a physical meaning must satisfy the condition 0 < yo < yj, © 1.3863). 
When A = Aj, the two solution merge to become one. For A > Aj, there are no solutions. The 
critical value \ = A, = 2 corresponds to thermal explosion. 


> A problem on bending of a flexible electrode in an electrostatic field. 


Example 3.20. Consider the nonlinear boundary value problem on the interval 0 < x < 1 with 
mixed boundary conditions 
You + oes = 0; gO) == 0. (3.3.6.6) 
(Ly) 
This problem describes the shape of a flexible electrode bending under the action of electrostatic 
forces due to potential difference between electrodes, with y denoting dimensionless deflexion of the 
electrode, x denoting dimensionless distance, and \ being a dimensionless parameter proportional 
to the squared potential difference between electrodes. 
The equation of (3.3.6.6) is a special case of the autonomous second-order equations considered 
in Example 3.1, which admits order reduction and so is easy to integrate. The solution to problem 
(3.3.6.6) can be written in implicit form as 


1 ieee caer 
o=—— 14/1 —a)(a—y) +1 — 2) a ——_—_— }, 
(a) vie (3.3.6.7) 


r= ay%(a), gla) = Va+ (1 a)m AXE, 


where a = y(0),0<a<1,0<y<a,andA>0. 

The function y = y(x) is convex; at 2 = 0, it has a maximum equal to a and monotonically 
decreases with x to zero at x = 1. An analysis of formula (3.3.6.7) shows that for 0 < A < Aj, 
there are two solutions corresponding to two distinct values of a; the physically realizable (stable) 
solution corresponds to 0 < a < y=, = 0.3883. When A = A, the two solutions merge to become 
one. For \ > Aj, there are no solutions. 


> A model problem having three solutions. 


Example 3.21. Let us look at the nonlinear boundary value problem 


i sinh(ky) / 


a, = 0; (0) = y(1) = 0, 3.3.6.8 
y cosh? (ky) Yor (0) = y(1) ( ) 
where k > 0 and \ > 0. The function f(y) = sinh(ky) / cosh? (ky) is nonmonotonic and it changes 
sign; it vanishes ar y = 0 and tends to zero as y — too. Its extrema are at the points ym = +0.6585/k 
and are equal to fim = +—2— © +0.3849. 


a7 
Problem (3.3.6.8) admits the trivial solution y = 0 for any X. 

If y is a solution to problem (3.3.6.8), then —y is also a solution to the problem. 
The positive solution is determined implicitly by the formula 


ann 


ee ees eat 3.3.6.9 
ahha) | — 2), = — cosh*(ka), (3.3.6.9) 


Ak 
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where a = y(0) > O and y > 0 for 0 < x < 1. This solution can be represented in the explicit form 


1 2 
y = parsinh {sinha sin Ee = a) \ it zx cosh?(ka), (3.3.6.10) 


where arsinh z = In(z + Vz? +1). 
The negative solution to problem (3.3.6.8) is given by formula (3.3.6.10) where a must be 
replaced with —a. 


@ See also Section 8.3.3. 


3.3.7 Theorems on Existence of Two Solutions for the Third 
Boundary Value Problem 


> Statement of the problem. Initial assumptions. 


Consider a boundary value problem for the nonlinear equation 
Yet f(z,y)=0 (0<2<1) (3.3.7.1) 


subject to the boundary conditions of the third kind 
(3.3.7.2) 


The following conditions will be assumed to hold throughout this section: 

(i) The function f(x, y) > 0 is continuous in the domain Q = {0 <a <1, 0<y<o} 
with f(x, y) #0 on any subinterval of 0 < « < 1 fory > 0. 

(ii) The coefficients a, 8, 7,6 > 0 and p=ay+ad+ Py > 0. 


> Erbe—Hu-Wang theorems on nonuniqueness of a solution to the boundary value 
problem. 


THEOREM 1. Let conditions (i) and (ii) hold and the following assumptions be valid: 


ae : x, . . x, 

Gii) lim min Jey) = lim min Jey) = 0o 
y>00<a<l oy yrod<r<l sy 

(iv) There is a constant p > 0 such that 


f(z,y)<np for 0<2<1,0<y <p, 


where 7 = he G(E, &) dé — SR (Here G(x, €) is the Green’s function 
for the equation y’”,, = 0 with respect to the boundary conditions (3.3.7.2); the expression 
of this Green’s function can be found at the end of Table 3.1.) 

Then the boundary value problem (3.3.7.1)(3.3.7.2) has at least two positive solutions, 
Y1 = y1(x) and y2 = yo(x), such that 


0 < |lyi|| < p< [yell]. 


Here |\y|| = sup |y(x)|. 
O0<a<1 
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THEOREM 2. Let conditions (i) and (ii) hold and the following assumptions be valid: 
f(@,y) x 19) _ 4 


(v) lim max ———~= lim ma 
y>00<a2<1 Yy yo 0<a<1 y 


(vi) There is a constant q > 0 such that 


f(w,y)2uq for 7S u<F,0qSy<a, 


_ 73/4 ~v1 co eee 32p sr at4B +46 
where [J = ya G(z,€) de] = JaytTast7TBy Hops and o = min| 75 a+B)? (yo) lk 


Then the boundary value problem (3.3.7.1)3.3.7.2) has at least two positive solutions, 
Yi = yi(x) and yy = yo(zx), such that 


0 < |lyill <@ < |lyell. 
3.3.8 Boundary Value Problems for Linear Equations with Nonlinear 
Boundary Conditions 
> Statements of problems. Solution procedure. 


In this section, we consider a few boundary value problems for linear homogeneous second- 
order differential equations 


You + filx)y, + fo(x)y = 0 (3.3.8.1) 


subject to a nonlinear boundary condition 


Y= ly) at c= ay (3.3.8.2) 


and a linear homogeneous boundary condition at 7 = 2. 

Such problems are solved successively in a few stages. First, one obtains the general 
solution to equation (3.3.8.1). Then, one finds a particular solution y = y(x), satisfying the 
boundary condition at the right end, x = x. Finally, one seeks the solution to the problem 
in the form 


y = Ay(z), (3.3.8.3) 
where A is a constant determined from the algebraic (transcendental) equation 
Ag;,(t1) = y(AG(x1)), (3.3.8.4) 


obtained by substituting (3.3.8.3) into the nonlinear boundary condition at the left end 
(3.3.8.2). 


> Qualitative features of some problems with nonlinear boundary conditions. 


Solutions to boundary value problems for linear equations satisfying nonlinear boundary 
conditions can significantly differ from those satisfying linear boundary conditions. 


Example 3.22. Consider a boundary value problem for a linear equation subject to a nonlinear 
boundary condition at x = 0 and a homogeneous linear condition of the first kind at 7 = a: 


You + k?y = 0; (3.3.8.5) 
Y¥=ey) at c=0, y=0 at w=a. (3.3.8.6) 
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The general solution of the linear equation with constant coefficients (3.3.8.5) is given by 
y = Ci sin(kx) + C2 cos(kx), (3.3.8.7) 


where C, and C2 are arbitrary constants. In order to find a particular solution y satisfying the second 
boundary condition (3.3.8.6), we can set Cy = — cos(ak) and C2 = sin(ak) in (3.3.8.7) to obtain 


¥ = —cos(ak) sin(kx) + sin(ak) cos(kx) = sin[k(a — x)]. 
The solution to problem (3.3.8.5)-(3.3.8.6) is sought in the form 
y = Ay = Asin{k(a — x)). (3.3.8.8) 


For any A, this solution satisfies equation (3.3.8.5) and the second boundary condition (3.3.8.6). 
Substituting (3.3.8.8) into the first boundary condition (3.3.8.6) yields an algebraic (or transcenden- 
tal) equation for A: 


Ak cos(ak) + p(Asin(ak)) = 0. (3.3.8.9) 
Let us dwell on the first boundary condition (3.3.8.6) having a power-law nonlinearity 
p(y) = by™. (3.3.8.10) 


Equation (3.3.8.9) then becomes 
Ak cos(ak) + bA™ sin™ (ak) = 0. (3.3.8.11) 


For any m > 0, this equation has the trivial solution A = 0 (or k = 0). Let us look at different 
special cases. 

1°. To get a linear boundary condition of the third kind, one should set m = 1 in (3.3.8.10}+ 
(3.3.8.11). The corresponding eigenvalue problem gives solution (3.3.8.8) with A being an arbitrary 
constant and a and k linked to each other by the discrete relations 

b 
ak = = —O+nn, O =arctan>, n=0,1,2,... (3.3.8.12) 

To boundary conditions of the first and second kind there correspond the limit cases b = 00 (69 = 3) 
and b = 0 (69 = 0). 

2°. In the case of a quadratic nonlinearity, with m = 2, equation (3.3.8.11) has a nontrivial 


solution 
k cos(ak) 


~ ob sin? (ak) 
for any a, b, and k (abk 4 0) 
3°. In the case of a cubic nonlinearity, m = 3, equation (3.3.8.11) can have two nontrivial 
solutions or no solutions at all depending on the sign of the expression bk tan(ak): 
k cos(ak) 
A =e | — 
= | bsin?(ak) 


no nontrivial solutions if bk tan(ak) > 0. 


1/2 
| if bk tan(ak) < 0, 


4°. In the case of a fractional nonlinearity with m = 5, equation (3.3.8.11) can have one 


nontrivial solution or no solution at all depending on the sign of the expression bk tan(ak): 
__ Dd’ sin(ak) 
~ k2 cos?(ak) 


no nontrivial solutions if bk tan(ak) > 00. 


if bktan(ak) < 0, 


It is apparent from Items 1°—4° that the solutions to boundary value problems with linear and 
nonlinear boundary conditions can significantly differ from each other; specifically, in linear prob- 
lems, for nontrivial solutions to exist, the parameters a and & must be connected with each other 
by discrete relations of the form (3.3.8.11) with A being an arbitrary number, while in nonlinear 
problems, a and & can change independently from each other, with A expressed via them (under 
certain conditions, several nontrivial solutions can exist or a nontrivial solution can be absent at all). 
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> A problem of convective mass transfer with a heterogeneous chemical reaction. 


Consider the equation 
Yn, tax"y’, =0 (3.3.8.13) 


subject to the boundary condition 
y, =—k®(y) at r=0, yood a ro. (3.3.8.14) 


Problem (3.3.8.13)—(3.3.8.14), written in terms of dimensionless variables, describes 
convective mass transfer about the critical point of a drop (for n = 1) or a solid particle (for 
n = 2) with a heterogeneous chemical reaction on the surface. In (3.3.8.13) and (3.3.8.14), 
y is concentration, ®(y) is the kinetic function, satisfying the condition (1) = 0, k is the 
rate of chemical reaction, and a is a positive constant. For a reaction of order m, we have 
®(y) = (1 — y)™. To the limit case k — oo there corresponds the diffusion mode of the 
surface reaction with y(0) = 1. 

The solution to equation (3.3.8.13) satisfying the second boundary condition (3.3.8.14) 
is given by 


oe a 
=A tg 3.3.8.15 
y | exp( a ) '- ( ) 


where A is a constant. Substituting (3.3.8.15) into the first boundary condition (3.3.8.14) 
yields an algebraic (or transcendental) equation for A: 


A=k®(Ac), (3.3.8.16) 


where 


[ (Laer) ag =o FT (n+ 1) TT (__) 
= xp | ——— =a n ; — 
© 0 a nm+1 nm+1 


and I'(z) is the gamma function. In particular, for a reaction with the fractional order 
m = 1/2, we have ®(y) = (1 — y)!/?; hence, the solution to equation (3.3.8.16) is A = 
Lek? + (TORTS R. 

© Literature for Section 3.3: K. Ak6 (1967, 1968), P. B. Bailey, L. F. Shampine, and P. E. Waltman (1968), 
J. Bebernes and R. Gaines (1968), E. Kamke (1977), L. K. Jackson and P. K. Palamides (1984), D. A. Frank- 
Kamenetskii (1987), V. F. Zaitsev and A. D. Polyanin (1993, 1994), L. H. Erbe, S. Hu, and H. Wang (1994), 
L. H. Erbe and H. Wang (1994), S.-H. Wang (1994), W.-C. Lian, F.-H. Wong, and C.-C. Yen (1996), P. Korman 


and Y. Li (1999, 2010), P. Korman, Y. Li, and T. Ouyang (2005), A. B. Vasil’eva and H. H. Nefedov (2006), 
S. I. Faddeev and V. V. Kogan (2008), G. L. Karakostas (2012). 


3.4 Method of Regular Series Expansions with Respect 
to the Independent Variable. Padé Approximants 
3.4.1. Method of Expansion in Powers of the Independent Variable 


A solution of the Cauchy problem 


Vie =F OU: (3.4.1.1) 
y(%o) = Yo, Yx(Xo) = 1 (3.4.1.2) 
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can be sought in the form of a Taylor series in powers of the difference (x—9), specifically: 


/1 UA 

ul) = (eo) + velo) (a— a9) + LEP (pnp)? + eset @0) 
The first two coefficients y(xg) and y/.(%o) in solution (3.4.1.3) are defined by the initial 
conditions (3.4.1.2). The values of the subsequent derivatives of y at the point x = 29 
are determined from equation (3.4.1.1) and its derivative equations (obtained by succes- 
sive differentiation of the equation) taking into account the initial conditions (3.4.1.2). In 
particular, setting x = xo in (3.4.1.1) and substituting (3.4.1.2), we obtain the value of the 
second derivative: 


(a—a9)? +++. (3.4.1.3) 


Ynx(t0) = f (20, Yo, Y1)- (3.4.1.4) 
Further, differentiating (3.4.1.1) yields 


wt 


Vow = fa(2, Ute) + LAB Ua) + fot Cr yu ute (3.4.1.5) 


On substituting « = xo, the initial conditions (3.4.1.2), and the expression of y/”,.(xo) 


of (3.4.1.4) into the right-hand side of equation (3.4.1.5), we calculate the value of the third 
derivative: 


Ui 


Yrox(Lo) = fx(Zo, Yo, ¥1) + fy(Zo, Yo: ¥1)¥1 + F (Zo, Yo: ¥1) Fys, (Lo, Yo. Y1)- 


The subsequent derivatives of the unknown are determined likewise. 
The thus obtained solution (3.4.1.3) can only be used in a small neighborhood of the 
point 7 = Zo. 


Example 3.23. Consider the following Cauchy problem for a second-order nonlinear equation: 


Yeo = YY, ty; (3.4.1.6) 
y(0) = y,(0) = 1. (3.4.1.7) 


Substituting the initial values of the unknown and its derivative (3.4.1.7) into equation (3.4.1.6) 
yields the initial value of the second derivative: 


Vora (0) = 2. (3.4.1.8) 
Differentiating equation (3.4.1.6) gives 
Vern = YVirw + Yer)” + 3y°Yp- (3.4.1.9) 


Substituting here the initial values from (3.4.1.7) and (3.4.1.8), we obtain the initial condition for 
the third derivative: 
(0) = 6. (3.4.1.10) 


Yorn 


Differentiating (3.4.1.9) followed by substituting (3.4.1.7), (3.4.1.8), and (3.4.1.10), we find that 
Yn ew(O) = 24. (3.4.1.11) 


LLLXL 


On substituting the initial data (3.4.1.7), (3.4.1.8), (3.4.1.10), and (3.4.1.11) into (3.4.1.3), we arrive 
at the Taylor series expansion of the solution about x = 0: 


y=ltete te? tatt:. (3.4.1.12) 


This geometric series is convergent only for |x| < 1. 
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3.4.2 Padé Approximants 


Suppose the /+1 leading coefficients in the Taylor series expansion of a solution to a differ- 
ential equation about the point x = 0 are obtained by the method presented in Section 3.4.1, 
so that 


Yr+i(L) = ag taya +--+ + apr. (3.4.2.1) 


The partial sum (3.4.2.1) pretty well approximates the solution at small x but is poor for 
intermediate and large values of x, since the series can be slowly convergent or even diver- 
gent. This is also related to the fact that y; —> co as x — oo, while the exact solution can 
well be bounded. 

In many cases, instead of the expansion (3.4.2.1), it is reasonable to consider a Padé ap- 
proximant Pix), which is the ratio of two polynomials of degree N and M, specifically, 


— Ag+ Ala +--++ Ana’ 


Pe — h N+M=k. ei ees 
vs (2) [pie tict Buel! where + GB ) 


The coefficients A;,..., Any and B,,..., Byy are selected so that the & + 1 leading terms 
in the Taylor series expansion of (3.4.2.2) coincide with the respective terms of the expan- 
sion (3.4.2.1). In other words, the expansions (3.4.2.1) and (3.4.2.2) must be asymptotically 
equivalent as x — 0. 

In practice, one usually takes N = WM (the diagonal sequence). It often turns out that 
formula (3.4.2.2) pretty well approximates the exact solution on the entire range of x (for 
sufficiently large N). 


Example 3.24. Consider the Cauchy problem (3.4.1.6)—(3.4.1.7) again. The Taylor series ex- 
pansion of the solution about x = 0 has the form (3.4.1.12). This geometric series is convergent 
only for |x| < 1. 

The diagonal sequence of Padé approximants corresponding to series (3.4.1.12) is 

1 1 1 


1 
It is not difficult to verify that the function y(a) = 7 is the exact solution of the Cauchy 


problem (3.4.1.6)—(3.4.1.7). Hence, in this case, the diagonal sequence of Padé approximants re- 
covers the exact solution from only a few terms in the Taylor series. 


Example 3.25. Consider the Cauchy problem for a second-order nonlinear equation: 
Yeo =2yyz; y(0)=0, y,(0) =1. (3.4.2.4) 


Following the method presented in Section 3.4.1, we obtain the Taylor series expansion of the 
solution to problem (3.4.2.4) in the form 


y(t) =a2+ga°+ Za? + Heats. (3.4.2.5) 

The exact solution of problem (3.4.2.4) is given by y(a) = tan x. Hence it has singularities at 

2 +$(2n + 1)r. However, any finite segment of the Taylor series (3.4.2.5) does not have any 
singularities. 


With series (3.4.2.5), we construct the diagonal sequence of Padé approximants: 


5a(21 — 2x7) 
Pie A2. 
4 (®) = =a —FaaP 4 108 eee) 


3x 
Ba) = 
3_ gm P@) = 39 T5 


P3(x) = 
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| oh v(x) = Bia) 


y(x) = xt4y3+.., 


-12 


Figure 3.3: Comparison of the exact solution to problem (3.4.2.4) with the approximate 
truncated series solution (3.4.2.5) and associated Padé approximants (3.4.2.6). 


These Padé approximants have singularities (at the points where the denominators vanish): 


a ~ +1.732 for P3 (a), 
a ~ +1.581 for P3}(a), 
a ~+1.571 and « ~+6.522 for Pi (a). 


It is apparent that the Padé approximants are attempting to recover the singularities of the exact 
solution at « = 2/2 and x = +37/2. 

In Fig. 3.3, the solid line shows the exact solution of problem (3.4.2.4), the dashed line corre- 
sponds to the four-term Taylor series solution (3.4.2.5), and the dot-and-dash line depicts the Padé 
approximants (3.4.2.6). It is evident that the Padé approximant P}(x) gives an accurate numerical 
approximation of the exact solution on the interval |x| < 2; everywhere the error is less than 1%, 
except for a very small neighborhood of the point 2 = +7/2 (the error is 1% for x = 1.535 and 
0.84% for x = +2). 


© Literature for Section 3.4: A. H. Nayfeh (1973, 1981), G. A. Baker (Jr.) and P. Graves—Morris (1981), 
D. Zwillinger (1997), A. D. Polyanin and V. F. Zaitsev (2003), A. D. Polyanin and A. V. Manzhirov (2007). 


3.5 Movable Singularities of Solutions of Ordinary 
Differential Equations. Painleve Equations 

3.5.1. Preliminary Remarks. Singular Points of Solutions 

> Fixed and movable singular points of solutions to ODEs. 


Singular points of solutions to ordinary differential equations can be fixed or movable. The 
coordinates of fixed singular points remain the same for different solutions of an equation.* 


“Solutions of linear ordinary differential equations can only have fixed singular points, and their positions 
are determined by the singularities of the equation coefficients. 
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The coordinates of movable singular points vary depending on the particular solution se- 
lected (i.e., they depend on the initial conditions). 

Listed below are simple examples of first-order ordinary differential equations and their 
solutions having movable singularities: 


Equation Solution Solution’s singularity type 
y, =-y’ y =1/(z— 20) movable pole 

y,=1/y y = 2/z— 2% algebraic branch point 

y, =e 9 y = In(z —- 2) logarithmic branch point 


y, =—yln?y y=exp[l1/(z—20)] _ essential singularity 


Algebraic branch points, logarithmic branch points, and essential singularities are called 
movable critical points. 


> Classification of second-order ODEs. Painlevé equations. 


The Painlevé equations arise from the classification of the following second-order differen- 
tial equations over the complex plane: 


Y, REGS.) 


where R = R(z,y,w) is a function rational in y and w and analytic in z. It was shown 
by P. Painlevé (1897-1902) and B. Gambier (1910) that all equations of this type whose 
solutions do not have movable critical points (but are allowed to have fixed singular points 
and movable poles) can be reduced to 50 classes of equations. Moreover, 44 classes out of 
them are integrable by quadrature or admit reduction of order. The remaining 6 equations 
are irreducible; these are known as the Painlevé equations, and their solutions are known 
as the Painlevé transcendental functions or Painlevé transcendents. 


Remark 3.12. The Painlevé equations are sometimes referred to as the Painlevé transcendents, 
but in this section this term will be used only for their solutions. 


The canonical forms of the Painlevé equations are given below in Sections 3.5.2 through 
3.5.7. Solutions of the first, second, and fourth Painlevé equations have movable poles (no 
fixed singular points). Solutions of the third and fifth Painlevé equations have two fixed 
logarithmic branch points, z = 0 and z = oo. Solutions of the sixth Painlevé transcendent 
have three fixed logarithmic branch points, z = 0, z = 1, and z = oo. 

It is significant that the Painlevé equations often arise in mathematical physics. 


3.5.2 First Painlevé Equation 


> Form of the first Painlevé equation. Solutions in the vicinity of a movable pole. 


The first Painlevé equation has the form 
yl, = by? + z. (3.5.2.1) 


The solutions of the first Painlevé equation are single-valued functions of z. 
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The solutions of equation (3.5.2.1) can be presented, in the vicinity of a movable 
pole zp, in terms of the series 


1 lore) 
ge _ n 
y= Gann ) ale = 2)"; 
P n=2 
1 1 d-52 
a2 = —79%p, 2 = —§ ag = C, a5 = 0, ag = 300 <p? 


where zp and C’ are arbitrary constants; the coefficients a; (j7 > 7) are uniquely defined in 
terms of zp and C. 


Remark 3.13. The first Painlevé equation (3.5.2.1) is invariant under scaling of variables, z = 
AZ, y = °Y, where \° = 1. 


> Solutions in the form of a Taylor series. 


In a neighborhood of a fixed point z = zo, the solution of the Cauchy problem for the first 
Painlevé equation (3.5.2.1) can be represented by the Taylor series (see Section 3.4.1): 


y=A+ B(z-20)+ 5 (6A” + z9)(z — 2)? + 4(12AB + 1)(z — x)* 
+ 4(6A® + B? + Azp)(z — %)* +-°-, 


where A and B are initial data of the Cauchy problem, so that y|,—., = A and y!,|,—., = B. 


Remark 3.14. The solutions of the Cauchy problems for the second and fourth Painlevé equa- 
tions can be expressed likewise (fixed singular points should be excluded from consideration for the 
remaining Painlevé equations). 


> Asymptotic formulas and some properties. 


1°. There are solutions of equation (3.5.2.1) such that 
y(xz) = ~(42)'/? + ay|x|-1/8 sin|¢(2) by | + o(|z|-/8) as x — —oo, (3.5.2.2) 


where 
(aw) = (24)'/4(4|x)?/4 — 307 In |x]), 


and a; and 6; are some constants (there are also solutions such that a; = 0). 


2°. For given initial conditions y(0) = 0 and y/,(0) = k, with k real, y(x) has at least one 
pole on the real axis. There are two special values, k, + —0.45143 and kg © 1.85185, such 
that: 

(a) If k < ky, then y(x) > 0 for x) < a < 0, where 2p is the first pole on the negative 
real axis. 

(b) If ky < k < kg then y(z) oscillates about, and is asymptotic to, —(4|z|) 
x — —oo (see formula (3.5.2.2)). 

(c) If kg < k then y(a) changes sign once, from positive to negative, as x passes from 
Lp to 0. 


1/2 
[2 a8 
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3°. For large values of |z| — 00, the following asymptotic formula holds: 
y ~ 2'/26(425/4 — ag; 12, be), 


where the elliptic Weierstrass function (C; 12, bz) is defined implicitly by the integral 


c= /[—= 
/4p3 — 129 — ba” 


and ag and b2 are some constants. 


3.5.3 Second Painlevé Equation 
> Form of the 2nd Painlevé equation. Solutions in the vicinity of a movable pole. 
The second Painlevé equation has the form 

yu, =2y? + zyta. (3.5.3.1) 


The solutions of the second Painlevé equation are single-valued functions of z. 
The solutions of equation (3.5.3.1) can be represented, in the vicinity of a movable 
pole zp, in terms of the series 


[oe] 
+S bn(z — 2%) : 
Z— mm 
b= —GMzp, by = —a(m+ a), bs =C, bg = a %p(m + 3a), 
bs = sgsq [(27 + 8la* — 222)m + 108a — 216C zp], 
where 2, and C are arbitrary constants, m = +1, and the coefficients b,, (n > 6) are uniquely 


defined in terms of zp) and C. 


> Relations between solutions. Backlund transformations. 


For fixed a, denote the solution by y(z, a). Then the following relation holds: 


y(z,-@) = —y(z, a), (3.5.3.2) 
while the solutions y(z, a) and y(z, a — 1) are related by the Backlund transformations: 
2a—1 
—jj==_ a 
y(z,a@— 1) = —y(z, a) + Ce oe, 
Sa G33) 


— — 1) = — 
y(z, a) y(z,a ) 2y(z,a— 1) + 2y?(z,a—-1) +z 
Therefore, in order to study the general solution of equation (3.5.3.1) with arbitrary qa, it is 
sufficient to construct the solution for all a out of the band 0 < Rea < 5. 
Three solutions corresponding to a and @ + 1 are related by the rational formulas 


(Ya—1 + Ya) (4y3 + 2zyq + 2a + 1) + (2a — 1)Ya 


aa 2(Ya—1 + Ya)(2y2 +2) +2a—1 


o) 


where ya, stands for y(z, @). 
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The solutions y(z, a) and y(z, —a — 1) are related by the Backlund transformations: 
2a+1 
2y!(z,a) + 2y?(z,a) +2’ 
2a+1 
 Qyl (z, -a — 1) + 2y?(z,-a —1)+2° 


y(z, —a— 1) = y(Z, a) + 
y(z, a) = y(Z, a — 1) 


> Rational particular solutions. 


For a = 0, equation (3.5.3.1) has the trivial solution y = 0. Taking into account this 
fact and relations (3.5.3.2) and (3.5.3.3), we find that the second Painlevé equation with 
a= +1, +2, ... has the rational particular solutions 


1 1 32? 
gael ’ ’ 2) = ( =), 
y(z ) z y(z ) z 23 4 


322 622(z? + 10 
yl2;=3)—==|— = alae 
gtd 2° + 20z? — 80 
i540) 1 = 6z#(z3 + 10) 9z°(z3 + 40) 
: stb pe 2 A Oe — 
Us Zz 264+2023—80 29+60z6 + 11200 |’ 


> Solutions in terms of Bessel functions. 


For a = 4, equation (3.5.3.1) admits the one-parameter family of solutions: 


7 
y(z,4)=-—2, where w= Vz [Ci tis (422) i C2Vija(422")]. (3.5.3.4) 


Ww 


(Here the function w is a solution of the Airy equation, w/, + Szw = 0.) 

It follows from (3.5.3.2)—(3.5.3.4) that the second Painlevé equation for all a = n + 4 
with n = 0, £1, +2, ... has a one-parameter family of solutions that can be expressed in 
terms of Bessel functions. 


> Asymptotic formulas and some properties with a = 0. 
1°. Any nontrivial real solution of (3.5.3.1) with a = 0 that satisfies the boundary condition 
yO as x%—--+00 


is asymptotic to k Ai(a), for some nonzero real k, where Ai denotes the Airy function (see 
Section S.4.8). 

Conversely, for any nonzero real k, there is a unique solution y;(a) of (3.5.3.1) with 
a = 0 that is asymptotic to k Ai(a) as x — +00. The asymptotic behavior of this solution 
as x —> —oo depends on |k/|; three possible situations are highlighted below. 

If |k| < 1, then 


yg(x) = bla|— 1/4 sin[ (x) — c] + o(|x|~"/4) as &—> —00, 


where 
oe) = Fle? — FP? nfl, b= —Fln(1 ~#), 


with c is a real constant. 
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If |k| = 1, then 
ye 


yx(x) ~ (s|a|) “signk as x — —oo. 


If |k| < 1, then y;,(a) has a pole at a finite point x = ap, dependent on k, and 


sign k 4 


a at coat, 
Yn (x) z— i, ae 


2°. Replacement of y by zy in (3.5.3.1) with a = 0 gives the modified second Painlevé 
equation 
yl, = —2y? + zy. (3.5.3.5) 


Any nontrivial real solution of (3.5.3.5) satisfies 
y(x) = bla|~1/4 sin[¢(x) — ec] + O((|a|7*/4) as 2% —> —00, 
where 
o(z) = 3lal?? + 30? In|a|, 


with b # 0 and c are real constants. 


3.5.4 Third Painleve Equation 
> Form of the third Painlevé equation. 


The third Painlevé equation has the form 


12 / 
i= Wy _ ve - Gap + B) + yy? + . (3.5.4.1) 
y z z y 
In terms of the new independent variable ¢ defined by z = eS, the solutions of the trans- 
formed equation will be single-valued functions of ¢. 
In some special cases, equation (3.5.4.1) can be integrated by quadrature. 
If yd £ 0 in (3.5.4.1), then set 7 = 1 and 6 = —1, without loss of generality, by rescaling 
y and z if necessary. If y = 0 and ad ¥ 0 in (3.5.4.1), then set a = 1 and 6 = —1, without 
loss of generality. Lastly, if 6 = 0 and Gy # 0, then set 6 = —1 and y = 1, without loss of 
generality. 


> Rational particular solutions. 


Let y = y(z,a, 3,7, 6) be a solution of equation (3.5.4.1). Then special rational solutions 
of the third Painlevé equation are 


y (2, M, —k?, A, —Ak*) = k, 
yi2,0, —, 0, uk) = kz, 
z+k 
2k + 3,-2k + 1,1, -1) = ———_ 
y(z, +8, + 1,1, ) Pay ee 


where &;, A, and yj: are arbitrary constants. 
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In the general case yd ¢ 0, we may set y = 1 and 6 = —1. Then equation (3.5.4.1) has 
rational solutions iff 
at B=An, 
where n is integers. These solutions have the form y = P,,(z)/Qm(z), where P,,(z) and 


Qm(z) are polynomials of degree m, with no common zeros. For examples see Milne et 
al. (1997) and Clarkson (2003). 


> Elementary nonrational particular solutions I. 
Elementary nonrational solutions of equation (3.5.4.1) are 
y(z, M, 0, 0, — 1k?) = ker 
y(z,0, —2k, 0, 4k — 7) = z(kln? z+ Az +p), 
=1 
2 2/2 2 
UX, 0, v7 (A* — 4k), 0) = ——————_-,, 
y(z Vy V ( 7) ) kz2v + \zY + mM 


where k, A, yz, and v are arbitrary constants. 
Let y = 0 and ad ¥ 0. In this case we assume a@ = 1 and 6 = —1 (without loss of 
generality). Then equation (3.5.4.1) has algebraic solution iff 


B=2n, neZ. 


These are rational solutions in ¢ = z!/3 of the form 


y= Pr241(0)/Qn2 (¢), 


where P,,2,1(¢) and Q,,2(¢) are polynomials of degree n? + 1 and n?, respectively, with 
no common zeros. Similar results hold when 6 = 0 and by ¥ 0. 


> Elementary nonrational particular solutions II. 


In some special cases, equation (3.5.4.1) can be integrated by quadrature. Rewrite equa- 
tion (3.5.4.1) in the form of integro-differential relations in two ways: 


c\2 7 6 6 
(2+ (S—wie 42 Een) 0f[(G nro (Bona 
y y y y y 
(3.5.4.2) 
/ 
) 
a IG +y?)e% + (= tay)]Jdc, z= (3.5.4.3) 
y y y 
It is obvious from (3.5.4.2) that fora = 6 = y = 6 = 0, the general solution has the 
form: y = Cyz@. 
Adding (3.5.4.3) multiplied by 2 to (3.5.4.2), we obtain 


Subtracting (3.5.4.3) times 2 from (3.5.4.2) yields 


(A) ks (-w)e%+2(E —ay)et 7 —4 fey? acy) dc. (3.5.4.5) 
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Substituting 6 = 6 = 0 into equation (3.5.4.4) and y = a = 0 into equation (3.5.4.5), we 
arrive at 


/ 2 / 
y Y 
/ 2 / 5 ) 
(=) og He, Se 4 eee =O. (3.5.4.7) 
¥ Y ¥ Y 


Equations (3.5.4.6) and (3.5.4.7) are integrable by elementary functions. Substituting y = 
e/v into (3.5.4.6), we obtain an autonomous equation: 


(ut)” = 2av +7 + (1+ C1)v?. (3.5.4.8) 


As a result, we find: 
2a 


Sooo .sCOf GL = -1, B= 6 =0; 
z(a2 In? z + 2aC In z + C2 — 7) m O41 B 
1 
Y=) 2(V7Inz + C) if Cy a=6 
m-1 


z 


————_________— if —1 =d= 
Coz2™ + Ky z™ + Ko : C1 # ¢ B y 0, 


a — aF—4(14+C1) 4 | 
ep fo = T+ Ge” m ee 

Accordingly, equation (3.5.4.7) is reduced to equation (3.5.4.8) with the substitution 
y = ve. 

If 8 = —a and 6 = —4, the substitution y = e~”” brings equation (3.5.4.1) to the 


where Cp £0, Ky = 


1 2 
following form: w’, + —w!, = =* sinw + 2y sin 2w. 
z z 


> A solution in terms of Bessel functions. 


Any solution of the Riccati equation 


—k 
y, = ky? +——y +, (3.5.4.9) 
kz 
where k? = y, C=—5, k8+c(a—2k) =0, is a solution of equation (3.5.4.1). Substituting 
/ 
1 
zZ=AT, y= =, where \? = ke? into (3.5.4.9), we obtain a linear equation 
uU Cc 
ul, + ul, +u=0, 


kr 


whose general solution is expressed in terms of Bessel functions: 


U= 72k [C1 F.a.(r) + C2Y a (7) : 


> Asymptotic formulas and some properties. 
Let a = —( = 2v (v € R) and y = —6 = 1. Then 
y(z) -1l~ —¢2-"T(v + 4) gq Out h)/2—-2e as 2 -> +00, (3.5.4.10) 
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where cj is an arbitrary constant such that —1/m < c, < 1/7, and 
y(z) ~ eon” at «0, (3.5.4.11) 


where cz and o are constants such that cz ~ 0 and |Reo| < 1. The connection formulas 
relating (3.5.4.10) and (3.5.4.11) are 


+ 
INS) Tete) Let 
Q}a 


Py) 
Fv) 


NH] ele 


2 : = 
o =—aresin(me), co = 2°77 
T 


3.5.5 Fourth Painlevé Equation 
> Form of the fourth Painlevé equation. Solutions in the vicinity of a movable pole. 


The fourth Painlevé equation has the form 


” (y,.)° 33 2 2 p 
Ver = Dy + ay + 4zy* + Jz — a)y + e (3.5.5.1) 
The solutions of the fourth Painlevé equation are single-valued functions of z. 
The Laurent-series expansion of the solution of equation (3.5.5.1) in the vicinity of a 


movable pole z, is given by 


[oe] 
Be Bp a 3 + 2a — 4m)(z— %) + C(z— %)" + dail? — %)", 
where m = +1; 2 and C are arbitrary constants; and the a; (j > 3) are uniquely defined 


in terms of a, G, zp, and C. 

Remark 3.15. Equation (3.5.5.1) is invariant under the transformation y = Ay, z = AZ, a= an?, 
B = B, where \* = 1. 
> Rational particular solutions. 


Let y = y(z, a, 3) bea solution of equation (3.5.5.1). Then special rational solutions of the 
fourth Painlevé equation are 


yilz, £2, —2) > +1/2, yo(z, 0, —2) > —2z, y3(z, 0, —§) = =e. 


There are also three more complex families of solutions of equation (3.5.5.1) of the 
form 


yi(z, 01, 81) = Pin—1(z)/Qin(z), 
yo(z, a2, B2) = —2z + [Pon—1(2)/Q2n(2)], 
y3(z, 03,83) = —22 + [P3n-1(z)/Q3n(2)], 


where Pj.n—1(z) and Qjn(z) are polynomials of degrees n — 1 and n, respectively, with 
no common zeros. 
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Some rational particular solutions: 


ra—i(%) 
y=, = 1 SS. HST, Feces 
(m1) = ES 

Am() 
2=1, m1) = 82 + SH 1 ys 


where H,,,(z) are the Hermite polynomials. 
In general, equation (3.5.5.1) has rational solutions iff either 


a=m, B=-2(14+2n-—m), 


or 
a=mM, B= -2°F+2n—m)’, 
with m,n € Z. 


> Relation between solutions of two equations. Backlund transformations. 


Two solutions of equation (3.5.5.1) corresponding to different values of the parameters a 
and £ are related to each other by the Backlund transformations: 


| 

y= Jay Ue — 9 — 282y — sy"), q’ = —28, 
1 = _ we 

Y= ZU. — P+ 2s2y + sy’), p> = —28, 
sy 


7 2 
28 = —(a@s—1-— 4p), 


where y = y(z, a, 2), y = y(z, a, 8), and s is an arbitrary parameter. 


4a = —2s — 2a — 3sp, 


> A solution in terms of solutions of the Riccati equation. 


If the condition 
B= -2(1+eo)* with «=+1 


is satisfied, then every solution of the Riccati equation 


yl, = ey” + ezy — 2(1 + €a) G33.2) 


is simultaneously a solution of the fourth Painlevé equation (3.5.5.1). The general solution 
of equation (3.5.5.2) can be expressible in terms of parabolic cylinder functions. 
For a = 1 and € = —1, equation (3.5.5.2) has a solution 
_ 2exp(—z?) 
u= /m (C — erfe z)’ 
where C is an arbitrary constant and erfc z is the complementary error function. 


Remark 3.16. In general, equation (3.5.5.2) has solutions expressible in terms of parabolic 
cylinder functions iff either 


B=-2(2n+1+¢co)? or B=—2n?, 


with n € Zande = +1. 
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> Symmetric forms. 


Let 


fi + filfe — fs) + 2u1 = 0, 
fo + falfs — fi) + 2u2 = 0, 
f3 + fa(fi — fo) + 2u2 = 0, 


where [1, [J2, {43 are constants, f1, fo, f3 are functions of z (the prime denotes differentia- 
tion with respect to z), with 

fi + pe + p3 = 1, 

fit fe + fg = —22. 


Then the function y = f(z) satisfies equation (3.5.5.1) with 
A= p3—-p2, B= —2yy. 


3.5.6 Fifth Painlevé Equation 
> Form of the fifth Painlevé equation. Relations between solutions. 


The fifth Painlevé equation has the form 


j 3y-1 _, : —1)? 


dy(y +1 
ay + 2) +74 4 We 
Yy z 1 


y— 
If we pass on to the new independent variable z = eS, the solutions are single-valued 
functions of ¢. 

Solutions of the fifth Painlevé equation (3.5.6.1) corresponding to different values of 
parameters are related by: 


y(2,c, 8,70) = yl — 2,048, ="), 
1 
y(z,a, B,y,6 —— 7p, A 
( ) y(z, =.=, =7,0) 
> Rational particular solutions. 


Let y = y(z, a, 8,7, 6) be a solution of equation (3.5.6.1). Then special rational solutions 
of the fourth Painlevé equation are 


y(z, 5, Sh’, 2k — ky, —5k?) =kz+p, 
y(2, 7, kM, 2k, w) = k/(k + 2), 
U(2, gg» kM, M) = (k + 2)/(k — 2), 
where & and y are arbitrary constants. 
If 6 4 0 in (3.5.6.1), then set 6 = 1/2, without loss of generality. In this case the fifth 


Painlevé equation has a rational solution iff one of the following holds with m,n € Z and 
etl: 
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(a)a= 
|m| <n. 


(b) a= 


|m| <n. 
(c) a= 
constant. 
(dd) a= 
constant. 
(ce) a= 
the form 
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$(m + ey)? and 8 = — $n? , where n > 0, n + m is odd, and a ~ 0 when 


sn? and 8 = —4(m + ey)’, where n > 0, n + m is odd, and 8 ~ 0 when 


$a”, 8 =—4(a+n)’, and y = m, where n + m is even, and a is an arbitrary 
$(b+n)?, 8 = —5b?, and y = m, where n + m is even, and 0 is an arbitrary 


+(2m + 1)?, 8 = —$(2n + 1)?, and y ¢= Z. These rational solutions have 


P(e) 


ea Oe 


where P,,1(z) and Q,,(z) are polynomials of degrees n — 1 and n, respectively, with no 
common zeros. 


> Elementary nonrational particular solutions. 


Elementary nonrational solutions of the fifth Painlevé equation are 


y(2, LM, =4 —k py, 0) Sar ee 
y(z, 0, 0, LL, 5") = kexp(uz), 


where /; and y are arbitrary constants. 
Equation (3.5.6.1), with 6 = 0, has algebraic solutions if either 


or 


with n € Z. 


a=tw, B=-Z(2n-1), y=-1, 


= $(2n — 1)’, B=-Sy’, y=1, 


These are rational solutions in ¢ = z!/? of the form 


Y= Pe nsilG)/ Qnt—nlG)) 


where P,,2_»,41(C) and Q,2_,,(¢) are polynomials of degrees n? — n + 1 and n? — n, 
respectively, with no common zeros. 


> Cases when the fifth Painlevé equation are solvable by quadrature. 


1°. Equation (3.5.6.1), with y = 6 = 0, has a first integral 


z(yL)? = (y — 1)? (2ay? + Cy — 28), 


which is solvable by quadrature (C’ is an arbitrary constant). 


2°. On setting z = e! in (3.5.6.1), we obtain 


WW 


Yit = 


2y(y — 1 


Symi. g dy(y +1 
- (uh)? + - D8 (au +) + ave! 4 MOD eae (3.5.6.2) 


If y = 6 = 0, equation (3.5.6.2) is reduced, by integration, to a first-order autonomous 


equation: 


yt, = (y—1)V/2ay? + Cy — 28, 


which is readily integrable by quadrature. 
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> Solutions in terms of Whittaker functions. 


If 6 £ 0 in (3.5.6.1), then set 6 = 1/2, without loss of generality. Then the fifth Painlevé 
equation has solutions expressible in terms of Whittaker functions, only in the following 
three cases: 


(a) at+tb+esy = 2n+1, (3.5.6.3) 
(0) a=n, (3.5.6.4) 
fc). ba, (3.5.6.5) 


where n € Z, a = €,V 2a, and b = €2\/—28, with e; = £1, 7 = 1, 2, 3, independently. 
In the case when n = 0 in (3.5.6.3), any solution of the Riccati equation 
zy, = ay* + (b—a+e3z)y—b (3.5.6.6) 


is simultaneously a solution of the fifth Painlevé equation (3.5.6.1). If a 4 0, then equa- 
tion (3.5.6.6) has the solution 


y = —26,(2)/$(2), 
where 
o(z) = ¢* exp($¢) [Ci Mau (¢) + CoWi,n(0)], 
with ¢ = €32,k = $(a—b +1), w = $(a +b); Cy and Cy are arbitrary constants, and 
Mg,n(¢) and W;,,,(¢) are Whittaker functions. 


3.5.7 Sixth Painlevé Equation 


> Form of the sixth Painlevé equation. Relations between solutions. 


The sixth Painlevé equation has the form 


eg 1 1 2 1 1 1 
WE we BE pe ee W\4 (= ee 
= als saa tgaz)) (=+ +o). 


+ WW a4 p54 2 He— 1). 
#(z—1) y (y — 1) (y — 2) 
In equation (3.5.7.1), the points z = 0, z = 1, and z = ow are fixed logarithmic branch 
points. 

Solutions of the sixth Painlevé equation (3.5.7.1) corresponding to different values of 
parameters are related by: 


(3571) 


_ 1 
y(z, —B, ai 

a ae 
y(z, —B, —7, a, 6) =1 (to B78) 
Ue, “Bm 849 144) ee Ba 


The successive application of these relations yields 24 equations of the form (3.5.7.1) with 
different values of parameters related by known transformations. 
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> Rational particular solutions. 


Let y = y(z,a, 8,7, 6) be a solution of equation (3.5.7.1). Then special rational solutions 
of the sixth Painlevé equation are 


y(z, bs, —k? pw, 5-3 — w(k — 1)?) = kz, 
y(z, 0,0, 2,0) = kz”, 
y(z, 0,0, 4, 3) =h/ 2, 
y(z, 0,0, 2,4) = k/z?, 
y(z, 5(k + b)°, 5, 5 (uM — 1), $h(2— k)) = z/(k + pe), 


where &/; and y are arbitrary constants. 
In the general case, the sixth Painlevé equation has rational solutions if 


a+b+c+d=2n+1, neEZ, 
a=eV2a, b=€9\/-28, c=e3/27, d=eqvl1— 26, 


where €; = +1, j = 1, 2,3, 4, independently, and at least one of numbers a, b, c or d is an 
integer. 


> Solutions in terms of the elliptic function. 
1°. Ifa=6=~y=6 =0, the general solution of equation (19) has the form: 
y = E(Ciw1 + Cow, 2), 


where E(u, z) is the elliptic function, defined by the integral 


(3.5.7.2) 


Oe is dy 
v= f Vuy—- Duy) 


with periods 2w, and 2w2, which are functions of z. 


2°. Ifa=fP=7=0,6 4, the general solution of equation (3.5.7.1) has the form: 
y = E(wt Cho, + Cows, 2), 
where w ¥ 0 is any particular solution of the linear equation 


2(z—1)wi, + (22 -1)w 


ZZ 


! a 
Zz qw=0 


and F(u, z) is the elliptic function defined by formula (3.5.7.2). 


> Solutions in terms of hypergeometric functions. 
Equation (3.5.7.1) has solutions expressible in terms of hypergeometric functions iff 


at+b+c+d=2n+4+1, neZ, 
a=eV2a, b=€9\/-28, c=e63/2y, d=eqvl1— 26, 


with «; = +1, 7 = 1, 2, 3, independently. 


(3.5.7.3) 


3.6. Perturbation Methods of Mechanics and Physics 171 


If n = 1 in G.5.7.3), then every solution of the Riccati equation 


z(z — ly, = ay? + [(b+c)z — a — cy — bz, (3.5.7.4) 
is simultaneously a solution of equation (3.5.7.1). If a 4 0, then (3.5.7.4) has the solution 
we C-1 (0) pa 

a oC)’ Lae 


where 
o(¢) = CF (b, —a, b +; ¢) + Ose rd a b C, 1 C, 2 b C; ‘ey 


C; and C are arbitrary constants, and F(a, 3,7; ¢) is the hypergeometric function. 


@ For more details about Painlevé equations (including of some illustrative figures of 
Painlevé transcendental functions), see the list of references given below. 

© Literature for Section 3.5: P. Painlevé (1900), B. Gambier (1910), V. V. Golubev (1950), A. S. Fokas and 
M. J. Ablowitz (1982), A. R. Its and V. Yu. Novokshenov (1986), V. I. Gromak and N. A. Lukashevich (1990), 
R. Conte (1999), A. R. Chowdhury (2000), V. F. Zaitsev and A. D. Polyanin (2001), V. I. Gromak (2002), 
P. A. Clarkson (2003, 2006), A. D. Polyanin and V. F. Zaitsev (2003), A. D. Polyanin and A. V. Manzhirov 
(2007), F. W. J. Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark (2010). 


3.6 Perturbation Methods of Mechanics and Physics 


3.6.1. Preliminary Remarks. Summary Table of Basic Methods 


Perturbation methods are widely used in nonlinear mechanics and theoretical physics for 
solving problems that are described by differential equations with a small parameter e. 
The primary purpose of these methods is to obtain an approximate solution that would be 
equally suitable at all (small, intermediate, and large) values of the independent variable as 
e— 0. 

Equations with a small parameter can be classified according to the following: 


(i) the order of the equation remains the same at ¢ = 0; 
(ii) the order of the equation reduces at ¢ = 0. 


For the first type of equations, solutions of related problems* are sufficiently smooth (little 
varying as € decreases). The second type of equation is said to be degenerate at « = 0, 
or singularly perturbed. In related problems, thin boundary layers usually arise whose 
thickness is significantly dependent on ¢; such boundary layers are characterized by high 
gradients of the unknown. 

All perturbation methods have a limited domain of applicability; the possibility of using 
one or another method depends on the type of equations or problems involved. The most 
commonly used methods are summarized in Table 3.2 (the method of regular series expan- 
sions is set out in Section 3.6.2). In subsequent paragraphs, additional remarks and specific 
examples are given for some of the methods. In practice, one usually confines oneself to a 
few leading terms of the asymptotic expansion. 

In many problems of nonlinear mechanics and theoretical physics, the independent 
variable is dimensionless time ¢. Therefore, in this subsection we use the conventional t 
(0 <t < co) instead of x. 


“Further on, we assume that the initial and/or boundary conditions are independent of the parameter e. 
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TABLE 3.2 
Perturbation methods of nonlinear mechanics and theoretical physics 
(the third column gives n leading asymptotic terms with respect to the small parameter ¢). 


Method Examples of problems Form of the solution Additional 
name solved | __ solved by the method | the method | SE conditions and remarks 


Method 
of scaled 
parameters 
(0<t<o) 


Method 
of strained 
coordinates 
(0<t<o) 


Averaging 
method 
(0<t<oo) 


Krylov— 
Bogolyubov— 
Mitropolskii 
method 
(0<t<o) 


Method 
of two-scale 
expansions 
(0<t<oo) 


Multiple 
scales 
method 
(0<t<o) 


Method of 
matched 
asymptotic 
expansions 
(0<«<b) 


Method of 
composite 
expansions 
(0<«<b) 


One looks for periodic 


| Tinknowns scandens: | Yr and wr; 


Yr+1/Ye=O(1); 
secular terms are eliminated 
through selection 
of the constants w», 


solutions of the equation 


Yu woy=ef(y, YA)s 
see also Section 3.6.3 


Cauchy problem: 
y= f(t, y,€); y(to) =yo 
(f is of a special form); 
see also the problem in the 
method of scaled parameters 


Unknowns: y; and yx; 
Yr+1/Yr=O(1), 
pr+i/pr=O(1) 


y=a(t) cos g(8), 
the amplitude a and phase yp 
are governed by the equations 


Cauchy problem: 

Yu woy =ef (y, Yt)» 
y(0) =yo, y:(0) =y1; 
for more general problems 
see Section 3.6.4 


Unknowns: a and ¢; 


2 
=n So” 


F= f(acos y,—awosin ¢) 
y=acos e+'S ctyx(a,), 


aand ~ aa dcisentaad 
by the equations 


= > c*Ax(a), 


fe eS e*@,(a) 


k=1 


One looks for periodic 
solutions of the equation 
ytwoy=ef(y. yt); 
Cauchy problem for this 
and other equations 


Unknowns: yz, Ax, ®x; 
Yk are 27-periodic 
functions of y; 
the yx, are assumed 
not to contain cos y 


Cauchy problem: 
Yt woy =ef (y, Yt)» 
y(0) =yo, yi(0) =y1; 

for boundary value problems 

see Section 3.6.5 


Unknowns: yx and wy; 
Yr+1/Ye=O(1); 
secular terms are 

eliminated through 
selection of wx 


y= >> e*yx(E,n), where 
k=0 


€=et, n=t(14'S cwn), 
eget (Lte7wat- +) x 
One looks for periodic 
solutions of the equation 
yutwoy=ef(y, yt); 
Cauchy problem for this 
and other equations 


Unknowns: yz; 


yr+i/Yyk=O(1); 
for n= 1, this method 


n-1 
y= >> e* yx, where 
k=0 


, Tn) »Tp=e By . * 
7 is equivalent to 


Yr = yr(To, Th, ae 
OE a Oh ee OO : 
dt dT oT, OT, the averaging method 


Outer expansion: 
n—1 
y= D0 on(€)yn(x), Ole) Sa <b; 
k=0 
inner expansion (z= a /e): 


7-5 Bule\He(2), 0S 2 <O(6) 


Boundary value problem: 
EYort f(L, y)Y2=9(@,Y)s 
y(0) =yo, y(b) = Ye 
(f assumed positive); 
for other problems 
see Section 3.6.6 


Unknowns: yx, Ye, Tk: Tk; 
Yr+1/Yr=O(1), 
Ti+1/e=O(L): 
the procedure of matching 
expansions is used: 
y(a—>0)=y(z> cw) 


x, e)+Y(z, é), 
on(€)Yz(2), 


Boundary value problem: 
CVn t f(t, Y)Yo= g(x,y), 
y(0) =yo, y(b) =yp 
(f assumed positive); 
boundary value problems 
for other equations 


Unknowns: Yz, Vie Oks Ok; 
Y(b, €) = Vb» 

Y (0, €)+Y (0, €) = yo; 
two forms for the equation 
(in terms of x and z) 
are used to obtain solutions 


here, Y, ~ 0 as z 00 
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3.6.2 Method of Regular (Direct) Expansion in Powers of the Small 
Parameter 


We consider an equation of general form with a parameter ¢: 


Yet S(t yyy e) = 0. (3.6.2.1) 


We assume that the function f can be represented as a series in powers of €: 


FEW DE = fala). (3.6.2.2) 


Solutions of the Cauchy problem and various boundary value problems for equation 
(3.6.2.1) with ¢ — 0 are sought in the form of a power series expansion: 


y= > e"yn(t). (3.6.2.3) 


One should substitute (3.6.2.3) into equation (3.6.2.1) taking into account (3.6.2.2). Then 
the functions f,, are expanded into a power series in the small parameter and the coefficients 
of like powers of ¢ are collected and equated to zero to obtain a system of equations for y;: 


yo+fol(t, yo, Yo) = 9, (3.6.2.4) 
yitF (t, yo, Yo)¥1 + G(E, Yo, Yo)y1 + Silt, Yo, Yo) = 9, (3.6.2.5) 
Ofo Ofo 
F= G=—. 
Oy!’ Oy 


Here only the first two equations are written out. The prime denotes differentiation with 
respect to t. To obtain the initial (or boundary) conditions for y,,, the expansion (3.6.2.3) is 
taken into account. 

The success in the application of this method is primarily determined by the possibility 
of constructing a solution of equation (3.6.2.4) for the leading term yo. It is significant to 
note that the other terms y,, with n > 1 are governed by linear equations with homogeneous 
initial conditions. 


Example 3.26. The Duffing equation 
yn ty +ey? =0 (3.6.2.6) 


with initial conditions 

y(0) =a, y,(0) =0 
describes the motion of a cubic oscillator, i.e., oscillations of a point mass on a nonlinear spring. 
Here, y is the deviation of the point mass from the equilibrium and ¢ is dimensionless time. 

For ¢ — 0, an approximate solution of the problem is sought in the form of the asymptotic 
expansion (3.6.2.3). We substitute (3.6.2.3) into equation (3.6.2.6) and initial conditions and expand 
in powers of €. On equating the coefficients of like powers of the small parameter to zero, we obtain 
the following problems for yo and y1: 


yo + yo = 0, Yo=a, yo =0; 
val ry = —ye, Y= 0, y= 0 
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The solution of the problem for yo is given by 
Yo = acost. 


Substituting this expression into the equation for y; and taking into account the identity cos? t = 
4 cos 3t + 4 cost, we obtain 


yf + y1 = —fa°(cos 3t + 3 cost), yi =0, y, =0. 
Integrating yields 
y. = —2a°tsint + ya" (cos 3t — 3cost). 
Thus the two-term solution of the original problem is given by 
y = acost + ca®(—tsint + 3(cos3t — 3cost)] + O(e7). 


Remark 3.17. The term tsint causes y1/yo — oo as t — oo. For this reason, the solution 
obtained is unsuitable at large times. It can only be used for et < 1; this results from the condition 
of applicability of the expansion, yp > €y1. 

This circumstance is typical of the method of regular series expansions with respect to the small 
parameter; in other words, the expansion becomes unsuitable at large values of the independent 
variable. This method is also inapplicable if the expansion (3.6.2.3) begins with negative powers 
of ¢. Methods that allow avoiding the above difficulties are discussed below in Sections 3.6.3 
through 3.6.5. 


Remark 3.18. Growing terms as t — oo, like t sint, that narrow down the domain of applica- 
bility of asymptotic expansions are called secular. 


3.6.3 Method of Scaled Parameters (Lindstedt—Poincaré Method) 


We illustrate the characteristic features of the method of scaled parameters with a specific 
example (the transformation of the independent variable we use here as well as the form of 
the expansion are specified in the first row of Table 3.2). 
Example 3.27. Consider the Duffing equation (3.6.2.6) again. On performing the change of 
variable 
t= 2(1t+eu,+---), 
we have 
yf + (1t+ew +++: )?(y + ey?) =0. (3.6.3.1) 


The solution is sought in the series form 


y = yo(z) +eyi(z) +--- 


Substituting it into equation (3.6.3.1) and matching the coefficients of like powers of €, we arrive at 
the following system of equations for two leading terms of the series: 


yl! + yo = 0, (3.6.3.2) 
yf! +41 = —y2 — Qwiyo, (3.6.3.3) 


where the prime denotes differentiation with respect to z. 
The general solution of equation (3.6.3.2) is given by 


Yo = acos(z + b), (3.6.3.4) 


where a and b are constants of integration. Taking into account (3.6.3.4) and rearranging terms, we 
reduce equation (3.6.3.3) to 


uf + un =—4a* cos[3(z +6)] —2a(2a? +u1)cos(z +8). 63.8) 


3.6. Perturbation Methods of Mechanics and Physics 175 


For w; 4 — 20’, the particular solution of equation (3.6.3.5) contains a secular term proportional to 
zcos(z-+ b). In this case, the condition of applicability of the expansion y /yo = O(1) (see the first 
row and the last column of Table 3.2) cannot be satisfied at sufficiently large z. For this condition 


to be met, one should set 


Wy = —2a’. (3.6.3.6) 
In this case, the solution of equation (3.6.3.5) is given by 
yi = yza° cos[3(z + b)]. (3.6.3.7) 


Subsequent terms of the expansion can be found likewise. 
With (3.6.3.4), (3.6.3.6), and (3.6.3.7), we obtain a solution of the Duffing equation in the form 


y = acos(wt + b) + zyea° cos[3(wt + b)] + O(e7), 
w= [1— dea? + O(e?)]~* = 1+ ca” + Ol”). 


3.6.4 Averaging Method (Van der Pol—Krylov-Bogolyubov Scheme) 
> Averaging method for equations of a special form. 


1°. The averaging method involved two stages. First, the second-order nonlinear equation 


yun + woy = ef (y, Yt) (3.6.4.1) 
is reduced with the transformation 
Y = acos ”, y} = —woasin y, where a=a(t), p= y(t), 


to an equivalent system of two first-order differential equations: 


1 E : ; 
i= —7, 7 cos Y, —woasin y) sin y, 
0 


: (3.6.4.2) 
( = Wo — ——f(acos y, —woasin y) cos y. 
Waa 


The right-hand sides of equations (3.6.4.2) are periodic in y, with the amplitude a being 
a slow function of time t. The amplitude and the oscillation character are changing little 
during the time the phase y changes by 27. 

At the second stage, the right-hand sides of equations (3.6.4.2) are being averaged with 
respect to y. This procedure results in an approximate system of equations: 


E 
ay = —7, Fs); 
> - (3.6.4.3) 
yi, = wo — —fe(a), 
Woa 


where 


1 20 
ia) = ral sin y f(acos y, —woasin y) dy, 


1 20 
ia) = x | cos y f (acos y, —woasin y) dy. 


System (3.6.4.3) is substantially simpler than the original system (3.6.4.2)—the first equa- 
tion in (3.6.4.3), for the oscillation amplitude a, is a separable equation and, hence, can 
readily be integrated; then the second equation in (3.6.4.3), which is linear in y, can also 
be integrated. 

Note that the Krylov-Bogolyubov—Mitropolskii method (the fourth row in Table 3.2) 
generalizes the above approach and allows obtaining subsequent asymptotic terms as ¢ > 0. 
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> General scheme of the averaging method. 


Below we outline the general scheme of the averaging method. We consider the second- 
order nonlinear equation with a small parameter: 


Ue + 9(t, Ui) = Ef (t, Ys ¥t)- (3.6.4.4) 
Equation (3.6.4.4) should first be transformed to the equivalent system of equations 
Yi =U, 
Uy = —g(t, Y; u) oF ef (t, Y; u). 
Suppose the general solution of the “truncated” system (3.6.4.5), with « = 0, is known: 
yo = (t,C1,C2), uo = ¥(t, C1, C2), (3.6.4.6) 


where C and C2 are constants of integration. Taking advantage of the method of variation 
of constants, we pass from the variables y, u in (3.6.4.5) to Lagrange’s variables +1, x2 
according to the formulas 


Y= OE, Ci, 82), w= w(t01, 2), (3.6.4.7) 


where y and w are the same functions that define the general solution of the “truncated” 
system (3.6.4.6). Transformation (3.6.4.7) enables the reduction of system (3.6.4.5) to the 
standard form 


(3.6.4.5) 


a = eFi(t, v5), 


3.6.4.8 
Lo = éFo(t, 21,22). ( ) 
Here the prime denotes differentiation with respect to ¢ and 
= pof (t, p, W) Fy = gif (t, y,) . y= Ov Wh = Oy 
pov — via’ pov — via’ Oxy’ Oxy,’ 


yp = p(t, £1, £2), w = W(t, £1, 22). 
It is noteworthy that system (3.6.4.8) is equivalent to the original equation (3.6.4.4). 
The unknowns 2, and x2 are slow functions of time. 
As a result of averaging, system (3.6.4.8) is replaced by a simpler, approximate au- 
tonomous system of equations: 


xh = EF, (is £2), 


3.6.4.9 
i = €F»(x1,22), ( ) 
where 
1 rt 
Fy ai, 3) = al Fy (t, 21502) at if F, is a T-periodic function of t; 
0 
iy 
Fy(a1,%2) = lim = | Fy(t,21,22)dt if Fy is not periodic in t. 
T3000 T 0 


Remark 3.19. The averaging method is applicable to equations (3.6.4.1) and (3.6.4.4) with non- 
smooth right-hand sides. 


Remark 3.20. The averaging method has rigorous mathematical substantiation. There is also a 
procedure that allows finding subsequent asymptotic terms. For this procedure, e.g., see the books 
by Bogolyubov and Mitropolskii (1974), Zhuravlev and Klimov (1988), and Arnold, Kozlov, and 
Neishtadt (1993). 
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3.6.5 Method of Two-Scale Expansions (Cole—Kevorkian Scheme) 
> Method of two-scale expansions for a specific example (Van der Pol equation). 


We illustrate the characteristic features of the method of two-scale expansions with a spe- 
cific example. Thereafter we outline possible generalizations and modifications of the 
method. 


Example 3.28. Consider the Van der Pol equation 
yn ty =e(1—y")y. (3.6.5.1) 
The solution is sought in the form (see the fifth row in Table 3.2): 
y = yo(E,n) + ey(E,n) + €7yo(E,n) ++: , 
€=et, n= (1+ 6?wo+---)t. 


On substituting (3.6.5.2) into (3.6.5.1) and on matching the coefficients of like powers of €, we 
obtain the following system for two leading terms: 


(3.6.5.2) 


Oyo 

Fp + 90 =O (3.6.5.3) 
a? oP a 

2 Ze ded ge) (3.6.5.4) 


ay SS 
ae OED 
The general solution of equation (3.6.5.3) is given by 
yo = A(E) cosn + B(E) sin n. (3.6.5.5) 

The dependence of A and B on the slow variable € is not being established at this stage. 
We substitute (3.6.5.5) into the right-hand side of equation (3.6.5.4) and perform elementary 

manipulations to obtain 

Py 
On? 


On 


+ y, = [-2B; + =B(4— A’ — B?)| cosn + (24, — $A(4— A? — B?)| sinn 
+ 4(B® — 3A?B) cos3n + 4(A® — 3AB?) sin 3n. (3.6.5.6) 
The solution of this equation must not contain unbounded terms as 7 — 00; otherwise the necessary 
condition y; /yo = O(1) is not satisfied. Therefore the coefficients of cos 7 and sin must be set 
equal to zero: 
—2B; + 7B(4— A’ — B’) =0, 
2A. — 7A(4 — A? — B?) = 0. 
Equations (3.6.5.7) serve to determine A = A(£) and B = B(€). We multiply the first equation 
in (3.6.5.7) by —B and the second by A and add them together to obtain 
re — gr(4—r?) =0, where r? = A? + B?. (3.6.5.8) 


The integration by separation of variables yields 


(3.6.5.7) 


2 4ré 
r= a4 (4— ree" (3.6.5.9) 
where 79 is the initial oscillation amplitude. 

On expressing A and B in terms of the amplitude r and phase y, we have A = rcosy and 
B= -—rsing. Substituting these expressions into either of the two equations in (3.6.5.7) and 
using (3.6.5.8), we find that Ye = 0 or y = Yo = const. Therefore the leading asymptotic term can 
be represented as 

yo = r(€) cos(n + Yo), 
where € = et and 7 = t, and the function r(&) is determined by (3.6.5.9). 
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> General scheme of the method of two-scale expansions. 


The method of two-scale expansions can also be used for solving boundary value problems 
where the small parameter appears together with the highest derivative as a factor (such 
problems for 0 < x < a are indicated in the seventh row of Table 3.2 and in Section 3.6.6). 
In the case where a boundary layer arises near the point x = O (and its thickness has an 
order of magnitude of €), the solution is sought in the form 


y = yolE,m) + eyi(E,7) +e7yol(En) +---, 
€=2, n=e '[go(x) +egi(x) +e? G(x) +--+], 


where the functions yz, = yx(&,7) and gx = gx(x) are to be determined. The derivative 
with respect to x is calculated in accordance with the rule 


cen eee ener emt + Eg) bern ee 
dz Of °° Gy OF “ eV OE 2” On’ 
Additional conditions are imposed on the asymptotic terms in the domain under consider- 


ation; namely, yx41/y~ = O(1) and gx+1/g~ = O(1) for k = 0, 1, ..., and go(x) > x as 
x — 0. 


Remark 3.21. The two-scale method is also used to solve problems that arise in mechanics and 
physics and are described by partial differential equations. 


3.6.6 Method of Matched Asymptotic Expansions 
> Method of matched asymptotic expansions for a specific example. 


We illustrate the characteristic features of the method of matched asymptotic expansions 
with a specific example (the form of the expansions is specified in the seventh row of 
Table 3.2). Thereafter we outline possible generalizations and modifications of the method. 


Example 3.29. Consider the linear boundary value problem 
EYrn + Ur + f(a)y = 0, (3.6.6.1) 
y(0)=a, y(1) =5, (3.6.6.2) 


where 0 < f(0) < co. 
At € = 0 equation (3.6.6.1) degenerates; the solution of the resulting first-order equation 


y, + f(x)y =0 (3.6.6.3) 


cannot meet the two boundary conditions (3.6.6.2) simultaneously. It can be shown that the condi- 
tion at x = 0 has to be omitted in this case (a boundary layer arises near this point). 

The leading asymptotic term of the outer expansion, y = yo(«)+O(e), is determined by equation 
(3.6.6.3). The solution of (3.6.6.3) that satisfies the second boundary condition in (3.6.6.2) is given 
by 


yo(x) = bexp| | f(©) ie. (3.6.6.4) 


We seek the leading term of the inner expansion, in the boundary layer adjacent to the left 
boundary, in the following form (see the seventh row and third column in Table 3.2): 


¥=Yo(z)+O(c), z=2/e, (3.6.6.5) 
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where z is the extended variable. Substituting (3.6.6.5) into (3.6.6.1) and extracting the coefficient 
of e—!, we obtain 
Yo + Yo = 0, (3.6.6.6) 


where the prime denotes differentiation with respect to z. The solution of equation (3.6.6.6) that 
satisfies the first boundary condition in (3.6.6.2) is given by 


Jo =a—-C+Ce-*. (3.6.6.7) 


The constant of integration C’ is determined from the condition of matching the leading terms of the 
outer and inner expansions: 
yo(a + 0) = yo(z > ov). (3.6.6.8) 


Substituting (3.6.6.4) and (3.6.6.7) into condition (3.6.6.8) yields 
1 
C=a-—be!), where (f) =} f(x) da. (3.6.6.9) 
0 


Taking into account relations (3.6.6.4), (3.6.6.5), (3.6.6.7), and (3.6.6.9), we represent the ap- 
proximate solution in the form 


(3.6.6.10) 


bef) + (a— be )e“*/* for 0< x < Ole), 
Y= 


bew|f f(é) de] for O(e)<2<1 


It is apparent that inside the thin boundary layer, whose thickness is proportional to , the solution 
rapidly changes by a finite value, A = be‘/) — a. 

To determine the function y on the entire interval x € [0, 1] using formula (3.6.6.10), one has 
to “switch” at some intermediate point x = zg from one part of the solution to the other. Such 
switching is not convenient and, in practice, one often resorts to a composite solution instead of 
using the double formula (3.6.6.10). In similar cases, a composite solution is defined as 


y = yo(x) + Yo(z) — A, A= lim yo(x) = lim yo(z). 
xz—0 Z—00 


In the problem under consideration, we have A = be‘/) and hence the composite solution be- 
comes 


y = (a — belF)e-*/ + bexp if f(f) a] 
For e < x < 1, this solution transforms to the outer solution yo(a) and for 0 < a < ¢, to the inner 
solution, thus providing an approximate representation of the unknown over the entire domain. 
> General scheme of the method of matched asymptotic expansions. Some remarks. 
We now consider an equation of the general form 
EYre = F(z, 9; Yn) (3.6.6.11) 


subject to boundary conditions (3.6.6.2). 
For the leading term of the outer expansion y = yo(x) +---, we have the equation 


F(x, yo, Yo) = 0. 


In the general case, when using the method of matched asymptotic expansions, the 
position of the boundary layer and the form of the inner (extended) variable have to be 
determined in the course of the solution of the problem. 
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First we assume that the boundary layer is located near the left boundary. In (3.6.6.11), 
we make a change of variable z = x/5(e) and rewrite the equation as 


WN 0 1 if 

Your = —F (dz, =y!), (3.6.6.12) 
E é6 

The function 6 = d(e€) is selected so that the right-hand side of equation (3.6.6.12) has a 

nonzero limit value as ¢ —> 0, provided that z, y, and y/, are of the order of 1. 


Example 3.30. For F(a, y,y/,) = —ka*y/, + y, where 0 < \ < 1, the substitution z = 2/5(e) 


brings equation (3.6.6.11) to 
ita . 62 
/ 
Vez FT é kz Y2t TY 
In order that the right-hand side of this equation has a nonzero limit value as ¢ —> 0, one has to set 


1 
61+4/e = 1 or 6'*+4/e = const, where const is any positive number. It follows that 6 = e1+%. 
The leading asymptotic term of the inner expansion in the boundary layer, y = yo(z) +---, is 
determined by the equation yj + kz*yj = 0, where the prime denotes differentiation with respect 
to z. 


If the position of the boundary layer is selected incorrectly, the outer and inner expan- 
sions cannot be matched. In this situation, one should consider the case where an arbitrary 
boundary layer is located on the right (this case is reduced to the previous one with the 
change of variable x = 1 — z). In Example 3.30 above, the boundary layer is on the left if 
k; > O and on the right if k < 0. 

There is a procedure for matching subsequent asymptotic terms of the expansion (see 
the seventh row and last column in Table 3.2). In its general form, this procedure can be 
represented as 


inner expansion of the outer expansion (y-expansion for x — 0) 


= outer expansion of the inner expansion (y-expansion for z — 00). 


Remark 3.22. The method of matched asymptotic expansions can also be applied to construct 
periodic solutions of singularly perturbed equations (e.g., in the problem of relaxation oscillations 
of the Van der Pol oscillator). 


Remark 3.23. Two boundary layers can arise in some problems (e.g., in cases where the right- 
hand side of equation (3.6.6.11) does not explicitly depend on y/,). 


Remark 3.24. The method of matched asymptotic expansions is also used for solving equations 
(in semi-infinite domains) that do not degenerate at ¢ = 0. In such cases, there are no boundary 
layers; the original variable is used in the inner domain, and an extended coordinate is introduced 
in the outer domain. 


Remark 3.25. The method of matched asymptotic expansions is successfully applied for the 
solution of various problems in mathematical physics that are described by partial differential equa- 
tions; in particular, it plays an important role in the theory of heat and mass transfer and in hydro- 
dynamics. 


© Literature for Section 3.6: M. Van Dyke (1964), G. D. Cole (1968), G. E. O. Giacaglia (1972), A. H. Nayfeh 
(1973, 1981), N. N. Bogolyubov and Yu. A. Mitropolskii (1974), J. Kevorkian and J. D. Cole (1981, 1996), 
P. A. Lagerstrom (1988), V. Ph. Zhuravlev and D. M. Klimov (1988), J. A. Murdock (1991), V. I. Arnold, 
V. V. Kozlov, and A. I. Neishtadt (1993), V. F. Zaitsev and A. D. Polyanin (2001), A. D. Polyanin and V. F. Za- 
itsev (2003), A. D. Polyanin and A. V. Manzhirov (2007). 
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3.7 Galerkin Method and Its Modifications 
(Projection Methods) 


3.7.1. Approximate Solution for a Boundary Value Problem 
> Approximate solution is linear with respect to unknown coefficients. 


Consider a boundary value problem for the equation 


Sly] — f(x) =0 (3.7.1.1) 


with linear homogeneous boundary conditions* at the points 7 = x1 and x = x (41 <7 < 
x2). Here, § is a linear or nonlinear differential operator of the second order (or a higher 
order operator); y = y(zx) is the unknown function and f = f(x) is a given function. It is 
assumed that §[0] = 0. 

Let us choose a sequence of linearly independent functions (called basis functions) 


e= 0, (z) (SA Dy cee cog AV) (3.7.1.2) 


satisfying the same boundary conditions as y = y(a). According to all methods that will 
be considered below, an approximate solution of equation (3.7.1.1) is sought as a linear 
combination 


N 
yn = >> Anvn(a), (3.7.1.3) 
n=1 


with the unknown coefficients A,, to be found in the process of solving the problem. 

The finite sum (3.7.1.3) is called an approximation function. The remainder term 
Ry obtained after the finite sum has been substituted into the left-hand side of equation 
3.7.1.1), 


Ry = Slyn] — f (2). (3.7.1.4) 


If the remainder Ry is identically equal to zero, then the function yy is the exact 
solution of equation (3.7.1.1). In general, Ry ¥ 0. 


> General form of an approximate solution. 


Instead of the approximation function (3.7.1.3), which is linear in the unknown coeffi- 
cients A,,, one can look for a more general form of the approximate solution: 


yn = ®(a, Aj,..., An), (3.7.1.5) 


where ®(x, Aj,..., Ay) is a given function (based on experimental data or theoretical 
considerations suggested by specific features of the problem) satisfying the boundary con- 
ditions for any values of the coefficients A;,..., Ay. 


“For second-order ODEs, nonhomogeneous boundary conditions can be reduced to homogeneous ones by 
the change of variable z = Aox? + Ayx+Ao+ y (the constants Az, Ai, and Ap are selected using the method 
of undetermined coefficients). 
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3.7.2 Galerkin Method. General Scheme 


In order to find the coefficients A,, in (3.7.1.3), consider another sequence of linearly inde- 
pendent functions 


wh = ve(2) (k= 1, 2,..., N). (3.7.2.1) 


Let us multiply both sides of (3.7.1.4) by ~, and integrate the resulting relation over the 
region V = {a1 < x < 2x9}, in which we seek the solution of equation (3.7.1.1). Next, 
we equate the corresponding integrals to zero (for the exact solutions, these integrals are 
equal to zero). Thus, we obtain the following system of linear algebraic equations for the 
unknown coefficients A,,: 


x2 
/ wRndc=0 (k=1,2,...,N). G72) 
ry 


Relations (3.7.2.2) mean that the approximation function (3.7.1.3) satisfies equation 
(3.7.1.1) “on the average” (i.e., in the integral sense) with weights 7;. Introducing the 
x2 


scalar product (g,h) = gh dz of arbitrary functions g and h, we can consider equa- 


tions (3.7.2.2) as the condition of orthogonality of the remainder Ry to all weight func- 
tions wy. 

The Galerkin method can be applied not only to boundary value problems, but also to 
eigenvalue problems (in the latter case, one takes f = Ay and seeks eigenfunctions yp, 
together with eigenvalues .,,). 

Mathematical justification of the Galerkin method for specific boundary value problems 
can be found in the literature listed at the end of Section 3.7. Below we describe some other 
methods that are in fact special cases of the Galerkin method. 


Remark 3.26. Most often, one takes suitable sequences of polynomials or trigonometric func- 
tions as y,, (a) in the approximation function (3.7.1.3). 


3.7.3. Bubnov—Galerkin, Moment, and Least Squares Methods 


> Bubnov—Galerkin method. 


The sequences of functions (3.7.1.2) and (3.7.2.1) in the Galerkin method can be chosen 
arbitrarily. In the case of equal functions, 


the method is often called the Bubnov—Galerkin method. 


> Moment method. 


2°. The moment method is the Galerkin method with the weight functions (3.7.2.1) being 
powers of x, 


de = 2. (3.7.3.2) 
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> Least squares method. 


Sometimes, the functions 7; are expressed in terms of y; by the relations 


Ve = 8[vx] (R= 1,4, x3) 


where § is the differential operator of equation (3.7.1.1). This version of the Galerkin 
method is called the least squares method. 


3.7.4 Collocation Method 


In the collocation method, one chooses a sequence of points x,, k =1,...,.N, and imposes 
the condition that the remainder (3.7.1.4) be zero at these points, 


Ryn =0 at t=, (= Lecco lV (3.7.4.1) 


When solving a specific problem, the points x;, at which the remainder Ry is set equal 
to zero, are regarded as most significant. The number of collocation points N is taken equal 
to the number of the terms of the series (3.7.1.3). This enables one to obtain a complete 
system of algebraic equations for the unknown coefficients A,, (for linear boundary value 
problems, this algebraic system is linear). 

Note that the collocation method is a special case of the Galerkin method with the 
sequence (3.7.2.1) consisting of the Dirac delta functions: 


Pp = O(a — xx). 


In the collocation method, there is no need to calculate integrals, and this essentially 
simplifies the procedure of solving nonlinear problems (although usually this method yields 
less accurate results than other modifications of the Galerkin method). 


Example 3.31. Consider the boundary value problem for the linear variable-coefficient second- 
order ordinary differential equation 


Yeo + o(a)y — f(z) =0 (3.7.4.2) 
subject to the boundary conditions of the first kind 
y(—1) = y(1) = 0. (3.7.4.3) 


Assume that the coefficients of equation (3.7.4.2) are smooth even functions, so that f(a) = 
f(—a) and g(x) = g(—2). We use the collocation method for the approximate solution of problem 
(3.7.4.2)-(3.7.4.3). 


1°. Take the polynomials 


un(z) = 2?" (1 — 2”), mH 1, 2,4. N, 


as the basis functions; they satisfy the boundary conditions (3.7.4.3), y,(+1) = 0. 
Let us consider three collocation points 
tj=-o0, %=0, wt3=0 (0<a<1) (3.7.4.4) 


and confine ourselves to two basis functions (NV = 2), so that the approximation function is taken in 
the form 
y(x) = Ay(1 — 2”) + Agx?(1 — 2”). (3.7.4.5) 
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Figure 3.4: Comparison of the numerical solution of problem (3.7.4.2), (3.7.4.3), (3.7.4.7) 
with the approximate analytical solution (3.7.4.5), (3.7.4.8) obtained with the collocation 
method. 


Substituting (3.7.4.5) in the left-hand side of equation (3.7.4.2) yields the remainder 
R(x) = A, [-2 +(1- x”)g(x)| + Ag [2 — 1227 +27(1- x”)g(x)| — f(x). 


It must vanish at the collocation points (3.7.4.4). Taking into account the properties f(7) = f(—c) 
and g(7) = g(—o), we obtain two linear algebraic equations for the coefficients A; and Ag: 


A;[—2+9(0)] +242—f(0)=0 (atx =0), 
A;[—2 + (1 — 07)g(o)] + Ag[2 — 1207 + 07(1—07)g(o)] — f(c) =0 = (atx = +0) 


(3.7.4.6) 
2°. To be specific, let us take the following functions entering equation (3.7.4.2): 
f(z) =-1, g(x) =1+4 27. (3.7.4.7) 
On solving the corresponding system of algebraic equations (3.7.4.6), we find the coefficients 
o4 +11 o 
Ay = > => Oo 3.7.4.8 
+ oF 4202411? 7? 4420? 411 ‘ 


In Fig. 3.4, the solid line depicts the numerical solution to problem (3.7.4.2)—(3.7.4.3), with the 
functions (3.7.4.7), obtained by the shooting method (see Section 3.8.5). The dashed lines | and 2 
show the approximate solutions obtained by the collocation method using the formulas (3.7.4.5), 
(3.7.4.8) with go = 4 (equidistant points) and g = va (Chebyshev points, see Section 4.5), re- 
spectively. It is evident that both cases provide good coincidence of the approximate and numerical 
solutions; the use of Chebyshev points gives a more accurate result. 


Remark 3.27. The theorem of convergence of the collocation method for linear boundary value 
problems is given in Section 4.5, where nth-order differential equations are considered. 
3.7.5 Method of Partitioning the Domain 


The domain V = {x < x < 29} is split into N subdomains: Vi, = {x,1 < © < rp}, 
k =1,...,N. In this method, the weight functions are chosen as follows: 


1 for ce Vy, 
Ve(z) = 
O for « Z Vx. 
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The subdomains V; are chosen according to the specific properties of the problem under 
consideration and can generally be arbitrary (the union of all subdomains V; may differ 
from the domain V, and some V;, and V,, may overlap). 


3.7.6 Least Squared Error Method 


Sometimes, in order to find the coefficients A,, of the approximation function (3.7.1.3), one 
uses the least squared error method based on the minimization of the functional: 


x2 
® = / R3, dx > min. (3.7.6.1) 
ry 


For given functions y,, in (3.7.1.3), the integral ® is a function with respect to the co- 
efficients A,,. The corresponding necessary conditions of minimum in (3.7.6.1) have the 
form 


O® 
ry GS Apeweyll ), 


This is a system of algebraic (transcendental) equations for the coefficients A,. 


©) Literature for Section 3.7: L. V. Kantorovich and V. I. Krylov (1962), M. A. Krasnosel’skii, G. M. Vai- 
nikko, et al. (1969), B. A. Finlayson (1972), G. A. Korn and T. M. Korn (2000), A. D. Polyanin and V. F. Zaitsev 
(2003), A. D. Polyanin and A. V. Manzhirov (2007). 


3.8 Iteration and Numerical Methods 


3.8.1 Method of Successive Approximations (Cauchy Problem) 


The method of successive approximations is implemented in two steps. First, the Cauchy 
problem 


You = £24, ¥r) (equation), (3.8.1.1) 
y(o) = Yo, Yu(Z0) = YO (initial conditions ) (3.8.1.2) 


is reduced to an equivalent system of integral equations by the introduction of the new 
variable u(x) = y/,. These integral equations have the form 


x x 


u(z) =%+ f f(t, y(t), u(t)) dt, — y() =w+ f u(t) dt. (3.8.1.3) 


-0 
Then the solution of system (3.8.1.3) is sought by means of successive approximations 
defined by the following recurrence formulas: 


ep aD) =v+ | 


xO 


x x 


f(t,yn(t),un(t)) dt, dn4a(e)=got / tn(t)dt; n=0,1,2,... 


x0 
As the initial approximation, one can take yo(x) = yo and uo(x) = yp. 


Remark 3.28. If the right-hand side of equation (3.8.1.1) is independent of the derivative, i.e., 
f(x,y, yi.) = f(x, y), the equation can simply be differentiated twice taking into account the initial 
conditions without reducing it to system (3.8.1.3). In doing so, we arrive at the integral equation 


Y=Yot yout fe —t)f(t,y(t)) dt. 
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The solution of problem (3.8.1.1}-(3.8.1.1) (3.8.1.3) is sought using successive approximations 
defined by the recurrence formulas 


Yn41(2) =w+yie+ f (x — t) f (t, yn(t)) dt; n=0, 1, 2,... 
0 


As the initial approximation, one can take yo(%) = yo + yOz. 


3.8.2 Runge—Kutta Method (Cauchy Problem) 


For the numerical integration of the Cauchy problem (3.8.1.1)—(3.8.1.2), one often uses the 
Runge-Kutta method of the fourth-order approximation. 
Let the mesh increment h be sufficiently small. We introduce the following notation: 


rk, = 29 +kh, Yk = y(Zk), Vie = ( 0%), Fr = F (Cis Verde) k=0, L, 2, a 
The desired values y, and yj, are successively found by the formulas 


Vert = Yk + hy, + G7 (G1 + Y2 + $3); 
Your = Ve + Er(Y1 + 22 + 23 + ya), 


where ; 
Lk Yky Yr) ’ 


f( 
y2 =f (re + 5h, ye + Shy, Ye + Zhe), 

f(t + 5hy un + Shy, + Fh G1, ve + Fhy2), 
yr =f (te th, yx thy, + sh? yr, yp, + hys)- 


In practice, the step Ax is determined in the same way as for first-order equations (see 
Remark 1.32 in Section 1.13.1). 


aS) 


t= 


3.8.3 Reduction to a System of Equations (Cauchy Problem) 


The Cauchy problem (3.8.1.1)—(3.8.1.2) for a single second-order equation can be reduced 
with the new variable z = y/, to the Cauchy problem for a system of two first-order equa- 
tions: 

y=2, = f(x,y,2) (equations), 


y(%o) = yo, 2(20) = yo _ (initial conditions). 


This problem can be numerically integrated using the methods described in Section 7.4. 


3.8.4 Predictor—Corrector Methods (Cauchy Problem) 


> Second-order equation of the general form. 


We look at equation (3.8.1.1). 
(i) Predictor step. With the values at x,_3, p-2, LE-1, and xz, one uses the formula 


Year = Ve_3 + Zh(2he — fe—1 + 2fe—-2) 


to compute an initial guess value of the derivative at 7,41. 
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(ii) Corrector step. One improves the initial guess by computing the value of y and its 
derivative at x,41 using the formulas 


(Ghar + 4Y% + Ye—1)s 
(feti t4fet+ fr_1), 


Ykt+1 = Yr-1 7 = 


Ve = Vet aa 
where frit = f(€e41, YR+1) Ve41): 


> Second-order equation of a special form. 


If the right-hand side of equation (3.8.1.1) is independent of the derivative, i.e., f = f(x,y), 
one can use the predictor formula 


Teri = 2yn—1 — yr_3 + Sh? (fae + fe—1 + fr—2) 


and then use Stoermer’s rule as the corrector: 


Yk+1 = 2YK — YR-i + ah? (fies + 10f, + fe-1)- 


3.8.5 Shooting Method (Boundary Value Problems) 


The key idea of the shooting method is to reduce the solution of the original boundary 
value problem for a given differential equation to multiple solutions of auxiliary Cauchy 
problems for the same differential of equation. 


> Boundary problems with first, second, third and mixed boundary conditions. 


1°. Suppose that one deals with a boundary value problem, in the domain 7, < x < 2a, 
for equation (3.8.1.1) subject to the simple boundary conditions of the first kind 


y(vi) =a, y(x2) =), (3.8.5.1) 


where a and b are given numbers. 
Let us look at an auxiliary Cauchy problem for equation (3.8.1.1) with the initial con- 
ditions 
y(ai1)=a, yf,(a1) =A. (3.8.5.2) 


For any 4, the solution to this Cauchy problem satisfies the first boundary condition in 
(3.8.5.1) at the point x = x, (the solution can be obtained by the Runge-Kutta method or 
any other suitable numerical method). The original problem will be solved if we find a 
value \ = \, such that the solution y = y(a, A.) coincides at the point « = x2 with the 
value required by the second boundary condition in (3.8.5.1): 


ato, Ay) = b: 


First, we set an arbitrary number A = ), (e.g., A; = 0) and solve the Cauchy problem 
(3.8.1.1), (3.8.5.2) numerically. The solution results in the number 


Ay = y (x2, 1) — b. (3.8.5.3) 
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Then, we choose a different value A = A2 and compute 
A> = y (xa, A2) — b. (3.8.5.4) 


Suppose that A2 has been chosen so that A; and Ag have different signs (perhaps, a few 
tries will be required to choose a suitable 2). By virtue of the continuity of the solution 
in A, the desired value A, will lie between A; and A. Then, we set, for example, A3 = 
5(\1 + Az) and solve the Cauchy problem to obtain Az. Out of the two previous values \; 
(j = 1, 2), we keep the one for which A; and Az have different signs. The desired A, will 
be between the \; and 3. Further, by setting A4 = $(A; +3), we find Ay and so on. The 
process is repeated until we find \,. with a required accuracy. 


Remark 3.29. The above algorithm can be improved by using, instead of bisections, the follow- 
ing formulas: 


|A2|A1 + |Ai|A2 [A3l|Aj + |AslA3 

[Az|+ [Ai] [As] +|Aj| 
2°. Table 3.3 lists the initial conditions that should be used in the auxiliary Cauchy problem 
to numerically solve boundary value problems for the second-order equation (3.8.1.1) with 
different linear boundary conditions at the left endpoint. The parameter \ in the Cauchy 
problem is selected so as to satisfy the boundary condition at the right endpoint. 


43 = A4 = 


TABLE 3.3 
Initial conditions in the auxiliary Cauchy problem used to solve 
boundary value problems by the shooting method (71 < x < a2) 


Problem Boundary condition Initial conditions 
at ee) left end 
—= First boundary value problem =a, y', r ocaceee || 


fa Second boundary value problem y(a1) =A, yi (#1) =a 
En Third boundary value problem w(01) — ky(x1) =a y(a1) =, yn(a@1) =at+ka 


Importantly, nonlinear boundary value problems can have one solution, several solu- 
tions, or no solutions at all (see Examples 3.14 and 3.17, which illustrate all these scenarios 
based on exact analyses of two one-parameter problems from combustion theory). There- 
fore, special care is required when treating nonlinear problems; after finding a suitable 
A = 4, one should look for other possible allowable values in a wider range of A. If one 
fails to find a suitable \;, one should consider the possibility that the problem may simply 
have no solution. 


> Problems with more complex linear or nonlinear boundary conditions. 


In a similar way, one constructs the solution of the boundary value problem with nonlinear 
boundary conditions of the form 


Ye =oly) at c£=%, (3.8.5.5) 
V(Y,Yr) =O at 2=ap. (3.8.5.6) 
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The first boundary condition is a generalization of a linear nonhomogeneous boundary 
condition of the third kind. This condition can arise, for example, in mass transfer problems 
with a heterogeneous reaction, where g(y) defines the rate of the chemical reaction. The 
second boundary condition is quite general. 

Consider an auxiliary Cauchy problem for equation (3.8.1.1) with the initial conditions 


y(ti1)=, —- (1) = (A). (3.8.5.7) 


For any 4, the solution to this Cauchy problem will satisfy the first boundary condition 
(3.8.5.5). 

We set an arbitrary value 4 = A, and solve the Cauchy problem (3.8.1.1), (3.8.5.5) 
numerically to obtain the number 


Ai = o(y, ¥s) ajar, c= (3.8.5.8) 


Then we set a different value \ = Az and compute 


Ag =W(yy9),) jay =ea: (3.8.5.9) 


We assume that A2 is chosen so that A; and Ag have different signs. The desired value 
XA = x, for which the boundary condition (3.8.5.6) is satisfied exactly, will lie between 1 
and Az. The subsequent procedure of numerical solution coincides with that outlined above 
for equation (3.8.1.1) with the simple linear boundary conditions of the first kind (3.8.5.1). 


Remark 3.30. Ina similar way, one can solve the boundary value problem described by equation 
(3.8.1.1), boundary condition (3.8.5.5), and the nonlocal linear condition 


i h(a)y(x) dz =c, (3.8.5.10) 


1 


where h(x) is a given function and c is a given number. To this end, one solves the Cauchy problem 
(3.8.1.1), (3.8.5.5) numerically with two different values \ = A; and A = 2 such that 


L2 


Ai = / h(a)y(@,A1)de-—c and Ag= / h(x)y(a, Az) dx — c 


L1 C1 
have different signs. The subsequent procedure of numerical solution completely coincides with the 
one outlined above for equation (3.8.1.1) with the boundary conditions of the first kind (3.8.5.1). 


Remark 3.31. One should bear in mind that the boundary value problem (3.8.1.1), (3.8.5.5), 
(3.8.5.6) can have two or more solutions, corresponding to different values X,.;. 


In a similar way, one can solve the boundary value problem described by equation 
(3.8.1.1), boundary condition (3.8.5.5), and the general nonlocal nonlinear condition 


x2 
| e@uo)ar=e 
zy 

where ®(z, y) is a given function. In particular, this condition with the quadratic function 
O(z,y) = ys independent of x, represents a normalization condition (which arises, for 
example, in quantum mechanics). 
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3.8.6 Numerical Methods for Problems with Equations Defined 
implicitly or Parametrically 


> Numerical solution of the Cauchy problem for parametrically defined equations. 


In this paragraph, we outline the ideas of two numerical methods for solving the Cauchy 
problem for the second-order equation represented in parametric form using two relations 
(see Section 3.2.8) 
y, = F(a,y,t), Yeo = G(a,y,t) (3.8.6.1) 
with the initial conditions (3.8.1.2). 
First method. We start directly from equations (3.8.6.1). Consider two auxiliary Cauchy 
problems 


y,, = F(a,y,t), y(ro) = yo (first problem); (3.8.6.2) 
Yar = G(a,y,t),  y(%o) = Yo, Y(to) = yo (second problem). (3.8.6.3) 


Let yr = yr (a, t) and yg = yq(2, t) be their respective solutions. Introduce the difference 
of the two solutions 

A(z, t) = ya(z,t) — yr(z,t). (3.8.6.4) 
Now we fix a value of the parameter, t = t,, and find numerical solutions yr(x, t,) and 
yc(«,t,) using, for example, the Runge-Kutta method. Further, by varying x, we find 
an x; at which the right-hand side of equation (3.8.6.4) vanishes: A(az,t,) = 0. To 
this x;, there corresponds the value of the desired function y, = yr(xx, tk) = ya(&r, tr). 
Thus, to each t;, there corresponds a point (x,, yx) in the (x, y) plane at which the curves 
YF = yr(az,tz) and yg = yq(z, tz) intersect. On taking another value of the parameter, 
t = tp44, we find a new point (7p41, y+1). The combination of discrete points (xz, yx) 
with k = 0, 1, 2, ... defines an approximation to the solution y = y() of the original 
problem (3.8.6.1), (3.8.1.2). 

The initial value ¢ = to is determined from the algebraic (or transcendental) equation 


Yd = F (zo, Yo; to), (3.8.6.5) 
where xo, yo, and yp are the values appearing in the initial conditions (3.8.6.2)-(3.8.6.2), 
obtained from (3.8.1.2)). 

Second method. With the method outlined in Section 3.2.8, we reduce the parametric 
equation (3.8.6.1) to a standard system of first-order differential equations for x = x(t) and 
y = y(t) (see equations (3.2.8.4) and (3.2.8.5)): 


Fi FF; 
(=S— Se 2 Se 3.8.6.6 
PO Cat Fae) Ml — Glew Bien Be vee 
Suppose that G — F), — FF, # 0. Then system (3.8.6.6) subject to the initial conditions 
x(to)= 29, y(to) = Yo, (3.8.6.7) 


where tg is found from the algebraic (or transcendental) of equation (3.8.6.5), is solved 
numerically using, for example, the Runge-Kutta method (see Section 7.4.1 for relevant 
formulas). This solution will also solve the original parametric problem (3.8.6.1), (3.8.1.2). 

Remark 3.32. In general, the algebraic (or transcendental) equation (3.8.6.5) can have several 


different roots, in which case the original problem (3.8.6.1), (3.8.1.2) will have the same number of 
different solutions. 
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> First boundary value problem. Numerical solution procedure. 


Let us look at the first boundary value problem for the parametric second-order ODE 
(3.8.6.1) in the range x1 < x < x2 with the boundary conditions 


y(t1) =, Yy(2) = Yr. (3.8.6.8) 


Below we present the main idea of a numerical procedure to solve this kind of problem. 
Consider two auxiliary Cauchy problems for the equation (see the second equation in 
Eq. (3.8.6.1)) 


Vra = G(x, y,t) (3.8.6.9) 

subject to the initial conditions 
y(@1)=%1, Ye("1) = F(ai,y1,t) (problem 1); (3.8.6.10) 
y(v2) =y2, yi, (t2) = F (x2, y2,t) (problem 2). (3.8.6.11) 


By choosing a specific value of the parameter, t = t,, we solve the auxiliary Cauchy 
problems numerically (e.g., by the Runge-Kutta method) to obtain y! = y!(x,t,) and 
y” = y"(a, tz), respectively (the superscripts indicate the problem number). To any t, there 
corresponds a point (x, yz) in the (x,y) plane at which the curves corresponding to the 
solutions y! = y(x,t,) and y? = y?(a, t,) intersect. By choosing a different value, tj.+1, 
we find another point, (7441, Yx41). The discrete set of points (xz, y;,) with k=0, 1, 2, ... 
defines an approximation to the solution y = y(«) of the original boundary value problem 
(3.8.6.1), (3.8.6.8). 


> Numerical integration of equations defined implicitly. 


Let us look at the Cauchy problem for the implicit equation 
Vy = F(2,Y, Yee) (3.8.6.12) 


subject to the initial condition (3.8.1.2). 
The substitution y/”,, = t reduces equation (3.8.6.12) to the parametric equation 


i= Fey), te=t (3.8.6.13) 


with the initial conditions (3.8.1.2). 
Problem (3.8.6.13), (3.8.1.2) is a special case of problem (3.8.6.1), (3.8.1.2) in which 
G(x, y,t) =t, and hence, it can be solved with the numerical methods described previously. 


> Differential-algebraic equations. 


Parametrically defined nonlinear differential equations of the form (3.8.6.1) are a special 
class of coupled (DAEs for short). Numerical methods for DAEs other than those discussed 
above can be found in the books by Hairer, Lubich, and Roche (1989), Schiesser (1994), 
Hairer and Wanner (1996), Brenan, Campbell, and Petzold (1996), Ascher and Petzold 
(1998), and Rabier and Rheinboldt (2002). 
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3.8.7 Numerical Solution Blow-Up Problems* 
> Preliminary remarks. Blow-up solutions with a power-law singularity. 


Below, we will be concerned with blow-up problems, whose solution tends to infinity as the 
independent variable approaches a finite value x = x,, which is unknown in advance. The 
important question arises as to how one can determine the singular point x, with numerical 
methods. 


Example 3.32. Consider the model Cauchy problem for the nonlinear second-order ODE 
Yen = 2y° (x >0), y(0)=1, yy, (0) =1. (3.8.7.1) 


Its exact solution is given by 


1 
y= (3.8.7.2) 
1-2 


and has a power-law singularity (a pole) at x,. = 1. For x > z,,, there is no solution. 

If one solves problem (3.8.7.1) using, for example, explicit Runge-Kutta methods of different 
order of accuracy, one obtains a numerical solution which is positive, monotonically increases, and 
exists for arbitrarily large x;,. From the form of the solution, one cannot conclude that the exact 
solution has a pole (it appears that the exact solution rapidly increases and exists for any x > 0). 
Note that the standard explicit schemes do not work well either is similar situations. 


Below we outline a few numerical methods for blow-up problems. We assume that the 
preliminary numerical (or analytical) analysis has caused a suspicion that the problem may 
have a blow-up solution. 


> Method based on the hodograph transformation. 


For monotonic blow-up solutions, having made the hodograph transformation, we can solve 
the Cauchy problem for x = x(y) rather than y = y(x). Since y, = 1/a', and y7,, = 


—x'),/(z1,)3, problem (3.8.1.1)-(3.8.1.2) becomes 


Wy 


yy — =(xy) fey, 1/2) (y > Yo), 
t(yo)=20, 2,(Yo) = 1/yo- 


xv 
(3.8.7.3) 


The computation can be carried out using, for example, the explicit fourth-order Runge— 
Kutta scheme. For sufficiently large y, we find the asymptote 7 = x, numerically. 


Example 3.33. The hodograph transformation reduces the model problem (3.8.7.1) to 


oe =r)? Gey @2@)=0, 2 0)=1. 


yy y 
The solution of this problem is given by 
z=1--; 
y 


it does not have singularities and monotonically increases for y > 1 and tends to the desired limit 
value xv, = limy... 2(y) = 1. 


“Prior to reading this section, the reader should refer to Section 1.14.4, which discusses blow-up problems 
for first-order equations. 
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> Method based on the use of the differential variable t = y’,. 


First, assuming the inequalities f(x,y, y/,) > 0 for y > yo > Oand y/, > yj > 0 to hold, 
we rewrite problem (3.8.1.1)—(3.8.1.2) in the parametric form 


r= bt Yow = F(a,y,t)  (t > to); (3.8.7.4) 

(to) =20, y(to)=yo, to =yo- (3.8.7.5) 

Then, relying on the results of Section 3.8.6, we change to system (3.8.6.6) with F’ = ¢ and 
G = f(z, y,t) to arrive at the Cauchy problem for a system of two first-order equations 

/ 1 / t 

“us: CUM FTF.) 

 f(@y,t)? flay, 8) 

subject to the initial conditions (3.8.7.5) . Further, we solve problem (3.8.7.6), (3.8.7.5) nu- 

merically using, for example, the Runge-Kutta methods (see Section 7.4.1 for relevant for- 

mulas). The resulting solution is also a solution to the original problem (3.8.1.1)—(3.8.1.2) 


in parametric form. The boundary of the existence domain, x = x,, is determined numeri- 
cally for sufficiently large t. 


GSH) (3.8.7.6) 


Example 3.34. In the model problem (3.8.7.1), the introduction of the auxiliary variable t = 
y,, followed by the substitution of f(x, y,t) = 2y? into (3.8.7.4)-(3.8.7.6) results in the Cauchy 
problem for a system of two equations 


/ 1 / t 
4 a — eee 
t Dys? Yt Dys 
a(1)=0, yQ)=1 (to=1). 


The exact solution to this problem is 


(t > 1); 


1 
g=1-—, =vi t>1). 
a (¢ > 1) 
It does not have singularities; the function « = x(t) monotonically increases for t > 1 and tends 


to the desired limit value x, = limy_,.. x(t) = 1, while y = y(t) monotonically increases without 
bound. 


> Method based on nonlocal transformations. Monotonic blow-up solutions. 
First, equation (3.8.1.1) can be represented as a system of two equations 


(.=t, t= Ja, 


and then we introduce a nonlocal variable of general form by the formula 
x 
f= / g(z,y,t)dz, y=y(x), t=t(z), (3.8.7.7) 
xO 


where g = g(x,y, t) is a regularizing function which can be varied. As a result, the Cauchy 
problem (3.8.1.1)—(3.8.1.2) can be transformed to the following equivalent problem for an 
autonomous system of three equations: 

—— *=———, t= CE) es), 

g(x,y, t) g(x, y,t) g(x, y,t) (3.8.7.8) 
x(0)=20, yO)=y, t(0)=m. 


—_ 
ve = 
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With a suitably chosen function g = g(x, y, t) (subject to not-very-restrictive conditions), 
the Cauchy problem (3.8.7.8) can be numerically integrated using standard numerical meth- 
ods, without the fear of getting blow-up solutions. 


Here are a few possible ways of how the regularizing function g in system (3.8.7.8) can 
be chosen. 

1°. The special case g = ¢ is equivalent to the hodograph transformation with an addi- 
tional translation in the dependent variable, which gives € = y — yo. 

2°. We can take g = (c+ |t|* + fey’ with c > 0 and s > 0. The case c = 1 and 
s = 2 corresponds to the method of arc length transformation. 

3°. By taking g = f in (3.8.7.8), after the integration of the third equation, we arrive at 
system (3.8.7.6). It follows that the method based on the nonlocal transformation (3.8.7.7) 
is a generalization of the method based on the differential variable. 

4°. Also, we can take g = f/y, g = f/t, or g = t/y (in the last two cases, sys- 
tem (3.8.7.8) is simplified, since one of its equations is directly integrated). 

Remark 3.33. It follows from Items 1°, 2°, and 3° that the method based on the hodograph 


transformation, the method of arc length transformation, and the method based on the differential 
variable are special cases of the method based on a nonlocal transformation of general form. 


Remark 3.34. One does not have to compute integrals of the form (3.8.7.7) to apply nonlocal 
transformations. 


Example 3.35. For the test problem (3.8.7.1), in which f = 2y, we set g = t/y (see Item 4° 
with g = t/y). Substituting these functions into (3.8.7.8), we arrive at the Cauchy problem 


,_ YY ro , _ 2y* : 
ta Wa eS (3.8.7.9) 


z(0)=0, y(0)=a, t(0) =a’. 


The exact solution of this problem is 
1 
z= —(1-e°), y =aeé, t=a7es. 
a 


One can see that the unknown x = x(€) exponentially tends to the asymptotic value x = x, = 1/a 
as € —> 00. 

Figure 3.5 displays a numerical solution of the Cauchy problem (3.8.7.9) in parametric form 
and compares the numerical solution with the exact solution (3.8.7.2). 


Remark 3.35. The method based on the use of the special case of system (3.8.7.8) with g = 
t/y (see Item 4° with g = t/y above) is more efficient as compared to the methods based on the 
hodograph transformation, arc length transformation, and differential variable. 


> Problems with non-monotonic blow-up solutions. 


For problems with non-monotonic blow-up solutions, it is reasonable to choose regularizing 
functions of the form 
g = G(lt|, |fl), (3.8.7.10) 


where f = f(x,y, t) is the right-hand side of equation (3.8.1.1) and t = y/,. We impose the 
following conditions on the function G = G(u, v): 


G>0; G,>0, G>0, Gow autuvu>o, (3.8.7.11) 
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Figure 3.5: (a) numerical solution t = t(€), x = x(€), y = y(&) of the Cauchy prob- 
lem (3.8.7.9) with a = 1 (v = 30); (b) exact solution (3.8.7.2) with a = 1, solid dots; 
numerical solution of the Cauchy problem (3.8.7.9), open circles. 


where u > 0, v > 0. By selecting a suitable function G, we can ensure that the Cauchy 
problem (3.8.7.8) has no blow-up singularity on the half-line 0 < € < oo; this problem can 
be solved by applying standard fixed-step numerical methods. 


Example 3.36. Consider a three-parameter Cauchy problem for the nonlinear second-order au- 
tonomous ODE: 


Use — 3yy,, — 2dyi, + y? + 2dy? + (6? + A? )y = 0; (3.8.7.12) 
y(0) = 68, —y/,(0) = 208 + B76". (3.8.7.13) 
The exact solution of the problem is 


b[A sin(8a) + 8 cos(Bx)| 
= 3.8.7.14 
J e~A* — bsin(Bx) ( ) 
This solution can change the sign and, for certain values of the parameters, is a non-monotonic 
blow-up solution. 
For problem (3.8.7.12)-(3.8.7.13), we choose a regularizing function in the form g = (1+|t|)!/3. 


Substituting it into (3.8.7.8), we arrive at the Cauchy problem 


_—— ae i t po bf : 
“SOTA 8 OETA e= (Da lela fe” 13.87.15) 
x(0)=0, y(0)=68, t(0) = 266+ °0?, 


where f = 3yt + 2\t — y? — 2Ay? — (67 + A*)y. 

The numerical solutions of problem (3.8.7.15) obtained using two sets of parameters, b = 0.9, 
8B = 8, \ = 0.3 and b = 0.5, 8 = 5, A = 0.1, and the fourth-order Runge-Kutta method with the 
fixed step size h = 0.01 are shown by open circles in Fig. 3.6a and Fig. 3.6b. For this step size, 
the maximum difference between the exact solution (3.8.7.14) and the numerical solution of the 
Cauchy problem for system (3.8.7.15) at y = 50 was found to be 0.0002500% for the first set of 
parameters and 0.0011033% for the second set. The solution for the first set of parameters exists 
in a finite region 0 < x < x, = 0.9112959, while that for the second set of parameters displays a 
pronounced non-monotonic sawtooth behavior with six local maxima and exists in a finite region 
O0<2 < x, = 7.7730738 (see Fig. 3.6b). 
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Figure 3.6: The exact solution (3.8.7.14) of the original problem (3.8.7.12)-(3.8.7.13) 
(solid line) and the numerical solution of the transformed problem (3.8.7.15) (open cir- 
cles) for two sets of parameters: (a) b = 0.9, 6 = 8, A = 0.3 and (b) b = 0.5, 6 = 5, 
A= 0.1. 


Table 3.4 compares the efficiency of various functions g used in the numerical integration of 
the transformed problem (3.8.7.8) in order to solve the original problem (3.8.7.12)}-(3.8.7.13) with 
b=0.5, 8 =5, and A = 0.1. The maximum allowed error was set to be 0.01% at y = 100. The main 
integration parameters (largest interval 0 < € < Emax, step size h, and number of grid points NV) 
used to achieve the required accuracy are specified in the table. 


TABLE 3.4 
A comparison of the efficiency of various regularizing functions g in the transformed problem 
(3.8.7.8), used for the numerical solution of the original problem (3.8.7.12)—(3.8.7.13), with the 
prescribed maximum error 0.01% at y = 100, for b = 0.5, 6 = 5, and A = 0.1 (aw. = 7.7730738) 


g= (1+ 8)? 274.050 0.0029000000 94,500 
g= (1+ #2 + f2)!/ 11,742.300 0.1800000000 65,235 


35.764 0.0029593683 12,085 
28.442 0.0090899000 3,129 
39.702 0.0185090000 2,145 


©) Literature for Section 3.8: M. Abramowitz and I. A. Stegun (1964), S. K. Godunov and V. S. Ryaben’kii 
(1973), J. D. Lambert (1973), H. B. Keller (1976), N. S. Bakhvalov (1977), N. N. Kalitkin (1978), S. Moriguti, 
C. Okuno, R. Suekane, M. Iri, and K. Takeuchi (1979), A. N. Tikhonov, A. B. Vasil’eva, and A. G. Svesh- 
nikov (1985), J. C. Butcher (1987), E. Hairer, C. Lubich, and M. Roche (1989), M. Stuart and M. S. Floater 
(1990), W. E. Schiesser (1994), V. F. Zaitsev and A. D. Polyanin (1993), L. F. Shampine (1994), K. E. Brenan, 
S.L. Campbell, and L. R. Petzold (1996), J. R. Dormand (1996), E. Hairer and G. Wanner (1996), D. Zwillinger 
(1997), U. M. Ascher and L. R. Petzold (1998), G. A. Korn and T. M. Korn (2000), G. Acosta, G. Duran, and 
J. D. Rossi (2002), P. J. Rabier and W. C. Rheinboldt (2002), A. D. Polyanin and V. F. Zaitsev (2003), H. J. Lee 
and W. E. Schiesser (2004), A. D. Polyanin and A. V. Manzhirov (2007), S. C. Chapra and R. P. Canale (2010), 
M. Mizuguchi, and S. Oishi (2017), A. D. Polyanin and A. I. Zhurov (2017b), A. D. Polyanin and I. K. Shin- 
gareva (2017a,b,c,d,e). 


Chapter 4 


Methods for Linear ODEs 
of Arbitrary Order 


4.1 Linear Equations with Constant Coefficients 


4.1.1 Homogeneous Linear Equations. General Solution 


An nth-order homogeneous linear equation with constant coefficients has the general form 
y™ + any) +--+ + aryl, + apy = 0. (4.1.1.1) 


The general solution of this equation is determined by the roots of the characteristic 
equation 


P(A)=0, — where P(A) =A" + ani" +--+ +. aA + a0. (4.1.1.2) 


The following cases are possible: 


1°. All roots Ay, Ag, ..., An of the characteristic equation (4.1.1.2) are real and distinct. 
Then the general solution of the homogeneous linear differential equation (4.1.1.1) has the 
form 

y = Cyexp(Ai2) + Co exp(A2x) +--+ Cy exp(AnZ). 
2°. There are m equal real roots Ay = Ag = +--+: = Am (m <n), and the other roots are real 
and distinct. In this case, the general solution is given by 


y = exp(A12)(Cy + Cow +--+ 4+ Ca 
+ Cm exp(Am+12) + Cm+2 exp(Am+22) +--+ + Cp exp(An2). 


3°. There are m equal complex conjugate roots \ = a +78 (2m <n), and the other roots 
are real and distinct. In this case, the general solution is 


y = exp(ax) cos(Bx)(A, + Agr +++» + Amaz™ 1) 
+ exp(az) sin(@x)(B, + Box +--+» + Bmz™') 
+ Com+1 €XP(A2m412) + Com+2 exp(Aam+2%) + +++ + Cr exp(An®), 


where Aj,..., Am, Bi, ..., Bm, Com41, .--, Cn are arbitrary constants. 
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4°. In the general case, where there are r different roots 1, A2, ..., Ay of multiplicities 
M1, M2, ..., Mp, respectively, the left-hand side of the characteristic equation (4.1.1.2) 
can be represented as the product 


P(A) = (A— An) ™ (A — Ag)™ 2. (A An ™, 


where m; + m2 +---+m, =n. The general solution of the original equation is given by 
the formula 


r 
y= > exp(y2)(Ceo + Cyt + +++ + Chm"), 
k=1 
where C;, ; are arbitrary constants. 
If the characteristic equation (4.1.1.2) has complex conjugate roots, then in the above 
solution, one should extract the real part on the basis of the relation exp(a + 18) = 
e*(cos 6 + isin 3). 


Example 4.1. Find the general solution of the linear third-order equation 


y” +ay” — y! —ay=0. 
Its characteristic equation is \? + a\? — \ — a = 0, or, in factorized form, 
(A+a)(A—1)(A+1) =0. 


Depending on the value of the parameter a, three cases are possible. 
1. Case a 4 +1. There are three different roots, 4; = —a, Az = —1, and \3 = 1. The general 
solution of the differential equation is expressed as y = Ce~°* + Cge~* + Cze”. 


2. Case a = 1. There is a double root, 4; = Az = —1, and a simple root, 43 = 1. The general 
solution of the differential equation has the form y = (C + Cox)e~* + Ce”. 
3. Case a = —1. There is a double root, 4; = Az = 1, anda simple root, 43 = —1. The general 


solution of the differential equation is expressed as y = (C, + Cox)e” + Cz3e7”. 


Example 4.2. Consider the linear fourth-order equation 


LE 
LLLXL 


—y=0. 
Its characteristic equation, \t — 1 = 0, has four distinct roots, two real and two pure imaginary, 
Ai=1, A.s=-l, Aget, Ag=-t. 
Therefore the general solution of the equation in question has the form (see Item 3°) 


y = Cye” + Coe—* + C3 sina + Cy cosa. 


4.1.2 Nonhomogeneous Linear Equations. General and Particular 
Solutions 


1°. An nth-order nonhomogeneous linear equation with constant coefficients has the gen- 
eral form 
yl + any) +--+ aryl, + aoy = f(z). (4.1.2.1) 


The general solution of this equation is the sum of the general solution of the cor- 
responding homogeneous equation with f(x) = 0 (see Section 4.1.1) and any particular 
solution of the nonhomogeneous equation (4.1.2.1). 
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If all the roots Ay, A2, ..., An of the characteristic equation (4.1.1.2) are different, 
equation (4.1.2.1) has the general solution: 
n n eve 
=S Cie" — as 4123 
y pS ve +L emy | fo xv ( ) 


(for complex roots, the real part should be taken). 
In the general case, if the characteristic equation (4.1.1.2) has multiple roots, the solu- 
tion to equation (4.1.2.1) can be constructed using formula (4.2.2.2). 


2°. Table 4.1 lists the forms of particular solutions corresponding to some special forms of 
functions on the right-hand side of the linear nonhomogeneous equation. 


TABLE 4.1 
Forms of particular solutions of the constant-coefficient nonhomogeneous linear equation 
ye + an—-ry se?) +--+ + aryl, + acy = f(x) that correspond to some special forms of the function f(z) 
r 


Form of the Roots of the characteristic equation Form of a particula 
function f(z) NX” + An—1A" 1 +--+ a,A +49 =0] solution y = 7(x) 
Zero is not a root of the F 
characteristic equation (i.e., ag 4 0) m (x) 
Pr (2) F 
Zero is a root of the rp 
characteristic equation (multiplicity r) w" P(x) 
a is not a root of the 
Py, (a)e%* characteristic equation 
i i 


Fan 
(q@ is a real constant) a is aroot of the 
characteristic equation (multiplicity r) 
i is not a root of the P,(a) cos Bax 
Pra (x) cos Bax characteristic equation + Q(x sin Bx 
m 
P(x 


Je 
) 


P, 


a +76 is not a root of the 
[Pn(x) cos Bx characteristic equation 
m 


| 
+ Q(x) sin Baje™ a +i is a root of the x 
characteristic equation (multiplicity r) | + Qy(«) sin Bx]e 


+ Qy 
P, (x) cos Ba 


x) sin Bale” 


a 
+ Q(x) sin Br iG is a root of the x" |P, (x) cos Bx 
characteristic equation (multiplicity r) + O; x) sin 6x] 
; 


| 
(x) cos Bax 
( 


Notation: P,,, and Q,, are polynomials of degrees m and n with given coefficients; Pn, 
P,, and Q, are polynomials of degrees m and v whose coefficients are determined 
by substituting the particular solution into the basic equation; v = max(m, n); and 
a and £ are real numbers, i? = —1. 


3°. Consider the Cauchy problem for equation (4.1.2.1) subject to the homogeneous initial 
conditions 


y(0) = y/,(0) =--- =y-Y(0) =0. (4.1.2.3) 
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Let y(x) be the solution of problem (4.1.2.1), (4.1.2.3) for arbitrary f(x) and let u(x) be 
the solution of the auxiliary, simpler problem (4.1.2.1), (4.1.2.3) with f(x) = 1, so that 
u(x) = y(x)|F(2)=1- Then the formula 


=f fou I (et) dt 


holds. It is called the Duhamel integral. 


© Literature for Section 4.1: G. M. Murphy (1960), L. E. El’sgol’ts (1961), N. M. Matveev (1967), A. N. 
Tikhonov, A. B. Vasil’eva, and A. G. Sveshnikov (1980), D. Zwillinger (1997), G. A. Korn and T. M. Korn 
(2000), A. D. Polyanin and V. F. Zaitsev (2003), A. D. Polyanin and A. V. Manzhirov (2007). 


4.2 Linear Equations with Variable Coefficients 


4.2.1 Homogeneous Linear Equations. General Solution. Order 
Reduction. Liouville Formula 


> Structure of the general solution. 


The general solution of the nth-order homogeneous linear differential equation 


fray + fr—1(e)yf-) +--+ fila)yl + foxy = 0 (4.2.1.1) 


has the form 


y = Ciyi(x) + Coyo(x) +--+ + Cryn(2). (4.2.1.2) 
Here yi(x), y2(x), ..., Yn(x) is a fundamental system of solutions (the y;, are linearly 
independent particular solutions, y, 4 0); C1, Co, ..., C, are arbitrary constants. 


> Utilization of particular solutions for reducing the order of the equation. 


1°. Let y; = y1 (x) be a nontrivial particular solution of equation (4.2.1.1). The substitution 


y= n(a) f 22) dx 


results in a linear equation of order n — 1 for the function z(). 


2°. Let yr: = yi(x) and y2 = y2(x) be two nontrivial linearly independent solutions of 
equation (4.2.1.1). The substitution 


y= [ ywae-m | ywee 


results in a linear equation of order n — 2 for w(z). 


3°. Suppose that m linearly independent solutions yi (x), yo(Z), ..., Ym(x) of equation 
(4.2.1.1) are known. Then one can reduce the order of the equation to n — m by successive 


application of the following procedure. The substitution y = Yym(x) i z(a) dx leads to an 


equation of order n — 1 for the function z(2) with known linearly independent solutions: 


=(4) =(# ) = (#4) 
ALF) TT) F2 FT] eee em-1 : 
Ym 7 x Ym 7 x Ym 72 
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The substitution z = z,—1(2) w(x) dx yields an equation of order n — 2. Repeating this 


procedure m times, we arrive at a homogeneous linear equation of order n — m. 


> Wronskian determinant and Liouville formula. 


The Wronskian determinant (or simply, Wronskian) is the function defined as 


yi (x) Yn(2) 
W(x) = M(t) + Yn (at) (4.2.1.3) 
aa a 
wy M(a) yn P(e) 
where yi(2), ..., Yn(x) is a fundamental system of solutions of the homogeneous equa- 
: d™y 
tion (4.2.1.1); ye (x) = 7 | m=1,...,n-1; k=1,...,n. 


The following Liouville formula holds: 


W (x) = W (ao) exp |- : — at), 


4.2.2 Nonhomogeneous Linear Equations. General Solution. 
Superposition Principle 
> Construction of the general solution. 


1°. The general nonhomogeneous nth-order linear differential equation has the form 


f(xy? + fr—1(x)y) +++ + fila)yl, + fo(x)y = 9(2). (4.2.2.1) 


The general solution of the nonhomogeneous equation (4.2.2.1) can be represented as the 
sum of its particular solution and the general solution of the corresponding homogeneous 
equation (4.2.1.1). 


2°. Let yi(x), ..-, Yn(x) be a fundamental system of solutions of the homogeneous equa- 
tion (4.2.1.1), and let W(x) be the Wronskian determinant (4.2.1.3). Then the general 
solution of the nonhomogeneous linear equation (4.2.2.1) can be represented as 


” ” W, (a) dx 
=S Cy(2) + £ / es (4.2.2.2) 
where W,,(z) is the determinant of the matrix (4.2.1.3) in which the vth column is replaced 
by the column vector with the elements 0, 0,..., 0, g. 


> Superposition principle. 


The solution of a nonhomogeneous linear equation 


Liy] = So on(x), Ly] = fn(x)u) + fra (e)yY +--+ Aala)y;, + foley 
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is determined by adding together the solutions, 


m 
¢= > ie 
k=1 
of m (simpler) equations, 
Llyn] = 9K(2), k= 1, 2,..., ™m, 


corresponding to respective nonhomogeneous terms in the original equation. 


> Euler equation. 
1°. The nonhomogeneous Euler equation has the form 
2ryl) + dna” ty) +. + areyl, + aoy = f(a). 


The substitution x = be’ (b # 0) leads to a constant-coefficient linear equation of the 
form (4.1.2.1). 


2°. Particular solutions of the homogeneous Euler equation [with f(a) = 0] are sought in 
the form y = x". If all k are real and distinct, its general solution is expressed as 


y(x) = Cy|a|*t + Cg|a|F2 + --- + Cpl a|*n. 


Remark 4.1. To a pair of complex conjugate values k = a + 716 there corresponds a pair of 
particular solutions: y = |x| sin(6|z|) and y = |x|* cos(6|z]). 


4.2.3. Nonhomogeneous Linear Equations. Cauchy Problem. 
Reduction to Integral Equations 


> Cauchy problem. Cauchy formula. 


Let y(x,o) be the solution to the Cauchy problem for the homogeneous equation (4.2.1.1) 
with nonhomogeneous initial conditions at z = o: 


y(o) =y, (0) = = yo) =0, y Yo) =1, 


where a is an arbitrary parameter. Then a particular solution of the nonhomogeneous linear 
equation (4.2.2.1) with homogeneous boundary conditions 


y(to) = y/,(xo) =--- = yao) = 0 


is given by the Cauchy formula 
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> Reduction of the Cauchy problem for ODEs to integral equations. 


1°. Integral equations play an important role in the theory of ordinary differential equa- 
tions. The reduction of Cauchy and boundary value problems to integral equations allows 
for the application of iteration and finite-difference methods of solving integral equations. 
These methods are, as a rule, substantially simpler than those used for solving differential 
equations. Moreover, many delicate proofs and qualitative results of the theory of dif- 
ferential equations have been obtained by the investigation of the corresponding integral 
equations. 


2°. Consider the Cauchy problem for nth order ODE (4.2.2.1) with the homogeneous ini- 
tial conditions at the point x = a: 


y(a) = y,(a) = ++» = yY(a) = 0. (4.2.3.1) 


Introducing a new unknown function by 


1 ff - 
yee) = Ty | (n= 4) Diai (4.2.3.2) 


and differentiating (4.2.3.2) n times, we get 


i= GoEo [o ~2)""*-lu(t)dt, k=1,...,.n-1 
ul) (a) = ule). 


Obviously, the function (4.2.3.2) satisfies the initial conditions (4.2.3.1). By substituting 
(4.2.3.3) into the left-hand side of equation (4.2.2.1), we obtain 


(4.2.3.3) 


fn(x)u(x) + a K(a,t)u(t) dt = g(x), (4.2.3.4) 


where 


2—t gz —t)r-1 

K (2,1) = fralo) + fn-ola) =" ++ + fola) SI (4.2.3.5) 

Thus, the Cauchy problem (4.2.2.1)—(4.2.3.1) has been reduced to the integral equation 

(4.2.3.4)-(4.2.3.5), which is a Volterra equation of the second kind. Finding the function 
u(x) from (4.2.3.4) and using formula (4.2.3.2) we obtain the desired solution y(z). 

The solution of the integral equation (4.2.3.4) can be obtained using, for example, the 


method of successive approximations with the recurrence relation 


g(x) 
fn(z) 


where m = 0, 1, 2, ... The function w(x) = 0 can be taken as the zeroth approximation; 


then aj (7) = 9(2)/ Jn ( 2). 
For more efficient numerical methods for integral equations of the form (4.2.3.4), see 
the book by Polyanin & Manzhirov (2008). 


Um+i(x) + Gh [ Kies u,()it= (4.2.3.6) 
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Remark 4.2. The Cauchy problem for equation (4.2.2.1) with nonhomogeneous boundary con- 
ditions 
y(a) = bo, y,,. (a) = bi, aoe) y"Y(a) = bp—1 
can be reduced to a Cauchy problem with homogeneous boundary conditions for another function 
w(x) with the help of the substitution 


7 n-1 (x _ a)k 
y(x) = w(x) + S- be ; 
k=1 : 


© Literature for Section 4.2: G.M. Murphy (1960), L. E. El’sgol’ts (1961), N. M. Matveev (1967), E. Kamke 
(1977), A. N. Tikhonov, A. B. Vasil’eva, and A. G. Sveshnikov (1980), D. Zwillinger (1997), G. A. Korn and 
T. M. Korn (2000), A. D. Polyanin and V. F. Zaitsev (2003), A. D. Polyanin and A. V. Manzhirov (2007, 2008). 


4.3. Laplace Transform and the Laplace Integral. 
Applications to Linear ODEs 


4.3.1 Laplace Transform and the Inverse Laplace Transform 
> Laplace transform. 


The Laplace transform of an arbitrary (complex-valued) function f(a) of a real variable x 
(x > 0) is defined by 


f(p) = : e~P* f(x) da, (4.3.1.1) 


where p = s + io is acomplex variable. 

The Laplace transform exists for any continuous or piecewise-continuous function sat- 
isfying the condition | f(x)| < Me%°* with some M > 0 and oo > 0. In the following, 
oo often means the greatest lower bound of the possible values of a in this estimate; this 
value is called the growth exponent of the function f(x). 

For any f(a), the transform f(p) is defined in the half-plane Rep > oo and is analytic 
there. 

For brevity, we shall write formula (4.3.1.1) as follows: 


F(p) = £{f(a)}. 


> Inverse Laplace transform. 


Given the transform f(p), the function f(x) can be found by means of the inverse Laplace 
transform 


1 ctioco _ 
f(x) = =| f(pje* dp, =? =-1, (4.3.1.2) 


274 J e—ioo 

where the integration path is parallel to the imaginary axis and lies to the right of all singu- 
larities of f(p), which corresponds to c > op. 

The integral in inversion formula (4.3.1.2) is understood in the sense of the Cauchy 
principal value: 

ctioo ctiw 
[Fer ay= jim, [Foyer ap. 
Cc 


—ico WFO Jo—iw 
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In the domain x < 0, formula (4.3.1.2) gives f(x) = 0. 

Formula (4.3.1.2) holds for continuous functions. If f(a) has a (finite) jump disconti- 
nuity at a point 2 = xo > O, then the left-hand side of (4.3.1.2) is equal to s[f (xo —0O)+ 
f (xo + 0)] at this point (for zo = 0, the first term in the square brackets must be omitted). 

For brevity, we write the Laplace inversion formula (4.3.1.2) as follows: 


f(a) = 2 {Ff (p)}. 


There are tables of direct and inverse Laplace transforms (see Sections S3.1 and $3.2, 
which are handy in solving linear differential and integral equations. 


4.3.2 Main Properties of the Laplace Transform. Inversion Formulas 
for Some Functions 


> Main properties of the Laplace transform. 


1°. The main properties of the correspondence between functions and their Laplace trans- 
forms are gathered in Table 4.2. 


2°. The Laplace transforms of some functions are listed in Table 4.3; for more detailed 
tables see Section S3.1 and the list of references at the end of this section. 


TABLE 4.2 
Main properties of the Laplace transform 


Laplace transform 
“he + bfel@) afu(p) + bf op) 
ne aF(ap) 


(x — a) — an Fi Shift of 
= ip for a <0 eo f(p the argument 
7 (p Differentiation 
a of the transform 
5 r fq Integration 
of the transform 


7 


[eo 
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TABLE 4.3 
The Laplace transforms of some functions 


i Pat 1) To 
— a 
p2-—a 


ee ee ae 
p?-—a 
= 0.5772. 

(1 +C) 
CE a aes ee 
Fo 
ec 

erfc — ex a 

i 2S ee 
pepe) ee ae bi bis al one 

p? Vp+re a: 


> Inverse transforms of rational functions. 


Consider the important case in which the transform is a rational function of the form 


fe Rip) 
f(p) = ; (4.3.2.1) 
= 20) 
where ((p) and R(p) are polynomials in the variable p and the degree of Q(p) exceeds 


that of R(p). 
Assume that the zeros of the denominator are simple, i.e., 


Q(p) = const (p — A1)(p — Az)... (p — An). 


Then the inverse transform can be determined by the formula 


n 
Rx) 
= exp(A,¢2), (4.3.2.2) 
) > O'Cagy RPO) 
where the primes denote the derivatives. 
If Q(p) has multiple zeros, i-e., 


Q(p) = const (p — \1)*!(p — A2)*? ... (Dp — Am)*™, 


then 
1 (sk- 1 


SS ai et [(p — An)** F(p)e?"]. (4.3.2.3) 


k=1 
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Example 4.3. The transform 


f(p) = 2 


=p (a, b real numbers) 


can be represented as the fraction (4.3.2.1) with R(p) = b and Q(p) = (p — a)(p + a). The 


denominator Q(p) has two simple roots, Ay = a and Ap = —a. Using formula (4.3.2.2) with n = 2 
and Q’(p) = 2p, we obtain the inverse transform in the form 
b b b 
f(x) = —e™” — —e"™ = —sinh(az). 
2a 2a a 


Example 4.4. The transform 


~ b 
f(p) = age (a, b real numbers) 
can be written as the fraction (4.3.2.1) with R(p) = b and Q(p) = (p — ia)(p + ia), i? = —1. The 
denominator Q(p) has two simple pure imaginary roots, \; = ia and Ap = —ia. Using formula 
(4.3.2.2) with n = 2, we find the inverse transform: 
b b ; bi bi b 
in= oa — raed = 7 [cos(ax) +i sin(ax)] + on [cos(ax) —isin(ax)| = - sin(az). 


Example 4.5. The transform - 
f(p) =ap™, 
where 7 is a positive integer, can be written as the fraction (.2.2.1) with R(p) = a and Q(p) = p”. 
The denominator Q(p) has one root of multiplicity n, 4; = 0. By formula (.2.2.3) with m = 1 and 
S81 =n, we find the inverse transform: 


n—1 


@ Detailed tables of inverse Laplace transforms can be found in Section $3.2. 


4.3.3 Limit Theorems. Representation of Inverse Transforms 
as Convergent Series and Asymptotic Expansions 


> Limit theorems. 


THEOREM 1. Let0 < x < coand f(p) = { f(a)} be the Laplace transform of f(a). If 
a limit of f(x) as x — 0 exists, then 


lim f(x) = lim [pf(P)]. 


x0 


THEOREM 2. Ifa limit of f(x) as x — oo exists, then 


Jim, f(a) = lim [pf(@)]. 


> Representation of inverse transforms as convergent series. 


THEOREM 1. Suppose the transform f(p) can be expanded into series in negative powers 
of p, 


co 


an 


n=1 
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convergent for |p| > R, where R is an arbitrary positive number; note that the transform 
tends to zero as |p| —> oo. Then the inverse transform can be obtained by the formula 


[oe] 
_ an n-1 
n=1 
where the series on the right-hand side is convergent for all x. 
THEOREM 2. Suppose the transform f (p), 
convergent series, 


p| > R, is represented by an absolutely 


(oe) 


fo) =>> > (4.3.3.1) 


An? 
n=0 P 
where {,,} is any positive increasing sequence, 0) < Ay < Ay <+++—> 00. Then it is possible 
to proceed termwise from series (4.3.3.1) to the following inverse transform series: 


fa=>- Wee soe (4.3.3.2) 
n=0 i 


where ['() is the Gamma function. Series (4.3.3.2) is convergent for all real and complex 
values of x other than zero (if Aj) > 1, the series is convergent for all x). 


> Representation of inverse transforms as asymptotic expansions as x — cco. 


1°. Let p = po be a singular point of the Laplace transform f(p) with the greatest real part 
(it is assumed there is only one such point). If f(p) can be expanded near p = po into an 
absolutely convergent series, 


f(p) = > €n(p — po)” (Ao < Ay < ++: > co) (4.3.33) 
n=0 


with arbitrary ,,, then the inverse transform f(x) can be expressed in the form of the 
asymptotic expansion 


fla) ~ > Tes yee as @ => 00, (4.3.3.4) 
n=0 Mm 


The terms corresponding to nonnegative integer \,, must be omitted from the summation, 
since [(0) = I'(—1) = T'(—2) =--- =o. 

2°. If the transform f(p) has several singular points, pj, ..., Dm, with the same greatest 
real part, Rep; = --- = Repy, then expansions of the form (4.3.3.3) should be obtained 


for each of these points and the resulting expressions must be added together. 


> Post—Widder formula. 


In applications, one can find f(a) if the Laplace transform f(t) on the real semiaxis is 
known for t = p > 0. To this end, one uses the Post-Widder formula 


jor= inf} aaas 


Approximate inversion formulas are obtained by taking sufficiently large positive integer n 
in (4.3.3.5) instead of passing to the limit. 
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4.3.4 Solution of the Cauchy Problem for Constant-Coefficient Linear 
ODEs. Applications to Integro-Differential Equations 


> Cauchy problem for constant-coefficient linear ODEs. 
Consider the Cauchy problem for equation (4.1.2.1) with arbitrary initial conditions 
10) =, vO=v - oO) =r (4.3.4.1) 


where Yo, Y1,---> Yn—1 are given constants. 
Problem (4.1.2.1), (4.3.4.1) can be solved using the Laplace transform based on the 
formulas (for details, see Section 4.3.1) 


Wp) =L{y(z)}, Fe) =L{F(@)}, where e{r@}s f° em F(a)ae. 


To this end, let us multiply equation (4.1.2.1) by e~”” and then integrate with respect to x 
from zero to infinity. Taking into account the differentiation rule 


£ {yl(x)} = p'G(p) — Sop” Fy) (40) 
k=l 


and the initial conditions (4.3.4.1), we arrive at a linear algebraic equation for the trans- 
form y(p): 
P(p)y(p) — Q(p) = F(p), (4.3.4.2) 


where 


P(p) =p” +an—1p” ) +-+-+aipt+ao, Q(p) = bp-ip” | +--+ + bip + bo, 
by = Yn—R—1 + On—1Yn—h—-2 + PH ORpeyi + anyon, &£=O0,1,...,n—-1. 


The polynomial P(p) coincides with the characteristic polynomial (4.1.1.2) at A = p. 
The solution of equation (4.3.4.2) is given by the formula 


ap) — LO)+ 2) (4.3.4.3) 


P(p) 


On applying the Laplace inversion formula (4.3.1.2) to (4.3.4.3), we obtain a solution to 
problem (4.1.2.1), (4.3.4.1) in the form 


_ 1 fe? ) + QW) pe 
ute) We Pp) dp. 


Oni 
Since the transform y(p) (4.3.4.3) is a rational function, the inverse Laplace transform 
(4.3.4.4) can be obtained using the formulas from Section 4.3.2 or the tables of Sec- 
tion $3.2. 


(4.3.4.4) 


Remark 4.3. In practice, the solution method for the Cauchy problem based on the Laplace 
transform leads to the solution faster than the direct application of general formulas like (4.1.2.2), 
where one has to determine the coefficients C),...,Ch. 
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Example 4.6. Consider the following Cauchy problem for a homogeneous fourth-order equa- 
tion: 
Yerer +O Y=0; (0) = 9, (0) = Yee (0) =0, Ye_(0) = 8. 
Using the Laplace transform reduces this problem to a linear algebraic equation for the y(p): 
(p* + a*)y(p) — bp = 0. It follows that 


oe bp 
YD  pt+at’ 


In order to invert this expression, let us use the table of inverse Laplace transforms (see Sec- 
tion S3.2.2, row 52) and take into account that a constant multiplier can be taken outside the trans- 
form operator to obtain the solution to the original Cauchy problem in the form 


y(x) = ar sin( sinh( =). 


> Cauchy problem for integro-differential equations. 


The Laplace transform can also be effective in solving some linear integro-differential 
equations. This is illustrated below with a specific example: 


Example 4.7. Consider the Cauchy problem for the linear integro-differential equation 


cl + , K(a — t)y(t) dt = f(a) (0<a2<o) (4.3.4.5) 


with the initial condition 
y=a at xr=0. (4.3.4.6) 


Multiply equation (4.3.4.5) by e~”” and then integrate with respect to x from zero to infinity. 
Using properties 7 and 12 of the Laplace transform (Table 4.2) and taking into account the initial 
condition (4.3.4.6), we obtain a linear algebraic equation for the transform y(p): 


py(p) — a+ K(p)9(p) = f(p). 


It follows that - 
a f(p) +a 
j(p) = Le 
p+ K(p) 
By the inversion formula (4.3.1.2), the solution to the original problem (4.3.4.5)-(4.3.4.6) is found 
in the form 8s 
1 c+i100 ro 
y(x) = =| IO)F4 ope dp, ?=-l. (4.3.4.7) 
ant c-ico D+ K(p) 
Consider the special case of a = 0 and K(x) = cos(bx). From row 10 of Table 4.3 it follows 
that K(p) = oe Rearrange the integrand of (4.3.4.7): 
f(p) ve 1 1 - 
ar ee a eee 
p+K(p) pe? +? +1) D pipe era) 


In order to invert this expression, let us use the convolution theorem (see formula 16 of Sec- 
tion S3.2.1) as well as formulas | and 28 for the inversion of rational functions, Section S3.2.2. 
As aresult, we arrive at the solution in the form 


ie i. b? + cos(tV/b? + 1) 


Rad f(a — t) dt. 
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4.3.5 Solution of Linear Equations with Polynomial Coefficients 
Using the Laplace Transform 


> Solution of equations using the Laplace transform. General description. 


1°. Some classes of equations (4.2.1.1) or (4.2.2.1) with polynomial coefficients 


fiz) = S> ne 
m=0 


may be solved using the Laplace transform (see Sections 4.3.1, 4.3.2, and S3.1). To this 
end, one uses the following formula for the Laplace transform of the product of a power 
function and a derivative of the unknown function: 


BOT sce nok. (ke 
Efe ya) = OY a "0) — Sop *yt »(40)] (4.3.5.1) 
k=1 
The right-hand side contains initial data ys (+0), m= 0, 1, ..., 7 — 1 (specified in the 


Cauchy problem). As a result, one arrives at a linear ordinary differential equation, with 
respect to p, for the transform y(p); the order of this equation is equal to max {sx}, the 
SAAN 


highest degree of the polynomials that determine the equation coefficients. In some cases, 
the equation for y(p) turns out to be simpler than the initial equation for y(x) and can be 
solved in closed form. The desired function y(x) is found by inverting the transform y(p) 
using the formulas from Section 4.3.2 or the tables from Section $3.2. 


> Application to the Laplace equation. 
Consider the Laplace equation 
(an +bnx)yh + (an—1+bn—1)yl) +--+ (a1 +biz)y + (ao +box)y =0, (4.3.5.2) 


whose coefficients are linear functions of the independent variable x. The application of 
the Laplace transform, in view of formulas (4.3.5.1), brings it to a linear first-order ordinary 
differential equation for the transform y(p). 
Example 4.8. Consider a special case of equation (4.3.5.2): 
LY, +Y, tary =0. (4.3.5.3) 


Denote y(0) = yo and y/,(0) = y1. Let us apply the Laplace transform to this equation using formulas 
(4.3.5.1). On rearrangement, we obtain a linear first-order equation for y(p): 


-—(p°F-— yor —1)p + (PF-—Yyo)-a%,=0 => (p?+a)¥, +7 =0. 


Its general solution is expressed as 
7 C 


y= aS 
VP? +a 
where C’' is an arbitrary constant. Applying the inverse Laplace transform to (4.3.5.4) and taking 


into account formulas 19 and 20 from Section S3.2.3, we find a solution to the original equation 
(4.3.5.3): 


(4.3.5.4) 


y(a) = ae aes (4.3.5.5) 


Clo(a/—-a) if a<0, 
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where Jo(2:) is the Bessel function of the first kind and Ip(2:) is the modified Bessel function of the 
first kind. 

In this case, only one solution (4.3.5.5) has been obtained. This is due to the fact that the other 
solution goes to infinity as x — 0, and hence formula (4.3.5.1) cannot be applied to it; this formula 
is only valid for finite initial values of the function and its derivatives. 


4.3.6 Solution of Linear Equations with Polynomial Coefficients 
Using the Laplace Integral 


> Solution of equations using the Laplace integral. General description. 


Solutions to linear differential equations with polynomial coefficients can sometimes be 
represented as a Laplace integral in the form 


ya) = [ cP u(p) dp. (4.3.6.1) 
K 


For now, no assumptions are made about the domain of integration K; it could be a segment 
of the real axis or a curve in the complex plane. 

Let us exemplify the usage of the Laplace integral (4.3.6.1) by considering equation 
(4.3.5.2). It follows from (4.3.6.1) that 


(a) =  e*phutn) ap, 
ay*) (a) = I ae?" p*u(p) dp = lerp*u(p)] | — I on [oku(p) dp. 


Substituting these expressions into (4.3.5.2) yields 


I {> app” u(p > om = [phat »)| } dp + > br er rulp)| =0. (4.3.6.2) 


This equation is satisfied if the expression in braces vanishes, thus resulting in a linear 
first-order ordinary differential equation for u(p): 


De ax FF Lup drat] =0 (4.3.6.3) 


The remaining term in (4.3.6.2) must also vanish: 
n 
bs bueP*pu(p)| =o. (4.3.6.4) 


This condition can be met by appropriately selecting the path of integration K’. Consider 
the example below to illustrate the aforesaid. 

> Application to the second-order Laplace equation of the special form. 

Consider the linear variable-coefficient second-order equation 


ry, t(x+atd)jy,+ay=0 (a>0, b>0), (4.3.6.5) 
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that is a special case of equation (4.3.5.2) with n = 2, ag =0, ay =a+b, ag =a, bp = b, = 1, 
and by = 0. On substituting these values into (4.3.6.3), we arrive at an equation for u(p): 


p(p + 1)u, — [(a+b-2)p+a—1Ju=0. 
Its solution is given by 
u(p) =p *(p +1)". (4.3.6.6) 
It follows from condition (4.3.6.4), in view of formula (4.3.6.6), that 


Pale 


B 
le”"(p ~ p)u(p)| ha le”*p*(p +1) a 0, (4.3.6.7) 


where a segment of the real axis, K = [a, 3], has been chosen to be the path of integration. 
Condition (4.3.6.7) is satisfied if we set a = —1 and 6 = 0. Consequently, one of the 
solutions to equation (4.3.6.5) has the form 


0 
y(x) = / eP@ 2-1 (py +1)?! dp. (4.3.6.8) 
—1 


Remark 4.4. If a is noninteger, it is necessary to separate the real and imaginary parts in 
(4.3.6.8) to obtain real solutions. 


Remark 4.5. By setting a = —oo and § = 0 in (4.3.6.7), one can find a second solution to 
equation (4.3.6.5) (at least for x > 0). 


© Literature for Section 4.3: G. Doetsch (1950, 1956, 1974), H. Bateman and A. Erdélyi (1954), G. M. Mur- 
phy (1960), V. A. Ditkin and A. P. Prudnikov (1965), J. W. Miles (1971), F. Oberhettinger and L. Badii (1973), 
E. Kamke (1977), W. R. LePage (1980), R. Bellman and R. Roth (1984), A. P. Prudnikov, Yu. A. Brychkoy, 
and O. I. Marichev (1992a,b), M. Ya. Antimirov (1993), D. Zwillinger (1997), G. A. Korn and T. M. Korn 
(2000), A. D. Polyanin and V. F. Zaitsev (2003), A. D. Polyanin and A. V. Manzhirov (2007). 


4.4 Asymptotic Solutions of Linear Equations 


This section presents asymptotic solutions, as « + 0 (€ > 0), of some higher-order linear 
ordinary differential equations containing arbitrary functions (sufficiently smooth), with 
the independent variable being real. 

4.4.1 Fourth-Order Linear Differential Equations 

> Binomial equation. 


1°. Consider the equation 

4 
on a closed interval a < x < b. With the condition f > 0, the leading terms of the asymptotic 
expansions of the fundamental system of solutions, as ¢ — 0, are given by the formulas 


n= [er "en{—2 flac}, w= (fw *en{  fr@l*ae}, 
= [re eos4 > fr@placl, w= (seer sin{ > fyeop acl. 
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> Trinomial equation. 
Now consider the “biquadratic” equation 
"Varo — 2€°9(@) Yen — F(x)y = 0. (4.4.1.1) 


Introduce the notation 
D(x) = (g(x)? + f(2). 
In the range where the conditions f(x) #4 0 and D(x) ¥ 0 are satisfied, the leading terms 


of the asymptotic expansions of the fundamental system of solutions of equation (4.4.1.1) 
are described by the formulas 


a P(a))-*7[D (a) exp{ = [waz f Be ach, k=1, 2,3, 4, 


2 D(x) 
where 
A(z) = Voz) + VD(z), — A2(z) = -1/ g(x) + V D(z), 
A3(z) = g(z)- VD(z), — Aa(@) = —4/ g(x) — V D(z). 


4.4.2 Higher-Order Linear Differential Equations 
> Binomial equation. 


Consider an equation of the form 
ery”) — f(x)y =0 


on a closed interval a < x < b. Assume that f £0. Then the leading terms of the asymptotic 
expansions of the fundamental system of solutions, as ¢ — 0, are given by 


dm = [Fle]? *  exp{ * [[y(e)]* ae hf +0), 


where W 1, Wo, ..., Wp are roots of the equation w” = 1: 


m _. (27m 
) + isin( 


wm = 608 ( ), Ne = AyD; esngeN, 


> More complex equation. 


Now consider an equation of the form 


ery) 4 PTF (r)ylt-D +... 4+ efi (a)y!, + fo(x)y = 0 (4.4.2.1) 
on a closed interval a < x < b. Let Am = Am(x) (m = 1,2,...,n) be the roots of the 


characteristic equation 
P(x,X) =X" + fr-1(e)A" 1 $e + fi (@)A + fo(z) = 0. 


Let all the roots of the characteristic equation be different on the interval a < x < 8, ie., 
the conditions A,,(z) A Ax (x), m # k, are satisfied, which is equivalent to the fulfillment 
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of the conditions P\(x, A;,) # 0. Then the leading terms of the asymptotic expansions of 
the fundamental system of solutions of equation (4.4.2.1), as € — 0, are given by 


tm = exp{ = Jr vo fray ene) ich, 


Py (x, Am(@)) 


where 
Py(a,A)= “ =nd"—14 (n—-1)fp_1(z)A” 74> --+2) fo(x)+fi(z), 
2 
Paa(2, A) = — =n(n—1)A"—? 4+ (n—1)(n—2) fn_1(z)A™ 3 +- --+6A f3(@)+2 fo(z). 


© Literature for Section 4.4. W. Wasov (1965), M. V. Fedoryuk (1993), A. D. Polyanin and V. F. Zaitsev 
(2003). 


4.5 Collocation Method 


4.5.1 Statement of the Problem. Approximate Solution 


1°. Consider the linear boundary value problem defined by the equation 


Ly = y+ fai(z)ye +--+ filz)y, + folxy=g(2), 9 -1<2<1, 45.1.1) 


and the boundary conditions 


| 
a 


n 


[ougy(-1) + ByyY()] =0, t=1,...,n. (4.5.1.2) 


a. 
ll 
fos) 


2°. We seek an approximate solution to problem (4.5.1.1)—(4.5.1.2) in the form 
Ym(x) = Aipi(z) + Aoye(x) +--+ + AmYm(2), 


where yx, (x) is a polynomial of degree n + k — 1 that satisfies the boundary conditions 
(4.5.1.2). The coefficients A; are determined by the linear system of algebraic equations 


[Lym — 9(2)] ,-, =, ee (4.5.1.3) 


2i-1 
with Chebyshev nodes x; = cos ( ; ), a ere (27 
m 


4.5.2 Convergence Theorem 


THEOREM. Let the functions f;(x) (j = 0,...,n — 1) and g(x) be continuous on the 
interval |—1,1] and let the boundary value problem (4.5.1.1)-(4.5.1.2) have a unique so- 
lution, y(x). Then there exists an mo such that system (4.5.1.3) is uniquely solvable for 
m > mo; and the limit relations 


— a () (n) = 4h 
_max, [yn ( x)—y (x)| < cEm(y )>0, k=0,1,...,n—-1; 


1 ye (x) — y (x)|? 1/2 ij 
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hold form — oo. Here c = const and 


m—-1 
a2, = ag 
Em(v) =, min max jo(x)— ) | dja’). 
J= 


Remark 4.6. A similar result holds true if the nodes are roots of some orthogonal polynomials 
with some weight function. If the nodes are equidistant, the method diverges. 


© Literature for Section 4.5: R. D. Russell and L. F. Shampine (1972), C. de Boor and B. Swartz (1993), 
Mathematical Encyclopedia (1979, p. 951), A. D. Polyanin and A. V. Manzhirov (2007). 


Chapter 5 


Methods for Nonlinear ODEs 
of Arbitrary Order 


5.1 General Concepts. Cauchy Problem. 
Uniqueness and Existence Theorems 
5.1.1. Equations Solved for the Derivative. General Solution 
> Equations solved for the highest derivative. Structure of the general solution. 


An nth-order differential equation solved for the highest derivative has the form 
y =f(z,y,y,,...,ye). (5.1.1.1) 


A solution of a differential equation is a function y(x) that, when substituted into the 
equation, turns it into an identity. The general solution of a differential equation is the set 
of all its solutions. 

The general solution of this equation depends on n arbitrary constants C),...,C,. In 
some cases, the general solution can be written in explicit form as 


> Cauchy problem. Existence and uniqueness theorem. 
The Cauchy problem: find a solution of equation (5.1.1.1) with the initial conditions 


y(%o) = yo, y(@o) = 907, oe yD (ao) = yf. (5.1.1.3) 


(At a point xo, the values of the unknown function y(z) and all its derivatives of orders 
< n— 1 are prescribed.) 


EXISTENCE AND UNIQUENESS THEOREM. Let the function f(x,y, 21,...,2n—1) be 
continuous in all its arguments in a neighborhood of the point (x0, yo, ys po fo?) 
and have bounded derivatives with respect to y, 21, ..., 2n—1 in this neighborhood. Then a 


solution of equation (5.1.1.1) satisfying the initial conditions (5.1.1.3) exists and is unique. 
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5.1.2 Some Transformations 
> Construction of a differential equation by a given general solution. 


Suppose a general solution (5.1.1.2) of an unknown nth-order ordinary differential equation 
is given. The equation corresponding to the general solution can be obtained by eliminating 
the arbitrary constants C1, ..., C, from the identities 

Y= OC, Cis e0y Gy), 

Y,, = Oey C1, =e Cn), 


obtained by differentiation from formula (5.1.1.2). 


> Reduction of an nth-order equation to a system of n first-order equations. 


The differential equation (5.1.1.1) is equivalent to the following system of 7 first-order 
equations: 


yj = Y2; Yb = ¥3, ne iag Yn—1 = Yn; ae ne earn ne (5.1.2.1) 


where the notation y; = y is adopted. 
The initial conditions (5.1.1.3) for equation (5.1.1.1) become the initial conditions 


yi(%o) = yo, y2(a0) =, ---, yn(a0) = yf? (5.1.2.2) 


for system (5.1.2.1). 


Remark 5.1. For the numerical integration of equation (5.1.1.1) and system (5.1.2.1), see Sec- 
tions 7.4.2 and 5.4.1. 


© Literature for Section 5.1: G. M. Murphy (1960), L. E. El’sgol’ts (1961), N. M. Matveev (1967), I. G. Pet- 
rovskii (1970), E. Kamke (1977), A. N. Tikhonov, A. B. Vasil’eva, and A. G. Sveshnikov (1985), D. Zwill- 
inger (1997), G. A. Korn and T. M. Korn (2000), A. D. Polyanin and V. F. Zaitsev (2003), W. E. Boyce and 
R. C. DiPrima (2004), A. D. Polyanin and A. V. Manzhirov (2007). 


5.2 Equations Admitting Reduction of Order 


5.2.1. Equations Not Containing y or x Explicitly 
> Equations not containing y, y’,,..., y{*) explicitly. 


An equation that does not explicitly contain the unknown function and its derivatives up to 
order /; inclusive can generally be written as 


F(a,y8"),...,y™)=0 (1<k+1<n). (5.2.1.1) 


Such equations are invariant under arbitrary translations of the unknown function, y — 
y + const (the form of such equations is also preserved under the transformation u(x) = 


yt+ayr" +---+a ,x + a0, where the ay, are arbitrary constants). The substitution z(x) = 


sk) reduces (5.2.1.1) to an equation whose order is by & + 1 lower than that of the 
el . / (n—k-1) 
original equation, F(a, BR yey ae ) = 0. 
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> Equations not containing x explicitly (autonomous equations). 


An equation that does not explicitly contain x has in the general form 

Fg Gipsy?) = 0. (5.2.1.2) 
Such equations are invariant under arbitrary translations of the independent variable, 7 — 
x +const. The substitution y’, = w(y) (where y plays the role of the independent variable) 
reduces by one the order of an autonomous equation. Higher derivatives can be expressed 
in terms of w and its derivatives with respect to the new independent variable, y’”,, = ww, 


Mo 2M 12 
Verme = UW Why PF W(Wy)” po0 


> Related equations. 


Equations of the form 
F (aa + by, y,,...,y) =0 
are invariant under simultaneous translations of the independent variable and the unknown 
function, « > x + be and y > y — ac, where c is an arbitrary constant. 
For b = 0, see equation (5.2.1.1). For b ¥ 0, the substitution w(x) = y + (a/b) leads 
to an autonomous equation of the form (5.2.1.2). 


5.2.2 Homogeneous Equations 
> Equations homogeneous in the independent variable. 


Equations homogeneous in the independent variable are invariant under scaling of the in- 
dependent variable, x — ax, where a is an arbitrary constant (a # 0). In general, such 
equations can be written in the form 


F(y, ry, zy es _ ,aryl”)) = 0. 


The substitution z(y) = xy/, reduces by one the order of this equation. 


> Equations homogeneous in the unknown function. 


Equations homogeneous in the unknown function are invariant under scaling of the un- 
known function, y — ay, where a is an arbitrary constant (a 4 0). Such equations can be 
written in the general form 


F(x, ¥¢/¥, Yoo/¥s---y8/y) =0. 
The substitution z(x) = y/,/y reduces by one the order of this equation. 


> Equations homogeneous in both variables. 


Equations homogeneous in both variables are invariant under simultaneous scaling (dilata- 
tion) of the independent and dependent variables, x — ax and y + ay, where a is an 
arbitrary constant (a # 0). Such equations can be written in the general form 


F(y/z, | a) or tyln)) = 0. 
The transformation t = In|z|, w = y/x leads to an autonomous equation considered in 
Section 5.2.1 (see Eq. (5.2.1.2)). 
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5.2.3 Generalized Homogeneous Equations 
> Equations of a special form. 


Generalized homogeneous equations (equations homogeneous in the generalized sense) are 
invariant under simultaneous scaling of the independent variable and the unknown function, 
xz — ax and y > a*y, where a ¥ 0 is an arbitrary constant and k is a given number. Such 
equations can be written in the general form 


F(a-*y, ai ky! ade or ky ln) = 0. 


The transformation t = Inv, w = 2~*y leads to an autonomous equation considered in 
Section 5.2.1 (see Eq. (5.2.1.2)). 


> Equations of the general form. 


The most general form of generalized homogeneous equations is 


F(a"y™, xy’,/y,...,cy/y) = 0. 


The transformation z = x"y"™, u = xy’,/y reduces the order of this equation by one. 


5.2.4 Equations Invariant under Scaling-Translation Transformations 
> Equations of the first type. 


The equations of the form 


A 7 
F(e*y™, yf, /, Yoo!/¥, ---. YX /y) =0 
are invariant under the simultaneous translation and scaling of variables, x — x +a and 


y > By, where 8 = exp(—aX/m) and a is an arbitrary constant. The transformation 


2=o% 7" w= y,/y leads to an equation of order n — 1. 


> Equations of the second type. 


The equations of the form 


PM ty WU es ey) SO 


x 
are invariant under the simultaneous scaling and translation of variables, 7 — az and 


y > y+ B, where a = exp(—SA/m) and £ is an arbitrary constant. The transformation 
z=2™e, w = xy/, leads to an equation of order n — 1. 


5.2.5 Other Equations 
> Equations of the form F(x, ry’, — y, yn,+++5 y(™) =0. 
The substitution w(x) = xy!, — y reduces the order of this equation by one. 
This equation is a special case of the equation 
F(a, xy’, — my, yr)... sy) =0, where m=1,2,...,n—1. (5.2.5.1) 


The substitution w(x) = xy!, — my reduces by one the order of equation (5.2.5.1). 
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> Nonlinear equations involving linear homogeneous differential forms. 
Consider the nonlinear differential equation 
F(a, Vay, <+, Lely) = 0, (5.2.5.2) 


where the L,|y] are linear homogeneous differential forms, 


Lely] = >. op@(ay™, 8 =1,...,&. 
m=0 


Let yo = yo(x) be a common particular solution of the linear equations 

Ls[yo] = 0 (s=1,...,&). 
Then the substitution 

w= ¥(2)|yo(x)ur — yo(n)y| (5.2.5.3) 
with an arbitrary function ~(x) reduces by one the order of equation (5.2.5.2). 


Example 5.1. Consider the third-order equation 


my 


It can be represented in the form (5.2.5.2) with 


my 


k=2, F(z,u,w) =u— f(w), u = Lily] = Yire — Y w = Laly] = y, — y- 
The linear equations L;,[y] = 0 are 


my 


These equations have a common particular solution yo = e*. Therefore, the substitution w = 


y,, — y (see formula (5.2.5.3) with 7)(2) = e~”) leads to a second-order autonomous equation: 
wr, tw tw = f(w). 
Example 5.2. Consider the other third-order equation 
LY ene = F (ty, — 2y). 
It can be represented in the form (5.2.5.2) with 
k=2, F(z,u,w)=2u- fw), u=Lily]=Yro2, w= Lely] = cy, — 2y. 
The linear equations L;,[y] = 0 are 


Yeon = 0, xy, — 2y = 0. 


LLL 


These equations have a common particular solution yo = x?. Therefore, the substitution w = 


xy’, — 2y (see formula (5.2.5.3) with ~(a) = 1/x) leads to a second-order autonomous equation: 
wi. = f(w). For the solution of this equation, see Example 3.1 in Section 3.2.1. 


Example 5.3. The 2nth-order equation 
yf”) = fle, yie vty (5.2.5.4) 
can be represented in the form (5.2.5.2) with 
k= 2, F(z, u, w) =u— f(z,w), Lily] = yr) _ y, Lo[y] = Yeu — Y- 
Consider the linear equations 
Lily] = y2" —y=0, Lely] =y%,-—y=0. (5.2.5.5) 


There are two cases. 
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1°. Equations (5.2.5.5) have a common particular solution, yo = e*. Therefore, the substitution 
w = y,, — y (see formula (5.2.5.3) with y(a) = e~*) takes Eq. (5.2.5.4) to an (n — 1)st-order 
equation. 
2°. Equations (5.2.5.5) also have another common particular solution, yo = e~”. Therefore, the 
substitution w = y/, + y (see formula (5.2.5.3) with p(x) = e”) leads Eq. (5.2.5.4) to an (n — 1)st- 
order equation. 

Both of the above cases can be combined together. Specifically, the substitution u = y/,, — y 
reduces Eq. (5.2.5.4) to an (n — 2)nd-order equation. 

In particular, a fourth-order equation of the form 


y = f(y, —y) ty 


can be reduced with the substitution u = y/”,, — y to the second-order autonomous equation w//,, = 
f(u) — u, whose general solution can be represented in implicit form (see Example 3.1). 


© Literature for Section 5.2: G. M. Murphy (1960), N. M. Matveev (1967), E. Kamke (1977), D. Zwillinger 
(1997), G. A. Korn and T. M. Korn (2000), A. D. Polyanin and V. F. Zaitsev (2003), A. D. Polyanin and 
A. V. Manzhirov (2007). 


5.3 Method for Construction of Solvable Equations 
of General Form 


5.3.1 Description of the Method 


Consider a function 
y = f(@,C1,Co,...,Cn41) (5.3.1.1) 


depending on n+1 free parameters C,. Differentiating relation (5.3.1.1) n times, we obtain 
the following sequence of equations: 


y®) = f(x, C1,C2,..-,Ca4i), k=1,2,...,n. (5.3.1.2) 
Treating relations (5.3.1.1), (5.3.1.2) as an algebraic (transcendental) system of equations 
for the parameters C1, C2, ..., Cn41 and solving this system, we obtain 
Cy = ve (x,y, yh, 9), k=1,2,...,n+1. (5.3.1.3) 
Consider a general nth-order equation of the form 

Pp, Ba;-+ +1 Pn+i) = 0, (5.3.1.4) 
where F' is an arbitrary function of (n + 1) variables and yr = yx (z Ys Yipee ys”) are 
the functions from (5.3.1.3). Equation (5.3.1.4) is satisfied by the function (5.3.1.1), where 

the (n + 1) arbitrary parameters C1, C2, ..., Cy+1 are related by a single constraint: 


PUG Cbs cca i4) SO: 


Remark 5.2. Equation (5.3.1.4) may also have singular solutions depending on a smaller num- 
ber of arbitrary constants. In order to examine these solutions, one should differentiate equation 
(5.3.1.4); see Example 5.4. 


Remark 5.3. Instead of (5.3.1.4), one can consider a more general equation 


F(t, P2,..-,%n41) = 0, where We = We(P1, Y2,---;Pn41)- 
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Remark 5.4. The original expression (5.3.1.1) can be specified in an implicit form. 


Remark 5.5. The original expression (5.3.1.1) can be written as an mth-order differential equa- 
tion (m <n) with n —m-+ 1 free parameters C;,. The solution of the nth-order differential equation 
obtained in this way can be expressed in terms of the solution of an mth-order differential equation 
(see Example 5.7). 


5.3.2 Illustrative Examples 
Example 5.4. Consider the function 
y= —Cie 74+ Co. (5.3.2.1) 


By differentiation we obtain 
if, =e (5.3.2.2) 


Let us solve equations (5.3.2.1)—(5.3.2.2) for the parameters C, and C2. We have 
Cr=e*y,, Co=y,+y- 
Using the above method, we construct an equation in accordance with (5.3.1.4): 
F(e*yt,, y, +y) =0. G.323) 


This equation admits a solution of the form (5.3.2.1) with constants C', and C2 related by the con- 
straint F'(C1, C2) = 0. 
Singular solution. Differentiating equation (7) with respect to x, we get 


(Yeu + ¥x)(e? Fu + Fy) = 0, (5.3.2.4) 


where the subscripts u and v indicate the respective partial derivatives of the function F' = F'(u, v). 
Equating the first factor in (5.3.2.4) to zero, we obtain solution (5.3.2.1). Equating the second factor 
to zero, we obtain an expression which, combined with equation (5.3.2.3), yields a singular solution 
in parametric form: 


F(u,v)=0, e*Fy + Fy, =0, where u=e"t, v=t+y. 
One should eliminate ¢ = y/, from these expressions. 
Example 5.5. Consider the function 
y = Cx" + Cox + C3. (5235) 
Differentiating this function twice, we get 


Yn => 2C x + Co, 


yl, = 2C). (5.3.2.6) 


Solving (5.3.2.5)-(5.3.2.6) for the parameters Cy, we find that 


Ci = SY ns C2 = y\, = ee C3 =o ae Fr ae Wow 


These relations lead to a second-order equation of general form: 
F(3¥ee Yo — Teer Y¥ — Cz + Z2° You) = 0, 


which has a solution of the type (5.3.2.5) with the three constants C, C2, and C3 related by the 
constraint F'(C),C2,C3) = 0. 
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Example 5.6. In Example 5.5, one can choose the functions w, of the form (see Remark 5.3) 


v1 =291, v2=—%2, v3 =4y193 — 95, 


where y~ = eee 2 = 9, — ty, 3 =y— ty, + ae Ue As a result, we obtain the differential 


equation: 

F (Yrws PYnw — Yrr Wax — Yr)”) = 0. 
Its solution is given by (5.3.2.5) with three constants C1, C2, and C3 related by a single constraint 
F (2C1, —C2,4C,C3 — C?) = 0. 


Example 5.7. Consider the autonomous equation 
Von = Cry” * + Co. (5.3.2.7) 


Its solution can be represented in implicit form (see Example 3.1 and Eq. 14.9.1.1). Differentiating 
(5.3.2.7), we obtain 
Cea ay yf, (5.3.2.8) 


Your 
Let us solve equations (5.3.2.7)—(5.3.2.8) for the parameters C and C2: 
UE Mr 
Ci _ a ae , oF _ yn a yee : 
ae ay 
Taking ¢1 = —ay, and wz = aye (see Remark 5.3), we obtain the equation: 


wi 


F(y* ss y vee +4 cus) —0. 


/ 


Vr Vr 
This equation is satisfied by the solutions of a second-order autonomous equation of the form 
(5.3.2.7), where the constants C and C2 are related by the constraint F'(—aC, aC2) = 0. 


©) Literature for Section 5.3: A.D. Polyanin and V. F. Zaitsev (2003). 


5.4 Numerical Integration of n-order Equations 


5.4.1. Numerical Solution of the Cauchy Problem for n-order ODEs 


The Cauchy problem for the nth-order equation (5.1.1.1) subject to the initial conditions 
(5.1.1.3) is solved numerically in two stages. First, equation (5.1.1.1) is reduced to the 
equivalent system of n first-order equations (5.1.2.1) with the initial conditions (5.1.2.2). 
In the second stage, the resulting system (5.1.2.1) is integrated numerically with standard 
methods outlined in Section 7.4.2. 


5.4.2 Numerical Solution of Equations Defined Implicitly or 
Parametrically 


> Numerical integration of equations defined parametrically. 


Below we describe a numerical method for solving the Cauchy problem for the n-order 
equation represented in parametric form by two relations 


yo) = F(z,y,y/,,...,y8"-, 0), yi) =a, Y; iiyetsg yh) 2), m < nN, 
(5.4.2.1) 
subject to the initial conditions (5.1.1.3), with ¢ being a functional parameter. 
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We start directly from equations (5.4.2.1). Consider two auxiliary Cauchy problems 


ie = a Ate a), 

y(zo) = yo, Yp(2o) = yo”, seus y6-) (x9) = yr) (1st problem); (5.4.2.2) 
SCG oa as 

y(to) = yo, y(t0) = yh?, ---> yf Yao) = yf"? 2nd problem). (5.4.2.3) 


Let yr = yr(a,t) and ye = yq(x,t) denote their respective solutions. Introduce the 
difference of these solutions 


A(z, t) = ya(2,t) — yp (a, t). (5.4.2.4) 


By fixing a value of the parameter, t =t,, we compute the solutions yr(x, t;,) and yq(x, tr) 
using, for example, the Runge-Kutta method. Further, by varying x, we find a x, at which 
the right-hand side of equation (5.4.2.3) becomes zero: A(xz,t;,) = 0. To this x, there 
corresponds the value yz, = yr(xz, tk) = ya(Lr, te). Thus, to each ty there corresponds a 
point (7%, yz) in the (7, y) plane. By choosing a different value t;,41, we find a new point 
(Xk-+41; Yk+1). The combination of discrete points (x, yx) with k =0, 1, 2, ... determines 
an approximation to the solution y = y(x) of the original problem (5.4.2.1), (5.1.1.3). 

The initial value of the parameter, t = tg, is determined from the algebraic (or transcen- 
dental) equation 


yo = F(z, Yo; yo”, aa yen) ’ to), (5.4.2.5) 
where 2g, Yo, yo”, ere yo are the values appearing in the initial conditions (5.4.2.2)— 


(5.4.2.3), obtained from (5.1.1.3)). 


Remark 5.6. In general, the algebraic (or transcendental) equation (5.4.2.5) can have one, two, 
or more different roots, in which case the original problem (5.4.2.1), (5.1.1.3) will have the same 
number of different solutions. 


> Numerical integration of equations defined implicitly. 
Consider the Cauchy problem for the implicitly defined equation 
y™ el i Ge a) yD, yl), m<n (5.4.2.6) 


subject to the initial conditions (5.1.1.3). 
The substitution yl = t reduces equation (5.4.2.6) to the parametric equation 


ym = F(a, Y, Os eee aug 3b), y) Sb (3.4.2.7) 


with the initial conditions (5.1.1.3). 

Problem (5.4.2.7), (5.1.1.3) is a special case of problem (5.4.2.1), (5.1.1.3) in which 
G(...) = t; hence, the above method is suitable for its solution. 
© Literature for Section 5.4: N. N. Kalitkin (1978), J. C. Butcher (1987), E. Hairer, C. Lubich, and M. Roche 
(1989), W. E. Schiesser (1994), L. F. Shampine (1994), K. E. Brenan, S. L. Campbell, and L. R. Petzold (1996), 
J. R. Dormand (1996), E. Hairer and G. Wanner (1996), D. Zwillinger (1997), U. M. Ascher and L. R. Petzold 
(1998), G. A. Korn and T. M. Korn (2000), P. J. Rabier and W. C. Rheinboldt (2002), S. C. Chapra and 
R. P. Canale (2010), A. D. Polyanin (2016b). 
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Chapter 6 


Methods for Linear Systems 
of ODEs 


6.1 Systems of Linear Constant-Coefficient Equations 


6.1.1 Systems of First-Order Linear Homogeneous Equations. 
General Solution 


1°. In general, a homogeneous linear system of constant-coefficient first-order ordinary 
differential equations has the form 


/ 

Yy = Q11y1 + A12Y2 +++ + A1nYn; 
/ 

Yo = Ga1y1 + A22Y2 + +++ + GanYn; 


(6.1.1.1) 


Yi, = An1Y1 + Gn2y2 +++ + AnnYn, 

where a prime stands for the derivative with respect to x. In the sequel, all the coeffi- 
cients a;; of the system are assumed to be real numbers. 

The homogeneous system (6.1.1.1) has the trivial particular solution y; = yg =--: = 

Superposition principle for a homogeneous system: any linear combination of particular 
solutions of system (6.1.1.1) is also a solution of this system. 

The general solution of the system of differential equations (6.1.1.1) is the sum of its n 
linearly independent (nontrivial) particular solutions multiplied by an arbitrary constant. 

System (6.1.1.1) can be reduced to a single homogeneous linear constant-coefficient 
nth-order equation; see Section 7.1.3. 


2°. For brevity (and clearness), system (6.1.1.1) is conventionally written in vector-matrix 
form: 
y = ay, (6.1.1.2) 


where y = (y1,92,---; Yn)! is the column vector of the unknowns and a = (a;;) is the 
matrix of the equation coefficients. The superscript T denotes the transpose of a matrix or 
a vector. So, for example, a row vector is converted into a column vector: 


(yi,y2)' = i 
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The right-hand side of equation (6.1.1.2) is the product of the n x n square matrix a by the 
nm X 1 matrix (column vector) y. 

Let y;, = (Ye1s Yk2;+++;Ykn)! be linearly independent particular solutions* of the ho- 
mogeneous system (6.1.1.1), where k = 1, 2, ..., n; the first subscript in ypm = Yem(x) 
denotes the number of the solution and the second subscript indicates the component of 
the vector solution. Then the general solution of the homogeneous system (6.1.1.2) is ex- 
pressed as 

y = Cry, + Coy +--+ + Cnyn- (6.1.1.3) 


A method for the construction of particular solutions that can be used to obtain the general 
solution by formula (6.1.1.3) is presented below. 


6.1.2 Systems of First-Order Linear Homogeneous Equations. 
Particular Solutions 


Particular solutions to system (6.1.1.1) are determined by the roots of the characteristic 
equation 


ai1— Xr aj42 bnéeé Qin 
A(A) =0, where A(A)= G21 ag A. On : (6.1.2.1) 
QAn1 aAn2 eee Ann — Xr 


The following cases are possible: 


1°. Let A = Ax be a simple real root of the characteristic equation (6.1.2.1). The corre- 
sponding particular solution of the homogeneous linear system of equations (6.1.1.1) has 
the exponential form 


yy = Aye, yo= Ace”, ..., Yn = Ane”, (6.1.2.2) 


where the coefficients A;, Ag, ..., A, are determined by solving the associated homoge- 
neous system of algebraic equations obtained by substituting expressions (6.1.2.2) into the 
differential equation (6.1.1.1) and dividing by e?*: 


(a11 — A)Ai + @12A2q +--+ + GinAn = 0, 


ag1A1 + (dag — A)Ag +--+ + @anAn = 0, 
21A1 + (a22 )A2 InAn (6.1.2.3) 
Ani Ay + Qn2A2q +++++ (Gai _ A) An = 0. 
The solution of this system is unique to within a constant factor. 
If all roots of the characteristic equation 1, Ao, ..., An are real and distinct, then the 
general solution of system (6.1.1.1) has the form 
yt = Cy Aye™™* + Cp Ayge?* + +++ + Cn Aine, 
= CiAge 4+ Cy Ane br OO Ane, 
y2 14421€ 2A22€ + CnAane (6.1.2.4) 


“This means that the condition det |ymx(ax)| 4 0 holds. 
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where C, Co, ..., Cy, are arbitrary constants. The second subscript in A,,, indicates a 
coefficient corresponding to the root Ax. 


2°. For each simple complex root, A = a + i, of the characteristic equation (6.1.2.1), 
the corresponding particular solution is obtained in the same way as in the simple real root 
case; the associated coefficients A, Ag, ..., An in (6.1.2.2) will be complex. Separating 
the real and imaginary parts in (6.1.2.2) results in two real particular solutions to system 
(6.1.1.1); the same two solutions are obtained if one takes the complex conjugate root, 
A=a—if. 

3°. Let A be a real root of the characteristic equation (6.1.2.1) of multiplicity m. The 
corresponding particular solution of system (6.1.1.1) is sought in the form 


y= Pl(aje*, y= P2(z)e, ..., Yn = PR(x)e™, (6.1.2.5) 

m1 : 

where the P* (x) = > By,a«* are polynomials of degree m — 1. The coefficients of these 
1=0 

polynomials result from the substitution of expressions (6.1.2.5) into equations (6.1.1.1); 

after dividing by e*” and collecting like terms, one obtains n equations, each representing 

a polynomial equated to zero. By equating the coefficients of all resulting polynomials 

to zero, one arrives at a linear algebraic system of equations for the coefficients B;,,;; the 

solution to this system will contain m free parameters. 


4°. For a multiple complex, \ = a + i, of multiplicity m, the corresponding particular 
solution is sought, just as in the case of a multiple real root, in the form (6.1.2.5); here 
the coefficients B;; of the polynomials P* (x) will be complex. Finally, in order to obtain 
real solutions of the original system (6.1.1.1), one separates the real and imaginary parts 
in formulas (6.1.2.5), thus obtaining two particular solutions with m free parameters each. 
The two solutions correspond to the complex conjugate roots A = a + 76. 


5°. In the general case, where the characteristic equation (6.1.2.1) has simple and multi- 
ple, real and complex roots (see Items 1°—4°), the general solution to system (6.1.1.1) is 
obtained as the sum of all particular solutions multiplied by arbitrary constants. 


Example 6.1. Consider the homogeneous system of two linear differential equations 


Yi = yt 4ye, 
Yo =Yyit ye. 
The associated characteristic equation, 
1-A 4 | \9 _ 
| 1 134)-> —2\—3=0, 


has two distinct real roots: 
Ay =3, AQgQ=-l. 
The system of algebraic equations (6.1.2.3) for solution coefficients becomes 
(1—A)Ai + 442 = 0, 
A, + (1—A)Ap = 0. 
Substituting the first root, 1 = 3, into system (6.1.2.6) yields A; = 2A. We can set Ay = 2 


and Az = 1, since the solution is determined to within a constant factor. Thus the first particular 
solution of the homogeneous system of linear ordinary differential equations (6.1.2.6) has the form 


yi = 2e7*, yo = e**. (6.1.2.7) 


(6.1.2.6) 
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The second particular solution, corresponding to \ = —1, is found in the same way: 
Yy=—2e", yroue”. (6.1.2.8) 


The sum of the two particular solutions (6.1.2.7), (6.1.2.8) multiplied by arbitrary constants, 
C; and C2, gives the general solution to the original homogeneous system of linear ordinary differ- 
ential equations: 
Y= 2C,e3” _ 2C2e-, y2 = Cye** + Coe”. 


Example 6.2. Consider the system of ordinary differential equations 


y 
Y= —Y2, 
(6.1.2.9) 
Yo = 2y1 + 2y2. 
The characteristic equation, 


i —1 


— \2 _ — 
; Pile 21+2=0 


has complex conjugate roots: 
Ay = 1 +i, Ag =1-i. 
The algebraic system (6.1.2.3) for the complex coefficients A; and Az becomes 


—A, — Ap = 0, 
2A, + (2 _ d)A2 =0. 


With \ = 1 +7, one nonzero solution is given by A; = 1 and Az = —1 — 7. The corresponding 
complex solution to system (6.1.2.9) has the form 


yi =ettO2, yp = (-1— ijt, 
Separating the real and imaginary parts, taking into account the formulas 


el+)@ — (cosa + isin) = e* cosa + ie” sina, 


(—1 — ie +9 — —(1 4 ie" (cosx + isin x) = e* (sin x — cosx) — ie”(sinx + cosz), 


and making linear combinations from them, one arrives at the general solution to the original system 
(6.1.2.9): 
yt = Cre” cosx + Coe” sin z, 
yg = Cie" (sin x — cos) — Cge*(sinx + cos 2). 
Remark 6.1. Systems of two homogeneous linear constant-coefficient second-order differential 
equations are treated in detail in Section 6.1.8. 


6.1.3 Nonhomogeneous Systems of Linear First-Order Equations 


1°. In general, a nonhomogeneous linear system of constant-coefficient first-order ordinary 
differential equations has the form 


yj = 01141 + a12y2 + +++ + GinYn + f(z), 
Yo = Go1yi + Go2y2 + +++ + GanYn + fo(2), 


(6.1.3.1) 


Yr, = Anyi + Gn2y2 +°°* + Annyn + fr(Z). 
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For brevity, the conventional vector notation will also be used: 
y =ay+ f(z), 
where f(x) = (fi (x), fo(x),---, fn(x))’. 


The general solution of this system is the sum of the general solution to the correspond- 
ing homogeneous system with f;,(x) = 0 [see system (6.1.1.1)] and any particular solution 
of the nonhomogeneous system (6.1.3.1). 

System (6.1.3.1) can also be reduced to a single nonhomogeneous linear constant- 
coefficient nth-order equation; see Section 7.1.3. 


2°. Let y,, = (Dini (x), Dmi(),---;Dmn(a))" represent particular solutions to the ho- 
mogeneous linear system of constant-coefficient first-order ordinary differential equations 
(6.1.1.1) that satisfy the special initial conditions 


te(O=1, wa(O=O ft Rem i RH dyes 


Then the general solution to the nonhomogeneous system (6.1.3.1) is expressed as 
n x n 
= > | fin(t)Dma( —t)dt+ S>CmDng(t), = Ay.-n. 613.2) 
m=1°"9 m=1 


Alternatively, the general solution to the nonhomogeneous linear system of equations 
(6.1.3.1) can be obtained using the formulas from Section 6.2.2. 

The solution of the Cauchy problem for the nonhomogeneous system (6.1.3.1) with 
arbitrary initial conditions, 


yi(0) =r, y2(0)=y2, ---, Yr(0) =%, (6.1.3.3) 
is determined by formulas (6.1.3.2) with C,, = y?,,m =1,...,n. 


6.1.4 Homogeneous Linear Systems of Higher-Order Differential 
Equations 


An arbitrary system of homogeneous linear systems of constant-coefficient ordinary dif- 
ferential equations consists of n equations, each representing a linear combination of un- 
knowns, y;,, and their derivatives, y,., yf, ---, yim), a ee 

The general solution of such systems is a linear combination of particular solutions 
multiplied by arbitrary constants. In total, such a system has m1 + m2 +--+: + Mz» linearly 
independent particular solutions (the system is assumed to be consistent and nondegenerate, 
so that the constituent equations are linearly independent). 

Particular solutions of the system are sought in the form (6.1.2.2). On substituting these 
expressions into the differential equations and dividing by e*”, one obtains a homogeneous 
linear algebraic system for coefficients A,, A2,..., Ap. For this system to have nontrivial 
solutions, the determinant of the system must vanish. This results in an algebraic equation 
for the exponent ; in physics, this equation is called a dispersion equation. To differ- 
ent roots of the dispersion equation there correspond different particular solutions of the 
original system of equations. For simple real and complex-conjugate roots, the procedure 
of finding particular solutions is the same as in the case of a linear system of first-order 
equations (6.1.1.1). 
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Example 6.3. Consider the linear system of constant-coefficient second-order equations 


yi + yp + aye = 0, 


6.1.4.1 
yo + tay = 0. 

Particular solutions are sought in the form 
yi = Are**, ya = Age”. (6.1.4.2) 


Substituting (6.1.4.2) into (6.1.4.1) yields a homogeneous linear algebraic system for the coefficients 
A, and Ao: 
7A, + (A+.a)A2 = 0, 
(A + a)A, + d? Ao = 0. 
For this system to have nontrivial solutions, its determinant must vanish. This results in the disper- 
sion equation 


(6.1.4.3) 


2 
| A ATG) oe alto 


A+a d? 


M2= 524 ¢ta, A34=—Z 44/5 -4. (6.1.4.4) 


Let us confine ourselves to the simplest case of —+ <a< 5, where all roots of the dispersion 
equation are real and distinct. It follows from the system of algebraic equations (6.1.4.3) that Ay = 
\+aand Ay = —\?, where \ = \,,. Substituting these values into (6.1.4.2) yields the particular 
solutions yin = (An + a)e*”®, yon = —A?2e*”* (n = 1, 2, 3, 4). A linear combination of the 
particular solutions gives the general solution of system (6.1.4.1): 


yi = Cr(A1 + a)e™” + Co(Az + a)e*?® + C3(Azg + a)e*8” + Cy(Ag + a)e™?, 


yo = —CidAje™* — CodAZe™* — Cgdze** — Cydge™”, 


Its roots are 


where C), C2, C3, and C4 are arbitrary constants, and the roots \,, are determined by formulas 
(6.1.4.4). 


Remark 6.2. Section 6.1.7 (see Item 2°) presents a method for the solution of systems of ar- 
bitrary homogeneous linear constant-coefficients ordinary differential equations using the Laplace 
transform. 


6.1.5 Normal Coordinates and Natural Oscillations 


Small undamped oscillations of mechanical or electrical systems are often described by a 
system of n linear constant-coefficient ordinary differential equations of the second order 
n 
S > (dja + ajeye) =0 (Ff =1,2,...,n). (6.1.5.1) 
k=1 
Both matrices, (a;,) and (b;,), are symmetric and positive definite; in addition, they have 
the property that the characteristic equation, obtained by substituting a solution of the form 
(6.1.2.2) into (6.1.5.1), has 2n different nonzero pure imaginary roots: +2w 1, +two, ..., 
+iwy. 
System (6.1.5.1) can be simplified with so-called normal coordinates ¥1, Y2, .-., Yn 
using a linear transformation of the form 


=) Ge alo), (6.1.5.2) 
m=1 
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with the coefficients cy, chosen so as to reduce both matrices, (aj) and (b;;), to a diagonal 
form simultaneously. As a result, system (6.1.5.1) becomes 


—It 


i +w2tm=0 (m=1,2,...,7n), (6.1.5.3) 
where all of the equations are isolated and independent of one another. The general solution 
of system (6.1.5.3) can be written as 

Ym = Am COS(Wmx) + Bm sin(wmZ) (ip = 1, oy ten Tole (6.1.5.4) 
where A,,, and B,, are arbitrary constants. 


@ Very often, normal coordinates have a clear physical meaning. For details of the method 
for determining the coefficients cy, in the transformation (6.1.5.2), see, for example, the 
handbooks by Korn & Korn (2000) and Polyanin & Cheroutsan (2011). 


Example 6.4. Let us look at the system 


yf + wy, + 07(y1 — y2) = 
Yo 7 Wyo _ o7 (yi — y2) = 


? 


(6.1.5.5) 


It is not difficult to show that 
Y=YWty2, Yro=yi— ye 

are normal coordinates for this system. In terms of the normal coordinates, the system becomes 

Oi +w?yi =0, gy + (w? + 207)y2 = 0. (6.1.5.6) 

Under the initial conditions 
yi(0) =1, y2(0)=0, ¥4(0) = y2(0) = 0, 
which are equivalent to 
71(0) = %2(0)=1, 9,0) =%(0) =0 

in the normal coordinates, the solution of (6.1.5.6) is 

ji =cos(wx), Jo = cos(vV/w? + 20? 2). 
Consequently, the solution of the original system (6.1.5.5) is expressed as 


yi = a(t + J2) = cos(px) cos(qx), — y2 = (G1 — G2) = sin(pex) sin(qz), 


p= 4(Vw? +207 +w), qd = $(Vw? + 202 —w). 


6.1.6 Nonhomogeneous Higher-Order Linear Systems. D’Alembert’s 
Method 


Consider the system of two linear constant-coefficient mth-order differential equations 


yo” = any ay2y2 + fila), 


yo” = any az242 + f(x). 


(6.1.6.1) 


Let us multiply the second equation of system (6.1.6.1) by & and add it termwise to the 
first equation to obtain, after rearrangement, 


ay2 + kaze 
a11 + kag 


(yr + kyo) = (ay + kaz1) (u + wn) + fila) +kfo(x). (6.1.6.2) 
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+k 
Let us take the constant & so that “2 — = k, which results in a quadratic equation 
ay, + Kai 
for k: 
azk* + (a1 — ag2)k — ay = 0. (6.1.6.3) 


In this case, (6.1.6.2) is a nonhomogeneous linear constant-coefficient equation for z = 
yi + kyo: 
2) = (ay + kag)z + fi(z) + kfo(2). 


Integrating this equation yields 
Yi ky2 _ C191 (z, k) Sceee CmPm(z, k) — W(z, k). 


It follows that if the roots of the quadratic equation (6.1.6.3) are distinct, we have two 
relations, 


yi + kiyo = Cipi(a, ki) + +++ + Cmpm(x, ki) + (a, ki), 
Y1+ kayo = CmaaQile, kz) a ae ComPm(2, ka) oe (a, ka), 


which represent a linear algebraic system of equations for the functions y; and y2. 


Remark 6.3. The above method for the solution of system (6.1.6.1) is known as D Alembert’s 
method. The quantity z = y; + ky in the above reasoning gives an example of an integrable 
combination (see Section 7.2.1). 


Remark 6.4. The more complicated system where y; and yz on the right-hand side are replaced 


) 


by the derivatives of the same order, yr and ys? , can be treated likewise. 


Remark 6.5. System (6.1.6.1) can be solved using the Laplace transform (see Section 6.1.7). 


6.1.7 Usage of the Laplace Transform for Solving Linear Systems of 
Equations 


1°. To solve the Cauchy problem for the nonhomogeneous linear system of differential 
equations (6.1.3.1) with the initial conditions (6.1.3.3), one can use the Laplace transform, 
based on the following formulas (for details, see Section 4.3): 


ie(p) = &{ye(x)}, fe(p) =L{fe(x)}, where L{f(x)} = ye e P* f(x) dz. 


Ba 


To this end, one should multiply each equation in (6.1.3.1) by e~?” and then integrate 
with respect to x from zero to infinity. In view of the differentiation rule £ { Yi, (x)} = 
pyk(p) — yx(0) and the initial conditions (6.1.3.3), one arrives at a nonhomogeneous linear 
system of algebraic equations for the transforms ¥;,(p): 


(a11 — p)¥t + aria +--+ + AinIn = —f1(p) — vf, 
az1yi + (a22 — p)¥2 + +++ + Gen¥n = —fo(p) — yo, (6.1.7.1) 
An1Y1 + An2y2+++++ (Onin = P)Yn = —fn(p) ~~ is 
The solution of this system is obtained by Kramer’s rule and is given by 
ee A 
e(P) hAnecasts (6.1.7.2) 
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where A(p) is the determinant of the basic matrix of system (6.1.7.1), coinciding with the 
determinant in (6.1.2.1) with \ = p, and A;(p) is the determinant of the matrix obtained 
from the basic matrix by replacing its kth column with the column of free terms of sys- 
tem (6.1.7.1). 

On applying the Laplace inversion formula (see Section 4.3.1) to (6.1.7.2), one obtains 
a solution to the Cauchy problem (6.1.3.1), (6.1.3.3) in the form 


1 c+ioo Ax (p) F 
_—a 7 dy: a eae fe 
YR(@) Dg a A (p) € dp; k ’ ,n 


The formulas from Section 4.3.2 and tables from Section $3.2 can be used to find the 
inverse Laplace transform of the function A;(p)/A(p). 


2°. The Laplace transform is also suitable for the solution of systems of second- and 
higher-order ordinary differential equations with constant coefficients. 


Example 6.5. Consider the Cauchy problem for the nonhomogeneous linear system of constant- 
coefficient second-order differential equations 


n 


SS" (amey + bmi + CmkYk) = fm(2), m= dl, 2, sey NT, 
k=1 


subject to the initial conditions 
yk (0) = ar, (0) = Br; k=1, 2, vee T 


The Laplace transform reduces this problem to a linear system of algebraic equations for the trans- 
form ¥x(p): 


n 


S"(amep? ++ bmkP + Cmk) Yk(P) = fm(P) S- [(QmkP =P Dmk) Ok =e Br] eS 1, 2, ree Te 
k=1 k=1 


The solution to this system can be obtained using Kramer’s rule. By applying then the inverse 
Laplace transform to the resulting expressions of ¥,(p), one obtains the solution to the Cauchy 
problem. 


6.1.8 Classification of Equilibrium Points of Two-Dimensional Linear 
Systems 


> Two linear constant-coefficient coupled equations. Characteristic equation. 


Let us study the behavior of solutions near the equilibrium (also called stationary, steady- 
state, or fixed) point x = y = O for the system of two homogeneous linear constant- 
coefficient equations 


r = A110 + Q12Y, (6.1.8.1) 


Y= ant + aggy. 
By convention, for clearness and convenience of interpretation of the results, ¢ will be used 
to designate the independent variable and will be treated as time. A solution x = z(t), 
y = y(t) of system (6.1.8.1) plotted in the plane x, y (the phase plane) is called a (phase) 
trajectory of the system. 
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A solution to system (6.1.8.1) will be sought in the form 
z= kye™, y= kge™. (6.1.8.2) 


On substituting (6.1.8.2) into (6.1.8.1), one obtains the characteristic equation for the ex- 
ponent A: 


a—-A ay 
az, aa — A 


=0, or a (ait + a22)r + a11Q22 — ajod91 =0. (6.1.8.3) 
The coefficients k, and ky are found as 

ky = Caja, ko = C(A = a41), (6.1.8.4) 
where C’ is an arbitrary constant. To two different roots of the quadratic equation (6.1.8.3) 
there correspond two pairs of coefficients (6.1.8.4). 
> Discriminant of the characteristic equation. Classification of equilibrium points. 
Denote the discriminant of the quadratic equation (6.1.8.3) by 
D= (ait _ a2)” + 4aj2a9}. (6.1.8.5) 


Three situations are possible. 


1°. If D>0, the roots of the characteristic equation (6.1.8.3) are real and distinct (A; 4 2): 


A1,2 => $ (an + a22) = iVD. 


The general solution of system (6.1.8.1) is expressed as 


Sie de 
x = Chayge"!" + Coaiz2e", 


y = Ci(A1 — a1)e** + Ca(r2 — ay )e*?*, 


where C, and C4 are arbitrary constants. For C, = 0, Co 4 0 and C2 = 0, C, 4 0, the 
trajectories in the phase plane z, y are straight lines. Four cases are possible here. 

1.1. Two negative real roots, 4; < 0 and A2 < 0. This corresponds to ay, + ago < 0 
and @11@22 — @12@21 > 0. The equilibrium point is asymptotically stable and all trajectories 
starting within a small neighborhood of the origin tend to the origin as t + oo. To Cy = 0, 
C2 # 0 and Cz = 0, C 4 0 there correspond straight lines passing through the origin. 
Fig. 6.1a depicts the arrangement of the phase trajectories near an equilibrium point called 
a stable node (or a sink). The direction of motion along the trajectories with increasing t is 
shown by arrows. 

1.2. Ay > Oand A» > 0. This corresponds to a1, + ag2 > 0 and a11a22 — ay2a21 > 0. 
The phase trajectories in the vicinity of the equilibrium point have the same pattern as in 
the preceding case; however, the trajectories go in the opposite direction, away from the 
equilibrium point; see Fig. 6.1. An equilibrium point of this type is called an unstable 
node (or a source). 

1.3. Ay >Oand Ag <0 (or Ay <0 and Az > 0). This corresponds to a1,a22—a 42421 <0. 
In this case, the equilibrium point is also unstable, since the trajectory (6.1.8.6) with Cz =0 
goes beyond a small neighborhood of the origin as t increases. If C1C2 # 0, then the 


(6.1.8.6) 
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1, <0, 4,<0 (a) 1,>0, 4>0 (b) 
stable node unstable node 
(sink) (source) 


Figure 6.1: Phase trajectories of a system of differential equations near an equilibrium point 


of the node type. 
A, > 0,2. <0 
(A, < 0, A, > 0) 
saddle 
YV | 
Figure 6.2: Phase trajectories of a system of differential equations near an equilibrium point 
of the saddle type. 


trajectories leave the neighborhood of the origin as t + —oo and ¢ > oo. An equilibrium 
point of this type is called a saddle (or a hyperbolic point); see Fig. 6.2. 

1.4. AY = 0 and AQ = a41 + A22 f 0. This corresponds to a41Q22 — a12a21 = 0. The 
general solution of system (6.1.8.1) is expressed as 


— a11+a22 )t 
@ = Cyay2 + Cyayge(1 +022)", 


y= —Cyay41 + Cragg tara) (6.1.8.7) 


where C;, and C2 are arbitrary constants. By eliminating time t¢ from (6.1.8.7), one obtains 
a family of parallel lines defined by the equation a227 — ay2y = a42(a11 + @22)C1. To 
C2 = 0 in (6.1.8.7) there corresponds a one-parameter family of equilibrium points that lie 
on the straight line a4,z + ayy = 0. 

(i) If Ag < 0, then the trajectories approach the equilibrium point lying as t > oo; 
see Fig. 6.3. The equilibrium point z = y = 0 is stable (or neutrally stable)— there is no 
asymptotic stability. 

(ii) If Ag > 0, the trajectories have the same pattern as in case (i), but they go, as t > oo, 
in the opposite direction, away from the equilibrium point. The point x = y = 0 is unstable. 


2°. If D < 0, the characteristic equation (6.1.8.3) has complex-conjugate roots: 


A1,2 =atif, a= $ (au +422), B= 7 |D], = -1. 
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Figure 6.3: Phase trajectories of a system of differential equations near a set of equilibrium 
points located on a straight line. 


stable focus (a) unstable focus (5) 
(spiral sink) (spiral source) 
a<0O a>0 

O O 


Figure 6.4: Phase trajectories of a system of differential equations near an equilibrium point 
of the focus type. 


The general solution of system (6.1.8.1) has the form 


a = e“(C, cos(Gt) + C2 sin(6t)], 


y = & [Cf cos(Bt) + CF sin(41)], at 


where C{ and C9 are arbitrary constants, and C{ and C3 are defined by linear combinations 
of C; and C2. The following cases are possible. 

2.1. For a< 0, the trajectories in the phase plane are spirals asymptotically approaching 
the origin of coordinates (the equilibrium point) as t + oo; see Fig. 6.4a. Therefore the 
equilibrium point is asymptotically stable and is called a stable focus (also a stable spiral 
point or a spiral sink). A focus is characterized by the fact that the tangent to a trajectory 
changes its direction all the way to the equilibrium point. 

2.2. For a > 0, the phase trajectories are also spirals, but unlike the previous case they 
spiral away from the origin as t +> oo; see Fig. 6.4b. Therefore such an equilibrium point 
is called an unstable focus (also an unstable spiral point or a spiral source). 

2.3. At a = 0, the phase trajectories are closed curves, containing the equilibrium 
point inside (see Fig. 6.5). Such an equilibrium point is called a center. A center is a stable 
equilibrium point. Note that there is no asymptotic stability in this case. 
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center 


Figure 6.5: Phase trajectories of a system of differential equations near an equilibrium point 
of the center type. 


(a) (b) 
Ay =4,<90 A, =4,>0 
stable node unstable node 
(sink) (source) 
O O 


Figure 6.6: Phase trajectories of a system of differential equations near an equilibrium point 
of the node type in the case of a double root, A; = A2. 


3°. If D = 0, the characteristic equation (6.1.8.3) has a double real root, Ay = Ag = 
$ (a1 + a22). The following cases are possible. 
3.1. If Ay = Ag = A < 0, the general solution of system (6.1.8.1) has the form 


LS ay2(Cy + Cae. 


6.1.8.9 
y= [(A — ay1)Cy + Co + Co(A — a11)t]e™, ( ) 


where C’', and C4 are arbitrary constants. 

Since there is a rapidly decaying factor, e*, all trajectories tend to the equilibrium point 
as t + oo; see Fig. 6.6a. To Cz = 0 there corresponds a straight line in the phase plane ~, y. 
The equilibrium point is asymptotically stable and is called a stable node (a sink). Such a 
node is in intermediate position between a node from Item 1.1 and a focus from Item 2.1. 

3.2. If Ay = Ag = A > O, the general solution of system (6.1.8.1) is determined by 
formulas (6.1.8.9). The phase trajectories are similar to those from Item 3.1, but they go 
in the opposite direction, as t —> oo, rapidly away from the equilibrium point. Such an 
equilibrium point is called an unstable node (a source); see Fig. 6.6b. 

3.3. If Ay = Ag = 0, which corresponds to 


a4, +a@92=0 and ajjag2 — aj2a21 = 0 
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simultaneously, the general solution of system (6.1.8.1) is obtained by substituting 4 = 0 
into (6.1.8.9) and has the form 


L = ayQCy + aygCot, 
y = Co — ayy Cy — ay Cot. 


For aj2 4 0 all trajectories are parallel straight lines. As t + +00, the trajectories go away 
from the origin. The equilibrium point is unstable. 

For clearness, the classification results for equilibrium points of systems of two linear 
constant-coefficient differential equations (6.1.8.1) are summarized in Table 6.1. 


TABLE 6.1 
Classification of equilibrium points for systems of constant-coefficient equations (6.1.8.1); 
the symbols o and « indicate stable and unstable equilibrium points, respectively, where not clearly stated 


Discriminant, Roots of quadratic Conditions for coefficients a;; Type of equilibrium 
formula equation (6.1.8.3), of homogeneous liner points or shape of 
(6.1.8.5) Ai and A2 ordinary differential equations (6.1.8.1) | phase trajectories 


Ai <0, A2 <0, A1 # Ag +a22< 0, a11€22—412421 > 0 stable node 
Ai > 0, A2 > 0, A1 # A2 + 22 > 0, a11€22—412421 > 0 unstable node 
roots have unlike signs €11422— 412021 <0 saddle* 
Ai =0, A2 <0 Laz2 <0, @11422—412021 = 0 parallel lines® 
Ai =0, A2>0 | ao2 > 0, a11022—412a21 = 0 parallel lines* 


A1,2=atiB,a>0 a11+a22 <0, (a11—422)?+4a12421 <0 stable focus 
Ai,2=atiB,a<0 aii t+az22 > 0, (a11—G22)?+4a12021 <0 unstable focus 
A1,2 = +18, imaginary roots €11+422 = 0, a11@22—a12421 > 0 center° 


5 stable node 
a11 +422 <0, (a11—4@22)*+4a120a21 = 0 iinstable node 


2 

aiita 0, (a11—a@ +4aj2a21=0 

11 +422 > 0, (a11—a@22) 12421 saddle* 
a11 +422 = 0, a11422— 12421 = 0 


parallel lines* 


Remark 6.6. For general definitions of a stable and an unstable equilibrium point, see Sec- 
tion 7.3.1. 


© Literature for Section 6.1: G. M. Murphy (1960), V. A. Ditkin and A. P. Prudnikov (1965), G. A. Korn 
and T. M. Korn (2000), E. Kamke (1977), A. N. Tikhonov, A. B. Vasil’eva, and A. G. Sveshnikov (1985), 
D. Zwillinger (1997), G. A. Korn and T. M. Korn (2000), A. D. Polyanin and A. V. Manzhirov (2007). 


6.2 Systems of Linear Variable-Coefficient Equations 


6.2.1 Homogeneous Systems of Linear First-Order Equations 
> Superposition principle for a homogeneous system. 


In general, a homogeneous linear system of variable-coefficient first-order ordinary differ- 
ential equations has the form 


v1 = fi(a)yn + fio(e)ya +--+ + fin(2)yn, 
Yo = for(x)yr + foo(a)y2 +--+ + fon(x)un; 


Yn = fri(z)yi + fn2(x)yo ++°+ + frn(2) Yn 


(6.2.1.1) 
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where the prime denotes a derivative with respect to x. It is assumed further on that the 
functions f;;(«) are continuous of an interval a < x < b (intervals are allowed with a = —oo 
or/and b = +00). 

Any homogeneous linear system of the form (6.2.1.1) has the trivial particular solution 
YW=y=-=m=0. 

Superposition principle for a homogeneous system: any linear combination of particular 
solutions to system (6.2.1.1) is also a solution to this system. 


> Wronskian determinant. General solution of the homogeneous system. 
Let 
= T = : _ 
Yz ane (Yet, Yk2> tee »Vkn) ; Ykm = Vent) Ri; m = 1, 2, see (6.2.1.2) 


be nontrivial particular solutions of the homogeneous system of equations (6.2.1.1). Solu- 
tions (6.2.1.2) are linearly independent if the Wronskian determinant is nonzero: 


yi(£) yi2(x) ae Yin(2) 
W(a) = ae ae _ ake) #0. (6.2.1.3) 


If condition (6.2.1.3) is satisfied, the general solution of the homogeneous system 
(6.2.1.1) is expressed as 


y = Cy, + Coyo +--- + Cry, (6.2.1.4) 
where C1, C2, ..., Cy are arbitrary constants. The vector functions y, yo, ..., Y,, in 
(6.2.1.4) are called fundamental solutions of system (6.2.1.1). 
> Liouville formula. 


Suppose condition (6.2.1.3) is met. Then the Liouville formula 


W (2) = W(xo) exp | / (> fult)) at 


holds. 

COROLLARY. Particular solutions (6.2.1.2) are linearly independent on the interval 
[a, 6] if and only if there exists a point xo € [a,b] such that the Wronskian determinant 
is nonzero at x9: W(x) 4 0. 


> Reduction of the number of unknowns. 


Suppose a nontrivial particular solution of system (6.2.1.1), 


Y¥, = (uy, us,.--,Un)!, tie =a). aH 12 cca, 
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is known. Then the number of unknowns can be reduced by one. To this end, one considers 
the auxiliary homogeneous linear system of n — 1 equations 


= je) o)) ee (6.2.1.5) 
k py Feat ) wa (ay tt! ) q 

Let 
Zp = Cone eee ie 2mk = mk (x); p=2,...,n, 


be a fundamental system of solutions to system (6.2.1.5) and let 


l n 
7 = (0,299) Saosin) Fola)= f (a > fuala)pel) dz, P= 2; cay My 
s=2 


the vector Z,, having an additional component compared with z,. Then the vector functions 
y= F,(x)y1, +Zp (p = 2,...,n) together with y, form a fundamental system of solutions 
to the initial homogeneous system of equations (6.2.1.1). 


6.2.2 Nonhomogeneous Systems of Linear First-Order Equations 
> Nonhomogeneous linear systems. Existence and uniqueness theorem. 


In general, a nonhomogeneous linear system of variable-coefficient first-order differential 
equations has the form 


yi = fir(a)yi + fia(@)yo +--+ + fin(e)yn + gi(2), 
Yo = for(x)yr + fo2(a)yo +--+ + fon(@) Yn + 92(2), 


Un, = fni(z)yi + fna(w)yo + +++ + fan(2)yn + Gn (2). 


(6.2.2.1) 


Alternatively, the system can be written in the short vector-matrix notation as 


y =f(x)y + g(x), 
with f(z) = (fij(x)) being the matrix of equation coefficients and g(x) = (g1(x), 92(2), 
sy 9n(«)) : being the vector function defining the nonhomogeneous part of the equations. 


EXISTENCE AND UNIQUENESS THEOREM. Let the functions f;;(x) and g;(x) be con- 


tinuous on an interval a < x < b. Then, for any set of values x°, y{, ..., y;,, where 
a<x° <b, there exists a unique solution y; = y1(2), ..., Yn = Yn(2) Satisfying the initial 
conditions 

yi (x") = re attr Yn(x°) = Un 


and this solution is defined on the whole interval a < x < b. 


> General solution. 


Let 
¥=(1,G2,---,9m)', Ge= I(x); k=1,2,...,n, 
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be a particular solution to the nonhomogeneous system of equations (6.2.2.1). The general 
solution of this system is the sum of the general solution of the corresponding homogeneous 
system (6.2.1.1), which corresponds to gz(x) = 0 in (6.2.2.1), and any particular solution 
of the nonhomogeneous system (6.2.2.1), or 


y = Cy, + Coygt+---+ Cry, + y, (6.2.2.2) 


where y,,..., y,, are linearly independent solutions of the homogeneous system (6.2.1.1). 


> A particular solution. 


Given a fundamental system of solutions yp,,(x) (6.2.1.2) of the homogeneous system 
(6.2.1.1), a particular solution of the nonhomogeneous system (6.2.2.1) is found as 


n Won 
> umw(z) | a de, k=1,2,...,n, 
m=] 


where W,,,() is the determinant obtained by replacing the mth row in the Wronskian deter- 
minant (6.2.1.3) by the row of free terms, gi(2), go(X), .--, 9n(x), of equation (6.2.2.1). 
The general solution of the nonhomogeneous system (6.2.2.1) is given by (6.2.2.2). 


> Superposition principle for a nonhomogeneous system. 


A particular solution, y = y, of the nonhomogeneous system of linear differential equations, 
m 
y’ =f(x)y + >) g,(2), 
k=1 


is given by the sum 
m 
y= oy: 
k=1 


where the y,, are particular solutions of m (simpler) systems of equations 
y, = f(x)y, + g,(2), k=1, 2, see ™M, 


corresponding to individual nonhomogeneous terms of the original system. 


6.2.3 Euler System of Ordinary Differential Equations 
> Euler system of ODEs. Reduction to a constant-coefficient linear system. 


A homogeneous Euler system is a homogeneous linear system of ordinary differential equa- 
tions composed by linear combinations of the following terms: 


Uk, LY ps a y!, en ime y me). k=1,2,...,n. 


Such a system is invariant under scaling in the independent variable (i.e., it preserves its 
form under the change of variable x — az, where a is any nonzero number). A nonhomo- 
geneous Euler system contains additional terms, given functions. 

The substitution x = be’ (b 4 0) brings an Euler system, both homogeneous and non- 
homogeneous, to a constant-coefficient linear system of equations. 
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Example 6.6. In general, a nonhomogeneous Euler system of second-order equations has the 
form 


“ d? yy, d 
3 (cnn? + bar + enna an tm(2); m=1,2,...,n. (6.2.3.1) 
= dx dx 
The substitutions 2 = +e’ bring this system to a constant-coefficient linear system, 
n d d 
> fom Gt ar (Omk _ i) — a cmt = faleee); m= 1, 2, ree TN, 
= dt dt 


which can be solved using, for example, the Laplace transform (see Example 6.5 from Section 6.1.7). 


> Particular solutions. 


Particular solutions to a homogeneous Euler system (for system (6.2.3.1), corresponding to 
fim(x) = 0) are sought in the form of power functions: 


yr = Aix?, =Yyo= Aot?, «--,) Yn = An’, (6.2.3.2) 


where the coefficients A;, Ag, ..., Ap are determined by solving the associated homoge- 
neous system of algebraic equations obtained by substituting expressions (6.2.3.2) into the 
differential equations of the system in question and dividing by x’. Since the system is 
homogeneous, for it to have nontrivial solutions, its determinant must vanish. This results 
in a dispersion equation for the exponent o. 


© Literature for Section 6.2: G. M. Murphy (1960), E. Kamke (1977), A. N. Tikhonov, A. B. Vasil’eva, 
and A. G. Sveshnikov (1985), D. Zwillinger (1997), G. A. Korn and T. M. Korn (2000), A. D. Polyanin and 
A. V. Manzhirov (2007). 


Chapter 7 


Methods for Nonlinear Systems 
of ODEs 


7.1. Solutions and First Integrals. Uniqueness and 
Existence Theorems 


7.1.1. Systems Solved for the Derivative. A Solution and the General 
Solution 


We will be dealing with a system of first-order ordinary differential equations solved for 
the derivatives 


Vy = Fe(Z, Yr, --+5Yn)s k=1,...,n. (7.1.1.1) 


Throughout the current chapter, the prime denotes a derivative with respect to the indepen- 
dent variable x (unless otherwise stated). 

A set of numbers 2, y1, ..., Yn is convenient to treat as a point in the (n+ 1)-dimensional 
space. 

For brevity, system (7.1.1.1) is conventionally written in vector form: 


y =f(z,y), 


where y and f are the vectors defined as y = (y1,..., Yn)’ andf = (fi,..., fn)”. 

A solution (also an integral or an integral curve) of a system of differential equations 
(7.1.1.1) is a set of functions y; = yi (x), ..., Yn = Yn(x) such that, when substituted into 
all equations (7.1.1.1), they turn them into identities. The general solution of a system of 
differential equations is the set of all its solutions. In the general case, the general solution 
of system (7.1.1.1) depends on n arbitrary constants. 


7.1.2 Existence and Uniqueness Theorems 


EXISTENCE THEOREM (PEANO). Let the functions fx(x,41,.--,Yn) (k = 1,...,n) be 
continuous in a domain G of the (n + 1)-dimensional space of the variables x, y1, ..., Yn- 
Then there is at least one integral curve passing through every point M(x°,y{,..-,y)) 


in G. Each of such curves can be extended on both ends up to the boundary of any closed 
domain completely belonging to G and containing the point M inside. 
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Remark 7.1. If there is more than one integral curve passing through the point M, there are 
infinitely many integral curves passing through /. 


UNIQUENESS THEOREM. There is a unique integral curve passing through the point 


M(a°,y?,---,y%,) if the functions f;, have partial derivatives with respect to all ym, con- 
tinuous in X, Y1, .--,; Yn in the domain G, or if each function f;, in G satisfies the Lipschitz 
condition: 


n 
Fel 2y Digest Un) aa GAO Gigs | & A » Dri = Ural 


m=1 


where A is some positive number. 


7.1.3. Reduction of Systems of Equations to a Single Equation or to 
an Autonomous System of Equations 


> Reduction of systems of equations to a single equation. 


Suppose the right-hand sides of equations (7.1.1.1) are n times differentiable in all vari- 
ables. Then system (7.1.1.1) can be reduced to a single nth-order equation. Indeed, using 
the chain rule, let us differentiate the first equation of system (7.1.1.1) with respect to x to 


get 
Of. . Of Of 
yi = Dae pe ee a Oe (7.1.3.1) 
1 Un 
Then change the first derivatives y/, in (7.1.3.1) to fx(x,y1,.--,Yn) [the right-hand sides 
of equations (7.1.1.1)] to obtain 


yt = Fo(az,y1,---5 Yn); (7.1.3.2) 
O a) 6) 
where F>(z,y1,---;Yn) = — + ie a — n- Now differentiate equation 
n 


(7.1.3.2) with respect to x and replace the first derivatives y/, on the right-hand side of the 
resulting equation by f;. As a result, we obtain 


Wr 


y= PST Wigan's a): 


OF, OF: OF: 
where F3(x,Y1,---;Yn) = he ae 
n 


many times as required, one arrives at the following system of equations: 


fn. Repeating this procedure as 


yy — Fe Vits aa sn) 
yi = Fo(z,%1;- oe Yn) 


where 
PG, Gisac Ua) = fi(z,yi,---,Yn); 
Fre4a(Z,Y1y+++sYn) = On Bat Oe 
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Expressing y2, 3, ---, Yn from the n — 1 first equations of this system in terms of x, 1, Yi» 
“ns yor) and then substituting the resulting expressions into the last equation of system 


(7.1.1.1), one finally arrives at an nth-order equation: 


yi) = O(9, 1,94, +++ ae). (7.1.3.3) 


Remark 7.2. If (7.1.1.1) is a linear system of first-order differential equations, then (7.1.3.3) is 
a linear nth-order equation. 


Remark 7.3. Any equation of the form (7.1.3.3) can be reduced to a system on n first-order 
equations (see the end of Section 5.1.2). 


> Reduction of the nonautonomous system of equations to an autonomous system of 
equations. 


In general, the nonautonomous system (7.1.1.1), consisting of n equations, can be reduced 
to the autonomous system 


te=1, (Yele=fe(@,y1,---,Yn), kK=l,....0, (7.1.3.4) 


consisting of n + 1 equations. 


7.1.4 First Integrals. Using Them to Reduce System Dimension 


1°. A relation of the form 
WE Higicg ta) = C, (7.1.4.1) 


where C’' is an arbitrary constant, is called a first integral of system (7.1.1.1) if its left- 
hand side ®, generally not identically constant, is turned into a constant by any particular 
solution, ¥1,.--,Yn, Of system (7.1.1.1). In the sequel, we consider only continuously 
differentiable functions U(x, y1,..., Yn) ina given domain of variation of its arguments. 


THEOREM. An expression of the form (7.1.4.1) is a first integral of system (7.1.1.1) if 
and only if the function V = V(x, y1,..., Ym) satisfies the relation 


au Saw 
Ber * De By Fe B40) = 0. 


This relation may be treated as a first-order partial differential equation for V. 


Different first integrals of system (7.1.1.1) are called independent if the Jacobian of 
their left-hand sides is nonzero. 

System (7.1.1.1) admits n independent first integrals if the conditions of the uniqueness 
theorem from Section 7.1.2 are met. 


2°. Given a first integral (7.1.4.1) of system (7.1.1.1), it may be treated as an implicit 
specification of one of the unknowns. Solving (7.1.4.1), for example, for y,, yields y, = 
G(@,Y1,---;Yn—1). Substituting this expression into the first n — 1 equations of system 
(7.1.1.1), one obtains a system in n — 1 variables with one arbitrary constant. 

Likewise, given m independent first integrals of system (7.1.1.1), 


We(2,Y1,--+5Yn) = Ck, k=1,...,m (m <n), 


the system may be reduced to a system of n — m first-order equations in n — m unknowns. 
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7.2 Integrable Combinations. Autonomous Systems 
of Equations 


7.2.1. Integrable Combinations 
> Systems of first-order ordinary differential equations. 


In some cases, first integrals of systems of differential equations may be obtained by finding 
integrable combinations. An integrable combination is a differential equation that is easy 
to integrate and is a consequence of the equations of the system under consideration. Most 
commonly, an integrable combination is an equation of the form 


GUS, Yis0++5 tn) =O (7.2.1.1) 


or an equation reducible by a change of variables to one of the integrable types of equations 
in one unknown. 


Example 7.1. Consider the nonlinear system 


ay, =(b—c)yays, byy =(c—a)yry3, cy = (a — b)yrya, (21,2) 


where a, b, and c are some constants. Such systems arise in the theory of motion of a rigid body. 
Let us multiply the first equation by y, the second by ye, and the third by y3 and add together 
to obtain 


ayry; + byays + cysy3=0 => d(ay? + by? + cy3) =0. 
Integrating yields a first integral: 
ay? + bys + cy =C\. (7.2.1.3) 


Now multiply the first equation of the system by ay, the second by bye, and the third by cy3 
and add together to obtain 
a’yiy +b’ yoys + c?ysy3 =0 => d(a?y? + b’ys + cy?) =0. 
Integrating yields another first integral: 
a*y? + b?ys + c’y? = Co. (7.2.1.4) 


If the case a = b = c, where system (7.2.1.2) can be integrated directly, does not take place, 
the above two first integrals (7.2.1.3) and (7.2.1.4) are independent. Hence, using them, one can 
express Yo and y3 in terms of y; and then substitute the resulting expressions into the first equation 
of system (7.2.1.2). As a result, one arrives at a single separable first-order differential equation 
for y1. 

In this example, the integrable combinations have the form (7.2.1.1). 


Example 7.2. A specific example of finding an integrable combination reducible with a change 
of variables to a simpler, integrable linear equation in one unknown can be found in Section 6.1.6. 
p> Systems of second-order ordinary differential equations. 


In relatively few cases, integrals for systems of second-order ordinary differential equations 
can be found. Let us look at a few examples. 
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Example 7.3. Consider the Ermakov system 


yr, +a(x)y =y°f(z/y), (7.2.1.5) 
Zh, + a(x)z = z-*f(y/z), (7.2.1.6) 


where a(x), f(€), and g(7) are arbitrary functions. 
Multiplying (7.2.1.5) by z and (7.2.1.6) by —y, adding the results together, and using the idenity 
2Yeew — Y2ne = (2Yx — Y2r)are We Obtain 
d(zyz — ye) = ley? f(z/y) — yz *g(y/2)] de. 
Multiplying this relation by (zy’, — yz/,) and integrating with respect to x, we find that 
1 = = 
seule — wet)? = f (eu —etiev Fela) de — f (eal, — veh ue g(u/0) de + ¢, 


where C is an arbitrary constant. Using the change of variable € = z/y in the first integral and 
7 = y/z in the second integral, we arrive at the conservation law 


2/y y/2 
seus vet? = [erae-[” ngtnanee, 


which is independent of a(x). 


Remark 7.4. System (7.2.1.5)-(7.2.1.6) admits a class of exact solutions of the form 


y=y(z), z=ky(2), 


where k is a root of the algebraic (or transcendental) equation f(k) = k?g(1/k) (to distinct roots 
there correspond different solutions) and y = y() is a solution to the Ermakov (Yermakov) equation 
y,, + a(x)y = f(k)y~? (its general solution is expressed in terms of the solution to the truncated 
linear equation with f = 0, see Eq. 14.9.1.2). 


7.2.2 Autonomous Systems and Their Reduction to Systems of 
Lower Dimension 


1°. A system of equations is called autonomous if the right-hand sides of the equations do 
not depend explicitly on x. In general, such systems have the form 


Uy, = (hes tin ren (7.221) 


If y(x) is a solution of the autonomous system (7.2.2.1), then the function y(x + C), 
where C is an arbitrary constant, is also a solution of this system. 

A point y° = (y?,...,y;,) is called an equilibrium point (or a stationary point) of the 
autonomous system (7.2.2.1) if 


aaa) =, kK=1,...,n. 


To an equilibrium point there corresponds a special, simplest particular solution when all 
unknowns are constant: 


ii =; sey Ui = Uns | a ee oP 


2°. Any n-dimensional autonomous system of the form (7.2.2.1) can be reduced to an 
(n — 1)-dimensional system of equations independent of x. To this end, one should select 
one of the equations and divide the other n — 1 equations of the system by it. 
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Example 7.4. The autonomous system of two first-order equations 


is reduced by dividing the first equation by the second to a single equation for y = y(z): 
/ fi (y, z) 
y, =>. (7.2.2.3) 
fr (y, z) 
If the general solution of equation (7.2.2.3) is obtained in the form 
y = v(z,C1), (7.2.2.4) 
then z = z(z) is found in implicit form from the second equation in (7.2.2.2) by quadrature: 
dz 
$$ = 76+ Cr. (7.2.2.5) 
| f2(p(z, C1), 2) 


Formulas (7.2.2.4)-(7.2.2.5) determine the general solution of system (7.2.2.2) with two arbitrary 
constants, C’; and C>. 


Remark 7.5. The dependent variables y and z in the autonomous system (7.2.2.2) are often 
called phase variables; the plane y, z they form is called a phase plane, which serves to display 
integral curves of equation (7.2.2.3). 


© Literature for Section 7.2: E. Kamke (1977), J. R. Ray and J. L. Reid (1979), A. D. Polyanin and A. V. Man- 
zhirov (2007). 


7.3 Elements of Stability Theory 
7.3.1. Lyapunov Stability. Asymptotic Stability. Unstable Solutions 


1°. In many applications, time ¢ plays the role of the independent variable, and the associ- 
ated system of differential equations is conventionally written in the following notation: 


t= Tl ioe as al Pee 2 (7.3.1.1) 
Here the x, = x(t) are unknown functions that may be treated as coordinates of a moving 
point in an n-dimensional space. 
Let us supply system (7.3.1.1) with initial conditions 
~—H=a, a 20 (we Poe ae 73.1.2) 
Denote by 
Ge = Bee eisai ads k=1,...,n, (7.3.1.3) 
the solution of system (7.3.1.1) with the initial conditions (7.3.1.2). 
A solution (7.3.1.3) of system (7.3.1.1) is called Lyapunov stable if for any ¢ > 0 there 
exists a 6 > O such that if 
lan — x,| < 4, el ee (P (7.3.1.4) 
then the following inequalities hold for t° < t < oo: 
pu (t; bh ocag SEE oti sans ,,)| <6, k=1,...,n. 


Any solution which is not stable is called unstable. Solution (7.3.1.3) is called unper- 
turbed and the solution yx (t; t°, £7,..., Z>,) is called perturbed. Geometrically, Lyapunov 
stability means that the trajectory of the perturbed solution stays at all times ¢ > ¢° within 
a small neighborhood of the associated unperturbed solution. 
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2°. A solution (7.3.1.3) of system (7.3.1.1) is called asymptotically stable if it is Lyapunov 
stable and, in addition, with inequalities (7.3.1.4) met, satisfies the conditions 


lim pu (t;t°, 29, ve py) = Welt 5 Hay <>: oe) = 0, k=1,...,n. (7.3.1.5) 
t—00 


3°. In stability analysis, it is normally assumed, without loss of generality, that °? = 2? = 
- = x), = 0 (this can be achieved by shifting each of the variables by a constant value). 
Further, with the changes of variables 


tp = Ly — OEE, 2h. 0 Eq) (kK=1,...,n), 


the stability analysis of any solution is reduced to that of the zero solution z1 =---= Zz, =0. 


7.3.2 Theorems of Stability and Instability by First Approximation 
> Statement of the problem. 


In studying stability of the trivial solution 71 =---= 2, =0 of system (7.3.1.1) the follow- 
ing method is often employed. The right-hand sides of the equations are approximated by 
the principal (linear) terms of the expansion into Taylor series about the equilibrium point: 


ili Qs tee tn) ~~ api (t)ay Sa ai ten tL 
_ fk 


, k=1,..., 7. 


Then a stability analysis of the resulting simplified, linear system is performed. The ques- 
tion arises: Is it possible to draw correct conclusions about the stability of the original 
nonlinear system (7.3.1.1) from the analysis of the linearized system? Two theorems stated 
below give a partial answer to this question. 


> Stability by first approximation. 


THEOREM (STABILITY BY FIRST APPROXIMATION). Suppose in the system 


Ly, = Agi Z1 +++» + Aen In + Uplt, L1,---;2n), 7 eee (7.3.2.1) 
the functions ~;, are defined and continuous in a domain t > 0, |x| < b (k =1,...,n) and, 
in addition, the inequality 

n nm 
S-|bil < AS? [eal (7.3.2.2) 
k=1 k=1 
holds for some constant A. In particular, this implies that W,(t,0,...,0) =0, and therefore 
T= =%,=0 (7.3.2.3) 


is a solution of system (7.3.2.1). Suppose further that 


nm 

Yo lel h 

x +0 as  S |x,| 40 and too, (7.3.2.4) 
k=1 


|ar%,| 
k=1 
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and the real parts of all roots of the characteristic equation 


l ifiaj 
det ai; = | = 0, Oi; = : : Js (7.3.2.5) 
0 ifiFj 
are negative. Then solution (7.3.2.3) is stable. 


Remark 7.6. Necessary and sufficient conditions for the real parts of all roots of the character- 
istic equation (7.3.2.5) to be negative are established by Hurwitz’s theorem, which allows avoiding 
its solution. 


Remark 7.7. In the above system, the a;;, x,, and ~, may be complex valued. 


> Instability by first approximation. 


THEOREM (INSTABILITY BY FIRST APPROXIMATION). (instability by first approxima- 
tion). Suppose conditions (7.3.2.2) and (7.3.2.4) are met and the conditions for the func- 
tions ~;, from the previous theorem are also met. If at least one root of the characteristic 
equation (7.3.2.5) has a positive real part, then the equilibrium point (7.3.2.3) of system 
(7.3.2.1) is unstable. 


Example 7.5. Consider the following two-dimensional system of the form (7.3.2.1) with real 
coefficients: 
G, = at + aay + dilt, x,y), 
Yt = agit + a22Y + po(t, x, y). 
We assume that the functions ~ and w2 satisfy conditions (7.3.2.2) and (7.3.2.4). 
The characteristic equation of the linearized system (obtained by setting #1 = wz = 0) is given 
by 


(7.3.2.6) 


Ne — bX -e= 0, where b= ayy+ 422, C = 411422 — 412421. (7.3.2.7) 


1. Using the theorem of stability by first approximation and examining the roots of the quadratic 
equation (7.3.2.7), we obtain two sufficient stability conditions for system (7.3.2.6): 


b<0, O< 4b? <c (complex roots with negative real part); 


b<0, O0<c< 4b? (negative real roots). 
The two conditions can be combined into one: 
b<0, c>O0, or a4, +@22 <0, 11422 — 12421 > 0. 


These inequalities define the second quadrant in the plane b, c; see Fig. 7.1. 
2. Using the theorem of instability by first approximation and examining the roots of the 
quadratic equation (7.3.2.7), we get three sufficient instability conditions for system (7.3.2.6): 


b>0, O0< +b? <c (complex roots with positive real part); 
b>0, O<cK< +b? (positive real roots); 
c<0, 0b is any (real roots with different signs). 


The first two conditions can be combined into one: 
b> 0, Cc> 0, or Q11 + d22 > 0, 11422 — A12a21 > 0. 


The domain of instability of system (7.3.2.6) covers the first, third, and fourth quadrants in the plane 
b, c (shaded in Fig. 7.1). 
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I I 
Stability undecided 
Domain of stability Domain of instability 
b 
o 
Stability undecided 
Domain of|instability 
Ul IV 


Figure 7.1: Domains of stability and instability of the trivial solution of system (7.3.2.6). 


3. The conditions obtained above in Items 1 and 2 do not cover the whole domain of variation of 
the parameters a;;. Stability or instability is not established for the boundary of the second quarter 
(shown by thick solid line in Fig. 7.1). This corresponds to the cases 

b=0, c>O0 _ (two pure imaginary or two zero roots); 
c=0, b<0O (onezero root and one negative real or zero root). 
Specific examples of such systems are considered below in Section 7.3.3. 


Remark 7.8. When the conditions of Item 1 or 2 hold, the phase trajectories of the nonlinear 
system (7.3.2.6) have the same qualitative arrangement in a neighborhood of the equilibrium point 
x = y = Oas that of the phase trajectories of the linearized system (with w2 = w, = 0). A detailed 
classification of equilibrium points of linear systems with associated arrangements of the phase 
trajectories can be found in Section 6.1.8. 


7.3.3 Lyapunov Function. Theorems of Stability and Instability 
> Lyapunov function. 


In the cases where the theorems of stability and instability by first approximation fail to 
resolve the issue of stability for a specific system of nonlinear differential equations, more 
subtle methods must be used. Such methods are considered below. 

A Lyapunov function for system of equations (7.3.1.1) is a differentiable function V = 
V(a@1,..-,2%n) such that 


nr 
1 Voo a St, Vet dt gece 0, 
k=1 
| a OV 
2) —= t,@1,..-,2n)—— <0 for t>0. 
) ai d Ful U1, dba) Ox, =. or 2 


Remark 7.9. The derivative with respect to ¢ in the definition of a Lyapunov function is taken 
along an integral curve of system (7.3.1.1). 
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> Theorems of stability and instability. 


THEOREM (STABILITY, LYAPUNOV). Let system (7.3.1.1) have the trivial solution x, = 
LQ = +++ = Xp = 0. This solution is stable if there exists a Lyapunov function for the 
system. 


THEOREM (ASYMPTOTIC STABILITY, LYAPUNOV). Let system (7.3.1.1) have the triv- 
ial solution x; = --: = %, = 0. This solution is asymptotically stable if there exists a 
Lyapunov function satisfying the additional condition 


wv 


n 
. 2 
wane se with y t,28 >0, tee 2 0, 


k=1 
where €1 and €g are any positive numbers. 


Example 7.6. Let us perform a stability analysis of the two-dimensional system 


a, =—ay—2y(z,y), yy, = br —y(z,y), 


where a > 0, b > 0, v(x, y) > 0, and w(x, y) > 0 (vy and w are continuous functions). 

A Lyapunov function will be sought in the form V = Ax? + By?, where A and B are constants 
to be determined. The first condition characterizing a Lyapunov function will be satisfied automati- 
cally if A > 0 and B > 0 (it will be shown later that these inequalities do hold). To verify the second 
condition, let us compute the derivative: 

dV OV OV 

—- = fila, yJa— + fala, y)5— = —2Aalay + xp(a,y)] + 2Bylba — yy (a, y)] 

dt Ox Oy 
= 2(Bb — Aa)ay — 2Ax? p(x, y) — 2By*¥ (a, y). 

Setting here A = b > 0 and B =a > 0 (thus satisfying the first condition), we obtain the inequality 
dV 
dt 

This means that the second condition characterizing a Lyapunov function is also met. Hence, the 

trivial solution of the system in question is stable. 


= —2bx* (ax, y) — 2ay?(x, y) < 0. 


Example 7.7. Let us perform a stability analysis for the trivial solution of the nonlinear system 
2 4 
“= ty", Y,= ya. 


Let us show that the V(x, y) = 2* + y? is a Lyapunov function for the system. Indeed, both 
conditions are satisfied: 
1) at+y*?>0 if a?+y?40, V(0O,0)=0 if c=y=0; 
dV 


2) =a —Agty? + Iaty? = —2a4y? < 0. 


Hence the trivial solution of the system is stable. 


Remark 7.10. No stability analysis of the systems considered in Examples 7.6 and 7.7 is possi- 
ble based on the theorem of stability by first approximation. 


THEOREM (INSTABILITY, CHETAEV). Suppose there exists a differentiable function 
W =W(a1,...,2n) that possesses the following properties: 

1. In an arbitrarily small domain R containing the origin of coordinates, there exists a 
subdomain R4 C Rin which W > 0, with W = 0 on part of the boundary of R+ in R. 
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2. The condition 


holds in R. and, moreover, in the domain of the variables where W > a > 0, the inequality 


d 
— > B > 0 holds. 


Then the trivial solution x1 = --- = Zp = 0 of system (7.3.1.1) is unstable. 


Example 7.8. Perform a stability analysis of the nonlinear system 
H=Pp(ryth+e, y=2ol(x,y,t)+y’, 


where (a, y, t) is an arbitrary continuous function. 
Let us show that the W = «4 — y’ satisfies the conditions of the Chetaev theorem. We have: 
1. W >0 for |z| > |y|, W =0 for || = |y|. 


d 
2, 4a ly? p(a, y, t) + 2°] — 4y? [2% p(x, y, t) + y?] = 4(2® — y®) > 0 for |x| > |yl. 


dw 
Moreover, if W > a > 0, we have a 4a(a* + y’) > 4a? = B > 0. It follows that the 


equilibrium point z = y = 0 of the system in question is unstable. 


7.4 Numerical Integration 


7.4.1. Systems of Two Equations 
> Preliminary remarks. 


The majority of the numerical methods for single first-order equations discussed in Sec- 
tion 1.13 generate analogous numerical methods for solving systems of first-order equa- 
tions (7.1.1.1). 

We illustrate this with the Cauchy problem described by the system of first-order dif- 
ferential equations 


=f) %=— 3G) (7.4.1.1) 
with the initial conditions 
y(zo) = yo, 2(20) = 20. (7.4.1.2) 


It is required to find y = y(x) and z = z(x). 


> Method of Euler polygonal lines. 


The unknowns are calculated successively by the formulas 


Yr = Web hf (Gaver ee), Ze = 2a + ho (ee, Ves 2p), 


where 
=i, Mev. mH eee =U: 1, 2s: 


The Euler method is the simplest explicit method of the first-order approximation (with 
respect to the step size h). 
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> Modified Euler method. 


The modified Euler method is more accurate than the method of Euler polygonal lines. One 
first calculates the intermediate quantities 


Ted = IR th, Yeti = Ukr hf (rx, Yk» Ze), es = 24 Shg(Le, Yk 2) 
and then finds yz,41 and z,+1 by the formulas 
Yk = Yr + hf (ep d> Yards Z4h)1 Zh+1 = Ze + hg (p42 Yeths 242): 


The modified Euler method is of the second order of accuracy. 


> Runge-Kutta method of the fourth-order approximation. 


The unknown values y; and z;, are successively found by the formulas 


Yer = Ye + Gh(yr + 22+ 263+ 94), Zeer = e+ FAC + Qo + 23 + Yu), 
where 
Lk, Ves Ze), V1 =G(Lk, Yes Zk); 
p LE+ af Ye + Shei, z+ shv1), 
2 = G9(te + Fh, ye + FAY, H+ Zhv1), 
) 
) 


y3 = f (ae + Zh, ye + shpe, ze + Fh), 
03 = g(te + Sh, ue + Fhy2, % + Fhvr), 
pa = f(te +h, ye + hes, zm + hs), 
Wa = G(te +h, ye + hs, zm + hs). 


This scheme is convenient because the step size h can be changed (reduced if the un- 
knowns change rapidly or increased otherwise) starting from any k. In practice, the choice 
of the step size h can be controlled using the following simple technique. For each k, one 
calculates the parameters 


_ | v2 — 3 
~ [d= be |’ 
If 6; (i = 1, 2) are of the order of a few hundredths of unity, the calculations are continued 


with the same step size. If they are over one tenth, the step size should be decreased. If 
they are less that one hundredth, the step size can be increased to speed up the calculations. 


2 — 3 vs) 
Yi — 2 


> Numerical integration of problems with blow-up solutions. 


In problems having a blow-up solution,* the right-hand side of at least one of the equations 
(7.4.1.1), which determines the derivative y/, (or/and z/,), tends to infinity as x > 7,. When 
either or both of the functions f(x,y, z) and g(x, y, z) become infinite at a finite value of 
the independent variable, x,., unknown in advance, we see the main reason why standard 
numerical methods fail to provide an acceptable solution for such problems. 


*Refer to Section 1.14.4 for details. 


7.4. Numerical Integration 257 


Autonomous systems of equations. Consider the Cauchy problem for the autonomous 
system of equations of general form, whose right-hand side is independent explicitly of zx, 


with the initial conditions (7.4.1.2). 
Let us look at the equivalent autonomous system of equations 


= f(y, 2) p IY, 2) 7414 
“"TPuatrua * ro 


fy, z) + 9°(y,z) 
with the initial conditions 


y(to) = yo,  2(to) = 20. (7.4.1.5) 


The initial value to can be chosen arbitrarily (in particular, it is often convenient to set 
to = 0). 

Suppose we have found a solution y = y(t), z = z(t) to the Cauchy problem (7.4.1.4)— 
(7.4.1.5). Then the formulas 


c=a(t), y=y(t), 2=2(t), 


i dt 
x(t) = a9 + ‘| ———————— 
to VEP(u(r), 2(7)) + 97 (y(7), 2(7)) 
determine a solution to the original problem (7.4.1.3) in parametric form. 
Unlike the original system (7.4.1.2), the right-hand sides of system (7.4.1.3) do not have 
singularities, since the derivatives are always bounded: |y/| < 1 and |z/| < 1 (recall that, 
for blow-up solutions, at least one of the derivatives y/, or z/, tends to infinity as  — 2). 
A numerical solution to problem (7.4.1.4)—(7.4.1.5) can be obtained using, for example, 
the Runge-Kutta method (see above). The desired value x,, determining the point of sin- 
gularity of the problem, is found by calculating the integral in (7.4.1.6): 7, = limp, x(t). 
This method allows for various modifications and generalizations. For example, system 
(7.4.1.4) can be replaced with the autonomous system 


(7.4.1.6) 


ies f(y,2) pe gy, 2) 
‘TGA + lA FQ, 21+ 19, 2) 
The modulus sign in the denominators is used for generality, to ensure that system (7.4.1.7) 
can be used for the numerical solution of problems with root singularities even when f and 
g have different signs. 
If a solution y = y(t), z = z(t) to the Cauchy problem (7.4.1.7), (7.4.1.5) has been 
found, the formulas 


(t > to). (7.4.1.7) 


r= x(t), y = y(t), z= 2(t), 
t de (7.4.1.8) 


to IF (u(r), 2(7))] + gl(y(7), 2(7)| 


define a solution to the original problem (7.4.1.3), (7.4.1.2) in parametric form. 

The right-hand sides of system (7.4.1.7) do not have singularities, since the derivatives 
are always bounded: |y;| < 1 and |z;| < 1. The desired point of singularity is determined 
by calculating the integral in (7.4.1.8), x. = limy4o0 x(t). 


mC) =2X%o+ 
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Example 7.9. Consider the model Cauchy problem for the autonomous system of equations 


Y¥=1, %=27 (4 >0); 


yO) =0, 20)—1, (7.4.1.9) 


The problems has the exact solution 


(7.4.1.10) 


which only exists on a bounded interval, 0 < x < x, = 1, and corresponds to a blow-up mode. As 
x — Xx, we have z — oo and z/, > oo. 
Instead of system (7.4.1.9), we will solve the special case of system 7.4.1.7 with f(y, z) = 1 


and g(y, z) = 27: 


ee ee, 
Tee) tO Tae (7.4.1.11) 
y(t=0)=0, 2z(¢=0)=1. 
The old independent variable x is expressed in terms of t as 
t 
d 
=f — (7.4.1.12) 
o 1+27(7) 


The solution of problem (7.4.1.11) followed by the computation of the integral (7.4.1.12) allows 
us to find a solution to the original problem (7.4.1.9) in parametric form 


e=1+5t-$VP4+4, yol+ft-$VP4+4, 2=Ft+$vP4+4 (741.13) 


One can see that solution (7.4.1.13) exists for all 0 < t < oo and does not have singularities (unlike 
solution (7.4.1.10)). The functions x = x(t), y = y(t), and z = z(t) all monotonically increase 
with ¢; moreover, the limit relations limy,., x(t) = limy. y(t) = v = 1 hold. 


Nonautonomous systems of equations. In general, the Cauchy problem for nonau- 
tonomous systems of two equations (7.4.1.1) subject to the initial conditions (7.4.1.2) re- 
duces the autonomous system of three equations 


te=1, y=f(z,y,2z), %=9(2,y,2) (7.4.1.14) 
with the initial conditions 
r(fo)=20, yl(fo)=yo, 2(&) = 20, (7.4.1.15) 


where the initial value of the additional variable can be taken in the form £9 = 1. 
The numerical solution of the blow-up problem (7.4.1.14)-(7.4.1.15) is carried out us- 
ing the method described in Section 7.4.2. 


> Numerical integration of problems with root singularity. 


Systems (7.4.1.4) and (7.4.1.7) can also be used for the numerical analysis of Cauchy prob- 
lems of the form (7.4.1.3), (7.4.1.2) having solutions with a root singularity. 


Example 7.10. Consider the model Cauchy problem for the autonomous system equation 


1 
/—] ——— : 
ae ee ee. (7.4.1.16) 


y(0)=0, 2(0) =1. 


7.4. Numerical Integration 259 


It follows from the second initial condition that z = z(x) is positive and decreases with «. It is 
fairly easy to verify that problem (7.4.1.16) admits the exact solution with a root singularity 


y=u, z2=V1-@, (7.4.1.17) 


which only exists on a bounded interval, 0 < x < x, = 1, since the radicand in (7.4.1.17) becomes 
negative for x > x,. AS 7 — x,, we have |z/,| > oo. 

For numerical solution, instead of system (7.4.1.16), we will use the special case of system 
7.4.1.7 with f(y, z) = 1 and g(y, z) = —(2z)7?: 


1422 (7.4.1.18) 


A solution to problem (7.4.1.18) is sought in the domain z > 0, where | — z| = z; it must stop at 
z = 0, when the denominator of the right-hand side of the second equation in (7.4.1.16) becomes 
zero. 

The old independent variable x is expressed in terms of the new variable ¢ as 


7 © 2(r) dr 


The solution of problem (7.4.1.18) followed by the computation of the integral (7.4.1.19) allows 
us to find a solution to the original problem (7.4.1.16) in parametric form: 


a=t+5v9-4t-3, y=t+gv9-4-3, z= 5V9-4t-F. (7.4.1.20) 


Solution (7.4.1.20) only exists in a bounded domain, 0 < t < 2, since z(2) = 0 (recall that 
the solution is sought in the domain z > 0), and does not have singularities in this domain (unlike 
solution (7.4.1.17)). The functions x = x(t) and y = y(t) both monotonically increase with t; more- 
over, the relations lim;_,2 x(t) = lim;42 y(t) = x, = 1 hold. The function z = z(t) monotonically 
decreases with ¢ and vanishes at t = 2. 


7.4.2 Systems Involving Three or More Equations 
> Form of the system. 
Consider the system of first-order equations of general form 
Un = Fal Br Yistesscsstn)y MH 1, 2)... on (7.4.2.1) 
subject to the initial conditions 


Um(to)= 96 with m—1, 2,...,m. (7.4.2.2) 
> Method of Euler polygonal lines. 
The unknown quantities are calculated successively by the formulas 
Yhvt _ Ue + hfm( kes Vir Yeo tee wae”), m= iL 2, ree TD, 


where 
te = Xo + kh, Un = Yrl2n), k=0, I sade 
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> Modified Euler method. 
First, one computes the intermediate quantities 

yl = Tet gh, Ves = Ve + Th fm (tks Yar Ver Ue): 
Then, one finds the values y;", , by the formulas 


Mm: 22m 1 2 n-1 
Yeo = YR + hf (Teds Yiep dr gh? oe Yes): 


> Fourth-order Runge—Kutta method. 


The unknown values y;"" are successively found by the formulas 


m 


Yer = Ue + ghey + 2e9 + 263 +67), m=1,2,...,n, 


where 
OP = Fallot Vex, 3 
oy = fin(ae + 5h, vk + ZhEL YR+ SRYL, -.-, UR + Zhyt), 
os = fn(ae+ xh, ve + shea, vR+ ZhYd, ---, UR + ZhY~d), 
Of = fm(te +h, yy + hws, ye + hy, ---, ye + he3). 


> A system of special type resulting from a single nth-order ODE. 
Let us look at the system of first-order equations of the special form 


Yi =i, MeH 9, eee Wat H Ia; 


Yin = FCs Yas<< 259m), 


(7.4.2.3) 


which is obtained from the single nth-order ODE 


=I 
with y = yj. 
System (7.4.2.3) is a special case of system (7.4.2.1) with 
Fro Gy Vays a) = Pas m= 1, oy eget = 
FalZs Vis U3s tee Un) = f(x, y1, y2, tee Ua he 


Hence, it is solvable using the numerical methods described previously in Section 7.4.2. 


> Numerical integration of problems with blow-up solutions. 


Autonomous systems of equations. Consider the Cauchy problem for the autonomous sys- 
tem of equations of general form, whose right-hand side is independent explicitly of x, 


dym 
dx 


with the initial conditions (7.4.2.2). 


= faints. MHlaws WS ao; (7.4.2.4) 
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In problems having blow-up solutions, the right-hand side of a least one of the equations 
(7.4.2.4) tends to infinity as x > x,, with x, unknown in advance. 

Instead of (7.4.2.4), we will be looking at the equivalent autonomous system of equa- 
tions 


d we 
= flr) matin, (>to) (7.4.2.5) 
a1 fF, tee Yn) 
with the initial conditions 
Gulte)=Yo with. m= 1,2, se24 1 (7.4.2.6) 


The initial value t) can be chosen arbitrarily (in particular, it is often convenient to set 
to = 0). 

Suppose a solution yn, = Ym(t) (m = 1,...,n) to the Cauchy problem (7.4.2.5), 
(7.4.2.6) has been found. Then the formulas 


dr 
Ym = Ymi(t), m=1,...,n, verot [oe ee ee 
to y/o FF (yi(7),--- Yn(7)) 


define a solution to the original problem (7.4.2.4), (7.4.2.2) in parametric form. 

Unlike system (7.4.2.4), the right-hand sides of system (7.4.2.5) do not have singular- 
ities, since the derivatives are all bounded: |(yn))| < 1(m = 1,...,n); recall that, for 
blow-up solutions, at least one of the derivatives (y,,,)} tends to infinity as 7 > xx. 

A numerical solution to problem (7.4.2.5)—(7.4.2.6) can be obtained using, for example, 
the Runge-Kutta method (see above). 

This presented method admits various modifications and generalizations. For example, 
instead of (7.4.2.5), one uses the following autonomous system for numerical solution: 


dim _ __Fm(yiy-++sYm) m=1,...,n,  (t>to) (7.4.2.7) 


dt doa Wye Gn) | 
If a solution Ym = Ym(t) (m = 1,...,n) to the Cauchy problem (7.4.2.7), (7.4.2.6) has 
been obtained, the formulas 


t dt 
to Loja lFi(yi(7),---¥n(7))| 


define a solution to the original problem (7.4.2.4), (7.4.2.2) in parametric form. 

The right-hand sides of system (7.4.2.7) do not have singularities, since the derivatives 
are all bounded: |(Ymn)}| < 1 (m= 1,...,n). 

Nonautonomous systems of equations. In general, the Cauchy problem for the nonau- 
tonomous system of n equations (7.4.2.1) subject to the initial conditions (7.4.2.2) is first 
reduced to an autonomous system of n + 1 equation (see Section 7.1.3). Then, one con- 
structs a numerical solution to one of the two equivalent auxiliary systems described above. 


Ui = Tal); We = Ayes ey Ns x=2o+ 


> Numerical integrations of problem having solutions with root singularity. 


The autonomous systems (7.4.2.5) and (7.4.2.7) can also be used for the numerical analysis 
of Cauchy problems of the form (7.4.2.4), (7.4.2.2) having solutions with a root singularity 
(see Section 7.4.1 for systems of two equations). 
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The nonautonomous system of n equations of general form (7.4.2.1) subject to the ini- 
tial conditions (7.4.2.2) is first reduced to an autonomous system consisting of n + 1 equa- 
tions (see Section 7.1.3) and then replaced with a suitable equivalent autonomous system 
discussed above. 


> Differential-algebraic equations. 


Systems of differential-algebraic equations (DAEs for short) are systems in which one or 
more dependent variables occur without their derivatives. Numerical methods for the so- 
lution of DAEs can be found in the books by Hairer, Lubich, and Roche (1989), Schiesser 
(1994), Hairer and Wanner (1996), Brenan, Campbell, and Petzold (1996), Ascher and 
Petzold (1998), and Rabier and Rheinboldt (2002). 

© Literature for Section 7.4: N. S. Bakhvalov (1977), N. N. Kalitkin (1978), A. N. Tikhonov, A. B. Vasil’ eva, 
and A. G. Sveshnikov (1985), J.C. Butcher (1987), E. Hairer, C. Lubich, and M. Roche (1989), W. E. Schiesser 


(1994), U. M. Ascher and L. R. Petzold (1998), G. A. Korn and T. M. Korn (2000), H. J. Lee and W. E. Schiesser 
(2004). 


Chapter 8 
Elements of Bifurcation Theory 


8.1. Dynamical Systems. Rough and Nonrough Systems 


8.1.1. Bifurcation. Dynamical Systems. Phase Portrait 
> Preliminary remarks. 


The term bifurcation is generally used to denote different qualitative structural changes or 
transformations of various objects when some parameters characterizing the object change. 
Mathematical bifurcation theory deals with changes in the qualitative or topological struc- 
ture of a given family, such as the integral curves of a family of vector fields, the solutions 
of a family of dynamical systems, and the solutions of a family of boundary value problems. 

In the theory of dynamical systems, a bifurcation is a qualitative change in the prop- 
erties of a system of differential equations due to an indefinitely small change in its pa- 
rameters. The theory of nonlinear boundary value problems studies bifurcations associated 
with branching of solutions (multiplicity of solutions) or nonexistence of solution at certain 
values of the parameters of the problem. 


> Dynamical systems described by ODEs. Phase portrait. 


Dynamical systems with finitely many variables are described by autonomous systems of 
first-order ordinary differential equations 


x = f(x,a), (8.1.1.1) 
where x = (2, ..., Zp) is the vector of unknowns, t is time, a = (a1, ..., Gm) is the 
vector of parameters, and f = (f1,..., fn) is a given vector function whose components 


depend on the unknowns and parameters. 

System (8.1.1.1) is associated with an n-dimensional phase space, whose coordinate 
axes measure the values of the variables 71,...,2%,, known as the phase variables. A 
change in the state of system (8.1.1.1) in time corresponds to the motion of a point in the 
phase space along a line called the phase trajectory. A combination of phase trajectories 
forms a phase portrait of the dynamical system. 

Phase trajectories of a dynamical system are described by a system of ODEs for the 
phase variables consisting of m — 1 equations obtained from (8.1.1.1) by eliminating f. 
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The system for the phase variables has the form dz,,/dxr1 = fm/ fi with m = 2,...,n 
and, by the existence and uniqueness theorems for systems of ODEs (see Section 7.1.2), 
it has a unique solution, provided that the initial data are not selected at stationary points. 
Hence an important consequence follows that phase trajectories cannot intersect at regular 
points. The impossibility of self-intersections and the existence of invariant manifolds 
largely determines the structure of a phase portrait. 


8.1.2 Topologically Equivalent Systems. Rough and Nonrough 
Systems 


> Topologically equivalent dynamical systems. 


The set of properties of a dynamical system that remain unchanged under a continuous de- 
formation of its phase portrait determine the system’s local topological (qualitative) struc- 
ture. 

A dynamical system I in a domain U; € R” is said to be topologically equivalent to a 
dynamical system II in a domain U2 € R” if there is a one-to-one mapping F : R” > R", 
F(U,) = U2, between them such that the mapping and its inverse are both continuous, 
with F taking trajectories of the first system from Uj into trajectories of the second system 
from U2 while preserving the time course. The phase portraits of topologically equivalent 
systems are also called topologically equivalent. Note that the definition involves domains 
U, and U2 from R”, which must meet the only condition: they cannot shrink indefinitely. 
This defines local equivalence. 


> Rough and nonrough dynamical systems. 


The theory of bifurcations of dynamical systems studies changes in the qualitative pic- 
ture of decomposition of the phase space depending on changes of a parameter (or a few 
parameters). 

Let a € Aj, where A,,, is some domain of the m-dimensional Euclidean space. If 
there is ad > 0 such that the phase portraits of system (8.1.1.1) ata = aandanyac A 
satisfying the condition ||a — a|| < 6 are topologically equivalent, then system (8.1.1.1) is 
said to be rough ata = a. A rough system is a system whose qualitative pattern of motions 
remains unchanged under sufficiently small changes in parameters. Conservative systems 
are not rough: for example, oscillations of a perfect frictionless pendulum are periodic (do 
not decay), whereas periodicity is violated when there is even indefinitely small friction. 

If at a = a, system (8.1.1.1) is not rough, the vector a is called a bifurcation set of 
parameter values. The parameter, a change in which causes a bifurcation, is called a critical 
parameter (bifurcation parameter), while the value at which the bifurcation occurs is called 
a critical value. A point in the parametric space at which bifurcation occurs is called a 
bifurcation point. A bifurcation point can be a source from which several solutions (stable 
or unstable) may come out. The oscillation of a critical parameter about a critical point 
causes a hysteresis (uncertainty) of the solution properties. A bifurcation point that is a 
source of only stable solutions is called an attracting point (or an attractor). 


Example 8.1. Consider the Malthus model 
ar = ar, (8.1.2.1) 
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which describes the dynamics of population quantity x(t) under unlimited resources. The solution 
satisfying the initial condition 7(0) = 2p is x(t) =a exp(at). Itis clear that if zo > 0, the population 
increases indefinitely for any positive value of a and dies out for any negative a (a(t) — 0 with 
time). Hence, the solutions of close equations (corresponding to close values of the parameter) will 
be qualitatively different near a = 0. Therefore, a bifurcations of equation (8.1.2.1) occurs when a 
changes its sign (the equilibrium x = 0 changes from stable to unstable or vice versa). 


© Literature for Section 8.1: A. A. Andronoy, E. A. Leontovich, and I. I. Gordon (1971), J. E. Marsden and 
M. McCracken (1976), V. I. Arnold (1978), J. Guckenheimer and P. Holms (1983), A. D. Bazykin (1985), 
R. Z. Sagdeev, D. A. Usikov, and G. M. Zaslavsky (1988), S. Wiggins (1988), G. M. Zaslavsky (1988), 
J. D. Crawford (1991), G. Iooss and D. D. Joseph (1997), V. I. Arnold and V. S. Afraimovich (1999), T. Puu 
(2000), Y. A. Kuznetsov (2004), E. M. Izhikevich (2007), A. S. Bratus, A. S. Novozhilov, and A. P. Platonov 
(2009), A. A. Andronovy, A. A. Vitt, and S. E. Khaikin (2011), A. Yu. Alexandrov, A. V. Platonov, V. N. Starkov, 
and N. A. Stepenko (2016), E. G. Wiens (2016). 


8.2 Bifurcations of Second-Order Dynamical Systems 


8.2.1 Second-Order Dynamical Systems. Rough and 
Nonrough Systems 


> Classification of singular points of a linearized system. 
Consider the autonomous system consisting of two differential equations 
rt = P(x, y, a); 


8.2.1.1 
v; = O(a, y, a). 


Let us fix the set of parameters. Let (20, yo) be an equilibrium point of system (8.2.1.1) for 
the selected set of parameters. Denote 


P, (20, yo, a) Py (0, Yo, a) 


A= 
Q.x(xo0, YO; a) Qy (xo, YO; a) 


o> PF, (£9; Y0; a) aI Qi\ 23 Yo; a). 
Then the characteristic polynomial of the matrix of system (8.2.1.1) linearized about the 


point (xo, yo) has the form 
y= =e A, (8.2.1.2) 


Depending on the values of A and o, the singular point (xo, yo) is classified as follows: 

(a) A > 0,0? — 4A > 0: the point is a node (if c? — 4A = 0, the node is degenerate 
of dicritical); 

(b) A < 0: saddle point; 

(c) A> 0,07 —4A < 0,0 £0: focus (spiral point); 

(d) A > 0,o = 0: complex focus or center (depending on the nonlinear terms); 

(e) A = 0: complex (multiple) equilibrium. 

In cases (a), (b), and (c), there are no roots with zero real part among the roots of the 
characteristic polynomial (8.2.1.2). In case (d), there is a pair of purely imaginary complex 
conjugate roots. In case (e), at least one of the roots is zero. If A = 0, the equilibrium can 
share features of a node, saddle point, and focus; for example, it can be a complex node, 
complex saddle, saddle-node, etc. The equilibrium is rough if it falls into one of the cases 


(a), (b), or (c). 
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> Rough limit cycles. 


Suppose that, for fixed values of the parameters, system (8.2.1.1) has a closed trajectory 
(limit cycle). Such a trajectory corresponds to a periodic solution x(t), y(t). Let T denote 
the period of this solution; that is, x(t + T) = x(t) and y(t + T) = y(t) for all t. The 
number 


1 T 
h= = [| [Pre.ult).a) + Qy(alt),y(t)-a)] at 


is called the characteristic index of the closed trajectory. If h # 0, the limit cycle is called 
rough; it is unstable for h > 0 and stable for h < 0. 


> Rough and nonrough dynamical systems. Bifurcation values. 


THEOREM ON ROUGHNESS OF DYNAMICAL SYSTEMS. System (8.2.1.1) is rough in a 
closed domain G for a fixed set of values of the parameters if and only if the system has 
neither nonrough equilibria or limit cycles nor separatrices coming from a saddle to a sad- 
dle. 


In general, the parameter space is divided into domains of rough systems separated by 
surfaces of nonrough systems. Bifurcation theory studies changes of the qualitative picture 
of a dynamical system when its parameters change continuously. In mechanical systems, 
stationary motions (such as equilibria or relative equilibria) often depend on parameters. 
The values of parameters at which the number of equilibria changes are bifurcation values. 
The curves or surfaces representing equilibrium manifolds in the state space or parameter 
space are called bifurcation curves or bifurcation surfaces. As a parameter passes its bifur- 
cation value, the equilibrium properties usually change. Bifurcations of equilibria can be 
accompanied with the birth or death of periodic or more complex motions. 

Nonrough systems are classified by their degree of nonroughness depending on the 
order of the terms that can turn a nonrough system (8.2.1.1) into another nonrough system 
with a topologically nonequivalent phase portrait. Conservative systems may be treated as 
having an infinite degree of nonroughness. These can only have simple equilibria such as a 
center of a saddle point; closed trajectories in conservative systems cannot be isolated but 
occupy entire domains. 


8.2.2 Bifurcations in Systems of the First Degree of Nonroughness 
> Systems of the first degree of nonroughness with one parameter. 


Consider the simplest bifurcations arising in autonomous second-order systems of the first 
degree of nonroughness with a single parameter (m = 1). Suppose a value of the parameter, 
a = 4, is bifurcation and all sufficiently close values a ¢ @ correspond to rough systems. 
Let the qualitative structures of the rough systems be different for a < @ and a > a@. We 
assume that a = @ corresponds to a system of the first degree of nonroughness; that is, 
there is only one of the nonrough special elements: a complex focus of the first order, a 
saddle-node, a double limit cycle, a separatrix going from one saddle point to another, or a 
separatrix forming a loop about a saddle point (for which o ¥ 0). 
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Below we describe the simplest bifurcations in second-order dynamical systems with 
one or more parameters. 


> Bifurcations of a complex focus of the first order. 


Two types of bifurcations of a complex focus of the first order (Andronov—Hopf bifurca- 
tions) are possible: 

1. For all a < a (sufficiently close to @), there is a rough stable focus with no closed 
trajectories in its neighborhood. For a = G, the focus becomes a stable complex focus of the 
first order. As a passes the bifurcation value @, with a > a, the focus becomes rough and 
unstable, with a single stable limit cycle arising about it, which gets bigger as a increases. 

2. For a < @G, there is a rough stable focus surrounded by an unstable limit cycle. As 
a — @— 0, the limit cycle shrinks and merges with the equilibrium at a = a, becoming an 
unstable complex focus of the first order. For a > @, the focus becomes rough and unstable, 
with no closed trajectories about it. 


Example 8.2. Let us look at an example revealing the first type of bifurcations. Suppose the 
equations (8.2.1.1) are 
x, = ax —2y—a2(2? +7), 


y, = 2a + ay — y(a? + y’), (8.2.2.1) 


where a is a scaler parameter. The origin of coordinates is an equilibrium of system (8.2.2.1) for 
any a. The linearized system about this equilibrium is 


x, = ax — 2y, 
y, = 2a + ay. 


The eigenvalues of the matrix of this linear system are 1,2 = a + 21. It follows that the point (0, 0) 
is a stable focus for a < 0 and unstable focus for a > 0. At a = 0, the eigenvalues are purely 
imaginary (A > 0, 0 = 0) and the equilibrium is a center. The bifurcation value is a@ = 0. 

For the nonlinear system (8.2.2.1), we get the following: (i) for a < 0, the phase portrait remains 
the same, (ii) at a = 0, the point (0, 0) becomes an asymptotically stable complex focus, and (iii) for 
a > 0, a stable limit cycle arises. Figure 8.1 displays the integral curves passing through the points 
(1,0) and (—1,0) for different values of a, with the last graph also showing the integral curves 
passing through (1,1) and (—1, —1). 
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Figure 8.1: Phase portraits of system (8.2.2.1) for a = —0.5, 0, and 1. 
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> Bifurcation of a double saddle-node. 


Two types of bifurcation are possible: 

1. Fora < 4, there are no equilibria; at a = a, a saddle-node arises; and for a > G, the 
saddle-node splits into a rough saddle and a rough node. 

2. Fora < G, there are two rough points of equilibrium, a saddle and a node; at a = @, 
these merge to form a saddle-node, which disappears for a > G. 


Example 8.3. Consider a system corresponding to the first type of bifurcation: 


—_ 
L, = vy — a, 


8.2.2.2 
Y= ty. : 


The bifurcation value is a = 0. For a > 0, system (8.2.2.2) has two points of equilibrium: a saddle 
point (./a, /a) and a stable node (—,/a, —./a). At a = 0, these merge at the point (0, 0) to forma 
saddle-node. For a < 0, the system has no equilibria. 
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Figure 8.2: Phase portraits of system (8.2.2.2) for a = 1, 0, and —1. 


Figure 8.2 displays the integral curves passing through (i) the regular points (1,0), (1, 2), (2,1), 
and (0, 1) as well as the singular points (—1, —1) and (1, 1) at a = 1, (ii) the regular points (1,0), 
(1,2), and (—1, 2) and singular point (0, 0) at a = 0, and (iii) the point (0,0) ata = —1. 

Example 8.4. Consider the dynamical system 

pep Ye 2 
1+ ax pe 
P (8.2.2.3) 
Y= YY = 1l+azr ’ 


which is used to model the interaction between predator and prey populations taking into account 
prey competition and predator saturation; Bazykin (1985) and Alexandrov, Platonov, Starkov, and 
Stepenko (2016). 

If 6 = 0, prey competition is not considered. In the first quadrant, an equilibrium only arises for 
a < 1; itis always unstable. For a > 1, there is no nontrivial equilibrium (the predator population 
is doomed to die out). Therefore, prey competition is a stabilizing factor; if it is too weak, stability 
may be lost and self-oscillations may arise. 

The equilibria in system (8.2.2.3) are determined by isoclines on which x; = 0 and y;, = 0, that 
is, by the lines x = 1/(1— a) and y = (1+aa)(1— 2x). The condition for the isoclines to intersect 
in the first quadrant is a + 6 < 1. Let us select the following regions on the parametric plane (a, 3) 
(see Fig. 8.3): 
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ILa+f6>1. 

I. a+8<1,8>a(l—a)/(1+a). 

ll. 6 <a(l—a)/(1+a). 

In region II, there is a nontrivial stable equilibrium. At the boundary between regions II and III, 
the equilibrium loses stability and, in region III, a stable limit cycle arises. The qualitative behavior 
of system (8.2.2.3) is independent of the values of y. 
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Figure 8.3: Regions determined by equilibrium isoclines of system (8.2.2.3). 


> Bifurcation of a limit cycle. 


Two types of bifurcation are also possible here: 

1. Fora < G, there is a region with no limit cycle; at a = @, a double limit cycle arises, 
which for a > @, splits into two rough limit cycles, stable and unstable. 

2. For a < G, there are two rough limit cycles, stable and unstable; at a = a, they merge 
to form a double limit cycle, which further disappears for a > @. 


Example 8.5. Consider a dynamical system corresponding to the first type of bifurcation: 


v= Ys 

yy = —@ + play + by — cy”). eee 
It arises in modeling power generation processes in vacuum tubes (Andronov, Leontovich, and 
Gordon (1971)). Here, j is a small parameter, while b and c are positive constants. The bifurcation 
value is @ = —0.25. 

Figure 8.4 shows phase portraits at 4 = 1/10, b = 3/4, and c = 5/8 as well as a = —0.5, 
—0.25, and —0.15. The first and second graphs present the integral curves passing through the 
point (0.5, 0.5). The third graph displays the integral curves passing through the points (0.3, 0.3), 
an unstable limit cycle, (0.63, 0.63), a stable limit cycle (shown by a solid line), and the points 
(0.1, 0.1), (0.5, 0.5), and (1.2, 1.15) shown by a dashed line. 


© Literature for Section 8.2: A. A. Andronoy, E. A. Leontovich, and I. I. Gordon (1971), J. E. Marsden and 
M. McCracken (1976), V. I. Arnold (1978), J. Guckenheimer and P. Holms (1983), A. D. Bazykin (1985), 
R. Z. Sagdeev, D. A. Usikov, and G. M. Zaslavsky (1988), S. Wiggins (1988), G. M. Zaslavsky (1988), 
J. D. Crawford (1991), G. Iooss and D. D. Joseph (1997), V. I. Arnold and V. S. Afraimovich (1999), T. Puu 
(2000), Y. A. Kuznetsov (2004), E. M. Izhikevich (2007), A. S. Bratus, A. S. Novozhilov, and A. P. Platonov 
(2009), A. A. Andronovy, A. A. Vitt, and S. E. Khaikin (2011), A. Yu. Alexandrov, A. V. Platonov, V. N. Starkov, 
and N. A. Stepenko (2016), E. G. Wiens (2016). 
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Figure 8.4: Phase portraits of system (8.2.2.4) for a = —0.5, —0.25, and —0.15. 


8.3 Bifurcations of Solutions to Boundary Value 
Problems 


8.3.1 Bifurcations of Solutions to Linear Boundary Value Problems 


Let us look at the linear eigenvalue problem 
Liu] =Au, Tu] =0, (8.3.1.1) 


where L is a linear differential operator, is a real number, and ['[u] = 0 is a symbolic 
representation of different linear boundary conditions (see Section 2.5 for the most common 
types of boundary conditions). 
For any A, problem (8.3.1.1) has the trivial solution wu = 0. Suppose that there is a set 
of eigenvalues Ay < Ag < --- and the corresponding normalized eigenfunctions u1, ue, 
. such that Lu; = Aju;, |[us|| = 1, 7 = 1,2,.... Then, if c is an arbitrary real number, 
problem (8.2.2.3) has other solutions given by 


u=cuj;, j=l,2,.... (8.3.1.2) 


It is clear that, for each eigenvalue \,, the solution u = 0 splits into two branches: the u = 0 
branch and the (8.3.1.2) branch. It follows that \ = A; are bifurcation points of problem 
(8.3.1.1). 


8.3.2 Bifurcations in Solutions to Nonlinear Boundary Value 
Problems 


> Analysis of bifurcations in boundary value problems by linearization of equations. 


Let (8.3.1.1) be a linearization of some nonlinear eigenvalue problem. Then the solution of 
the linear problems determines bifurcation points of solutions to the nonlinear problem. 


Example 8.6. Consider a thin rod with clamped ends, lying in the xz-plane, and prescribed 
displacements of the ends in the x-direction. The shape of the rod is described by two functions, 
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wu = u(x) and w = w(x), which denote the dimensionless displacements along the x and z axes, 
respectively. These functions satisfy the following differential equations and boundary conditions: 


‘of 4 kw = 0, O<a<l, (8.3.2.1) 
w+ 4(w!,)? =—P), 0<a<1l, (8.3.2.2) 
w(0) = w(1) = 0, (8.3.2.3) 
u(0) = —u(1) =c>0. (8.3.2.4) 


The constant A in (8.3.2.1) and (8.3.2.2) is proportional to the axial stress in the rod. The positive 
constant c is proportional to the displacement of either end and is unknown. The quantity 6 > 0 is 
a given constant. 
First, let us look at the linearized problem by neglecting the rem 4(w/,)? in (8.3.2.2). We have 
u,=—-BA, O<a<l. 
The solution to this equation satisfying the boundary condition (8.3.2.4) is 


uw=dl—o2); 2=F0A. (8.3.2.5) 
Problem (8.3.2.1), (8.3.2.3) has the following solution: 
w=0, A is an arbitrary constant; 
(8.3.2.6) 


w= Apwn(x) = Ansinntz, »=An =(nn)*, n=1,2,... 


where A,, are arbitrary constants. It follows from (8.3.2.5) that, for c = Cp, = $BAn; the rod buckles 
and acquires the shape defined by formulas (8.3.2.5) and (8.3.2.6) with undetermined amplitude A,,. 
For c 4 Cp, the rod remains rectilinear. 

Now look at the nonlinear problem (8.3.2.1)}-(8.3.2.4). The solutions to problem (8.3.2.1), 
(8.3.2.3) remain the same, (8.3.2.6). The solution of equation (8.3.2.2) with A = A, satisfying the 
first boundary condition (8.3.2.4) is given by 


A A? 
U = Un(e) = c— Brn (14+ ) ae — = sin(2nzz). (8.3.2.7) 
4p 8 
Substituting this expression into the second boundary condition (8.3.2.3) yields 
Az 1 


Relation (8.3.2.8) expresses the link between the contraction at the end and the response of the 
rod. It is clear that for c < c,, the solution is unique (zero) and stable. For c > cj, the uniqueness is 
violated: for any c from the interval c,, < ¢ < Cn+1, there are 2n + 1 solutions (with each new point 
Cn, two more solutions are added, one corresponding to a positive A,, and the other corresponding 
to a negative A,,; see Fig. 8.5). The solutions branch out from the unbuckled shape A,, = 0 at 
the points c,,. Hence, the solution of the linear problem determines the bifurcation points of the 
nonlinear problem. Figure 8.5 displays the parabolas (8.3.2.8) with 8 = 1 andc, = 1, 2,3. 


Example 8.7. For a thin rod of unit length lying in the xz-plane, suppose that one of its ends, 
x = 0, is fixed, while the other end, x = 1, lies freely on the x-axis. Both ends can turn freely 
about the y-axis. The rod is loaded by a given axial compressive stress. The shape of the rod 
is determined by the function w) = w(a), the angle between the central line of the deformed rod 
and the z-axis, as well as the functions u = u(x) and w = w(x), the displacements along the z- 
and z-axis, respectively. The shape is determined from the boundary value problem of inextensible 
elasticity 


Vre tAsiny = 0, 0<2<l, (8.3.2.9) 
p7,(0) = #,(1) = 0, (8.3.2.10) 
u,, = cosy —1, w,, = sin y, 0<2<1, (8.3.2.11) 


u(0) = w(0) = w(1) = 0. (8.3.2.12) 
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Figure 8.5: Bifurcation points: intersections of the parabolas (8.3.2.8) with the abscissa 
axis; 6 = 1 andc, = 1, 2,3. 


The constant is proportional to the load applied. The linearization of equation (8.3.2.9), (8.3.2.11) 
about ~ = 0 leads to the eigenvalue problem 


erap=0, O<e<1, 0) =o) =0, 
ul, =0, w=, — u(0) = w(0) = w(1) =0. cae 
This problem has the following solutions: 
A= An = (nz), WH A, 2 shes 
(8.3.2.14) 


An . 
w= A,cosntz, u=0, w= —sinnta, 
NTT 


where A,, are arbitrary constants. 

It is clear that if 7, u, w is a solution at some A, then tw + 2nz, u, +w are also solutions 
for any integer m and the same . (either upper or lower signs are take simultaneously). Therefore, 
without loss of generality, we can assume that \ > 0 and set 


w(0) =a, O0<a<r. (8.3.2.15) 
A first integral of equation (8.3.2.9), in view of (8.3.2.10) and (8.3.2.15), has the form 


(',)? = 2d(cos w — cosa). (8.3.2.16) 


x 


From the continuity of the function 7) = w(x), condition (8.3.2.15), and nonnegativity of the right- 
hand side of (8.3.2.16) it follows that |7b| < a. 

If 0 < A < Aj, then the constants 7) = 0 and = = 7 are unique solutions of problem (8.3.2.9)}- 
(8.3.2.12) satisfying condition (8.3.2.15). 

For A > 1, we introduce the new variable » = y(x) defined by the relations 


sing = sin ¥, k =sin 5. (8.3.2.17) 


Then, it follows from (8.3.2.16) that 


pa, = (1 - k? sin? y)-V/?, p=vd. (8.3.2.18) 


8.3. Bifurcations of Solutions to Boundary Value Problems 273 


The range of v(x) is determined by the equalities sin (0) = 1 and sin? y(1) = 1, which follow 
from (8.3.2.10), (8.3.2.16), and (8.3.2.17); hence, 
4p +1 


(0) = %p = =", p= 0,+1,+2,..., (8.3.2.19) 


2p+1 
y(1) =~, = 


T, 
2 


Integrating (8.3.2.18) using condition (8.3.2.19), we obtain the implicit solution 


g=0,+1,42,... (8.3.2.20) 


~() 
px = / (1—k*sin? y)-/2 dy, p=0,+1,+2,..., (8.3.2.21) 
Pp 

which involves Jacobi’s elliptic integral of the first kind. The integrand in (8.3.2.21) is periodic with 
period 7; it reaches a maximum, equal to (1 — ey, at » = Yq and a minimum, equal to 1, at 
p=nr,n=0,+1,.... By setting x = 1 in (8.3.2.21), we get 


Pa 
n= | (1—k? sin? y)-'/? dy, p, q=0, +1, +2, ... (8.3.2.22) 
(0) 


P 


The integrals on the right-hand side of (8.3.2.22) computed over one period are equal to 2, with 


nm /2 
K() = f (1 — k? sin? y)—1/? dp 


being the complete elliptic integral of the first kind. The integrals in (8.3.2.22) are taken from any 
(Pp to any y, and, hence, are expressed as 


[Lb = lm = 2mK(k), m=1,2,.... 


Thus, for any m we get a characteristic of the rod, that is, a relation between the loading parameter ju 


and deformation measure k = sin $. Since K(0) = $T, each curve branches out from k = 0, 


[t = [lm (0) = mr, which represent square roots of the eigenvalues of the linear problem (8.3.2. 13); 
this means that a linear eigenvalue problem defines bifurcation points of a nonlinear problem. 


8.3.3 Bifurcation Analysis of Boundary Value Problems without 
Linearizing Equations 


> A mixed boundary value problem. Bifurcation diagrams. Turning points. 


Consider the mixed boundary value problem 


Yor tAF(y)=0; —-y, (0) =0, y(1) =0 (8.3.3.1) 


with A > O and f(y) > 0. 

We use the notation a = y|,—9. It can be shown that y > 0 and y/, <0 (0 < x <1). 

The parameter a can be treated as free; its value uniquely determines a value of 
and a solution y = y(x) (by the uniqueness theorem for initial value problems). Hence, 
any solution of problem (8.3.3.1) can be associated with a point of a curve in the (a, \) 
plane. It is customary to refer to these curves as bifurcation diagrams. The shape of any 
bifurcation diagram is determined by the turning points (singular points). 

The general solution to problem (8.3.3.1) can be represented in implicit form as 


2 y 
=2\(1—2)’, Fw) = [ fly) dy, (8.3.3.2) 


laos 
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with A related to a by 


1 i - dr 
A= 57a), Ja) = | ee (8.3.3.3) 
0 VF(a)— F(z) 
Formulas (8.3.3.2)-(8.3.3.3) follow from the results of Example 3.1. 

The function \ = \(q@) (bifurcation diagram) passes the origin of coordinates \(0) = 0; 
extrema of this function determine turning points. A necessary condition for the existence 
of an extremum is the equality \/, = 0. Since /, = JJ!, where J = J(a), the necessary 
condition becomes J/, = 0. 

The integral with the variable upper limit J(a) has an integrable singularity (the de- 


nominator of the integrand vanishes at 7 = a). Using the identity 


1 = gt | 2 gee age 
TRO oO = ETA cae ] 25) 


we rewrite the function J(qa) in the form 


_ 2VFla) og [f° OOo 
J(a) = 70) 2 f Fan) VE ) — F(n) dr. (8.3.3.4) 


The integral in (8.3.3.4) now has no singularity, which makes it more convenient for nu- 
merical calculations. 

The following theorem holds. 

THEOREM (KORMAN-LI-OUYANG). A solution of the problem (8.3.3.1) with the 
maximal value a = y(0) is singular if and only if 


J F(a) / en ae (8.3.3.5) 


Example 8.8. For a plane problem of combustion theory, one should set f(y) = e¥ in (8.3.3.1). 
Then, F'(r) = e’ — 1. After computing the integral, condition (8.3.3.5) leads to the transcendental 
equation 


F(a) — F(7), 


CtanhC=1, where ¢=(1—e-%)-'/?, 
Numerical analysis gives ¢ + 1.19968 and a = 1.1868, which coincides with the results obtained 


in Example 3.17). The critical value a © 1.1868 corresponds to a thermal explosion; the problem 
has no solution for greater a. 


> Extension to the case of a nonhomogeneous boundary condition. 


Consider the mixed boundary value problem 


Yoo t+AF(y) =0; yi (0) = 0, y1) = 8, (8.3.3.6) 
which differs from (8.3.3.1) in the more general second boundary condition. 
If, as before, we use the notation a = y|,—o, the solution to problem (8.3.3.6) can be 


represented in the implicit form 
2 


y dt = 42 7 y 
ears] re P= [rma 633 
with \ related to a and b by 
ly — fe dt 
A= 50,8), I(o,8) = [ FCG} (8.3.3.8) 
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-l 0 1 2 3 4 5 6 a 


Figure 8.6: Bifurcation curves described by formula (8.3.3.9) at 6 = —1, 0, 1. 


Example 8.9. For f(y) = e¥, the bifurcation diagram corresponding to problem (8.3.3.6) is 
expressed as 


d= te-*[2In(e%/? + Vex — 4) — p]?. (8.3.3.9) 


In the special case b = 0, this formula defines the bifurcation diagram for a plane problem of 
combustion theory (see Example 3.17). 
Figure. 8.6 displays the bifurcation curves described by formula (8.3.3.9) at 8 = —1, 0, 1. 


> A first boundary value problem. Reduction to a mixed boundary value problem. 


Consider the first boundary value problem on the interval [21,22] with equal boundary 
values 


Yoo taAf(y) =0; = -y(@1) = 8, y(x2) = B. (8.3.3.10) 
The substitution 5 
G2 ge, ye (8.3.3.11) 
@2— 2X1 2 — Ly 


reduces problem (8.3.3.10) to a problem on the interval [—1, 1]: 
Tet AFG) =0; W-N=6, GA)=B A=Glag—21)"A. (8.3.3.12) 


The solution to the first boundary value problem (8.3.3.12) is an even function, 7(x) = 
y(—2); in the domain [0, 1], it coincides with the solution to a mixed problem of the form 
(8.3.3.6): 


Fiz + AFG) =0; (0) =0, GL) =8; A= F(e2—1)?2. 
Therefore, the corresponding bifurcation diagram is described by formula (8.3.3.8), in 
which \ must be replaced with ). 

@ See also Sections 3.3.3-3.3.7. 


© Literature for Section 8.3: J. B. Keller (1960), J. Keller and S. Antman (1969), E. L. Reiss (1969), 
T. Laetsch (1970), E. L. Reiss and B. J. Matkowsky (1971), S.-H. Wang (1994, 2007), P. Korman and Y. Li 
(1999, 2010), P. Korman, Y. Li, and T. Ouyang (2005), P. Korman (2006). 
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Chapter 9 


Elementary Theory of Using 
Invariants for Solving Equations 


This chapter describes a simple scheme for the analysis of mathematical equations which 
relies on using invariants and makes it possible to simplify algebraic equations, reduce 
the order of ordinary differential equations (or integrate them), and find exact solutions of 
nonlinear partial differential equations. Invariants are constructed by searching for trans- 
formations that preserve the form of the equations; the notions and complex techniques 
of symmetry analysis (see Chapter 9) are not used here. Numerous examples of solving 
specific differential equations are given. It is significant that even with the simplest lin- 
ear transformations of translation and scaling, as well as their compositions, the number 
of solvable ordinary differential equations (or those admitting order reduction) that can be 
described in a unified way is more than those discussed in the overwhelming majority of 
available textbooks. For nonlinear equations of mathematical physics, this approach makes 
it possible to find all of the most common invariant solutions. To use this simple method, 
one does not have to have a strong mathematical background— what is required is to be 
able to solve simple algebraic equations (and system of equations) and differentiate. To dis- 
tinguish it from the classical group analysis method, the approach presented in this chapter 
will be called the method of invariants. 


9.1 Introduction. Symmetries. General Scheme of Using 
Invariants for Solving Mathematical Equations 


9.1.1 Symmetries. Transformations Preserving the Form of 


Equations. Invariants 


Symmetries of mathematical equations are understood as transformations that preserve the 
form of equations. Given below are examples of specific equations that remain unchanged 
under some simple transformations. 


Example 9.1. Consider the biquadratic equation 


a +az7+1=0. (9.1.1.1) 
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The change of variable 


results in exactly the same equation 


4 +az?+1=0. 


This means that equation (9.1.1.1) preserves its form under the transformation x = —Z. 
Two other transformations ‘ 
4 ee il 
z 


also preserve the form of equation (9.1.1.1), since multiplying by Z* gives 
@+am7+1=0. 
Example 9.2. The form of the differential equation 
Yor — Yn =0 (9.1.1.2) 


will not change if we make any of the transformations 


v=X+a, y=y (a is any number); 
c=, y= 9+ (bis any number); 
f=, y=cy (c is any nonzero number), 


since we obtain exactly the same equation 
zz — ¥z =9 
for each of the three transformations. 

It will be shown below that transformations preserving the form of equations enable us 
to “multiply” solutions. 

An invariant of a transformation is a nonconstant function that remains unchanged 
under the action of the transformation. Invariants of transformations can depend on the 
independent and dependent variables and their derivatives (when we deal with differential 
equations). To clarify the concept of an invariant that preserves its form under a transfor- 
mation, we consider a few simple examples. 


Example 9.3. The transformation of simultaneous translation in two coordinate axes 
T=X+a, y=yta, 
where a is any number, has the invariant 
l=y-“2=y-f. 
If x is the independent variable and y is the dependent one, then the derivatives 
In=Y2=Gs, 13 = Yeu = Vea, 
are also invariants of the transformation. 
Example 9.4. The transformation of uniform scaling in two coordinate axes 
T=ar, yr=ay, 


where a is any nonzero number, has the invariant 


Ka 
alse 


If x is the independent variable and y is the dependent one, then there are also more complicated 
invariants that depend on derivatives and remain unchanged under the transformation. Examples are 


/ —/ 1 =o 
Ih= Ye = Yaz» I3= Yar = LUzE: 
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9.1.2 General Scheme of Using Invariants for Solving Mathematical 
Equations 


Displayed below is a schematic diagram for the analysis of mathematical equations which 
is based on searching for transformations that preserve the form of equations followed 
by changing, in the equations, from the original variable to new ones— invariants of the 


transformations. 
Searching for a transformation preserving the equation 


Figure 9.1: General scheme of using invariants for solving mathematical equations. 


Once the above steps have been completed, the equation is often simplified and reduced 
to a solvable form. It is important to note that the above scheme can successfully be applied 
to various types of mathematical equations (see Sections 9.2 and 9.3 below). 

For better understanding and learning of the ideas of how to use invariants or solving 
mathematical equations, we follow the approach “from simple to complex,” first parent- 
ing results for algebraic equations, then for ordinary differential equations, and finally for 
nonlinear partial differential equations. 


© Literature for Section 9.1: A.D. Polyanin (2008), A. D. Polyanin and V. F. Zaitsev (2012). 


9.2 Algebraic Equations and Systems of Equations 


9.2.1 Algebraic Equations with Even Powers 


Consider the algebraic equation 
Gane” 4a, 29-7 4a aa + ge ae” + ag =O, (9.2.1.1) 


which only contains even powers of x. A biquadratic equation is a special case of equation 
(9.2.1.1) with n = 2. 
The change of variable 
LS =F (9.2.1.2) 


leads to exactly the same equation for Z; equation (9.2.1.1) is said to be invariant under 
transformation (9.2.1.2). It follows that if z = x is a solution of equation (9.2.1.1), then 
x = —2, is also a solution of this equation. 
By squaring (9.2.1.2), we get a simple algebraic function that is left unchanged by 
transformation (9.2.1.2): 
x? =z. (9.2.1.3) 
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This function is an invariant of transformation (9.2.1.2). By taking the invariant (9.2.1.3) as 
the new variable, z = x”, we can represent equation (9.2.1.1) of degree 2n as an equation 
of degree n: 


—1 —2 2 
AgnZ” + Agn—22" + Ggn—4z"™ “ +--+ + a42* + agz + ao = 0. 


Thus, in this case, the change from the original variable x to the invariant z = x? of transfor- 
mation (9.2.1.3) enables us to simplify the original equation—its degree has been halved. 


9.2.2 Reciprocal Equations 

> Reciprocal equations of even degree. 

A reciprocal (palindromic) polynomial equation of even degree has the form 

en a=? eck aor pone =O (a9 #0). (9.2.2.1) 


The left-hand side of this equation is called a reciprocal polynomial or palindromic poly- 
nomial. 
The change of variable 


agxre” + a,x + aoa 


1 

E 

transforms (9.2.2.1) into exactly the same equation (after multiplication by Z”). It follows 

that if x = x1 is a root of equation (9.2.2.1), then x = 1/2, is also a root of the equation. 
The simplest reciprocal equation is a quadratic equation 


(9.2.2.2) 


So 


ax? +ajx+ao = 0. 


Dividing it by x and grouping the first and last terms together, we get 


1 
ao(« + -) +a, =0. 
x 
The result is convenient to rewrite as a first-degree equation 
agoz +a, = 0, 
where 
1 _ 1 
z=e+-=2f4+- (9.2.2.3) 
x x 


is the simplest invariant of transformation (9.2.2.2). 

THEOREM (FOR THE RECIPROCAL EQUATION OF EVEN DEGREE). In the general 
case, the reciprocal equation (9.2.2.1) of even degree 2n can be simplified with substi- 
tution (9.2.2.3), resulting in an algebraic equation of degree n. 

Example 9.5. Consider the quartic reciprocal equation 

ax* + ba? + cx? + bx +a=0. 
Dividing it by x? and grouping terms, we get 


1 1 
a(x? i =) a b(x Ee -) eo, (9.2.2.4) 
x x 
Taking into account that 
ve 2 1 2, 1 2 
(« +=) =a +2+—57 = + 5=2°-2 
x x x 


and using the change of variable (9.2.2.3), which is an invariant of transformation (9.2.2.2), we 
reduce (9.2.2.4) to the quadratic equation 


az? +bz+c—2a=0. 
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> Reciprocal equations of odd degree. 


THEOREM (FOR THE RECIPROCAL EQUATION OF ODD DEGREE). In the general case, a 
reciprocal equation of odd degree 


2n—1 | 


Ponii(2)=0, where P2n41(2) = agx?"t! 4 a,0?" 4 aox ba sdenige 


+a,2L+a9, 
has a root x = —1, and the left-hand side can be represented as 


Pon+i(2) = (@ + 1)Qan(z), 
where (2,,(x) is a reciprocal polynomial of degree 2n. 
Example 9.6. The cubic reciprocal equation 
ax? + ba? + ba +a=0 
can be represented in the form 
(a + 1)[ax? + (6- a)z + a] = 0. 


It follows from Theorem 2 that a reciprocal equation of degree 2n + 1 can be reduced, 
by dividing by (a + 1) and introducing the new variable (9.2.2.3), to an algebraic equation 
of degree n. 


> Generalized reciprocal equations of even degree. 


A generalized reciprocal polynomial equation of even degree has the form 


2n—1 Bhs Ag ee + Anz” 


4g aa + a oe tt a ag =O (ag # 0). 
(9.2.2.5) 
The first n + 1 terms (written in the first row) coincide with the respective terms of the 
reciprocal equation (9.2.2.1) and the remaining terms (in the second row) differ from the 
respective terms of equation (9.2.2.1) by factors X”’. In the special case X = 1, equation 
(9.2.2.5) coincides with (9.2.2.1). 
It is not difficult to verify that the transformation 


agz?” + ax 


geo (9.2.2.6) 


x 
leaves equation (9.2.2.5) unchanged, and the simplest invariant of transformation (9.2.2.6) 
is written as 
XN _ xX 
z=@e+-—-=7+-. (9.2.2.7) 
x z 
The introduction of the new variable (9.2.2.7) reduces (9.2.2.5) to an equation of degree n. 
Example 9.7. Consider the quartic equation 
az* + ba? + cx? — br +a =0, 


which is a special case of equation (9.2.2.5) with n = 2 and \ = —1. The change of variable 
Z="-— 
x 


leads to the quadratic equation 
az*+bz+2a+c=0. 
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9.2.3. Systems of Algebraic Equations Symmetric with Respect to 
Permutation of Arguments 


A bivariate polynomial P(x, y) is called symmetric if it does not change after the permuta- 
tion of its arguments: P(x, y) = P(y, 2). 
Remark 9.1. In terms of transformations, a symmetric polynomial is defined as a polynomial 


that is left unchanged by the transformation 7 = ¥, y = Z. 


The simplest symmetric polynomials 
U=2+Y, wWw=xry (9.2.3.1) 


are called elementary. These polynomials are the simplest algebraic invariants to the per- 
mutation of arguments. Any symmetric bivariate polynomial can be uniquely expressed in 
terms of the elementary polynomials. 

For the solution of systems of two algebraic equations 


P(z,y) = 0, Q(z, y) = 0, 


where P and @ are symmetric polynomials, it is helpful to use the elementary symmetric 
polynomials (9.2.3.1) as the new variables. Such systems possess the following property: 
if x = Zo, y = Yo 18 a Solution to the system, then x = yo, y = Zo is also a solution. 


Example 9.8. Consider the nonlinear system of algebraic equations 
x? +ary+y’ =), 


9.2.3.2 
xt + cay? + y* =d. ( ) 


It remains unchanged under the permutation of the variables. 

In (9.2.3.2), by changing from z and y to the variables (9.2.3.1) and taking into account the 
formulas 
g? +9" = (e@+y)? — ey = u? — Qw, 


at tyt = (a? + y?)? — 227 y? = (u? — 2w)? — 2w? = u4 — 4u?w + Qu, 


we obtain 
u’ —(a—2)w =), 


9.2.3.3 
ut — 4u?w + (c+ 2)w? = d. : 
Eliminating u, we arrive at the quadratic equation 
(a? + c— 2)w? — 2abw +6? —d=0. 
The further procedure of finding solutions is straightforward and omitted here. 
Example 9.9. Consider the nonlinear system of algebraic equations 
2 2 
Hi =a, 
ae (9.2.3.4) 
ze’ +y? =b. 


Changing to the variables (9.2.3.1) and taking into account that 2° + y? = (x + y)> — 3xy(x+y), 
we get 
u* — 2w =a, 


u? — 3uw = b. 
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Eliminating w yields the cubic equation 
u® — 3au + 2b = 0. (9.2.3.5) 


Note that the straightforward elimination of y from system (9.2.3.4) results in a much more 
complex equation of degree 6: 


(a—-2*P=(b-2°) => 22° —3an* — 2b2* +3072" +8? —a? = 0. 


© Literature for Section 9.2: N. A. Kudryashov (1998), V. G. Boltyanskii and N. Ya. Vilenkin (2002), 
A. D. Polyanin (2008), A. D. Polyanin and V. F. Zaitsev (2012). 


9.3 Ordinary Differential Equations 


9.3.1 Transformations Preserving the Form of Equations. Invariants 
An ordinary differential equation 

F(x,y, y/,,--.,y) =0 (9.3.1.1) 
is said to be invariant under an invertible transformation 


c= ~(%,y), y=V(@,¥) (9.3.1.2) 


if the substitution of (9.3.1.2) into (9.3.1.1) leads to exactly the same equation 


The function F' is the same in both equations (9.3.1.1) and (9.3.1.3). 
Transformations that preserve the form of an equation can be used to “multiply” its 
solutions. Indeed, suppose 


y = G(x) (9.3.1.4) 
is a particular solution to equation (9.3.1.1). Since equation (9.3.1.1) is left the same by the 
change of variables (9.3.1.2), then 

y = 9(2) (9.3.1.5) 
is a solution to the transformed equation (9.3.1.3). In (9.3.1.5), changing back to the old 


variables using (9.3.1.2) (the relations must be solved for % and ¥), we obtain a solution to 
equation (9.3.1.1) that differs, in general, from the original solution (9.3.1.4). 


Example 9.10. The third-order equation 


Vere — Yr = 0 (9.3.1.6) 
has a particular solution 
y=e”. 
The transformation 
xr=Z+a, y=ytb (9.3.1.7) 
leaves the equation unchanged, and therefore the transformed equation 7/7, — y/, = 0 has a solution 


y = e*. Inserting the old variables, by inverting the formulas (9.3.1.7), we obtain a new solution to 
equation (9.3.1.6): 
y=Aer+b, A=em*, 


which involves two arbitrary constants A and b. 
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A function I(x, y, y’,), other than a constant, is called an invariant of transformation 
(9.3.1.2) if it remains unchanged under the transformation: 


19 JH 1 e539): 


Remark 9.2. If I = I(x, y, y’,) is an invariant of transformation (9.3.1.2), then U(7), where U 
is an arbitrary function, is also an invariant of the transformation. 


9.3.2 Order Reduction Procedure for Equations with n > 2 
(Reduction to Solvable Form with n = 1) 


Let us now consider in more detail the scheme outlined in Section M28.1 for using invari- 
ants in the analysis of mathematical equations as applied to ordinary differential equations. 
Given an nth-order equation (9.3.1.1), one should seek, at the first stage, a transforma- 

tion 
id pz, Y; a), y= W(Z,Y; a) (9.3.2.1) 


that preserves the form of the equation. Transformation (9.3.2.1) must depend on a single 
free parameter a € {a1, a2]; the original equation (9.3.1.1) is independent of this parameter. 

At the second stage, for second- and higher-order equations (n > 2), one constructs two 
functionally independent invariants of transformation (9.3.2.1): 


h=Ih(a,y), I =Io(z,y,y;,). (9.3.2.2) 


At the third stage, the invariants (9.3.2.2) are taken as the new variable for equation 
(9.3.1.1) and the transformation 


=f, 2s=h, v=ue) 


is performed. This results in an (n — 1)st-order equation, so that the order of the original 
equation is reduced by one. 
For first-order equations (n = 1), one should make the change of variable 


c= ly #= s(x), 


in (9.3.1.1) at the third stage. This results in a solvable (separable) equation. 


9.3.3 Simple Transformations. Invariant Determination Procedure 
In what follows, we will only use the simplest transformations 


zx=Z£+A, y=7+B (translation); 
x= AZ, y= By (scaling) 


and their compositions 
= AZ+B,, y= Aoyt+ Bo. (9.3.3.1) 


Then the derivatives satisfy linear relations: 


22275. yo a2, (9.3.3.2) 
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The transformation coefficients A;, Ag, By, and By are determined from the invariance 
condition for the equation; these coefficients must depend on a single free parameter a. 

The following statement is true. Suppose transformation (9.3.3.1) preserves the form of 
an equation that has a particular solution (9.3.1.4). Then 


xz— By 
= By + Aog{ ——— 
y 2+ 2a( A ) 


is also a solution of the equation. 

The first invariant I; is obtained by eliminating a from (9.3.3.1). The second invari- 
ant Iz is obtained by eliminating a from one of the relations in (9.3.3.1) and the first relation 
in (9.3.3.2). 


9.3.4 Analysis of Some Ordinary Differential Equations. Useful 
Remarks 


Example 9.11. The second-order equation 
Veo = F(@, Uz); (9.3.4.1) 


which does not involve y explicitly, remains unchanged under an arbitrary translation in the depen- 
dent variable: y — > y+ a (which corresponds to y = y+), where a is a free parameter. Moreover, 
out of the three variables x, y, and y/,, two remain unchanged: 


’ 
tT, Ys: 


These are invariants of equation (9.3.4.1); hence, J; = x and Iz = y/,. These can be taken as the 
new variables: 
=). 2k, baa); 


As a result, we arrive at a first-order equation: u/, = F(a, u). 


Example 9.12. The autonomous second-order equation 


Yew = FY, Yir)> (9.3.4.2) 


which does not involve x explicitly, remains unchanged under an arbitrary translation in the inde- 
pendent variable: x => x + a, where a is a free parameter. Out of the three variables x, y, and y/,, 
two remain unchanged: 


Uy Yee 


These are invariants of equation (9.3.4.2); hence, J; = y and Ip = y/,. We choose them as the new 
variables: 


U = Yor) z=Y, u=u(z). 
This results in a first-order equation: uu, = F'(y, u). 


Example 9.13. The nonlinear second-order equation 


yf, 
Vee = YF (« ts) (9.3.4.3) 


does not change if the dependent variable is scaled: y => ay. Two combinations out of the three 
variables x, y, and y’. do not change: 
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These are invariants of equation (9.3.4.3) and can be taken as the new variables: 


Differentiating u linear x yields 
2 
wate () te 
y y y 


Using this relation to eliminate y/", in (9.3.4.3), one arrives at the first-order equation 


ul, = F(2,u) — wu’. 


Remark 9.3. For F'(x,u) = g(a) + f(x)u, the original equation (9.3.4.3) is a general linear 
homogeneous second-order equation. With the above transformation, it is reduced to a first-order 
equation with a quadratic nonlinearity. 


Example 9.14. Consider the nonlinear second-order equation 
Yen — (Yn)? = kyPe**. (9.3.4.4) 
We look for an invariant transformation of the form 
L=£+b, y=ay. (9.3.4.5) 
Substituting (9.3.4.5) into (9.3.4.4) and canceling by a, we obtain 
We — (Ue) = ae ky"e™. 
Requiring that this equation coincide with (9.3.4.4), we get the relation for determining the param- 


eter b: 


awe =1 = d= -5 Ina. (9.3.4.6) 


The parameter a remains free. 
Substituting (9.3.4.6) into (9.3.4.5) and eliminating a from the second relation with the aid of 
the first relation, we obtain 


gage? == ge” =ge 


Hence, 

I, = ye™ (9.3.4.7) 
is an invariant of transformation (9.3.4.5)-(9.3.4.6). Another invariant can be found by calculating 
the derivative 

Yo = ays. 

Eliminating a with the aid of the second relation in (9.3.4.5) yields 
Ue _ th 
y y 


To reduce the order of the original equation, one should take the invariants (9.3.4.7)-(9.3.4.8) 
as the new variables: 


= Ip. (9.3.4.8) 


/ 
z=e*y, u= Lem u=u(z). (9.3.4.9) 


On the one hand, 
Yin Yi ° Us 
ul, = 222 (4) = 280 _ 42. (9.3.4.10) 
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on the other hand, 
ui =uzz = (Aer? y + ery! Jul = (.: + eye a = (Az + ait) ti. (9.3.4.11) 
y 


Equating (9.3.4.10) with (9.3.4.11), we get 


i 1 
Vox Yea 


—wWe=(Az+zuu, => Se =u? 4+ (zt zu)ul. 
y 


Inserting this into (9.3.4.4) and performing elementary rearrangements, we arrive at a separable 
first-order equation: 
(A +u)ul, =k. 


Remark 9.4. The more general, nonlinear second-order equation 
/ 
Yoo = UF Ca ts) 
y 
has similar properties. Transformation (9.3.4.9) reduces it to the first-order equation 
u? + (Ag+ zu)ul, = F(z,u). 
Example 9.15. Now consider the nonlinear first-order equation 
y= j( Senet), (9.3.4.12) 
a2x + Bay + Y2 
Its left-hand side remains unchanged under transformations of the form 


zt=at+b, y=ayt+e, (9.3.4.13) 


where a, b, and c are arbitrary constants. Substituting (9.3.4.13) into the argument of the right-hand 
side function of (9.3.4.12) gives 


ee py ser a) ei ero (9.3.4.14) 
agt+ Boyt ye alazt + Boy) + a2b+ Bact ye 


For equation (9.3.4.12) to be invariant under transformation (9.3.4.13), one must set 

a1b+ Bic+y =ayn, a2b+ Pact 72 = a7e2 (9.3.4.15) 
in (9.3.4.14). These relations can be viewed as a system of two linear algebraic equations for the 
coefficients b and c; the coefficient a remains arbitrary. Thus, equation (9.3.4.12) is invariant under 
transformation (9.3.4.13) subject to conditions (9.3.4.15). The argument of the right-hand side 
function of (9.3.4.12) is an invariant of the transformation. Therefore, the change of variable 


fa hee oe z(a), (9.3.4.16) 

a2x + Boy + Y2 
should be made in equation (9.3.4.12). Solving (9.3.4.16) for y, differentiating with respect to x, 
substituting y/, by f(z), which follows from (9.3.4.12) and (9.3.4.16), and performing elementary 


rearrangements, one arrives at the separable equation 
(a2F1 — a182)x + Biy2 — Bor Jaga =. 
(Boz — Bi)? Boz — By 

Table 9.1 lists some second-order ordinary differential equations that admit order re- 
duction by using the simplest invariant transformations. For first-order equations, where 
F'(u, v, w) is independent of the third argument, the equations listed in Table M28.1 can be 
solved by changing from y to the new dependent variable z = I, (x,y), where J; is the first 
invariant. 

The results presented in Table 9.1 are easy to generalize to nonlinear equations of arbi- 
trary order. 
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TABLE 9.1 
Some second-order ordinary differential equations that admit order reduction, and invariants 


Ream? 


FY, Ys Vex) = 9 
F(axt By, yo, Yin) =0 


y) 
— = 


a vy, Ue, Us ) )=0 


eae see 


2,11 
eras aE) 0 


Remark 9.5. The above method of invariants for the analysis of ordinary differential equations 
takes advantage of the ideas of the group analysis method but is much simpler. To learn how to 
apply the former method, one should only be able to solve simple algebraic equations (and systems) 
and differentiate, whereas the application of the group analysis method requires, at intermediate 
stages, the solution of partial differential equations (which leads beyond the standard courses of 
ordinary differential equations). Other advantages of the simple method of invariants described 
include the fact that there is no need to introduce new concepts, which are abundant in the group 
analysis method, and that the number of solvable ordinary differential equations (or those admitting 
order reduction) describable in a unified way is more than those discussed in the overwhelming 
majority of available textbooks. 


@ The book by Polyanin and Zaitsev (2012, Section 28.4) gives examples of using the 
elementary theory of invariants to construct exact solutions of nonlinear partial differential 
equations. 


© Literature for Section 9.3: G. W. Bluman and J. D. Cole (1974), P. J. Olver (1995), N. A. Kudryashov 


(1998), N. H. Ibragimov (1994, 1999), P. E. Hydon (2000), V. G. Boltyanskii and N. Ya. Vilenkin (2002), 
A. D. Polyanin and V. F. Zaitsev (2003, 2012), A. D. Polyanin (2008). 


Chapter 10 


Methods for the Construction 
of Particular Solutions 


10.1 Two Problems on Searching for Particular Solutions 
to ODEs with Parameters 


10.1.1 Preliminary Remarks. Traveling Wave Solutions 
> Preliminary remarks. 


In the theory of ordinary differential equations, it is customary to deal with methods! that 
allow one to find general solutions. However, methods for seeking particular solutions to 
nonlinear ODEs receive practically no attention. This hinders the development of related 
methods of the theory of partial differential equations for finding exact solutions to non- 
linear PDEs that can be expressed in terms of elementary function, special functions or 
quadratures. 


> Traveling wave solutions for nonlinear PDEs and their relation to ODEs. 


The overwhelming majority of nonlinear equations of mathematical physics are of partial 
differential equations of the form 


B(w, Wz, We, Wrz, Wet, We, -..) =0, (10.1.1.1) 


which do not explicitly involve the independent variable; for simplicity, we consider equa- 
tions with two independent variables, ¢ and z, where ¢ can be treated as time or a space 
coordinate. 

In general, equation (10.1.1.1) admits solutions of the traveling wave type: 


w=y(x), c=ayz+agt, (10.1.1.2) 


where a; and ag are arbitrary constants. Substituting (10.1.1.2) into (10.1.1.1) yields the 
ordinary differential equation 


P(y, ary’, a2y',, TY rs A A2Y inxs 5 Y rs tee ) = 0. (10,1..1,3) 


Here and henceforth, we discuss exact methods for the integration of differential equations. 


289 


290 METHODS FOR THE CONSTRUCTION OF PARTICULAR SOLUTIONS 


Thus, the ordinary differential equation (10.1.1.3) describes exact solutions to the spe- 
cial type of partial differential equations (10.1.1.1). Since the traveling wave solutions 
(10.1.1.2) are the most common type of exact solution to nonlinear equations of mathe- 
matical physics, it is of great importance to be able to find solutions to relevant ordinary 
differential equations. 

Apart from the free parameters a; and a2, equation (10.1.1.3) can often involve other 
parameters, which can also vary within certain ranges. In particular, for equations of the 
form (10.1.1.1), which can be represented in the divergence form (as a conservation law) 

a) 


a 
=) do, = 
He. Oe 


OD, = OW Wy Wee; Wats Wiss 2s), 1=1, 2, 


(10.1.1.4) 


searching for traveling wave solutions (10.1.1.2) leads to the ordinary differential equation 


ag®, + ay ®2 + a3 = 0, 


(10.1.1.5) 
&; = Gi(y, diy), any, apy G1aay Gay is), 


involving three arbitrary constants: a1, ag, and a3. 

Importantly, methods of generalized and functional separation of variables reduce non- 
linear PDEs to ODEs or systems of ODEs, which can include many free parameters that 
do not appear in the original equation. For relevant examples, see the literature cited at the 
end of the current section. 


10.1.2 Two Problems for ODEs with Parameters. Conditional 
Capacity of Exact Solutions. 


> Two problems for ODEs describing exact solutions to PDEs. 


It follows from the above that there are a large number of equations in mathematical physics 
whose solutions can be expressed in terms of ordinary differential equations* 


F(a, y, yy ..-, ys a1,..., 0%) = 0, (10.1.2.1) 


containing a set of free parameters a; (¢ = 1,...,), which are not involved in the original 
partial differential equation. Below are two fundamentally different problems arising in 
dealing with equation (10.1.2.1). 

PROBLEM 1. Find the values of the parameters a; at which the general solution of equa- 
tion (10.1.2.1) is possible (here and henceforth, we mean solutions that can be expressed in 
terms of elementary or special functions). 

PROBLEM 2. Find the values of the parameters a; at which the partial (exact) solutions 
of equation (10.1.2.1) are possible. 


> Conditional capacity of exact solutions to nonlinear PDEs. 


For a comparative analysis of the results of solving problems 1 and 2, the following defini- 
tions will be useful. 


“The form of these solutions can differ from (10.1.1.2). 


10.1. Two Problems on Searching for Particular Solutions to ODEs with Parameters 291 


Definition. The conditional capacity of an exact solution of a nonlinear PDE is equal 
to the number of arbitrary constants involved in the solution but not the original equation. 
The conditional capacity of a solution will be denoted “cc.” 


The practical sense of this definition is clear: the more arbitrary constants are involved 
in a solution, the more important, interesting, and valuable the solution is (the generality of 
a solution is determined by the number of arbitrary constants involved). 

In problem 1, the general solution to the corresponding ordinary differential equation 
(10.1.2.1) can be obtained in closed form in only relatively few specific values of the pa- 
rameters a; or under certain limitations; in the latter case, there will be fewer free param- 
eters, 41, ..., Gp, and the other parameters, a)+1, ..., @x, will be dependent on them. The 
conditional capacities of such solutions is calculated as 


ccy = pt+n, (10.1.2.2) 


where n is the order of equation (10.1.2.1). 

In problem 2, one often manages to obtain an exact solution to the ordinary differential 
equation (10.1.2.1) under fewer constraints on the parameters a;, suggesting that more free 
parameters, a1, ...,@g, Will remain than in problem 1 (q > p). In addition, the exact solution 
itself can depend on m constants of integration, with m < n. The conditional capacity of 
such solutions is evaluated as 

cco =G+m. (10.1.2.3) 


By comparing formulas (10.1.2.2) and (10.1.2.3), one can see that the conditional ca- 
pacity of particular solutions to problem 2 can be lower than, equal to, or higher than that 
of general solutions to problem 1. This suggests that solutions to problems 1 and 2 are, in 
general, equally important with respect to the analysis of the original nonlinear PDEs. 

Problem | is classical; it is solved using well-developed methods of integration of ordi- 
nary differential equations. 

Problem 2 is nonclassical; solution methods for this problem have not yet been suffi- 
ciently well developed, which is primarily because problem 2 has not received much atten- 
tion from the specialists in the area of ordinary differential equations. In the literature, there 
are relatively few methods for solving such problems, which, in addition, often have a very 
narrow area of application (these methods are most frequently used to treat autonomous 
equations with power-law nonlinearity). 


> Two problems for ODEs with parameters. 


The statements of problems 1 and 2 above can be arrived at from completely different con- 
siderations, without taking into account any relations between ordinary differential equa- 
tions. For example, one can treat the ordinary differential equation (10.1.2.1) as dependent 
on physical-chemical constants a;, which play an important role in applications and can 
vary within wide ranges. In this case, the role of the constants of integration, appearing 
in the general or particular solution to the equation, and the role of the physical-chemical 
constants a; can be treated as equal; often, finding a particular solution to a wide class of 
equations can be much more useful than finding the general solution to a narrow class of 
equations. 
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Subsequent sections outline methods for constructing particular solutions to nonlinear 
ordinary differential equation with variable parameters without going into the physical or 
other meaning of these parameters. 


©) Literature for Section 10.1: A. D. Polyanin and V. F. Zaitsev (2003, 2012), V. A. Galaktionov and S. R. 
Svirshchevskii (2006), A. D. Polyanin (2016). 


10.2 Method of Undetermined Coefficients and Its 
Special Cases 


10.2.1 General Description of the Method of Undetermined 
Coefficients 


In general, the method of undetermined coefficients as applied to linear or nonlinear ordi- 
nary differential equations suggests particular solutions should be sought in a preset form 
dependent on a set of free (undetermined) parameters. On substituting the solution struc- 
ture into the equation, one selects the values of the parameters so as to satisfy the equation 
exactly. Particular solutions are usually sought in the form of a finite sum 


y= S > ange (x) (10.2.1.1) 
k=0 


where x(x) are given elementary functions and a, are free (undetermined) parameters. 
Most frequently, solutions are constructed using special cases of formulas (10.2.1.1): 


y= Sane (Ax) or y= S "ani (Az). (10.2.1.2) 
k=0 k=0 


These are based on a single generating function y(z), which is present by the researcher. 
The constants n, az, mz, and A are to be determined; the second formula in (10.2.1.2) can 
include negative powers my. As y(z) in (10.2.1.2), one usually takes power-law, exponen- 
tial, hyperbolic, or trigonometric functions (see Sections 10.2.2 and 10.2.3). 

The determination of the constants n, az, mz, and A in (10.2.1.2) can often be simplified 
with modern computer algebra systems such as Maple or Mathematica, which allow one to 
perform a lot of cumbersome analytical calculations. 


Remark 10.1. Seeking solutions using the first formula in (10.2.1.2) is equivalent to carrying out 
two consecutive actions: (i) performing the change of variable € = y(Az) in the original ODE and 
(ii) searching for a solution to the transformed equation in the truncated series form y = a ape*. 
This approach is technically simpler than the direct substitution of the first formula (10.2.1.2) into 
the original equation. 


One may succeed in searching for particular solutions in a more general form than 
(10.2.1.1): 
f= DG Gg. 4+50g); (10.2.1.3) 


where ®(x;a9,...,@n,) is a given function and ao, ..., @, are free parameters. 
A considerable limitation of such direct methods is that solutions are sought in explicit 
form, while the overwhelming majority of known general solutions to nonlinear equations 
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are in implicit or parametric form (this follows from a statistical analysis of the results 
presented in the present handbook). 

Most frequently, the method of undetermined coefficients is used to seek particular 
solutions to linear nonhomogeneous ODEs with constant coefficients. Table 4.1 lists rec- 
ommended solution structures for such equations for special forms of the right-hand side 
(in particular, if the right-hand side of the equation is a polynomial, solutions are sought in 
the polynomial form). 


Remark 10.2. The special cases of the method of undetermined coefficients discussed below 
in Sections 10.2.2 and 10.2.3 have become very common in searching for exact traveling-wave 
solutions to nonlinear partial differential equations (such solutions are described by ODEs following 
from the original PDEs). 


10.2.2 Power-Law, Tanh-Coth, and Sine-Cosine Methods 
> Methods based on power-law functions. 


1°. Power-law function method. The main idea of the method is the assumption that a 
particular solution of the ODE can be expressed in terms of power-law functions, which 
corresponds to yx (x) = x?* in (10.2.1.1), with the exponents p;, to be determined. In the 
special case p;, = k, such a solution will be a polynomial of degree n. 


Example 10.1. Consider the generalized Emden—Fowler equation 

yi, = Aay™ (yl). (10.2.2.1) 

Its particular solution will be sought in the form of a power-law function 
y =az?, (10.2.2.2) 
Substituting (10.2.2.2) into (10.2.2.1) yields 
ap(p — 1)x?-? = Aa™(ap)'a?t™Pt!—J) | 
For this equation to be satisfied identically, one must set 
p-2=n+mp4+l(p—1), ap(p—1) = Aa™(ap)'. 


On solving this system for a and p, we arrive at the constants determining solution (10.2.2.2): 


1 
n—-tl+2 p-1l m+l—1 
a ae t= Ap!-1 


withn —1+240,m+l—140,andn+m-+1¥#0. Furthermore, for! > 0, there is a degenerate 
solution (10.2.2.2) with p = 0 and any a. 


2°. A modification. The following fact may be useful in searching for particular solutions. 


PROPOSITION. Suppose one deals with a nonlinear differential equation for y = y(x), 
which has been reduced with a change of variable y = f(x, w) to the equation 


" 


®(w!,,..., wh) + (byx? + box + b3)(w",)? + baw”, + (b3x? + bgx + b7)w!!,, 
+bg(wi,)? + (box + bio) wi, + birw + bigx? + bisa + bis = 0, 


(10.2.2.3) 
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where b; are some constants. Then the original equation admits solutions of the form 
y = f(a, Ar? + Bx +C), (10.2.2.4) 


where A, B, and C are determined from a system of three algebraic equations (omitted 
here). 


Remark 10.3. The above remains valid also for equations of the form (10.2.2.3), where b, = 


a Cr wi) are arbitrary functions. The functions ® and by can, in addition, depend on the 


combination 2ww”,, — (w’,)?. 


Example 10.2. Consider the second-order nonautonomous equation 
Yon = ay + (boa? + bx +bo)y”, men. (10.2.2.5) 


Let us see for which values of the parameters a, b;, m, and n this equation admits solutions of the 
form (10.2.2.4). 

Let us make the change of variable y = w?, with the exponent p to be determined, and multiply 
the result by w?~? to obtain 


pow, + p(p — 1)(wi,)? — aw DP+2 — (bya? + bya + bow YPt? = 0. (10.2.2.6) 
For equation (10.2.2.6) to fall in the class of equations (10.2.2.3), one must set 
(m—1)p+2=1, (n-1)p+2=0. 
This results in the relation between the exponents m and n and the desired expression of p: 


1 


a (m # 1is an arbitrary). (10.2.2.7) 
—m 


n=22m-1, p 


(The remaining parameters, a and b;, remain arbitrary for now.) Thus, forn = 2m — 1, the change 
1 
of variable y = w1—™ reduces equation (10.2.2.5) to 


ww, + s(w',)? + a(m — 1)w + (m — 1)(ber? + biz +69) =0, $= a (10.2.2.8) 


An exact solution to this equation has the form of a quadratic polynomial: 


1 
w = Ac? + Br +C (y=wi-m), (10.2.2.9) 


Substituting (10.2.2.9) into (10.2.2.8) and rearranging, we obtain 


[2(2s + 1) A? + a(m — 1)A + bo(m — 1)]a2? + [2(28 + 1)AB + a(m —1)B 4+ bi(m — 1x 
+ [2A +a(m — 1)|C + sB? + bo(m—1) =0. 


By equating the coefficients of the different powers of x to zero, we get the algebraic system of 
equations 
2(2s + 1)A? + a(m — 1)A + bo(m — 1) =0, 
2(2s+ 1)AB+a(m—1)B+bi(m—1) =0, (10.2.2.10) 
[2A + a(m — 1)|C + 8B? + bo(m — 1) =0, 


with s = +4. The first quadratic equation of system (10.2.2.10) serves to determine A (it has two 


distinct roots in a wide range of the parameters a, b2, and m). By multiplying the first equation in 
(10.2.2.10) by B and the second by —A and add together to obtain the simple relation 


boB = 1A, (10.2.2.11) 
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which allows us to express B via A, provided that b2 4 0, to get B = (b1/b2) A. Now C is easily 
determined from the last equation in (10.2.2.10). 
For the autonomous equation (10.2.2.5) with b; = b2 = 0, system (10.2.2.10) has the solution 


—1)?2 1 B? b 
eu De B is an arbitrary constant; C = — = an - *| -  (10.2.2.12) 
2a |(m m 


2(m+1)’ 
Let us focus on the special case of equation (10.2.2.5) with 
a=b=b,=0, m=-l1, n=-3. 


It follows from system (10.2.2.10) that 


1 
A and B are arbitrary constants, C = aa + 4bo). 
Thus, we have found that the second-order equation y”,, = boy~° has the exact solution y = 
VJ Ax? + Br + a(B ? + 4bo) involving two arbitrary constants. The general solution to this equa- 


tion consists of two branches: y = +\/ Ax? + Bx + 4(B? + 4bo). 


Example 10.3. The equation with an exponential nonlinearity 


yt, + cervy’, = ae + (box? + bia + bo)e?Y (10.2.2.13) 
can be reduced with the change of variable y = —+ In w to a special case of equation (10.2.2.3): 


wu, — (wh)? + ew), + adw + A(bex” + bye + bg) = 0. 


Hence, equation (10.2.2.13) admits an exact solution of the form y = -+ In(Az? + Br + C). In 
particular, the autonomous equation y’”,, = ae*” + boe?*¥, which is the special case of equation 
(10.2.2.13) with c = b; = bg = 0, has a particular solution 


171 B? by 
=——In( = 24B 2 
> n( Sara eh 2), 


where B is an arbitrary constant. 


> Tanh-coth and sinh-cosh methods. 


1°. Tanh-coth method. The main idea of the tanh-coth method is the assumption that a par- 
ticular solution can be expressed in terms of the hyperbolic tangent or hyperbolic cotangent 
functions, which corresponds to y(z) = tanh z or y(z) = coth z in (10.2.1.2). 
Example 10.4. Consider the second-order nonlinear differential equation 
yn, + by —cy® = 0. (10.2.2.14) 


We seek particular solutions of the equation in the form 
y= > agz*, z= tanh(Az), (10.2.2.15) 
k=0 


with a,, A, and n to be determined. Differentiating (10.2.2.15) twice and taking into account that 
2! = \/cosh?(Ax) = A(1 — 2?), we obtain 


y. =yi2= (> ake!) 90 — 2) =X) oagkz*1 — AS > agkz*4, 
k=0 k=0 k=0 


=a ioe = a(S axk(k — 1)z*-? — d s apk(k + 1)e*) A(1 — 2”) (10.2.2.16) 
k 


k=0 c=0 


= S 0 agh(k —1)z*-? — 207° agk?2* +? S$" agh(k + 1)2*t?. 
k=0 k=0 k=0 
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From (10.2.2.15) and (10.2.2.16) it follows that the terms in equation (10.2.2.14) are represented as: 


+ 


y/.,, is a linear combination of different powers of z up to z"*? inclusive, 


y is a linear combination of different powers of z up to z” inclusive, 


y°® is a linear combination of different powers of z up to z°” inclusive. 


For ODE (10.2.2.14) to be satisfied identically, the terms with highest power of z must be matched 
up. Hence, the equality n + 2 = 3n must hold, resulting inn = 1. 

Substituting formulas (10.2.2.15) and (10.2.2.16) with n = 1 into (10.2.2.14) and rearranging, 
we atrive at a cubic equation for z: 

a1(2\? — aic)z? — 3agazcz? + a1(b — 2? — 3a%c)z + ao(b — age) = 0. 
Equating the coefficients of the different powers of z to zero results in the overdetermined system 
of algebraic equations 
a1(2\? — atc) =0, apaic=0, ai(b— 2d? —3a2c)=0, ao(b— asc) = 0. 

This system can be satisfied, for example, with ap = 0, a, = +,/b/c, and A = +,/b/2. As a result, 
we get the following particular solutions to equation (10.2.2.14): 


= +,/b/c tanh(./b/2 2). (10.2.2.17) 

Remark 10.4. Since equation (10.2.2.14) is invariant to the translation transformation x => 

x + const, it also admits the solutions y = +,/b/c tanh(,/b/2 + s), where s is an arbitrary 
constant. 


Remark 10.5. In a similar fashion, we can also obtain the following particular solutions to 
equation (10.2.2.14): y = +,/b/c coth(,/b/2 az) and y = +,/b/c coth(,/b/2a” + 8). 
2°. Sinh-cosh method. The sinh-cosh method is based on the assumption that a particular 
solution can be expressed in terms of the hyperbolic sine or hyperbolic cosine functions, 
and corresponds to y(z) = sinh z or y(z) = cosh z in (10.2.1.2). 


Example 10.5. Consider the fourth-order nonlinear differential equation 


Yrora = 1[YYrx — (Yo)*] + bay + bs. (10.2.2.18) 
We seek particular solutions to the equation in the form 
y = ao +a; sinh(Az). (10.2.2.19) 


Substituting (10.2.2.19) into (10.2.2.18) and rearranging taking into account the identity cosh? z — 
sinh? z = 1, we obtain 


ay (+ = aob, 7 = be) sinh(Az) + azbyr? = agbe = bs = 0. 
For this equation to be satisfied identically for any x, one must set 
Pa = abd? = bg = 0, azbyr” — dob — b3 = 0. 


Solving these equations for ag and a; yields 


A* — be 1 
= = t—~ ,/b,A4 + bi b3A? — 03. 10.2.2.20 
ao Boe? be V + bibs 9 ( ) 


Formulas (10.2.2.19) and (10.2.2.20) define particular solutions of equation (10.2.2.18) involving 
one free parameter, 4, with the restrictions that \ 4 0 and the radicand must be positive. 


Remark 10.6. Likewise, one can obtain more general, two-parameter particular solutions to 
equation (10.2.2.18): 
y = a + a, sinh(Ax) + ag cosh(Az), 
A* = by 1 
he ; ay = = ae 


where az and X are arbitrary constants. 


ag = axbi 4 + b, At + by b3X? = 63, 
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> Sine-cosine and tan-cot methods. 


1°. Sine-cosine method. The sine-cosine method is based on the assumption that a partic- 
ular solution can be expressed in terms of the sine or cosine function, which corresponds to 
y(z) = sin z or y(z) = cos z in (10.2.1.2). 


Example 10.6. Consider once again equation (10.2.2.18). We seek particular solutions of the 
form 
y = ao +a; sin(Az). (10.2.2.21) 


Substituting (10.2.2.21) in (10.2.2.18) and rearranging while taking into account the identity cos? z+ 
sin? z = 1, we obtain 


ay (4 + agb,? _ bg) sin(Az) + atb,? — agb2 — b3 = 0. 
For this equation to be satisfied identically for any x, one must set 


x? ar ab, A? ae bg = 0, azb,d? = dob = b3 = 0. 


Solving these equations for ap and a; gives 


= 1/4 bhi? baie 
Wag + Se) ar le (10.2.2.22) 


Formulas (10.2.2.19) and (10.2.2.22) define particular solutions to equation (10.2.2.18) involving 
one free parameter, 4, with the restriction that \ 4 0 and the radicand must be positive. 


Remark 10.7. Since equation (10.2.2.18) is invariant to translation, x => x + const, it also 
admits solutions of the form y = ap + a1 sin(Az + c), where ao and a, are given by (10.2.2.22), 
while c and ) are arbitrary constants. 


2°. Tan-cot method. The tan-cot method is based on the assumption that a particular solu- 
tion can be expressed in terms of the tangent or cotangent functions, which corresponds to 
y(z) = tan z or y(z) = cot z in (10.2.1.2). 


Example 10.7. Consider equation (10.2.2.14) with b < 0 and c > 0. We seek particular solutions 
of the form y = ys azz” with z = tan(Ax), where az, A, and n are undetermined constants. 
Arguing in the same way as in Example 10.4, we find that n = 1 and ag = 0. As a result, we obtain 


the particular solutions 
y =+/—-b/c tan(/—b/2 2). 
Remark 10.8. Since equation (10.2.2.14) is invariant to translation, x => x + const, it also 
admits the solutions y = +,/—b/c tan(,/—b/2.x + s), where s is an arbitrary constant. 


10.2.3. Exp-Function, Q-Expansion and Related Methods 
> Exp-function method. The simplest version. 


In the simplest case, the exp-function method is based on the assumption that a particular 
solution can be expressed in terms of the exponential function, which corresponds to y(z) = 
exp z in (10.2.1.2). 

Importantly, the autonomous differential equation of arbitrary order with a quadratic 
nonlinearity 


3 S,[w 4 by = 0, S,[w] = », byw), w) =w (10.2.3.1) 
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admits particular solutions of the form 
w=A+ Be, (10.2.3.2) 


provided that there is a single relation between the coefficients b;, and bo. The constants A 
and 4 are to be determined, while B is arbitrary. Therefore, one should first try to reduce 
the equation by a change of variable y = f(w) to an equation with a quadratic nonlinearity 
(10.2.3.1) and then look for its particular solutions of the form (10.2.3.1). 


Example 10.8. Consider the equation 
ye, + (ay + aay” *)yl, = by + cy™. (10.2.3.3) 


First, we make the change of variable y = w?, with the exponent p to be determined. Then, on 
multiplying the result by w?~?, we get 
pww!,, + p(p — 1)(w',)? + plarw + agw”-YP+4 ay! = bw? + ewl™—VPt?, 
In order to obtain an equation with a quadratic nonlinearity, one must set p = —_. Thus, the 
1 


change of variable y = w1—™ reduces equation (10.2.3.3) to the form 


ww, + s(w),)? + awu', + agui, + b(m—1)w? +ce(m—-1)w=0, s= = (10.2.3.4) 
—m 


Substituting (10.2.3.2) into (10.2.3.4) and rearranging, we obtain 


B7[(s + 1)? + aA + b(m — 1) EB? + BLA[\? + aA + 20(m — 1)] + a2 +c(m—1)} EB 
+(m—1)A(Ab+0)=0, B=e*, s=—™_ 


~ ta: 


Equating the coefficients of the various powers of EF to zero results in the algebraic system of 
equations 
(s +1)? + aA + d(m — 1) =0, 
Al? + a1 + 2b(m — 1)] + a2A + c(m— 1) =0, (10.2.3.5) 
A(Ab +c) = 0. 


The trivial cases of B = 0 (constant solution) and m = 1 (linear equation) have been discarded. 
The first quadratic equation in system (10.2.3.5) serves to determine 2 (in a wide range of the 
parameters a1, b, and m, it has two distinct roots). From the last equation in (10.2.3.5) one can see 
that there are two possibilities, A = 0 and A ¥ 0, which need to be treated separately. 
1. In the degenerate case of A = 0 and az 0, we get the solution 


w=Be*, r= Uma) =i) 


3 


a2 


which exists under the condition that 
age? + ayagc — axb = 0. 


2. Inthe nondegenerate case A £0, the first and third equations in (10.2.3.5) give the parameters 
of two particular solutions (10.2.3.2): 


1 sa 
A=-<, Ae = 5(m—1)(a1 x aj + 4b). 
The second equation of system (10.2.3.5), with A = —c/b and the value of 4; (or A = —c/b and 


Az) inserted, determines the relationship between the coefficients of the original equation (10.2.3.3) 
required for the existence of such a solution (the relationship is omitted). 
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> Q-expansion and logistic function methods. 


1°. There is a more complex method based on the usage of exponential functions suggest- 
ing that particular solutions to autonomous equations with polynomial nonlinearity should 
be sought in the form 


1 


y= S > anQ* (Az), Q(z) = 14+ Ce? 


k=0 


(10.2.3.6) 


where C’ is an arbitrary constant and the remaining constants, az, A, and n, are to be 
determined. 

Expression (10.2.3.6) is substituted into the ODE of interest and then, after multiplying 
by Q-” and matching the coefficients of like powers of e**, one arrives at a system of 
algebraic equations for the unknowns a,, A, and n as well as the coefficients involved in 
the equation of interest. 

The representation of solutions in form (10.2.3.6) with C' = A = 1 constitutes the Q- 
expansion method and corresponds to y(z) = (1 + e*)~! in the first formula in (10.2.1.2). 
In the special case C = 1 and \ = —1, the function Q(z) = (1+ e~*)~+ appearing in the 
solution is called a logistic function (or the sigmoid function). 

The function Q(z) in (10.2.3.6) can be represented equivalently in terms of hyperbolic 
functions as follows: 


_ 1 _ 1 _ z+ 20 _ ; : 
CiZ)= iia 5 f tan ( 5 )} z=InC, if C>0; (0.2.3.7) 
= 1 _ 1 Z+ 20 = ; 


The comparison of formulas (10.2.3.6), (10.2.3.7), and (10.2.3.6), (10.2.3.8) with for- 
mula (10.2.1.2) at y(z) = tanh z and y(z) = coth z shows that the current modification of 
the exp-function method allows one to cover all the solutions that can be obtained using the 
tanh-coth methods. Furthermore, the representation of solutions in the form (10.2.3.6) is 
more compact and is simpler as it does not require the knowledge of hyperbolic functions 
or relations between them. 


2°. The current method admits an alternative and more economical usage based on the fact 
that the function Q = Q(z) is the general solution of the Bernoulli equation 


Qi. = Q? - Q. (10.2.3.9) 
Differentiating (10.2.3.9) with respect to z and eliminating Q!, with the help of (10.2.3.9), 
we find successively 
tz = 2QQ!, — Q, = 2Q° — 39° + Q, 
Ql, = (6Q? — 6Q + 1)Q), = 6Q* — 12Q? + 7Q? — Q, (10.2.3.10) 
"= (24Q — 36Q? + 14Q — 1)Q), = 24Q° — 60Q* + 50Q? — 15Q? + Q. 


In a similar fashion, we we can obtain the representation of the derivative Q*) as a poly- 
nomial P;.41(Q). 
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Using formulas (10.2.3.9)—(10.2.3.10), we obtain 


= dy, = (do a,kQ* ‘a = = AD koh - AS auto! 


Te a os ark(k + 1I)Q* — 3 ny Q (10.2.3.11) 
k=O 


k=0 


= VS" agh(k + QE? — $7 ag k(2k + I Qh + 75° agk?Q?. 


k=0 k=0 k=0 
(k) 


In a similar fashion, we can express the derivative y;’ in terms of a polynomial Pix K(Q). 
The degree n of the polynomial (10.2.3.6) is obtained as follows. We replace the terms 
of the ODE under consideration by the rule 


y) —> Qrtk ym —s gr” (kym=0,1,...) (10.2.3.12) 


and then match up the two (or more) terms with the largest powers of Q. As a result, we 
obtain a simple equation for n. We can use this technique if n is a positive integer. In 
the case of noninteger n, we have to use a transformation of the solution y = y(x). For 
example, if we obtain n = 4, where m is an integer, we can transform the solution as 
y =u, where u = u(x) is the new function. 

On determining n, we substitute (10.2.3.6) into the differential equation of interest and 
replace the derivatives Qs) with the expressions (10.2.3.9)—-(10.2.3.10) to obtain an al- 
gebraic equation for @. Equating the coefficients of this equation to zero results in an 
algebraic system for the coefficients a, and A. 


Example 10.9. Consider the nonlinear second-order equation with a quadratic nonlinearity* 
You + by, + e(y —y*) =0. (10.2.3.13) 


We look for solutions to equation (10.2.3.13) as the sum (10.2.3.6). On replacing the terms of 
the equation by the rule ee 2.3.12), we pauare t the exponents of the highest-order terms in Q (which 
have the correspondence y””,, —> Q"*t? and y? => Q°”) to obtain n = 1. 

Using formulas (10.2.3.6) and (10.2.3.11) with n = 1, we get 


y =a) + 41Q, 
yi, = ra1(Q? — Q), 
ie = May (29° = 3Q? ar Q). 
Inserting these expressions into (10.2.3.13) yields a polynomial of degree 3 in @. Equating its 


coefficients of the different powers of Q to zero and dividing by a, # 0 and c ¥ 0, we arrive at the 
algebraic system equations 


207 — ca? = 0, (10.2.3.14) 
3d? — bA + 3apaic = 0, (10.2.3.15) 
” — br’ +.c- 3aece =0, (10.2.3.16) 

ao(1— a2) =0. (10.2.3.17) 


“This equation arises when one looks for exact solutions to the nonlinear Burgers-Huxley PDE uz = 
uee + c(u — u?) in the form of a traveling wave, u = y(x) with 2 = € — bt, where b is an arbitrary constant. 
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Subtracting equation (10.2.3.16) from (10.2.3.15) and eliminating \? with the help of (10.2.3.14), 
we obtain the relation between apo and ay: 

3a2 + 3apa, +a? —1=0. (10.2.3.18) 
The cubic equation (10.2.3.17) has three roots: a9 = 0, a9 = 1, and ag = —1. To each apo there cor- 
respond two roots of the quadratic equation (10.2.3.18) for a1, and to each a; there correspond two 
roots of equation (10.2.3.14). Substituting ag, a,, and into equation (10.2.3.15) (or (10.2.3.16)), 
we arrive at the relationship between the coefficients b and c that ensures the existence of a solution. 
To sum up, there are the following possibilities: 


@) ao=0, av=l, A=+Vc/ 


Gi) a9 =0, ay=-—l, A 

(iii) ag=1, a =-l, A 

(iv) ag=1, a =-2, A=+tV2c, 5=0; 
d 
2 


(vy) aa=—l, a= 1, =+V/c/2, b= F3Vc/2; 
(vi) ag9=—-l, a =2, =+V2c, b=0. 
It follows from equation (10.2.3.13) that if y is a solution, then —y is also a solution. The above 
ay 


formulas for the coefficients determine three pairs of solutions of the form y = ao + Ta. coe’ 
e€ 
which differ in sign. 


3°. Another convenient technique to seek particular solutions of the form (10.2.3.6) is 


based on using the change of variable € = in the equation of interest followed by 


1 
1+ Cer 
representing solutions in the form of finite power series in €: y = D> fo an * (see Remark 
10.1). 


> Solutions in the form of the ratio of exponential polynomials. 


Particular solutions to ODEs can also be sought in the form of the ratio of exponential 
polynomials 


Sq, ek*® Sy BOR dike Sz 
y(a) = a = oe, z=re, —(10.2.3.19) 
j=—p Oe —pe PF +--+ + bge 


where r, s, p and q are unknown positive integers to be determined and a; b;, and » 
are unknown constants. Symbolic computations with computer algebra systems (such as 
Maple or Mathematica) can often be very helpful in searching for such solutions. 
For example, in the special case p = q =r = s = 1, (10.2.3.19) becomes 
a_je * +a9 + aye* 


y(a) = b_je7* + bo + dye?’ 
By substituting this expression into the ODE and by matching the coefficients of like pow- 
ers of e**, we generate the system of algebraic equations for the unknowns a_1, ao, a1, 
b_1, bo, b1, and A as well as the coefficients involved in the equation. 
© Literature for Section 10.2: W. Malfliet (1992), W. Malfliet and W. Hereman (1996), E. Fan (2000), 
A. M. Wazwaz (2004, 2007a, 2007b, 2008), D.-S. Wang, Y.-J. Ren, and H.-Q. Zhang (2005), J.-H. He and 
X.-H. Wu (2006), A. Ebaid (2007), J.-H. He and M. A. Abdou (2007), S. Zhang (2007), A. Bekir (2008), 
L. Wazzan (2009), N. A. Kudryashov (2010b, 2012, 2013, 2015), E. J. Parkes (2010), N. A. Kudryashov and 
D. I. Sinelshchikov (2012), A. D. Polyanin and V. F. Zaitsev (2012), N. A. Kudryashov and A. S. Zakharchenko 
(2014). 


z= Xn. 
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10.3 Method of Differential Constraints 


10.3.1 Preliminary Remarks. First-Order Differential Constraints and 
Their Applications 


The main idea of the method is that exact solutions to a complex (nonintegrable) equation 
are sought by jointly analyzing this equation and an auxiliary simpler (integrable) equation, 
called a differential constraint.* 

The order of a differential constraint is the order of the highest derivative involved. 
Usually, the order of the differential constraint is less than that of the equation; first-order 
differential constraints are simplest and most common. The equation and differential con- 
straint must involve a set of free parameters (or even arbitrary functions) whose values are 
chosen by ensuring that the equation and the constraint are consistent. After the consistency 
analysis, all solutions obtained by integrating the differential constraint will be simultane- 
ously solutions to the original equation. The method makes it possible to find particular 
solutions to the original equation for some values of the determining parameters. 

For simplicity, we first consider autonomous ordinary differential equations of the form 


F(y,y,,---, ya) =0, (10.3.1.1) 


which do not involve the independent variable x explicitly and depend on a vector of free 
parameters a = {a1,...,a,}. For equations (10.3.1.1), one should take first-order differ- 
ential constraints in the autonomous form 


Gy, yi b) = 0, (10.3.1.2) 


dependent on a vector of free parameters b = {b1,..., bs}. 
By differentiating relation (10.3.1.2) successively several times, one can express higher- 
order derivatives in terms of y and y/,: ys) = yx(y, y,;b). Substituting these expressions 


into the original equation (10.3.1.1), one arrives at a first-order equation 
Fy, ¥o3a, b) = 0. (10.3.1.3) 


By eliminating the derivative y/, from (10.3.1.2) and (10.3.1.3), one obtains an algebraic/ 
transcendental equation 
P(y; a,b) = 0. (10.3.1.4) 


Further, one looks for the values of a and b at which equation (10.3.1.4) is satisfied iden- 
tically for any y (this may result in some restrictions on the components of the vector a). 
After this, one expresses the vector b in terms of a, so that b = b(a), and substitutes it 
back into the differential constraint (10.3.1.2) to obtain a first-order ordinary differential 
equation 

GY, ¥ria)=9 (9 = Glp=pia)): (10.3.1.5) 


“The ideas of this method as applied to searching for exact solutions to nonlinear PDEs were first put 
forward by Yanenko (1964). The studies by Galaktionov (1994), Olver and Vorob’ev (1996), Andreev, 
Kaptsov, Pukhnachovy, and Rodionov (1998), Kaptsov and Verevkin (2003), Polyanin and Zaitsev (2004, 2012), 
Polyanin, Zaitsev, and Zhurov (2005) give a number of nontrivial examples of how to use this method to con- 
struct exact solutions (other than traveling wave solutions) to different nonlinear PDEs of mathematical physics. 
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This equation is consistent with the original equation (10.3.1.1); in other words, the original 
equation is a consequence of equation (10.3.1.5) and, therefore, inherits all of its solutions. 
Finally, by solving for the derivative, equation (10.3.1.5) is reduced to a separable equation, 
which is integrated to obtain a general solution. The general solution of equation (10.3.1.5) 
is also an exact solution of the original equation (10.3.1.1). 


Remark 10.9. If a first-order differential constraint is defined in explicit form, y/, = h(y;b), the 
successive differentiation enables one to express the higher-order derivatives in terms of y, so that 


Yen = (Yo)yYe = Rhy, Yoon = Yeu)yYo = h(hhy)y, 


Using these expressions and the differential constraint to eliminate the derivatives from (10.3.1.1), 
one immediately arrives at an algebraic/transcendental equation of the form (10.3.1.4). 


Remark 10.10. Instead of y’,, one can eliminate the dependent variable y from (10.3.1.2) and 
(10.3.1.3) to obtain an algebraic/transcendental equation for the derivative: Q(y/,;a,b) = 0. 


The structure of the nonlinearity of the differential constraint (10.3.1.2) can often be 
taken to be similar to that of the original equation (10.3.1.1) so as to have different deter- 
mining parameters. This will be illustrated below by specific examples of second-, third-, 
fourth-, and higher-order equations. 


Example 10.10. Consider the second-order ordinary differential equation with a power-law non- 

linearity 
You — CY, = ay + by”, (10.3.1.6) 
which arises in the theory of chemical reactors, combustion theory, and mathematical biology.* 

Let us supplement equation (10.3.1.6) with the first-order differential constraint 

Y, = ay t By™, (10.3.1.7) 
which is a separable equation and is easy to integrate. The form of the right-hand side of (10.3.1.7) 
has been chosen to be similar to that of the original equation (10.3.1.6). 

The equation and differential constraint involve seven parameters: a, b, c, n,m, a, and 3. The 
further analysis aims at determining the parameters a, 3, and m of the differential constraint so as 
to express them in terms of a, b, c, and n. Simultaneously, restrictions on the equation parameters 
will be found. 


Differentiating (10.3.1.7) and replacing the first derivative with the right-hand side of (10.3.1.7), 
we get 


Yoo = (a+ mBy™")yl, = (a + mBy™*) (ay + By™) 
=a*®y+aB(m+ ly" +mp7y?""1, (10.3.1.8) 
Eliminating the first and second derivatives from (10.3.1.6) using (10.3.1.7) and (10.3.1.8) and re- 
arranging, we obtain 
(a? — ac — a)y + Bla(m + 1) — dy™ + mB?y?"—* — by” = 0. 
For this equation to hold for all y, one must set 


2 
a“ —ac—a=0, 


a(m+1)—c=0, 
2m—-1l=n, 


mp? —b=0. 


(10.3.1.9) 


“Equations (10.3.1.6) and (10.3.1.11) describe traveling-wave solutions of the Kolmogorov—Petrovskii— 
Piskunov PDE, uz = wee — f(u), for some forms of the kinetic function f(u). In this case, we have u = y(x) 
with « = €+ ct. 
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If conditions (10.3.1.9) hold, then solutions to equation (10.3.1.7) are also solutions to the more 
complex equation (10.3.1.6). The determining system of four equations (10.3.1.9) contains seven 
parameters a, b, c, n,m, a, and @. The three parameters b, c, and n of the original equation can be 
regarded as arbitrary and the other parameters are expressed as follows: 


2c?(n + 1) n+l 2c 2b 
Ne = = —_ = +,/ ——. 10.3.1.1 
CS aage gee ge tt eg ceils 


It is apparent that for equations (10.3.1.6) and (10.3.1.7) to be consistent, the original equation 
parameter a must be connected with two other parameters, c and n. In this case, two families 
of parameters (10.3.1.10) of equation (10.3.1.7) can be identified that determine two different one- 
parameter solutions to equations (10.3.1.6) and (10.3.1.7); recall that equation (10.3.1.7) is separable 
and is easy to integrate. 


Example 10.11. The second-order equation with an exponential nonlinearity 
Urn — Cyn = a+ ber¥ (10.3.1.11) 


can be investigated in a similar manner. The equation will be considered in conjunction with the 
first-order differential constraint 
y, =a+ Be. (10.3.1.12) 


The analysis shows that three parameters of the original equation, b, c, and \, can be regarded as 
arbitrary and the other parameters are expressed as 


2c? 2c 2b Xr 

— = P== ~\? b= >- (10.3.1.13) 
It is apparent that for equations (10.3.1.11) and (10.3.1.12) to be consistent, the parameter a 

must be related in a certain way to two other parameters of the equation, c and X. In this case, two 

families of parameters (10.3.1.13) of the differential constraint (10.3.1.12) can be identified, which 

determine two different one-parameter solutions to equations (10.3.1.11) and (10.3.1.12). Equation 

(10.3.1.12) is separable and is easy to integrate. 


Example 10.12. Consider the nonlinear third-order equation 


mW =ay*+by? +c (10.3.1.14) 


Yeux 
in conjunction with the first-order differential constraint 
y’, = ay? + B. (10.3.1.15) 
Using (10.3.1.15), we find the derivatives 
Ynn = 2ayy!, = 2ay(ay” + B) = 2a°y? + 2aBy, 
Yarn = (6a7y" + 2a8)y;, = (6a*y? + 2a8)(ay? + B) = 6a%y* + 8a By? + 2a8?. 
For the last equation to coincide with (10.3.1.14), the relations 
a=6a?, b=8a7B, c= 2af? 


must hold. On solving the first two equations for a and § and substituting the resulting expressions 
into the last equation, we obtain 


a\1/3 a\—2/3 b 3b? 
a= (2) B= (4) =) C= a. (10.3.1.16) 

It follows that with this c, the third-order equation (10.3.1.14) has a particular solution resulting 
from solving the first-order separable equation (10.3.1.15) whose parameters are connected with 
those of the original equation by the first two relations in (10.3.1.16). 
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Example 10.13. Consider the nonlinear fourth-order equation 


Vousn = ay” + byt (10.3.1.17) 
in conjunction with the first-order differential constraint 
(y/,)? = ay™ + B. (10.3.1.18) 
Differentiating (10.3.1.18), we get the derivatives 
yg = zamy™ * (after canceling by y/,), 
Yoon = om(m —1)y™7y/, (10.3.1.19) 
neve = yoam(m — Ly™ yy, + gam(m — 1)(m — 2)y™F (yn)? —_ 


= $a8m(m — 1)(m— 2)y"~? + 4a?m(m — 1)(8m — 4)y?"™%. 
Comparing the right-hand side of (10.3.1.17) and that of the last equation in (10.3.1.19) enables 
us to draw the following conclusions about the consistency of (10.3.1.17) and (10.3.1.19). 
1°. For any values of the parameters of the original equation (10.3.1.17) except forn # —1, —2, 
—3, —3 and b ¥ 0, one can calculate the parameters of the differential constraint (10.3.1.18) by the 
formulas 


b 2a 
=n+3, = £24 | — = : 
oe a Mt dDm+3)Gnt5) - amt imtDin+3) 
2°. Forb =O andn = —3, we have 
4 2 
m=, eas a # Ois an arbitrary constant. 
3 4a 


In this case, the solution to equation (10.3.1.18) will depend on two arbitrary constants (a plays the 
role of an additional constant of integration). 


Remark 10.11. Forb=0 andn=—2 


=, one can find the general solution of equation (10.3.1.17) 
(see Eq. | in Section 16.2.1). 


Example 10.14. The fourth-order equation with an exponential nonlinearity 


oft ae = aed + BPAY (10.3.1.20) 
can be analyzed using the differential constraint 
(y/,)? = ae + B. (10.3.1.21) 


Analysis shows that for any values of the parameters of the original equation (10.3.1.20) satis- 
fying the condition bA > 0, two families of parameters of the differential constraint (10.3.1.21) can 
be found using the formulas 


age f aye gute pe 
lien’ 8 a cee eas 0) aoe 


Here, one takes either the upper or lower signs simultaneously. 


Example 10.15. The nonlinear nth-order equation 
y) = ae 
admits the first-order differential constraint 
y= ae. 
The successive differentiation of the differential constraint gives ys) = a™y"—l(n — 1)!en™, 
Comparing this expression with the equation yields \ = ny and a = a" "1 (n — 1)!, or 


r an”! 1/n 
ame a= || 
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10.3.2 Differential Constraints of Arbitrary Order. General 
Consistency Method for Two Equations 


In general, a differential constraint is an ordinary differential equation of arbitrary order. 
Therefore, it is necessary to be able to analyze overdetermined systems of two ordinary dif- 
ferential equations for consistency. Outlined below is the general algorithm for the analysis 
of such systems. 


1°. First, let us consider two ordinary differential equations of the same order 


Fy (x,y, yes». y) = 0, (10.3.2.1) 
Fo(x,y, yes». yh?) = 0; (10.3.2.2) 


here and henceforth, it is assumed that the equations depend on free parameters, which are 
omitted for brevity. We eliminate the highest derivative (by solving one of the equations 
for ys and substituting the resulting expression into the other equation) to obtain the 
(n — 1)st-order equation 

Gi(x,y, yy... yr?) =0. (10.3.2.3) 


Differentiating (10.3.2.3) with respect to x and eliminating the derivative ys from the 


resulting equation using either of the equations (10.3.2.1) and (10.3.2.2), one arrives at 
another (n — 1)st-order equation 


Go(x,y, yy... yr) =0. (10.3.2.4) 


x 

Thus, the analysis of two nth-order equations (10.3.2.1) and (10.3.2.2) is reduced to the 
analysis of two (n — 1)st-order equations (10.3.2.3) and (10.3.2.4). By reducing the order 
of equations in a similar manner further, one ultimately arrives at a single algebraic/tran- 
scendental equation (since two first-order differential equations are reducible to a single 
algebraic equation). The analysis of the resulting algebraic equation presents no funda- 
mental difficulties and is performed in the same way as previously in Section 10.3.1 for the 
case of a first-order differential constraint. 


2°. Suppose there are two ordinary differential equations having different orders: 


F(,y, Yo... yf) =0, (10.3.2.5) 
Fo(z,y,y,---,y8) =, (10.3.2.6) 


with m <n. Then, by differentiating (10.3.2.6) n—m times, one reduces system (10.3.2.5)— 
(10.3.2.6) to a system of the form (10.3.2.1)-(10.3.2.2), in which both equations have the 
same order n. 


Example 10.16. Consider the fourth-order equation with a quadratic nonlinearity 


Your = Yon)” — by” +e (10.3.2.7) 
in conjunction with the second-order differential constraint 
ro = ay + B. (10.3.2.8) 


Differentiating (10.3.2.8) twice gives y/””. = a?y + a8. Using this expression and the differential 


constraint (10.3.2.8) to eliminate the derivatives from (10.3.2.7), one arrives at a quadratic equation 
for y, which is satisfied identically if the conditions 


ao?-b=0, a—2aB=0, c=af$ —af? 
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hold. Two parameters of the original equation, a and b, can be regarded as arbitrary and the third 
parameter, c, with coefficients of differential constraint (10.3.2.8) are expressed in terms of them as 
follows: 
b b 1 /b 
C= ga PFN PO Fa 


Example 10.17. The equation of order mn with a quadratic nonlinearity 


yr = aly]? + byy™ + cy + dy? + ky +p (m is positive integer), 


which generalizes equation (10.3.2.7), can be investigated using the nth-order differential constraint 


yf = ay + B. 
3°. The general autonomous second-order differential constraint 
Vax = f(y) 


is equivalent to the autonomous first-order differential constraint 


(vn) = Fly), 
where F'(y) = 2 { f(y) dy + C and C is an arbitrary constant. This is proved by differen- 
tiating the latter relation and comparing with the original differential constraint. 

With this in mind, the second-order differential constraint (10.3.2.8) in Example 10.16 
could be replaced by the first-order constraint (y/.)? = ay? + 28y + y, where ¥ is an 
extra free parameter. However, the differential constraint (10.3.2.8) is linear and is easy to 
integrate. 


4°. In principle, any differential constraint of arbitrary order (10.3.2.6) can be replaced by a 
suitable first-order differential constraint. Indeed, the above algorithm for successive order 
reduction of system (10.3.2.5)—(10.3.2.6) leads, in the nondegenerate case, to a system of 
first-order equations, one of which can be treated as a first-order differential constraint. 


10.3.3 Using Point Transformations in Combination with 
the Method of Differential Constraints 


> General description of the solution-seeking procedure. 


1°. In some cases, it is first useful to reduce the ODE of interest, with a point transfor- 
mation, to another equation (simpler or more convenient for investigation), which can then 
be analyzed using a suitable differential constraint. With this approach, solutions to the 
autonomous equation (10.3.1.1) are sought in the form 


y = G(w;b), (10.3.3.1) 
where G is a given function and w = w(z) is a function satisfying the first-order differential 
equation (the differential constraint) 

A (w,wi,j3¢) = 0. (10.3.3.2) 


The functions G and H in (10.3.3.1) and (10.3.3.2) depend on the vectors of free parameters 
b and c. 

The introduction of the new variable w defined by relation (10.3.3.1) reduces equation 
(10.3.1.1) to anew ODE with one differential constraint (10.3.3.2); this creates the standard 
situation discussed in Section 10.3.1). 
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> Examples of constructing particular solutions. 


Example 10.18. Let us look at the second-order ordinary differential equation with a power-law 
nonlinearity of arbitrary degree 


Yen, — cyl, = ay + by” + dy?", (10.3.3.3) 


which generalizes equation (10.3.1.6) to the case of d # 0. 
We choose the linking dependence (10.3.3.1) in the power-law form 


y=vw", (10.3.3.4) 


with the exponent p to be determined. Substituting (10.3.3.4) into (10.3.3.3) and multiplying 
by w?~?, we obtain 


pww,, + p(p — 1)(w',)? — cpww), = aw? + bw*t! + dw**, k=p(n—1)4+1. (10.3.3.5) 


Let us discuss a few possibilities for choosing p that allow one to find exact solutions. 
Case 1. Suppose that 


p=7— (k=0). (10.3.3.6) 


The change of variable (10.3.3.4), (10.3.3.6) converts the original equation (10.3.3.3) into the equa- 
tion with a quadratic nonlinearity 


ww + (wi)? — eww, = a(1 — n)w? + 011 —n)w+d(1—n), (10.3.3.7) 


1l-n 
which is more convenient for analysis. 
1.1. Let us supplement equation (10.3.3.7) with the linear differential constraint 
w, =aw + 8. (10.3.3.8) 
We use this relation to eliminate the derivatives in (10.3.3.7) to obtain a quadratic equation for w, 
which is satisfied identically if the conditions (determining system of algebraic equations) 
Ie 3g 1+ 


a“ —ca=a(l—n), a8 — cB =b(1—n), n@? = d(1—n)? 
l—-n l-—n 


hold. The first and last equations give two pairs of solutions each, 


Q1.2 = Gi —n) (c tVe+ 4a), Bi2=+ : us (10.3.3.9) 
2 l-nVn 
which are then substituted into the second equation. As a result, for each pair a;, 6; we obtain one 
constraint (not written out here) that connects the parameters a, b, c, d, and n. 
It is apparent from (10.3.3.9) that for a = 0, equation (10.3.3.7) admits a simple, degenerate 
first-order differential constraint 


w,, = 6B =const. 
1.2. For c = 0, equation (10.3.3.7) can be supplemented with the differential constraint 
(wi,)? = aw? + Bw +7. (10.3.3.10) 


A simple analysis shows that the constraint coefficients in (10.3.3.10) are expressed in terms of the 
equation coefficients in (10.3.3.3) as follows: 


ee pa), ge 
2—n n 


Qa=> 


Remark 10.12. For a = c = 0, equation (10.3.3.7) admits a solution of the form w = Ax? + 
BatcC. 
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Remark 10.13. For n = —1/3, a particular solution of equation (10.3.3.7) can be obtained with 
the help of the differential constraint 


w, =aw+ BJ/wt+y. 


Case 2. Suppose that 


p= = (k = 2). (10.3.3.11) 
n—-1 


The change of variable (10.3.3.4), (10.3.3.11) converts the original equation (10.3.3.3) into the 
equation with a nonlinearity of fourth degree 


— (wi)? — eww, = a(n — 1)w? + b(n —1)w? +d(n—1)wt, (10.33.12) 


A 
WWre + a 


n—-1 
We look for particular solutions to equation (10.3.3.7) using the quadratic differential constraint 
wi =aw* + Bw +y. (10.3.3.13) 


We use this relation to eliminate the derivatives from (10.3.3.12) to obtain an equation of fourth 
degree for w. Equating its coefficients to zero results in the algebraic system 


no? = d(n — 1), 


(ot N08 ca: = o(n 1), 
24 
B — ae —cB =a(n-1), (10.3.3.14) 
3-n 
(- _ 1? 7 c) 0; 
(2—n)y* =0. 


The cases 7 = 0 and n = 2 need to be considered; these correspond to solutions of the last equation. 
2.1. For y = 0, we determine the original coefficients and a particular solution using the first, 
second, and fourth equations of (10.3.3.14) as well as the differential constraint (10.3.3.13): 


d n—-1 n B 
= 2. —1 — — +b = — SS 10. . il 
a=4(n-Iy/—, 8 n> (c >). y=0, w=, (103.3.15) 


where C is an arbitrary constant. The third equation of (10.3.3.14) defines a necessary relation 
between the coefficients of the equation of interest: 


Either the upper or lower signs must be taken in the above formulas. 
2.2. For n = 2, the coefficients of the differential constraint are determined from the first, third, 
and fourth equations of (10.3.3.14): 


a 
a=+/d/2, B=c, = +——. (10.3.3.16) 

vd/ 4 = 
The second equation defined the relation between the equation coefficients: b = +cv 2d (either 


the upper or lower signs must be taken in all formulas). The desired solution is determined by 
integrating the separable equation (10.3.3.13) taking into account (10.3.3.16). 

Case 3. On setting k = 3 in (10.3.3.5), we can look for a solution in the form w = ap + a1Q + 
azQ? with Q/, = b2Q? + biQ + bo. 
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Example 10.19. Consider the second-order ordinary differential equation with an exponential 
nonlinearity 
Yor — Cp = a+ be + de, (10.3.3.17) 


The linking dependence (10.3.3.1) will be taken in the logarithmic form 


y= «mw, (10.3.3.18) 


with the coefficient / to be determined. Substituting (10.3.3.18) into (10.3.3.17) and multiplying by 
Aw”, we obtain 


kww!, — k(w!,)? — ckww!, = adw? + baw*t? + dw? *?, (10.3.3.19) 


Let us look at a few possibilities of choosing the coefficient & that allow us to find exact solu- 
tions. 

Case k =—1. The substitution (10.3.3.18) with & =—1 converts the original equation (10.3.3.17) 
into the equation with a quadratic nonlinearity 


rt (w’,)? — cww, = —ad\w? — brAw — d, (10.3.3.20) 


which only differs from equation (10.3.3.7) in coefficients. The differential constraint (10.3.3.8) 
allows one to find a particular solution to equation (10.3.3.20) (details are omitted). 


Remark 10.14. For a = c = 0, equation (10.3.3.20) admits a solution of the form w = Ax? + 
Bat+cC. 


Case k = 1. The substitution (10.3.3.18) with & = 1 converts the original equation (10.3.3.17) 
into the equation with a quartic nonlinearity 


ww, — (wi)? — eww!, = aw? + baw? + dru’, (10.3.3.21) 


x 


which only differs from equation (10.3.3.12) in coefficients. The differential constraint (10.3.3.13) 
allows one to find a particular solution to equation (10.3.3.21) (details are omitted). 


> Modification of the solution-seeking procedure. 


If the differential constraint (10.3.3.2) can be solved for the derivative, 
w,, = h(w;b), (10:3.3.22) 


then a different order of actions may be more convenient. 

By differentiating relation (10.3.3.22) repeatedly and expressing the derivatives via w, 
one obtains relations of the form wh) = ~r(w;b). Then, on substituting (10.3.3.1) into the 
equation of interest, one eliminates the derivatives with the help of (10.3.3.22). 

Most frequently, one uses differential constraints of the form (10.3.3.22). These repre- 
sent separable Riccati or Bernoulli equations. 


Example 10.20. Example 10.9 considered previously demonstrates the work of this method for 
the original equation taken in the form (10.2.3.13), relation (10.3.3.1) taken in the form of a finite 
sum (10.2.3.6) with w = Q, and the differential constraint (10.3.3.22) taken in the form of the 
Bernoulli equation (10.2.3.9). 
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10.3.4 Using Several Differential Constraints. G’/G-Expansion 
Method and Simplest Equation Method 


> Using several differential constraints. 


In some situations, the equation under study is supplemented with several differential con- 
straints containing additional unknown constants. To be specific, let us return to the nth- 
order autonomous equation (10.3.1.1) and supplement it with two first-order differential 
constraints 


y = G(w, w,;b), (10.3.4.1) 
H(w,w;,;¢) = 0, (10.3.4.2) 


where b and ¢ are vectors of free parameters. On substituting (10.3.4.1) into (10.3.1.1), one 
obtains an (n + 1)st-order equation for w = w(x): 


Fy(w,w',,..., wt): b,c) =0. (10.3.4.3) 


This equation in conjunction with the differential constraint (10.3.4.2) is analyzed with the 
method outlined in Sections 10.3.1 and 10.2.3. There is an insignificant distinction that the 
order of equation (10.3.4.3) is higher than that of the original equation (10.3.1.1). 


Remark 10.15. The differential constraints (10.3.4.1) and (10.3.4.2) can involve higher deriva- 
tives of w with respect to x (see below). 


> G’/G-expansion method. 


With the G’/G-expansion method, one looks for particular solutions to autonomous equa- 
tions using two differential constraints (10.3.4.1) and (10.3.4.2) of the special form 


n n k 
y= >be (=) (10.3.4.4) 
k=0 
We, — cw), — cow = 0. (10.3.4.5) 


Remark 10.16. In the original papers by Wang, Li, and Zhang (2008) and subsequent publica- 
tions, the notation w = G was used. 


It was shown by Kudryashov (2010) that searching for particular solutions of an ODE 
with the G’/G-expansion method based on the differential constraints (10.3.4.4)-(10.3.4.5) 
with Ge + 4c9 > 0 leads to the same results as the tanh method (see Section 10.2.2). For 
c} + 4co < 0, the G’/G-expansion method is equivalent to the tan method. 

For specific examples of how to use the G’/G-expansion method, see the list of literature 
cited at end of this section. 


> Simplest equation method. 


The simplest equation method, devised by Kudryashov (2005) for seeking particular solu- 
tions, is equivalent to using two differential constraints. In his papers, Kudryashov chose 
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the differential constraint (10.3.4.2) in one of the following three forms: 


Ww, + w? — cw —c =0, (10.3.4.6) 
(w',)? — 4w® — cw? — cow — c3 = 0, (10.3.4.7) 
(wi)? — wt — ew? — cow? — e3w — cg = 0. (10.3.4.8) 


The differential constraint (10.3.4.1) was chosen from the class of functions 


K L M wl \™ 
y= Se bypw* + wl, S boyw! ae SS bis (=) (10.3.4.9) 
k=0 1=0 m=1 
For the differential constraint (10.3.4.6), it was assumed that kK = M and by, = 0 (1 = 
1,...,Z) in (10.3.4.9). This resulted in a number of new exact solutions to nonlinear 


second-, third-, and fourth-order equations. 


Remark 10.17. All equations (10.3.4.6)-(10.3.4.8) are reduced to separable equations, whose 
solutions are expressed in terms of elementary functions or/and integrals of elementary functions. 
A solution to (10.3.4.7) can be expressed through the Weierstrass function 9 = ¢(z, 92,93). A 
solution to equation (10.3.4.8) is expressed through the Jacobi elliptic function. 


For specific examples of how to use the simplest equation method, see the articles cited 
below. 


© Literature for Section 10.3: N.N. Yanenko (1994), V. A. Galaktionov (1994), P. J. Olver and E. M. Vorob’ ev 
(1996), V. K. Andreev, O. V. Kaptsov, V. V. Pukhnachovy, and A. A. Rodionov (1998), O. V. Kaptsov and 
I. V. Verevkin (2003), A. D. Polyanin and V. F. Zaitsev (2004, 2012), A. D. Polyanin, V. F. Zaitsev, and 
A. I. Zhurov (2005), N. A. Kudryashov (2005, 2008, 2010a, 2010b, 2014), A. Bekir (2008), N. A. Kudryashov 
and N. V. Loguinova (2008), M. L. Wang, X. Li, J. Zhang (2008), J. Zhang, X. Wei, Y. Lu (2008), H. Zhang 
(2009), E. M. E. Zayed (2009), E. M. E. Zayed and K. A. Gepreel (2009), N. K. Vitanov and Z. I. Dimitrova 
(2010), N. K. Vitanov, Z. I. Dimitrova, and H. Kantz (2010), A. D. Polyanin (2016). 


Chapter 11 
Group Methods for ODEs 


11.1. Lie Group Method. Point Transformations 


11.1.1. Local One-Parameter Lie Group of Transformations. 
Invariance Condition 


> Preliminary remarks. 


The Lie group method for ordinary differential equations presents a routine procedure that 
allows obtaining the following: 

(i) transformations under which differential equations are invariant (such transforma- 
tions bring the given equation to itself); 

(ii) new variables (dependent and independent) in which differential equations become 
considerably simpler (so that the resulting equation can be completely integrated or has a 
lower order than the original equation). 


Remark 11.1. The Lie group method for ordinary differential equations may be treated as a 
significant extension of the method outlined in Section 9.3. 


> Local one-parameter Lie group of transformations. Infinitesimal operator. 
Here, we examine transformations of the ordinary differential equation 


y = F(2,y,...,y"-). (11.1.1.1) 


x 


Consider the set of transformations 


—_ ; = (2,y,€), Flen0 =2, (1.1.1.2) 


y = (2, y,€), Vle=0 =%; 


where y, w are smooth functions of their arguments and ¢ is a real parameter. The set T- 
is called a continuous one-parameter Lie group of point transformations if, for any €, and 
€9, the following relation holds: 


Tz, 0 Te, = Teytea; (11.1.1.3) 


i.e., consecutive application of two transformations of the form (11.1.1.1) with parameters 
€, and €9 is equivalent to a single transformation of the same form with parameter ¢1 + €2. 
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In what follows, we consider local continuous one-parameter Lie groups of point trans- 
formations (briefly called point groups) corresponding to an infinitesimal transformation 
(11.1.1.2) for e — 0. Taylor’s expansion of % and ¥ in (11.1.1.2) with respect to the param- 
eter € about ¢ = 0 yields: 


Tee eUje, Ye ys awie, (11.1.1.4) 
where apt aul 
_ PILLY,E = DYE 
E(x, y) es Oc 2-0’ n(x, y) Oc =n 


At each point (2, y), the vector (€,77) is tangent to the curve described by the transformed 
points (Z, 7). 

S. LIE THEOREM. Let the functions y and w satisfy the group property (11.1.1.3) 
and allow the expansion (11.1.1.4). Then, these are solutions to the system of first-order 
ordinary differential equations (known as the Lie equations) 

dp dy 

—_—= —_—= 11.1.1.5 

qe OY) Ge = Mv) ( ) 
subject to the initial conditions (11.1.1.2). Conversely, for any smooth vector field (€,7), a 
solution to the Cauchy problem (11.1.1.5), (11.1.1.2)), which exists and is unique, satisfies 
the group property (11.1.1.3). 


The first-order linear differential operator 


0 a) 
X= — yw 11.1.1.6 
S(x,y) a~ + n(x, 4) By ( ) 
corresponding to the infinitesimal transformation (11.1.1.4), is called the infinitesimal op- 
erator (or infinitesimal generator) of the group. 
By definition, the universal invariant (briefly, invariant) of the group (11.1.1.2) and the 
operator (11.1.1.6) is a function Jo(x, y), satisfying the condition 


Io(Z, 9) = Io(z, y)- 


Taylor’s expansion with respect to the small parameter ¢ yields the following linear partial 
differential equation for Io: 
Io 


0 Ol 
XIp = E(x, y)B> + nl29) =0. (1.1.1.7) 


> Prolonged operator. Invariance condition and mth-order differential invariant. 


Equation (11.1.1.1) will be treated as a relation for n + 2 variables x, y, y/,, ..., ys with 
the differential constraints 
ary _ ay? 11.1.1.8 
Up (11.1.1.8) 
The space of these n + 2 variables is called the space of nth prolongation; and in order to 
work with differential equations, one has to define the action of operator (11.1.1.6) on the 
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“new” variables y/,,..., ys, taking into account the differential constraints (11.1.1.8). For 
example, let us calculate the infinitesimal transformation of the first derivative. We have 


dy Dely+ne) | Ye + (Me + MyVrJE 
di D,(x+&e) 1+ (be + yy e ’ 


O O 0 


Ox Oy tot 


where D, is called the operator of total derivative. Expanding the right-hand side into a 
power series with respect to the parameter ¢ and preserving the first-order terms, we obtain 


08 = Y, = Ci Y, ies 
where 
G=tet (te GY = Dep — 9 De): 


The action of the group on higher-order derivatives is determined by the recurrence for- 
mula: 


Ceti = Dz(Ce) — yk) D,(6). 


To a prolonged group there corresponds a prolonged operator: 


0 3) - : (k) 0 
k=1 Ya 
The ordinary differential equation (11.1.1.1) admits the group (11.1.1.2) if 
X [yf — F(z,y,y),,---,y-?)] | ar = 0. (11.1.1.10) 


Relation (11.1.1.10) is called the invariance condition. 


Remark 11.2. The invariant [p, which is a solution of equation (11.1.1.7), also satisfies the 
equation XJp = 0. 


By definition, an mth-order differential invariant of the operator X is a function I;, = 


Im (x, | yo), satisfying the linear partial differential equation XJ, = 0 with the 
m 


operator X defined by (11.1.1.9). 
m 


> Inverse problem. 


In solving different modeling problems, it is required to construct a model equation that 
satisfies certain a priori conditions, for example, symmetry laws. Two different statements 
of the problem are possible here. 


1°. Suppose there is a preset symmetry defined by the operator (11.1.1.6), with the coordi- 
nates €(x, y) and 7(a, y) defined explicitly as specific functions. It is required to compute 
a universal invariant Jo(x, y) and a first differential invariant I; (2, y, y/,) of the operator 
(11.1.1.6). The class of nth-order equations that admit the operator (11.1.1.6) is given by 
the formula 


dl, meee 
® | Jo, 1, —, ..., —— 
( 0,1; dlp’ ’ dnl] 
Thus, problem 1° is always solvable as long as two first invariants of the operator are 
known, with this being also valid for nonpoint operators. 
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2°. Suppose there is a preset symmetry defined by the class of operators (11.1.1.6), with 
the coordinates €(x,y) and n(x, y) being arbitrary functions. A solution to the inverse 
problem is a class of equations of a given order that admit an arbitrary operator of the form 
(11.1.1.6). The universal method is the use of the similarity principle of one-parameter Lie 
groups of point transformations. Since any autonomous equation 


yl = Fly, yh, ---, yf?) 


admits translations along the x-axis (i.e., operator X = O,), the arbitrary invertible point 
transformation x = f(t,u), y = g(t,u) produces a general class on nth-order equations 
with two-functional arbitrariness that admit a certain point operator. See Section 11.1.2 for 
examples. 


11.1.2 Group Analysis of Second-Order Equations 
> Structure of an admissible operator for second-order equations. 


For second-order nonlinear equations 


Ve =F (20) (11.1.2.1) 


the invariance condition (11.1.1.10) is written in the form 


Nex + (2ney — boi )U as (Nyy — pee Ta = an a 

= (2&, — Ny + 3yy),)F eRe + by + [Ne + (ny _ a) = Ey(ue) Fy; 
where F' = F(x, y, y/,). This condition is in fact a second-order partial differential equation 
for two unknown functions €(z, y) and n(, y). Since the unknown functions do not depend 


on the derivative y/,, this equation can be represented (after F' has been expanded in a power 
series with respect to y/,, unless it is already a polynomial) in the form 


CO 
S> O,(y/,)* = 0, (11.1.2.2) 
k=0 


with the ©, independent of y/,. In order to ensure that condition (10) holds identically, one 
should set ®; = 0, & =0, 1, ... Thus, the invariance condition for a second-order equation 
can be “split” and represented as a system of equations (whose number can generally be 
infinite). 


> Illustrative examples. 


Example 11.1. If F = F(a, y), ie., the right-hand side of equation (11.1.2.1) does not depend 
on y/,, then the determining equation can be “split” and represented as the system: 
buy = 0, 
Nyy — 2€zy = 9, 
2Ney — ax — 3F (z, y)&y = 0, 
Naw + (Ny — 2&2) F(t, y) — Fo(2, y)§ — Fy (x, y)n = 0. 


From the first two equations we find that 


€=a(z)y +(x), n=a'(a)y’ + c(x)y +d(c), 
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where a(x), b(a), c(a), and d(x) are arbitrary functions. Substituting these expressions into the 


third and the fourth equations, we get 
3a"y + 2c’ — b" — 3F (2, y)a = 0, 

Mr 2 11 i _ / _ _ 1,2 — (11.1.2.3) 

ay" + c"y+d" + (c— 20')F — (ay + b)F, — (a’y* + cy + d)F, = 0. 


In what follows, it is assumed that the function F(x, y) is nonlinear with respect to the second 
argument. Then from the first equation in (11.1.2.3), we find that a = 0 and c = 40! +a, where a 
is an arbitrary constant. The second equation in (11.1.2.3) becomes 


40"y +d" + (a— 30')F — oF, — [($0' +a)y td] Fy =0. (11.1.2.4) 


Equation (11.1.2.4) enables us to solve two different problems. 

1°. If the function F'(x, y) is given, then, splitting equation (11.1.2.4) with respect to powers of y 
(the unknown functions b and d are independent of y), we obtain a new system, from which }, d, 
and a can be found; i.e., we ultimately obtain an admissible operator. 

2°. Assuming that the functions b, d and the constant a are known but arbitrary, one can regard 
relation (11.1.2.4) as an equation for the unknown function F(x, y). Solving this equation, we 
obtain a class of equations admitting a point operator. Thus, problem 2° is stated as an inverse 
problem. 


Example 11.2. Let F(a,y) = Av"y™, i.e., we are dealing with the Emden—Fowler equation 
yl, = Ax”y™. Then equation (11.1.2.4) becomes 


S0"y +d" + (a — 3b’) Ax? y™ — bnAa"'y™ — [($0' +a)y+d]mAx"y™* = 0. 


This relation must be satisfied identically by any function y = y(a), and therefore, the coefficients 
of different powers of y must be equal to zero. As a result, we obtain a new system whose structure 
essentially depends on the value of m. 


1°. It was assumed above that F(x, y) is nonlinear in its second argument, and therefore, m 4 0 
and m # 1. Let m # 2. Then the system has the form: 


d’ =0 
ob” =0 
d=0, 


[a(1 — m) — $(3 — m)b’] 2 — nb = 0. 


It follows that d = 0 and b() = box? + byx + bo, and the last equation of the system can be written 
in the form 


(m +n+3)box? + [4(m + 2n + 3)b1 + a(m — 1)] x + nbo = 0. (11.1.2.5) 
To ensure relation (11.1.2.5), we equate all coefficients of this quadratic trinomial to zero to obtain 


(m+n+3)bo=0, $(m+2n4+3)bi +a(m—1)=0, nb =0. (11.1.2.6) 


Analysis of system (11.1.2.6) yields solutions of the determining system corresponding to three 
different operators: 


X, =(m—1)xd, — (n+ 2)yd, if n and m are arbitrary, 
Xo = Ox if n=0, 
X3 = 270, + tydy if m+n+3=0. 
2°. Let m = 2. Then equation (11.1.2.4) becomes 
d” + ($0" — 2Adx”)y — [($6' + a)a + nb] A™*y?’ =0. 
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Equating the term d” and the coefficient of y in parentheses to zero, we get 


d(x) = dix + do, 
dada" *4 dadga”*? 


2) = aint ama | Flynt Dm+3 


+ box? + byx + bo, 

where n # —1, —2, —3, —4. The expression in square brackets (the coefficient of y”) can be split 
with respect to powers of x and we obtain an algebraic system which, to within nonzero coefficients, 
has the form: 


(7n + 20)d; = 0, 

(7n + 15)dp = 0, 
(n+ 5)bo =0, 

(2n + 5)b; + 2a = 0, 
nbo = 0. 


The last three equations coincide with the corresponding equations of system (11.1.2.6), whose 
solutions are already known. The first two equations yield two cases of prolongation of the admis- 
sible group: 

X, = 343A2°/79, + 4(49Ar'/"y — 32)d, if n= —22, 
Xp = 343Ar°/70, + 3(49Aa "y+ 4)d, if n= —#. 

Example 11.3. Let us look at the inverse problem of Item 2° in Example 11.1. The solution of 

equation (11.1.2.4) is 


F=b°3°E {e(u) + i Fuac +V)+ wea e| a} (11.1.2.7) 


where b(x) and d(x) are arbitrary functions, ® is an arbitrary function of its argument, 


u=b VE ly -V, v= [Pde dx, E=exp (0/4). 


and q is an arbitrary constant. The integral in formula (11.1.2.7) can be expressed in terms of V 
and Fas 
2bb’" — (b')? 2bd’ — b'd + 2ad 

ape op 
A similar method is always used to solve the inverse problem for the equation of arbitrary (mth) 
order 


F= bE [®(u) +0?V] + 


TS ay aware) Sama) 
provided that the right-hand side F does not contain the derivative yr), 


Example 11.4. Consider the problem from the previous example for the general second-order 
equation 
Yew = F(2,Y; Yi). (11.1.2.8) 


Obviously, the most general class of equations admitting the translation group along the Z-axis is a 
subclass of autonomous equations from the class (1 1.1.2.8); specifically, 


Vex = F(Y, Y5)- (11.1.2.9) 


The translation operator X = 0; can be converted into any operator of the form X = €(#, y) Oz + 
n(x, y) Oy by the point transformation 


T=9(2,y), Y=V(Z,y), Pry — Pybs #0. (11.1.2.10) 
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It is clear that the substitution of (11.1.2.10) into equation (11.1.2.9) results in a subclass of all 
equations (11.1.2.8) admitting a point operator: 


(Paty = Vx Py) Vow a5 (PyPyy = WyPyy)(yt,)* + (PePyy = Wx Pyyt 
+ 2pyPay — QbyPey) (Ys)? + (~yea — Vy Pox + 2PePaoy — 2x Pry Yat 


+ PrWar <= We Paw = (Ye + PyY,,) °F (u.% Wx ee oot tut) ; 
Py Vir 


11.1.3 Utilization of Local Groups for Reducing the Order 
of Equations and Their Integration 


Suppose that an ordinary differential equation (11.1.1.1) admits an infinitesimal operator X 
of the form (11.1.1.6). Then the order of the equation can be reduced by one. Below we 
describe two methods for reducing the order of ODEs. 


> First method for reducing the order of equations. 


The transformation 
t=f(z,y), w= g(z,y), (11.1.3.1) 


with f and g (g # 0) being arbitrary particular solutions of the first-order linear partial 
differential equations 


0 0 
eo, sh + ne, wsk =k, 
x y 
(11.1.3.2) 
é(v,y) 2 + n(a,y) 22 = 
’ Or ? Oy ? 


reduces equation (11.1.1.1) to an autonomous equation (the constant k ~ 0 can be chosen 
arbitrarily). The function g = g(x, y) is a universal invariant of the operator X. 
Suppose that the general solution of the characteristic equation 


dx dy 


has the form 
U(2,y) =C, 


where C is an arbitrary constant. Then the general solutions of equations (11.1.3.2) are 
given by (see A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux, 2002): 


f=k 0 w1(U), 


g = V2(U = U(z,y), 


where W,(U) and W2(U) are arbitrary functions, €(2,U(x,y)) = €(x,y), and U in the 
integral is regarded as a parameter. 


Example 11.5. The Emden—Fowler equation y”, = Ax—!°/7y? admits the operator (cf. the 
operator Xz in Item 2° of Example 11.2): 


X = €(a, no +n(a, V5 where (x,y) = 343Ar°/", n(x,y) = 147Ax~'/7y + 12. 
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Equations (11.1.3.2) for k = 49A admit the particular solutions 
6 
— yl fi? — 9-3/7 2/7 
free", g=2 yt Toa" ; 
Solving (11.1.3.1) for x and y, we obtain the transformation 

=a =t?u-——t 
x d 7] U 4OA ? 
which reduces the original equation to the autonomous equation 


ul, = 49Au?, 
which can easily be integrated by quadrature. 
> Second method for reducing the order of equations. 


Suppose that we know two invariants of the admissible operator X: 


Ip = lola) (universal invariant), (11.1.3.3) 
I, =I(2,y,y;,) (first differential invariant). (11.1.3.4) 
Then the second differential invariant can be found by differentiation, 
dl 
Io(2,¥, Yo) Yee) = So (1.1.3.5) 
dl 


where dlp, = (DzIm) dx. Using (11.1.3.4)-(11.1.3.5), let us eliminate the derivatives y/, 
and y/”.. from the original equation and take into account relation (11.1.3.3). Thus we obtain 


the first-order equation: 
dl, 
— =G(Jo,f). 
dIp ( 0 1) 
Example 11.6. The Emden-Fowler equation y/”,, = Ax~°y?® admits an operator whose first 
prolongation has the form: 
x = 270, + rydy + (y — zy’)dy. 


This operator admits the invariants: 
Ihp=y/x, TL=xyl,-y, (11.1.3.6) 

which form an integral basis of the first-order linear partial differential equation 

ol ol ol 

2 / 
a —— - =, =0. 
x Fa + oY 5, +(y ray 

Using (11.1.3.5) and (11.1.3.6), we find the second invariant: 


dl 3, / 
epee C111:39) 


i * 
edo ey —y 


Let us express the unknown function and its derivatives from (11.1.3.6)-(11.1.3.7) to obtain 


Ux + Ww Www 
/ U 
y= uaz, Yn = —T—s Vax = a where u=lo, w= 1h. 


Substituting these expressions into the original equation, we see that the variable x is canceled and 
the equation takes the form 
wu), = Au, 


i.e., it becomes a first-order separable equation. 
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11.1.4 Seeking Particular Solutions 


Particular solutions can be sought using Marius Sophus Lie’s method, since the admitted 
group converts a solution of the equation into another solution. Therefore, a particular 
solution that is not invariant under this group generates a one-parameter family of particular 
solutions. Under the same condition, a particular solution to a first-order equation generates 
the general solution as a function of the group parameter a, which can be treated as an 
arbitrary constant. 


Example 11.7. Consider the equation 
eS Ae (1.1.4.1) 
Its general solution is written in parametric form as 
6 


a=aCir"’, y= BCir(r’? 91), = tage Bt, (1.1.4.2) 


where g is the Weierstrass function (see also 14.3.1.20). Equation (11.1.4.1) can be integrated by 
the classical group method, since it admits a two-dimensional point Lie algebra with operators 


X1 = 720, +y0y, Xo = 343x9/70, +3 (4940-¥/ Ty + 4) By. 
The finite-group of transformations for the operator X2 is given by 
492A? (49 Ay + 6x!/7) e7\* gl/T 
g= (49A (ee —-]| - . C114. 
x (49 atx We y 73/7 OT T5A 6 at oA ( 3) 


The Emden—Fowler equation, with (11.1.4.1) being its special case, has a particular solution in 
the form of a power-law function: 


yo = eae (11.1.4.4) 


Solution (11.1.4.4) is invariant under the group determined by the operator X;. However, it turns 
out that the solution is also invariant under the transformations (11.1.4.3). Consequently, solution 
(11.1.4.4) is unsuitable for multiplication. 


Example 11.8. Note that equation (11.1.4.1) has the trivial (zero) solution y = 0. It is also 
invariant under the operator X;, but not under the operator Xz. This allows us to construct a one- 
parameter family of particular solutions to equation (11.1.4.1) by applying transformation (1 1.1.4.3) 


to y: 
6 3/7 ; 
= /T 
| — ee, (11.1.4.5) 
A9A ( (49AC + at/7)? 


The group parameter a has been replaced with the arbitrary constant C’. It is noteworthy that the 
family of algebraic functions (11.1.4.5) appears in the general solution (11.1.4.2), which is not 
obvious. 


Thus, there is a simple algorithm for seeking families of particular solutions to broad 
classes of ordinary differential equations admitting a certain operator. As initial solutions, 
it is the easiest to use simple solutions such as constants, which are easy to verify. 

If a differential equation has the zero solution (y = 0) and admits the operator 


X= £(7,9)0, 94, Oy; 


the condition 7 4 0 must hold for the solution to be suitable for multiplication to obtain a 
one-parameter family of particular solutions. 
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Remark 11.3. Unfortunately, the above condition is not sufficient for the construction of a non- 
trivial family of solutions. Indeed, any equation that does not involve the variable y explicitly admits 
the operator X = O,. However, the zero solution (if any) generates the family y = C’, which is too 
obvious and does not make much sense. 


Example 11.9. Consider the equation 
(¥ — ©)Ye0 — Ya)” + (zy — 2 — 2)y, — zy = 0. 
It has the trivial solution and admits the operator 
X = (y—2)71d,. 
The finite group of transformations for the operator X has the form 


fT=2, yo=ur—-V(y—-2)? +4. 


On applying this transformation to y, we arrive at the nontrivial family of particular solutions 


y=u-vV2?2+C. 


© Literature for Section 11.1: G. W. Bluman and J. D. Cole (1974), L. V. Ovsiannikov (1982), J. M. Hill 
(1982), P. J. Olver (1986), G. W. Bluman and S. Kumei (1989), H. Stephani (1989), N. H. Ibragimov (1994), 
A. D. Polyanin and V. F. Zaitsev (2003), V. F. Zaitsev and L. V. Linchuk (2009, 2014). 


11.2 Contact and Backlund Transformations. Formal 
Operators. Factorization Principle 


11.2.1. Contact Transformations 
> Continuous one-parameter Lie group of tangential transformations. 


The set of transformations 


E = (2, Y, Yn €)s Ele-0 = 2, 
Te = Y = V2, Ys Ves €)s Yle=0 = ¥; (11.2.1.1) 

Th = X(2,Y; Yes) Vele=0 = Yt 
(here, y, w, x are smooth functions of their arguments and ¢ is a real parameter) is called a 
continuous one-parameter Lie group of tangential transformations (or simply, a tangential 
or contact group) if Tz, 0 Te, = Te,+e, Le., if successive application of transformations 
(11.2.1.1) with parameters ¢; and €2 is equivalent to the same transformation with parame- 
ter €; + €2. The transformed derivative 7 depends only on the first derivative y/, and does 
not depend on the second derivative. Thus, the functions y and w in (11.2.1.1) cannot be 
arbitrary but are related by (see Section 1.9.1): 


Op (0p |, OP) Ae (Ab, OYY _ 
rae 15) bt (Be tM ay) =o 
where the function x is defined by 


_ Op 1 I~ 
Oy! / yl,” 


x 
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> Infinitesimal operator. Invariance condition. 


Proceeding as in Section 11.1.1, we consider the Taylor expansions of Z, y, and y/, in 


x 
(11.2.1.1) with respect to the parameter ¢ about ¢ = 0, preserving only the first-order terms. 


We have 
Exat&(z,y ye, GXYtn(Z yee, HeX Vr t+ C(2,y, yee, 


where 
O(2,Y; Vin €) OW(2, Ys Yin E) 
1\ dS dQ) i rd In? 
€(2, 9, Ue) a Oe eee nL, Y, Ue) Oc 2-0’ 
OX(Z; Y, Yrs E) 
ty IAI ISD) 
C(t, 4, Un) = a 
On the other hand, 
— D oo / / F WW e 
gf, = TH = Poly tre). Ya + Me Mle + Vane (1.2.1.2) 
dz D,(x T Ee) L= (Ex =F Eyer er Ey Yin )E 


i 


Expanding (11.2.1.2) with respect to « and requiring that ¢ be independent of y,..., we find 
that the three functions €, 7, and ¢ are expressed in terms of a single function W (2, y, y/,) 
as follows: 


¢= ——4+y,—. (11.2.1.3) 


To an infinitesimal tangential transformation (11.2.1.1) there corresponds the infinitesimal 
operator: 


ee pe jn 2 


x 
whose coordinates satisfy relations (11.2.1.3). 
The action of the group on higher derivatives is determined by the recurrence formula: 


Ceti = Da(G,) — y**Y D, (8), 


where ¢; = ¢. The invariance condition and the algorithm of finding tangential opera- 
tors (11.2.1.4) admitted by ordinary differential equations are similar to those for point 
operators. The only difference is that the coordinates of the tangential operator depend on 
the first derivative; therefore, the determining equation can be split and reduced to a system 
only in the case of equations whose order is greater or equal to three. 


Remark 11.4. There are no tangential transformations of finite order k > 1 other than prolonged 


point transformations and contact transformations [these transformations are described by formulas 


similar to (11.2.1.1) and, in addition to y/,, 74, contain higher derivatives of up to order k inclusive]. 


11.2.2 Backlund Transformations. Formal Operators and Nonlocal 
Variables 
> Lie—Backlund groups. Operator in canonical form. 


1°. If the coordinates of the infinitesimal operator are allowed to depend on the derivatives 
of arbitrary (up to infinity) orders, we obtain Lie-Backlund groups (of tangential transfor- 
mations of infinite order). However, on the manifold determined by an ordinary differential 
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equation, all higher derivatives are expressed through finitely many lower derivatives, as 
dictated by the structure of the equation itself and the differential relations obtained from 
the equation. The substitution of the right-hand side of equation (11.2.1.1) into an infi- 
nite series with derivatives usually results in very cumbersome formulas hardly suitable for 
practical calculations. For this reason, the Lie—Backlund groups are widely used only for 
the investigation of partial differential equations, whereas in the case of ordinary differen- 
tial equations, a more effective approach is that based on the canonical form of an operator 
and the notion of a formal operator. 


2°. The canonical form X is defined by the relation 


TX. fed, = he w—ce, Dude 


where X = €(x,y)2 a rene, Ne is the infinitesimal operator of the group [see formula 
(11.1.1.6) in Section 11.1.1], and De is the operator of total derivative. The operators X 
and X are equivalent in the sense that if one of them is admissible for the equation, then 
the other is also admissible (the operator of total derivative is admissible for any ordinary 
differential equation). The function Jp (x, y) = x is an invariant of any operator in canonical 
form. 

The action of the group on higher order eae for an operator in canonical form is 
determined by the simple recurrence formula Gj k= Dz(C; x). The order of an equation that 
admits an operator in canonical form can be reduced on the basis of the algorithm described 
in Section 11.1.3 (see Paragraph “Second method”). 


> Formal operators and nonlocal variables. 


By definition, a formal operator is an infinitesimal operator of the form 


X = 06,, (11,2.2.1) 


where the function ® depends on z, y, y/,, ..., ys ) (with k smaller than the order of the 
equation under investigation) and auxiliary variables whose definition involves the symbol 
of indefinite integral, for instance, 

[seust) ae 


(the integration is with respect to the variable x which is involved both explicitly and im- 
plicitly, through the dependence of y on x). Such auxiliary variables are called nonlocal, 
in contrast to the coordinates of the prolonged space defined pointwise. The nonlocal vari- 
ables depend on derivatives of arbitrarily high order, for instance, 


0° gmt os 
[vae= 2 (m+1!2 : 


This formula is obtained by successive integration by parts of its left-hand side. Thus, a 
nonlocal variable can be represented as an infinite formal series; and this enables us to 
express the coordinates of the Lie-Backlund operator in concise form. 
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A formal operator is a far-reaching generalization of an operator in canonical form. The 
function Jo(x, y) = x is an invariant of the formal operator (11.2.2.1) for any ®. 

When solving the direct problem, one usually prescribes the nonlocal operator in the 
general form 


X= Im exp(f ¢az) +np| % or X= (m [éae +1) Oy, (11.2.2.2) 


and then, in order to find an admissible operator, one uses a search algorithm similar to 
that described in Section 11.1.2. The coordinates of the prolonged operator are found by 
the formulas ¢, = Dz(Cz—-1), where Gy = ®. In contrast to the method of finding a point 
operator, in the present case, there are three unknown functions (71, 72, ¢); and the splitting 
procedure to obtain a system can be realized with respect to all “independent” variables, in 
particular, the nonlocal variables. 

Suppose that the differential equation 


yl) = F(a, y, yh)... yf?) (11.2.2.3) 


: 7 ‘ a | 
can be written in new variables x = Ip, z = I1(2, y, Y',)s as Bed sie 2h a where Jp and 


J are invariants of an admissible operator of the form (11.2.2.1). Then the coordinate ® of 
this operator satisfies the equation 


which is an analogue of a linear ordinary differential equation for a function of several 
variables, since it involves the total derivative of the unknown function (exact differential 
equation). Its solution has the form: 


Ol, /Oy 
b= (- a a i 11.2.2.4 
where the integral is taken with respect to x involved explicitly and implicitly (through 
the dependence of y, y/,, ...on x), which means that this representation of an operator 


through a nonlocal variable is most universal. The function (11.2.2.4) generates a nonlocal 
exponential operator of the form (11.2.2.1) [the class of nonlocal exponential operators is 
specified by the first expression in (11.2.2.2) with 72 = OJ. 


THEOREM |. Any first-order equation 
y,, = F(z,y) (11.2.2.5) 


admits aunique formal operator (up to identical transformations on the manifold (11.2.2.5)) 
with coordinate explicitly independent of derivatives 


X = exp (/ ar) Oy: (11.2.2.6) 


Indeed, the invariance condition for equation (11.2.2.5) is 


X |v — F(e.w)]|, . = 0: 
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It follows that 


and hence, 


w= exp( [ ar). 


Remark 11.5. It follows from Theorem | that equation (11.2.2.5) is integrable by quadrature if 


(112297) 


where ®(, y) is some function. Indeed, if condition (11.2.2.7) holds, (11.2.2.6) is a point operator. 


Example 11.10. The equation 


Yow = 0 
admits two Lie—Backlund operators: 
Xi =€(2,y,4,)Dr, X2= D> DP lyst — ©Y ie Yr) + RY — 2.3 Ye)| Tay 
m=0 OYa: 


where £, g, / are arbitrary functions of their variables. The first operator is trivial (the operator of 
total derivative is admissible for any differential equation), while the second operator determines 
the maximal group of contact transformations admitted by the equation under consideration. 


> Construction methods for Lie-Backlund operators admitted by ODEs. 


A Lie—Backlund operator admitted by an ordinary differential equation can by found by 
three methods: 


(i) in the form of an infinite formal series; 
(ii) by passing to an equivalent system of ordinary first-order differential equations: 


yi = Ye, Yo = Y3, Suto he = Piste); 
and finding an admissible point group; 
(iii) by its representation as a formal operator whose coordinates depend on nonlocal 
variables (the general form of the operator is chosen by the investigator). 


In all cases, the search algorithm amounts to solving the determining system which is con- 
structed by a procedure similar to that of Section 11.1. From the standpoint of simplicity 
and the possibility of integrating equations, the third method seems to be the most effective 
if one takes into account that an equation admitting an operator can be written in terms 
of new variables— invariants of the admissible operator—as a new ordinary differential 
equation whose order is by one less than that of the original equation. 


11.2.3 Factorization Principles 


> Factorization principle: a special case. 


The use of formal operators enables us to formulate universal principles for reducing the 
order of an equation, independently of the specific structure of the operator (it can be a 
point operator, a tangential or nonlocal operator, or a Lie—Backlund operator). 
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THEOREM 1. An arbitrary nth-order differential equation (11.2.2.3) can be factorized 
to a system of special form 


go) — G(a, z, Po jekie |i \ 
, (11.2.3.1) 
z=H(2,y, yz), 
if and only if equation (11.2.2.3) admits the nonlocal exponential operator: 
H, 3) 
X= exp(— | + ar) —. 11.2.3.2 
oso(- [ Zea)? aang 


The function H(z, y,y/,) is the first differential invariant of the operator (11.2.3.2). 
Therefore, having found an admissible operator (11.2.3.2) of the form 


0 
X=O5, b= expl f Q(e.y.vh) dr], (11.2.3.3) 
y 
we can calculate 7 by solving the first-order linear partial differential equation 


Hy + QHAy: = 0. 


The function Q(z, y, y/,) is found as a solution of the determining system obtained by 
“splitting” the invariance condition for operator (11.2.3.3): 


X[yf” = F(z, y,¥) — yeY)| | =r = 0, 


where 


Theorem 1 generalizes the classical Lie algorithm, which is restricted to the case of 
unconditional solvability of the second equation of system (11.2.3.1). On the other hand, 
the introduction of the factor system (11.2.3.1) allows for two more cases, since the first 
equation is independent of y. These cases are the following: 

1°. The first equation of system (11.2.3.1) allows for the reduction of the order or is 
solvable. 

2°. The first equation of system (11.2.3.1) has some special properties, for instance, 
admits a fundamental system of solutions. 


Example 11.11. The equation 
Yaw = f(x)y + 91.(@)y* — (g(a) Py? (1.2.3.4) 


for arbitrary functions f(x) and g(x) is the only equation of the form (its uniqueness is to within a 
Kummer-Liouville equivalence transformation; see Section 2.2.1) 


ra = F (x,y) 
admitting the nonlocal exponential operator: 


x= exp(f ¢ae)ng = exp| f (¢+ EME) ae] > n=n(z,y), C=C(z,y). 
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The second prolongation of the operator X has the form: 


x — exp( f ¢az) {ndy + (2 + nyy, + 76) Oy, 
+ [Nex + 2¢nx + be + 6? + (2moy + 26 ny + Gy )Vic + Nyy (Ye)? + Ny Vier | Oy, }- 


Applying this operator to the equation y”, = F(x, y) and replacing all instances of y’”,, by F = 
F(x, y), we obtain the invariance condition in the form: 


Nea + 202 + Ge + Cn +P — Fy + (2ney + 2¢ny + Cy) Ve ar ty Ue)” = 0. 


Splitting this relation with respect to powers of the “independent” variable y’,, we obtain the fol- 
lowing system of three equations for the functions 7, ¢, and F: 


Nyy = 9, 
2Nry + 2CNy a ny = 0, 
Now + 2¢ne +nGe + Cn + ny F — nF, = 0. 


From the first two equations it follows that 


n= a(ax)y + d(x), 
p22 aa'y? + 2a'by + ¢(x) 
(ay + 6)? 


? 


where a = a(x), b = b(x), and c = c(xx) are arbitrary functions. The third equation can be treated 
as a first-order linear differential equation for the unknown function F = F(x, y): 


dF 1 
‘dy UF = —(thew + 2Cne + Ne +06"). 
7] 1) 1) 
Substituting the above expressions of 7 and ¢ into this relation and integrating the result, we obtain 
[aa” — 2(a’)?]b — (ab” — 2a’b')a 
F(a,y) = (ay +d)f(2) + SP Te 
[aa — 3(a’)?]b? + 2aa’bb! — (ac! — 2a'c)a (a'b? — ac)? 
2a3(ay + b) 4a3 (ay + 6)3’ 
where f(a) is an arbitrary function. 
The differential invariant z of the operator X satisfies the linear partial differential equation 
Oz 


Oz , 
te fs —0 
"5, + (Ne + NyYe +6) Bul 


(obtained after the division by exp(f ¢ dx)). Substituting the above 7 and ¢ into this equation, we 
pass to the characteristic equation 


dw aw 2aa'y? + (3a'b + ab’)y + bb’ +¢ 


dy ay+b (ay + b) 


2 


where w = y/,. Integrating this equation, we find the differential invariant: 
yh a'b — ab’ & a'b* — ac 
ay+b ar(ay+b)  2a?(ay+b)?- 


Having calculated the derivative z/,, one can find y’,, and, taking into account the known struc- 
ture of the function F(x, y), one obtains the factorization of the original equation: 


2! +az* +(a'/a)z= f, 
ay + b)y’, = (ay + b)?z + a~?(a’b — ab’) (ay +b) — 4a7?(a'b? — ac). 
(ay + b)y!, y y 5 
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An equivalence transformation of the form ay + b — y, combined with the corresponding transfor- 
mation of the independent variable and changed notation, yields: 


wa = f(a), 
yi, = zy+g(x)y*. 


The first equation of system (11.2.3.5) is a Riccati equation. Its general solution can be represented 
in terms of a fundamental system of solutions of the “truncated” linear equation: 


Vou = f(x)y, (11.2.3.6) 


which coincides with (11.2.3.4) for g = 0. The second equation of system (11.2.3.5) is a Bernoulli 
equation. It can be integrated by quadrature for an arbitrary function z = z(x,C). Therefore, 
the general solution of equation (11.2.3.4) can be expressed in terms of a fundamental system of 
solutions of the linear equation (11.2.3.6). Note that in the general case, equation (11.2.3.4) admits 
no point groups. 


(11.2.3.5) 


Theorem 1 can be made more general. Let the second-order ordinary differential equa- 
tion 
Ve =F GY a.) i237 


admit the exponential nonlocal operator 


X= [E(x,y, yx + (x,y, yp )Oy]Q, OQ = exp (/ Clauig,) i) - “C1,23.8) 


To describe all equations of the form (11.2.3.7) admitting factorization, it suffices to con- 
sider the operator (11.2.3.8). Equation (11.2.3.7) is then factorized to the system 


Ut = G(t,u), 
t= Ho(x,y), 


where Ho and Hy are invariants of the operator (11.2.3.8). The last two equations in 
(11.2.3.9) are essentially one equation determining the function u(t) in parametric form. 


> Factorization principle: the general case. 
If an operator admitted by equation (11.2.1.1) has no differential invariants of the first- 
order, then it is possible to apply the general factorization principle. 


THEOREM 2. An arbitrary nth-order differential equation (11.2.1.1) can be factorized 
to the system of special structure 


zin-k) = G(a, Zz, zi, Sx ar). 
De (11.2.3.10) 
z= H(z,y,y),-..,y), (k) 70, 
OYx 


provided that equation (11.2.2.3) admits a formal operator of the form (11.2.2.1) for which 


A (es ca uy) is a lower-order differential invariant on the manifold defined by 


(11.2.2.3). The coordinate ® of this operator satisfies the linear equation with total deriva- 
tives: 


Oz Oz Oz 
fp) 4... (k) = 
O5, + DelBl 5G +++ DP ls ay =O. (11.2.3.11) 
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Equation (11.2.3.11) plays a crucial role in both the direct and inverse problems. It can 
be regarded as an equation for the determination of the coordinate of the canonical operator 
(if one knows the invariant z). It can also be regarded as an equation for the determination 
of an invariant (if one knows the coordinate ®). In the latter case, this is a first-order partial 
differential equation. 


Example 11.12. The third-order nonlinear equation 


Ween + (Yeo) — etee — f(a)y? =0 (123.13) 
admits two operators 
Xi=y, Xo= (uv fv dur) Oy, (11.2.3.13) 


which can be found with the help of the direct algorithm, if the structure of the operator is specified 
by the second expression in (11.2.2.2). The first operator, X1, is the usual point operator of scal- 
ing (the original equation is homogeneous) and provides the usual reduction of order of equation 
(11.2.3.12) by one. The second operator, X», is nonlocal. 

Let us construct differential invariants of the operator X2. To this end, we should solve the 
equations: 


oth y D,[®] a =0, o=y fy dx, 
2h, p . - apie (11.2.3.14) 
Oy ay ey 


After differentiation with respect to ®, the first equation in (11.2.3.14) becomes 


(uf dx) + y + (uv. fv? dx) = ='0; 


Let us show that this equation admits no solutions depending only on x, y, y/, and 01, /Oy/, 4 0, 
ive., there are no first-order differential invariants. The nonlocal expression [ y 2 dx depends on 
derivatives of arbitrarily high orders and can be regarded as an independent quantity. Therefore, the 
first equation (11.2.3.14) can be split and we obtain the system: 


OL OL _, ol 
Ia +a =0, yas 
Oy Oy’, Oy’, 


It follows that OJ; /Oy/, = 0. 
Let us find a second-order differential invariant. After differentiation with respect to ®, the 
second equation in (11.2.3.14) becomes 


Oly Ol Olp 
-~2 =i 1 ~2 " —2 = 
Splitting this equation with respect to the nonlocal variable [ y 7 dx, we find that 012 /Oy’, = 0. In 
the remaining equation, the nonlocal variable is canceled, 
Oly , OL 
vz Yea v/ 
Oy OY 


= 0. 


It follows that Jz = z = y””,/y, and equation (11.2.3.12) is factorized to the system 


+2" = f(a), 
You — yz = 0. 
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> Applications to third-order ODEs. 


Consider the nonlocal nonexponential operator 


X = (€(a,y) Ae +-n(e,y) Oy) / bapa a vas (11.23.15) 


(see the previous example). It can be used to factorize the third-order ODE 


Ue BaP Po (11.2.3.16) 

It is clear that the universal invariant of the operator (11.2.3.15) coincides with the invariant 
of the point operator 

Xo = (2, y) Ox + (x,y) Oy. (11.2.3.17) 


The following theorem holds. 


THEOREM 1. The third-order ODE (11.2.3.16) admitting the nonlocal operator 
(11.2.3.15) always admits the point operator (11.2.3.17). 


Consequently, one needs to look for the nonlocal operator (11.2.3.15) for equation 
(11.2.3.16) only if the equation possesses a point symmetry. It may seem that this fact 
reduces the value of operators of the form (11.2.3.15). In fact, there are a large number 
of equations (in particular, third-order equations) for which no operators are known other 
than a single point operator. Therefore, the presence of at least one operator, even though 
a nonlocal one, admitted by the equation can significantly facilitate the integration and 
investigation of the original equation. 


1°. Preliminary remarks. Consider the problem of seeking a class of third-order equations 
admitting a nonlocal nonexponential operator of the form 


<7) ( i c(e. usu) dr) ay. (11.23.18) 


By virtue of Theorem 1, we can restrict ourselves to the class of autonomous equations, 
thus setting 7 = y/’ and looking for an operator in the form 


X=y, (/ C(x, y,y,,) i) Oy: (11.2.3.19) 


Then, we can find all such classes of equations by applying an arbitrary point transforma- 
tion. 

Let us find the prolongation of the operator (11.2.3.19). Let £ denote the nonlocal 
variable: 


T= f C(e,uug)de. 
Since 7) = y/,I, we get 


2 = D2 = Vrwal + 2yin' + Yo (Co + Cute + yp, Yirw) » 
oy ae. 4 
fig = D3y = yO T+ By al + Bye (Ce + Gy, + Guy.) +o [Cow + 2Ceyy, 


2 
+Gyy (y/,)? + 2Cry, Ure + 2Cyy!, UU Te Cyl yl, (Ue) St Giles + Cyt, os : 
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2°. Equations of the form yi"... = Fy). The invariance condition is written in the form 


i OP 
3 — 1) Oy 
(1) 


and y;° with the help of the original equation and its differential conse- 


=(), 
Yora= (y) 


Replacing y/””... 
quence yd) = y',F"(y) and splitting the remaining expression into powers of y’,,, and J, we 
arrive at a system that only has the trivial solution (F' = 0 or F' is any but ¢ = 0). Therefore, 


the following statement holds. 


THEOREM 2. There is no equation of the form y!.. = F'(y), other than the trivial 


LLL 
equation, admitting a nonlocal operator of the form (11.2.3.18). 


3°. Equations of the form y/",. = F'(y,y),). Now consider the autonomous third-order 


equation without the second derivative 


Ws 


Your = FY; ¥x); (11.2.3.20) 


admitting the nonlocal nonexponential operator (11.2.3.19). The invariance condition is 


written as 
—~ OF OF 
3 — 7) De m 
y 


= 0). 
Oy’, 


=F (y,y) 


ioe — 


The determining system has the form 


3Cy, + YeGuus, = 9, 
3G + 245 Goyt =P 2Cy =F Gyula) = 0, 
(3¢ + yl. Gy )F — yh CBy, + yhGer + Coy (y')? + Gyy (yi)? = 0. 


THEOREM 3. Equation (11.2.3.20) admits the nonlocal nonexponential operator 
(11.2.3.19) if and only if the right-hand side has the form 


Fy, ui) = ¥2[CWr) + CM] AW) — 36 GO" (yy, (11.2.3.21) 
with ” 
C(2,Y,¥,) = C+ “. (11.2.3.22) 


where G(y) and H(y) are arbitrary functions and C' ¥ 0 is an arbitrary constant. 


Remark 11.6. The value C = 0 is possible only if G” (y) = 0. However, in this case, the original 
equation is trivial and easy to integrate. 


The operator (11.2.3.19) has no first differential invariant (more precisely, it has no in- 
variant dependent on the first derivative alone). To compute the second differential invariant 


of the operator 
X=y, | (c+ a ae] Oy, (11.2.3.23) 


we have to solve the equation 


~O® Ob _ O® 


— =0. 
1 3y +m ays an 
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Inserting the coordinates of the operator (11.2.3.23) and splitting the equation in the non- 
local variable J, we obtain the system of two equations 


! Gy) O® " / O® 
y) Ski 
: lc an dy}, + (20 ¥en + G"(y)) OY. M 


, O® 7 d® ! 12 _ I Ai U d® = 
Ye By + Vex Gyr + u, (CW,) + G(y)) H(y) aC We) Bye = 
(11.2.3.24) 


Note that in the second equation, the derivative y/’.. is replaced with the right-hand side 


of equation (11.2.3.21); that is, the invariant is sought on the manifold of solutions of the 
original equation. The solution of the first equation in (11.2.3.24) is 


Cy", + G'(y) 
Q (u. a CAENCO) BY. (11.2.3.25) 


Inserting (11.2.3.25) into the second equation of the system results in a first-order linear 
partial differential equation for Q: 

—0n. OQ 

Oy Ow 
where w is the second argument of the function Q. The equation in characteristics for 
(11.2.3.26) is a canonical Riccati equation, which is always reduced to a second-order 
linear equation. In a large number of cases, the solution to (11.2.3.26) can be expressed 
in closed form (in terms of elementary or special functions). The actual representation 
significantly depends on the function H(y). 


+ [H(y) — 2Cw*] — =0, (11.2.3.26) 


Example 11.13. If H(y) = y* or H(y) = e, the second differential invariant is expressed in 
terms of Bessel functions. In eunon, in the case of the power-law function, we get a special Riccati 
equation and if the fraction #+3 +3 is a half-integer, the second differential invariant is an elementary 
function. For example, if k = =O, we get 


ee 20y!, + G'(y) 
ae oth (ere ye? Sa 


By direct verification, one can see that 9! = 0 by virtue of the original equation 1, = 0, suggesting 
the factorization 


QQ, =0, 
yl! = 
W Ul 
Q = V2Cy — arth (pa + G'ty) ) : 
V2C (C(yi,)? + Gy) 


Thus, the function Q is an autonomous first integral of the original equation, while the symmetry is 
analogous to variational symmetry (see Section 11.3). 


Example 11.14. The equation 


Ui 


Yor = f(t)y +9" (Yrw)” ty "(yy + 2A) Yee + APY! 
can be factorized to the system 


ga 24 Ay. 
y 


The first equation is a Riccati equation and the second one is the Ermakov equation; therefore, 
the solution to the original equation is here uniquely determined by two fundamental systems of 
solutions of two linear second-order equations. Note that this system can be factorized further, 
since the Ermakov equation always admits an exponential nonlocal operator. 
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Apparently, it makes sense to perform a test for a nonexponential operator for any 
third- or higher-order equation possessing a point symmetry. This test allows one to find an 
additional nonexponential nonlocal operator admitted by the equation in order to facilitate 
its subsequent integration or seek an unobvious first integral. 


©) Literature for Section 11.2: R. L. Anderson and N. H. Ibragimov (1979), O. N. Pavlovskii and G. N. Yako- 
venko (1982), N. H. Ibragimov (1985), P. J. Olver (1986), V. F. Zaitsev (2001), A. D. Polyanin and V. F. Zaitsev 
(2003), V. F. Zaitsev and L. V. Linchuk (2014). 


11.3 First Integrals (Conservation Laws) 


11.3.1. Algorithm of Finding First Integrals of ODEs 


A function P = Pie OU ees yf?) is called a first integral (conservation law) of the 


ordinary differential equation 
y) = F(a,y,...,y-?) (11.3.1.1) 


if the total derivative of the function P along the trajectories of equation (11.3.1.1) is zero 
or, equivalently, if 


D,|P| = (2,9, Yep go!) [ys —F(a,y,... yr] = 0), (113,1,2) 


where J is an integrating factor. From this definition it is clear that M = os 


The algorithm of finding a first integral is similar to that of finding an admissible oper- 
ator. It is necessary to prescribe the desired structure of the first integral (or the integrating 
factor) and substitute it into the determining equation (11.3.1.2). Subsequent splitting with 
respect to lower derivatives (assumed to be independent variables) leads to the determining 
system. 

Remark 11.7. An arbitrary function of first integrals is also a first integral of the same equation. 
Therefore, having found a first integral depending on (y/,)*, one has to make sure that it is nontrivial; 


ie., it cannot be represented as the product of first integrals depending on lower powers of the 
derivative. 


Remark 11.8. If the equation has & functionally independent first integrals, then its order can 
be reduced by & by successively excluding higher derivatives (see Example 11.15). 


> Direct method. 


Rewriting equation (11.3.1.2) in expanded form, we get 


P, + y),Py + yf Py +. + YL? P om =-FM+yM. (11.3.1.3) 
Substituting here the value of / gives the equation 

Po + YnPy ti. ty UP na + FP n-1 =0. (11.3.1.4) 

No general solution to this homogeneous linear partial differential equation with respect to 

az, y, y’,-..,y"— can usually be obtained (as this equation is equivalent to the original 


one). However, it is quite likely that its particular solutions can be found with the splitting 
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method by imposing certain conditions on the form of the desired first integral. For exam- 
ple, this can be achieved by assuming that P(x, y, y/,,... ye?) is linear in the highest 


derivative, 
P=R(z,y,y,,---,y > yh 4+ Q(z, y, yh. 9), (11.3.1.5) 


or quadratic in the highest derivative, 


P=R(z,y,yh,--- 9S?) (YP)? + O(a, y, vhs yO? yy" 
+ Sa, Ys Yay ees yr), (11.3.1.6) 


Substituting the structure of the first integral into (11.3.1.4) and splitting the resulting equa- 
tion in powers of yr), we obtain the determining system, whose solution gives us the 
desired first integral. 


Example 11.15. The equation 
yl. = Ay ?/8 (11.3.1.7) 


LLLL 


admits three first integrals: 


Pr=ylyere — b(Uee)? + SAY, 
Ps = @P2 — 52° P, + Syyt, — (y;,)”. 


Mr 
LLL 


Equating these expressions to independent constants C1, C2, C’3 and eliminating y 
obtain a first-order equation (see 4.2.1.1). 


and y/,., we 


> Factorization method. 


Let the nth-order equation (11.2.1.1) admit a (nonlocal) infinitesimal operator and let the 
factor system (11.2.3.10) have the form 


% = 0, 
DG ee, ~ £0. (1.3.1.8) 
dyf? 


Then the function 1 (x, ee ye?) is a first integral equation (11.2.1.1) and, simul- 


taneously, a differential invariant of the admitted operator by virtue of (11.2.1.1). 


> Other methods. 


There are methods for finding an integrating factor for ODEs, which generalize the well- 
known approach to first-order equations. These use high-order Euler operators (see the 
paragraph on Nother’s theorem) and lead to results that are fundamentally the same as 
those of the direct method (see the literature for the present chapter). 


336 GROUP METHODS FOR ODES 


11.3.2 Applications to Second-Order ODEs 


For second-order equations 


Yeo = F(2,Y; Vz); (11.3.2.1) 
the determining equation (11.3.1.2) can be written in the form 
OP , OP oP 
Or 1! By + F(z,y, Ue) Bar = 0. (11.3.2.2) 


In this case, one can solve the direct problem (find P for the given equation), as well as 
the inverse problem (find possible F’ for the given structure of the first integral). 


Example 11.16. Let us find all equations of the form 
You = F (x,y) (1.3.2.3) 
admitting a first integral that is quadratic with respect to the first derivative: 
P= R(x, y)(ye) + S(x,y)¥e + Q(a,y)- 


Then the left-hand side of the determining equation (11.3.2.2) is a cubic polynomial with respect to 
y!,. The procedure of splitting with respect to powers of y/, yields the system of four equations: 


Ry = 0, 
Rz + Sy = 0, 
S,+Qy+2RF =0, 
Q:+SF=0. 

The solution of this system for F’ is given by: 


1 1 1 
F(z,y) = R-¥/?W(z) + >R-*|(RRY, — SR? )y - Re, + Ry], 
1 
z= RVy + = f pro? dx, 


where V = U(z), R= R(x), and y= y(x) are arbitrary functions. The class of equations obtained is 
essentially a solution to the inverse problem for equation (11.3.2.3), having a quadratic first integral, 
which is expressed as follows: 


1 
P= RUy,)? — (By — Pe + GRUR Pv? — SRR gy + Rg? —2 f W(2)de 
Example 11.17. Consider the equation 
Yoo = Avy ™!?. 


Let us find its first integral, which is a cubic polynomial with respect to the first derivative: 


P=R(z,y)(yh)° + S(x,y)(yt)” + Q(x, yy, + U(x, y). 
In this case, the left-hand side of the determining equation (11.3.2.2) is a fourth-order polynomial 
in y;,, and hence the determining system consists of five equations: 


Ry = 9, 
Ry + Sy =0, 
Sz + Qy+3Ary—/?R =0, 
Qr + Uy + 2Aay-/?5 =0, 
Uz, + Aay~/2Q =0. 
Solving this system, we obtain the first integral in the form: 
P = (y,)° — 6Aay'/7y/, + 4Ay?? + 2A72°, 
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The factorization method allows one to formulate, for second-order equations, a more 
rigorous result than in the general case. If equation (11.2.3.7) is factorized to system 
(11.2.3.9), then two cases of order reduction are possible: 

(i) If the second (inner) equation is integrable, we obtain the classical method of order 
reduction, with the only difference that the application of exponential nonlocal operators 
provides a significant generalization of the results obtained using point operators (the gen- 
eralization of the Ermakov equation is a good example). 

(ii) If the first (outer) equation is integrable, we obtain a first integral of the original 
equation; this approach does not have classical analogues. 


Example 11.18. The class of equations 


ee W (4/2? + 2ay — 2) 
os \/ x? + 2ay 


where W is an arbitrary function of its argument, admits the operator 
X= [a2 + (ofa? + 2ay — x) Oy] exp | 


Substituting its invariants 


= 0, 


dx 
Ja? + 2Qay 
y, =u(t), Va2%+2ay—xr=t (11.3.2.4) 


yields the first-order equation 


Wit 
Ut — ( ) ’ 
au—t 
which is reduced, with the transformation au — t = —w(t), to an Abel equation of the second kind 
wu, —w =aW(t). (11.3.2.5) 


If the general solution to equation (1 1.3.2.5) is known, the first integral of the original equation 
is obtained in the (parametric) form (11.3.2.4). 


11.3.3 Lie—Backlund Symmetries Generated by First Integrals 


> Theorems on symmetries of first integrals. 


1°. First, we note an important property of symmetries of differential equations: if an 
equation, having a first integral P, admits an operator X, the application of the operator X 
to the first integral P generates a first integral again (which can possibly be trivial). The 
following four cases are possible: 


1. X(P)=0, 

2. X(P)=C, C=const, 
a. SUP) SFP), 

4. X(P) =P. 


The second case gives a trivial first integral, while the third case gives the already known 
first integral; these cases are of no interest. The first case signifies that the first integral in- 
herits the symmetry of the original equation, while the fourth case gives a new first integral, 
which is functionally independent of the already known ones. These two cases allow us to 
reduce the order of the original equation by two. 
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2°. Since any first integral of an ODE on the manifold of its solutions is a constant, the 
point operator admitted by the equation is essentially an infinite-dimensional Lie—Backlund 
algebra. 


THEOREM |. Let the equation 


yl) = Fe, Ys Yes a3 yr) (11.3.3.1) 
admit a Lie algebra Ly, with basis {Xq}, Xq = "aOy,a=1, ..., k, and have s independent 
first integrals {P,},0 =1,..., 8 (8 <n). Then, equation (11.3.3.1) admits an infinite- 


dimensional Lie—Backlund algebra with operator 


k 
Xp= (>: noha Oy, (11.3.3.2) 
a=1 


where Fy, (a = 1, ..., k) are arbitrary functions of s arguments P,, ..., Ps. 


Example 11.19. Equation (11.3.2.5) admits a three-dimensional point Lie algebra defined by 
the operators 


3 1 3 
L3:; Xi=y,0y, Xe= (xu, - 3) Oy, X%3= (Seu. - 5) Oy. 


Hence, the equation also admits the infinite-dimensional Lie—Backlund algebra defined by the op- 
erator 


3 1 3 


where F;, = F;(P;, Po, P3), i = 1,2, 3, are arbitrary functions and P,, P2, and P3 are first integrals 
of equation (11.3.2.5). 


It follows from the theorem that the knowledge of one lowest symmetry and one first 
integral suffices to obtain an infinite-dimensional Lie—Backlund algebra. 


Example 11.20. The equation y/”.,, = Aay~°/4 admits the Lie-Backlund algebra defined by the 


operator Xp = [(9xy!, — 16y) F(P)|Oy, where P = y(y/!,)? —4(y),)?y, —2Ary~W/4y/, + 8 Ay3/4 
is a first integral of the equation. 


Example 11.21. The equation y””,, = Ay~+ admits the Lie-Backlund algebra defined by the 
operator Xp = [y/,F\(P) + (2ay/, —3y)F2(P)]Oy, where P = yy',, — $(y/,)° — Az is a first integral 
of the equation. 

Remark 11.9. Theorem 1 does not guarantee the completeness of the Lie—Backlund algebra 


obtained. 


It is well known how an operator transforms when differential substitutions are used (in 
particular, nonlocal can arise in order reduction); however, this is not so obvious with first 
integrals. Some of the lowest symmetries may seem to disappear when a first integral is 
used. Below we show that this disappearance is only apparent. Let us look at the symmetry 
properties of first integrals. 


THEOREM 2. Let equation (11.3.3.1) admit the Lie-Backlund algebra defined by the 
operator (1 1.3.3.2). Then, for any P, € {P;},0 =1,..., 8, the equation 
Pe = Cy (11.3.3.4) 
1) has s — 1 first integrals {P,},0 =1,..., 8,0 #v, where P, = P;|p,—c,; 
2) admits the Lie—Béacklund algebra defined by an operator of the form (1 1.3.3.2) with 
an arbitrariness of no less than k — 1 functions of s — 1 variables {P,}. 
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To construct the algebra admitted by first integrals, we take advantage of the property 
mentioned at the beginning of this paragraph: the action of any admissible operator on a 
first integral gives a first integral again (which may be trivial). Let us denote Xq[ Ps] = Qac 


and construct the operator 
k 
Xp= (> roh Oy, 
a=1 


where Fy, a=1,..., k, are arbitrary functions of s — 1 arguments {P,}, a #v. The 
invariance condition is written as 


Xz[P, —C,] pao, =O (13.3.5) 


k 
eae. = s FaQav 
a=1 


k 
= S° FyXe [P,] 
Py=Cy 
a=1 


Since the arguments of the functions F, are the first integrals P,, and the quantities Qay 
are also first integrals (or constants), the last equality in (11.3.3.5) allows us to express any 
function F’3 in terms of the others (provided that @)g, 4 0). The admissible operator is 


k 
XB= S (1 — Sn) f Oy, Qev = 0. 


| a=1 Qpv 
aA#B 

Remark 11.10. The arbitrariness of k functions of s — 1 variables is achieved only if Qa, = 0 
for alla = 1,..., k, that is, if and only if equation (11.3.3.4) admits all {X,}. 


Example 11.22. The equation P, = C;, where P, is an integral of equation (11.3.2.5), so that 


1 _ 3 3 = 
Venn = 5 (Ye) * (Yee) — SAY 7/9 H,)-* + Cyn), (11.3.3.6) 


admits the Lie—Backlund operator 
y ID(D PD ! 3 D lo, 3 E.(P. P 
Xp = 49,41 (P2, Ps) + TY, — oY Po+ Ch Be Ye — at F3(P2, P3) ¢ Oy, 


where 


a re x 4 9 eB = 

P= 70s) Wh) aie qAy'? (ue) *+ 5Ciy(y)~* — Crs, 

2 7 | 9 _, 3 ee 

Ps = [0u(Ue)"(Vee) — 5 (tyr — 8u)ute — pAoy'P (ye)! + FCrtu(ye)! — Cre? 


are first integrals of equation (11.3.3.6). 


> Nother’s theorem. 


Definition 1. The operator 
n 
En = >(-Dz)'A,.0 = 0y — DzOy, + D? Oy, — + + (—Dz)"O im, (11.3.3.7) 
i=0 
where 
D= Or + y! Oy + y" Oy! feeet Onn fo... 5 


is called an Euler operator of order n. 
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Let us look at the functional 


Sly(x)| = [ue Ys Yer «+ yl) dev. (11.3.3.8) 
Vv 


Searching for extremals of a variation problem for the functional (11.3.3.8) is known to 
reduce to solving the Euler-Lagrange equation 


En (L(x, y, ys. y)] = 0. (11.3.3.9) 


What is of interest is the case where, among all symmetry groups admitted by the 
Euler-Lagrange equation (11.3.3.9), there are also groups admitted by the Lagrangian 
tC 2a)! eee ye ). Such symmetry groups are known as variational or Notherian; they 
play a major role in physics and mathematics, since they are closely related to conservation 


laws. Obviously, the order of equation (11.3.3.9) is 2n. 
Definition 2. The differential equation 


OF 
F(z, y,yp,---,y) =0, BD tn) 
y 


x 


#0, (11.3.3.10) 


has a variational formulation if its solutions y = O(«) in the domain V coincide with 
extremals of the functional (11.3.3.8). 


THEOREM 1. A 2nth-order differential equation has a variational formulation if and 


only if it coincides with the Euler-Lagrange equation of a Lagrangian L(x, y, y',,..., ys), 
so that 
F(z, 9, ¥p1---592")) = Em{L(@, 9¥e,---98)]. (11.33.11) 


Remark 11.11. Only even-order equations can have a variational formulation. 


Definition 3. The functional S[y(x)] admits an infinitesimal operator X if its La- 
grangian L is invariant under transformations of the group defined by the operator. The 
admitted group is called variational. 


THEOREM 2. If G is a group of variational symmetries of the function (11.3.3.8), then 
it is also a group of symmetries of the Euler-Lagrange equation E,,(L) = 0. In this case, 
the equation is said to admit the variational (Notherian) symmetry. 


THEOREM 3. Every admitted Notherian group allows one to reduce the order of the 
Euler-Lagrange equation by two. 


The algorithm of order reduction for the Euler-Lagrange equation using a Notherian 
operator is quite clear. However, the implementation of this algorithm as applied to dif- 
ferential equations causes certain difficulties: first, one has to find a suitable Lagrangian 
L (a hh ys), but there is no algorithm for obtaining it. The algorithm allowing or- 
der reduction for the equation by two without finding a Lagrangian relies on the following 
theorem. 


EMMY NOTHER’S THEOREM. A symmetry of an even-order equation is Notherian if 
the coordinate of its infinitesimal operator (in canonical form) coincides, up to a constant 
factor, with an integrating factor of a first integral of the equation. Furthermore, this oper- 
ator makes the first integral identically zero. 
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> Analogues of variational symmetries. Inverse problems. 


Variational symmetry is only defined for even-order equations. All attempts to introduce 
a Hamiltonian structure for odd-order ODEs have failed so far (in terms of integrability). 
Over time, the impression has been formed that there is no similar symmetry structure for 
odd-order equations. However, this is not so. The following simple third-order equation is 
a counterexample: 


Yrnn = 2YYr: (11.3.3.12) 
It is autonomous and has an autonomous first integral 
Yn =YP $C. (11.3.3.13) 


This means that the symmetry of equation (11.3.3.12) is perfectly analogous to variational 
symmetry in the sense that the first integral (11.3.3.13) inherits it and allows the order of 
the original equation to be reduced by two. 

We will be looking for classes of third-order equations possessing an analogue of vari- 
ational symmetry or, equivalently, classes of equations admitting a point operator and a 
first integral inheriting this symmetry. From the viewpoint of integrability, this property is 
a direct analogue of Notherian symmetry. The solution of this inverse problem is directly 
reduced to the simultaneous solution of three complicated determining systems: the invari- 
ance condition for the original equation with respect to an arbitrary point symmetry, the 
existence condition for a first integral with a set structure, and the invariance condition for 
this first integral with respect to the same point symmetry. Except for the simplest cases, 
the implementation of this algorithm is extremely difficult. Therefore, a different strategy 
will be followed; specifically, we will use the principle of similarity of one-parameter point 
groups in the plane and solve the problem for a selected simple symmetry (e.g., for an au- 
tonomous equation admitting the operator X = O,,), while indenting to extend the obtained 
result to an arbitrary point symmetry. 
1°. Let us compute point groups of equivalence for some subclasses of third-order equa- 


tions. Obviously, the group of equivalence for the whole class of third-order equations is 
the set of arbitrary invertible point transformations 


y= fie); g= g(t, u) (11.3.3.14) 
with a nonzero Jacobian 
D= A H) _ ta, — fuge £0. (11.3.3.15) 


Assuming t¢ in (11.3.3.14) to be the independent variable, we write out the formulas for 
the transformation of the derivatives: 


ae eum (11.3.3.16) 
Gt + Gut 


Yee = [(Gtfu — Gufe)tite + (Gufuu — Guufu)(te)P+ 
+ (9tfuu — Guudt + 2Guftu — 29tufu)(ue)?+ 
+ (Gufte — Gt fu + 29¢feu — 2Gtufe) tet 
+ ofie — geefe] (Gt + Gutte)~*, (11.3.3.17) 
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Uh 


Yore = {(Ge + Guile) (fuge — FeGu) tie + 89u(feGu — Fuge) (thee)? + 
+3[9¢(fuugu — fuguu) — Gulfrugu — fugtu) — Guu(fuge — f2Gu)]| (te)? tet 
+ 3[9¢(fuugt — feGuu) — gu(feegu — fugit) — 39tu(fuge — fig toilet 
+ 3[9¢(fiuge — fi9tu) — Gul fege — See) — gee (Fuge — Fegu)] tite+ 
+ [9u(fuuu9u — fuguuw) — 39uu(fuugu — fudur)] (ie)? + 
+ [9¢(fuuudu — Fuguun) + Gu(fuauge — fGuou + 3fruudu — 3fugeun)— 
— 691u(fuuIu — fugun) — 39uu(fuugt — feGuu + 2fiugu — 2fugen)] (ue)! + 
+ [9¢(fuuugt — ftGuun + 3fuutJu — 3fuguut)+ 
+ 34u(fttudu — fudttu + fruugt — ft9tun) — 69ut(fuuge — feduu + 2futGu — 2 fugtu)— 
— 3guulfegu — fugee + 2futge — 2ftGut) — 39 (fugu — Pia) (i) ° + 
+ [Gul feeGu — fugete + 3feuge — 3ft9ttu)+ 
+ 39¢(fitugu — fugteu + feuuge — AeGeun) — 69tu(ftegu — fugee + 2feuge — 2feGgut)— 
— 3g (fuuge — feGuu + 2ftugu — 2fugiu) — 39uu( Seg: — figu)| (aig)? + 
+ |gulge fete — fegeee) + 9e(Gulete — fugeee + 39¢fteu — 3fe9ttu) — 
— 36t(Gubte — fugit + 29tfeu — 2ftGtu) — 6Gtu( geet — Fegee)| tut 
+ 9(GeFuee — Gue fe) + 39u(fige — fage)} (ge + Gute). (11.3.3.18) 
Now, in order to find equivalence groups on a given subclass, we must find conditions 
for the form of the subclass to be preserved by using relations (11.3.3.16)-(11.3.3.18). First, 
let us find the equivalence group on the class of equations not involving the intermediate 
derivatives explicitly, 
Une =F (EU), (11.3.3.19) 
So we look for transformations of the form 


Vane = F (x,y) —> te = G(t, u). 
To this end, we require that the expression of the third derivative of the transformed vari- 
able (11.3.3.18) does not contain intermediate derivatives. It is clear that a necessary con- 
dition for that is g,, = 0, or g = g(t). By splitting expression (11.3.3.18) in powers of ii 
and w, we obtain a determining system for the transformation elements (functions f and g): 


Gu = 0, 
= 0, 
Fu (11.3.3.20) 
Stu — Guu = 9, 
367 fitu — 99tte fu — Ogrgitftu + 389% fu = 0. 
Solving the first three equations gives 
= g(t), 
x = g(t) (11.3.3.21) 


y=Cg'(t)ut h(t), 


where g(t) and h(t) are arbitrary functions of t and C is an arbitrary constant (C' ¥ 0). In 
view of (11.3.3.21), the last equation in (11.3.3.20) becomes 


2(9/)?gl" — 3g'(g)" =0. 
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Its solution is 


Ci 
a= t+Cy + Cs: 


Hence, the equivalence group for the class (11.3.3.19) consists of transformations of the 
form 


C. 
ome: G Si 
Won (11.3.3.22) 
= ——, + h(t), 
where C1, ..., C4 are arbitrary constants and h(t) is an arbitrary function of t. Very similar 


arguments lead to exactly the same result for the subclass of equations not involving the 
first derivative: 
Yorn = F(L;Y; Ven): (11,3.3.23) 
THEOREM |. Anarbitrary equivalence point transformation for the subclasses of third- 
order equations (11.3.3.19) and (11.3.3.23) has the form (11.3.3.22). 


For the subclass 
MW 


Vrnoae =F (2s Ver) (11.3.3.24) 


the equivalence group is much wider and has a functional arbitrariness. The last equation 
in system (11.3.3.20) disappears and the solution to the system becomes (11.3.3.21). 


THEOREM 2. An arbitrary equivalence point transformation for the subclasses of third- 
order equations (11.3.3.24) has the form (11.3.3.21). 


2°. Let us focus on the problem, stated in the previous section, for the subclass of third- 
order equations not involving intermediate derivatives, i.e., subclass (11.3.3.19). In view 
of the known equivalence group, first integrals can be sought for the simplest autonomous 
third-order equation 

ep hy. (11.3.3.25) 


1. There is an autonomous first integral linear in the derivative y”’,.: 


P= Ry, y,)y¥_ + Oy, y5)- (11.3.3.26) 


THEOREM 3. There is a nontrivial equation (11.3.3.25), with F(y) 4 0, having an 
autonomous first integral of the form (11.3.3.26). 


Remark 11.12. Theorem 3 does not prevent equation (11.3.3.25) from having linear first inte- 
grals. A counterexample is the nontrivial equation 


UL -1 


It has the linear first integral 


1 


which is however not autonomous. 
2. Now let us look, for equation (11.3.3.25), at the autonomous first integral quadratic 
I Yor ; 
P=RYYr) (Yer) + QU, Ve)Yee + SY, Yr): (11.3.3.27) 


344 GROUP METHODS FOR ODES 


THEOREM 4. The equation 
yt, = (ay? + by + 0)7*4, (11.3.3.28) 
where a, b, and c are arbitrary constants, is the only equation from class (11.3.3.25) that 
has an autonomous first integral quadratic in the second derivative. 
3. Autonomous first integrals of equation (11.3.3.25) cubic the second derivative. 
THEOREM 5. The equation 
yt. = (ay +b)? (11.3.3.29) 
is the only equation from class (11.3.3.25) that has a first integral cubic in the second 
derivative. 
3°. Let us focus on inverse problems for the subclass (11.3.3.24). In this case, there are 
equations that have a linear first integral. An example is equation (11.3.3.24) with 
Ry)? = 28'y, 
2R 
where F and S are arbitrary functions of y. The first integral is given by 


a (11.3.3.30) 


1 
P= Ryle — >Re) + 8. 


We will now look for subclasses having a quadratic first integral (11.3.3.27). Applying 
the direct method results in the determining system 
Ry, = 0, 
Ay, 7 Qy!, = 0, 
Ou, + Sy = —2RF, 
Sy¥, = —_ =r. 
From the third and forth equations of system (11.3.3.31), we obtain the consistency condi- 
tion 
T 1 T 5 1 
——_R u) Fy —2RF,= (rae +—R ) Phil He 18k) 
(< 9 YIX Va 7] (y!,)? 9 y 9 yyy ( i) YYIu 
which is a linear nonhomogeneous partial differential equation for F'(y, y’). Solving this 
equation leads to the following statement. 


(113.3351) 


THEOREM 6. The subclass of equations 

OR SN)? 2 pox (2 A T”. 4 
——spz We) aa — 4R2 Ye 
where u = = R-V2(y') os {TR dy, R and T are arbitrary functions of y, and ® is 


an arbitrary function iy u, is the only subclass of equations of class (11.3.3.24) having a 
quadratic first integral in y/,,.: 


m = R-3/2y/! '® ®(u) + 


Yorn 


(13339) 


1 
P= Ry")? + —5 Fy)’ + Tw) re 


1 (R’)? 1\4 _ RT 12 
+ a6 Re) [ewan (y/,)? + ——. (11.3.3.34) 
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Formula (11.3.3.33) gives all right-hand sides of equation (11.3.3.24) that possess the 
given property; in the special case T’ = 0, it becomes much simpler and 


2RR" — (R')? 
+ ——— 
8R? 


Remark 11.13. Of course, formula (11.3.3.33) contains (11.3.3.30), in which case the quadratic 
first integral is a quadratic form of the linear first integral. 


F = R-/49, (R-M4y,) (y',)°. (11.3.3.35) 


© Literature for Section 11.3: P. J. Olver (1986), G. W. Bluman and S. C. Anco (2002), A. D. Polyanin and 
V. F. Zaitsev (2003), N. H. Ibragimov (2010), V. F. Zaitsev and H. N. Huan (2013, 2014), V. F. Zaitsev and 
L. V. Linchuk (2014, 2015). 


11.4 Underdetermined Equations 


11.4.1. Preliminary Remarks 


Consider the differential relation 
y = Pay; pang Wl Wag day wh), (11.4.1.1) 


where y(x) and w(a) are some (unknown) smooth functions of the independent variable x. 
Relation (11.4.1.1) can be treated as an underdetermined differential equation or as a dif- 
ferential constraint between y and w. 

Underdetermined ordinary differential equations and systems of such equations arise 
when one searches for exact solutions to nonlinear partial differential equations with the 
methods of generalized or functional separation of variables as the original PDEs are re- 
duced to an underdetermined system of ODEs. Monge seems to have been the first to 
consider such systems when he was working on his geometric theory of PDEs (this is why 
such equations are sometimes referred to as Monge equations). Below is an example that 
illustrates such an ODE resulting from seeking generalized separable solutions to unsteady 
Navier-Stokes equations. 


Example 11.23. Consider the first-order equation 
yw, — wy!, + k(y? + w?) =0 (11.4.1.2) 
which relates y and w. We change to the new variables 
y=pcos§, w=-—psiné, 
where p = p(x) and € = €(x). As a result, we get the simple equation £', = k. It follows that 
y = p(x) cos(ka+C), w=-—p(x)sin(kx+C), (11.4.1.3) 


where p = p(x) is an arbitrary function and C is an arbitrary constant. 

Interestingly, if w = w(x) in (11.4.1.2) was treated as a given function, the equation would be 
a Riccati equation for y = y(a), whose general solution would be much more difficult to obtain. In 
this case, the solution is given either in implicit form or by two relations 


y +w*(r)=p'(z), w(x)/y = —tan(ke + C), 
which follow from (11.4.1.3). 
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11.4.2 Factorization Principle 


Let X be a linear operator of the form 


7) 7) 

ASO 0 te oes) om + U (x,y, w, yi, wh, .-) Bu" (11.4.2.1) 
Operator (11.4.2.1) is a Lie-Backlund operator in the space of variables (x, y,w). The 
functions ® and WV, dependent on arbitrarily high-order derivatives, are called the coordi- 
nates of this operator. 

The operator 


k 
F) 
= Di,(®)—~ + Di (v 11.4.2.2 
=D [POS + sO 5a (1.4.2.2) 


is called the Ath prolongation of operator (11.4.2.1). Here, D,. is the total derivative opera- 
tor defined by the formal series 


O SS 6) = ; 6) 
Ox y dy? py Ow? 


The Lie—Backlund operator (11.4.2.1) is admitted by equation (11.4.1.1) if 


X[yS? — F(e,y, Wye, We, 9 we) wh) || orig =O — (114.2.3) 
n oo = 
The transformation J, = Jy(x,y,w,... ye), wi) is called a kth-order differential 
invariant of operator (11.4.2.1) by virtue of equation (11.4.1.1) if 
X [Je] War = 9 (1.4.2.4) 


and |0.J,/Oy| + |0.Jn/Ow\| 4 0. 

Let the underdetermined differential equation (11.4.1.1) admit operator (11.4.2.1) and 
let J; denote the set of functionally independent invariants of order not higher that k of 
operator (11.4.2.1) by virtue of equation (11.4.1.1). The universal invariant is x = Jo € Jz 
for any k. 

By definition, equation (11.4.1.1) is factorized to the system 


G(x, 21,245 «+; hm) : queer zh) =), 
(7415414 Is ae 2x 2 eR (1.4.2.5) 
BDO aa, ls, Geis ae Ny 4= 1,2, 
with 71, 72,771, M2 < nor the system 
Gli ices 2h”) = 0, 
( 2 * ar a (11.4.2.6) 
22H YG soa Ue 0, Wey aay Wy iy 


with O < m < n, if system (11.4.2.5) or (11.4.2.6) is a consequence of equation (11.4.1.1) 
(in the sense that if y = y(a) and w = w(z) satisfy equation (11.4.1.1), they also satisfy 
system (11.4.2.5) or (11.4.2.6)). These systems are called factor systems. 

A factor system is a kind of Russian nesting doll in which the first equation is either 
an ordinary differential equation of order < n (system (11.4.2.6)) or an underdetermined 
differential equation of a reduced order (system (11.4.2.5)). The remaining equations of 
system (11.4.2.5) and (11.4.2.6) also have a simpler structure than the original equation. 
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THEOREM 1. Let the underdetermined differential equation (11.4.1.1) admit a Lie— 
Backlund operator (11.4.2.1) having a low invariant 


PEAT Y Ui csi, yS*), wh*?) EJ, (k<n). 


1. If DE" (2) |) = € Jn—1, then equation (11.4.1.1) is factorized to the system of 
two equations 


Z= H(2,y,w, EEG yw), 
Ze) = G(x; 2; oe kD), 


2. IF D3-*(2)|, op € In \ Int and 2* = H*(2,y,w, ..., ys”, w\”) is such that 


z* € Jn \ In—1 and the mappings x, 2, ..., Zr), z* are functionally indepen- 
dent, then equation (11.4.1.1) reduces to the system of three equations 

Z= H(z,y,w, annrery yw), 

a H*(2,y,w, snes) ys, wh), 


= G(2,z, ee a *)), 


THEOREM 2. Let the underdetermined differential equation (11.4.1.1) admit a formal 
operator (11.4.2.1) having two low invariants 


Zi = Hyg, y, wi; er yk), wii) EJx,, @=1,2, 


of order k; < n. Then 


1) if DI-™ (a1) |= then equation (11.4.1.1) can be represented 


as the factor system 


€ Int] yey 


a= Hy (z,y,w, ..., 8, we), 


zo = Ho(z,y,w, ..., yo”),we), 


(n—k1) __ (n—ky—-1) (n—kg—-1) 
zy = GP Bi, 22821, phy <8eg Py, iF 


for ky <n, 
a = Ay(a,y,w, ..., yf, wh), 
2fr) =G(Gj)Gij +5 gy, 


for kp =n; 


2) if DE-™(z,) | (yO) =F] and D?—*2(z9) | ym =F] © Jn \ In—1, then equation (11.4.1.1) 
is factorized to the system 


k k 
A= Hy (z,y,w, pas a ys YD wh »), 
k k 
22> Ho(z,y,w, ae ys >) wh ay), 
ofr) = G(a, 21, wor are) wa, sss zn) 


THEOREM 3. Let the underdetermined differential equation of order n (11.4.1.1) 
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1) reduce to the ordinary differential equation 


Zl) = GF. ee am) 
with the substitution 
am = Hy (2, y(z),w(a), ..., y¥? (x), wEY(2)), ki <n, 
where 0 < m, <n—ky; 
2) reduce to the underdetermined differential equation 
a) = GP Bie te, a, 22 Zo.yssey zm?) 
with a substitution of the form 
2 — A, (x, y(x), w(2), ae yf) (x), w(x), ky <n, 
Za = Hoa, y(a), wit), <4 y) (x), w) (a), ko <n, 
AU 5 dp -—l<m<n-ky, O0<mo<n- ko. 
dy 


Then the original equation admits a formal operator (11.4.2.1) such that all z; (« = 1, 2) are 
its invariants: z; € Jp,. 


11.4.3 Some Technical Elements. Examples 
Consider the first-order underdetermined differential equation linear in the derivatives 
y, + G(a,y, w)wi, + F(z,y,w) = 0 (11.4.3.1) 


and let us look for a point infinitesimal operator admissible by equation (11.4.3.1) and 
having the form 


X=€(2,y,w) Op + naz, y,w) Oy + G(2, y, Ww) Ow. (11.4.3.2) 


Note that, unlike first-order ODEs, the invariance condition for underdetermined differen- 
tial equations can be split into a system, because the independent variable w’, arises. 

The determining system consists of three equations, with the first one (the coefficient 
of (w’,)) satisfied identically and the other two expressed as 


Tw NyG Gl Gu GyG) FG £yG) +&Gz+ nGy CG =i, 
Ne = yl + Ge GF) + F(Ex Cyl) iy ly Cy = 0. 
Let us require that the functions J; = x and Jz = z = H(z, y, w) are invariants of operator 


(11.4.3.2), so that the second invariant is independent of derivatives. To this end, we rewrite 
operator (11.4.3.2) in the canonical form 


X = (1 — yz) Oy + (6 — wp) Ow 
and solve the characteristic equation 
dy — dw 
=o, C= ou, 
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or, by virtue of the original equation (11.4.3.1), 


dy dw 
n+&(Gui+F)  ¢-€ul,’ 


This equation must have the integral H(z, y,w) = C, so that Hy dy + Hy, dw = 0. Asa 
result, the characteristic equation becomes 


Hy (Ew, — 6) + Hy[n + €(Gw, + F)] = 0. 


After splitting with respect to the independent variable w’,, this equation gives two condi- 
tions 


Hy = GHy, n= €F —CG. 
Substituting the second condition in both determining equations gives another condition 
relating F’ and G: 
Fy + FG, — FyG — Gz = 0. 


This allows us to uniquely determine the coefficients of equation (11.4.3.1) in terms of the 
invariant H: 


He. A Ay 
F = —+-——®6(z,H =—_ 11.4.3. 


Thus, equation (11.4.3.1) is factorized to the system 


z,+ ®(z,z) =0, 


11.4.3.4 
z= H(2,y,w), : ’ 


if the coefficients of equation (11.4.3.1) satisfy conditions (11.4.3.3); furthermore, as one 
can easily see, these conditions are necessary and sufficient. 

If the first equation of system (11.4.3.4) has been integrated, the underdetermined dif- 
ferential equation (11.4.3.1) reduces to a functional (not differential) equation, the second 
equation of system (11.4.3.4). 

It should be stressed once again that the obtained result is absolutely independent of 
whether there are additional constraints between the variables y and w. One should only 
bear in mind that if there is such a constraint, the quantity w’ must be replaced with its 
value in terms of y and its derivatives. 


Example 11.24. The underdetermined first-order differential equation 
y, + G(x)w, + f(x)y + g(a)w + h(x) = 0 
with g(x) = G’(x) + f(x)G(a) admits the infinitesimal operator 
X = G(x)Oy — Ow 


and is factorized to the system 
2, + f(x)z + h(x) = 0, 
z=yt+Gi(a)w. 
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11.4.4 On Second-Order Equations 


This section will look thoroughly into some of the results following from the general theo- 
rems | to 3 as applied to second-order underdetermined differential equations. 


THEOREM 4. For the canonical infinitesimal operator 
X = [m(zx,y,w) — E(x, y, w)y,]Oy + [no(v,y, w) — E(x, y,w)w),]Ow, (1.4.4.1) 
admitted by the underdetermined second-order differential equation 
thn = F(a, y, W, Yo Wh, Wee), (1.4.4.2) 
to possess first-order differential invariants, it 1s necessary that 
1) for € # 0, the equation be linear in the highest derivative of w, so that 
Poa ttt Lye 70 Gap.) T= 12, T1443) 
or 
P= 90, +93, Py 70, m= gle, y,,9y,), 11,2, (11.4.4.4) 
with the last condition being also sufficient for the class of equations 


Go = Fay, a4, 


if the relation 


mix + (2m — Ey), )ye Gry + MY Iiw — mg + 
=f ie (hij = 6,05 = Eytl | VoPign + (m. + New + Ey) git 
+ (m — €Y%)(G1yt 92 — 91.92y" — 92w) — 9192 = 90 (11.4.4.5) 
holds; 


2) for € = 0, such invariants always exist. 


However, as mentioned previously, what is important is not only the existence of differ- 
ential invariants but also the dimensionality of the invariant basis admitted by the operator, 
since it affects the structure of the system to which the original equation is reduced. 

If the coordinate € in the operator (11.4.4.1) is zero, the invariant basis consists of 
two universal invariants, including Jo = x, and one first-order differential invariant. If 
the equation has the form (11.4.4.4) and condition (11.4.4.5) holds, the dimensionality 
of the invariant basis admitted by operator (11.4.4.1) equals two, as the basis consists of 
one invariant of the zeroth order Jo = x and one first-order differential invariant. This 
case is remarkable because the factorization of the underdetermined differential equation 
(11.4.4.1) reduces it to a first-order ordinary differential equation. If the structure of the 
original equation satisfies condition (11.4.4.4), the invariant basis contains one universal 
invariant Jo = x and no more than two first-order differential invariants; in addition, the 
following theorem holds. 
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THEOREM 5. For the canonical infinitesimal operator (11.4.4.1), with € 4 0, admitted 
by equation (11.4.4.2) to have two different first-order differential invariants, it is necessary 
and sufficient that the right-hand side of equation (11.4.4.2) have the form (11.4.4.3) and 
the functions f; and f satisfy the relations 


_ m—~EYe 
fi = ™ — ew,” 
Fifey, + fou, — 2D(fi) = 


Veo=h Whe +f 


Significant restrictions on the structure of invariants of point operators lead one to con- 
sider the Lie—Backlund operator; however, the algorithm for finding an admissible operator 
becomes more complicated. In general, such an operator can be written as 


X = exp (/ Cy ar) Oy + exp (/ } ar) Ow, (11.4.4.6) 


where ¢; and ¢2 can depend on z, y, and w and their derivatives of any order. For simplicity, 
we will give the case ¢; = ¢;(x, y, w, y/,, w,), i= 1, 2, a detailed consideration. Let us write 
out the determining equation for the underdetermined second-order differential equation 


Ve =P UG COs) (1.4.4.7) 


and operator (11.4.4.6): 


+ Fut.Co + Fu] exp { | — G1) ac} =0. (11.4.4.8) 


In splitting equation (11.4.4.8), we must take into account the structure of the nonlocal 
factor exp { f (C2 — G1) dx}. If the integrand is a total derivative of some function, the 
further reasoning is similar to that used in constructing the determining system for a point 
operator. Otherwise, if the integrand is not a total derivative, equation (11.4.4.8) should first 
be split with respect to the nonlocal variable. The invariant basis admitted by the operators 
found in the latter case can be chosen so that each invariant depends on either x, y, y/ or 
x,w,w’. The structure of the invariants of the basis affects the type of factorization of 
equation (11.4.4.7). 


Example 11.25. The underdetermined second-order differential equation 


yey = Cw,” + (dry + da)yl, + (xr t+ x2), + $ (dr + pia — pida)y?+ 
+ (a’ +a? —y2a)y+h(x,w), (11.4.4.9) 


where 1, W2, X1, X2, and a are sufficiently smooth functions of x and C € R, admits, under the 
condition that 2Cw!, + x1w + x2 # 0, the Lie-Backlund operator 


i. 
h 
X = exp | [ey + ayae| Oy + exp - / so a Ow. 
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Apart from the universal invariant x, this operator has two low invariants (two first-order differential 
invariants) using which, one can factorize the original equation to the system 


1 
“a =Y,- shy" =p; 
z= Cul,” +xiwui,+ xu’ +h, 


Zui, => (the = Q)z1 + 22. 


(11.4.4.10) 


The outer equation in this system is an underdetermined first-order differential equation. 


THEOREM 6. Equation (1 1.4.4.7) is factorized to the system 


co Ti(2,Y, Un), 
v= J?(z,w,w,), 
G(a,u,v,v',u’) =0, 
where 
OI (a, Ys Yr) OI? (x, w, Wy) 
Oy! Ou!, 
if and only if it admits operator (11.4.4.6) whose structural components ¢, and Cg satisfy 
the system 


C1» = Ug asi Fly =F (G1 — Pye )Gi = Fy = 0, 
Fry, Can + Fu, WeCaw + Fur, Weed, + (Fur + Foy, C2)C2 + Fw = 0. 


#0, # 0, 


The nature of the admitted operator itself may suggest that, on the manifold in question, 
the operator has only one first-order differential invariant and one universal invariant 2x. 
Then, according to Item 1 of Theorem 1, the original equation reduces to a system of two 
equations. It follows that the outer equation is surely a first-order ordinary differential 
equation; on solving this equation, we are guaranteed to reduce the order of the original 
equation by one. 


Example 11.26. The underdetermined second-order differential equation 
Waa + Wee + Ye)” + (wh)? + Yur + w)w,, = 0, (11.4.4.11) 


admits the nonlocal operator 
X= —- yt f (yy +i, + w) de ae 
Ow - . Oy 


The factor system has the form 


z= e%(yyl, + wi, +w 2), 
zi, = 0. 

Integrating the last equation yields a first integral of the original equation: 
e (yy, + w, tw—1)=C. (11.4.4.12) 


It follows that any underdetermined second-order differential equation (11.4.4.11) can be reduced 
to the underdetermined first-order equation (11.4.4.12). 
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Example 11.27. Let us look at the underdetermined differential equation 
Yon = Cyn)” + (iy — Chow + v3)y, + pow’, + Hiw + Ho, 


where C' 4 0, W1, we, and w3 are sufficiently smooth functions of x, a2 4 0, and H; and Ho are 
given by 


1 
Ho = ~ Ga? {as exp(Cy) + [C(diy + Ys) + di] (Cag + an’ )ar 
+ [C(di'y + v3) + v1 ]ar? + C(ayay + Cay’a3 + Cayas! + Cas”)}, 
Fis w2ay! + Wo'a1 + Cyra3 
1 — SS oe 


ay 
with a; =a;(x),i=1, 2, 3, anda; #0. Using the classical algorithm for solving a direct problem, 
we find a family of admissible point operators whose canonical form is 
X = (m — £yi,) Oy + (m2 — Ew) Ow, 
and the coordinates are 
g = 1, 
m = gexp(Cy) + a3, 
(gexp(Cy) + a3)Cuow — N — (Aw 4+ Hp)ar 
W2 


where JV is given by 


1 
N= a [(diy + vs)arg + a1'g — arg’ + Cgas| exp(Cy) 


+ (wiry + vs3)arasz t ay'a3 a1a3/ } Ca3"}, 


and g = g(x). The basis of the zeroth- and first-order invariants consists (regardless of g and, 
in particular, for g = 0) of two functions: the universal invariant x and one differential invariant. 
Therefore, the equation is factorized to the system 


_— Car(yt, — pow) + Cdrary + (u1 + Cy3)a1 + C(Caz + a4) 
7 C?a 1 exp(Cy) 


, , & +Cag ag 
iM QA C2a? 


The second equation involves only one dependent variable, z, with respect to which it is a first-order 
linear differential equation, which is always solvable. 

The admissible Lie algebra is infinite-dimensional, consisting of a one-dimensional subalge- 
bra L, and an infinite-dimensional subalgebra L., defined by the operators 


Ede ai Joy: (Cyow — diy — W3)a103 — atag +105 — Cag _ 
=o a) ?y 
Y2Q1 


_ (Hw + Ho)or —~ av’, Ca 


i) 


and 


2,1: [(Cyow — diy — Ys)arg — ag + arg! — Cgas| exp(Cy) 
he I C0 
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The factorization obtained using the operator X, is specified above. The invariant basis of the 
second operator, Xo, consists, unlike X1, of three invariants: two universal invariants and one 
differential invariant. The system to which the original equation is reduced has the form 


: Coy, +g 
1 = > 
Cg exp(Cy) 
ae Carg(wiy — Chow + 3) + diag + C?a3g — Caig’ + Caig 
: C? 2019 exp(Cy) 
Cyya3 + woa', + Wha Ca3 +a‘ a 
zy + waz + Ceca Uren Va : = 7 be i Zl + = v 22 Cok = 0. 


With the change of variable z = z, + 222, we can reduce the original equation to a first-order 
ordinary differential equation, which is obtained by using the operator X,. 


© Literature for Section 11.4: L. V. Linchuk (2001), V. I. Elkin (2009, 2010), A. D. Polyanin and V. F. Zaitsev 
(2012), V. F. Zaitsev and L. V. Linchuk (2014), A. D. Polyanin and A. I. Zhurov (2016c). 


Chapter 12 
Discrete-Group Methods 


12.1 Discrete Group Method for Point Transformations 
12.1.1 Classes of ODEs with Parameters. Discrete Group of Point 
Transformations 
Consider transformations of the class of ordinary differential equations 
y = Fa yenngg a), (12.1.1.1) 


whose elements are uniquely defined by a vector of essential parameters a. 
Any set of invertible transformations 


c=f(t,u), y=g(tu)  (fgu— fuse #9), (12.1.1.2) 
mapping each equation of class (12.1.1.1) into some (other) equation of the same class 
ul”) = F(t,u,...,uh"-”),b), (12.1.1.3) 


and containing the identical transformation is called a discrete point group of transfor- 
mations admitted by the class (12.1.1.1). Transformation (12.1.1.2) maps any solution of 
equation (12.1.1.1) to a solution of equation (12.1.1.3). Therefore, knowing the discrete 
group of transformations for some class of equations and having a set of solvable equations 
of this class, one can construct new solvable cases. 

Point transformations (12.1.1.2) can be found by a direct method—namely, if one sub- 
stitutes an arbitrary transformation of the form (12.1.1.2) into equation (12.1.1.1) and im- 
poses condition (12.1.1.3), one arrives at a determining equation containing partial deriva- 
tives up to order n of the unknown functions f and g and having variable coefficients 
depending on x, y, y/,,..., yr), Since the functions f and g do not depend on the deriva- 
tives, the determining equation can be “split” with respect to the “independent” variables 
a yo and we obtain an overdetermined system which is nonlinear, in contrast to 
that obtained by the Lie method (see Section 11.1.1). 


12.1.2 Illustrative Examples 


Example 12.1. For second-order equations 
Vou = F(z, Y, Ys); (12.1.2.1) 
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the substitution of (12.1.1.2) into (12.1.2.1) yields 


(ftgu — Gifu )tee + (fugue — Guru)” 
+ Few — Gilat 2 fugu — 2gufue) (uy)? 
+ (fugtte — Gufte + 2fteGute — 29¢fur)uz + fegee — oe fee 


cil. / 
= (fit ir (7, 9; a a). (12.1.2.2) 
fet fury 
Let us require that the transformed equation (12.1.2.2) belong to the class (12.1.2.1), ie., 
uy, = F(t,u, uz, b). (12.1.2.3) 


Condition (12.1.2.3) imposed on the determining equation (12.1.2.2), i.e., the replacement of uj, by 
the right-hand side of equation (12.1.2.3), leads us to the relation 
(figu = fu) F(t, U, Ut, b) = (Bun = Gutun Gig) 
+ (Fegun — Gt fun + 2fugur — 29u fut) (ue)? 
+ (fugit — Gufte + 2feGut — 2Gefuc)uy + Seger — Ge Fee 
mi / 
= (fe+ furl) F (f,9, 2S a), (12.1.2.4) 
fet fut 
which contains the “independent” variable u,. Expanding the function F into a series in powers of 
u;, we can represent (12.1.2.4) in the form 


S~ Pe (x,y, Lf]. (al) (ut)* = 0, (12.1.2.5) 
k=0 


where the symbols [f] and [g] indicate dependence on the functions f, g and their partial derivatives 
involved in (12.1.2.4). The sum in (12.1.2.5) is finite if F’ is a polynomial with respect to the third 
variable [for a polynomial of degree n > 4, both sides of the equation must be first multiplied by 
(fe + fu)” 3]. Condition (12.1.2.5) is satisfied if the following equations hold: 

P,=0, k=0,1,2,... 


Example 12.2. Consider a special case of equation (12.1.2.1) with the right-hand side indepen- 
dent of the derivative y/,: 
Veo = F(z, y, a). (12.1.2.6) 


Relation (12.1.2.4) has the form: 


(ftdu — 9tfu) F(t, u,b) + (fugue — Gutuuli)? + (fiGuu — 9tfuu + 2fugut — 2gu fut) (uy)? 
+ (fugee — Gufte + 2ftgue — 29efus)uy + frgee — eter = (fe + fut, PFC, 9,8). 


In this case, the sum (12.1.2.5) is finite and the determining system has the form: 


Suduu — Gufua = ARF(f.9,4); 

FeQuu — Gefuu t+ 2fugut — 29ufue = 3h FoF (SF, 9,4), 
fuget — Gufte + 2ftgut — 29 fut = Si; ful GG: @), 
fegee — oe fee + (ft9u — 9efu)F (t, u,b) = fF (f,9,a). 


It can be shown that for fi fugigu 4 0, solving system (12.1.2.7) is equivalent to solving the original 
equation (12.1.2.6). 

Consider the case f,, = 0. In this case, the first equation of the system holds identically and the 
system becomes 


(12.1.2.7) 


FGa =0, 
Gufs — 2figut = 9, (12.1.2.8) 
Figet — afte + figuF (t, u, b) = fPF(f, 9,8). 
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Since f/ 4 0, the first two equations yield 
g(t,u) =T(tu+O(t), ff =Cl[ri). (12.1.2.9) 


Substituting (12.1.2.9) into the last equation of system (12.1.2.8) and “splitting” the resulting rela- 
tion with respect to powers of the “independent” variable u, we obtain a new system of (ordinary) 
differential equations. Solving this system, we find the unknown functions T’ and 0, and finally, the 
desired discrete group of transformations. In order to give calculation details, one has to know the 
specific structure of the function F(x, y), for in the general case it was only shown that any discrete 
point group of transformations of equation (12.1.2.6) for f,, = 0 consists of Kummer—Liouville 
transformations (12.1.2.9). 


Example 12.3. Consider the generalized Emden—Fowler equation: 
yf, = Axty™ (yi). (12.1.2.10) 
Here, a = {n, m, 1} is the vector of essential parameters, and A is an unessential parameter (it can 


be made equal to unity by scaling the independent variable and the unknown function). 


1°. First, we note that equation (12.1.2.10) admits a discrete group of transformations determined 
by the hodograph transformation, i.e., by passing to the inverse function: 


c=u, y=t, where wu=u/(t). (12.1.2.11) 


This transformation is a consequence of the invariance of equation (12.1.2.10) with respect to the 
transformation x <—> y, n <> m, 1 <—> 3—1, A+ —A (note that the hodograph transformation 
changes the sign of the unessential parameter A). Denoting the transformation (12.1.2.11) by F, let 
us schematically represent its action on the parameters of the equation as follows: 


{n,m, I} —+ —-- 7 {m, n, 3-1} transformation F. (12.1.2.12) 


Double application of the transformation F yields the original equation. 


2°. For | = 0, equation (12.1.2.10) is of the class (12.1.2.5), and the last equation of system (11) 
becomes 


[TT;, — 2(T/)?]u + TOY, — 2T{0) + BT?t’u" = AC?(Tu+ 8)" fF", (12.1.2.13) 


where v, j, and B are the parameters of the transformed equation u//, = Bt’ u", and 


f(t) =C f(r (oat. 


Let m, #0, 1, 2. Then relation (12.1.2.13) is possible only if Q(t) = 0. Splitting with respect 
to powers of u leads us to the system: 
TT. =2r =o, 


1514 
Be SAC Tf \ ) 


By integration we find that T = t~', f = t~1 (to within unessential coefficients). Thus, we arrive 
at the transformation 
a=t', y=t-'u, where u=u/(t). (12.1.2.15) 


Denoting the transformation (12.1.2.15) by H, let us schematically represent its action on the pa- 
rameters of the equation: 


{n, m, O} < > {-n—m— 3, m, 0} transformation H. (12.1.2.16) 


Double application of the transformation H yields the original equation. 
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3°. Let 1 = 0 and m = 2. Then, yw = 2 and the splitting procedure for equation (12.1.2.13) yields 
the system of three equations: 


TT —2(T/)? = 2AC?T*@ f”, 
TOY, — 27/0; = AC?T°O? Ff", 
Bi? = AC?T® f". 
Its solution gives us the transformation 
g=t', y=t*u+at® transformation of the variables, u = u(t); 
{n, 2, 0} —————> {v, 2, 0} transformation of the vector of essential parameters; 
where we use the notation: 


=4 
r = (8n2+40n+49)1/2, kaW 


1 

a. os xn + 5) — 5], 
(n + 2)(n+3) 
4 

Example 12.4. Likewise, for the more general class of equations 

Ura = F(a)g(y)h(ye) 

we find two transformations of the variables: 

F:i{figh} + -- 3 fg, f,—-(y,)?aC/y,)} transformation (12.1.2.11); 

H:{f,y™ 1 co Ofte 3 fe"), y™, 1 transformation (12.1.2.15). 
©) Literature for Section 12.1: V.F. Zaitsev and A. D. Polyanin (1993, 1994), A. D. Polyanin and V. F. Zaitsev 
(2003). 


(12.1.2.17) 
s=-—r(n+2), a= 


12.2 Discrete Group Method Based on RF-Pairs 


12.2.1 General Description of the Method. First and Second RF-Pairs 


The direct method (see Section 12.1) is unsuitable for finding nonpoint transformations of 
second-order equations (i.e., transformations containing derivatives), since the determin- 
ing equation cannot be split into equations forming an overdetermined system. There- 
fore, instead of searching for Backlund transformations in the form of arbitrary functions 
x = f(t,u,ut), y = g(t, u, u}), one uses the superposition of some “standard” transforma- 
tion containing the derivative and a point transformation which can be found by the direct 
method. The “standard” dependence on the derivative can be introduced by means of an 
RF-pair, which amounts to a transformation of successively increasing and decreasing the 
order of the equation (this transformation is not equivalent to the identity transformation). 
An additional point-transformation is necessary, since the equation obtained by an RF-pair 
is usually outside the original class. 


1°. Suppose that any equation of the original class can be solved for the independent vari- 
able x: 

FY, Yn1 You) = ©. 
Termwise differentiation of this equation with respect to x yields the following autonomous 


equation: 
OF, OF, | OF y 


whose order can be reduced with the substitution y/, = z(y). This pair of transformations 
is called a first RF-pair. 


=1, 
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2°. Suppose that any equation of the original class can be solved for the dependent vari- 
able y: 

F(2, Yes Yra) = Y- 
Then, termwise differentiation of this equation with respect to x brings us to the following 
equation which does not explicitly contain y: 


OF OF , On Wy j 
+ / Vow " Vern — Ye: 
Ox Oy, OY ie 


The order of this equation can be reduced by means of the substitution y/, = z(x). This 
pair of transformations is called a second RF-pair. 

Table 12.1 lists the main Backlund transformations for second-order differential equa- 
tions, which are useful in conjunction with point transformations in searching for an equa- 
tion of a given class. 


TABLE 12.1 
Main Backlund transformations for second-order differential equations 


Algebraically transformed 
Original equation (equivalent) equation, 
differentiated w.r.t. x 


F(2,Y, Ye, Yer) = 0 ®(y, Ye, Yor) = 2 


Peggati=0.'| suatalta 


where oc” en v), 
v = 2z(mw + n)w, + w? —w 


ae _ 2(aw +n) 42 = (Bw + m)o, 
arene O( a! where e= ®(z, w, v), 
Yor Yau v= z(aw + n)w, — Ww 


2(nw + a) = (mw + B)® 
where o P(z,w,v), 
v= z(nw+a)u, + wu? 


Remark 12.1. To look for equations of a given class listed in Table 12.1, one can use the 
Backlund transformations in conjunction with point transformations and contact transformations 
described in Section 1.9; see Example 12.8 for a similar combination of transformations as well as 
the Legendre transformation. 


12.2.2 Illustrative Examples 


Example 12.5. Consider transformations of the class of generalized Emden—Fowler equations: 
yf, = Ax” y™ (yi). (12.2.2,1) 


This class will be briefly denoted by the vector of essential parameters {n, m, /}. Application of 
the first RF-pair transforms this equation to 


l—n—-1 


n—-1 
“lf tnAnyne a n (z)on. (173 9.9) 
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Now we have to find a point transformation that maps class (12.2.2.2) into class (12.2.2.1) (with 
another vector of parameters): 
1 = Bia)" (12.2.2.3) 


Note that in this case, the desired transformation does not map the given class into itself as in 
Section 12.1, but is a mapping of the equation classes (12.2.2.2) —+ (12.2.2.1). Nevertheless, the 
method for finding transformations 


y=f(t,u), z=g(t,u) (ftgu — fuge #9) 


is completely the same and involves solving the determining equation: 


(figu = ot fu) Bt” uh (ui) a (FuSiin = Galena + (fiGuu — Gtfuu + 2fugut — 2Guifut) ie) 


I-1 
+ (fugee — Gute + 2f:Gue — 29¢fut)u, + fegee — 9efee = — + fut) (ge + gut)? 
m 


Fa 


l—-n—-1 1 n—1 


il: m 
(fe + fu)? (ge + guut) +nAn fing (fe+ fuuy) ™ (get guy) . 
(12.2.2.4) 


Following the procedure set out in Section 12.1, we omit the general case fi; fugigu A 0 and consider 
transformations for which at least one of the above partial derivatives is zero. 


1°. Case fu = 0, gt = 0. Equation (12.2.2.4) has the form 


aT fel dua)? (te)? 
g 


2 ; Lom t-n-1 2n+1 n-1 n—1 
(fe) Guu, +nAnfng (ft) ™ (gu) ™ (ut) ™ . 


Bfigut”u" (uy) alr Fiesly = Gufeeuy = 

m 
2 
and forn # 0, —1, A 4 1, 2 can easily be solved by splitting, 


1 


1 
f=tmtl, g=ul-2, 


As a result, using an RF-pair, we obtain: 


1 1 
a=(u)rn, yo=tmt1, yi =u2l transformation of variables; 
= a (12.2.2.5) 
{n, m, I} H+——> one a “~——} transformation of parameters, 
where u = u(t). 
2°. Case f; = 0, gy = 0. Similar calculations bring us to the formulas: 
1 1 i 
z=(u,) 7, y=umt, yf =¢2-1 transformation of variables; 
i aa wee (12.2.2.6) 


{n, m, I} ———> { \ transformation of parameters. 


1-l’ n+l’ ™m 
Transformation (12.2.2.6) can be obtained by successive application of transformation (12.2.2.5) 
and the hodograph transformation F (see Example 12.3, Item 1°). 

The inverse transformations have a similar structure. For instance, the inverse of transformation 
(12.2.2.5) can be written (after changing notation) as follows: 

ans ak, == 
c=urtl, y=(u) m, yi,=ti-t, where u=u(t). (12.2.2.7) 

Denoting the transformation (12.2.2.7) by G, let us schematically represent its action on the param- 
eters of the equation: 


1 n 2m+1 : 
} transformation G. (12.2.2.8) 


; {— = 
Le 1-l’ n+l’ ™ 
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oF Til 1 math 
Pr ne er er 


TT faba \ 
tia 1 wh 


fe a — \ 
(m,n, 3—¢} atl’ [—-f) om 


| i 2m— 1 > 
far, my tf {, ' ” * 


m-— 10 Fh 2 


F 


Figure 12.1: Parameters of the original and the transformed equations of the form (12.2.2.1) 
are obtained by superposition of the transformations G and F. 


Applying the transformation G three times, we obtain the original equation. 

It can be shown that all transformations which can be found from equation (12.2.2.4), without 
additional restrictions on the parameters of the original and the transformed equations, are obtained 
by superposition of the transformations G and F (see Example 12.3, Item 1°), which form a group 
of order 6. The parameters of these equations are given in Figure 12.1. 


Example 12.6. Suppose that / = 0 in equation (12.2.2.1). Then, on the class of Emden—Fowler 
equations 
Yon = Avry™ (briefly denoted by {n, m, 0} ), (12.2.2.9) 


one can define the transformation H (see Example 12.3, Item 2°). Therefore, in this case, the group 
considered in the previous example is prolonged to a group of order 12 (see Figure 12.2). 

This prolongation takes place each time the third component of the parameter vector becomes 
equal to zero. This happens, for instance, if m = 1 in equation (12.2.2.9). In this case, the order of 
the group is equal to 24 (see Figure 12.3). 


Example 12.7. The class of second-order equations 
Yaw = F(x)g(y)A(y;) (12.2.2.10) 


admits a discrete group of transformations similar to that for the generalized Emden—Fowler equa- 
tion. Most simply, this group can be obtained by inverting the transformation (12.2.2.6). Thus, we 
seek the parameters of the transformation as functions of a single variable, 


c= (uj), y=V(u), Ye =x(t)- 
Introducing a point generator F (see Example 12.3, Item 1°), we find a discrete group of trans- 
formations relating the equations shown in Figure 12.4. The functions fi (a1), gi(yi), hi(yt,) 


determine the original equation, while the corresponding functions for the transformed equations, 
fr (&k), 9k (Yr), he(yi.,) With k = 2, 3, are determined by the parametric formulas: 


_ dw, 
fo(v2) = w1, IQ = / halon): 
g2(y2) = : ; m= f filer)ar (12.2.2.11) 
fil) 
ho(w2) = — : dg: 2= : 


[91(y)]° dy,’ gi(y1) 
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Figure 12.2: Parameters of the original equation (12.2.2.9) and the transformed general- 
ized Emden—Fowler equations of the form (12.2.2.1) are obtained by superposition of the 
transformations G, F, and H. 


and ; 
f3(x3) = £3 = [otndan, 
gi(y1) 
1 Wi dw, 
epee = Oa) 
93(ys3) an Y3 / hana) ( ) 
d 
h3(w3) = a w3 = fi(x1), 


where we = Yz,.k = 1, 2, 3. 

The above example enables us to eliminate “singular points” of the group of transformations 
defined by (12.2.2.7) for n = —1, m = —1,1 = 1, 2. For these values of the parameters, the form 
(12.2.2.10) and the transformations (12.2.2.11), (12.2.2.12) should be used. 


©) Literature for Section 12.2: V. F. Zaitsev and A. D. Polyanin (1993, 1994), A. D. Polyanin and V. F. Zaitsev 
(2003), V. F. Zaitsev, L. V. Linchuk, and A. V. Flegontov (2014). 
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Figure 12.3: Parameters of the original equation (12.2.2.9) with n = 1 and the transformed 
Emden—Fowler equations of the form (12.2.2.1) are obtained by superposition of the trans- 


formations G, F, and H. 
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Figure 12.4: Parameters of the original and the transformed equations of the form 
(12.2.2.10) are obtained by superposition of the transformations G and F. 
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12.3 Discrete Group Method Based on the Inclusion 
Method 


To construct generators admitted by a certain class of ODEs, one can take advantage of 
the inclusion method. It was used above (Example 12.7) to extend the group admitted by 
the class of generalized Emden—Fowler equations to a wider class (12.2.2.10). Let us look 
at the reverse situation: suppose we study a class of equations DE, admitting a discrete 
group Gj, which is enclosed in another class, DE, admitting a known group G2 such that 
part of its generators are not contained in G';. Then, there is a possibility (not guaranteed) 
that some combination of the generators of G2 will be closed on class DE}. 


Example 12.8. It is clear that the class of generalized Emden—Fowler equations is enclosed in 
the four-parameter class 
l k 
Yeo = At” y™ (ye) (2¥e —¥) 5 
whose element will be denoted [n,m, 1, k]. The generators F and H are closed on this class, but 
the generator G is not. However, an additional generator £ can be introduced using the tangential 
Legendre transformation: 


F: x=u, y=t, [n,m, 1, k] —> [m,n,3-l—k, k], 
H: xcx=1/t, y=u/t, [n,m,l,k] —> [-n—m—3,m, k,l], 
L: c=u, y=tu,—u, [n,m,l,k] — [-l,-k,—-n,-—m]. 


The structure of the group becomes obvious if we use the minimal group code (minimal basis of the 
group) and introduce the new generator P = HL: 


1 tu, —u 

Pp: I 

p x “7? y 7 ? 
Ut Ul; 


[n, m, 1, k] —> [—k, -—l,n+m-+3,—ml]. 


Then P° = E and we obtain a group of order 12. 

Obviously, for = 0 and m-+n-+3 =0, the graph of the group will have two new vertices, which 
correspond to generalized Emden—Fowler equations, with the transformation P? = Q defining a new 
partial generator on the class concerned: 


U; 1 


QO: r= y {—n-—m-—3,m,1} —> {-1,1—3,m+3}. 


tu, —u’ tu, —u’ 


©) Literature for Section 12.3: V. F. Zaitsev and A. D. Polyanin (1993, 1994), A. D. Polyanin and V. F. Zaitsev 
(2003), O. V. Zaitsev and Z. N. Khakimova (2014), V. F. Zaitsev, L. V. Linchuk, and A. V. Flegontov (2014). 
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Chapter 13 


First-Order Ordinary 
Differential Equations 


13.1 Simplest Equations with Arbitrary Functions 
Integrable in Closed Form 


@ No special cases of equations 13.1.1—13.1.5 for specific functions f, fo, fi, fn, and g 
are discussed in this book; such cases can readily be recognized by the appearance of 
equations investigated, and the solution can be obtained using the general formulas given 
in Section 13.1. 


13.1.1. Equations of the Form y’ = f(x) 


Solution:' y = [t@ dz+C. 


13.1.2 Equations of the Form y’ = f(y) 


dy 
Solution: x2 = / — +C. 
f(y) 


Particular solutions: y = Az, where Aj, are roots of the algebraic (transcendental) equation 
f (Ag) = 0. 


13.1.3 Separable Equations y’ = f(x)g(y) 


d 
Solution: ie - [t@ dxz+C. 

gy 
Particular solutions: y = Az, where A, are roots of the algebraic (transcendental) equation 
g(Ak) = 9. 


Remark 13.1. The equation of the form fi(x)gi(y)y), = fo(x)go(y) is reduced to the form 
13.1.3 by dividing both sides by fig1. 


tHereinafter we shall often use the term “solution” to mean “general solution.” 


367 


368 FIRST-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


13.1.4 Linear Equation g(x)y’, = fi(x)y + fo(x) 


Solution: 


= Ce" +eF --F fol) x where r)= f(z) x 
yee feck ds, where Ra) = f OO dr 


13.1.5 Bernoulli Equation g(x)y’, = fi(x)y + fn(x)y” 


Here, n is an arbitrary number. The substitution w(a) = y'~” leads to a linear equation: 
g(x)w, = (1 —n)fi(w)w + 1 — 2) fr(2). 
Solution: 


ge Pate Lae nye fer HO dz, where F(x) =(1- n) | 


fiz) 4. 
g(x) i 


g(x) 


13.1.6 Homogeneous Equation y’ = f(y/z) 


The substitution u(a) = y/x leads to a separable equation: xu, = f(u) —u. 
Solution: / Oe In|z|+C 
SJ flu)-u 


Particular solutions: y= A,x, where A, are roots of the algebraic (transcendental) equation 


Ap — f (Ak) = 0. 


13.2 Riccati Equation g(x)y’, = fo(x)y? 4+ fi(x)y + fo(x) 
13.2.1 Preliminary Remarks 


For f2 = 0, we obtain a linear equation (see Section 13.1.4); and for fo = 0, we have a 
Bernoulli equation (see Section 13.1.5 with n = 2), whose solutions were given previously. 
Below we discuss equations with fo fo ¥ 0. 


1°. Given a particular solution yo = yo(x) of the Riccati equation, the general solution can 
be written as: 


y=w(a)+(2)[C- [22 ao], w@)=c0f f Phlerwte)+Ale)] I. 


To the particular solution yo(2) there corresponds C' = oo. 

Often only particular solutions will be given for the specific equations presented below 
in Sections 13.2.2-13.2.8. The general solutions of these equations can be obtained by the 
above formulas. 


2°. The substitution 


aus) = exp(— By dx) 


reduces the Riccati equation to a second-order linear equation: 


fog?une + 9| fog — 9(f2)2 — fifolu + fofzu = 0. 


The latter often may be easier to solve than the original Riccati equation. Specific second- 
order linear equations are outlined in Section 13.2. 
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13.2.2 Equations Containing Power Functions 
> Equations of the form g(x)y’, = fo(x)y? + fo(2). 


1. yf =ay?+brt+e. 
For b = 0, we have a separable equation of the form 13.1.2. For b ¥ 0, the substitution 
bt = bx +c leads to an equation of the form 13.2.2.4: y; = ay? + bt. 


2. yf = y? — a?x? + 3a. 


Particular solution: yo = ax — a !. 


3. y =y?+az7+br+e. 
This is a special case of equation 13.2.2.27 with a = 0 and 6 = 0. 


4. y! = ay? + bx”. 
Special Riccati equation, n is an arbitrary number. 
1 wt 1 1 
Solution: y = Ne where w(x) = /x (eee (~Vabx*) + CoY1 (<Vaba*)], 
aw oR \k on \k 
k = 3(n + 2); Jm(z) and Y;,(z) are Bessel functions, n # —2. For the case n = —2, see 
waneion 13,2.2.13. 


= y? +ana”—* — a?x?”. 


Particular solution: yo = ax”. 


6. y’, = ay? + ba?" + ca™}~7 


For the case n = —1, see equation 13.2.2.13. For n # —1, the meena fc 
1 
| sn =ya~™ leads to an equation of the form 13.2.2.38: Ene +aén?+ y= = 
m+ 1 P n+1 
b : 
oT at 


7. yf =ax"y? + br”. 


du a n+1 
lution: Vablonz = | —————— h =F = 
Solution ablnz | a tO were rh y, B= Ja 


8 y= ax”y* + ba™ 
1°. Forn 4 —1, the substitution € = x”"*+! leads to a Riccati equation of the form 13.2.2.4: 


Pr sm ee b endl 
fo ea n+1 ; 


2°. Forn = —1 and m # —1, the transformation ¢ = x™+t!, w = —1/y leads to a Riccati 
b 
tion of the form 13.2.2.4: wh = w? + = 
equation of the form We =r ae ae 
3°. Forn = m = —1, the original equation is a separable equation. In this case we have 
d 
the solution: In|z| = — +C 
ay? +b 

9 yf =y?+k(ax +b)"(ca +d)" *. 

b 1 
The transformation € = —. w= A llce + d)*y + c(cx + d)|, where A = ad — be, 


leads to an equation of the form 13.2.2.4: Ug =u? + kA 2é, 


370 FIRST-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


10. yf = ax”y? + bma™— 1 — ab*a"t?™, 

Particular solution: yo = bx”. 

11. yf = (ax?" + bx" ")y? +. 

The substitution y = —1/w leads to an equation of the form 13.2.2.6: w!, = cw? + ax?” + 
ba. 

12. (ax + b2)(y!, + Ay”) + aox + bo = 0. 

The substitution Ay = u/,/u leads to a second-order linear equation of the form 14.1.2.108: 
(agx + bo)ull,. + A(apx + bo)u = 0. 

13. xy’ = ax*y” + b. 


r ax 
lution: y= 2 — 20d (_ 
Panne Gy x 2a\ +1 


equation aA? ++ \+b=0. 


41. 
Aen + c) , Where A is a root of the quadratic 


14. x?y! = xy? — a?z* + a(1 — 2b)x? — b(b+ 1). 
Particular solution: yo = ax + bat. 
15. x?y’ = ax*y? + ba" +c. 


The substitution w = xy +.A, where A is a root of the quadratic equation aA? — A+c=0, 
leads to an equation of the form 13.2.2.35: xw!, = aw? + (1 — 2aA)w + ba”. 


16. x?y! = x? y? + ax?™(ba™ +c)” + (1 —n?). 
1—m 
2bm 


; 1 , 
The transformation € = bx™ +c, w = —al™y + x" leads to an equation of 


m 
the form 13.2.2.4: wy = w? + a(bm)—7é. 


17. (cox? + box + az)(ys, + Ay”) + ao = O. 
The substitution \y = u/,/u leads to a second-order linear equation of the form 14.1.2.179: 
(cox? + box + ag)un, + Aaqu = 0. 
18. aty! = —axty? — a?. 
1 
Solution: y= —+ S tan(= + C). 
a 2 
19. ax?(x —1)?(y, + Ay?) + bx? +cx+s8=0. 
The substitution \y = u/,/u leads to a second-order linear equation of the form 14.1.2.218: 


ax?(x —1)?ull,, + A(bz? + cx + 8)u =0. 
20. (ax? + br +c)?(y, ty?) +A=0. 


The substitution y = u/,/wu leads to a second-order linear equation of the form 14.1.2.234: 
(ax? + br + c)?ull,, + Au = 0. 
21. gritty! = ax?" y? + ca™ + d. 


The substitution w =a”"y+ A, where A is a root of the quadratic equation aA? —nA+d=0, 
leads to an equation of the form 13.2.2.35: rw, = aw? + (n — 2aA)w + cx™. 
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22. (ax” + b)y’, = by? + ax"~?. 
Particular solution: yo = —1/z. 
23. (ax + ba™ + c)(y!, — y?) + an(n — 1)a2"-? + bm(m — 1)a2™? = 0. 


anx”™—! + bma™1 


Particular solution: yo = — 
ax™ + ba™+e 


> Other equations. 


24. yf =ay?+ by+cr+k. 
/ 
The substitution y = — 72 leads toa second-order linear equation of the form 14.1.2.12: 


wy, = bul, — a(ca + k)w. 

35. y =y?+ax"y+ax”'. 

Particular solution: yo = —1/z. 

26. y= y? + axn"y + ba}, 

The substitution y = —w/,/u leads to a second-order linear equation of the form 14.1.2.45: 
ull — ax"ul, + ba™—lu = 0. 


27. yf, = y? + (ax + B)y + ax? + ba +c. 
The substitution y = —u/,/u leads to a second-order linear equation of the form 14.1.2.31: 
ur, — (ax + B)ul, + (ax? + br +c)u =0. 


23. y= y? + ax”y — abx” — b?. 
Particular solution: yo = b. 


29. yy) = —(n+ Lay? + aa? t™ tly — ax™. 


Particular solution: yo = «~"~1. 


30. yf, = ax”y? + bay + bea™ — ac*x”. 

Particular solution: yo = —c. 

31. yf, = az” y? — ax”(ba™ + c)y + bma™. 

Particular solution: yo = ba” +. 

32. ¥ = —anx” ty? + ca™(ax” + b)y — ca™. 

Particular solution: yo = (ax" + b)~'. 

3. 7 = ax” y? + ba™y + cka®—! — bea™t® — acta t?*, 
Particular solution: yo = ca®, 

34. xy! = ay” + by + cx”?, 


The transformation t = «°, w = ~?y leads to a separable equation: bw) = aw? +c. 
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5. 2, = ay? + by + ca”. 
The transformation £ = x’, 7 = ya~? leads to the special Riccati equation of the form 
13.2.2.4: Ne = -? =F ze, where m = ; —2. 


36. xy’, = ay? + (n+ ba”)y + cx”. 

The substitution y = wa” leads to a separable equation: w’, = x”~'(aw? + bw +c). 

a. ay = ry? + ay + ba”. 

The substitution y = —u/,/u leads to a second-order linear equation of the form 14.1.2.67: 
cu, — aul, + bru = 0. 


38. ry’, + agry” + agy + a,x + apo = 0. 
The substitution ag3y = u!,/u leads to a second-order linear equation of the form 14.1.2.64: 
TU, + a2QU, + a3(a1z + ag)u = 0. 


39. xy! = ax”y” + by + ca”. 

The substitution w = yx” leads to a separable equation: rw’, = aw? + (b+n)w+e. 
40. xy), = ax”y? + my — ab*a"t?™, 

Particular solution: yo = bx”. 


MN. avy! = 2?"y? 4+ (m—n)y+ 22. 


n+m 


Solution: y= 2’"~"” tan( + c). 
n+m 
42. zy) = ax”y? + by + cx™. 
The transformation € = «”~°, 7 = yx? leads to a special Riccati equation of the form 


—n—2b 
13.2.2.4: (n+ b)nt = an? + cé*, where k = — 


43. xy’ = ax"y? + (bx" —n)yt+e. 


For n = 0, this is a separable equation. For n ¥ 0, the solution is: 


dw ‘ 
a a I C, h — oe 
nf xo+ where w=yaxr 


44, vy! = ax?™t™y? + (ba t™™ — n)y + ca™. 
The substitution w = yx” leads to a separable equation: wi, = 2”*™~! (aw? + bw +c). 
45. (ax + be)(y’, + Ay”) + (arz + b1)y + aox + bo = 0. 


The substitution Ay = u/, /u leads to a second-order linear equation of the form 14.1.2.108: 
(agx + bg)ul, + (a,x + b1)ul, + A(aox + bo)u = 0. 


46. (ax+c)y’, = a(ay + bx)? + B(ay + br) — bx + 7. 
The substitution t = ay + bz leads to a first-order linear equation with respect to x = x(t): 
(aat? + Bat + ya + be)x, = ax tc. 
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47. 227’, = 2y* + xy — 2a7a. 

Particular solution: yo = a2. 

48. 227 y’, = 2y? + 3ay — 2a7a. 

Particular solution: yo = ax — $2. 

49. xy’ = ax*y? + bry +c. 

The substitution w = xy leads to a separable equation: rw’, = aw? + (b+ 1)wte. 

50. 2?y! = cx*y” + (ax? + bx)y + ax” + Bx +7. 

The substitution cy = —u!,/u leads to a second-order linear equation of the form 14.1.2.139: 
xu, — a(ax + b)ul, + clan? + Ba +7)u =0. 

51. xy’ = ax*y? + bry + ca" 4+ 8. 

The substitution ay = —u!,/u leads to a second-order linear equation of the form 14.1.2.132: 
zul,, — brul, + a(cx™ + s)u = 0. 

52. xy’ = ax*y? + bry + ca?” + sax”. 

The substitution ay = —u!,/u leads to a second-order linear equation of the form 14.1.2.133: 
ru, — bru, + ax"(cx” + s)u = 0. 

53. xy’ = cay? + (ax” + b)xy + ax?” + Ba” + +. 

The substitution cy = —u’,/u leads to a second-order linear equation of the form 14.1.2.146: 
xul — (ax™ + b)xul, + c(ax?” + Ba" +7)u =0. 

54, xy’ = (ax?” + Bx” + y)y? + (ax” + b)xy + cx. 

The substitution y = —1/w leads to an equation of the form 13.2.2.53: x?w!, = ex?w? — 
(ax” + b)aw + ax?” + Ba" +7. 


55. (a7 —1)yi + A(y? — 2ay +1) =0. 
2\—1 1-2 


\ — A u(x) 
(a? — 1)ul, + (A —1)(u? — 22u4+ 1) =0. 


The substitution y = leads to an equation of the same form: 


If \ = nis a positive integer, then by using the above substitution, the original equation can 
be reduced to an equation of the same form in which A = 1, i.e., to an equation of the form 
13.2.2.58 witha = 1,b = —1. 


56. (ax? + b)y’ + ay? + Bry + 2 (a + 8B) =0. 


Particular solution: yo = — one 2 
a 
57. (ax? +b)y’ + ay? + Beyt+7=0. 
8 


The substitution y= — = leads to an equation of the same form: (ax?+b)u/,+ 


) 
(y- =") + (2a + B)au+a=0. 
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58. (ax? + b)y’ + y? — 2ay + (1—a)x? —b=0. 


dx -l 
Solution: y = ( c) 
olution: y=xr+ /wor 


59. (ax? + br4+c)y, = y? + (2ArAx 4+ b)yt+ A(A — a)a? F yp. 
Particular solutions: yo = —Ax + A, where A = $(—b + /b? — 4, — Adc). 
60. (ax? +bx4+c)y!, = y? + (art p)y — 2x? + A(b— p)x + Ac. 
Particular solution: yo = Ax. 


61. (agx? + box + c2)y’,, = y? + (arz + b1)y — A(A + a1 — a2)x? + A(b2 — 
b1)x + AC2- 


Particular solution: yo = Ax. 


62. (aga? + box + c2)y’, =yr+ (a,x + b1)y+ aox? + box + co. 


Let A and £ be roots of the system of the quadratic equations 


d? + A(ay — az) + ag = 0, B? + Bb, +. co — Aco =O, 


where the first equation is solved independently (in the general case there are four roots). 
If some roots satisfy the condition 2\8 + Ab; + Ba, + bo — Ab2 = 0, the original equation 
possesses a particular solution: yo = Ax + f. 


63. (x—a)(x—b)y, +y? +k(y+2—a)(y+a2—b) =0. 
To the case k = 0 there corresponds a separable equation. To & = —1 there corresponds a 


linear equation. For k 4 —1 and k £0, with the aid of the substitution ku(x) =y+k(y+2), 
we obtain the general solution: 


ytk(y+a2—a)sr—ayk . 

aoe = f b 

dee) ee So. Wai 
: : =C if a=b. 


yt+tk(yt+a—-a) - xL-a 
64. (cox? + box + az)(y!, + Ay”) + (biz + ai)y + ao = O. 


The substitution Ay = u/, /u leads to a second-order linear equation of the form 14.1.2.179: 
(cox? + box + ag)un,, + (bra + a1)ul, + Aagu = 0. 

65. x*y’ = ax®y? + (ba? + c)y + sz. 

The substitution ay =—u!,/u leads to a second-order linear equation of the form 14.1.2.183: 


x ull, — (bx? + c)ul, + asxu = 0. 


66. xy’ = ax*y? + 2(be +c)y+ ax + p. 

The substitution ay = —u/,/u leads to a second-order linear equation of the form 14.1.2.186: 
rut, — x(bx + c)ul, + a(ax + 8)u = 0. 

67. x(x + a)(y!, + Ay”) + (bx? + c)y4+ sx = 0. 


The substitution Ay = u/, /u leads to a second-order linear equation of the form 14.1.2.190: 
a(x? + a)ul, + (ba? + cul, + Ascu = 0. 
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68. «7(x+a)(y,+Ay”)+2(br +c)ytar+B=0. 
The substitution Ay = u!, /u leads to a second-order linear equation of the form 14.1.2.194: 


x(x +a)ul,+a2(br + c)ul,+ Max + B)u = 0. 


x 


69. (ax? + bx + c)(ay’,— y) —y? +27 =0. 
Solution: In| z 
y+ 


—2£ dx 
=|=c+2 fo 


70. «?(a? + a)(y, + Ay?) + x(ba? +c)y +s =0. 

The substitution Ay = u/,/u leads to a second-order linear equation of the form 14.1.2.219: 
x? (a? + a)u",, + (ba? + c)ul, + Asu = 0. 

71. a(x? — 1)?(yf, + Ay?) + ba(x? — 1)y+ cx? +dx+s=0. 

The substitution Ay = u/, /u leads to a second-order linear equation of the form 14.1.2.227: 


a(x? — 1)?ull,, + ba(ax? — 1)ul, + \(cx? + dx + s)u = 0. 


x 


72. gt tty! = ax?”"y? + bay + ca™ +d. 


The substitution w= a"y-+ A, where A is a root of the quadratic equation aA?—(b+n)A+ 
d = 0, leads to an equation of the form 13.2.2.35: rw!, = aw? +(n+b—2aA)w+cr™, 


73. x(ax* + b)y’,, = any? + (3 — anx®)y + ya7”. 

The transformation t= a"y, z=a~* leads to a separable equation: [at?+(6+bn)t+y]z) = 
—k(bz +a). 

74. 2? (ax” —1)(y, + Ay?) + (pa" + q)ay+ra"+s=0. 


The substitution Ay = u/, /u leads to a second-order linear equation of the form 14.1.2.254: 
z?(az™ — 1)ul_, + (px” + g)zul, + A(ra™ + s)u=0. 


75. (ax + be™ + c)y’, = cy? — ba™ y+ ax"~?. 
Particular solution: yo = —1/z. 

76. (ax + ba™ + c)y’ = ax”—*y? + ba™ Ty +e. 
Particular solution: yo = x. 

77. (ax” + ba™ + c)y), = aay? + Baty — ad?a* + BAx®. 
Particular solution: yo = —A. 

78. (ax” + ba™ + c)(xy’, — y) + sa*®(y? — Ax?) = 0. 
Particular solutions: yo = to. 


13.2.3 Equations Containing Exponential Functions 

> Equations with exponential functions. 

lL a= ay” + be”. 

The substitution t = e*” leads to an equation of the form 13.2.2.35: Aty, = ay? + dt. 
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2. yl = y? + are — a%e*. 


Particular solution: yo = ae”. 


3. y., =oy?tat be®*® + ce?*, 

The substitution oy = —w/,/u leads to a second-order linear equation of the form 14.1.3.5: 
ult to(at be + ce**)u = 0. 

4, y!, =oy* +ay+ be® +c. 

The substitution oy = —u/,/u leads to a second-order linear equation of the form 14.1.3.10: 
Ux, — aul, + o(be* +c)u=0. 

5. y= y? + by + a(A — b)e** — a?e?”, 


Particular solution: yo = ae”. 


6. y, = y+ ae**y — abe — b?. 


Particular solution: yo = b. 
7. yl =y? + ae*(e** + b)” — 3’. 


; aN 
The transformation € = e** + b, w = - (-* y— a ) leads to an equation of the 
form 13.2.2.4: wy = w? + ad€”. 


1 
The transformation € = e?”, w = e 7” (+ — >) leads to an equation of the form 


13.2.2.3: wy = w + (2A) ?(ag? + bE +c). 
9. y) = ae**y? + be®”, kA~0. 
The substitution t = e** leads to an equation of the form 13.2.2.4: ky), = ay? + bt8-*. 


10. yf = bey? + are?” — a2beHt2A)#, 


Particular solution: yo = ae. 


lu. y= ae**y? + by + ce~*”. 

The substitution z = e**y leads to a separable equation: z/, = az? +(b+A)z +e. 
12 y= ael®y? + ry — ab2eHt2°)@, 

Particular solution: yo = be. 


13. yf = erty? 4 gel®y + areH—-®, 
Particular solution: yo = —Ae~**. 

14. yf = —re**y? + aeh®y — ae(l—A)@, 
Particular solution: yo = e~>*. 

15. yf = ael*y? + abeAtH@y — bre”, 


Particular solution: yo = —be>*. 
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16. y= ae’®y? + by + ce®® + de—**, 


The substitution t = e** leads to an equation of the form 13.2.2.51: kt?y{ = at?y? + bty + 
eerie 4d. 


17, yi = aePArtHey? 4 [beAtH® _ jy + ceh®. 
The substitution w = e*"y leads to a separable equation: w/, = e+)" (aw? + bw +c). 
18. yf = ae’®y? + by + ce®P® 4 sees 


The substitution t = e** leads to an equation of the form 13.2.2.52: kt?y{ = at?y? + bty + 
ctetl + dt2(+1). 


19. y! = e¥*(y — be**)? + bre**. 

Particular solution: yo = be”. 

20. (ae*” + be¥@™ + c)y’, = y* + ke’*y — m2 + kme”®. 
Particular solution: yo = —m. 

21. (ae*” + be”® + c)(y!, — y?) + ad?e*” + bye"* = 0. 


are” + buet® 


Particular solution: = —-—_____—__. 
on aer® + be#® + ¢ 


> Equations with power and exponential functions. 
2. Y= y? + are*”y + ae”, 
Particular solution: yo = —1/z. 


3. ¥,= ae**y? + be”, 


dz 
Solution: ——— = C, whi = erty, 
olution = r+ where z=e'y 
24. y= ae y? + bna”—! — abe? x?”. 


Particular solution: yo = bax”. 


25. y= erty? + ax"y + arx"e—*”, 


Particular solution: yo = —Ae~. 


26. yf = —ANe**y? + ax"er*y — ax”. 


Particular solution: yo = e7**. 


7. Y= ae**y? — aba"e*”y + bna”™—1. 
Particular solution: yo = bax”. 

28. y! = ax” y? + br(e*” — ab?a"e?”, 
Particular solution: yo = be. 

oy = ax” y? + Ay — ab?a"e?”, 


Particular solution: yo = be”. 
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30. yf = ax” y? — abe" e*~y + bre”. 
Particular solution: yo = be>*. 

31. yf = —(k+ 1)a*y? + ax’ter%y — ae. 
Particular solution: yo = gt, 

32. y!, = ax”y” — ax”(be®” + c)y + bre*. 

Particular solution: yo = be* +c. 

33. yf = axr"e?*y? + (bre — rA)y + cx”. 

The substitution w = e**y leads to a separable equation: w/, = x"e**(aw? + bw 4+ c). 
34. y! = ae**(y — bx” — c)? + bna”™!. 

Particular solution: yo = ba” +c. 


5... 2y,.= ae’ y? + ky + ab?a?*e”, 


Solution: y = ba* tan (ab f atte daz + Cc). 


36. zy), = ax?" er? y? + (ba"e*” — n)y + ce”. 


d 
Solution: /—_= = ne dx +C, where w= x"y. 
aw w+e 


a7. <4, = y? + 2arre™ — a2e?”, 
Particular solution: yo = ae”, 
38. y= ae” y? + rAxy + ab?. 


Solution: y = be?”/? tan (ab i e712 dap + C). 


39. y= ax”y? + Avy + ab?x"e’, 

Solution: y = be?”’/? tan (ab / eer l2 da + C). 

40. a*(y’, — y?) =a+ bexp(k/x) + cexp(2k/z). 

The transformation € = 1/x, w = —a?y—< leads to a Riccati equation of the form 13.2.3.3: 
We = we +a + be® + ce?*§, 

13.2.4 Equations Containing Hyperbolic Functions 

> Equations with hyperbolic sine and cosine. 

1. yf = y? — a? + aXsinh(Az) — a? sinh? (Az). 

Particular solution: yo = acosh(Az). 


2 yf =y? 4+ asinh(Bx)y + absinh(Bx) — b?. 


Particular solution: yo = —b. 
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3. yf = y? + axsinh™(bx)y + asinh™ (bz). 

Particular solution: yo = —1/z. 

4. y’ = Asinh(Ax)y? — Asinh? (Az). 

Particular solution: yo = cosh(Azx). 

5. y!, = [asinh?(Ax) — Aly? — asinh?(Ax) + A — a. 

Particular solution: yo = coth(Az). 

6. [asinh(Ax) + bly’, = y? + csinh(ux) y — d? + cdsinh(uz). 
Particular solution: yo = —d. 

7. [asinh(Ax) + b](y!, — y?) + ad? sinh(Ax) = 0. 


aX cosh(Ax) 


Particular solution: = ——_____—_.. 
uo asinh(Aa) + 6 


8. yf =ay? +84 ycoshe. 


The transformation 7 = 2t, vy = —u!,/u leads to the modified Mathieu equation 2.1.4.9: 
ui, — (a — 2q cosh 2t)u = 0, where a = —4a°8, q = 2a7. 


9. y! =y* + acosh(Bx)y + abcosh(Bx) — b?. 
Particular solution: yo = —b. 
10. y,, = y? + axcosh™(bx)y + acosh™ (bz). 
Particular solution: yo = —1/z. 
11. y!, = [acosh?(Ax) — Aly? + a+ A — acosh?(Az). 
Particular solution: yo = tanh(Az). 
12. 2y’ = [a — A+ acosh(Ax)]y? + a + A — acosh(Az). 
Particular solution: yo = tanh(5Ax). 
13. yf = y? — X? + acosh” (Az) sinh—” 4 (Az). 
1 
The transformation € = coth(Az), w = _ sinh?(Ax)y — sinh(\a) cosh(Az) leads to an 
equation of the form 13.2.2.4: wy = w? + A~7E", 
14. y’ = asinh(Ax)y? + bsinh(Az) cosh”(Az). 
The transformation € = cosh(Ar), w = sy leads to an equation of the form 13.2.2.4: 
we = w? + abr~7€". 
15. y’, = acosh(Ax)y” + bcosh(Ax) sinh” (Az). 
The transformation € = sinh(Ar), w = sy leads to an equation of the form 13.2.2.4: 


We = w? + abd\~2€". 
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16. [acosh(Ax) + bly’, = y? + ccosh(ux) y — d? + cdcosh(uz). 
Particular solution: yo = —d. 
17. [acosh(Ax) + b](y’, — y?) + ad? cosh(Ax) = 0. 


aX sinh(Az) 


Particular solution: yo = ~acosh(Ax) + 6° 


> Equations with hyperbolic tangent and cotangent. 

18. yf = y? + ad — a(a + A) tanh?(Az). 

Particular solution: yo = atanh(Az). 

19. yf = y? + 3ad — A? — a(a + A) tanh? (Az). 

Particular solution: yo = atanh(Ax) — A coth(Az). 

20. yf, = y” + ax tanh” (bx)y + a tanh” (bz). 

Particular solution: yo = —1/z. 

21. [atanh(Ax) + bly’, = y? + ctanh(pax) y — d? + cdtanh(uz). 
Particular solution: yo = —d. 

22, yf, = y? +a — a(a + A) coth? (Az). 

Particular solution: yo = acoth(Az). 

23. yf = y? — A® + 38ad — a(a+ A) coth? (Az). 

Particular solution: yo = acoth(Ax) — Atanh(Az). 

24. y= y” + ax coth™ (bx)y + acoth™ (bx). 

Particular solution: yo = —1/z. 

25. [acoth(Ax) + bly’, = y? + ccoth(yx) y — d? + cdcoth(pz). 
Particular solution: yo = —d. 

26. yf, = y? — 2d? tanh? (Ax) — 2A? coth? (Az). 

Particular solution: yo = Atanh(Az) + Acoth(Az). 

27. y, = y? +aXr\4+ bd — 2ab — a(a 4 A) tanh?(Ax) — b(b + A) coth? (Az). 
Particular solution: yo = atanh(Ax) + bcoth(A2). 


13.2.5 Equations Containing Logarithmic Functions 
> Equations of the form g(x)y’, = fo(x)y? + fo(z). 
1. yf =a(Inz)"y? + bma™—* — ab?x?™(Inz)”. 


Particular solution: yo = ba". 
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2. avy, =ay?+blnz+ec. 

The substitution x = e’ leads to an equation of the form 13.2.2.1: yj} = ay? + bt +. 
3. vy’, = ay? + bin’ « + cln?**? g, 

The substitution ¢ = Inz leads to an equation of the form 13.2.2.6 with k = n — 1: 
yi, = ay? + bt + ct?*+2, 

4, vy! = cy” — a*x1n?(Ga) +a. 

Particular solution: yo = aln(Gz). 

5. avy’, = xy? — a? In?* (Bx) + akIn*—1(Gz2). 

Particular solution: yo = aln*(@z). 

6. xy! =ax"y? + b— ab?z” In? x. 

Particular solution: yo = bln a. 

7. xy’ = xy? taln?x+blne+e. 


The transformation € = Inz, w = ry + 4 leads to an equation of the form 13.2.2.3: 
we = wr? + af? + bE +e - F. 


8. xy’ = ety? + a(blna+c)"”+ > 


1 
The transformation € = blna+c, w= sy + — leads to an equation of the form 13.2.2.4: 


2b 
We = w? + ab-2é". 
9. x7 In(ax)(y!, — y?) =1. 


Particular solution: yo = —[x In(ax)]~!. 


> Equations of the form g(x)y’, = fo(x)y? + fi(x)y, + fo(x). 
10. y= y”? + aln(Gx)y — abln(Ga) — b?. 

Particular solution: yo = b. 

1. yf =y? + azrln™(bx)y + aln™ (bz). 

Particular solution: yo = —1/z. 

2. a= ax”y” — abe" Inzgy + blna +b. 


Particular solution: yo = balna. 


13. yf =—(n+1)a"y? + a2"t1(Ina)™y — a(Ine)™. 


Particular solution: yo =a~”"~+. 


14. y’, = a(In x)"y? — abx(In g)rtly +binz+b. 
Particular solution: yo = bx ln zx. 
15. y’', =a(In x)*(y — ba” — c)? + bna”™ 1. 


Particular solution: yo = ba” +c. 
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16. yf =a(Inz)”y? + b(Inz)”y + be(Inx)™ — ac?(Inzx)”. 
Particular solution: yo = —c. 

17. xy! = (ay + binz)?. 

dz 


Solution: Ing = | —,— 
olution: Inz [= 


+ C, where z = ay-+ blnz. 


18. xy, =aln™(Ax)y” + ky + ab?x?* In™ (Az). 


Solution: y = ba* tan fap fob In™ (Ax) dx + C}. 


19. xy’, = ax"(y + bina)? — b. 


1 a 
lution; ———— + —2” =C. 
Solution ie ae C 
20. xy’, = ax?"(Inx)y? + (be" Ing —n)y+clnz. 
d 
Solution: /—_= = ee Inzdx+C, where w= x"y. 
aw* + bw+c 


21. xy! = a?a*y? — ay +b? In” «. 

The substitution a?y =—v/, /u leads to a second-order linear equation of the form 14.1.5.27: 
rut + cul, + (ab)? In" zu=0. 

22, (alna + b)y! = y*? + c(Inz)"y — A? + Ac(Inz)”. 

Particular solution: yo = —A. 

23. (alnaz+ b)y! = (Inz)"y? + cy — A?(Inz)” + cA. 


Particular solution: yo = —A. 


13.2.6 Equations Containing Trigonometric Functions 
> Equations with sine. 


iL. y= ay? + B+ ysin(Az). 
The substitution 2 = 2\x + 7 leads to an equation of the form 13.2.6.14: Ay) = ay? + 
PP 7 cost, 
2 yf, = y? — a? + aXsin(Az) + a? sin? (Az). 
Particular solution: yo = —acos(A2). 
3. yf, =y? + * + csin™ (Ax + a) sin” 4(Az + b). 
sin(Az + a) sin?(Ar +b) ry 


The transformation € = nos Dy w= antag). Ee + cot(Ax + b)| leads to an 


equation of the form 13.2.2.4: wi, = w* + AE", where A = c[\sin (b — a)]~?. 


4. y’ =y’ + asin(Bx)y + absin(Bx) — b?. 


Particular solution: yo = —b. 
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5. yf =y*+ azsin™(bx)y + asin™ (bz). 


Particular solution: yo = —1/z. 
6. yf, =Asin(Ax)y? + Asin? (Az). 
Particular solution: yo = — cos(Az). 


7. 2y’, =[A+ta— asin(Ax)]y? +2rXA-—a-—asin(Az). 
Particular solution: yo = tan(5Azx + 5m). 

8. yf, = [A+ asin? (Ax)]y* + A— a + asin?(Az). 
Particular solution: yo = — cot(Az). 


9 yf = —(k+ 1)a*y? + ax**1(sinax)™y — a(sinz)™. 


Particular solution: yo = gee, 


10. yf = asin*(A\x + p)(y — bx” — c)? + bna”—?. 
Particular solution: yo = bx” + c. 
11. xy’, = asin™(Ax)y? + ky + ab?a?* sin™ (Az). 


Solution: y = ba* tan [ap fob sin” (Ar)dx + C}. 


12. [asin(Ax) + bly, = y? + csin(ux) y — d? + cdsin(uz). 
Particular solution: yo = —d. 

13. [asin(Ax) + b](y,, — y?) — ad? sin(Ax) = 0. 

aX cos(A2) 


Particular solution: = - 
M asin(Aa) + b 


> Equations with cosine. 


14, y, =ay?+8+-ycosa. 
The transformation x = 2t, ay = —u!,/u leads to a Mathieu equation of the form 14.1.6.29: 
uy + (a — 2q¢ cos 2t)u = 0, where a = 4a, and g = —2a7. 


15. yf = y? — a? + arcos(Az) + a? cos?(Az). 

Particular solution: yo = asin(Az). 

16. yf =y?+ A? + ccos”(Ax + a) cos—”~4*(Ax + B). 

The substitution Ax = Az — F leads to an equation of the form 13.2.6.3: y!, = ye tre 
esin™(Az + a) sin—"—4(Az + b). 

17. 4 = y” + acos(3x)y + abcos(Gx) — b?. 

Particular solution: yo = —b. 

18. y! = y? + axcos™(bx)y + acos™ (bz). 


Particular solution: yo = —1/z. 
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19. yf = Acos(Ax)y? + Acos?(Az). 

Particular solution: yo = sin(Az). 

20. 2y/ = [A+ a+ acos(Az)]y? +A — a+ acos(Az). 
Particular solution: yo = tan($Az). 

21. yf, = [A+ acos?(Ax)]y? + A — a + acos?(Az). 


Particular solution: yo = tan(Az). 


22, yf = —(k + 1)a*y? + ax**1(cos x) y — a(cos x)”. 


Particular solution: yo = ie 


23. y’, = acos*(Ax + p)(y — ba” — c)? + bnx”™ 1. 
Particular solution: yo = ba” +c. 
24. zy’) =a cos™ (Ax)y? + ky + ab?x?* cos™ (Ax). 


Solution: y = ba* tan [ap f ok cos™(Ar)dz +C}. 


25. [acos(Ax) + bly’, = y? + ccos(px) y — d? + cdcos(px). 
Particular solution: yo = —d. 

26. [acos(Ax) + b](y’, — y?) — ad? cos(Ax) = 0. 

aA sin(Axr) 


Particular solution: = —__. 
er cos(Ax) + b 


> Equations with tangent. 

27. y, =y? +aX\+4+ a(A — a) tan?(Az). 
Particular solution: yo = atan(Az). 

28. yf = y? +A? + 38a 4+ a(A — a) tan? (Az). 
Particular solution: yo = atan(Ax) — Acot(Az). 

29. y! =ay?+ btanzy+e. 


The substitution ay = —u’,/u leads to a second-order linear equation of the form 14.1.6.53: 
wi — btana ul, + acu = 0. 


30. yf, = ay” + 2ab tana y + b(ab — 1) tan? x. 

The substitution u = y + btan x leads to a separable equation of the form 13.1.2: wu, = 
2 

au* + b. 


31. yy, = y”? + atan(3x)y + abtan(Gx) — b?. 
Particular solution: yo = —b. 
32. y, = y? +axtan™(br)y + atan™ (bz). 


Particular solution: yo = —1/z. 
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33. yf = —(k + 1)a*y? + ax**1(tane)”y — a(tanz)”™. 


Particular solution: yo = a~*7!. 


34. y’ = atan”(Ax)y? — ab* tan”*? (Ax) + bAtan? (Az) + dA. 
Particular solution: yo = btan(Az). 

35. y’ =atan*(Ax + w)(y — bx” — c)? + dna”. 

Particular solution: yo = bx” +c. 

36. xy! = atan™(Ax)y? + ky + ab?x”* tan™ (Ax). 


Solution: y = ba* tan [ap fot tan™ (Az)dz +C}. 


37. [atan(Ax) + bly’ = y? + ktan(px) y — d? + kdtan(uz). 


Particular solution: yo = —d. 


> Equations with cotangent. 

38. yf =y? +ar\+4+ a(A — a) cot?(Az). 

Particular solution: yo = —acot(Az). 

39. yf = y? +A? + 38ad + a(A — a) cot? (Az). 

Particular solution: yo = Atan(Ax) — acot(Az). 

40. y) = y” — 2acot(ax)y + b? — a?. 

Particular solution: yo = acot(ax) — bcot(bz). 

4. y’ = y? + acot(Bx)y + abcot(Bx) — b?. 

Particular solution: yo = —b. 

42. y, =y? +axcot™(br)y + acot™ (bz). 

Particular solution: yo = —1/z. 

43. y! = —(k+1)a*y? + ax*t (cot x)™y — a(cot x)”. 
Particular solution: yo = , as 

44. y’ =acot*(rAx + p)(y — bx” — c)? + dna”. 
Particular solution: yo = bx” +c. 


45. zy) =a cot” (Ax)y? + ky + ab?x?* cot™ (Ax). 


Solution: y = ba* tan fap f ok cot” (Ar)dx +C}. 


46. [acot(Ax) + bly’, = y? + ccot(pwx) y — d? + cdcot(px). 


Particular solution: yo = —d. 
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> Equations containing combinations of trigonometric functions. 

47, y’ = y? +7 + csin" (Ax) cos” 4 (Az). 

This is a special case of equation 13.2.6.3 with a = 0 and b = 7/2. 

48. y’ = asin(Ax)y? + bsin(Azx) cos”(Az). 

The transformation € = cos(Az), w = Sy leads to an equation of the form 13.2.2.4: 
we = w + abrd~7é". 

49. y’ = Asin(Ax)y? + acos”(Ax)y — acos™—*(Az). 

Particular solution: yo = 1/cos(Az). 

50. y! = acos(Ax)y? + bcos(Ax) sin” (Az). 

The transformation € = sin(Az), w = sy leads to an equation of the form 13.2.2.4: 
We = w? + abr—2€". 

51. y! = Asin(Ax)y? + ax” cos(Axr)y — ax”. 

Particular solution: yo = 1/cos(Az). 

52. sin”t(2x)y’, = ay? sin?” x + bcos?” x. 


The substitution z= y tan” x leads to a separable equation: 2” sin(2a) 2’ =az?+n2"thz+ 
y p q r 


b. 
53: 4 = y” — ytanax + a(1 — a) cot? a. 
Particular solution: yo = —acot x. 


54. yy) = y? — my tana + b* cos?” x. 


Solution: y= —bcos™ x cot (0 / cos” x dx + C). 


5. y= y”? + my cot « + b?(sinx)?™. 
Solution: y = —bsin” x cot (0 / sin” 2 dx + Cc). 


56. y!, = y? — 2X? tan?(Ax) — 2A? cot?(Az). 

Particular solution: yo = Acot(Ax) — Atan(Az). 

57. y’ =y? +Aa+ Ab + 2ab + a(A — a) tan?(Ax) + b(A — b) cot? (Az). 
Particular solution: yo = atan(Ax) — bcot(Az). 

58. yf =y? — =” _ = tan?(Ax) + acos?(Ax) sin” (Az). 


_ y sin(Az) 
~ deos(Ar) ~— 2cos2(Ax) 
the form 13.2.2.4: wy = w* + adr~7é”. 


The transformation € = sin(Ax), w leads to an equation of 


59. y’ = Asin(Ax)y? + asin(Ax)y — atan(Az). 


Particular solution: yo = 1/cos(Az). 
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13.2.7 Equations Containing Inverse Trigonometric Functions 
> Equations containing arcsine. 

1 yf =y? + X(arcsinx)"y — a? + aX(arcsin x)”. 

Particular solution: yo = —a. 

2 yf =y? 4+ Ag(arcsinz)"y + A(arcsin x)”. 


Particular solution: yo = —1/z. 


3. yl = —(k + l)a*y? + A(arcsin x)" (a* tly — 1). 


Particular solution: yo = go 


4, y’ = X(arcsinz)"y? + ay + ab — b?X(arcsin x)”. 
Particular solution: yo = —b. 


5. yf = Xarcsinx)"y? — bAx™(arcsin x)"y + bm2™". 


Particular solution: yo = bx”. 

6. y/ = Xarcsinx)"y? + Bm2™—! — \6?x2?"™(arcsin x)”. 
Particular solution: yo = Bx”. 

7. y!, = Xaresinxz)"(y — ax™ — b)? +ama2™",. 
Particular solution: yo = ax” + b. 

8. xy’, = A(arcsin x)" y? + ky + Ab*x?*(arcsin x)”. 


Solution: y = ba* tan \o / a*—1(arcsin x)” dx + C|. 


9. xy! = (ax?”"y? + be" y + c)(arcsinx)™ — ny. 


The substitution z = x” y leads to a separable equation: 


zi, = 2” (arcsin 2)™(az® + bz +c). 


> Equations containing arccosine. 

10. yf = y? + X(arccos x)"y — a? + aX(arccos x)”. 
Particular solution: yo = —a. 

11. yf = y? + Ax(arccos x)"y + A(arccos x)”. 
Particular solution: yo = —1/z. 


12. yf = —(k+ 1)a*y? + A(arccos x)"(a* tty — 1). 


Particular solution: yo = gee, 


13. y!, = X(arccos x)" y” + ay + ab — b?X(arccos x)”. 


Particular solution: yo = —b. 
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14. y’ = X(arccos x)" y” — bAx™ (arccos x)"y + bma™*, 
Particular solution: yo = ba". 

15. y’ = X(arccos z)"y? + Bma™—* — AB?x?"™(arccos x)”. 
Particular solution: yo = G2”. 

16. y!, = X(arccos z)"(y — ax™ — b)? +amaz™"". 

Particular solution: yo = ax” + b. 


17. xy’, = X(arccos x)” y? + ky + Ab?x?*(arccos x)”. 


Solution: y = ba* tan \o | a*!(arccos x)" dx + C}. 


18. xy’, = (ax?”y? + bx"y + c)(arccos x)™ — ny. 
The substitution z = x”y leads to a separable equation: 


zi, = 2” (arccos x) (az? + bz +c). 


> Equations containing arctangent. 

19. yf = y? 4+ X(arctan x)" y — a? + aX(arctan x)”. 
Particular solution: yo = —a. 

20. yf = y? + Ax(arctan x)"y + A(arctan x)”. 


Particular solution: yo = —1/z. 


2. yf =—(k+1)a*y? + X(arctan x)" (a* tty — 1). 


Particular solution: yo = oe 


22. y’, = A(aretan z)"y? + ay + ab — b* (arctan x)”. 
Particular solution: yo = —0. 

23. y’, = A(aretan x)"y? — bAw™ (arctan x)"y + bma™ +. 
Particular solution: yo = bx”. 

24. y! = XA(arctan x)" y? + bma2™—* — Ab*x?™ (arctan x)”. 
Particular solution: yo = bx”. 

25. y’, = A(aretan x)" (y — axz™ — b)? +ama™". 


Particular solution: yo = ax” + b. 
26. xy! = A(arctanx)"y? + ky + Ab?a?* (arctan x)”. 


Solution: y = ba* tan [ab fa!" arotan x)" dz+C}. 


27. avy’, = (ax?"y? + bae”y + c) (arctan x)” — ny. 
The substitution z = x”y leads to a separable equation: 


zi, = «(arctan x)™ (az? + bz +c). 
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p> Equations containing arccotangent. 

28. y! = y? + A(arecot x)"y — a? + aXr(arccot x)”. 
Particular solution: yo = —a. 

29. y! = y? + Ax(arccot x)” y + A(arccot x)”. 


Particular solution: yo = —1/z. 


30. yf = —(k + 1)a*y? + X(arceot x)" (a* tty — 1). 


Particular solution: yo = ot 


31. y’, = A(arecot x)"y? + ay + ab — b*A(arccot x)”. 
Particular solution: yo = —0. 

32. y’, = A(arecot x)"y? — brAx™ (arccot z)"y + bma™*. 
Particular solution: yo = bx”. 

33. y’, = A(arecot x)"y? + bma™—* — rb*x?™ (arccot x)”. 
Particular solution: yo = bx”. 

34. y’, = A(arecot x)" (y — ax™ — b)? + ama™". 
Particular solution: yo = ax + 0. 


35. xy! = A(arccot x)"y? + ky + Ab?a?*(arecot x)”. 


Solution: y = ba* tan [ab [ 2!" (arcoot x)" dz+C}. 


36. xy’, = (ax?"y? + ba” y + c)(arcecot x)” — ny. 


The substitution z = x” y leads to a separable equation: 


zi, = 2" (arccot 2)” (az? + bz +c). 


13.2.8 Equations with Arbitrary Functions 


@ Notation: f = f(x) and g = g(x) are arbitrary functions; a, b, n, and X are arbitrary 
parameters. 


> Equations containing arbitrary functions (but not containing their derivatives). 


lL y,=y' + fy—a? —af. 
Particular solution: yo = a. 

2. y’, = fy? + ay — ab— bf. 
Particular solution: yo = b. 

3. y, =y?+afyt f. 


Particular solution: yo = —1/z. 
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4. y= fy? — ax" fy tana}, 


Particular solution: yo = ax”. 
5. yf = fy? +anz”™ | — a?x?"f. 


Particular solution: yo = ax”. 


6 yf =—(n41)a"y? +a"! fy — f. 


Particular solution: yo =a~”"~+. 


7. ay’, = fy? +ny+anx?”"f. 
vax" tan(va f 2” fde+C) ifa>0, 
\a| o"tanh(—Vfal fo” fae +C) ifa<0. 


8 «cy! = 2?" fy? + (ax"f — n)y + bf. 


The substitution z = x”y leads to a separable equation: 2z/, = «”~!f(x)(z? + az +). 


Solution: y = 


9 y= fy’ +oy—a’f —ag. 

Particular solution: yo = a. 

10. y’, = fy’ +gyt+ anz”—1 — ax"g — a? fa”. 
Particular solution: yo = ax”. 

lu. y= fy? —ax"gy +anx”1 +4 a?x?"(g — f). 
Particular solution: yo = ax”. 

12. y, = ae y” + ae fy + Af. 


; A 
Particular solution: yo = ——e Me: 
a 


13. y! = fy? — ae” fy + are”. 


Particular solution: yo = ae”. 


14. y= fy? + are — a2e f. 


Particular solution: yo = ae. 


15. yf = fy? +Ay+ ae” f. 
vae™ tan( ya fe fdr +C) if a> 0, 
Ja e>” tanh(— Va] fe fdr + €) ifa<0. 


16. y! = fy? — f(ae*” + b)y + are”. 


Particular solution: yo = ae* + b. 


17. yf, =e fy’ + (af —A)y+ be’ f. 
The substitution z = e*”y leads to a separable equation: 2/, = f(a)(z? + az +). 


Solution: y = 
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18. yf = fy? + gy + are” — ae**g — a*e?* f. 


Particular solution: yo = ae. 


19. y! = fy? — ae**gy + are + a®e”*(g — f). 
Particular solution: yo = ae. 
20. yf, = fy? + 2aAre” — a? fe”, 


: A 2 
Particular solution: yo = ae, 


2. yi =fy?+Aryt+ afer’, 

Jaer?/2 tan(va fe"? 5 dx + c) if a>0, 
ja] e”’/? tanh (—/Tay fe"? f dx + c) ifa<0. 

22. y! = fy? — atanh?(Ax)(af + A) + ad. 


Particular solution: yo = atanh(Az). 

23. y’! = fy? — acoth?(Ax)(af +A) + ad. 
Particular solution: yo = acoth(Az). 

24. y) = fy? — a’? f + aAdsinh(Az) — a? f sinh?(Az). 
Particular solution: yo = acosh(A2). 

25. avy! = fy? +a-—a’f(Inz)?. 

Particular solution: yo = alnz. 


26. zy’ = f(y+alnz)? —a. 


Solution: y= 


Solution: + [| Mane 
yt+talna x 


27. y’, = fy? —arlnafy+alna +a. 
Particular solution: yo = ax ln z. 
28. y! = —alnzy? + af(«lna — x)y — f. 
1 
a(zInz — 2)’ 
29. yf =Asin(Ax)y? + f cos(Axr)y — f. 
Particular solution: yo = 1/cos(Az). 
30. y! = fy? —a?f + adsin(Az) + a? f sin? (Az). 
Particular solution: yo = —acos(A2). 
31. y! = fy? — a? f + adcos(Ax) + a* f cos?(Azx). 
Particular solution: yo = asin(Az). 
32. 4 = fy? — atan?(Ax)(af — A) + aX. 
Particular solution: yo = atan(Az). 
33. y!, = fy? — acot?(Ax)(af — A) + aA. 


Particular solution: yo = —acot(Az). 


Particular solution: yo = 
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> Equations containing arbitrary functions and their derivatives. 
34, 9, Sy? =F? + 
Particular solution: yo = f. 


35. y) = fy? —foy+gi. 


Particular solution: yo = g. 


36. yl, = —fiy? + foy — 9. 
Particular solution: yo = 1/f. 


37. y, =g(y—f)? 4+ fi. 


Particular solution: yo = f. 


38. yf = fy? — 72 


Particular solution: yo = —g/f. 


39. f?y’, — fly? +o9(y—f) =0. 


Particular solution: yo = f. 

40. y’) = fly? + ae” fy + ae”. 

Particular solution: yo = —1/f. 

41. yi, = fy’? +g,y tafe. 

Yae’tan( va f fetdr +c) if a> 0, 
Jal e9 tanh(— Vay f fe’ dx + c) if a <0: 


Fave 
f 
Particular solution: yo = —fi./f. 


Solution: y = 


42. y  =y?— 


13.2.9 Some Transformations 


@ Notation: f, g, and h are arbitrary composite functions of their argument, which is 
written in parentheses following the function name (the argument is a function of x). 


1 yf y? +a” f(ax + 5). 
The transformation € = ax + b, u = y/a leads to the equation Us =u? + f(€). 


2 yi, =y? +a 4*f(1/z). 


The transformation € = 1/2, w = —x7y — x leads to the equation We = w* + f(€). 
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3. yf =y? + —_ p(2**). 


(ca + d)4 ca +d 
The transformation 
b 1 
£= — w= qlee | d)”y + c(ca+d)|, where A= ad -— be, 


leads to a simpler equation: We =w* +A f(é). 
4, x?y’ = ax*f(x)y? +1. 
1 
The substitution u = ——,— — — leads to the equation u/, = u? + f(a). 


xy 


5. ty! = wy? + 2?" f(ax” + b) + =(1 =n’). 


1 1- 
The transformation € = az” + b, w = —a! "y+ ——s" leads to a simpler equation: 
an an 
we = w? + (an)~? f(E). 
6 y!, = f(x)y? + 9(x)y + A(z). 
The substitution y = —1/w leads to an equation of the same form: w!, =h(x)w?—g(x)w+ 
f(a). 
7, y’, = y” ue ere (e =) = =’. 
1 1 
The transformation € = e**, u = aoe = a leads to a simpler equation: Us a 


ue + r~ 7 f(E). 
rp 2 dr? e2r2 (s**) 
8. Ye =Y 4 a Gara coe +d)" 
The transformation 
ae +b (ce*” + d)? Cer =r 


5 aaa? OS Res 20 ene where A = ad — be, 


leads to a simpler equation: w; = w + (Ad)-?f (6). 


9, y! = y? —d? + sinh” 4(Az) f (coth(Az)). 

The transformation € = coth(Ax), w= —A7! sinh? (Ax)y— 5 sinh(2Az) leads to a simpler 
equation: We =w +A-F(). 

10. y!, = y? — A? + cosh” 4(Azx) f ( tanh(Az)). 


The transformation € = tanh(Ax), w = A~! cosh?(Ax)y + 4 sinh(2Az) leads to a simpler 
equation: wy = we +A? Ff (€). 


11. xy’ = oy? + f(alne+b)4+ +: 


1 1 

The transformation € = alna+6, w= —xy + Oa leads to a simpler equation: We = 
a a 

w? +a~? f(é). 
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12, yf =y?+A?4+sin *(Azx)f (cot(Azx)). 

The transformation € = cot(Ax), w = — sin?(Az) Ee + cot(Ar)| leads to a simpler equa- 
tion: w, = w+ r-* fF (€). 

13. yf =y? +74 cos” 4(Ax) f(tan(Ax)). 

The transformation € = tan(Ax), w = cos” (Az) 5 _— tan(Az)| leads to a simpler equation: 


r 
We = w? +r-7 f (6). 


14. y!, = y? +? 4 sin 4(Aa + by f (Ce to). 


sin(Aa + b) 
in(A in?( b 
The transformation € = ee w= a E + cot(Ax + b)} leads to a 


simpler equation: We = w’ + [Asin(b — a)}-7f (é). 


13.3. Abel Equations of the Second Kind 


13.3.1 Equations of the Form yy’ — y = f(x) 
> Preliminary remarks. Classification tables. 


For the sake of convenience, listed in Tables 13.1—13.4 are all the Abel equations discussed 
in Section 13.3. Tables 13.1—13.3 classify Abel equations in which the functions f are of 
the same form; Table 13.8 gives other Abel equations. In Table 13.1, equations are arranged 
in accordance with the growth of the parameter m. In Table 13.2, equations are arranged 
in accordance with the growth of the parameter p. In Table 13.3, equations are arranged 
in accordance with the growth of the parameter s. The rightmost column of the tables 
indicates the equation numbers where the corresponding solutions are written out. 


TABLE 13.1 
Solvable Abel equations of the form yy), — y = sx + Ax", A is an arbitrary parameter 


arbitrary ——_ 13.31.10 13;3.116 


—7 13.31.56 —2/9 13.3.1.26 
—4 13.3.1.54 —4/25 13.3.1.22 
—5/2 13.3.1.47 0 133.1552 


—2 13.31.33 20 13.3.1:55 
=) 13.2.1,19 arbitrary 13.3.1.2 
—5/3 13.3.1,30 0 14,3.1.1 
—5/3 Ie223 —12/49 13,3553 
—5/3 13.3.1.48 —6/25 13.3.1.45 
—7/5 13.3127 6/25 13.3.1.46 
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TABLE 13.2 
Solvable Abel equations of the form yy, — y = sx + aAx? + 6A? x?, A is an arbitrary parameter 


2 


arbitrary [33:15 
2m +1 
4m? 

0 1 LS.o.d5¥ 
—5/36 arbitrary arbitrary 13.102 
—33/196 286A/3 —770A/9 13.3169 


1 13.3.1.13 


—3/16 arbitrary arbitrary 133.151 
—3/16 —12 13.3.1.40 
—3/16 —12 13.3.1.13 
15/4 = 13.3.1.60 
~10/49 13A/5 ~7A/20 13.3.1.68 
—2/9 arbitrary arbitrary lL3 
4/9 2 2 13.3.1.14 


Given below in this section are all solvable Abel equations known so far. The equa- 
tions are arranged into groups, in which all solutions are expressed in terms of the same 
functions. Notation is given before each group. 

In most cases the solutions are presented in parametric form: 


£= Fit c), y = Fr(7,C), 


where 7 is the parameter and C' is an arbitrary constant. 


> Solvable equations and their solutions. 
1. yy, —y=A. 

Solution: «= y—-—Aln|ly+ A|+C. 

2. yy, y= Azx+ B, AF0. 


Solution in parametric form: 


r=Cew(- fai q)-Z v=Cree(- | aa) 


3. yy, —y= —224+A+Bae-/?, 


1°. Solution in parametric form with A > 0: 


23g (k —1)?Cr*+1 4+ Crk +7 
le Crk+r+1 


? 


_ _[ (Qk -1)Cr* — (k —2)r —k-1)? 
—— 7 Crkt+r7r+1 , 


where A= 3a(k?-—k+1), B= 209/?(2k —1)(k —2)(k +1). 
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TABLE 13.3 
Solvable Abel equations of the form yy’, — y = sx +aA(ar'/? + BA + A?x7/?), 
A is an arbitrary parameter 


ee 


arbitrary ~ 0 | arbitrary arbitrary 13,3.12 
2(m—1) 

(m—3)? | (m—3)? 
—1/4 1/4 3 19.3.1,07 
—30/121 3/242 6 13,3.1,29 
—12/49 arbitrary i 0 I3,3455 
—12/49 1/98 13,3.1.25 
—12/49 6/49 13.3,1.38 
—12/49 2/49 13.3.1.24 
—12/49 4/49 13.3.1.31 
—12/49 1/49 13,3.1.52 
—12/49 6/49 13.3.1,28 
—12/49 2/49 13,3138 
—12/49 1 = 13.3.1.64 
—6/25 2/25 13.3.1.20 
—6/25 6/25 13.3.1,39 
—28/121 27121 106 19.3.1,5) 

—2/9 arbitrary arbitrary arbitrary LD set 
—2/9 arbitrary 0 arbitrary 13.3.1.26 
—2/9 6 2 13.3.1.11 
—10/49 2/49 12 133,137 
—4/25 arbitrary arbitrary 13.3122 
—4/25 1/50 6 13.3.1.39 
0 arbitrary 0 arbitrary 13.3.1.32 
1 2 arbitrary 13.3.1.36 
n+2 2 (n+1)(n+3) 13.3.1.34 
n+2 n+2 2n+3 13.3.),55 
1 231357 

2 13.3.1.4 

arbitrary i 13.3.1,1 
2 13.31.00 
2 13.3.1.49 
arbitrary arbitrary 13,3.1,55 


Am? +3m+9 m 13.3.1.12 


wonoeocdeo0o06mUcWlUmcUOlUO 


iw) 
j=) 
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TABLE 13.4 
Other solvable Abel equations of the form yy’, — y = f(x 


fT 38316)CS 
gh 1 2,,2k—-1 
—kBx* + kBx a solution) 


a ee ee eee ee 


3y¢ — 3Ag V3 4 3 A273 _ BT Aty—9/3 13.3.1.66 


6 a Lis 31 27—-1/3 100 44,,-5/3 
~S a+ lAr3 4 3 Ars B10 at, i 13.3.1.67 


xx tar + 6+ cr V3 +4 dx2/3 
(coefficients a, b, c, and d are related by an equality) 


13.3.1.65 


—Pha + 2A? (1232-17 + 280 Ax 9/7 — 400 A?x-9/7) 13.3.1.70 


k 
 —— 13.3.1.63 
VAa? + Ba +C Eaaee x. 
Vx2 +44 


9a? — 6x? 
= ieee Tate 13.3.143 
x a 


2 6x? + 5a? 13.3.1.21 
3" 16/x2 + a2 Va? + a2 
oe: 6 9A 
: 7 Wwe 13.3.1.41 
3” 
ome a onan 
64/22 +A 
A+ Bexp(—2x/A) [3.3.1.8 
Alexp(2x/A) — 1] 13.3.L9 


13.3:L.73 
2) ,2Ar AL 

a” re™ — albr + Te™ + b (particular solution) 

13.3.1.74 

2) 2d > d 

a’ re" + adne™ + be™ (particular solution) 

| | 13.3.1.75 
2a*A sin(2Ax) + 2a sin(Ax) (particular solution) 


2°. Solution in parametric form with A < 0: 
= €[2\e7** — (C1 A — 3Cqw) sin wr — (3Cw + C2) cos wT)’, 
y = 6E{ (CT + CZ)w? — [C1 (0? — w”) — 2WCowAle sin wr 
— [2CwA + C2(A? — w?)]e~*7 cos wT}, 
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where 
€=a(e" + Cy sinwr+Cycoswr)?, A= —2a(3w* —)), B= 403/27 (9w? ED). 
3°. For the case A = 0, see equation 13.3.1.26. 
4, yy, —y= 2A(axl/? +4A+ 3A72a—1/2), 
Solution in parametric form: 
a=4ta(342rLs)*, y=tals(RiLy +7) A=-—4tal/? 
4 sey 9 am ’ 2 


where 
d 
| eee wren, ReaVvi+r, 
1+ 7? 


dtr 1 7-1 
= _ _ 2 
faa are ee ame ia 


d 1 1 
ae fen —|-¢, R_-=V1-7r?. 


L,= 


1-7? 2  |1l-—7 
5. YY, —y= Axc+ Ba! — Ba. 


Solution in parametric form: 


= (jp) vseern(e) a(R)” 


Ww 
Here, 
274+ 1 
(7? +7 = A)exp( arctan ) if A<0, 
ve V—-A 
2 
~J(r+r-A - ft AS 
plete ait 
27+1-VA 
(P47 ay( i vay if A>0, 
I +1+VA 
2 1 
C428 f exp( A arctan ae) ar if A <0, 
Wes C428 f ex( 5 =) if A=0, 
1 
27+1-VA\ VA 
o+ep f (ZH AYE) YS ay if A>0, 
I +1+VA 


where A =4A+1. 


6 yy, —y = Av* 1 — kBa* + kB? x71, 
Particular solution: yo = © — Bak — a 
7. yy, —y= Ax} — Aa 3, 
Solution in parametric form: 

a =ar—\(r —Injl+7|-—C)¥?, 
deer 


y=al (7 —Injl4+7| Oy? tg In|1+7| OV |, 


where A = a?/2. 
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8 yy —y= A+ BeW?*/A, 


Solution in parametric form: 


VT2 + AB | Aln|r t /7? 4 AB| LC 
al i ee SS qe i qoqur 
Aln|r + V7? + AB| +C p Vr? + AB 


9. yy —y = A(e?*/4 — 1). 


x= Aln A. 


Solution in parametric form: 


qe 


= Aln| (arctan T — c)|, y= “tr + (7? — 1)(aretan r — C)}. 


@ In the solutions of equations 10-15, the following notation is used: 


1 
Emi = f(a + 7™1) 1-2 dr —C, Em = mo= fl ert? GeO, 


Rm=V1le7r™*1, Fin, = Rm Em — T. 

_ 2(m +1) 

(m + 3)? 
Solution in parametric form: 


10. yy, -—y= a+ Aax™. 


3 ae a 2 
= TS atER, y=aER (RmEm + i) 
m—1 m—-1 
1 —1\m41 
where A = pall (= ) oo 
2 m+3 


I. yy, —y=—Sae+6A7(1+2Ar-"/?), A>O. 


Solution in parametric form: 


a= A°R“*E(R°E+6r?)?, y =-12A?R-4E~?(R°E — 2r), 


where FE = E_1/2,3/2 R= R_1/2- 


, _ 2(m—1) 
12, yy. -—y= a = 
+ Ar ln(m+3)0"/? + (4m? +3m+9)A+3m(m+3)A%e-M?], 


Solution in parametric form: 


a = 
== Tar lt = 3) Reg Ee + Br)’, 
i= = 37 Em[t(m = t\¢""" By = OE + or Rl, 
m — 
gi/2 
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2 1 ae = 
13. yy —y= Jo a+ Ax —t— A*a-3, 
xz 4m2 
Solution in parametric form: 


_ E/2 7 ce [1 + (2m + ie ee 
~ art/2R2”? a= 


. 2 _ _ 
Darlene Elz with a* = —2mA, B= Br, 3/2- 
m 


14. yy, -—y= 


“2 + 2An? + 2A2x3. 
Solution in parametric form: 


1 


1 
C= a y= gat Balt Rs — E3 +7*E3). 
15. yy, —y= ~<a + 5Aa V3 — 12 A2975/8, 


Solution in parametric form: 
a = art? E-3/2 R82 y — ae ime is a ae ee 72/3 2), 
where A= 3704/3, E= E_53, F = F_573. 


@ In the solutions of equations 16-18, the following notation is used: 
f= feveryar —C, 


16. yy, —y= Aa. 


g=2T [/ exp(+77) dr — c| 4 


2 
t exp(+7“). 
Solution in parametric form: 


x = af~' expr’), 


y=af [exp(#r”) + eae where A= 2a”. 


17. yy, -—y= —la + 5 A(a'/? +5A+ 3A2n—1/2), 
Solution in parametric form: 


r= a[3 + 8rf exp(+r”)| _ 
where A = 4/a. 


y = af exp(+r’) [(27? + 1)f exp( 7?) ae 


2a? 
18. yy, -—y=t : 
YY, —Y = eat 
Solution in parametric form: 


4 


-a(fg) ‘(9° #2f*), y=a(fg) *lexp(Fr*)g — 2/7]. 
@ In the solutions of equations 19-21, the following notation is used: 


E=/r(r+1)-Wn|\C(Vr+V7r4+1)|, R= ue 


? 


F=1- re" mlC(VF+ vr +1). 
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19. yy, —y=2x2+ Aa? 


Solution in parametric form: 

t= aan y= ak~7/3(2 3T — RE), where A= — 234%. 
20. yy, —y=— a2 + = A(2e/? +19A+4+ 6A2x mln): 
Solution in mente form: 


z= at *(5RE —3r)*, y= 5ar PE [(Q7 + ca —277R], where A=-—vVa. 


3 
21. yy, -—y= ee 3 /a? + a? — 


eVerEa 
Solution in parametric form: 
a HE? —27°F _ a 4rF*— E? 


“3/2 cEVP  ° A/a? -EVF 


@ In the solutions of equations 22-25, the following notation is used: 


Py=+(7?-1), Pp=r?-3874+0C, Pe=t(r*— 67° 4+4C7 —3). 


4 = 
22. YY, —y= —gpe t Ax igs 


Solution in parametric form: 


L= bar, - y = 4aP; , 4/3 (pe —TP3), where A= +2av 5a. 


23. YY, —Y = —_age + Ac ae 


Solution in parametric form: 


x =10aP3/? Pi o8, y= 9aPy/? PL?!" (P2 — PpP,), where A =+9a?(10a)?/*. 
24. yy, —y= —Pe + 2 A(5a7/? +34A+15A7ax aT), 
Solution in parametric form: 
a=aP;*(147P3—9P3)?, y=28aP;*P3(47* P3—37 P3=P2P3), where A=—3,/a. 
25. yy, —y = —#at GA(25x1/? + 414A + 10A?x~1/?), 
Solution in parametric form: 
a =aP3*(21P2P,—16P3)*, y=21laP;*Py(9P}P1+ P?-8P2P3?) with A=—8/a. 
@ In the solutions of equations 26-29, the following notation is used: 
S, =exp(V37)+Csinr, S2 = 2exp(V37) — Csint + V3C cost, 
S3 = 2exp(V3r) —Csint —V3C cost, S4 = 45,53 — S3. 
26. YY, —y= —22 + Ay tl, 
Solution in parametric form: 


a = 3aS,7S3, y= 2aS,7(S3 — 25,53), where A= 16(3a)°/?, 
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27. yy, —y= —ia@ Ae Age t7®, 
Solution in parametric form: 

~= 48aS)?,5, e = 5a, 1/757 °/4(893 — $54), where A = (48a)?/5a?. 
28. yy, —y= —#Bat SA(-30'/? + 234A 4+ 12A?2—1/?), 
Solution in parametric form: 
at = aS5 *(7$153—253)?, y=—TaS1Sq *(4S?2.5_—45,53+53S3), where A=V/a/2. 
29. yy, —-y=— jax + sy A(212'/? +35A+4+ 6A2a aes 
Solution in parametric form: 
a =aS7°(11S2S4—6493)?, y=—11a$7°S4(S?—-593.94+3257S2) with A=—32V/a. 
@ In the solutions of equations 30 and 31, the following notation is used: 

T, =tanh(7 + C)+tant, T> =tanh(7 + C) — tanz, 

6; =cosht —sin(t +C), 02 =sinht+cos(r+C), 63 = sinht — cos(7 + C). 
30. yy, —y= ja + Ar5/3, 
1°. Solution in parametric form with A < 0: 


-3/2 
? 


x = 8aT; y= 3aT, ??(2 —TT:), where A= —12a°/, 


2°. Solution in parametric form with A > 0: 

x = 4a09/7659/?, y= 300,05 °/7 (62 — 0203), where A = 3a2(4a)2/3. 
31. yy, —y= —Bat ZA(-1021/? + 274A + 10A?x~1/?), 
1°. Solution in parametric form with A < 0: 

z= a(10—7TT2)*, y= 7aT)(T? +377? —4T), where A=—2,/a. 
2°. Solution in parametric form with A > 0: 

a = a0, *(70203 — 507), y = —7a0_*02(03 — 30203 + 20703), where A= v/a. 

@ In the solutions of equations 32-43, the following notation is used: 


Z, = fee +C2Y,(r) for the upper sign, 
CiI,(t) + C2K,(r) for the lower sign, 
fr=r(ZA)i+vZ,, Z=2Z)3, Ur=7Z,4+ 32, 
Uz =UZ+7°Z?, Us = +3772? — 2U,Up, 


where J,(T) and Y,(r) are Bessel functions, and I(T) and K,(r) are modified Bessel 
functions. 
Remark 13.2. The solutions of equations 32-43 contain only the ratio Z!./Z, where the prime 


denotes differentiation with respect to T. Therefore, for symmetry, function Z is defined in terms of 
two “arbitrary” constants C, and C2 (instead, we can set, for instance, C', = 1 and C2 = C). 
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32. yy’, —y = Aa l/?, 


Solution in parametric form: 

LS Gp ee AU. y= ap Pe US. where A= =4a3/?, 
33. yy, —y= Ax”. 
Solution in parametric form: 


Lo dart? 270, *, y= +3ar~2/3Z-US1Us, where A = —36a°. 


34. yy, —y = A(n + 2)[a/? + 2(n + 2A + (n+ 1)(n + 3) A217), 


Solution in parametric form: 


2=aZ5*{fy-(Vt+1)Z), y=aZ7?(f2 — WZ, fy £7722), 


1 


where A=v1,/a, v = ; 
n+2 


35. yyl, — y = A(nt 2)[a'/? + 2(n + 2)A + (2n + 3) A? a 1/?), 


Solution in parametric form: 


v= af, |r? Zy a (2 =a v) fl, y= =e aa Foal ir + 2(1 a WLyFy = 7 Dl, 


1 
here A= se 
where Fu Va, v ee 


36. yy’, —y = Aw’? 4+ 2A? 4 BaWV/?, 
Solution in parametric form: 

w= AZ5%(rZ)— 2), y= AMZ; [PLP — (ve 77)Z31, 
where B = (1 — v)A® and the prime denotes differentiation with respect to T. 
37. yy, —y = 2A" — Ag'/?, 


Solution in parametric form: 


x =a(Z)7*(rTZy £2Z%)?, y= tar(Z) 7 [7 (ZH)? + 22074 + rZZl, 
where A = \/a and the prime denotes differentiation with respect to T. 


38. yy, —y=—at £A(al/? + 8A + 5A?x—1/2), 


Solution in parametric form: 
a = 8aU, *(5U? —777Z7)*, -y = 28ar*Z7U, 4(377Z? — ZU) — 3U?), 


where A = 2\/3a; Z and Uj are expressed in term of modified Bessel functions. 
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39. yy, —y= —f£x + £A(20'/? +7A+4A7x tay. 
Solution in parametric form: 

a =at *Z~°(U,U2—2U3)?,  y=5ar~4*Z~°U2(U2 —U,U3), where 
40. yy, —y= —ja@ 4 SAG FW 12 Ag O/ 5, 


Solution in parametric form: 


3/2 
_ afes ‘i 3a FS) — 2243/2 f3/2 — T° ZI 
~ 3/2? ~ 47 3/2 21/2 y 
raz, 4 PAZ ba 


where Z3/2 and 3/2 are expressed in terms of modified Bessel functions; A = 


41. yy, y= sats <V/ a2 + b? + ——_ 


16/22 +b? 
Solution in parametric form: 
2 = —lar1Z-9/U Pus (27? ZU; = 3U3), 


y = Fhar 12-30 Us (8U3 — 12U2U2 + 47°23), 


where b? = 3a? 


42. YY, —Y=5 apt t ap V0? = = 


Solution in parametric form: 


he - bz 


w= —Lar 2-9/5 US Y? (272 23g + 308), 
y = thar 1Z-3u; uy /? (3U3 + 7? Z3U3 — 303), 


where b? = 6a?. 


, a _ 3 = 3 2 2 15a? 
43. yy, —-—y= 358 35 VE +a + Oe 


Solution in parametric form: 


—Va/2. 


1,4/3 
ga : 


= Lquy??us1(U2 — 03), -y = Savy? Us1 (30? — 1203 + 47? Z3Us). 


@ In the solutions of equations 44—52, the following notation is used: 


Ey =rPVt (493 — 1) \+3ro=1, Ey = 7°99 F1, 
E3 = /+(49? —1)+2rp?, Ex, = 7./£(4p3 — 1) + 2g. 


Here, the function ¢ = g(r) is given implicitly as follows: T = / 


__ dg 


— Co. 


The upper sign in this formula corresponds to the classical elliptic Weierstrass function 


p= g(r a Co, 0, 1). 
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44, yy, —y = Aa? — ep At. 


Solution in parametric form: 


L= 5a(7?9 + 5), y=ar’E,, where A=+ Ta 
45. yy, —-y= fa + Ax”. 


Solution in parametric form: 


a=5ar?9, y=ar*E,, where A= +7S-a7! 
’ _ 6 2 
46. yy, —Y = opt + Ao’. 
Solution in parametric form: 
g=5ako, y=ar’Es, where = +7S-a7! 


47. yy, —y=12e%+ Agx—5/2, 
Solution in parametric form: 
= ap 8/7 BAIT y= ap 8!" B,!" (14g? Fy —3), where A=-+147a"/?. 
63 —5/3 
48. yy, —y = Sa + Ax 
Solution in parametric form: 
2 =20B}? BS’, y=aky By (9E3F16pE2), where A=—228a?(2a)?/?. 
49. yy! —y = 22 + 2A(102'/? + 381A 4 30A7a7-1/2), 
Solution in parametric form: 
t=ap? [7V+(493 —1)- 39)", y = —2atrp~? [@ +(403 — 1) 27 an 
where A = //a. 
50. yy’, — y = 2a + 2A(—10x1/? + 19A + 30A2a71/?), 
Solution in parametric form: 


2 = aEy?(E, —6E))?, y= —2aBy?(46E3— E?+7E, E>), where A=—vVa. 


51. yy’, —y = —2h a + 7, A(5a"/? + 106A + 15A?2x~*/?), 
Solution in parametric form: 
a = a(2297E,—5)*, y=+44ap?E3(79E3427r), where A=—+2V/a. 
52. yy’, —y = —Ba + ZA(5x'/? + 262A + 65A?x~1/?), 
Solution in parametric form: 


a = al; *(289E? $15E3)’, y=56aE;*E7(6pE2+E,), where A= +F3V/a. 


@ In the solutions of equations 53-60, the following notation is used: 


d 
T= / — (incomplete elliptic integral of the second kind), 
+(4r3 — 1) 


R= HAP =), hh ]=tOlar (RAC), Gar RH 1) Batre Se. 
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53. yy, —y= —Per + Arl/?, 


Solution in parametric form: 


7a. 


a=Tar?(I+C)*, y=—2a(I+C)4*IR+CR-—2r*), where A be 


54. yy’ —y=6r+ Ar* 


Solution in parametric form: 
L= ar 8/5 72/9 y= ar 7? 5RI —2), where A=-+150a°. 


55. yy, —y = 20% + Ag V/2, 
Solution in parametric form: 


W872 y = —4aly {3 (13 £9712), where A = +1080°/?. 


z=al, 
56. yy, —y= Po + Ax" 


Solution in parametric form: 


e=al?Is?, y= hater ig (nly — 317), where A=+ 


Aloo 
a 


57. yy, —y = a+ ZA(4c'/? + 61A + 12A22~1/?), 


Solution in parametric form: 


a —a(7RI, —3)?, y= 14al[4(107?-1),-— R], where A= Va. 


58. yy’, —y= —e + ZA(zl/? + 166A + 55A2x—1/?), 


Solution in parametric form: 


a = aly “(4272 $512), y= F84al? I, *(37 12 + 12412772), where A=+v/a. 


59. yy’, —y= —Aa + Sp A(7x1/? +49A + 6A2x i), 


Solution in parametric form: 


a =al,*(5IgI3—161?)?,  y=—5al,*I3(+313 — 313481713), where A=8,/a. 


60. yy, -—y= Bat 6Aa 1/3 — 3A2q—5/3, 
Solution in parametric form: 
e=2ar?/2 3/7 7 3/4 yaar 277? 8/4 (97124 p37? 12) with A=—ta(2a)"/*. 
61. yy, —y= —icz + An /3 4 Bx 5/8, 
The substitution z = 7/2 leads to an equation 
yy, = ~8,-F/2y + 374 _ 3Ar~? _ 3B, 


coincident with equation 13.3.3.13 when n = —1/2, c=0, b=3/4, d =3A/2, a? = —3B. 
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5 —3/5 —7/5 
62. yy, —y = —yyet Aw /> _ Ba pe, B>O. 
The transformation « = (w — $/7+ A/B) "4, y = 20+ (3B) 2 feats leads to an 
equation of the form 13.3.1.3: 
’ _ 2. 2A ( 5 ie 1 
= aa 


63. yy!,,—y= k(Aa? + Ba + Cy, 

A(bow? + byw + bo) = A(bow? + byw + bo) 
4A — w? a= 4A — w? 
rameters bo, b;, and bo are found from the relations B = 4Aby — bo and C = b? — Abobo, 

leads to a Riccati equation: 


The transformation 7 = , where pa- 


thw, = (—4é + bow? + byw + AE + bo. 


For C > 0, we can set b2 = 0, b} = VC, and bp = —B. 
In books by Zaitsev & Polyanin (1993, 1994) it is shown that the original equation is 
reducible to the degenerate hypergeometric equation. 
64. yy, —y= —e + 3A( + B)x\/? 
+ 3A?(4 —3B)+¥49°(44+3B)a71. 
The substitution x = (€? + 7.4)? leads to an equation of the form 13.3.3.13 with n = 3, 
a =4/7,c =0,b = A, and d = 12A(2 — B): 
yye = (46? + SA)Ey — [Se* + 12A(2 — BYE? +3A7] Ee. 
65. yy, —y= fa 
+ £B?|(2— A)a’/8 —3B(2A+1)+ B?(1—3A)a—1/3 — ABS x~?/8), 
B?(3 — 2Bw) 


1\2 
Suet) (w + =) w? leads toa Riccati 


The transformation 2 = w°, y = E + 
equation: 
(26? — 2B°Eé+ 5 AB) wy, = BEw? + (€ — 2B) w + 3B’. 

! _ 3 3 Aml/3 1 3 42,,—-1/3 27 44,,—-5/3 
66. yy, —y= Gr— 5Au / + 7Arx / = gaa 2 . 
The transformation 

= = a1 

ra APF 3, y=3AP(EP—AP—sfta)f 7, where f=w(?-$é)™, 
leads to an equation of the form 13.3.1.46: wwe -—w= KE ae, 

, _ _ 6 7 Aw1/3 4 31 42,,-1/3 _ 100 44,,—5/3 
67. YY, —Y=— att FAL j Peas / =, 4 0 ie, 
Denote A = wa and perform the transformation 

c=? y= (w+ 8€-2a- Dee") Ve, where €=2z- 4a. 

As aresult we obtain an equation of the form 13.3.4.30 with n = z, — —sa: 


[(z _ a)w + 82? _ Jaz + ta’|w, = —tw 
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68. yy, —y= 19 4 1B Ay —1/5 _ Asa 4/5, 


Denote A = 8a~2. The transformation 
Vr 3/5 3/5 1, -2/5 _ 4 —3/5 _ 39 2 
720 (Gee 6 Yr 3 Wa=7TTe qa 


leads to an equation of the form 13.3.1.64 with B = —1/49: 


’ 39 2 15 3--1/2. 
ww, — WwW = — ir + Ba — FRG aT / 
, = 33 286 42,,-5/11 _ 770 43,,—13/11 
69. y¥, -—Y=—-joot t+ BZ Aer / ‘goa 2 (at. 


Denote A = Sa~. The transformation 
Vr= (gh - yg 3/11), ji 3, ge S/N 29 92 
leads to an equation of the form 13.3.1.64 with B = —1/49: 
ww, — w= =a + and : — yer? 
70. yy, —y = —Aha + £A7(1238a-1/7 + 280Ax—*/7 — 400A? a2~*/”). 


Denote A = 1/a. The transformation 


PHEW, y= Ba (whdet Fat BENE, where E=2— a 


20 
leads to an equation of the form 13.3.4.30 with n = 3,¢ = — Da: 
[(z- Sa yw + 42? — Taz + 3a *\ wt <— sy’? + 2zw. 
71. yy’, —y = ax 4+ br™ 
1°. For m ¥ 3, the transformation 
yy 
7 = B|(m— 3)= Hai) : w = 2(m — 3)B? (bx! — + eta) 
x x 
leads to an equation 
1 2(m—1) 1/2 2] p2 2) 23—1/2 
wu, w= 7a [Tomb +[2m—3—a(m—3)*|B*+|[2—m+a(m—3)*|Ber \. 
m— 
2°. Letm #1 anda > —1/4. Denote 
(n+ 2)(n+m-+1) Peer + ( m—1 3) 
a= —- n=n1,2 = ~|+——— - m- 3). 
(2n +m + 3)? ON ag 
Then the transformation 
n+2 m—1 n+2 n+2 
tO Te et ay)! a 


reduce the original equation to the classical Emden—Fowler equation Wee = AE"w™, where 
Ae 0( 2n+m+3 


iP , which is discussed below in Section 14.3. 
m — 
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72. yy, -—y= i at Ag2™t1 aa B22™t!, 
m 
2 
am m ; 
Denote A = ~ 2(m + 2)262” B= ~ 2(m + 2)362" The transformation 
27 2 ?: it 2 
/F = sites bys 4 + Lusi bs”, we ate) ) ap TEES 
m m+ 2 m 

leads to the equation 

2 1 

ww, - w= 2S) deat br? 
(m+ 2)? 


(see Table 13.3 with a = 0 in Section 13.3.1). 
73. yy’, — y = a? re?” — a(bA + 1)e*” +b. 
Particular solution: yo = ae* — b. 


74. yy,,-—y= a” re?” + arawe*” + be”. 


Particular solution: yo = ae*” + 2 + —. 


aX 
75. yy! — y = 2a7Asin(2Ax) + 2asin(Az). 


Particular solution: yo = —2asin(Az). 


16. yy,—y=arpi gh, LV py f= F(a). 


(fz)8 
b b 
Particular solutions: y, = af’, + a , yo=—afi t+ f is : 
x x 


13.3.2 Equations of the Form yy’ = f(x)y+1 


1. yy’, = (ax +b)y +1. 
The substitution € = y — sax? — bx leads to a Riccati equation with respect to x = x(§): 
te = Zax? + bx + €. 


2. yy!, = (aw + b)~7y 4-1. 
The substitution af = —(ax + b)~! leads to an equation of the form 13.3.1.33: Ye = 
y+ (ag). 


1 
3. gy. = (a - ~)y+ ib 
The substitution € = y — az leads to a Bernoulli equation: Exe + atx + a?z? = 0. 
4. yy, = (ax + b)~1/2y +1. 
2 
The substitution z= . (ax+b)'/? leads to an equation of the form 13.3.1.2: yy! =y+ haz. 


5. yy, = 3(ax3/? + 8a)—1/2y +1. 


The substitution z = 12a7! (axl/? + Bye leads to an equation of the form 13.3.1.10 with 
m=3: yy, =y- f2+ eae 2 
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6. yy), = (ax—?/3 _ ZataV/)y +1. 


The transformation x =a?/?w®, y = €—w? leads to a Riccati equation: 3a°/ 2¢ We =f-—w 


1 “y= ae**y + 1. 
The substitution € = se leads to an equation of the form 13.3.1.16: Ye =y+ (Ag). 


8. yy’, = (ae*” + be”) y + 1. 


. b a aig F 
The transformation € = y + —e~*” — —e*”, w = e** leads to a Riccati equation: We a 


a aN 

aw? + \€w — b. 
9. yy, = aycosha + 1. 
This is a special case of equation 13.3.3.75 with b = 0 andc = 1. 
10. yy, = aysinhz + 1. 
This is a special case of equation 13.3.3.76 with b = 0 andc = 1. 
11. yy’, = acos(Ax) y +1. 
The transformation : arctan aa ou 

LSS —; =T- 

d aa 16u2 +? 

ul. = —2ru? + au — £)?7. 


leads to a Riccati equation: 


12. yy’, = asin(Ax)y +1. 
The substitution 7 = € + x leads to a similar equation of the form 13.3.2.11: Ye = 
acos(A€) y + 1. 


13.3.3 Equations of the Form yy’ = fi(x)y + fo(x) 


> Preliminary remarks. 


With the aid of the substitution € = / fi (x) dz, these equations are reducible to the form 


yye=y+f(€), where f(€) = fo(x)/fi(x), (1) 


and by means of the substitution z = / fo(x) dx, they can be reduced to the form 


yy, =g(z)y+1, where 9(z) = fi(x)/fo(a). (2) 


Specific equations of the form (1) and (2) are outlined in Sections 13.3.1 and 13.3.2, re- 
spectively. 


> Solvable equations and their solutions. 


1. yy, = (ax + 3b)y + cx® — aba? — 2b7x. 


The substitution y = xt + ba leads to a linear equation with respect to x = x(t): 
(—2¢? + at+ c)a, =tr +b. 
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2. yy’, = (3ax + b)y — a?a® — abs? + ca. 

The substitution y = xw + ax? leads to a Bernoulli equation with respect to x = x(w): 
(—w? + bw + c)z!,, = wa + az. 

3. 2yy!, = (Tax + 5b)y — 3a2x? — 2cx? — 3b? x. 

This is a special case of equation 13.3.3.11 with m = 3/2, k = 1/2. 

4. yy’, = [(3 — m)a — 1Jy + (m — 1)(a2? — 2? — az). 

The transformation x = w/z, y = —2™ 1+? — 2 — a leads to an equation ww, = 
w +az-+ 2" whose solvable cases are outlined in Section 13.3.1 (see Table 13.1). 


5. yy, + x(ax?+b)y+a=0. 
The substitution z = —$2? leads to an equation of the form 13.3.2.1 with respect to y = 


yz): yz = (-2az + b)y +1. 


6 yy, +a(1—2')y =a? 
Solution in parametric form: 


a=-(r+e7E '+InE), y=-a(r+e7E'), where E= i car +C. 
7. yyi,—a(1— ba—')y = a?b. 
Solution in parametric form: 
x = 4bexp(er*)f-!, y= F4abf—! [272 f + exp(Fr?)], 
where f = [eoter) < +C. 
8 yy, = a2" 1 [(14 2n)a + anly — nx?”"(x 4+ a). 
The transformation x = =, y= = +a"t! + ax” leads to a separable equation: 


r_ q, 


i = 
9. yy’, = a(x — nb)a”—*y + cla? — (2n + 1)bx + n(n 4+ 1)b7]x?""?. 
The substitution € = ax" (—— — b) leads to an Abel equation of the form 13.3.1.2: 
n 

We =y + (nt ljca~E. 
10. yy’, = [a(2n + k)a* + bla” ty + (—a?nax?* — aba® + c)x?"—1, 
The substitution y = «”(w + az") leads to a Bernoulli equation with respect to 2 = x(w): 
(nw? — bw —e)a!,, = —wa — aa*t!, 
11. yy’, = [a(2m + k)x?* + b(2m — k)]a™ hy 

is (a?ma** ot cr?" a b?m)a2™ 2k, 
The transformation z = a«*, y = a(t + axz* + ba~*) leads to a Riccati equation with 


respect to z = z(t): 


(—mt? + 2abm — c)z, = akz? + ktz + bk. (1) 
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mt? + co wi} 


The substitution z = oe. ae where co = c — 2abm, reduces equation (1) to a 
a w 
second-order linear equation: 
(mt? + co)? wt, + (2m + k)t(mt? + co)w) + abk?w = 0. (2) 
t 


k 
The transformation € = u= (1— €?)¥/2w, where pp = _. brings 
m 


\/t? + (co/m) ; 
equation (2) to the Legendre equation 2.1.2.226: 

(1 — 7 )uge — 2€ug + [v(y +1) — (1-7) "Ju = 0, 
m? —k* — abk? 


where v is a root of the quadratic equation v? + v + a = 


12. yy! = [(m4+ 21 — 3)a +n — 214 3jay 
+ [(m +1 —1)a? + (n—m— 214+ 3)ea—n+4+1— 2]a1-*, 


The transformation «= Sig, y= AEN ymt1_ 72-4 I! Jeads to the generalized 
w 
Emden—Fowler equation Wee = AEM w™ (we), which is discussed in Section 14.5. 
13. yy’, = [a(2n + 1)a?+ ca + B(2n — 1)Ja"—7y 
— (na?a4*+ acx? + dx*+ ber + nb?) x?2"—3 
Here, a, b, c, d, and n are arbitrary numbers. 
The substitution y = x"t + axz”*! + br"! leads to a Riccati equation with respect 
tor =2(t): (—nt? + ct — d+ 2nab)z!, = ax? + tar +b. 
14. yy’, = [a(n — 1)@ + (2A 4 n)]ax*—1 (ax + b)->~?y 
— [anx + b(A + n)]a?4—1 (ax + b)~ 74-3, 
1 1 
The substitution y = |— + rues a**” (ax + b)~* leads to an equation of the form 
w 62" (ax 
13.3.4.5: (w+ act! + ba”)w!, = [ana” + b(A + n)z? 1]. 
15. yy’, — a[(m — 1)x + 1)a~*y = a?x~! (ma + 1)(a — 1). 
Solution in parametric form: 
_ (m=1(r™" +1) 
‘i 


dt 
where e-/s77+¢ 


16. yy, — a(1 — ba */?)y = aba 1/?, 
Solution in parametric form: 


g=ahr 2 (Zy,. ys habs? 2 72) a Z|; 


m+1 4 
E +In(7——=2), y =al[l+(mr™ —7)E], 
- 


where 
_ | CiJo(r) + C2Yo(r) for the upper sign, 
~ | Cylo(r) + C2Ko(r) for the lower sign, 


Jo(7) and Yo(7) are Bessel functions, and [p(7) and /Ko(7) are modified Bessel functions. 
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17. yy’, = 3(ax + b)~/3n-5/3y 4 3(ax + b)~2/3a-7/3, 
ax +b 


1 1 1/3 
The substitution w = — + Al ) leads to a separable equation for w = w(z): 
xy 


cr 
wl, =a 3 (an + b)-2/3(4a — 3w’). 
18. 3yy’, = (—7Ax + 6s — 2r)a—'/3y + 6(Asa — 1)a—2/3 

+ 2(Ag + 5A)(—Ar + 3s+4A)a1/3, A= Xs(3s +42). 
The transformation a = (€ + As)~!, y = (w +4 + 3s — Ax)ar?/? leads to an equation of 
the form 13.3.4.10 witha = 1/3: [(€+As)w+ (4A +38)€é]wy = Sw? +2(3A+ s)w 4 2€. 


@ In the solutions of equations 19 and 20, the following notation is used: 


= Vr(r +1)-W\C(Vr+Vv741)|, g=1- f= nlo( VttvrF1)I. 


19. yy’, + Sa(6a — 1)a~ty = —fa?(a — 1)(4@ — 1)a. 
Solution in parametric form: 

w=rfg, y=all—rf 9? 7? f-%9). 
20. yy’, — sa(1 + 2ba~?)y = 7a" (3a + 4ba—"). 
Solution in parametric form: 


g=er fg? y= —tacr—1 f-tg-V/2(#? —4rg*), b=-c’. 


@ In the solutions of equations 21-23, the following notation is used: 
E =exp(3r), $,=E+Csin(V3r), So =2E—Csin(V37) + V3C cos(V37), 
S3 = 2S, (Sy) — ($1) S5 — $150, Ss= 2:91 (S3), a 5(S1),S3 + $153. 
21. yy’, + ja(13a — 20)2-9/7y = — 2a? (x —1)(# — 8)a—"/", 
Solution in parametric form: 
x = 64535557, y = a(454)~9/7 57/55 19/92 — 6453.5, + 79353). 
22. yy’, + Za(23x — 16)a—9/%y = — a? (x — 1)(25a — S2)a-* 4/7 
Solution in parametric form: 
— aes. ne a (228.525, ix 2/7 g~18/7 (98 +752 + 256.9354). 
23. yy, ts pa(19x + 85)a—18/15, — — 2a? (a — 1)(a + 25)x—23/13 
Solution in seas form: 
c= —25535;2,  y = a(2553)-9/3.57 16/1392 + 25,93 — 20853.51). 
@ In the solutions of equations 24—27, the following notation is used: 


T, = cosh(t + C) cos, T, = tanh(7 + C)+tanr, T3 = tanh(r + C) — tan7, 
6; =cosht —sin(7+C), 62 =sinht+cos(7+C), 03 =sinht —cos(t+C), 
Ts = 3T2T3, 04 = 30263 — 207. 
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24. yy! + 7a(13x — 18)a—"/>y = —4a?(x —1)(2 — 6)x9/® 
. Solution in parametric form with A < 0: 
g=-D7°R, gyS2a0te) Or Pe — snr + iD). 
2°. Solution in parametric form with A > 0: 
x = 60205703, y = a(60203)~2/565 °/° (63 + 50262 — 60203). 
25. yy’, + sa(5x + 1)a7lV/2y = a?(1 — x”), 
Solution in parametric form: 
c=T?T,*, y= al, 3(T3 —TTs +41). 
26. yy’, + Xa(19x — 14)27/>y = —Za?(a — 1)(9" — 14)29/®, 
1°. Solution in parametric form with A < 0: 
—2/5 
g=-BT,, y=o(2rn) (7-202 + Bn). 
2°. Solution in parametric form with A > 0: 
L= 050304, y= (+0704) 28 (05 + 30% = 0704). 
27. yy, + FZ Xa(3x + 7)a—18/10,, — —ta7(x —1)(4+9)a-8/®, 
1°. Solution in parametric form with A < 0: 
x =9TATS?, y= a(9Tt)-3/ Ty (72 — 2073 — 9T4). 
2°. Solution in parametric form with A > 0: 
x = — 20462, y = —4a(204) 9/977" (62 — 5620, + 2.04). 


@ In the solutions of equations 28-30, the following notation is used: 


Py=+(7?-1), P3=7?-37+C, Py =+(r*-— 67? +4C7 — 3), 
Ps = +(r® — 157* + 20Cr? — 457? + 1207 — 80? 4 27). 


28. yy), + pa(7x — 12)a—7/5y = — a? (x —He— 16)x—9/5, 
Solution in parametric form: 


a =+16P,P2P,?,  y = a(16P)P?P})~?/>(P? + 15P? Py + 16P»P?2). 


29. yy’, + 2a(13e — 8)2~7/>y = —2 a?(a — 1)(27" — 32)x~9/*, 


Solution in parametric form: 


32 p?P3P., yy = +a(3Py)~9/>P, PS?! (SP? + BPP Ps + 2EP3). 


30. yy’, + Za(3a + 11)a1/y = —2a?(x — 1)(a — 27)a~18/", 


Solution in Se eae form: 


x = F27P3PS*, y= Fa(3P,)~9/" Py!" (PP? F 28.P2 Ps + 27P3). 
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@ In the solutions of equations 31-38, the following notation is used: 


d 
T= / eS (incomplete elliptic integral of the second kind), 
+(4r3 — 1) 
R=V/+4F=1), h=tQrSC R40), b=7 (Rh =1), 
p= a7 = Fe, = bigs, Ts = 2R(I +C) — 7’. 


31. yy’, — Sa(ax 4+ 1)a77/4y = fa? (a —1)(3@ + 5)a—5/2, 
Solution in parametric form: 
e=4r3r1R, y= ta(irr) 474 [air —2)n — 48]. 

The lower sign is taken in the notation adopted. 
32. yy’, — 5a(ax + 1)a77/4y = 5a? (ax —1)(4#+ 5)a—5/2, 
Solution in parametric form: 

r= —47 7 Eh, y= —4a(rl)~ VW2(1] 2) 3/4 (97 12 + Ip — 37°F). 
The lower sign is taken in the notation adopted. 
33. yy’, — ja(4ax + 3)a—8/Ty = —ta?(x —1)(16@ + 5)x—*/7, 


Solution in parametric form: 


e=+3 IER, y=—4a(8 4718)" (323 + 731s 1627 b). 
34. yy! + da(13a — ee = —$a?(x — 1)(5x — 1)a-¥/3, 
Solution in parametric form: 


2=FBIy?, y=-algl, ?(R +2 +4771). 


35. YY), = 3g a(8x — 1)a8/"y = a(x — 1)(32a” + aac?" 


Solution in parametric form: 


2=FI? By, y=—4o(S1? Bf) "(3B + 77 + 32071). 


36. yy’, —a(5a —4)a~4y = He —1)(3a —1)x~" 


Solution in parametric form: 


4 ee 7 mee i y= 36a(I + C)*R-[(1 al or ta) —7*R]. 


37. yy’, — 2a(3x —10)a~4y = $a? (x —1)(8x — 5)a—7 


Solution in parametric form: 


eatyr(1+C) 7s, y= teal t+ Cy is +5775 Fre(1+C)’). 


38. yy’, + qpa(39a — 4)a~9/7y = — Ba? (@ — 1)(9e — 16) 1/7. 


Solution in parametric form: 
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2=+16r3(1+C)*Is?, y= da[l6r3( + CY? IP)?!" [812 + 777 Ig F 4873 (1 + C)’]. 
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@ In the solutions of equations 39-41, the following notation is used: 


f= [etrr’) dr+C, g=2rf exp(+77). 


39. yy! + a(a — 2)a~*y = 2a7(a@ — 1)a7* 
Solution in parametric form: 
2=rtexp(+r7)f, y= all + 27? — rexp($77)f7"]. 
40. yy! + a(3a — 2)a~'y = —2a?(a — 1)?a7!. 
Solution in parametric form: 
a= sexp(Fr*)f-7g, y= $a[2 —exp(Fr’) f “g Ff 7g]. 
41. yy! +a(1 — ba~?)y = a*ba—!. 
Solution in parametric form: 
1 1 a 
r= Jame! , Y= Es 


@ In the solutions of equations 42-52, the following notation is used: 


By =P /t4e3-1)+37pFl, H=r’pFl, 
E3 = V+£(4p3 — 1) + 2rp’, Ey = TV 4(49% — 1) + 26, 
Es = 7?/£(493 —1)— 47? 946, Bg = 7\/£(49? — 1) - 9. 
do _ 
+(43 _ 1) 
The upper sign in the above relations corresponds to the classical Weierstrass elliptic func- 
tion 9 = g(r + C, 0, 1). 


fg" [9 exp(#r’) — 277]. 


Here the function ¢ = (7) is defined implicitly as follows: T = (| 


42. yy’, — fa(3x — 4)x—5/47y — fa? (x —1)(a@4+ 2). 
Solution in parametric form: 


L= 370 * Ee, y= —tar(4 2 EB) M2 (Re + 20E¢ — 3779). 


The upper sign is taken in the notation adopted. 


43. yy! + wa(33ex + 2)a-8/>y = —A a? (a — 1)(9e — 4)a—7/®. 


Solution in parametric form: 


a= 47*oP Ee? y= +1a(47*p3 E8)-/5 (382 + 59E¢ ¥ 12779). 


44. yy’, — ta(x — 8)x°/?9y = —4a? (x — 1)(3x — 4)a*. 


Solution in parametric form: 
= -1/2 
x= 4E,By?, y= 4a(4E3)~"?(B? — 4B By + 3E8). 


The lower sign is taken in the notation adopted. 


13.3. Abel Equations of the Second Kind 417 


45. yy’, + doa(17x + 18)a~??/y = —4a?(a —1)(@ + 4) 29/49, 


Solution in parametric form: 


o=+4E)2E3, y=+ab, 8? (4B)-7/9(B? — 5B, Ey $ 4ES). 


46. yy), — ja(6x —13)a—5/2%y = —ta?(x —1)(a—13)a~*. 


Solution in parametric form: 


= -1/2 
2= EF? Es, y =—da(1883)"/? (QE? + 13E) Es — 6E3). 
The upper sign is taken in the notation adopted. 
47. yy’, + Ba(24x + 11)4?7/y = —1a?(a — 1)(9e + 1)a17/), 
Solution in parametric form: 
_ 4p p-2 id 3\—7/20 13/10 2 3 
The upper sign is taken in the notation adopted. 


48. yy’, — 2a(3a + 2)x~*/Py = 3a7(w — 1)(8a + 1)a**, 


Solution in parametric form: 


w= Fp Bs?Ey, y= Fa(3pE3)-7/E,°” 3oR} = gE} + Ey). 
49. yy’, — Sa(4ax + 1)a-/>y = $a? (ax — 1)(27@ + 8)a~9/®, 
Solution in parametric form: 
c= —F)B2E;3, y =aBy Ey? E, (EB + EE? — 10E3). 


50. yy, + Ba(13e — 3)e—4/5y = —ha?(@ — 1)(27x — 7)x9/®, 


Solution in parametric form: 
o=2E3E)°, y= a(4b,1E)-7/ QE} — 5 Ey Es + 4B). 


51. yy! — fa(x + 4)a8/Py = 2a?(@ — 1)(3a + 7x1, 


Solution in parametric form: 
= 4E;'p* /EGe 0, 
2 —3/5 
y= —tak; ie sev +(43 = D| [149* By + 2/ +(463 _ 1) : 


52. yy’, — a(2a — 1)a-*/?y = ta?(a — 1)(3a + 1)a4. 


Solution in parametric form: 


c= tr 'p V4 -1, y= —al6r (403 — al (6/463 —1+2rp? —2r). 


The upper sign is taken in the notation adopted. 
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@ In the solutions of equations 53-55, the following notation is used: 


br? 4 Or — 1, 


Qi =4 


53. yy’, + $a(ax — 6)a—7/>y = 


Solution in parametric form: 


i +37Q3Q3", 


Qo =r £1, Q3 =7? +374+C. 


2a? (a —1)(@+ 4)a-9/®, 


y= a(3rQ3)-2/5Q3° [(1 + 577)Q3 + SrQal: 


54. yy’ + ¢a(2la + 19)a—7/°y = —2a7(a — 1)(9x — 4)a9*, 


Solution in parametric form: 


r= +0:930;7,. y=+ 


aQ 7° Q5 Qs !*(Q3 = Q193 + Q?). 


55. yy’, — Baxa—7/4y = ta? (a —1)(« — 9)a~*/?, 
Solution in parametric form: 
«=Q77Q3, y= 


The lower sign is taken in the notation adopted. 


=d0, '°O,"" (G2 +010: = 7): 


@ In the solutions of equations 56 and 57, the following notation is used: 


n= fr 


k 


k-2 exp(+7*) dr +C. 


56. yy, —al[(k+1)a — 1ja~7y = a?(k+1)(# —1)x~?. 


Solution in parametric form: 


2 
~ k+1 
k-1 


where 8 = a 


—T ~ kL exp(4 


tT )hea, y= al" 


1 2) 
T+ exp(Fr7)hg! + (k +1)? - 1], 


57. yy’, — al(k — 2)” + 2k — 3Ja~*y = a?(k — 2)(a — 1)?a!—**, 


Solution in parametric form: 


2 


x = F272-F exp(+r7)hy, 


2(1—k) 


= a(+2h,)'—* exp [#(k - 2)r?] [- 2-k  exp(+77) + = ae 47?) hy): 


58. yy’, — dal(4k — 7)@ — 4k + 5la~*y = 40?(2k — 3)(a — 1)?a!-**, 


Solution in parametric form: 


=(rZ) 


where Z = CiI,(r) + CK, (7), U= TZ +0Z, v= 


a 


modified Bessel functions. 


1a(7Z)3"u-7* (2U? +. 5ZU — 772"), 


Li 
3— 2k’ 


I(r) and K,(r) are 
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@ In the solutions of equations 59 and 60, the following notation is used: 


Nn = f Oe 


TT +4 


—2n 


59. yy’, — [(2n — 1)x — an|a—"—ly = n(x — a)x 
1°. Solution in parametric form: 
G=TNo, YS TUN + aN, = 71. 

2°. Particular solution: yo = (a—ax)a~”. 
60. yy, — |[(n+1)x — an] a°—l(a — a)—"—47y = na?” (a — a)—?7"-3, 
1°. Solution in parametric form: 

g=7N,', y=(r—aN,) "1 - (7 +@)Nql. 
2°. Particular solution: yo = —2"(2 —a)~""1. 


61. yi, — a[(2k — 3)a + La-*y = a?(k — 2)[(k — 1)@ + 1a), 


Solution in parametric form: 


t= apo (a — k)(2k — 3)(r + 1)TF +(2—k)E|, 
y= 2 [re (1 ayer +), 


1 els 
where p= [-(+1) I-kdr+C. 
vi 


@ In the solutions of equations 62-66, the following notation is used: 


Ag=Vlar, En = f(a 4 rth)? dp 4 C, 
1 
Fy, = RynEn —T, Enk = fo + auth) kz dr +C. 


62. yy, —al[(n + 2k — 3)x +3 —2k]a*y 
=a?[(n+k—1)2? — (n+ 2k—3)a+k-—2]a'~**, 


Solution in parametric form: 


2n+1 2 3n+2 
63. yy’, — “[(n +2) —2]a7 n y= “[(n+1)2” —2e@—n41])27 


Solution in parametric form: 


n+1 it _ nti 
e=+2E°'R,, yr=t2 2 aE? Ry, ” (En+2Rn). 
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r a n+4 = _ 2n+1 
64. yy. o(atte 2) a n y 
ae ai 4 : e _ 8n+2 
=a +(n*+n—4)x—(n—1)(n+2)|a7 7 
Solution in parametric form: 
2 aaa np 1 1 72 
cS20r "Hi, Y= ah) ty hy ™ a ER), 
2 
where oe nail 
nm+1 
+4 
F a Bn+5 n—1 <a 
65. yy, + 25 ( ; z+ )e alla 
a? 2 n?4+2n+5 4 TEES 
——————— = +3 
ew lt De wacd e+e . 
Solution in parametric form: 
ne es, Ay 48 
gar eee yaar 138 En OR, 1 [Fe—ret2 + (1) rr). 


66. yy), — (7 + ba") y = -£2(2+2 + ba”). 


n 


Solution in parametric form: 


1 
i crE” y= ack,” (Em Re + =r). 
n 


mi? 


67. yy! = (ae” + b)y + ce?” — abe” — b?. 


The transformation « = Inw, y = tw +b leads to a linear equation: (—t? + at+c)w} = 
tw + b. 


68. yy’, = [a(2u + A)e** + ble”*y + (—a? ne?” — abe” + c)e?"*. 
The substitution z = e” leads to an equation of the form 13.3.3.10: 
yy, = [a(2u + A)2* + ble ly + (—a? ue" — abe? + e274". 
69. yy’, = (ae*” + b)y + cla2e?*” + ab(Aw + 1)e*” + b? Ag]. 
The substitution € = se + bx leads to an equation of the form 13.3.1.2: Ye =yt ort. 


70. yyl, = &* (2arAx + a + b)y — e?*(a?rAx? + abs +c). 

The substitution y = e*”(€ + ax) leads to a linear equation with respect to x = «(€): 
(AL? + bE — c)ai, = aw + €. 

71. YY, = e*” (2ax” + 2a+ b)y+ e74% (_aa* — ba? + c). 


The substitution y = e%(€ + x”) leads to a Riccati equation with respect to x = x(€): 
(—ag? + bf + c)a, = 27 +6. 
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72. yy, + a(1 + 2bx)e’*y = —a2ba7e2, 


Solution in parametric form: 


L= = exp(7?) y= ke [27* exp( a \P 1] exp|2 exp(+r7) f], 


where f = [rteveryar+e 


73. yy’, —a[1+2n+2n(n+1)a]e"tD*y = —a?n(n+1)(1+nx)xe2 re, 


Solution in parametric form: 


) exp|(n+ 1)r" E] , Y= ar” ( 


1 
t= (2n7"B + 
n 


| +nB) exp[(n+1)r"E], 


Jt 7? 


where E= | (147°*1)-/?dr +. €. 


74. yy’, +a(1+ 2ba!/?) exp(2ba!/”)y = —a?ba?/? exp(4bar1/?), 
Solution in parametric form: 
ge=er*ZU?,  y=—acr*Z—-7(U* +772") exp(—2br-7Z 10). 


Here, 
b=(F)?, U=rz4Z, ZH Ci Ji (rT) + C2Yi(r) for the upper sign, 
C\I)(r) + C2Ki(r) for the lower sign, 


where J;(7) and Yj(7) are Bessel functions, and [;(7) and Ky(7) are modified Bessel 
functions. 

75. yy’, = (acosha + b)y — absinh x + c. 

The transformation t = y — asinha, € = e” leads to a Riccati equation: 2(bt + c)& = 
a&? + 2t& — a. 

76. yy, = (asinhax + b)y — abcoshz + c. 

The transformation t = y — acosha, € = e® leads to a Riccati equation: 2(bt + c)& = 
a€? + 2t€ + a. 

77. YY, = (2Inz+a+1)y+2(-— In? x —alne + b). 

The transformation x =e”, y= (€+w)e” leads to a linear equation: (—€? + aé + bw = 
wt &. 

78. YY, = (2 In? x +2Inz+a)y+ a(—In*2 —aln? 2+ b). 

The transformation «=e, y=(z+w7)e” leads to a Riccati equation: (—z?+az+b)w!, = 
w? + 2. 

79. yy! = axcos(Ax”) y+ 2. 


The substitution z = $a” leads to an Abel equation of the form 13.3.2.11: yy! 
acos(2Az)y + 1. 


80. yy! = axsin(Ax”) y + 2. 


The substitution z = 52" leads to an Abel equation of the form 13.3.2.12: yy}, 
asin(2Az)y + 1. 
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13.3.4 Equations of the Form 
[g1(x)y + go(x)] ul, = fa(x)y? + fi(x)y + fo(x) 


> Preliminary remarks. 
With the aid of the substitution 
w= (y + ”\e, where FE = exp(= [ Fa), (1) 
these equations are reducible to a simpler form: 
ww, = Fi(x)w + F(z), (2) 


where 


d 2 
i= = (2) , fe 2 |B, Fy = (2 - Goh. fs fo) ge 
dz \ 1 91 i Nn HF I 


Specific Abel equations of the form (2) are outlined in Sections 13.3.1-13.3.3. In the 
degenerate cases with Fo = 0 or F| = 0, the variables in Eq. (2) are separable. 


> Solvable equations and their solutions. 
1. (Ay+ Br+a)y)+ By+kx+b=0. 
Solution: Ay? + kx? + 2(Bry + ay + bx) =C. 
2. (y+ax + b)y, = ay t+ Bx +7. 
The substitution y = u — ax — b leads to the equation 
uu, = (a+ a)u+ (8 —aa)z+y— ba 


which is separable with a = —a. For a € —a, the substitution u = (a + a)w leads to an 
equation of the form 13.3.1.1 or 13.3.1.2: 


wu), =wt+A7(6—aa)z + A-?(7 — ba), where A=a+a. 
3. (y+ aka? + ba + c)y’, = —ay” + 2akxy + my + k(k+b—m)x+s. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 
[—az? + (m—k)z+s—ck]z’, = ake? +(b+k)n+z+e. 


4. (y+ Av” + a)y, + nAx” ty + kx™+b=0. 


2k 
Solution: y? + ———2""*1 + 2(Ax"y + ay + bx) = C. 
m+1 


5. (ytax"*! + ba”)y’ = (ana + ca™")y. 


The substitution y = x”(w — b) leads to a Bernoulli equation with respect to x = x(w): 


[—nw? + (bn + c)w — belz!,, = wx + az”. 


6. xyy,, = ay? + by + ca" +s. 


a 


The transformation € = 2°, w= —fa-ty leads to an equation wwe =w+Aé+4+ BE™, 


where A = —ab~*s, B = —ab~*c, m = (a—1n)/a (see Section 13.3.1). 
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7. xyy,, = —ny? + a(2n + 1)xy + by — a?nx? — abs +c. 
The substitution y = w + az leads to a Bernoulli equation with respect to 7 = x(w): 
(—nw? + bw + c)al, = wa + ax”. 
8. 2xyy! = (1—n)y? 4 [a(2n + 1)a + 2n — lly — a?nx? — br — n. 
The transformation « = £7, y = €t + a€? + 1 leads to a Riccati equation: 

(—nt* + 2an — b)El = af? + 1€ +1. 
9. (Ary — Aky + Ba — Bk)y’, = Cy” + Dry + (B — Dk)y. 
The transformation z= w+k, y= €w leads to a linear equation with respect to w = w(x): 
[(C — Ag? + DéJw, = Abw + B. 
10. [(3ax + As)y + (4A + 38s)a]y!, = 2ay? + 2(3A 4 s)y + 2a. 
The substitution w = ay? + (3A + s)y + leads to an Abel equation of the form 13.3.3.3: 
2ww, = (Tay + 5b)w — 3a7y? — 2cy” — 3b?y, where b= s + 2A, c= Fa(13\ + 6s). 
11. [(4ax + As)y + (4A 4 3s)z]y’, = Say? + 2(3A 4+ s)y + 2a. 
The substitution w = Fay? +(3\+ s)y+ leads to an Abel equation of the form 13.3.3.3: 
2ww, = (Tay + 5b)w — 3a7y? — Icy? — 3b?y, where b = s + 2A, c = 4a(60A + 25s). 
12. (2Axry+ay+ ba + c)y’, = Ay” + Ak?a? + my + k(ak+b—m)ax+s. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 


[Az? + (m—ak)z+s—ck]z', = 2Akr? + (2Az+ak+b)x+azt+e. 


2(m + 1) , _1-m_2 m—1 
13. [aay + (1—m)Ay — 2? = a. + >a be 
Nene l1—-m 5. m-1 . 
The substitution w = 5 yo + 73 y + « leads to an equation of the form 13.3.3.4: 
m 


ww, = [((3—m)y—1Jw+(m—1)(y?—y?—ay), where a= A—2(m+1)(m+3)~°. 
14. x(2ay + bx)y’, = a(2— m)y? + (1 — m)zy + cx? + Axv™™?, 


The transformation z= y/x, w= —Ax™+amz?+bmz—c leads to a separable equation: 
ww, = m(2az + b)(amz?+ bmz — c). 


15. (aya? + a)y’, = y>+ayto. 
Solution: (2 + y)? +a+b= C(bxr — ay)’. 
16. (2Axry + Ba? + b)y/, = Ay? +k(Ak+ B)a? +c. 
The substitution y = z + ka leads to a Riccati equation with respect to 7 = x(z): 
(Az? + ¢— bk)a’, = (2Ak + B)z? + 2Azax + b. 

17. (Avy + Ba? + ka)y’, = Dy? + Exy + Fa? + ky. 
The substitution y = xz leads to a linear equation with respect to x = x(z): 

[((D — A)z? + (EB - B)z+ Fla =(Az+ B)r+k. 
18. (Avy + Ba? + ka)y,, = Ay? + Bry + (Ab+k)y + Box + bk. 
This is a special case of equation 13.3.4.22. Solutions: y= Cx—b and Ay+ Br+k=0. 
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19. (2Ary+ Ba? +ka)y’ = Ay? + Cry + Dx? + ky — CBx — AB? — kp. 


The substitution y = €a + 6 leads to a linear equation with respect to x = x(&): 


[-Aé? + (C — B)E + Da, = (2AE + B)x + 2A8 +k. 


20. (Ary + Bau? +kx)y! = Ay? + Cary + Dx? + (k — AB)y — CBx — kf. 
The substitution y = €x + (8 leads to a linear equation with respect to x = 2(€): 
[(C — B)E + Dix, = (AE + B)z+ AB +k. 

21. (Ary + Aky + Bx? + Bkax)y’, = Cy? + Day + k(D — B)y. 

The transformation «= w—k, y= €w leads to a linear equation with respect to w = w(€): 
[(C — A)é? + (D — B)é]w, = (AE + Bw — kB. 

22. (Avy + Ba? + ayx + byy + c1)y', = Ay* + Bay + aga + boy + co. 
Jacobi equation. 


1°. With the help of the transformation x = +a, y = y¥ + (, where a and £ are the 
parameters which are determined by solving the algebraic system 


AaB + Ba? + aja +b18 +c, =0, AG? + BaB + aga + b28 + co = 0, 


we obtain the equation 
(Azy + Bz? + 4% 4+ by) gy, = Ag? + BEY + GoF + boy, 


where Gj = 2Ba+ AG +a), G2 = BB +a, by = Aat bi, bo = 2AG6 + Ba + bo. The 
transformation z = y/Z, ¢ = 1/2 leads to a linear equation: 


[by 2? + (a _ by)z _ a2\¢) = (bz + a1) +Az+B. 


2°. The original equation can be also rewritten in the form 


(xy; — y)(n3x + m3y + ks) — yl, (nix + my + ky) + nox + may + ko = 0. 


The solution of this equation in parametric form can be obtained from the solution of the 
following system of constant coefficient linear differential equations: 


/ 
(£1), = 2121 + m1 2q + ky 23, 


/ 
(x2); = N2x1 + MgxQ + koxs, 


/ 
(x3), = N3x1 + M3X2q + k3x3, 


using the formulas x(t) = 21/x3 and y(t) = r2/z3. 


3°. In the homogeneous coordinates 7 = x1 /x3 and y = x2/x3, Equation 2° becomes 


dx, dx2 dx3 
XY x2 L3 = 0, (13.3.4.1) 
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where ay, b,, and c, are linear forms of the homogeneous coordinates a, = a,x, + a2%2+ 
323, by = b,x, + boxe + b3x3, and cy = CX] + CoXQ + C343. The coefficients of these 
forms depend on those of the original equations: 


aj = —ni +kg +k, az = —M1, a3 = —k, 
bj = —Nna, by = —m2+kg +k, b3 = —ko, 
cy = —n3, c2 = —™3, c= k, 


where /; is an arbitrary constant. To return from the homogeneous coordinates to the origi- 
nal ones, x and y, it suffices to set x3 = 1. 
Equation (13.3.4.1) has linear particular integrals of the form 


Se = ur, + U2t2 + uzxz3 = 0, (13.3.4.2) 
where uy, w2, and wz are some constants satisfying the linear system 


(a, — A)uy + by uz + c,u3z = 0, 
aguy + (bz — A)uz + cous = 0, (13.3.4.3) 
azuyz + b3u2 + (c3 — A)u3 = 0, 

whose nonzero solutions are found from the cubic equation 


ay — r by C1 
ag bo — 2X (63) = 0, (13.3.4.4) 
a3 bs c3 — r 


Since a cubic equation always has at least one real root, the Jacobi equation has at least one 
linear particular integral (13.3.4.2). 

Suppose we have found one real root of equation (13.3.4.4); the corresponding solution 
to system (13.3.4.3) is the integral curve uj2 1 + u2%2 + ugx%3 = 0. If ug ¥ 0, the changes 
of variables x1 = €1, 2 = &9, and uj x, + U2%2 + ugx3 = &3 (if, for example, uz = O but 
uz, # 0, we set Uz = €1, 2 = &9, and x3 = &3) lead to the equations 


d&, d&2 d& 
fi € & |=0. 
a Pe 


It is clear that y¢ = 733. Changing to the Cartesian coordinates and setting €; = €, £2 = n, 
and €3 = 1, we obtain an equation of the form (1.2.2.2) (see also Section 13.1.6), 


(y37 — B1€ — Bon — 83) d& — (y3€ — a1 € — aan — a3) dn = 0, 


which is integrable by quadrature. In some special cases, the form of the general solution 
can be given in more detail. 


1. All roots of equation (13.3.4.4) are real and distinct; then we get three integral 
straight lines of the Jacobi equation 


Ug = U1X1 + UQL2 + UZZ3, 


Uy = Vj L1 + Vex%Q + U3%3, (13.3.4.5) 


Wy = WX, + W2oL2Q + W343. 
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We take these straight lines to be the axes of the new trilinear coordinate system (€1, £2, 3), 
so that €; = 0, £2 = 0, and €3 = 0 are solutions in this coordinate system: 


d&, d&2 d&3 
fi && & |=0. (13.3.4.6) 
ag be Ce 


Substituting €£; = 0, 2 = 0, and €3 = 0 and requiring that (13.3.4.6) is satisfied, we find 
that ag = a1), be = bog, and cg = €3€3 in the new coordinates; hence, equation (13.3.4.6) 
becomes 


dé, d& d&3 te dha ts 
fo fe: ee bela 2 Ff leo 
aii be€2  c3&3 a be 
or - i. 7 
(c3 — ba) = + (a1 — €3)—* + (bz — a1) = = 0. 
fi £9 &3 


Its general integral is 
elms Sime ma =¢(¢ 
Inserting here the straight lines (13.3.4.5) and setting x3 = 1, we obtain the solution in the 
Cartesian coordinates 
(ur + ugy + uz)°(vpa + vey + v3)? (wie + wey + w3)7 = C, (13.3.4.7) 
wherea+ 6+y7=0. 
Example 13.1. Let us look at the equation 
(7a + 8y + 5) dx — (7x + 8y) dy + 5(x — y)(y dx — xdy) = 0. 

In the homogeneous coordinates, it becomes 

dé d&2 d&3 

fi 2 &3 = 0. 


7x4 8x9 7x4 8x9 523 5x1 = 5x2 


The equation for \ is \? + 15\? — 25 — 375 = 0; its roots are Ay = —15, Ay = —5, and A3 = 5. 
As a result, we get 


Ue = 24, +3%0+93, Veg = —%1 +%0+%3, We = %1—%24+ 43. 
Substituting the variables u, v, and w determined by these formulas into the equation yields du a 


2a + dw = 0. Integrating this relation gives ww = Cv”. Hence, in terms of the original variables, 
we get (2x + 3y + 1)(x@ —y+1) =C(-a@+y+1)?. 


To analyze the other special cases, we introduce the 3 x 3 matrix 


ay by cy 
A= ag bo C2 
az 63 3 


2. Suppose equation (13.3.4.4) has three real roots with two of them being multiple, 
A2 = 3. Then the form of the general solution depends on the quantity 


p = rank (A — \,E) + rank (A — d2E), 


where E is the 3 x 3 unit matrix. 
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2a. o=3. The matrix A has three eigenvectors and the solution of the original equation 
is written in the form (13.3.4.7). 

2b. p < 3. In this case, the matrix A has less than three eigenvectors, which leads us 
to the general case 1. 


3. Finally, if all three roots of equation (13.3.4.4) coincide, the form of the solution is 
determined by value of p = rank (A — AE). 

3a. p = 2. Again, this leads to the general case 1. 

3b. p = 1. In this case, instead of an integral straight line, we get a bundle of integral 
curves, since one equation is insufficient for determining two ratios, uy/u3 and u2/us. 
Expressing u3 in terms of uw; and wz and substituting into the equation u, = 0, we obtain 
the equation of the bundle, which contains one significant constant and, hence, is a general 
integral of the Jacobi equation. 


Example 13.2. In the homogeneous coordinates, the equation 
(14x + 13y + 6) dx + (4a + 5y + 3) dy + (7x + 5y)(y dx — x dy) =0 


becomes 
dx 1 dx 2 dx 3 


Ty Z2 x3 = 0. 
4a + 5x2 + 323 —147, = 132x2 = 6x3 7X1 + 5x9 


The equation for \ is \? + 9A? + 27 + 27 = 0. It has three identical roots: \y = Az = A3 = —3. 
The equation of the bundle is ui (a1 — #3) + u2(x2 + 243) = 0. The general integral of the original 
equation is « — 1 = C(y + 2). 


© Literature for equation 13.3.4.22: V. V. Stepanov (1958), V. F. Zaitsev and L. V. Linchuk (2015). 
23. (Avy+ Ba? +ay+br+c)y’, — kAvyt+kBa?+my+k(ak+b—m)a+s. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 

[((m — ak)z +s — ck]ax’, = (Ak + B)x* + (Az +ak+b)2+az+e. 
24. (2Ary+ Ba? + ay+ba+ c)y’, = Ay? + k(Ak+ B)x? +aky-+ bka +s. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 

(Az? + s —ck)a!, = (2Ak+ B)x* + (2Az +ak+b)x+az+e. 

25. (2Axry — Aka? + ay + ba + c)y,, = Ay? + my + k(ak+b—m)xz+ 8. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 

[Az? + (m — ak)z +s — ck]a’, = Akx? + (2Az + ak+b)2+az+e. 
26. (2Axry+ Ba? +ay—aka+ b)y’, = Ay*+ k(Ak+ B)x? +my—mkaz+s. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 

[Az? + (m — ak)z +s — bk]a’, = (2AK 4+ B)z? +2Azr+az+e. 

27, (2Ary+ Ba? + ay + ba + c)y’, = Ay? + k(Ak+ B)x? + by +ak?x +s. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 


[Az? + (b— ak)z+s—ck]c! = (2Ak+ B)x? + (2Az+ak+b)z+az+e. 
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28. [Ary + Bx? + (k — 1)Aay — (Abk + Ba)z]y', 
= Ay? + Bay — (Ab + Bak)y + (k — 1)Bbz. 


This is a special case of equation 13.3.4.22. Solution in parametric form: 


at + ACt* _ bt - BC 
fet Yaa? 


The solution can be presented in implicit form as well: 
C* (Ay + Bx)* + [A(b— y) + B(a — x)]|*-1 (ay — bx) = 0. 


29. [(ax+c)y+ (1 — n)a? + (2n —1)x — nly! = 2ay? + 2zy. 
The substitution w = ay + x leads to an equation of the form 13.3.4.8: 


2ywwi, =(1 n)w*+[a(2n+1)y+2n—1)w—a?ny?—by—n, where b=(2n—1)a—c. 


2n 


30. [(2@ +c)yt+ (n+ 1)z? — a(2n41)r+a?nly, = . y? + ay. 


n—1 
3n—11 38n—-—1 
ie -,w= é - leads to an equation of the 
m—-ly nm-ly n-Il 


The transformation z = 


form 13.3.4.8: 


(8n—1)c+an(2n+1) . 


2zww!, = (1—n)w?+[a(2n4+1)z+2n—1]w—a?nz?-bz—n, b= i 
n— 


31. x(2axry + b)y’,, = —a(m + 3)xry? — b(m + 2)y + cx™. 
The transformation z= zy, w = —ca™*! + a(m + 1)a?y? + b(m + 1)zy leads to a 
separable equation: ww’, = (m + 1)?(2az + b)(az? + bz). 


32. [(agx2 + ayx +a0)y + box” + byx + boly!, = coy? + ciy + co. 
This is a Riccati equation with respect to 7 = x(y). 
coy? + cry + co 


/ 
w 
— leads to a second-order linear equation: 
agy + be 


The substitution x = — 


avy + bj 


N / / 2 
_ = 0, h {= > 
faWyy — [(fa)y + fifalwy + fofaw WHET ile coy? + c1y + co 


a=1, 2, 3. 


33. [(12a?x? — Tax + 1)y + 4cx? — 5ba]y’, = —2x(3a7y? + 2cy + 3b7). 
The substitution w = x(3a7y? + 2cy + 3b”) leads to an Abel equation of the form 13.3.3.3: 
2wwy = (Tay + 5b)w — 3a7y> — 2cy? — 3b7y. 
34. a[(m—1)(Ax+ B)y+ m(Dz2? + Ex + F)]y’, 

= [A(1 — n)a — Bnjy? + [D(2 — n)a? + E(1 — n)a — Fnily. 
Solution: Avy + Da? + Ex + By+ F = Car"y™. 


35. x?(2ary + b)y!, = —4ax?y? — 3bry + cx? +k. 


The transformation z = ry, w = 2ax*y? + 2bxy — cx? — k leads to a separable equation: 
ww, = 2(2az + b)(2az” + 2bz — k). 
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36. (ay tax” + bx?) y’, = y*? + ca” 4+ bry. 


The transformation t = y/x, z = x”~? leads to a first-order linear equation: (c—at)z; = 
(n — 2)(az+#+ 6). 


37. a(2ax"y + b)y, = —a(3n + m)z"y? — b(2n + m)y + Av™ + cx”. 


The transformation z= x"y, w= —Ax"t™ + (n +m) (az? + bz) —c leads to a separable 


tion: = 2/9 b)( 24 by — 
equation: ww, = (n + m)*(2az + b)( az* + bz ea 


38. yy’, = —ny” + a(2n + l)e”y + by — a?ne?” — abe” +c. 

The transformation « = Iné, y = w + a€ leads to a Bernoulli equation with respect to 

€=&(w): (—nw? + bw + c)&,, = w + a€?. 

13.3.5 Some Types of First- and Second-Order Equations Reducible 
to Abel Equations of the Second Kind 


@ Notation: f,g,h, p, py, w, ®, F’, and G are arbitrary functions of their arguments. 


> Quasi-homogeneous equations. 
1°. Let us consider a quasi-homogeneous equation of the form 
f(a’y)a’ ty, + g(a’y) + Ax* = 0. 


In the special case \ = 0 this equation is homogeneous. 
The transformation z = x2”y, w = Aa* + g(z) — vzf(z) leads to an Abel equation: 


ww, =[-A+v)f +9, —vefi]wt+Af(g—vzf). 


2°. A quasi-homogeneous equation of the form 
f(a”y)a” ry, + g(a’ y) + a*[A(a’y)a’**y,, + p(x”y)] = 0 
can be reduced by the transformation z = x”y, ¢ = x~* to an Abel equation: 


{[9(z) — vef(2)]¢ + plz) — veh(z) $C = AF (2)C? + Ad(Z)C. 


> Equations of the theory of chemical reactors and the combustion theory. 


In the theory of chemical reactors and the combustion theory, one encounters equations of 
the form 


Yro — 4, = f(y). 


'—w=a f(y), whose 


The substitution w(y) = y;,/a leads to the Abel equation ww, 


solvable cases are given in Section 13.3.1. 
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> Equations of the theory of nonlinear oscillations. 
1°. Let us consider equations of the theory of nonlinear oscillations of the form 
Yoo + P(Y)Ye + y = 0. 
The substitution z(y) = y/, leads to the Abel equation 
zzy + o(y)z ty =0, (1) 


which is reduced, with the aid of the substitution 7 = (a — y”), to the following form: 


zzi=ag(r)z+1, where g(r)= poder Gees (2) 


Va — 2T 


Specific cases of Eq. (2) are outlined in Section 13.3.2. 
2°. An equation of the theory of nonlinear oscillations of the form 
Veg FOU) TUS 0 

can be reduced by the transformation z = y/,, w = —y— ®(y/,) to an Abel equation of the 
form (1): 

ww, + 8 (z)jwt+z=0. 
> Second-order homogeneous equations of various types. 
1°. A homogeneous equation with respect to the independent variable has the form 

w° Yt = t9(y)Yr + f(y): 
The substitution w(y) = ry’, leads to an Abel equation: ww, = [g(y) + llw + f(y). 
2°. A generalized homogeneous equation 

Yr = g(yx")yy, + a * f(ya*) 
can be reduced by the transformation t = yx", u = z* (acyl, + ky) to an Abel equation: 
uu, = [g(t) + 2k + lu + f(t) — ktg(t) — k(k + 1)t. 

To the Emden—Fowler equation, discussed in Section 14.3, there correspond g(t) = 0, 


f(t) = At™, and k = 22 


m—1° 


3°. A generalized homogeneous equation 
x = x 
Yo = oy F (ys) + yx a(t) 


a+2 


can be reduced by the transformation 7 = =y, w = 2%+?y8-1 to an Abel equation: 
y 


/ 


[F(n)w + G(n) + - 17 Jw), = (8 - 1)n +a + Qu. 


To the generalized Emden—Fowler equation, discussed in Section 14.5, there correspond 
a=n—1,8=m+4l, F(n) = An}, and G(n) = 0. 
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> Second-order equations invariant under some transformations. 
1°. An equation invariant under “dilatation—translation” transformation has the form 


Ye = 2%ePY f(xy!) + 27 9(xy;,). 


a+2 


The transformation ¢ = ry/,, u= 2x e®Y leads to an Abel equation: 


[F(C)u + (6) + Clue = (86 + @ + 2)u. 


2°. An equation invariant under “translation—dilatation” transformation has the form 
Yow = ony? s() + yo(). 
y 
The transformation € = y/,/y, w = e**y®—! leads to an Abel equation: 


[f (Ew + g(€) — €7]we = [(8 — 1)E + aw 


13.4 Equations Containing Polynomial Functions of y 


13.4.1. Abel Equations of the First Kind 
» = fs(x)y? + fo(x)y? + filx)y + fo(z) 


> Preliminary remarks. 


1°. If yo = yo(x) is a particular solution of the equation in question, the substitution y — 
Yo = 1/w reduces it to an Abel equation of the second kind: 


ww, = —(3fay5 + 2foyo + fi)w* — (3fayo + fe)w — fs, 
which is discussed in Section 13.3. For fo(a) = 0, we can choose yo = 0 as a particular 
solution. 
2°. The transformation 
g= f fab? ax u=(v+ Bye, where E=ex|[(h- 2) ae], 
3 


brings the original equation to the normal form: 


— il 1 fo\ — fife | 28 
Ue =u + (€), where Oe al sae) 3Bfs. Al 


> Solvable equations and their solutions. 


/ 


l y= ay® + ba 
This is a special case of equation 13.4.1.9 with n = —1/2. 


-3/2. 


2 yf = —y? + 3a7x?y — 20%? + a. 
The substitution y = 1/u + az leads to an Abel equation of the form 13.3.2.1: wu/, = 
3saru + 1. 
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3. yf, = —y® + (ax + b)y?. 


The substitution y = —1/u leads to an Abel equation of the form 13.3.2.1: uu, = 
(az + b)u+1. 

4. y! =—y*® + (ax + b)~7y?. 

The substitution y = —1/u leads to an Abel equation of the form 13.3.2.2:  wul, = 


(ax + b)-2u+1. 


5. yf, = —y® + (ax + b)71/2y?, 
The substitution y = —1/u leads to an Abel equation of the form 13.3.2.4: wul, = 
(ax + b)-V/2u +1. 


6. y! =ay® + 3abry” — b — 2ab? x”. 

This is a special case of equation 13.4.1.10 with n = 0 and m = 1. 

7. yf! = azry® + by?. 

The substitution u = zy leads to a separable equation: xu’, = au® + bu? + u. 
8. y’, = ary? + 3abx7y? — b — 2ab? x4. 

This is a special case of equation 13.4.1.10 withn =m = 1. 


9 yf =ar?"*1y3 4 ba” ?, 


The substitution w = yx”*+ leads to a separable equation: rw, = aw? + (n+1)w +b. 
For a= —4(n +1)A~ and b= 2 A(n +1), the solution is written in parametric form: 

F i 1 1 
i= exp(——): y= -A(1 + =) exp(—F), where F=7—3ln|[7+3|/+C. 


10. yf = ax”y® + 3aba"t™ y? — bma™—! — 2ab3art8™, 
The substitution w= y+bx™ leads to a Bernoulli equation: w!, = ax" w? — 3ab2a"t?™w, 
lu. y= ax” y? + 3aba"t™y? + ca*y — 2ab?a"t3™ + bea™t* — bma™1. 
The substitution wu = y + ba™ leads to a Bernoulli equation: wu/, = ax™u> + 
(ca* — 3ab?at?2™)yy, 
12. 9y/ = —2™(axr'—™ + b)*+1y3 

— a ?™(9a + 24+ 9bma2™—1)(ax!—™ + b)-*-?, 


3 1 
For \ = ——_——— , the substituti =(= ——— 
or 3a(1 — m) e substitution y ie oe 


Abel equation ww’, = w + ax + bx, which is discussed in Section 13.3.1. 


: ) (age + b) ~* Jeads to the 


13. xy’, = ax*y® + (bx? —1)y+ cz. 
The substitution w = xy leads to a separable equation: w', = x(aw® + bw +c). 


14. xy’, = ay® + 3aba"y? — bna” — 2ab >a”. 


1 


The substitution w= y+ba” leads to a Bernoulli equation: w’. = axr~!w? —3ab2272"—!w. 
y q x 
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15. xy’, = axz?"t1y3 4 (ba —n)y + ca”. 

The substitution w = yx” leads to a separable equation: w/, = aw® + bw +c. 

16. xy! = ax"? y? + (be” —1)y+ cx". 

The substitution w = xy leads to a separable equation: w!, = 2”~!(aw? + bw 4+ c). 

17. xy’ = y® — 8a7a*y + 2a? x® + 2ax. 

The transformation x = 1/€, y = ax? + 1/w leads to an equation of the form 13.3.2.2: 
wwe = 3a€—2w + 1. 

18. y! = —(ax + ba™)y® + y?. 


The substitution y = —1/w leads to an equation ww!, = w+ax+bx"™, which is discussed 
in Section 13.3.1. 


19. y!, = (Ax? + Ba + C)“V/2y3 + y?. 


The substitution y = —1/w leads to an Abel equation of the form 13.3.1.63: ww’, = 
w — (Ax? + Br + C)-¥?, 

-_ —16/9 6.34/93, 2 2),,-11/18 6 _)\—61/18 
20. y= —@ / (ax — 5) y + 3 (9ax — +)x ; (ax — 5) : 


Solution in parametric form: 


1254 = fas 
tata tp, Y= Fopg (aE: Sr Mp MSE E, *(18 pF) + BED), 


E,=7*9F1, Ey =7./+(493 — 1) + 20. 
dg 


+(463 = 1) 
in the formulas corresponds to the classical Weierstrass elliptic function = g(7r+C, 0, 1). 


The function = (rT) is defined implicitly by 7 = / —C’. The upper sign 


1. ¥,= —y® + acy’. 
The substitution y = —1/w leads to an Abel equation of the form 13.3.2.7: ww', = 
ae**w +1. 


22. yf = —y? + 3a7e?*7y — 2a3e3* + are”. 
1 

The substitution y = — + ae*” leads to an Abel equation of the form 13.3.2.7: ww, = 
w 


3ae**w + 1. 


23. yf, = —ZA 1e¥y? 4 270”, 
Solution in parametric form: 
F 1 
C=) y=—A(1+s)e*, where F=7-4$ln|r+3|+C. 
A T 


24. y= ae»? y3 +. ber®y? + cy + de~*”. 


The substitution y = ue~** leads to a separable equation: u!, = au? + bu? + (c+A)utd. 
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25. yl, = ae**y® + 3abe**y? + cy — 2ab>e*” + be. 
The substitution u = y+ b leads to a Bernoulli equation: u/, = ae**u? + (ce — 3ab?e**)u. 
26. y!, = ae**y? + Babe) *y? — 2ab%eOt34)# — byt, 

The substitution u=y-+be"” leads to a Bernoulli equation: u’, = ae**u3 —3ab2eOt?2H y, 
27. y!, = ae**y? + SabeAtHy? + 2ab2eAt2)*y — byet®. 


The substitution u = y+be"” leads to a Bernoulli equation: u’, = ae*”u — ab2eAt2H)ry, 


28. y) = acy? + 3abeAtH®y? + py — 2ab e (Atse)= 
The substitution u = y + be# leads to a Bernoulli equation: u/, = acu? + 
[ue = 3ab2eAt2H)2 | x, 
29. y’, = ae®*y? + 3abeQtH)®y? + [(3ab? + c)eAt?2M® 4 sly 
+ b(ab? + c)eOt3)® + b(s — pet. 


The substitution u=y+beH leads to a Bernoulli equation: wu’, =ae**u3+[eeAt2)*+8]u. 
y q x 


30. y’, = [a+ bexp(2x/a)]y® + y?. 


The substitution y = —1/u leads to an equation of the form 13.3.1.8: wu’, = u—a-— 
bexp(2a/a). 
3 y= —2ax7' exp(2axz”)y? + (1 — sax?) exp(—az’). 


1 
The substitution y = (<— + x) exp(—aa”) leads to an equation of the form 13.3.1.16: 
a 
uu’, = ut (6ar)~*. 
32. y! = —aexp(2az*)y® + (1 — 2ax*) exp(—az?). 
2 
The transformation € = x”, y = (— + x) exp(—ax’) leads to an equation of the form 
au 


3.5132: ai, =u 200) 6 


33. y!, = —ax~* exp(2ax*)y® + 2x(1 — ax*) exp(—az?). 
1 

The substitution y = (<— + 2”) exp(—az®) leads to an equation of the form 13.3.1.33: 
au 

uu, =ut (9a)-ta-?, 


34. y/) = —2ata lV? exp(2ax°/2)y3 + 3aa—*/? (2ax3/? —1) exp(—az*/?), 


Solution in parametric form: 


1 
a = br~4/3Z-2U2, y= ee a Ue + U,U2) exp(+37-7Z 303), 


where 


a=Feb3?, Uj=rZ+5Z, Ug=UptrZ’, 
— | Ci Ji3(7) + C2¥i/3(7) — for the upper sign, 
7 CyTy/3(7) + C2K1/3(7) for the lower sign, 


J/3(7) and Y1/3(7) are Bessel functions, and J, /3(7) and K1/3(7) are modified Bessel 
functions. 
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2 
5. y= —ax3 (a? — aye exp (=)y° 


12/2 _ ~\—-13/6(5,,4 _ 2 2 (-=) 
+ ee (x a) (2a 9ax~ + 27a“) exp a)" 
Solution in parametric form: 
v2aj v2f Ari) ay 3" ( i 
= EF eeeeeeeee—n a axXxwxRR Rn Raae=>®@QQQQQnQ ee OX —_— 
7 3a2/372/3 (2 f — 72)7/6 (7 + 1)f —7? PA 372)? 


where f =7—In|1+7|4+C. 

36. y’, = ay® + beosh(Ax)y?. 

The transformation ¢t = 7 + + sinh(Xr), w = e* leads to a Riccati equation: 2aw), = 
bw? — 2A\tw — b. 

7... y= ay® + bsinh(Ax)y?. 

The transformation ¢ = 7 + © cosh(r), w = e** leads to a Riccati equation: 2aw) = 
bw? — 2rAtw + b. 

38. y,, = —y® + 3a? cosh? x y — 2a* cosh® x + asinh z. 


The substitution y = acosha + 1/w leads to an Abel equation of the form 13.3.2.9: 
ww), = 3acoshaw + 1. 


39. y’, = —y° + 3a? sinh? x y — 2a? sinh? x + acosh x. 

The substitution y = asinha + 1/w leads to an Abel equation of the form 13.3.2.10: 
ww, = 3asinh zw +1. 

40. y= —y® + acos(Ax)y?. 


The substitution y = —1/u leads to an Abel equation of the form 13.3.2.11: uu, 
acos(A\x)u + 1. 


4. yy) = —y® + asin(Ax)y?. 

The substitution y = —1/u leads to an Abel equation of the form 13.3.2.12: uui, = 
asin(Ax)u +1. 

42. y! = —y? + 3a? cos?(Ax)y + ad sin(Ax) + 2a? cos? (Az). 

The substitution y = —acos(Ax) + 1/w leads to an Abel equation of the form 13.3.2.11: 
ww, = —3acos(Ar)w + 1. 


43. y’ = —y® + 3a? sin?(Ax)y + aAcos(Ax) — 2a* sin? (Az). 


The substitution y = asin(Ax) + 1/w leads to an Abel equation of the form 13.3.2.12: 
wu), = 3asin(Ar)w +1. 


@ In equations 44-47, the following notation is used: f = f(x), g = g(x), h = h(a). 
4. yf, =afy* + (bf9? + =)y + cfg". 


The substitution y = gw leads to a separable equation: w’, = fg?(aw? + bw +c). 
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45. y! = fy® + 3fhy? + (g+3fh?)y + fh? + gh — hi, 
The substitution w = y + h(a) leads to a Bernoulli equation: w!, = g(x)w + f(x)w? 
fee 


46. y! = —2 _y8 e 

Vy acne ce Fut foe 

F dw 1 y 
Solution: Se a, where ” = Flag +b)" 

a _ _ af +bg —Gp , ¥-f 
47. yp = (y— f(y 9)(y ed Fa gia t Foe" 
Solution: 

af + bg |-4- 


ly — fI*ly ally =C woh 5 [it g)2hda). 


a+b 


13.4.2 Equations of the Form 

(Azgoy?+ Aigry+ Aya? +Ao)y’, = Boy? + Biryt Biix?+ Bo 
> Preliminary remarks. Some transformations. 
1°. For Ag = 0, this is an Abel equation (see Section 13.3.4). For By, = 0, this is an Abel 
equation with respect to x = x(y). 
2°. The transformation z = y/a, ¢ = 2~? leads to an Abel equation of the second kind: 
[(Aoz — Bo)¢ + Ag22” + (Al2 — Bag)z* + (An — Biz)z — Bul 

= 2An¢? + 2(Ago2” + Ajoz + Ais)e. 


3°. The transformation « = +a, y = y+ §, where a and £ are parameters, which are 
determined by solving the second-order algebraic system 


A298? + AaB + Ayia? + Ap =0, Bo28? + BipaB + Bya? + Bo =0, 
leads to the equation 
[Asay + Aioty + Anz? + (2A228 + Arsa)y + (2Ar1a + Ai2B)z)] 9% 
= Boy” + Byt¥ + By F + (2Bo28 + Bya)y + (2Bya + By B)z. 


The transformation € = y/Z, w = 1/Z reduces this equation to an Abel equation of the 
second kind: 


{[a2é? + (a1 — be)€ — bi]w + Aové? + (Az — Bao)é* + (Aur — Bia)€ — Bu}ut 
= (ag + a1)w* + (Aoo€? + Arsé + Arr)w 


where ay = 2A);3Q 4+ AjoP, by = 2Byya + ByoB, ag = 2A220 + Ayga, and by = 
2Bo98 + Byoa. 


4°. The substitution y = ¢ + ex, where parameter ¢ is determined by solving the cubic 
equation 
(Agze” + Arse + Arie — Be? — Bye — Bu =0, 


leads to an Abel equation of the second kind with respect to x = x(t): 
[Qta + (Bog — Agge)t? + Bo — Aoe]x', 

= (Agge* + Ayoe + Ay1)x? + (2Anve + Aro)tx + Agot? + Ao, 
where Q = 2Ba9é + Big — €(2Ao2e + Aja). 
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> Solvable equations and their solutions. 

1. (Ay? + 2?)y! = —22y + Bx? +a. 
Solution: Ay? — Bz? + 3(27y — ax) =C. 

2. (Ay? + Ba? — a? B)y’, = Cy? + 2Bay. 


The transformation «= w-+a, y= €w leads toa linear equation: (— A€? +CEé?+ BE )we = 
(Ag? + B)w + 2aB. 


3. (Ay? + Bay + Cx?)y’, = Dy? + Exy + Fa?. 
Homogeneous equation. The substitution z = y/ax leads to a separable equation: xz/, = 
(Az? + Bz +C)""[-Az? + (D — B)z? +(E-—C)z+ F. 


4, (Ay? — 2Akary + Bkax”)y! = —By? + 2Bkaxy — Ak*x? + a. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 
[—(Ak + B)z? + ala’, = k(B — Ak)x? + Az’. 

5. (Ay? + 2Bay + Ak?x?)y’ = By? + 2Ak?xy + Bk?x? + a. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 

[((B — Ak)z? + ala’, = 2k(Ak + B)x? + 2(Ak + B)za + Az’. 
6. (Ay? + Bay + Ca? + a)y’, = Aky* + Bkay + Cka? +b. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 

(b — ak)z!, = (Ak* + Bk + C)x? + (2Ak4 B)za + Az? +a. 
7. (Ay? + 2Bay + Dz? + a)y! = —By? — 2Dzry + Ex? + b. 
Solution: Ay? — Ex? + 3(Bay? + Dx*y + ay — br) = C. 
8. (Ay? — 2Ary + Ba? + A— B)y!, = —Ay?+ 2Bry — Bx? +A-—B. 
This is a special case of equation 13.4.2.21 with a = 1 andb=1. 
9, (Ay? + 2Ary + Ba? + A— By, = Ay’? + 2Bay + Ba? — A+B. 
This is a special case of equation 13.4.2.21 with a = 1 and b = —1. 
10. (Ay?—4Aay+ Ba? +4A— B)y,= —2Ay? + 2Bary —2Ba?+8A—2B. 
This is a special case of equation 13.4.2.21 with a = 1 and b = 2. 
11. (Ay? +4Ary+ Ba*+4A— B)y’, = 2Ay?+ 2Bary+2Ba? —8A+2B. 
This is a special case of equation 13.4.2.21 with a = 1 and b = —2. 
12. (Ay?—6Ary4+ Ba? +9A— B)y!, = —3Ay?+2Bay—3Bax?+27A—3B. 
This is a special case of equation 13.4.2.21 with a = 1 and b = 3. 
13. (Ay? +6Acy+ Ba? +9A— B)y’, = 3Ay?+2Bay+3Ba? —27A+3B. 
This is a special case of equation 13.4.2.21 with a = 1 and b = —3. 
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14. 2(Ay? — Avy + Ba? + A— 4B)y’, = —Ay’? +4Bay — Ba? + A—4B. 
This is a special case of equation 13.4.2.21 with a = 2 andb = 1. 

15. 2(Ay?+ Ary + Ba?+ A—4B)y’ = Ay?+4Bay + Ba?—A+4B. 
This is a special case of equation 13.4.2.21 with a = 2 and b = —1. 

16. (ay?— 2bay + ax?+ ab?— a®)y’, = —by?+ 2axry — ba? + b®— ab. 
This is a special case of equation 13.4.2.21 with A = 1 and B = 1. 

17. (ay?— 2bxy — ax?+ ab?+ a®)y’, = —by”*— 2axy + ba?+ b?+ a7b. 
This is a special case of equation 13.4.2.21 with A = 1 and B = —1. 

18. (ay? — 2bxy + 2ax? + ab? — 2a*)y’, = —by” + 4axy — 2ba? + b? — 2a7b. 
This is a special case of equation 13.4.2.21 with A = 1 and B = 2. 

19. (ay? — 2bxy — 2ax? + ab? + 2a°)y’, = —by? — dary + 2ba? + b? + 2a7b. 
This is a special case of equation 13.4.2.21 with A = 1 and B = —2. 


20. (Ay? + Bry + Ca? + a)y’, 
= Dy? + k(2Ak 4+ B— 2D)xy + k(—Ak? + Dk + C)a? 4+ b. 


The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 


[((D — Ak)z? + b— ak]a’, = (Ak? + Bk + C)x? + (2Ak + B)za + Az* +a. 


21. (aAy? — 2bAry + aBzx? + ab?A — a®B)y’, 
= —bAy? + 2aBary — bBa? + b? A — a7bB. 


The transformation x = w+a, y = €w +b leads to a linear equation: 


(—a AE? + DAL? + aBE — DB) we = (a AE? — 2bAE + aB)w + 207B — 207A. 


13.4.3 Equations of the Form (A22y?+ Aisvy+ Aiiv?+ Aoy+Aiz)y’ 
= Boy? + Byey+ Bya«? + Boy + Biz 


> Preliminary remarks. 


1°. For Ag2 = 0, this is an Abel equation (see Section 13.3.4). For Bj, = 0 this is an Abel 
equation with respect to x = x(y). 


2°. The transformation € = y/xz, w = 1/z leads to an Abel equation of the second kind: 


{[Aoé? + (Ai — Ba)E — Bilw + Aooé? + (Arz — Bag)é? + (Au — Ba)é- Bujut 
= (Ao€é + Ai)w? + (Aozé? + Aiaé + Aii)w. 


3°. In Item 3° of Section 13.4.4, another transformation is given which reduces the original 
equation to an Abel equation of the second kind. 
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4°. Dynamical systems of the second-order 

dx dy 

pain 2, == 1 

Ee) Ge = Oley); (1) 
which describe the behavior of simplest Lagrangian and Hamiltonian systems in mechanics, 
are often reduced to equations of the type in question if 

P(a,y) = f(x, y)(Aaay? + Arozy + Ana? + Agy + A12), (2) 

Q(x,y) = f(x, y)(Baay? + Brxy + Bua? + Boy + Bix), 


where f = f(x,y) is an arbitrary function. 

In particular, dynamical systems (1) with functions (2) and f = 1 arise in analyzing 
complex equilibrium states. In this case, the functions P and @ are substituted by their 
Taylor-series expansions in the vicinity of the equilibrium state x = y = 0 with the first- 
and second-order terms retained. 

Whenever a solution of the ordinary differential equation 


(Aggy? + Arey + Aue + Asy + Aiz)y;, = Bay? + Biozy + Buz” + Boy + Byx 
is obtained in parametric form, « = x(u,C)), y = y(u, C1), the corresponding solution of 


system (1), (2) is determined by 


/ 
xz = x(u,Cj), y = y(u, C1), t= | om rn + Co. 


1 Cy), y(t; C1)) 


The last relation defines an implicit dependence of the parameter u on t, u = u(t, C1, C2), 
and makes it possible to establish, with the aid of the first two formulas, the dependence of 
x and y ont. 


> Solvable equations and their solutions. 
L(y? — a? + ay)y,, = y? — a + a2. 
Solution in parametric form: 
g=at+Olt te, y==et+ Cle”. 

2. (y? — a? + ay)y’, = 2y” — 2xy + ay. 
Solution in parametric form: 

c=t+CPe*, y=Crer/'. 
3. (y? — 2? +ay—az)y! = y? — 2? —ay+ az. 
Solution in parametric form: 

g=at+Ce*, y=-at+Ce”. 

4. (y?—2? +ayt 2ax)y’, = y? — x + 2ay + aa. 
Solution in parametric form: 


a=—at+CltPe", y=at+Clt\re®. 
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5. (y? — @ + ay + 2ax)y’, = 2xy — 2x? + ay + 2az. 
Solution in parametric form: 

c=t+Cte@ y= —2t4+Ct2%e%., 
6. (y? — # + ay — 2ax)y’, = 4y? — Gry + 2a? + ay — 2aa. 
Solution in parametric form: 

getpicePee, y=2iLopPre’. 
7. (y?— a2? +ay+ 3ax)y’, = —y’? + 4ay — 327 + ay + 3aa. 
Solution in parametric form: 

a= st+ Clt|-te-v/*, y= —3t+ Cli e4". 

8 (y? —ay+ay4+axr)y’,, = zy — 2 + ay+ az. 
Solution in parametric form: 

a=—t+Cle|te¥*?, y=t4+Cle|-te”. 
9. (y?-ary+ay+az)y’), = y? — zy + 2ay. 
Solution in parametric form: 

z= —at+Cte’, y=Ct'e’. 

10. (y? — xy + ay — 2ax)y’, = 3y? — Say + 2a? + ay — 2az. 
Solution in parametric form: 

c= eC, y=tecr re 
ll. (y?+ xy — 2x? + ay+az)y’, = y? + ry — 2x? + 2az. 
Solution in parametric form: 

g=at+Ct7e"%, y=-—2at+ Cte”. 
12. (y? + xy — 2a? 4+ ayt+ ax)y’, = 2y* — wy — a7 +ay+azn. 
Solution in parametric form: 
e=t+cCltPe/?, y=—t4+ClePer/*. 
13. (y? + xy — 2x? + ay — ax)y’, = y? + avy — 2x? — 2ay + 2az. 
Solution in parametric form: 
g=at+Ce*®, y= -2at+Ce*. 

14. (y? + vy — 2x? + ay — 2axr)y’, = 5y? — Try + 2x? + ay — 2az. 
Solution in parametric form: 

a= 1+ Ofte, y= te+olt[ ter. 
15. (y? —2ey + a7 + ay)y,, = ay. 


Solution + a 
ee 3 
1 G—infyl 
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16. (y? —2ay+a7+ ay+ ax)y’, = —y? + 2ay — a+ ay+az. 


Solution in parametric form: 


a a 
= ine) ee 


17. (y? —2ay+a7+ ay+ 2ax)y’, = —2(y? — 2ay + w”) + ay + 2az. 
Solution in parametric form: 


a 2a 
o>" Sieh Sia 


18. (y? — 2ay + 2 + ay — 2ax)y’, = 2(y? — 2xy + x”) + ay — 2azx. 
Solution in parametric form: 


2a 


Sie ae 
In 


pS ay, y 
n 


19. (y? + 2ay + a7 + ay+ 2ax)y’, = —y? — 2xy — « + 2ay 4+ az. 


Solution in parametric form: 
At? At? 
z= 07(13 + —) + Ct, y=—07(18 + =) 4+Ct, a0. 
a a 


20. (y? + 2xy + a7 4+ ay — ax)y’, = —y? — 2xy — «+ ay — az. 


Solution in parametric form: 


z 4t3 . 3 4t3 , 


21. (y? 4+ 2xy + x? + ay — 2ax)y’, = —y? — 2xy — « — 2ay + az. 

Solution in parametric form: 

At? 
a 


a= C7(8 + ) +t, y=-c7(+ ©) 44, e220: 


22. (y? + 2ay — 3a? + ay+ ax)y’, = 3y? — 2ay — a? + ay + aa. 


Solution in parametric form: 


e=it+CHet, y=—ti+cre¥, 
23. (y? + 2xy — 3a? + ay + ax)y’, = y? + 2ay — 3x? — ay + 3az. 
Solution in parametric form: 
g=at+Clt|te, y= —3at+Cle|te™. 
24. (y? + 2ay — 3a? + ay + 2ax)y’, = y? + 2ay — 3a7 + 3an. 


Solution in parametric form: 


a=at+Clt|\ el, y= —-3at+C}t| Fel. 
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25. (y2— a? +ay+ bx)y’, = y? — «* + by + az. 
Solution in parametric form: 
ath =e 
x =(a—bjt+Cltl Pel, y=(b—at+Clt| re", a Zb. 
26. (y? — ay + ay + ba)y’, = y* — ay + (a+ b)y. 
Solution in parametric form: 
ath , ath , 
x=-—bt+Clt| > e, y=Clt| > e, b#0. 
27. (y2 + ay — 2a? + ay+ bx)y’, = y? + ay — 2a? + (b—a)y 4+ 2az. 
Solution in parametric form: 
_ ath a+b) 
x = (2a—b)t+C|t| 2a-e™, y= 2(b— 2a)t + Clt| 2a-B ec, b F 2a. 


28. (y? — 2ay + a2? + ay — abz)y’, = b(y? — 2xy + x”) + ay — abz. 
Solution in parametric form: 


a 1 ab ol 
= gas SOU Sy L. 
=n ota 


29. (y?+ 2ay — 3x74 ay + bx)y’, = y? + 2xy — 3274+ (b— 2a)y + 3az. 
Solution in parametric form: 
_ ath a+b) 
= (3a — b)t + Clt| 3a-Bel™!, yy = 3(b— Ba)t + Clt| 3a-B el, b A 3a. 
30. (y?— 3ay + 274+ ay t+ bx)y’, = y? — 3xy + 2x74 (3a + b)y — 2ax. 
Solution in parametric form: 
a+b a+b 
z= (2a+b)t+C|t|2e+6e*, y= 2(2a + b)t+ Clt|2atbe, b # —2a. 
31. (y?4+ 3ay — 474+ ay t+ bx)y’, = y? + 3xy — 427+ (b— 3a)y + 4azx. 
Solution in parametric form: 
_ arb ath) 
= (4a — b)t + Clt| 4a?" sy = A(b— 4a)t + Clt| 4e-F ee? b F 4a. 


32. [y? + Avy — (A+ 1)a? + by — 2bz]y/, 
= (A+ 4)y? — (A+ 6)ay + 2x? + by — 2ba. 


Solution in parametric form: 


t 2t 
t= zg tone elt Uses = + Clt\a¥e elt A#-3. 


33. (y? — 2Aaxy + A?x? + by — bx)y’, = Ay? — 2A?xy + A®a? + by — ba. 


Solution in parametric form: 


2(A-—1 2(A-—1 
v= 0/14 ADs 5 0%, y= act i+ ADs 4 oy, b£~0. 


13.4. Equations Containing Polynomial Functions of y 443 


34, [y?-2Ary+(2A—1)x?+by—Abz]y’, = (2—A)y?—2ay+ Ax?+by—Abzx. 
Solution in parametric form: 


te 2 b/t _ At 2 b/t 
oT geere ; Ua Sg tere ; AFl. 


35. (y? — 2Ary + A2g? + ay + bx) y’, 
= A(y? — 2Axry + A*x?) +(aA+a-+b)y—aAz. 


Solution in parametric form: 


aA+b (1 — A)? 


aA+b 1— A) 
w= C7l¢ afb 4 ?)4Ct, y= AC?\t ote + ( ) 


GAs @-Aats’ + Ct, 
where a+b #O and (2— A)a+bF0. 

36. [y?—(A+2)ay+ (At 1)x?+4+ by — Absly’,, = —Axry+ Ax? + by — Abz. 
Solution in parametric form: 


ee: A_(A-1)b/t __At A_(A-1)b/t 
w= 7+ Cltle ; y=7_-qtcltle : A#Fl. 


37. [Ay?+ay—(A4+1)a?+4+ by+ brly’, = (A+ 1)y? — xy — Ax? + by + ba. 
Solution in parametric form: 
e= fs Cnet. y= —t+ Cette, 
38. (Ay? + Bay + Ca? + ka)y’, = Dy? + Exy + Fa? + ky. 
The substitution y = xz leads to a linear equation with respect to x = x(z): 


[—Az? + (D — B)z? + (E-C)z+ Flr, = (Az? + Bz+C)r+k. 


39. (Ay? + Bay + Ca? — aBy — aCz)y’, = Dy? + Exy + a(C — E)y. 


The transformation x = w+a, y = €w leads to a linear equation: 


[-Aé? + (D — B)é? + (E — C)gjuy = (AC? + BE+ C)w + a. 

40. (Ay?+2Bary+ Ak?x?+ay+bz)y’, = By?+2Ak?a2y+ Bk72?+by+ak7a. 
This is a special case of equation 13.4.3.57 with C = Ak?. 
41. (Ay?+2Bay+Ak?a?+ay+br)y’, = By?+2Ak?2y+ Bk? 2? +aky+bka. 
This is a special case of equation 13.4.3.62 with C = Ak?. 
42. (Ay? 4+ 2Bay + Ak?x? + ay — akx)y’, 

= By? + 2Ak?a2y + Bk?x2? + my — mkz. 
This is a special case of equation 13.4.3.61 with C = Ak?. 
43. (Ay?+2Bay—Bkx?+ay+bz)y’, = By? +2Ak?xy— Ak? ax? +by+ak7a. 
This is a special case of equation 13.4.3.58 with m = b. 
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44, (Ay?+2Bay—Bka?+ay+bz)y’, = By? +2Ak?a2y— Ak? x*+aky+bka. 
This is a special case of equation 13.4.3.62 with C = —Bk. 
45. (Ay? + 2Bay — Bkax? + ay — akz)y’, 

= By? + 2Ak? xy — Ak?x? + my — mkza. 
This is a special case of equation 13.4.3.61 with C = —Bk. 
46. (Ay?+2Akry+Cax?+ay+br)y’, = Aky?+2Ak*xy+Ckax?+by+ak7a. 
This is a special case of equation 13.4.3.57 with B = Ak. 


47. (Ay?+2Akay+Cax?+ay+bz)y’, = Aky?+2Ak?x2y+Cka?+aky+bka. 
This is a special case of equation 13.4.3.62 with B = Ak. 
48. (Ay? + 2Akxy + Cx? + ay — akzx)y’, 
= Aky” + 2Ak?ay + Cka? + my — mkza. 
This is a special case of equation 13.4.3.61 with B = Ak. 
49, (Ay? — 2Akay + Bka? + ay + bx) y’, 
= —By? + 2Bkay — Ak?a? + by + ak?a. 
This is a special case of equation 13.4.3.59 with m = b. 
50. (Ay? — 2Akxy + Bkx? + ay + bx)y’, 
= —By? + 2Bkay — Aka? + aky + bka. 
This is a special case of equation 13.4.3.59 with m = ak. 
51. [y? + 2Ary + A?ax? + (A —1)By — 2ABzly’, 
= —A(y? + 2Ary + A?x”) — (A? + 1)By + A(A — 1)Bz. 
Solution in parametric form (A 4 2, B # 0): 
a = C? [ + 


as a +Ct, y=-—AC? [+ + 


(A — 2) 
52. [y? —2Aary + A?a? + (B—1)ky+ (A-— B)kaly!, 
= A(y? — 2Ary + Ax”) + (AB — 1)ky — A(B — 1)kza. 
Solution in parametric form (B 4 2, k 4 0): 
LC [+ — 


+ Ct, y= Ac? |? sar" | + Ct. 


TY? = 
(B —2)k (B — 2) 
53. [2y? (A+ 3)ay+(A+t+1)a?4+ By — ABaly’, 

= (A+ 1)y? — (83A+4+1)ay + 2Ax? + By — ABz. 
Solution in parametric form: 


t At 
= +Cft| te 8", y= +t te 8", AAI. 
t=—_ gee es. ges ee, gi 
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54, [2y? — (3A +1)ry + (3A — 1)x? + By — ABzly’, 
= (3— A)y? — (A+ 3)ry + 2Ax? + By — ABz. 


Solution in parametric form: 


etl 3 B/t _ Aft 
t= sag lle eee 


55. [A(y? — 2ay +a”) — A(A— B)y+ B(A — B)zl}y/, 
= B(y? — 2ay+ x”) — A(A— B)y+ B(A— B)z. 


+CltPeP, AAI. 


Solution in parametric form: 
o= og tee v= pe tot 
56. (Ay? + Bry + Cx? + ay + br)y’, 
= Aky? + Bkay + Cka? + ny + (ak +b—n)zx. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 
(n — ak)za!, = (Ak? + Bk+ C)x? 4+ [(2Ak + B)z + ak + bla + Az? + az. 


57, (Ay? + 2Bay + Ca? +ay+ bx) y’, 
= By + 2Ak?ay + k(—Ak? + Bk + C)x? + by + ak. 


The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 


[((B — Ak)z +b — aklza', = (Ak? + 2Bk4 C)x* + [2(Ak+ B)z +ak+ bla + Az? +az. 
58. (Ay? + 2Bay — Bka? + ay+ bx) y’, 
= By? + 2Ak?ay — Ak?a? + my + k(ak + b— m)zx. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 
[((B — Ak)z +m — ak]za’, = (Ak? + Bk)x? + [2(Ak + B)z + ak + b]2 + Az? + az. 
59, (Ay? — 2Akay + Bka? + ay + bx) y’, 
= —By? + 2Bkay — Ak?x? + my + k(ak + b—m)z. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 
[—(Ak + B)z +m — ak]za’, = k(B — Ak)x? + (ak + b)x + Az? + az. 
60. (Ay? + 2Bay + Ak?x? + ay + br)y’, 
= By? + 2AkK?ay + Bk?a? + my + k(ak + b— m)zx. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 
[((B — Ak)z +m — ak]za’, = 2k(Ak + B)x? + [2(Ak + B)z + ak + dla + Az? 4+ az. 
61. (Ay? +2Bay+ Cx? + ay — akx)y’, 
= By? + 2AkK?axy + k(— Ak? + Bkt+ C)x? + my — mka. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 


[((B — Ak)z* +m — ak]za’, = (Ak? + 2Bk 4+ C)2? + 2(Ak 4+ B)zax + Az? + az. 
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62. (Ay? + 2Bry + Cx? + ay + br)y’, 
= By? + 2Ak?xy + k(— Ak? + Bk + C)ax? + aky + bka. 


The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 


(B — Ak)z?a!, = (Ak? + 2Bk + C)a? + [2(Ak + B)z + ak + dla + Az? + az. 
63. {(A—1)y? + [2— A(k+1)]ay + (Ak — 1)x? + By — Bkax}y’, 
= (A—k)y? + [2k — A(k + 1)Jay + (A — 1)ka? + By — Bkz. 
Solution in parametric form: 


__t A.B/t __ikt A.B/t 
cag + Clie : US Ge ge Cre , RA, 
64. [A(ay? + Bry + yx") + (2a — A?o)y + (6 — ABo)a]y’, 

+ Bay? + Bay + yx?) + (6 — ABo)y + (27 — B’c)x = 0. 


Solution: ay? + Bry + yx? — Acy — Box +o = C exp(—Ay — Bz). 


65. (Assy? + Arory + Aix? + Asy + Aiz)y’, 
= Boy? + k(2Ag2k + Ai2 — 2Bo2)ry + k(—Ag2k? + Book + Ais) x? 
+ Boy + k(Agk + Aj = Bz)x. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 
[( Boe _ Aggk)z + Bog = Agk|zz', = (Aggk? + Ajok + Ay)x? 
+ [(2Ao2k + Ayg)z + Aok + Alla + Agoz? + Aoz. 


@ In equations 66-70, the following notation is used: A = Ab—aB #0, 6= Ab+aB. 


66. (Aa?y? — 2Aabry + Ab?x? — AAay + AaBz)y’, 
= a’ By” — 2aBbry + Bb*x2? — AAby + ABbza. 


Solution in parametric form: 


A 
x= —++aCt, y + bCt. 
In |t| 


~ Inj 
67. [kAa*y? — kéaxy + kaBbax? — lAay + (laB — A)z}y’, 
= kAaby? — kébxy + kBb*x? — (LAbD+ A)y + 1Bbz. 
Solution in parametric form: 
a= At+aC|t\ tte", y = Bte+ ocle|t1e®**. 
68. [kAa?y? — a(ké — A)xy + b(kaB — A)x? + lAay — laBzly’, 
= a(kBb + A)y? — b(ké + A)xy + kBb?a? + LAby — IBbz. 


Solution in parametric form: 


x = At+ac\t|**! exp(a3): y = Bt +oc}et|**1 exp(z2). 
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69. (kA®y? — 2kA? Bary + kAB*x? — a?y + abz)y’, 
= kA? By? — 2kAB? ay + kB? x? — aby + b?a. 


Solution in parametric form: 


v= AC*,/2kABR+14+aC7t, y= BC?/2kAt +1400". 
70. [kA®y? — 2kA? Bary + kAB?x? + lAay — (LAb+ A)z]y/, 
= kA? By? — 2kAB?ary + k Ba? + (laB — A)y — IBbz. 


Solution in parametric form (J ¥ 1): 


x = AC? Ga + As’) +aCt, y=BC? (aa + “) + bCt. 


13.4.4 Equations of the Form 
(Assy? + Arsry + Aix? + Asy + Aix + Ao)y’ 
= Boy? + Bryry+ Byx? + Boy + Bix + Bo 


> Preliminary remarks. Some transformations. 


1°. With Ago = 0, this is an Abel equation (see Section 13.3.4). With B,, = 0, this is an 
Abel equation with respect to x = x(y). 

See Section 13.4.2 for the case Ag = Ay = Bp = By = 0. 

See Section 13.4.3 for the case Ap = Bo = 0. 


2°. The transformation x = +a, y = y+ B, where a and f are parameters, which are 
determined by solving the second-order algebraic system 


A287 + Aj2a8 + Aya? + A28 + Aja t Ao = 0, 
B28? + By.a8 + Biya” + BoB + Bia + Bo = 0, 
leads to the equation 
(Any? + Arty + Anz? + aay + a12)9; = Boy? + Brzy + By2 + boy + biz, (1) 


where 


dg = 2Ag28 + Aroa+ Ag, a1 = 2Ayia+ Ay2fh+ Al, 
bo = 2By28+ Byat+ Bo, 6 =2Bya+ BiB + Bi. 
The transformation € = y/Z, w = 1/z reduces Eq. (1) to an Abel equation of the second 
kind: 
{[a2é? + (a1 — ba)E — biJw + Aaaé? + (Ara — Boo)é? + (Aur — Bi)E — Bu fue 
= (agé + a;)w? + (Aoré? + Aioé + Ari)w. 


3°. The substitution y= z+ ex, where the parameter ¢ is determined by solving the cubic 
equation 


(Ange? + Arse + Aii)e — Boge” — Bige — By = 0, 
leads to an Abel equation of the second kind with respect to x = x(z): 
[(Qz } R)x } (B22 Age) 2" + (Bg _ Agé)z + Bo- Apex, 
= (Agge” + Aye + Ar1)2” + [(2Aa2e + Aig)z + Age + Arla + Aggz” + Aoz + Ao, 
where Q = 2Boge + Bio — €(2Ag2€ + Aj2), R= Boe+ By - €(Age + A). 
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> Solvable equations and their solutions. 
1. (ax + by +0)?y/, = (aw + By +7). 
This is a special case of equation 13.7.1.6 with f(z) = z~?. 
2. (Ay? + Bay — aBy + ka — ak)y!, = Cy? + Dry + (k— aD)y. 
The transformation « = w+a, y = w€ leads to a linear equation: 
[-Aé? + (C — B)e? + Déluy = (AL? + BE)w + k. 
3. (Ay?+2Ary+Ba?+A—B)y’, = Ay?+2Bay4+ Da?+2(B—D)x2+D—A. 
The transformation « = w+1, y = €w — 1 leads to a linear equation: 


(—Ag? — Aé? + BE + D)uw = (AE? + 2AE + B)w + 2(B — A). 


4, (Ay?—2Ary+Bz2?+A-B)y’ =—Ay?+2Bary+Cx?+2(B+C)x+A4+C. 
The transformation « = w—1, y = €w — 1 leads to a linear equation: 

(Ag? + A&E? + BE + Clue = (AE? — 2AE + Bw + 2(A — B). 
5. (Ay?+2Ary+Ba?+A-—B)y! = Ay?+2Bary+Cxz?+2(C—B)x—A+C. 
The transformation « = w—1, y = €w +1 leads to a linear equation: 

(Ag? — A€? + BE + Clue = (AE? + 2AE + Bw + 2(A — B). 
6. (Ay?—2Ary+Bz2z?+A-B)y’, =—Ay?+2Bry+Cx?—2(B+C)x+A4+C. 
The transformation « = w+1, y= €w-+1 leads to a linear equation: 


(—Ag? + Ae? + BE + C)ut = (AG? — 2AE + B)w + 2(B — A). 


7. (Ay? — 2Ary + Ba? + A— B)y’, 
= Cy? + 2Bry + Dx? —2(A4+ C)y—2(B 4+ D)x+2A+C4+D. 
The transformation « = w+1, y= &€w-+1 leads to a linear equation: 
[-Aé? + (24 + C)E? + BE + Dw, = (AL? — 2AE + B)w + 2(B — A). 
8. (2Ay? — 2Ary + Ba? + 2A —4B)y’, 
= —Ay? + 2Bay + Da? — 2(B+2D)x+A+4D. 
This is a special case of equation 13.4.4.34 with a = 2,6 =1, and C = —A. 
9, (Ay? + 4Ary + Bx? + 4A — B)y’, 
= 2Ay? + 2Bay + Cau? — 2(C — 2B)x+C— 8A. 
The transformation « = w+1, y = €w — 2 leads to a linear equation: 


(—Ag? — 242? + BE + C)uy = (AC? + 4 AE + B)w + 2B - 8A. 


10. (Ay? — 4Axy + Bx? + 4A — B)y’ 
= —2Ay? + 2Bay + Cx? — 2(2B+C)x4+8A+4+C. 


The transformation « = w+1, y = €w+ 2 leads to a linear equation: 


(—Ag? + 2A€? + BE + Clu = (AZ? — 4AE + B)w + 2B - 8A. 
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11. (Ay? + 4Ary + Bx? + 4A — B)y’, 
= Cy? + 2Bry + 2Bx? + 4(C — 2A)y+2B+44C — 16A. 


The transformation « = w+1, y = €w — 2 leads to a linear equation: 


[-Aé? + (C — 4A)€? + BE + 2Blwi = (AE? + 4AE + B)w + 2B - 8A. 
12. (2Ay?+ 2Ary + Ba? + 2A — 4B)y’, 
= Ay* + 2Bay + Da? + 2(B—2D)x+4D-—A. 
This is a special case of equation 13.4.4.34 with a = 2,6 = —l,andC' = A. 
13. (2Ay?+ 2Ary — Ba? +2A4 4B)y’, 
= Ay? — 2Bry — Dx? + 2(B — 2D)x — A— 4D. 
This is a special case of equation 13.4.4.34 with a = —2, 6 =1, and C = —A. 
14. (Ay? + 2Bay + Ak?x? + ay + ba + m)y’, 
— By’ + 2Ak7axy + Bk7ax? + by + ak*z + s. 
This is a special case of equation 13.4.4.27 with C = Ak?. 
15. (Ay? + 2Bay + Ak?a? + ay + ba + m)y’, 
= By’? + 2Ak*axy + Bk7ax? + aky + bka + s. 
This is a special case of equation 13.4.4.32 with C = Ak?. 
16. (Ay? + 2Bay + Ak?x? + ay — aka + b)y’, 
— By’ + 2Ak7xy + Bk2a? + my —mka«-+ s. 
This is a special case of equation 13.4.4.31 with C = Ak?. 
17. (Ay? + 2Bay — Bka? + ay 4+ ba + c)y,, 
= By’? + 2Ak*axy — AkP a? + by + ak*x +s. 
This is a special case of equation 13.4.4.28 with m = b. 
18. (Ay? + 2Bay — Bkx? + ay+ br + m)y’, 
= By’? + 2Ak*axy — AkF a? + aky + bka + s. 
This is a special case of equation 13.4.4.32 with C = —Bk. 
19. (Ay? + 2Bry — Bkx? + ay — akz + b)y’, 
= By? + 2Ak*a2y — Ak?a? + my — mka + s. 
This is a special case of equation 13.4.4.31 with C = —Bk. 
20. (Ay? + 2Akay + Ca? + ay + ba + m)y’, 
= Aky? + 2Ak7axy + Cka? + by + ak*ax + s. 
This is a special case of equation 13.4.4.27 with B = Ak. 
21. (Ay? + 2Akay + Ca? + ay + ba + m)y’, 
— Aky? + 2Ak2xy + Cha? + aky + bka + s. 
This is a special case of equation 13.4.4.32 with B = Ak. 
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22. (Ay? + 2Akaxy + Cx? + ay — akx + b)y’, 

= Aky? + 2Ak7axy + Cka? + my —mka«-+ s. 
This is a special case of equation 13.4.4.31 with B = Ak. 
23. (Ay? — 2Akay + Bka? + ay + ba + c)y’, 

= —By? +2Bkary — Ake a? + by + ak?a2 +s. 
This is a special case of equation 13.4.4.29 with m = b. 
24. (Ay? — 2Akay + Bka? + ay + ba + c)y’, 

= —By’ + 2Bkary — Ake x? + aky + bka + s. 
This is a special case of equation 13.4.4.29 with m = ak. 
25. (Ay? + 2Bay + Ca? — 2ABy + kx + AB?)y!, 

= By? + Ery + Fa’? + ky — EGx — BB? — kp. 

The substitution w= y — & leads to an equation of the form 13.4.3.38: 


(Aw? + 2Baew + Ca? +ka)u!, = Bw* + Exw+ Fr? +kw, where k=k+2B~. 
26. (Ay? + Bay + Ca? + ay + ba + m)y’, 
= Aky* + Bkay + Cha? + ny+ k(ak +b—n)x+s. 


The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 


[((n—ak)z+s—mk]a’, = (Ak? + Bk+C)ax? + [(2Ak+ B)z+ak+b]2+ Az? +az+m. 
27. (Ay? + 2Bay + Ca? + ay + ba + m)y’, 
= By? + 2Ak?ay + k(—Ak? + Bk + C)a? 4+ by + ak?x + s. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 
[((B — Ak)z? + (b— ak)z +s — mk], 
— (Ak? + 2Bk 4+ C)a? + [2(Ak + B)z + ak + bla + Az? +az4+m. 
28. (Ay? + 2Bay — Bkx? + ay + bx + c)y’, 
= By? + 2Ak?ay — Aka? + my + k(ak ++b—m)x+s. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 
[((B—Ak)z?+(m—ak)z+s—ck]z!, =(Ak?+Bk)x?+[2(Ak+B)z+ak+b]2+Az*+az+e. 
29. (Ay? — 2Akxy + Bkx? + ay + br + c)y’, 
= —By? + 2Bkay — Ak®a? + my + k(ak+b—m)ax+s. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 
[—(Ak + B)z* + (m— ak)z +8 — ck], = k(B — Ak)x? + (ak +b)x + Az? +az+e. 
30. (Ay? + 2Bay + Ak?x? + ay + br + c)y’, 
= By? + 2Ak?ay + Bk?a? + my + k(ak++b—m)x+s. 


The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 


[((B— Ak)z?+(m—ak)z+s—ck]a!, =2k(Ak+B)x?+[2(Ak+B)z+ak+b]2+Az?+az-+e. 
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31. (Ay? + 2Bay + Ca? + ay — aka + b)y’, 

= By’ + 2Ak*xy + k(—Ak? + Bk + C)x? + my — mka + s. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 
[((B— Ak)z* +(m—ak)z+s—bk]a!, = (Ak? +2Bk+C)a?+2(Ak+ B)za+ Az*+az+b. 
32. (Ay? +2Bay + Ca? + ay + bx + m)y/, 

= By’ + 2Ak*xy + k(—Ak? + Bk + C)a? + aky + bka + s. 


The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 


[((B— Ak)z?+s—mk]x’, = (Ak? +2Bk+C)x?+4 [2(Ak+ B)z+ak+b]2+ Az?+az+m. 


33. [A(ay? + Bay + yx?) + (Ad + 2a)y + (Ae + B)a + Ao + Oly’, 
+ B(ay? + Bay + yx") + (B6+ B)y+ (Be+ 2y)x+ Bo+te=0. 
Solution: ay? + Bry + yx? + by + ex + o = Cexp(—Ay — Bz). 


34. (aAy? — 2GAry + Ba? + aB?A — a’ B)y’, = Cy? + 2Bay 
+ Dx? — 28(8A + C)y — 2(aD + BB)x + a?D + B?(28A +4 C). 


The transformation « = w+a, y = €w+ £ leads to a linear equation: 


[-aAé? + (28A + C)E? + BE + Dlwe = (AE? — 2BAE + B)w + 2(aB — 6? A). 


35. (Aggy? + Arszy + Aria? + Asy + Aix + Ao)y’, 
= Bogy” + k(2Ag2k + Aig — 2Bo2)xy + k(—Azek? + Book + Ai1)2? 
+ Boy + k(Agk + Aj — Bo)x + Bo. 
The substitution y = z + ka leads to a Riccati equation with respect to x = x(z): 
[( B22 — Aggk)2” + (By — Agk)z + Bo — Aok]e’, 
= (Aggk? + Ayok + Ay)x? + [(2A22k + Aj2)z +t Aok 4 Aj|x t Assz? + Aoz+ Ao. 
36. (Aggy? + Arszy + Aria? + Asy + Aix + Ao)y’, 
= Boy? + Bigry + Bix? + Boy + Bix + Bo. 


Here, A;;, Bj;, and Aj are arbitrary parameters, and the other parameters are defined by 
the relations: 


Ag = —AjQa — 2Ao28, 

Ag = —Ay107 + Ao28? — Aja, 

By = (2A11 — Byg)a + (A12 — 2Bo2)8 + At, 

By, = —2By0 — By8, 

Bo = Biya? + (Big — 2A11) a8 + (Bag — Ai2) 6? — AiB 


(a, 6 are arbitrary parameters). 
The transformation « = w+a, y= €w-+ 8 leads to a linear equation: 


[—Aaeé® + (Baz — Ar2)é? + (Biz — Arr)E + BrrJwe = (Aavé? + Aroé + Ari)w +k, 
where k = 2Aj;@+ Ajof + Aj. 
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13.4.5 Equations of the Form 
(Asy® + Agay? + Ayx?y + Aox® + ary + aox)y’, 
= B3y® + Bory? + Bix?y + Box® + bry + box 


lL (y2—a@?ytayt+ bx)y’, = cy? — «? + by + an. 
Solution in parametric form (b 4 0): 
a—b a—b a—b a—b 
c= Cl¢|t| Be * + ZbC|t| Be, y=Culet| Be — FoCle| DB ee’. 

2. (y% — ay? — ay + 0° + ay)y, = —y® + wy? + oy — & + ae. 
Solution in parametric form: 

z= C'signte\/* + tate", y=C7!signte"/* — LaC|t|e*. 
3. (y? + ay? — wy — 2 + ay 4+ ba)y!, = —y® — wy? + a7y + @ + by + az. 
Solution in parametric form (a 4 —b): 


2 2 


bra At 


C aan At 
xa=tt+ t| b+a ex (- ). 
el oe a+b 


a+b 
4, (y?4+ vy? — 2x?y 4+ 2ay+ ax)y’, = —y? + vy? + 4a7y — 403 — ay + 4a. 
Solution in parametric form: 
e=Crte Vey tacielt, y= (ae 2aCt elt, 


5. (yi + ay? — 5a?y + 302 + ay+ ax)y’, 
— —3y? - Bay” + 15a7y — 9x? — ay + 3az. 


Solution in parametric form: 
az =C'signte Vt + daC|tlel/*, y =C'signte Vt — ZaC|tle/*. 

6. (y? + 2xy? — xy — 223 4+ 2ay+ ax)y’, = 2xy? + 2x7y — 4a? — ay+4az. 
Solution in parametric form: 

w= Co le4tle"/* — Lace tel, y= Co It[e“/* + 2act|te*. 
7. (y® — 3a7y + 203 + 2ay + ax)y’, = —2y? + 6x7y — 423 — ay + 4az. 
Solution in parametric form: 

z= C'signte Vt + AaC|tle™, y =C'signte Vt — 2aC|t\eM*. 
8. (y? + 3ay? — 403 + ay+ bx)y’, = —2y? — Gry? + 8x2? + (b—a)y+ 2ax. 


Solution in parametric form (a 4 —b): 


b—2a 27 42 b—2a Py gia 
=t+C|t| bra |---|. — ¢—2C|t| bra |---|. 
x +C|t| exp Math) y |t| exp a+b) 


13.4. Equations Containing Polynomial Functions of y 453 


9, (y? + 3ay? — wy — 323 + ay t+ bx)y’. 
= —y? + vy? + 9x?y — 9x? — (2a — b)y + 3az. 


Solution in parametric form (a ¥ b): 
_ _3a—b 3a—b 
a =Cotlt| 2G) et — ig(a — b)C|t| 2-4) ef, 
_ _3a—b 3a—b 
y= Colt) Ae) et + (a — b)C|t| 2(a—b) et 


10. (y?+3ay?4327?y4+a23— aytaz)y’, = —y® —3xy? —3x07y—a23?—ay+az. 
Solution in parametric form: 


C? C 
= Ct+ ~vV2t4+1 = CtF vy 2t44+1. 
7 Ve ee ee rer eee 


11. (y?+3ay? +3x7y+a°+ay+bar)y’, = —y?— 3ay? —327y—23 + by+az. 


Solution in parametric form (b 4 —2a): 


bra bra 
z= Ct+C3(|t| 7 + y = Ct 08 (|e/ are + 


2a+b 2a+ 5): 
12. (y?—4ay? +42*y+ay—azx)y), = 3y3—14xry? +2007 y— 823 +2ay—2az. 


Solution in parametric form: 
= 2 e = 2 


13. (y® — 4ry? + 5x7y — 2x3 + 2ay — 3azx)y’, 
= 2y? _ 8xy? + 10x7y — 4¢3 + say — 4az. 
Solution in parametric form: 
a =C'signte/t + aC|tle/*, y=Cu7!signte/* + 2aC|tle”. 
14. (y? — 5ay? + 7x?y — 3x3 + ay — 2ax)y’, 
= 3y3 _ 15ay? + 21x7y — 9a? + 2ay — 3az. 
Solution in parametric form: 
a =C!signte"/t + AaC|tle™, y =Co'signte Vt + 3aC|t\eM*. 
15. (y® — Say? + 8a7y — 43 + ay + bx) y’, 
= 2y? — 10xy? + 16x7y — 827 + (3a + b)y — 2am. 
Solution in parametric form (a 4 —b): 
#2 


2a+b 
y =t+2C|t| «+6 exp|5 


2a+b 
eats ci onl wah 


2 
(a +b) I 
16. (y? + 5ay? + 3a?y — 9x7 + ay t+ br) y’, 
= —3y? — 15ay? — 9x?y + 2727 + (b— 2a)y + 3an. 


Solution in parametric form (a 4 —b): 


b—3a B27? 
y =t—3C|t| b+e exp(- ). 


b-3a 8277 
x=t+Clt| bte exp(— ca 
a 


att) 


454 FIRST-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


17. (y®? — Gary? + 11x?y — 62? + ay + bx)y’, 
= 2y> — 1lay? + 18a7y — 9a? + (4a 4+ b)y — 3az. 


Solution in parametric form (a # —3)): 


Ba+b- 3a+b 
oe Co ele) tape —(a+ 5b)C|t| 4a+26 eb 
+b 3a+b 
y = C—1et|7 Tai et — 3(a + Fb)C|t| 40425 ef. 


18. (y? — Gry? + 1227y — 8° — ay+az)y’, 
= 2y° _ 12xy? + 2407y — 1623 — ay+az. 
Solution in parametric form (a > 0): 


C2 C2 ; 
=Ct=+ 2 1, — + —y 2t 1. 
r=C Oa t44 y=Ct Ta + 
19. (2y® — 3ay? + wy + ay+ bx)y’, = y> — xy? + (a+ b)y. 


Solution in parametric form (a 4 —2b): 


= ab eta 
a = Co ltt) oF e* + (a + 2b)C|t| 28 et, y= C7 |t| a4 2Be, 
20. (2y? + 38ay? — 3a?y — 2a? + ay+ bx) y’, 
= —y? + 3xy? + 6x?y — 8x23 — (a — b)y + 2az. 
Solution in parametric form (a 4 2b): 
_ 2a=b 2a—b 
a = C7l4|t|" e—-2b et — s(a — 2b)C|t| 2-26 e, 
_ 2a—b 2a—b 
y = Cott) ¢-2 eb + (a — 2b)C|t| 2-28 e!. 


21. (2y? — 9xy? + 13x?y — 6x? + ay + bx)y’, 
= 3y? — 13ay? + 18x7y — 8x3 + (3a + b)y — 2az. 


Solution in parametric form (a 4 —2b): 


_ 2a+b 2a+b 
a = Co t\t|” 34426 et — (3a + 2b)C|t| 34428 ef, 


+b 2a+b 
ee Cae BatDD e ' — 2(3a + 2b)C|t| 30428 e. 


22. (3y? — wy? — 8a7y4+ a7 + ay)y,, = —y® + 3xy” + xy — 323 + ax. 
Solution in parametric form: 

a=C'r te Vit taCi*elt, y= Ge tee dactrel*. 
23. (3y° + vy? — 3a7y — «3 + ay)y,, = y? + 3ay? — xy — 3a? + az. 
Solution in parametric form: 


a= Cl4\tleV/* — dac|t|te*, = y= CoN Itle1/* + Lacle|tel”*. 
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24. (xy? —2ka?y+ k?a? + ay — ax)y’, = y® — 2kay? + k2x7y + kay — ka. 
Solution in parametric form (k 4 1): 


a 


a 
2=t+Clle|-sg—a 5 


25. (y® — 3kay? 4+ 3k?x7y — k3x? — ay + ax)y’, 
= ky® — 3k? ay? + 3k°a7y — k*03 — ay + az. 


Solution in parametric form (a > 0, k # 1): 


= L k-1 
= Ct + C?—— V2? +1 =Ct+ 2/942 +1. 
ea a a 8 rah a 
26. (y® — 3kay? + 3k?x?y — k?x? + ay + br)y’, 
= ky® — 3k? xy? + 3k3ax?y — k*a® + [(k + 1)a+ bly — kag. 
Solution in parametric form (b 4 $a(k — 3), k #1): 


(k -1)° 


_(e= 18 (K-1)" 
(k — 3)a — 2b 


t? CEE? |t ae ee) Ss 
, y= Ct+kO?||d "(k= 3) = 20 


katb 

z=Ct+C% || ath 4 
27. [y? —(k+ 2)xy? + (2k + 1)x7y — ke? + 2ay — (k+ l)azly’, 

= ky® — k(k + 2)ay? + k(2k + 1)x?y — k?a® + (k + 1)ay — 2kaz. 


Solution in parametric form (k # 1): 


akC 1/t 
sltle’/*. 


\tlel/*, y=c 3 signe + 


£=C} signte1/* + 


(k—1)? 
28. [y® — (k + 2)ay? — k(k — 4)x?y + k?(k — 2)a7 + ay — azly’, 

= (2k — 1)y® — k(4k — 1)ay? + k?(2k + 1)a?y — k?x? + kay — kax. 
Solution in parametric form (k 4 —1): 


Se 
2(k — 1)?t? J? 


a 


em, 2 ee ee 
y=t+kCt exp| 3k 122] 


x=t+ CP exp|- 
29. [y® — (2k + 1)xy? + k(k + 2)x?y — k?x? + ay + bay’, 
= ky? — k(2k + 1)axy? + k?(k 4+ 2)a?y — k3x? 4 [(k + 1)a+ bly — kaze. 
Solution in parametric form (a 4 —b, k £1): 
kath (k — 1)3 kab (k — 1)? 
=t+O|t| a5 a? =t+kC|t| «tb ~~? |. 
2=t+Clt ox aad J) y=t+acle op ard 
30. (Ay®+ay? —Ax*y—a*+ay+br)y’, = y>+ Any” —a27y— Ax? +by+az. 
1°. Solution in parametric form with b £ 0: 


1 a—b bA-a 1 b-a a—bA 
x=Ct|t| 26 |é+ 1] 26° — 4bC|t| 26 | + 1] 2b 

1 a—b bA-a 1 b-a a—bA 
y=C tlt] 2 |t+1| 2° + 4bC|t| 25 |t + 1] 26 
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2°. Solution in parametric form with b = 0: 
A-1 1—A A-1 1~A 
a= Co 't\ 2 eM! — Lact 2 e/*, y=Culute| 2 eV + dacit| 2 el”. 


31. (Agy? + Agay? + Ayax?y + Aga? + ax)y’, 

= B3y® + Boxy” + Byx?y + Box® + ay. 
This is a special case of equation 13.7.1.13 with R,,(x,y)=a. The transformation t=y/z, 
u = x? leads to a linear equation: 


[Pa(t) — tPa(t)]u, = 2Pa(t)u + 2a, 


where Pa(t) = Ast? { Apt? } At { Ag and Pp(t) = B3t? { Bot? { Bit { Bo. 


32, [Ay® + (A+ 2)ay? — (A — 4)a?y — (A — 2)a? 4+ ay — aazly’, 
= —(A — 2)y? — (A — 4)ay? + (A+ 2)x?y + Ax? — ay + az. 


Solution in parametric form: 


= 1-A o = 1-A o 
g=t+Clt| exp(=s), y=t-Clt| exp(5). 


33. [Ay® +3(A+4 1)ay? + 122?y — 4(A — 3)ax* + ay — aay), 
= —(2A — 3)y? — 6(A — 2)ay? + 12”?y + 8Ax? — 2ay 4+ 2az. 


Solution in parametric form: 


a a 
w=ttOlAexp(im), y=t—-201|“exr( a). 


13.5 Equations of the Form f(z, y)y’, = g(x, y) 
Containing Arbitrary Parameters 

13.5.1 Equations Containing Power Functions 

> Equations of the form y/, = f(a, y). 

1 yf, =AVvy+ Ba-l/?, 


The substitution w = 2471 Vy leads to an Abel equation of the form 13.3.1.32: ww, = 
w+2BAg-V2, 


2 yf =AVy+ Ba. 
Let A = +2a~!V/b, B = +4b (b > 0). Solution in parametric form: 


a=af(r), y=o[2r+f(r)?, where f(r) =exp(+77) [/ exp(+77) dr +C 


3. yf =AVYy+ Ba. 
The substitution w = 2A" /y¥ leads to an Abel equation of the form 13.3.1.33: wuw/, 
w+2BA 22-2, 
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4. y, =a/yt be + ca”. 
The substitution w = 2a~',/y leads to the Abel equation ww!, = w + 2a~?(ba + cx"), 
which is discussed in Section 13.3.1 (see Table 13.1). 


n 
5. y, = ay” + bai-n, 
: dw 1 
Solution: ——_,——_ = In|z|+ C, where w = yxr-l, 
aw” + w+ob 
6. y) = Ay*® — Ba*. 


The transformation x = (w/)'/", y = A(w/z)!/s, where \ = (B/A)!/s, leads to the 
generalized Emden—Fowler equation: 


ko1 
ws (wz) ®, 


which is discussed in Section 14.5 (in the classification table, one should search for the 
equations satisfying the condition n + m+ 1 = 0). 


7. yf, = (ax + by+c)”. 
This is a special case of equation 13.7.1.1 with f(€) = &”. 
8. yi, = arr PE —rmy” + ba™. 


Solution: 


[Beate-a(G) "in whe w= (G)""oerm BE" 


9. y! —_ ax” —tymt a bal ymktt, 

ax 
This is a generalized homogeneous equation of the form 13.7.1.3 with f(€) = a€ + bE". 
10. yf = ax*y/y + bay + cx*,/y. 


This is a special case of equation 13.7.1.4 with f(a) = ax", g(x) = ba™, h(a) = cx, and 
me 1p 2: 


Hs: 3, = avy tt” 4 ba™y + ca®yt—™. 

This is a special case of equation 13.7.1.4 with f(a) = ax", g(x) = ba™, and h(x) = ca’. 
12, yf =a? ly! ™ (ax” + by™)*. 

This is a special case of equation 13.7.1.7 with f(€) = €*. 


> Other equations. 
13. xy’, = ay + by? 4+ cx?. 
The substitution w = y/x leads to a separable equation: xw!, = (a—1)w4+ bVw? +c. 


14. cy, =yt+ar™™™y™ + ba” yk, 


The substitution y = aw leads to a separable equation: w’, = 2"~?(aw™ + bw*). 
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15. (ay” + ba)y’, = 1. 
Solution: 2 = e? (c + af yre™ dy). 


16. x(xy” + a)y’, + by = 0. 
Solution: nb-—a= a(Cy? + uy”); 
17. x(ay”+m)y), = y [bar A—V yma — n}. 
This is a special case of equation 13.7.1.16 with f(€) = a€, g(€) = 1, h(€) = bE, and 
k=n. 
18. (ax” + ba? + cry)y,, = kx” + bry + cy’. 
The transformation t = y/x, z = x"~? leads to a linear equation with respect to z = z(t): 
(k — at)z, = (n— 2)(az +64 ct). 
19. (ay” + ba? + cxy)y,, = ky” + bay + cy’. 
The transformation t = y/x, z = x"~? leads to a linear equation with respect to z = z(t): 
t"(k — at)z, = (n — 2)(at”?z +64 ct). 
20. (ax” + by” + x)y’, = arty * + Ba™y?—™ + y. 
The transformation t = y/x, z = x"~! leads to a linear equation: 
(ot? —* + pet ™ — bt — at) = = 1)" 4 a)e+n—1. 
21. (ax + by” + Aa? + Bay)y’, = axky™—* 4 Ba™y"—™ + Ary + By’. 
The transformation t = y/x, z = x"~? leads to a linear equation: 


(at?—* + Ber—™ — be"t1 — at)z = (n — 2)(bt” + a)z + (n — 2)(Bt + A). 
22. [(ax + by)” + ba]y’, = c(ax + by)” — az. 
This is a special case of equation 13.7.1.14 with f(€) = €”, g(€) = 1, and h(€) = cé™. 
23. [(ax + by)” + by]y’, = c(ax + by)™ — ay. 
This is a special case of equation 13.7.1.15 with f(€) = €”, g(€) = 1, and h(€) = c&™. 
24. (ax + By+7)"y,, = (ax + by +c)”. 
This is a special case of equation 13.7.1.6 with f(€) = &”. 
25. (ax” + by™)y’, = er—tyt—™, 
This is a special case of equation 13.7.1.7 with f(€) = 1/€. 
26. (ay™ + ba” + s)y’, tax + bna”™ ty + B= 
Solution: 
apy) + aw(a) + br"y + sy + Bx = C, 
ymtl k+1 


if m#—1 = 
where y(y) =< m+1 a les w(z)=< k+1 a aes 
Injy| if m=-1, In|z| if k=-1. 


13.5. Equations of the Form f(x, y)y, = g(x,y) Containing Arbitrary Parameters 459 


27. (ax*y” + bry™ + cy")y!, = ay” + By? + 7. 
This is a Riccati equation with respect to x = x(y). 
28. (ax"y™ + x)y’, = bak yrtm—k 4 y, 
The transformation t = y/x, z =2"t™! leads to a linear equation: t™(bt”—* — at)z/ = 
(n+m-—1)(at™z +1). 
29. x(ax"y™ + a)y’, + y(be"y™ + 8) = 0. 
mB — na mb —na 


(ya?)4  (y22*)? 
7 B Gp Whos aB — ba’ aB — ba 


30. x(ana*y"t* + s)y’ + y(bma™t*y* + s) = 0. 

Solution: aky” + bkx™ — s(xy)—* = C. 

31. (ax"y™ + Ax? + Bay)y), = bay? t™—-k 4 Ary + By’. 

The transformation t = y/x, z= a”"+™~? leads to a linear equation: t™(bt”—* — at)z} = 
(n+m — 2)(at™z+ Bt+ A). 

32. (ama”y™ 1 + by”)y’, +ana”™—ty™ + ca® = 0. 

This is a special case of equation 13.7.1.19 with f(y) = by* and g(a) = ca’. 
33. (ax”y™ + bry*)y’, =ay’* +B. 

This is a Bernoulli equation with respect to x = x(y) (see Section 13.1.5). 
34. x(ax™ *y™ + m)y! = y(ba®*” *y™ — n). 

This is a special case of equation 13.7.1.16 with f(€) = a€, g(€) = 1, and h(€) = b&. 
35. a(ax"y™ §+m)y!, = y(ber*"yr*"—* — n). 

This is a special case of equation 13.7.1.17 with f(€) = a€, g(€) = 1, and h(€) = bé?. 
36. (ax thym—t + baht tymk—1) ay! =car™y™, 

This is a special case of equation 13.7.1.3 with f (€) = c€é*(aé + bé*)~1 

37. (ax” + by”™)*y! = ca —1yi—™, 

This is a special case of equation 13.7.1.7 with f(€) = cé~*. 


38. (eo + = yo —y or =0, 
r3 7 r? r3 


where r?=(x+a)*?+y?, r2?=(x2—a)*+y’. 
This is the equation of force lines corresponding to the Coulomb law in electricity. 
+a r—a C 
e =C. 


Solution: 


: x 
Solution: e 


ry r2 
39. ay! — y = (aa* + by*) (yy, + 2x). 
This is a special case of equation 13.7.1.24 with f(u) = u*/? and g(v,w) = av* + bw*. 


40. xy! — y = (aa* + by*)(yy’, — x). 
This is a special case of equation 13.7.1.25 with f(u) = u*/? and g(v,w) = av* + bw*. 
4. yy! +a = (ax® + by*)(xy! — y). 


This is a special case of equation 13.7.1.24 with f (u) =u—*/? and g(v, w) =(av*+bw*)-! 
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13.5.2 Equations Containing Exponential Functions 
> Equations with exponential functions. 
1. y! =ae% +b. 


1 ; 
Solution: y= = in(Ce“™* — =). 


2. y,, = ae + be”. 

Solution: y = be” — In lc —a ; exp(be”) da : 

3. 9 = AeYt* — a, 

This is a special case of equation 13.7.1.2 with f(€) = Ae§,n = 1, and b = 0. 

4, y’, = ae’®trAv + beh®, 

This is a special case of equation 13.7.2.5 with f(x) = ae”” and g(x) = beM. 

5. y= aer’®trAY 4. beh®—AY, 

This is a special case of equation 13.7.2.8 with f(x) = ae””, g(x) = 0, and h(x) = be". 
6. y’, = ge? FY 4 pe®® + ce%®—Py, 

This is a special case of equation 13.7.2.9 with f(€) =€ +c. 

7. y’, ew 4c pel? 4. pare, 

The substitution w = e*Y leads to a Riccati equation: w/, = ade°* w? + br\eF*w + cre™. 
8. (ae¥ + be”)y’, = 1. 

Solution: x = ae’ — In lc — b f exp(ae! dy] ; 

9. (be% + c)y’,, = e7 FY — ae™, 

This is a special case of equation 13.7.2.13 with f(€) = c, g(€) = 1, and h(€) = e. 

10. (ae¥t9" + b)y’ =e. 

The substitution w(x) = y + Bx leads to a separable equation: w/, = 8 + c(ae”’ + b)~1. 
11. (ae%* + be9¥)y’, = e%® PY, 

This is a special case of equation 13.7.2.9 with f(€) = 71. 


12. (ecrtyy + a3)y’, + be’*+8¥ 4 aa = 0. 


This is a special case of equation 13.7.2.15 with f(y) = e”Y and g(x) = be””. 
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> Equations with power and exponential functions. 


13. y’, = ae¥ + ba”. 


1°. Solution in parametric form with n # —1: 


rym hg nfo 85 fo rean( 2) a 
= = = = ——— | + xp({—— } dr}. 
C= 7 , YY a” n a OO al 
2°. Solution in parametric form with n = —1,b # —1: 
a 
= Br | (c —br "). 
z=e', y n| Ce Fae 
3°. Solution in parametric form with n = —1, b = —1: 


g=e', y=-7T-In(C—-ar). 


14. yi), = ay! + be?. 
Solution in parametric form: 


a=In(AE"')+77, y= B[2+exp(+77)E“), 


where a = #2B?, b=+A!B, E= fewer yar +C. 


5. Y= ae’®tAY + ba”, 

This is a special case of equation 13.7.2.5 with f(x) = ae”* and g(x) = bax”. 
16. yf =ax"er¥ + be”. 

This is a special case of equation 13.7.2.5 with f(x) = ax” and g(x) = be””. 
17: 4 = axz"e*¥ + ba™. 

This is a special case of equation 13.7.2.5 with f(a) = ax” and g(x) = bx™. 
18. yf = axz"e®™Y + ba™e~*Y, 

This is a special case of equation 13.7.2.8 with f(x) = ax”, g(x) = 0, and h(x) = bx™. 
19. y! =c(y+ ae” +b)” — are”. 

This is a special case of equation 13.7.2.10 with f(€) = c&". 

20. y/, = (ae¥ + ba—*)t/k, 

Solution in parametric form: 


n=exp{r—=[f(r)+C]}, y=f(r)+C, where (r)= f k dr 


k(b + aekT)~WV/k + 1° 
21. yf = (ay* + be”)1/*, 
Solution in parametric form: 


x= f(7)+C, y=exp{r+z[t(r)+C]}, where (r)= f age 


k(a + be’r)i/k — 1° 
22..° y= ae tet pet ens, 


This is a special case of equation 13.7.2.2 with f(€) = a€"~1 + bé™!. 
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23... 4. = ax” te + bar™™ 10M, 

This is a special case of equation 13.7.2.4 with f(€) = a€ + bé™. 

24. y) = ae ry?! 4 he, 

This is a special case of equation 13.7.2.1 with f(€) = a€"t! +b. 

25. yf = aety™*? 4 beth yO, 

This is a special case of equation 13.7.2.3 with f(£) = a€ + bé”. 

26. yf, = errr gt) a penne get, 

This is a special case of equation 13.7.2.1 with f(€) = a€"t! + be™*}, 

7. 4. = ax” y* + ba e%@y*tt — ay. 

This is a special case of equation 13.7.2.7 with f(x) = x”, g(€) =a+b&, and m = 1. 
28. y’, _ aertyttn + be¥*y + ce’, 

This is a special case of equation 13.7.1.4 with f(x) = ae”, g(x) = be”, and h(x) = ce”*. 
29. y, _ aertyitn + be¥®y + ca™y—™, 


This is a special case of equation 13.7.1.4 with f(x) = ae”, g(x) = be””, and h(x) = cx™. 


30. yf, = avkytt” 4 ber®y + ca™y!—™, 


This is a special case of equation 13.7.1.4 with f(x) = ax*, g(x) = be*”, and h(x) = ca™. 
Pp q 


31. y’, = aertyitn + ba™y + cet®yt—™, 

This is a special case of equation 13.7.1.4 with f(x) = ae”, g(x) = bx™, and h(x) = ce". 
a2. yf = aertytt" 4 ba™y + ca*y!—, 

This is a special case of equation 13.7.1.4 with f(a) = ae”, g(x) = bx™, and h(x) = cr*. 
33. xy, = ax” tk ey 4 pg r™tkemy _ y, 

This is a special case of equation 13.7.2.6 with f(a) = x*—1! and g(€) = a€ + bE™. 

34. (by+A)yi, = cet® tly _ qy, 

This is a special case of equation 13.7.1.15 with f(€) = A, g(€) = 1, and A(E) = ce. 

35. xyy’, = axe — ny. 

This is a special case of equation 13.7.2.11 with f(€) = a€ anda = 1. 

36. xy”y! = axr"e¥ — ny”. 


This is a special case of equation 13.7.2.12 with f(€) = a€ anda = 1. 
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37. (ay” + be”)y’, = 1. 
1°. Solution in parametric form with n ~ —1: 


b ne ar li 
_ So n+l a — ntl 
T Inf fr exp(——) ar], Y=T : 


n+1 
2°. Solution in parametric form with n = —1 anda # —1: 
—aT b T T 
x = ~In(Ce -~—<"), y=e'. 
at+l1 
3°. Solution in parametric form with n = —1 anda = -—1: 


g=-T-In(C-—br), y=e’. 
38. (ae¥ + ba)y’, = 1. 
Cele + —e if b #1, 
e4(C + ay) i oS 1, 


Solution in implicit form: x = 


39. (aeY¥ + bx”)y’ = 1. 
Solutions in parametric form: 


2 


_ il / = T = 
t= —5p7 (in S)\.4. y= n(—), Z = Ci Jo(r) + C2Yo(7) 


and 


7? 


1 
= 570 ne n(-_), Z = Cylo(T) + C2Ko(r7), 


where Jo(7) and Yo(7) are Bessel functions, and Jg(7) and Ko(7) are modified Bessel 
functions. 


40. (ae¥ + ba")y’ = 1. 
Let a = +A/B, b = +2A?. Solution in parametric form: 


t= A[2r + exp(#7”) f(r), y= In| Bf(7)] 7", 


=f 
where f(7) = [[epcer?) dt + c| 
Al. (e% FY 4 bar)y’ = ce™tY — ag. 
This is a special case of equation 13.7.1.14 with f(€) = e§, g(€) = 1, and h(E) = cS. 
42, (et toy 4 by)y,, = cett thy _ qy, 
This is a special case of equation 13.7.1.15 with f(€) = e§, g(€) = 1, and h(€) = ce&. 
43. (ae%y™ + b)y’ = y. 
This is a special case of equation 13.7.2.3 with f(€) = (a€ + b)~t. 


44. (e%y™ + a3)y’, + be’*+9¥ 4 aga =0. 
This is a special case of equation 13.7.2.15 with f(y) = y” and g(x) = be””. 


464 FIRST-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


45. (e%*y” + aB)y’, + bx™e?¥ + aa = 0. 

This is a special case of equation 13.7.2.15 with f(y) = y” and g(x) = ba™. 
46. (e%*y™ + ma)y’!, = y(beO™*y”™ — az). 

This is a special case of equation 13.7.2.17 with f(€) = €, g(€) = 1, and h(€) = b&”. 
47. «(a"e% + ay)y), = ba?™eO™ — ny. 

This is a special case of equation 13.7.2.16 with f(€) = €, g(€) = 1, and h(€) = bE&™. 
48. (ax"e*¥ + bret¥)y’ = e”, 

This is a Bernoulli equation with respect to x = x(y) (see Section 13.1.5). 

49. (ax"e*¥ + bry™)y’, = eM. 

This is a Bernoulli equation with respect to 7 = x(y). 

50. (ax”y™ + bre )y’ = y”. 

This is a Bernoulli equation with respect to x = x(y). 

51. (ax"y™ + bry*)y’ = er. 

This is a Bernoulli equation with respect to 7 = x(y). 


52. (ama”y™—1 + b)y’, + ana”—ly™ + ce** = 0. 
x 


This is a special case of equation 13.7.1.19 with f(y) = b and g(x) = ce**. 


53. (ama"y™— 1 + be™#)y! + anaz”-ty™ +¢=0. 

This is a special case of equation 13.7.1.19 with f(y) = be*¥ and g(x) = c. 
54. (ama"y™—1 + by*)y! + anz™—1y™ + ce*” = 0. 

This is a special case of equation 13.7.1.19 with f(y) = by* and g(x) = ce”. 

55. [(ax + by)” + be ]y’, = c(ax + by)™ — ae®”. 

This is a special case of equation 13.7.2.14 with f(€) = €", g(x) = 1, and h(&) = c&™. 
56. [(ax + by)” + be ]y’ = c(ax + by)™ — ae®. 

This is a special case of equation 13.7.2.13 with f(€) = €", g(x) = 1, and h(€) = c&™. 


13.5.3 Equations Containing Hyperbolic Functions 

1. y’, = acosh(Ay) + beosh(vz). 

This is a special case of equation 13.7.2.18 with f(x) =0, g(x) =a, and h(x) =bcosh(vz). 
2. y/, = asinh(Ay) + bsinh(vz). 

This is a special case of equation 13.7.2.18 with f(x) =a, g(x) =0, and h(x) =bsinh(vz). 
3. y!, = ax” cosh(Ay) + bx™. 

This is a special case of equation 13.7.2.18 with f(x) = 0, g(x) = ax”, and h(x) = ba. 
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4. y,, = ax” sinh(Ay) + ba™. 

This is a special case of equation 13.7.2.18 with f(x) = ax”, g(x) = 0, and h(x) = ba. 
5. yf =ay't” + by + csinh(Ax)y'—”. 

This is a special case of equation 13.7.1.4 with f(x) =a, g(x) = 6, and h(x) = csinh(Az). 
6. 3 = ay'*” + bsinh(Ax)y + cy'—”. 

This is a special case of equation 13.7.1.4 with f(x) =a, g(x) = bsinh(Az), and h(x) =c. 
7. y!, = yeoshz (ay sinh”—* x + by™). 

This is a special case of equation 13.7.2.22 with f(€) = a&” + bE. 

8. y! = ysinhz (ay”™” cosh”! x + by™). 

This is a special case of equation 13.7.2.24 with f(€) = a&” + bE. 

9. xy’, = (ax” cosh y + b) coth y. 

This is a special case of equation 13.7.2.25 with f(€) = a€ + b. 

10. xy’, = (ax” sinh y + b) tanh y. 
This is a special case of equation 13.7.2.23 with f(€) = a€ + b. 


11. (ay™ cosh x + b)y’, = y™*! sinh x. 

This is a special case of equation 13.7.2.24 with f(€) = €(aé + b)7}. 

12. (ay™ sinh x + b)y’, = y™*? cosh x. 

This is a special case of equation 13.7.2.22 with f (€) = €(a€ + b)~1. 

13. (ax” + ba cosh” y)y’, = y*. 

This is a Bernoulli equation with respect to x = x(y) (see Section 13.1.5). 

14. (ax” + bx tanh™ y)y’, = y*. 

This is a Bernoulli equation with respect to 7 = x(y). 

15. (ax” + bx cosh™ y)y’, = cosh* (Ay). 

This is a Bernoulli equation with respect to 7 = x(y). 

16. (ax” + bx tanh” y)y’, = tanh* (Ay). 

This is a Bernoulli equation with respect to x = x(y). 

17. (amx"y™—* + by’, + ana”—*y™ + csinh*(Ax) = 0. 

This is a special case of equation 13.7.1.19 with f(y) = b and g(x) = csinh* (Az). 
18. (amx"y™—| + by’ + anz”—"y™ + ctanh* (Ax) = 0. 

This is a special case of equation 13.7.1.19 with f(y) = b and g(a) = ctanh* (Az). 
19. (ax"y”™ + bx)y’, = cosh* (ry). 


This is a Bernoulli equation with respect to x = x(y). 
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20. (ax”y™ + bx)y’, = tanh*(Ay). 

This is a Bernoulli equation with respect to 7 = x(y). 

21. (ax” cosh” y + br)y’, = sinh* (Ay). 

This is a Bernoulli equation with respect to x = x(y). 

22. (ax” tanh™ y + ba)y’, = y*. 

This is a Bernoulli equation with respect to x = x(y). 

23. (ama”y™ 1! + bsinh® y)y! + anaz”—ty”™ +¢=0. 

This is a special case of equation 13.7.1.19 with f(y) = bsinh* y and g(x) = c. 
24. (ama"y™—1 + btanh* yy, + anz”™—ty™ +c=0. 

This is a special case of equation 13.7.1.19 with f(y) = btanh* y and g(x) = c. 


13.5.4 Equations Containing Logarithmic Functions 

1. y, =y(ax+miny + B). 

This is a special case of equation 13.7.2.3 with f(€) = Iné + £. 

2 yf =axkrly’™ tl (n ine + miny). 

This is a special case of equation 13.7.1.3 with f(€) = a&* In€. 

3. yf, = an" y In? y + ba™yIny + ca*y. 

This is a special case of equation 13.7.3.1 with f(x) = ax”, g(x) = br™, and h(x) = ca*. 
4, vy’, =(ay+ninz)”™ +p. 

This is a special case of equation 13.7.2.4 with f(€) = In € + 8. 

5. xy, =y(nnaz+mliny). 

This is a special case of equation 13.7.1.3 with f(€) = Iné. 

6. may’, = axz*y*(nlna + miny) — ny. 

This is a special case of equation 13.7.1.5 with f(x) = — a and g(€) = In€. 

7. (2% + b)y! = yx** + c(Iny —Inz). 

This is a special case of equation 13.7.1.12 with f(€) = 6, g(€) = cln€, and h(€) = 1. 


8. x(ay+ B)y,, =nlnz+ (a—n)y. 

This is a special case of equation 13.7.2.16 with f(€) = G8, g(€) = 1, and A(€) = In€. 
9. 2(a+mea*)y’ = y(bning + bminy — nz"). 

This is a special case of equation 13.7.1.16 with f(€) = a, g(€) = 1, and h(€) = bln €. 
10. x(a+ my*)y’, = y(bning + bmIny — ny*). 

This is a special case of equation 13.7.1.17 with f(€) = a, g(€) = 1, and h(€) = bln €. 
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11. (ama"y™—* + by, + ana”—*y™ + cln*(Ax) = 0. 
This is a special case of equation 13.7.1.19 with f(y) = band g(x) = cln*(Az). 
12. (alny+baz)y’, = 1. 


—by 
Solution: 2 = e®Y (+ / = dy + c) — =n y. 
b y b 


13. x(Iny)y’,, = y(ax*y® + bay) — nylny. 
This is a special case of equation 13.7.3.7 with f (€) = a€* + b€ and m = 1. 


14. «c(a+mlny)y, = y(be’y™ —nIny +c). 

This is a special case of equation 13.7.3.9 with f(€) = a, g(€) = 1, and h(£) = bE +c. 
15. (ax + ba In™ y)y’, = In* (Ay). 

This is a Bernoulli equation with respect to x = x(y). 

16. x(axz"y™ + mina)y, = y(ba™*y™ — nina). 

This is a special case of equation 13.7.3.10 with f(€) = a€, g(€) = 1, and h(€) = b&*. 
nk yk 


17. x(ax"y™ + miny)y!, = y(bx —nlny). 


This is a special case of equation 13.7.3.9 with f(€) = a€, g(€) = 1, and h(€) = bE*. 
18. (ama"y™—1 + blin* y)y, + ana” ly™ +c=0. 

This is a special case of equation 13.7.1.19 with f(y) = bln* y and g(x) = «. 

19. (az In™ y + br)y’, = In* (Ay). 

This is a Bernoulli equation with respect to x = x(y). 

20. (ax In” y + ba In’ y)y’, = y’. 


This is a Bernoulli equation with respect to x = x(y). 


13.5.5 Equations Containing Trigonometric Functions 
1. y!, = acos(ay) + Bcos(ba). 
This is a special case of equation 13.7.4.11 with f(x) =a, g(x) =0, and h(x) = 8 cos(bz). 
2. y), = sin(ax) cos(by) + cos(az) sin(by). 
This is a special case of equation 13.7.1.1 with f(€) = sin € and c = 0. 
3. y,, = atan(bary). 
The solution is given by the relation: 
” b 
[ exp(3t) cos (V ab at) dt = C exp(Sabz’), where w= y4/-. 

0 a 
4, y’, = ba” cos(ay) + cx”. 
This is a special case of equation 13.7.4.11 with f(x) = bx”, g(x) = 0, and h(x) = cx™. 
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5. y!, = ba” sin(ay) + ca™. 

This is a special case of equation 13.7.4.11 with f(x) = 0, g(x) = ba”, and h(x) = cx™. 
6. y/, = ycosz (ay”™ sin” a + by™). 

This is a special case of equation 13.7.4.4 with f(€) = a€é” + b&. 

7. yf =ysinz (ay cos”! « + by™). 

This is a special case of equation 13.7.4.3 with f(€) = aé” + bE. 


sin? y cos? y 
ee oe 


. 7 =a 


cos? x sin? x 

This is a special case of equation 13.7.4.14 with f(€) = a€ + bé7!. 

9 yf =ay't" 4+ by+csin(Axr)y*”. 

This is a special case of equation 13.7.1.4 with f(x) = a, g(x) = b, and h(x) = csin(Az). 
10. yf = ay't” + bsin(Ax)y + cy*—”. 

This is a special case of equation 13.7.1.4 with f(x) =a, g(x) = bsin(Az), and h(x) =c. 
11. xy’, + asin(bx + cy) = 0. 


bz +e 
The substitution w = x tan a 


leads to a Riccati equation of the form 13.2.2.35 with 
n=2: 2rw!, — bw? + 2(ac — 1)w — ba? = 0. 

12. cy’, = az” tan(by) + y. 

The substitution y = xw leads to an equation of the form 13.5.5.3: w/, = atan(baw). 

13. ry’, = ax” cos” y + bcos ysin y. 

This is a special case of equation 13.7.4.8 with f (€) = 5(agé + b). 

14. xy’, = ax” sin? y + bcos ysin y. 

This is a special case of equation 13.7.4.7 with f (€) = 5(aé + b). 


15. xy’, = ax™ sin® y cos?—* 


This is a special case of equation 13.7.4.18 with f(a) = ax™~?"*—! and g(€) = €*. 


y — nsin 2y. 


16. (1+ tan? y)y, = atan™t y + btany + cx” tan'—™ y. 

This is a special case of equation 13.7.4.19 with f(x) = a, g(x) = b, and h(x) = ca”. 
17. (amx"y™—* 4+ by’, + ana”~*y™ + csin*(Ax) = 0. 

This is a special case of equation 13.7.1.19 with f(y) = b and g(x) = csin*(Az). 

18. (ama”y™—! 4+ b)y, + ana”—ly™ + ctan*(Ax) = 0. 

This is a special case of equation 13.7.1.19 with f(y) = b and g(x) = ctan*(Az). 

19. (axz”y™ + bx)y’, = cos* (Ay). 


This is a Bernoulli equation with respect to « = x(y) (see Section 13.1.5). 
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20. (ax”y™ + bx)y’, = tan* (Ay). 

This is a Bernoulli equation with respect to x = x(y). 

21. (ay™cosz + b)y’, = y™*! sin ow. 

This is a special case of equation 13.7.4.3 with f(€) = €(aé + b)-!. 


22. (ay™sinaz + b)y’, = y™*1 cos a. 
This is a special case of equation 13.7.4.4 with f(€) = €(aé + 6)71. 


23. (ax” + ba cos™ y)y’, = y*. 

This is a Bernoulli equation with respect to x = x(y). 

24. (ax” + ba cos™ y)y’, = cos*(Ay). 

This is a Bernoulli equation with respect to x = x(y). 

25. (ama"y™—1 4+ bcos* yyy, + anxz”—ly™ +e=0. 

This is a special case of equation 13.7.1.19 with f(y) = bcos* y and g(x) = c. 
26. (ax” cos” y + ba)y’, = cos*(Ay). 

This is a Bernoulli equation with respect to x = x(y). 

27. (ax” + betan™ y)y’, = y*. 

This is a Bernoulli equation with respect to x = x(y). 

28. (ax” + br tan™ y)y!, = tan*(Ay). 

This is a Bernoulli equation with respect to x = x(y). 

29. (ama”y™—1 4+ btan* yyy, + ana”™—ly™ +e=0. 

This is a special case of equation 13.7.1.19 with f(y) = btan* y and g(x) = ¢. 
30. (axz” tan” y + bar)y’, = tan*(Ay). 


This is a Bernoulli equation with respect to x = x(y). 


13.5.6 Equations Containing Combinations of Exponential, 
Hyperbolic, Logarithmic, and Trigonometric Functions 


1. yf =axr"e' + bln™ 2. 

This is a special case of equation 13.7.2.5 with f(x) = ax” and g(x) = bln” a. 
2 yf =aln"(va)e¥ + br™. 

This is a special case of equation 13.7.2.5 with f(a) = aln”(vx) and g(x) = bx. 
3. yf = ae (Ay + Inz)™. 

This is a special case of equation 13.7.2.2 with f(€) = aln”™ €. 

4. y’ =ae**(Ar + Iny)™. 

This is a special case of equation 13.7.2.1 with f(€) = aln”™ €. 
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5. y, =ayln?y + bylny + ce*”y. 

This is a special case of equation 13.7.3.1 with f(x) = a, g(x) = b, and h(x) = ce. 
6. y, =ayln’?y + be**ylny + cy. 

This is a special case of equation 13.7.3.1 with f(x) = a, g(x) = be*”, and h(x) = c. 
7. y!, = ae¥sing + btanz. 

This is a special case of equation 13.7.5.6 with f(€) = a€ + b. 

8. y/, = (ae* siny + b) tany. 

This is a special case of equation 13.7.5.4 with f(€) = a€ + b. 

9. y! = ae” sin? y + be~* cos? y. 

This is a special case of equation 13.7.5.8 with f(€) = 5(a + /€). 


10. y! = acos"(pax)e™¥ + ba™. 


m 


This is a special case of equation 13.7.2.5 with f(x) = acos"(yx) and g(x) = ba™. 
11. yf =ax"e*¥ + bcos™ (uz). 
This is a special case of equation 13.7.2.5 with f(x) = ax” and g(x) = bcos™ (wx). 
12. y! = axe + btan™ (px). 
This is a special case of equation 13.7.2.5 with f(x) = ax” and g(x) = btan™ (ux). 
13. y! =atan"(px)e*Y + ba™. 


m 


This is a special case of equation 13.7.2.5 with f(x) = atan"(pa) and g(x) = ba”. 
14. y! = Ae** cos(ay) + Bet” sin(ay) + Ae». 

The substitution w = tan(4ay) leads to a linear equation: w/, = aBel*w + aAe™. 

15. y’, = asin(p2) sinh(Ay) + bcos(ux) cosh(Ay). 

This is a special case of equation 13.7.2.18 with f(x) = asin(ux), g(x) = bcos(pax), and 
h(t) = 0. 

16. y’, =ay In? y + bylny + csin™(Ax)y. 

This is a special case of equation 13.7.3.1 with f(x) =a, g(x) =b, and h(x) =csin”(Az). 


17. (1+tan? y)y’, = atan't” y + btany + ce tan?~™ y. 

This is a special case of equation 13.7.4.19 with f(x) = a, g(x) = b, and h(x) = ce**. 
18. (ae* cosy + b)y’, = cot y. 

This is a special case of equation 13.7.5.5 with f(€) = (a€ + b)7t. 

19. (ae*siny + b)y’, = tany. 
This is a special case of equation 13.7.5.4 with f(€) = (a€ + b)71. 
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20. (ae¥cosx + b)y’, = tana. 

This is a special case of equation 13.7.5.6 with f(€) = (a€ + b)~t. 
21. (ae¥ sina + b)y’, = cot a. 
This is a special case of equation 13.7.5.7 with f (€) = (a€ + b)7}. 


22. (e%*y” + aB)y’, + be®¥ In™ « + aa = 0. 

This is a special case of equation 13.7.2.15 with f(y) = y” and g(x) = bln” z. 

23. (e%*y” + aB)y’, + be®¥ cos™ x + aa = 0. 

This is a special case of equation 13.7.2.15 with f(y) = y” and g(x) = bcos” x. 

24. (e%* cos” y + aB)y’, + be®¥ cos™ (Ax) + aa = 0. 

This is a special case of equation 13.7.2.15 with f(y) = cos” y and g(x) = bcos’ (Az). 


13.6 Equations of the Form F(z, y, y,,) = 0 Containing 
Arbitrary Parameters 

13.6.1 Equations of the Second Degree in y’, 

> Equations of the form f(x, y)(y/,)? = g(a, y). 

1. (y/)? = ay + ba”. 

See equation 13.6.3.43. 

2. (y’,)? =y+aa*+bet+e. 


The substitution w = 2,/y + ax? + bx + c leads to an Abel equation of the form 13.3.1.2: 
ww), — w = 4ax + 20. 


3. (y,)? =ay® + by +e. 


Solution: «=C+ [ow + by +c)? dy. 


4. (y!,)” = ay + bvz. 
See equation 13.6.3.26. 
5. (y,)? =ay+bVa+c, a0. 


The substitution aw = 2,/ay + b\/x + c leads to an Abel equation of the form 13.3.1.32: 
wu, —w = ba-2a-V/?, 


7\2 __ m+1 _ m+1 2 
6 (y.)° =ytaxr a= ae a~ +b. 
1 1/2 
The substitution w = 2 ly t+ar™*1 — eae +b leads to an Abel equation of 
2(m + 3)? 
2(m + 1) 


the form 13.3.1.10: ww), —w = — g+2a(m+4+1)2™. 


(m + 3)? 
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7. (y/,)? = A\y + ax? + ba™t 1+. 

For \ 4 0, the substitution \w = 2(Ay + ax? + ba™*! + c)!/2 leads to the Abel equation 

wu!,—w=4ad~22+2bA~?(m+1)2™, which is outlined in Section 13.3.1 (see Table 13.1). 
Special cases of the original equation are equations 13.6.1.1—13.6.1.6. 

8. x(y,)? =ary +b. 

See equation 13.6.3.32. 

9. x(y’,)? =azxy+ba+ec, a0. 

The substitution aw = 2,/ay + b+ ca! leads to an Abel equation of the form 13.3.1.33: 


ww, — w= —2ca~? x. 

10. y?(y))? = avy? + b. 
See equation 13.6.3.34. 

11. y*(y.,)? = ag ?/5y? + b, 
See equation 13.6.3.28. 

12. (ay? + br)(y’,)? = 1. 
See equation 13.6.3.44. 

13. (ax? + by)(y’,)? = wy. 
See equation 13.6.3.46. 

14. (avy + b)(y’,)? = y. 
See equation 13.6.3.33. 

15. xy? (y/)? = ay” + ba. 
See equation 13.6.3.45. 

16. (ax?y? + b)(y.,)? = a. 
See equation 13.6.3.35. 

17. (a/y + br)(y’,)? = 1. 
See equation 13.6.3.27. 

18. (ax?y*/? + by)(y),)? = 27y. 
See equation 13.6.3.29. 

19. (y/)? = ae¥ +b. 

See equation 13.6.3.3 with k = 2. 
20. (y,)? = a+ be*. 

See equation 13.6.3.4 with k = 2. 
21. (y/)? = ay? + be®*. 

See equation 13.6.3.8 with k = 2. 
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22. a(y’)? = ax7e¥ +b. 

See equation 13.6.3.9 with k = 2. 

23. (ae¥ + bx”) (y/)? =1. 

See equation 13.6.3.9 with k = —2. 

24. (ae*y® + b)(y,)? = y”. 

See equation 13.6.3.8 with k = —2. 

25. (y,)? =ay+blng. 

See equation 13.6.3.13. 

26. (yf)? =Ay+alnz+b, A #0. 
The substitution Aw = 2./Ay + aln a + b leads to an Abel equation of the form 13.3.1.16: 
ww, — w = 2ad~227!. 

27. (alny + br)(y/,)? =1. 

See equation 13.6.3.14. 


> Equations of the form f(x, y)(y/,)? = g(a, y)y/, + h(a, y). 
28. (y/,)? + ay!, + by = 0. 


Solution in parametric form: 
be =-—2t-—alnt+C, by=-—?#? —at. 


29. (y,)? + ayy), = br +. 
We differentiate the equation with respect to x, take y as the independent variable, and 
assume € = y/, to obtain a linear equation with respect to y = y(€): 


(a€? — b)ye + a€y + 2¢? = 0. 


30. (y/,)? + ary’, + by + ca? = 0. 


: 2 
The transformation x =e‘, y = xu leads to an autonomous equation: (up +2u+ 4a) = 


ta’ —c-— bu. Having extracted the root and carried over the terms 2u + ta from the left- 


hand side to the right-hand side, we obtain a separable equation of the form 13.1.2. 


31. y= ay! +ax7?4+ dy)? +cy, +d, a0. 
Differentiating with respect to x and changing to new variables t = y/, and w(t) = —2az, 
we arrive at an Abel equation of the form 13.3.1.2: ww; — w = —4abt — 2ac. 


32. (y/,)? + (ax + b)y’ —ay+c=0, a0. 
Solutions: y = (ax + b)C + aC? + ca! and 4ay = 4c — (ax + b)?. 
33. (y!,)? + (ay + ba)y’, + abry = 0. 


This equation can be factorized: (y/, + ay)(y\, + bx) = 0. Therefore, the solutions are: 
y= Ce ™ and y= —tbax? +C. 
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34, (y/,)? + ax7y’ + bay = 0. 

The transformation z = Ina, u = yx~? leads to an equation independent implicitly of z: 
(ul)? + (a+ 6u)ul, + (3a + b+ 9u)u = 0. Rewriting the latter equation to solve for wu’, 
we obtain a separable equation of the form 13.1.2. 

35. a(y’,)? — yy, 2 =0. 

Solution in parametric form: 


C+aln(t+ Vt?+1)], (= 


t 
= 
Jeri t 
36. z(y’,)? —ayy,,+b=0. 
1°. For a ¥ 1, the solution in parametric form is written as: 


b 1 
xz = Ct + ——#?,  aty=cxt? +b, where k= ——. 
2a —1 a-—1l 
2°. For a = 1, the solution is: y = Cx + b/C. There are two singular solutions: y = 
+2V bx. 
37. x(y’,)? + ayy’, + bx = 0. 


1°. For a £ —1, the solution in parametric form is written as: 


a+2 


c=Ct\(at+1jt?+b) 26D, y= -—(? +0). 
a 
There are two singular solutions: y = ta,\/—b/(a +1). 
2°. For a = —1, the solution in parametric form is written as: 
t? b 
x exp Ob y=uit+ ; 


38. x(y!,)? — yyl, + ay = 0. 
Solution in parametric form: 
z = C(t—a)exp(-t/a), y= Ct’ exp(—t/a). 

There is a singular solution: y = 0. 
39. x(y’,)? — yy) + ax?y’ + by, +c=0, a #0. 
We divide the equation by y/, and differentiate with respect to x. Passing to the new vari- 
ables t = y', and w(t) = —2az, we arrive at an Abel equation of the form 13.3.1.33: 
ww, — w = act”. 
40. y(y’,)? + aay!, + by = 0. 
Solution in parametric form: 

a+ 2b 

2(a +b) 


There two singular solutions y = +a./—a— b corresponding to the limit C — oo. In 
addition, y = 0 is also a singular solution. 


azt+y(b+t?)=0, Cy(?+at+b)"= to/(a+b) Where m= 
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41. x(y’)? + (a—y)y, +b=0. 
Solutions: C(Cz — y+a)+b=0 and (y—a)? = 4bz. 


42. ax(y,)* + (bx —ay+k)y’, — by =0. 


Solution: y= Ca+ pean 


in parametric form as: 


. In addition, there is a singular solution which can be written 


a ile =20-- 
~ (athe? 7 


43. ax(y,)* — (ay +bx —a— b)y’ + by = 0. 
Differentiating with respect to x and factorizing, we obtain 


at +b 


(Qazxy!, — ay — ba +a+ by’, = 0. 
Equating both factors to zero and integrating, we arrive at the solutions: 
C(a +b) 
aC —b 
44. x(y’)? + ayy’, + be"y™ = 0. 


The substitution x = e! leads to an equation of the form 13.6.1.68: (y;)? + ayy, + 
be(rtitym — Q, 


y=Cat and (ay + br — a— b)? — 4dabry = 0. 


45. a*(y’)? — (2ay+a)y,+y? =0. 
Solutions: y= aC?x+aC and y= —far!, 
46. ax?(y!)? — 2axyy! + y? — a(a—1)2? =0. 
Solutions: y + \/y? + ax? = Ca!+*, where k = \/(a — 1)/a. 
47. (a? — 1)x?(y/)? + 2ayy’, — y? + a?xz? = 0. 
Solution in parametric form: 
=O + 1 ae ea + Ve +1) y=at+ac/t? +1. 
48. «?(y’)? + (ax?y® + b)y’, + aby® = 0. 
The equation can be factorized: (y/, + ay*)(xy!, + b) = 0. Equating each of the factors 
to zero, we obtain the solutions: y = +(2ax + C)~!/? and y = b/a + C. 


49. (x? — a)(y)? — 2xyy’, — x? = 0. 
Solving for y, differentiating with respect to x, and setting w(x) = y/,, we obtain a factor- 


ized equation: (aw!, — w)(a?w? + 2? — aw?) = 0. Equating each of the factors to zero, 
we arrive at the solutions: 


1 
y= ac! 
50. (x? — a”)(y/)? + 2ryy! + y? = 0. 
The equation can be factorized: (xy/, + ay!, + y)(y/, — ay/, + y) = 0. Equating each of 
the factors to zero, we obtain the solutions: («+ a)y =C and (a@—a)y=C. 


z?—a—C*) and y*+2?=a (y #0). 
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51. (a7? + a)(y,)? — 2xyy, + y?+b=0. 
Differentiating with respect to 2, we obtain a factorized equation: [(x?-+a)y!,—xy]y/.,, =0. 
Therefore, the solutions of the original equation are: 


y=Cix+Cz, where aC?+CZ+b=0; ba? + ay? + ab =0. 


52. x3 (y!)? + 27yy, +a =0. 

Solutions: Cary = C?x-+a and xy? = 4a. 

53. axy(y’,)? — (ay? + ba? + k)y’, + bry = 0. 

This differential equation represents an equation of curvature lines of a surface defined by 


the relation Ar?+ By?+Cz?=1, where a= AB(C—B), b= AB(A-—C), k=C(B-—A). 
Solutions: 


(aC — b)y? = C(aC — b)a? —kC and ay? = ba? + 2a./—bk — k. 
54. y"(yi,)” + 2axyy!, + (1 — a)y? + ax? + (a—1)b=0. 
Solutions: 
y? +ax*—b=(a—1)(2+C)* and y*+az7—b=0. 
55. (a— b)y?(y/,)? — 2bayy’, + ay” — ba? — ab = 0. 
Solutions: 


—b 
2 +9? =Ca+b— 0? and (a—b)y” — ba? = (a — b)b. 


56. (ay — x7)(y/)? + 2ayy’, — y? =0. 

Solution: (Cy + x)? = day. 

57. (y? — a?x?)(y/)? + 2ayy!, + (1 — a?)x? = 0. 
Solution in parametric form: 


ae Ct p=4e< C 
VHT JVEtT 
58. (ay — bx)*[a?(y’,)? + b?] — k?(ay!, + b)? = 0. 
We solve the equation for ay— bx and differentiate with respect to x. Setting w(x) = y/,, we 
obtain a factorized equation with respect to w(x): (aw —b)[(a?w? +b?)9/? 4 abkwi,] = 0. 
Equating each of the factors to zero and integrating, we arrive at the solutions: 


(ba —C)? + (ay—C)? =k? and ay— br = +kv2. 


59. (xy), + a)? — 2ay + «? = 0, a0. 


The substitution 2ay — x? = u? leads to the equation xuu!, — a(u — a) + 2? = 0. Fur- 


ther assuming u — a = xw(x), we obtain (zw + a)wi, + w2 +1 = 0. Taking w to 
be the independent variable, we arrive at a first-order linear equation whose solution is: 


a = (w?+1)-¥/? [C — aln(w + Vw? +1)]. 
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60. (xy, t+ ny)? +axr"t1y’ +b=0. 
ae 
Solution: y = CE FE eh +C. 
an 
61. (xy! + ny)? — ax?"t?(y’)? —b=0. 


Solutions: y = Ca~" + VaC? + bn-?. 

62. (yy, + x)? = a?(a? + y”)*[(yi,)? + 1. 

This equation splits into two equations of the form 13.8.1.4 with f(u) = tau 
We +e = tala? +y)KPV YL)? +1. 

63. ax?"(xy’, + my)? + bx? (xy’, + ny)? = 1. 


Solution: y=Cya~"+Cox~™. Here, the constants C’; and C2 are related by the constraint 
(aC? + b02)(n —m)* = 1. 


64. (xyl, — y)? = a?(a? + y?)*(yyl, + @)?. 
This equation splits into two equations of the form 13.7.1.20 with f(u) = tau 


xy, —y = ta(a? + y*)*? (yy, +2). 
65. (ayi, —y)” = a*(a? + y”)*[(y,)? + I. 
This equation splits into two equations of the form 13.8.1.3 with f(u) = tau 
zy, —y = tala? + y?)FPV yl +1. 
66. (xy, +y+2ax)”? = 4(xy + ax” + bd). 
The substitution u = ry + ax? +b leads to a separable equation: u!, = +2,/u. 
67. (agx + boy + c2)(y’,)? + (az + bry + c1)y', + aox + boy + co = O. 
The Legendre transformation x = uj, y = tu, — u (y!, = t) leads to a linear equation: 
[f(t) + to(t)]u;, = g(t)u + h(t), 
where f(t) = agt? + ait + ag, g(t) = bot? + byt + bo, and A(t) = —cot? — cyt — cp. 
68. (y/)? + ayy’, + ber®?y™ = 0. 
1°. With m ¥ 2, solving for y/, and performing the substitution w = e**y'"~?, we arrive 
2— 
at a separable equation: w, = Aw + 5 Z (a + Va? — 4bw jw (see Section 13.1.2). 


2°. With m = 2, solving the original equation for y/,, we obtain a separable equation: 
2y), = y(—at Va? — 4be* ), 

69. y), ty =ae**(y’, — y)?. 

Solution: y= 5aC? o 5Ce™. 

70. yf, = (y? — y”)(ae” + be~*). 

This is a special case of equation 13.8.1.56 with f(u) = u. 
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71. ae?*(y! + By)? + be?9*(y’ + Ay)? = 1. 


Solution: y = Cie** + Cye~—8*. Here, the constants C and Cy are related by the 
constraint (aC? + bC?)(6 — »)? = 1. 


72. yl = aly? — y”) cosh x. 

This is a special case of equation 13.8.1.58 with f(u) = au. 

73. yl = aly? — y’) sinh zx. 

This is a special case of equation 13.8.1.59 with f(u) = au. 

74. a(y’, cosha — ysinh x)? + b(y/, sinh x — ycoshz)? = 1. 


Solution: y = C, sinha + Cocosha. Here, the constants C; and C2 are related by the 
constraint aC? + bC# = 1. 


75. (yi)? — ayy, + y? In(ay) = 0. 

Solutions: ay = exp(Cx — C?) and ay = exp($2”). 

76. y’, = a(y? + y”) cosa. 

This is a special case of equation 13.8.1.64 with f(w) = au. 

1. ¥.= b(y”? + y”) sina. 

This is a special case of equation 13.8.1.65 with f(w) =u and a = 0. 
78. aly! cosx + ysinx)? + b(y, sinx — ycosx)? =1. 


Solution: y = Cysina + C2cosa. Here, the constants C and C> are related by the 
constraint aC? + bO? = 1. 


79. a(y’,cosha — ysinh x)? + b[(y/,)? — y7] +c =0. 


Solution: y = C, sinha + Cocosha. Here, the constants C and C2 are related by the 
constraint aC? + b(C? — C?)+c=0. 


80. a(y! cosx + ysinz)? + dbi(y,)? + y?] +c=0. 


Solution: y = Cysinx + Cgcosa. Here, the constants C and C» are related by the 
constraint aC? + b(C? + C3) +c=0. 


13.6.2 Equations of the Third Degree in y’, 
> Equations of the form f(x, y)(y/,)? = g(a, y)y’, + h(a, y). 
1. (yi)? + ax + by+c=0. 

This is a special case of equation 13.8.1.9 with f(w) = w®. 


2. (ax +by+c)(y,)? =axr+ Byt+ 7. 


Dividing both sides by ax + by + c and raising to the power 1/3, we finally arrive at an 
equation of the form 13.7.1.6 with f(w) = w !/. 
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3. a(y;,)° + by, = x. 
This is a special case of equation 13.8.1.7 with f(w) = aw? + bw. 
4. a(y’,)®? + by’, = y. 
This is a special case of equation 13.8.1.8 with f(w) = aw? + bw. 
5. aly)? +ay!, =y. 
This is a special case of equation 13.8.1.10 with f(w) = aw’. 
6. a(y,,)* + bry!, = y. 
This is a special case of equation 13.8.1.11 with f(w) = bw and g(x) = aw®. 
7. (y)? —azy!,+ 2? =0, a #0. 
Solution in parametric form: 
at Oi. a? 4341 
ere = ee 
Pal 6 (+1) 


8. (y/)? — axyy!, + 2ay” = 0. 
Differentiating with respect to x and eliminating y, we obtain a factorized equation with 


respect to w(x) = y/,: [2(w!,)? —arw!, + aw](9w — ax?) = 0. Equating each of the factors 


to zero and integrating, we find the solutions: y = +aC (2 —C)* and y= Fran’, 


9. aa(y’,)® + byl, = y. 
This is a special case of equation 13.8.1.11 with f(w) = aw? and g(w) = bw. 
10. ax?/2(y’)3 + 2xy’, = y. 

Solution: y = 2C,\/z + aC?. 

ll. ax™(y!,)? + vy! = y. 

This is a special case of equation 13.8.1.15 with f(w) = aw’. 


12. ae®*(y/,)? + B(y, ty) +e=0. 
Solution: y = Ce~* + (aC? — c)b7!. 


> Equations of the form f(x, y)(y’,)® = 9(2, y)(y)? + h(a, y)yl, + r(a,y)- 
13. a(yi,)° + By’)? = x. 

This is a special case of equation 13.8.1.7 with f(w) = aw? + bw”. 

14, a(yi,)® + b(y),)? = y- 

This is a special case of equation 13.8.1.8 with f(w) = aw? + bw?. 


15. (y/)? + aly’)? + by + aba +d =0. 
Solution in parametric form: 


r= —3P Wet —Ie Inka) stC.. bys ole =P =o? —¢, 


In addition, there is a singular solution: y = —ax — d/b. 
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16. a(y,)? + b(y,)? + cy, =y+d. 
Solution in parametric form: 

x = C + Sat? + 2bt + cln|d|, y = at? + bt? + ct —d. 
17. a(yi,)? + bx(y’,)? = y. 
This is a special case of equation 13.8.1.11 with f(w) = bw? and g(w) = aw”. 
18. ax(y’)*® + b(y’,)? = y. 
This is a special case of equation 13.8.1.11 with f(w) = aw® and g(w) = bu”. 
19. (a? — a)(y’,)* + ba(a? — a”) (yi)? + y!, + bx = 0. 
The equation can be factorized: (y/, + bx)|(y/,)?(x? — a2) + 1] = 0, whence we find the 
solutions: y = —4ba? + C and y = +arcsin(x/a) + C. 


20. a(y’, + y)* + be®*(y/,)? +e = 0. 

Solution: y = C — Cyge~*. Here, the constants C' and C2 are related by the constraint 
aC? +bC3+c=0. 

21. (xy! — y)> + ay + ba = 0. 

This is a special case of equation 13.8.1.16 with f(w) = 1, g(w) =a, h(w) =}, and n =3. 


22. (ay’, — y)*? + ayy’, + br = 0. 

This is a special case of equation 13.8.1.16 with f(w) = 1, g(w) = aw, h(w) = 6, and 
n= 3. 

23. (xy! — y)e>+ axy’, + by = 0. 

This is a special case of equation 13.8.1.16 with f(w) = 1, g(w) = 6, h(w) = aw, and 
n= 3. 

24. a(y! cosha — ysinhx)* + b(y! sinha — ycosh x)? + c= 0. 

Solution: y = C, sinha — Cycosha. Here, the constants C; and C are related by the 
constraint aC? + bO$ +c = 0. 

25. a(y! cosha — ysinhx)* + b(y/? — y?) +c =0. 

Solution: y = C, sinha + Cycosha. Here, the constants C; and C2 are related by the 
constraint aC? + b(C? — C3) +c=0. 

26. y/.(y!, cosh x — y sinh x)? = b(y”? — y”) cosh x. 

This is a special case of equation 13.6.4.21 with n = 3 and m = 1. 

27. y’.(y!, sinh x — y cosh x)? = b(y/? — y?) sinh a. 

This is a special case of equation 13.6.4.22 with n = 3 and m = 1. 

28. a(y!,cosx + ysin x)? + b(y! sinx — ycosx)? +c=0. 


Solution: y = Csinx — C2cosa. Here, the constants C and C> are related by the 
constraint aC3 + bC3 +c=0. 
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29. aly! cosx + ysin x)? + b(y”? + y?) +ce=0. 

This is a special case of equation 13.6.4.24 with n = 3 and k = 1. 
30. yi (yi, cosx + ysinz)* = b(y? + y”) cosa. 

This is a special case of equation 13.6.4.25 with n = 3 and m = 1. 
31. y/(y!, sina — ycos x)? = b(y”? + y”) sina. 

This is a special case of equation 13.6.4.26 with n = 3 and m = 1. 


13.6.3 Equations of the Form (y’)* = f(y) + g(a) 
> Some transformations. 


1°. In the general case, the equation 
(yn)" = f(y) + 9(2) (1) 


can be reduced with the aid of the transformation t = fio" ae; y= fuwr" dy 
to the same form 
(uj)" = F(u) + GQ), (2) 


where functions F = Fu) and G = G(t) are defined parametrically by the following 
formulas: 


rei, wm firey 
(uw) Fw) [f(y)] 
1 
G(t) = —, t= [iole Wk de. 
=a ie) 
2°. Taking y as the independent variable, we obtain from Eq. (1) an equation of the same 
class for x = x(y): 


(xy) = g(x) + fy). 
3°. The equation 
yy, =a/y+g(x) (k=1, f=avyy) 
can be reduced with the aid of the substitution w(x) = 2a7' /¥ to the Abel equation 
ww), — w = 2a~9(x), which is outlined in Section 13.3.1. 


4°. The equation 

yr=y tga) (k=1, fay") 
is an alternative form of representation of the Abel equation yy’, = g(a)y + 1, which is 
outlined in Section 13.3.2. 


5°. The equation 
y, =ay>+g(z)  (k=1, f =ay’) 


can be reduced, with the aid of the substitution aw = y — / g(x) dx followed by raising 


both sides of the equation to the power of 1/s, to an equation of the class in question: 


(w')/5 = aw + foe) ag. 
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6°. The equation 


(yi)? =aytg(z) (k=2, f=ay, a0) 


can be reduced with the aid of the substitution aw = 2,/ay + g(x) to an Abel equation of 
the second kind: 


ww, =w+ (za), where y = 2a~7q/(z), 


which is outlined in Section 13.3.1. 


7°. The equation 


(yi)? =ay+g(z) (k=1/2, f =ay) 


can be reduced by squaring both sides and performing the substitution z = ay + g(x) to 
the Riccati equation: 

z. ae Ga 
For some specific functions g = g(x), the solutions of the latter equation are given in 
Section 13.2. 


8°. The equation 

(yi)? =ay'? + 9(z) (k= 1/2, f = ay") 
can be reduced by squaring both sides and performing the substitution y = exp(a?x)€? to 
an Abel equation of the second kind: 


éé!, = aexp(—ga"x)gé + 5 exp(—a’x)g” 


(see Section 13.3.3). 
9°. The equation 


(yi)? = fy) tax (k= —1/2, g = ax) 


can be reduced by squaring both sides and performing the substitution v = f(y) + az toa 
Riccati equation: 
2 / 
Vy = av + fy. 
For some specific functions f = f(y), the solutions of the latter equation are given in 
Section 13.2. 


> Classification tables and exact solutions. 


For the sake of convenience, Tables 13.5—13.9 given below list all the equations outlined in 
Section 13.6.3. The five tables classify the equations in which functions f and g are of the 
same form. The right-most column of a table indicates the numbers of the equations where 
the corresponding solutions are given. After the tables follow the equations—they are 
arranged into groups so that the solutions of the equations within each group are expressed 
in terms of the functions indicated before the groups as a notation list. 
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TABLE 13.5 
Solvable equations of the form (y/,)* = Ay® + Bx” 


eee oes 


re eae 
y 7 k) 13.6.3.7 }} —1 1 —1 13.6.3.23 


=— 13.6.3.6 ||—-1/2 ins 13.63.17 
(kA-1, 1) + a ee (s#-1, aa 


Pa fe 
2s 
re cae OTT 


arbitrary 
—1 1 13.6.3.10]} 1 1/2 —1/2 |13.6.3.24 
a (s 40) | + [pseaa9 
arbitrary 
P= [ee ER | 2 [sus = oe 


Pe [aoa 
Ce [| a Yin 
ref [2 sean 
ref [soa 
Pf [sean 
a [2 fea 


1. (y)* = Ay*4+ B. 


Solution: x = fav + B)-VF dy +C. 


2. (y,)* = A+ Ba’. 


Solution: y= [a + Ba") dx +C. 
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TABLE 13.6 TABLE 13.7 
Solvable equations of the form Solvable equations of the form 
(yi,)* = Ae’ + Ba" (y,)* = Ay® + Be? 


Paisiy [0 [633 


Paiiay [0 [aaa 


TABLE 13.9 
Solvable equations containing 


TABLE 13.8 logarithmic functions 
Solvable equations of the form 


3. (yi)* = Ae + B. 


(y,)7! = Alny+ Ba | 13.5.4.12 
(y,)2 = Ay+ Binz | 13.6.3.13 


Solution: «= [tse 4B)" dy CG; 


4. (y,)* = A+ Be®. 


Solution: y = [arse dxz+C. 


5. (y’,)* = Ay+ Ba. 


Solution in parametric form: 


c= [ (Ar + By dr +6, y= g[r-8 far! +B) tar — Be. 
wie, aie 
6. (yi,)* = Ayt-k + Br THR, [kl #1. 
Solution in parametric form: 
oe _\e ‘ a 
fF T 
v=a( [5 +c) ’ y=0(r-9 [ 3 - 0c) ) 


k k k = k 
where A=a 1+kb T-F GB, B= arr [OO >, . 
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ks 
7. (y/)* = Ay®+ Bak-s, kAs. 


Solution in parametric form: 


r= c!expf [[A*(44 Beie)* — 


= _ks_\ = = k—s 
y=ct{rexp [|* = (A+ Bro-F)* -7| ar} : 
Ss 


8. (y’,)* = Ay” + Be”. 


Solution in parametric form: 


-1 
c= [|e 4+ BeAr) Wk _ | dr +C, 


C= exp{T + z/ {4 eRe Re. =| 


9. (y’,)* = Aey + Ba-*. 
Solution in parametric form: 

1 1 
r= exp{T = / (B a ea —| 


-1 
/[e Ae) 4 4 dr+C. 


7] 
10. (y,)~' = Ay* + Ba. 
Solution: « = e?Y (4 f ue dy + c). 


@ In the solutions of equations 11-14, the following notation is used: 


al 
r= [ [ exper?) dr +c : 


11. yf = Ay’/?4 Bae}. 


Solution in parametric form: 


2 =aFexp(+r’), y=b2r+ Fexp(#r2)]’, where 
12. (y,)71 = Ay! + Bal”. 


Solution in parametric form: 


ee = nar ae F exp(#r)]’, y = bF exp(+7”), — where 
13. (yi)? = Ay+ Bing. 


Solution in parametric form: 


A= +2a71p!/?, B=-F4b. 


A= 4a, = 429q'/2p-1, 


z= aFexp(+7’), y= b{ [27 + F exp(#r2)|° 4 
where A = 4a~?b, B = +4bA. 


t Aln(aF) — 47? 
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14. (y/)-? = Alny+ Bz. 


Solution in parametric form: 


m= 9 Pra F exp(#r2)|° + 4In(bF) — 4r?}, y = bF exp(+r77), 


where A= +4aB, B = 4ab~?. 
@ In the solutions of equations 15—19, the following notation is used: 


a Ci JL(7T) + C2oY_(7) for the upper sign, 
= Ci I,(r) + CoK,(r) for the lower sign, 


where J,(T) and Y,(r) are Bessel functions, and I(r) and K,(r) are modified Bessel 
functions. 


Remark 13.3. The solutions of equations 15—19 contain only the ratio Z!./Z = (In Z)!_. There- 
fore, for the sake of symmetric appearance, two “arbitrary” constants C, and C2 are indicated in the 
definition of function Z (instead, we can set, for instance, C; = 1 and Cy = C). 


15. (yi)? = Ay® + Ba?, sA#~-2,s0. 


Solution in parametric form: 
a=ar™|r(InZ)i+v], y=obr”, 


s+2 


1 2 
where v = Peay =F 5) ap, B= - ate. 
16. (y’,)1/? = Ay+ Ba’, rel, re 0, 
Solution in parametric form: 

1 
2Sar”,. sor” [r(in 2), + y+ “ 771, 
r 

1 1)b7 1/2 1 

where vy = ——-, A= ie (ee , B= =! a a 'bA. 
r+1 2a 2r 


17. (y,,)—1/? = Ay*®+ Ba, sA£-1,s0. 


Solution in parametric form: 


1 
x = ar” [ran Z)\_tvut "|, y = br”, 
8 
1 1 1)aq1/2 
where vy = ——, A= St ab-°B, B= at[-S+ Ja) 
s+1 28 ob 


18. (y/)1/2 = Ay + Be®. 


Solution in parametric form: 


a—=In(ar*), y= b[7 (In Z)/ + 7° |, 


where vy = 0, A= b-1(—2p)/?, B= Fea 1bA. 
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19. (yj? = Ae’ + Ba. 
Solution in parametric form: 


e=alr(nZ), 2 37°], y = In(br?), 


where vy = 0, A= +sab"'B, B= a-1(—1a)”?. 
@ In the solutions of equations 20-35, the following notation is used: 
Ci J/3(T) + C2¥i/3(7) for the upper sign, 
7 fae + C2k4/3(7) for the lower sign, 


where J, /3(7) and Y,/3(7) are Bessel functions, and I, /3(7) and K1/3(7) are modified 
Bessel functions; 


Uy =7Z).4+ $Z, Up. =U? 772", U3 = £$17°Z3 — 2U,Up. 


Remark 13.4. The solutions of equations 20-35 contain only the ratio Z!./Z = (In Z)!_. There- 
fore, for the sake of symmetric appearance, two “arbitrary” constants C and C2 are indicated in the 
definition of function Z (instead, we can set, for instance, C; = 1 and Cy = C). 


20. y’, = Ay 14+ Ba?. 
Solution in parametric form: 

r= ao, y= ss a ia On OE where A=2a !b?, B= Fab. 
21. (y{) + = Ay 74 Bat. 
Solution in parametric form: 

r= Gr OE, Ue, y= bp 2. where A= + £ab, B=2a*b"". 
22, yf = Ay! +4 Ba. 
Solution in parametric form: 

r= ar 2/3Z-1y,, y= be 2 Ug, where A= F3a'b’, B=2a~’b. 
23. (yf)~+ = Ay+ Ba. 
Solution in parametric form: 

i at */3Z-2Up, y= be ZU). where A=2a-*b, B= -3a7b!. 
24. y’, = Ay}/? + BaV/?, 
Solution in parametric form: 
c= ar PZ. y= Gre, where A= Qa7pt/?, B= $2a-V/29, 
25. (yt = Ay 2 4+ Bal/?, 
Solution in parametric form: 
LS ae POU. y= be Pa Ue, where A= $2ab-V/?, B=2a/?o71, 
26. (y,)? = Ay+ Ba}/?, 
Solution in parametric form: 

e=ar“3Z-U2, y= br 88Z-4(U2 + 47°23), 

where A = 4a~*b, B= F4a7V?bA. 
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2. Gy. = Ay'/? + Ba. 


Solution in parametric form: 


par OG Us er ui), yar ZU; 
where A = +4ab-/?B, B= A4ab-?. 


28. (yi)? = Ay 7+ Ba~?/, 


Solution in parametric form: 


IN 


t= ar~5/3Z-5/2U7/? y= br SZ * (Ue 4 


Cae aa OED wie 


w 


where A = $4a77/50°B, B= 16 48/552, 
29. (y!)~? = Ay 2/5 + Ba~?, 
Solution in parametric form: 


x = ar~4/3Z-2(U2 + 472 Z3U,) 2, -y = br 8/8 Z-8/20/?, 


where A = mao, B= F$a7b-7/5 A, 


30. yf, = Ay!/? + BaW?. 


Solution in parametric form: 


L= gee sad Oat y= spall ewy faal ORs Oe where A= +$ aie B= -—Aab. 


31. (y)71 = Ay7? + Bal/?. 


Solution in parametric form: 


oC aig eames Oe EE y= brews. where A=-—4ab, B= +$ Mp) 
32. (yi)? = Ay+ Ba. 

Solution in parametric form: 

a=ar3Z?U5!, y=br*/3Z-2U;7(UZ—4U3), where A=18a-7b, B=4abA. 
33. (yi)? = Ay 14+ Bz. 

Solution in parametric form: 

a=ar—*/3Z-7U;?(UZ—4U8), y=br*/3Z7U5}, where A=4abB, Ba=eob 
34. (y,)? = Ay? 4+ Ba?. 

Solution in parametric form: 


1/2 
’ 


tar PO ZU, y = br-2/8Z—-lUy* (U2 — 4U3)/?, 


where A = 4a7b?B, B= Ba 4b, 
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35. (yy)? = Ay’? + Ba~?. 


Solution in parametric form: 
g=ar 8 Z-p (U2 - 403)", y=br??zu,"”, 
where A = a0, B= 40202 A. 


@ In the solutions of equations 36-46, the following notation is used: 


Cyt’ + Cor” for the upper sign, 
R= 4 Cisin(vlnr) + C2 cos(vlnr) _ for the lower sign, 
Ci Int + C2 forv = 0, 
(L4+v)Cyr’ + (1—v)Cot7~’ for the upper sign, 
Q = 4(Cy—vC2) sin(v nr)+(C2+vC;) cos(vlnt) for the lower sign, 
Cylnr + Cy, + Co fory = 0. 


Remark 13.5. The expressions of R and Q contain two “arbitrary” constants C'; an C2. One of 
them can be fixed to set it equal to any nonzero number (for example, we can set C'y = +1), while 
the other constant remains arbitrary. 


36. (y,) 1 = Ay? 4+ Ba?. 


Solution in parametric form: 


g=aT?R'Q, y=br*, v=./)1—4A4By, 


i=r7 


where A = — ab, B= —ga ‘bt. 


37. (y’,)1/? = Ay+ Ba“. 


Solution in parametric form: 


iy 1/2 ier 
£=ar’, y=br-?(R-1Q— ae ; where A=b(-2) , B= a abA. 
2 2a 2 
38. (y/)71/? = Ay! 4+ Ba. 
Solution in parametric form: 
lise 1 1/2 
c=at (R9q-—*), y=br’, where A= a abB, B=a"! (-<) 
2 2 2b 

39. yf = Ay! + Ba-V/?, 
Solution in parametric form: 

b2 

a=at*R?, y=brQ, where A=(-1+ was B=a "0, 

a 
40. (yi) = Ay 1/2 4 Bau}. 
Solution in parametric form: 

b2 


z=atQ, y=br?R?, where A= ab V2) B= (-14+v7)—. 
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41. y’! = Ay)/? 4 Be. 


Solution in parametric form: 


a-atR, y=br?Q*?, where A=2(-1+ Piao ee, B =4a~°b. 


42. (y,)-1 = Ayt Ba'/?, 


Solution in parametric form: 


z—at’Q?, y=brR, where A=—4abd-*, B=2(-1+ v?yat/2p-}, 


43. (y’,)? = Ay + Ba. 


Solution in parametric form: 


a=atR, y=br?[(Q?-(-1+4v7)R?], where A=16a~7b, B=(—1+v*)a~°bdA. 


44. (y!)-? = Ay? 4+ Ba. 


Solution in parametric form: 


a =at?(Q?—(-1+v*)R’], y=brR, where A=(—-1+v*)ab-°B, B=16ab~?. 
45. (y,)? = Ay 74 Ba. 
Solution in parametric form: 


a=atT’?R?, y=br[Q? —(-1+ vy) Ry? where A=(—1+v7)a71b°B, B=a~1b?. 


46. (y',)-? = Ay 1+ Ba~?. 
Solution in parametric form: 


t=at(Q? —(-1+ Y) Ry? 


y=br?R?, where A=a7b-1, B=(—1+v7)a7b“1A. 


13.6.4 Other Equations 
> Equations containing algebraic and power functions with respect to y’,. 
1. y= ry’, +axz*+b,/y +e, a0. 


Differentiating the equation with respect to x and changing to new variables t = y/, and 
w(t) = —2aa, we arrive at an Abel equation of the form 13.3.1.32: ww — w= —abt~1/?, 


2. vy’, —ax = (ax + by),/(y,,)? +1. 


This is a special case of equation 13.8.1.5 with f(u,v) = au + bv. 


3. yy, + @ = (ax + by) /(y’,)? + 1. 


This is a special case of equation 13.8.1.6 with f(u, v) = au + bv. 
4. y= ry, + aly)”. 


rm 
Solution: y = Cx + aC™. In addition, there is a singular solution: y = Ax”-1, where 
aA"n? = —(n—-1)"1, nF 1. 
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5. y= ay, tax"(y))™. 

This is a special case of equation 13.8.1.15 with f(w) = aw™. 

6 y=ax"(y!)?”" 4 2ay’. 

This is a special case of equation 13.8.1.51 with f(w) = aw”. 

7 y= ay! +aa*+ by)? +c(y,)"™t1 +d, a0. 

Differentiating the equation with respect to x and passing to the new variables t = 7, and 
w(t) = —2az, we arrive at the Abel equation ww; — w = —4abt — 2ac(m + 1)t™, whose 
solvable cases are outlined in Section 13.3.1. 

8. a(y;,)” + b(y,,)™ = x. 

1°. Solution in parametric form with n 4 —1 and m # —1: 


c=at"+o0t", y= Cr aN yn + OM yet 
a m+1 


2°. Solution in parametric form with n = —1 andm # —1: 
b 
c= +b", y=C+aln|t|+ gmt, 
t m+1 
9. a(y;,)” + b(y,)™ = y- 
1°. Solution in parametric form with n 4 1 and m # 1: 


b 
ae a +, y = at” + bt”. 


2°. Solution in parametric a with n= landm#¥1: 
b 
zg=C+aln|é|+ md y=at+ bt™. 

m—1 
10. ax(y/,)” + by(yi,)™ + €(y;,)* = 0. 
This is a special case of equation 13.8.1.12 with f(u) =au", g(u)=bu™, and h(u) =cu*. 
ll. yf =ax"(ay’,— y)™. 
The Legendre transformation «= w;, y = tw};—w (y/, =t) leads to a separable equation: 
£=aw™ (wh), 


1°. Solution in parametric form with m # —n and n # —1: 


t 4 mtn t 4 Tata 
=(—)” t(=)" CG 
is @ ae a 


ge De ace cl. 


2°. Solution in parametric form with m = —n andn # —1: 
iNS n t\z t\> n t\z 
=O, AG) |e BCG Pa (a) | 
_ a ied n+1 \a e a id nm+1\a 
3°. Solution in parametric form with m ¢ —n and n = —1: 


m L 
w= + [a(1—m)In|e| +], y=tx— [a(1 — m) In |t| + C] =m 


a 
4°. Solution with m = landn = —1: y= Cxre-l, 
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12 yf, ty = ae**(y’, — y)**. 
Solution: y = zaC*— ler — 5Ce*. 


13. aa®?t*(y’)* + b(ay, + ny)" +c=0. 
Solution: y = —Ca~" + Co. Here, the constants C, and C2 are related by the constraint 
a(Cyn)* + b(Con)™ + c= 0. 


14. ayx™™! (xy’, + noy)™' + aea"™ (xy’, +niyy)”™+b=0, ny AN. 
Cl a Co 


Solution: y= ——2z — ——— 1x ™. Here, the constants C) and C2 are related 
ng — 4 ne — ny 


by the constraint ajC]"! + agCy” +b=0. 
15. y, (yi, + ax)” + b(y’? + 2ay)™ + c= 0. 
The contact transformation X = y/,+azr, Y = (y/,)?+2ay, Yy =2y’,, where Y =Y(X), 
leads to a separable equation: YY = —2X~"(bY™ +c). 

The inverse contact transformation: x = $a~!(2X — Yx), y = £a7"[4Y — (Y4)"], 
Ur = 2YX- 


16. a(y’, + y)” + be**(y2)* +e =0. 
Solution: y = C, — Coe~*. Here, the constants C', and C> are related by the constraint 
aC? +bCk +c=0. 


17. ae™*(y’, — y)* + bl(yi,)? — y7]” +e =0. 
Solution: y = 5C\e* - $C2e° . Here, the constants C and C> are related by the 
constraint aC¥ + b(C1C2)" +c = 0. 


18. ae*?*(y’! + yy)* + be™ (yi, + By)" +ce=0, BY. 
On wie: 5 200 


y-B- yp 


the constraint aC + bC7 +c=0. 


Solution: y = e ’”. Here, the constants C and C2 are related by 


19. a(y/,coshx — ysinha)” + b(y/, sinha — ycoshx)* +c =0. 

Solution: y = C sinha — Cocosha. Here, the constants C’ and C2 are related by the 
constraint aC? + bCS +¢=0. 

20. a(y!, cosh a — ysinh x)” + b(y/? — y*?)F¥ +ce=0. 


Solution: y = C, sinha + Cocosha. Here, the constants C’ and C2 are related by the 
constraint aC? + b(C? — CZ)F +c =0. 


21. y/,(y!, cosh a — ysinhx)” = b(y/? — y?)™ cosh x. 


The contact transformation X = (y/,)?—y?, Y =y/, cosh a—y sinh x, Y¥ =4 cosh x(y/,)~! 


leads to a separable equation: 2bX™Y, =Y”. 


12 


22. y’ (y!, sinh x — ycosh x)” = b(y/? — y?)™ sinh x. 


The contact transformation X = (y/,)?—y?, Y =y/, sinha—ycosh x, Y= 5 sinh x(y/,)~1 


leads to a separable equation: 2bX'Y, =Y". 
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23. a(y!,cosa+ ysina)” + b(y’, sina — ycosx)* +c=0. 

Solution: y = Csinx — Cgcosa. Here, the constants C and C> are related by the 
constraint aC? + bOf +c =0. 

24. a(y’,cosa+ ysing)” + b(y/? + y”)* +c=0. 


Solution: y = Cysinax + Cgcosa. Here, the constants C and C> are related by the 
constraint aC? + b(C? + C2)¥ +c =0. 


25. y’.(y,, cosx+ysinz)” = b(y”? + y?)™ cos 2. 
The contact transformation X = (y/,)?+y?, Y =y/,cosa+ysina, y= 4 cos a(y/,)71 
leads to a separable equation: 2bX'™Y, =Y”. 


26. y/(y’, sina — ycosx)” = b(y”? + y?)™ sin x. 


The contact transformation X = (y/,)?+y*, Y =y},sina—ycosz, Yy = Fsinx(y/,)~! 


leads to a separable equation: 2bX'™Y, =Y”. 
> Equations containing exponential and other functions with respect to y’,. 


27. « = aexp(Ay’,) + bexp(py/,). 
This is a special case of equation 13.8.1.7 with f(w) = aexp(Aw) + bexp(yw). 


28. y = aexp(Ay/,) + bexp(py’,). 
This is a special case of equation 13.8.1.8 with f(w) = aexp(Aw) + bexp(yw). 


29. y= ay’, + ax” exp(Ay/,). 

This is a special case of equation 13.8.1.15 with f(w) = aexp(Aw). 

30. y = axexp(Ay’,) + bexp(py",). 

This is a special case of equation 13.8.1.11 with f(w) =aexp(Aw) and g(w) = bexp(yw). 
31. x = asinh(Ay’,) + bsinh(py’,). 

This is a special case of equation 13.8.1.7 with f(w) = asinh(Aw) + bsinh(yw). 

32. y = asinh(Ay’,) + bsinh(py’,). 
This is a special case of equation 13.8.1.8 with f(w) = asinh(Aw) + bsinh(yw). 


33. y= ay’, + ax” sinh” (Ay’,). 

This is a special case of equation 13.8.1.15 with f(w) = asinh”™ (Aw). 

34. y = azsinh(Ay’,) + bsinh(py’/,). 

This is a special case of equation 13.8.1.11 with f(w) =asinh(Aw) and g(w) =bsinh(pw). 
35. « = acosh(Ay’,) + bcosh(py’/,). 

This is a special case of equation 13.8.1.7 with f(w) = acosh(Aw) + bcosh(pw). 

36. y = acosh(Ay’,) + beosh(py’,). 

This is a special case of equation 13.8.1.8 with f(w) = acosh(Aw) + bcosh(pw). 
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37. y= ay’, + ax” cosh” (Ay’,). 

This is a special case of equation 13.8.1.15 with f(w) = acosh™ (Aw). 

38. y = axcosh(Ay’,) + beosh(py’,). 

This is a special case of equation 13.8.1.11 with f(w) =acosh(Aw) and g(w) =bcosh(pw). 
39. Iny’ +ay,+ay+b=0. 


1°. Solution in parametric form with a 4 0, a € —1: 


1 
(at + Int +). 


1 2o1 
x=—+Ct atl. Yo = 
at a 


2°. Solution in parametric form with a = 0: 
Int+b 1 
pea" = , y=CH(b- Int + 5(nt?, 
3°. Solutions with a = —1: 


y=Cr+mnC+b and y=In(-1/r)+b-1. 


40. a+iIny, +a(y,+y)*+b=0. 
This is a special case of equation 13.8.1.41 with F(u, w) = Inu + aw* +b. 
41. y=ry’+ax*+blny’ +c, a ~ 0. 


Differentiating the equation with respect to x and changing to new variables t = y/, and 
w(t) = —2a2, we arrive at an Abel equation of the form 13.3.1.16: ww) — w = —2abt—!. 


42. y=ay’,+ ax" ln™ (Ay). 

This is a special case of equation 13.8.1.15 with f(w) = aln™ (Aw). 

43. x = asin(Ay’/,) + bsin(py!,). 

This is a special case of equation 13.8.1.7 with f(w) = asin(Aw) + bsin(pw). 


44. y = asin(Ay/,) + bsin(puy/,). 
This is a special case of equation 13.8.1.8 with f(w) = asin(Aw) + bsin(pw). 


45. y=cy’,+ax”sin™(Ay’,). 
This is a special case of equation 13.8.1.15 with f(w) = asin™ (Aw). 


46. y =azsin(Ay’,) + bsin(uy/,). 
This is a special case of equation 13.8.1.11 with f(w) = asin(Aw) and g(w) = bsin(uw). 


47. x =acos(Ay’,) + bcos(py’,). 
This is a special case of equation 13.8.1.7 with f(w) = acos(Aw) + bcos(pw). 


48. y = acos(Ay’,) + bcos(py’/,). 


This is a special case of equation 13.8.1.8 with f(w) = acos(Aw) + bcos(pw). 
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49. y=czy’, + ax” cos™(Ay’). 

This is a special case of equation 13.8.1.15 with f(w) = acos™ (Aw). 

50. y = axcos(Ay’,) + bcos(py’,). 

This is a special case of equation 13.8.1.11 with f(w) = acos(Aw) and g(w) = bcos(~ww). 
51. y= ay’, + aa” tan™(Ay’). 

This is a special case of equation 13.8.1.15 with f(w) = atan™ (Aw). 


13.7 Equations of the Form f(z, y)y’, = g(x, y) 
Containing Arbitrary Functions 


@ Notation: f, g, and h are arbitrary composite functions whose argument, indicated after 
the function name, can depend on both x and y. 


13.7.1 Equations Containing Power Functions 


1 y!, = f(ax+by+c). 


In the case b = 0, we have an equation of the form 13.1.1. If b # 0, the substitution 
u(x) = ax + by + c leads to a separable equation: u/, = bf(u) +a. 


2 yi = f(yt+ax” +b) —anz"". 
The substitution wu = y +az” + b leads to a separable equation: u/, = f(u). 
3. yf, = 2 F(e"y™). 


Generalized homogeneous equation. The substitution z = x”y™ leads to a separable 
equation: xz), =nz+mzf(z). 


4. y) = f(a)yt” + g(x)y + h(x)y?. 


The substitution w = y” leads to a Riccati equation: w/, = nf (x)w? + ng(x)w +nh(z2). 


, ny k n,.m 
5. = f(x)g(x"y”). 


Pe . 1 n=nk kAm—1 
The substitution z= «”"y"™ leads to a separable equation: z,=ma m f(x)z  m— g(z). 
+ by +c 
6. yi, = f(S*e**). 
Ye = Fae + By + ¥ 


by — = 
PE peng — 


1°. For A = af — ba ¥ 0, the transformation x = u + A 


leads to an equation: 


Dividing both the numerator and denominator of the fraction on the right-hand side by uw, 
we obtain a homogeneous equation of the form 13.1.6. 
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2°. For A=0 and b 4 0, the substitution v(x) = ax + by +c leads to a separable equation 
of the form 13.1.2: 


= a40f(>— 5). 


3°. For A = 0 and 6 F 0, the substitution v(x) = ax + By + ¥ also leads to a separable 


equation: 
bv + cB — ”) 
/ — 

i=eke i 
7. j= ge” —tyl—™ f(ax” + by™). 
The substitution w=ax"+by” leads to a separable equation: w/,=2"~![an+bmf(w)]. 
8. y"y), + ax” + g(x) f(y" + ant") = 0. 
The substitution u=y”"*t!+azx"*" leads to a separable equation: u/,+(n+1)g(zx) f (wu) =0. 
9. [a f(y) + ag(y)lyy = h(y). 
This is a Bernoulli equation with respect to « = x(y) (see Section 13.1.5). 


10. [x? +e f(y) + 9(y)ly, = h(y). 
This is a Riccati equation with respect to x = x(y) (see Section 13.2). 


11. y!, = [f(x)y + 9(2)]V(y — a)(y — B). 


The substitution u? = (y — a)/(y — 6) leads to a Riccati equation: 


+2u), = [bf (x) + 9(a))u — af(x) — g(x): 
w [e(2) +2%0(2)]ut = (2) + 20-*n( 2). 


The substitution y = xt leads to a Bernoulli equation with respect to x = x(t): 
la(t) —tf@]a, = fat h(t)ar*. 

13. [Pre les y) + LRm(x, y) ys = Qn (a, y) FF yRm(2, y). 

Darboux equation. Here, P,, and Q,, are homogeneous polynomials of order n, and R,,, is 


a homogeneous polynomial of order m. Dividing the Darboux equation by x” leads to an 
equation of the form 13.7.1.12. 


14. [f(ax + by) + brg(ax + by)]y’, = h(ax + by) — axg(azx + by). 

The substitution t = ax + by leads to a linear equation with respect to x = x(t): 
laf(t) + bh(t)]ay = bg(t)a + f(t). 

15. [f(ax + by) + byg(aax + by)]y,, = h(ax + by) — ayg(ax + by). 

The substitution ¢ = ax + by leads to a linear equation with respect to y = y(t): 
laf (t) + bh(t)]y, = —ag(t)y + h(t). 

16. a[f(a™y™) + ma*g(a"y™)]y, = y[h(a"y™) — na“ g(x"y™)). 


The transformation t= 2”"y™, z=" leads to a linear equation with respect to z = z(t): 
tInf (t) + mh(t)|z, = —kf(t)z — kmg(t). 
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17. x[f(x"y™) + my*g(x"y™)\y, = y[h(a"y™) — ny“g(a"y™)). 
The transformation t = ay’, z= y~* leads to a linear equation with respect to z = z(t): 
t[nf (t) + mh(t)|z, = —kA(t)z + kng(t). 


18. a[sf(x"y™) — mg(x"y*)]y’, = y[ng(a*y*) — kf (a"y™)]. 
The transformation t= x”"y"", w= 2y® leads to a separable equation: tf (t)w) = wg(w). 


19. [f(y) + ama”’y™*]y!, + g(x) + ana”"y™ = 0. 


Solution: io dy + [oe dz +an"y” =C. 


20. vy’, —y = f(x? + y*) (yy, + 2). 
Setting x =r(t) cost, y=r(t)sint and integrating, we obtain a solution in implicit form: 
‘= [rie dr +C. 


©) Literature: G. W. Bluman, J. D. Cole (1974, page 100). 


21. xy, —y = f(x? — y*) (yy, — 2). 
Setting x = r(t)cosht, y = r(t) sinht and integrating, we obtain a solution in implicit 


form: t = - [rf )dr +6. 


22. [af (a? + y*) + yg(a* + y?) + h(a? + y?)\(yy, + x) = xy, — y 

The transformation z = rcosy, y = rsiny leads to an equation of the form 13.7.4.11 
with respect to y = y(r): v). = f(r?) cosy t+ g(r?) siny + rth(r?). 

23. [xf (x? — y*) + yg(x* — y*) + h(x” — y”) (yyy, — &) = ey, — y. 


1°. For x > y, the transformation x = rcoshy, y = rsinhy leads to an equation of the 
form 13.7.2.18 with respect to y= y(r): yi. =—f(r?) cosh y — g(r?) sinh p — r—tA(r?). 


2°. For x < y, the transformation x = zsinhw, y = zcoshy leads to an equation of 
the form 13.7.2.18 with respect to 7 = W(z): wl = —f(—z7) sinh) — g(—z?) cosh p — 
z *h(—2z*). 


24. ry’, -y= f (x? = v)o( | (yy! + 2). 


Setting « = r(t) cost, y = r(t) sint and integrating, we obtain the solution: 


dt _ f(r?) 
lwo =| r rar 


/ 22 2 «2 x y , 
2. «y’,—y=f(x v*)o( 2 me a). 


Setting x =r(t)cosht, y = r(t) sinht and integrating, we obtain the solution: 


dt f(r?) _ 
ie aay +f r a 
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Of Og 
Ou y 


26. f(x,y)y, +9(x,y) =0, — where 
Exact differential equation. 
x 
Solution: f (xo, t) dt+ ‘i! g(t, y) dt=C, where xp and yp are arbitrary numbers. 


YO xO 


13.7.2 Equations Containing Exponential and Hyperbolic Functions 


1 yf, =e *f(er*y). 

The substitution u = e**y leads to a separable equation: u’, = f(u) + Au. 

2 yf =e f(z). 

The substitution u = e*¥a leads to a separable equation: wu’, = Au? f(u) + u. 
3. y, = yf(eo"y™). 


This equation is invariant under the “translation—dilatation” transformation. The substitu- 
tion z = e“*y"™ leads to a separable equation: z/, = az +mzf(z). 


1 
4. y’ = —f(x"e%). 
YF ( ) 
This equation is invariant under the “dilatation—-translation” transformation. The substitu- 
tion z = x"e leads to a separable equation: xz), = nz+azf(z). 


5. yf, = f(x)e + g(2). 

The substitution u = e~*Y leads to a linear equation: u/, = —Ag(x)u — Af (2). 
6. yf, =-2 + F(w)g(are). 

The substitution z = x”e¥ leads to a separable equation: z/, = f(x)zg(z). 

7 yl, =— Sy t+ y*f(a)g(e**y™). 

The substitution z = e°”y™ leads to a separable equation: 

k+m-1 


2, =m exp Fae — ka] f(a)z m g(z). 


8. y!, = f(w)e + g(x) + h(a)e. 
The substitution u = e*” leads to a Riccati equation: u/, = \f(x)u? + Ag(x)u + Ah(2). 
9. y! = e%—8Y F(ae™ + be). 
The substitution w = ae®* + be®Y leads to a separable equation: w/, = e°*[aa+b6f (w)]. 
10. yf = f(yt+ ae” + b) — are”. 
The substitution w = y + ae*” + b leads to a separable equation: w!, = f(w). 
f(a" e*") 
“LY ° 


The substitution t= x”e° leads to a linear equation with respect to y= y(t): a7tf(t)y;= 
—ny + af (t). 


HW. y,=-—+ 
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ron f(are*) 
12. Yo => a + a 
The substitution t = 2”e°Y leads to a Riccati equation: a’tf(t)y; = —ny? + af (t). 


13. [f(ax + by) + be%g(ax + by)]y’, = h(ax + by) — ae™g(ax + by). 
The transformation t=ax+by, z=e~® leads to a linear equation with respect to z = z(t): 
[af (t) + bh(t)]z, = —ah(t)z + aag(t). 


14. [f(ax + by) + be*"g(ax + by)]y’, = h(ax + by) — ae“*g(ax + by). 
The transformation t=ax+by, z=e~°” leads to a linear equation with respect to z = z(t): 
laf (t) + bh(t)]z, = —af(t)z — abg(t). 


15. [e°* f(y) + aBly’, + e%%g(x) + aa = 0. 
Solution: fem dy + / e-° 9(a) dx — ae 0 -P¥ = C, 


16. ax[f(xe°) + ayg(a"e™)y’, = h(a™e°) — nyg(a"e%). 
The substitution t = x”e°Y leads to a linear equation with respect to y = y(t): 
tin f(t) + ah(t)]y%, = —ng(t)y + A). 


17. [f(e%*y™) + mag(e**y™)] yu, = y[h(e**y™) — axg(e**y™)]. 
The substitution t = e®y™ leads to a linear equation with respect to = x(t): 
tlaf (t) + mh(t)]x; = mg(t)x + f(t). 
18. y’, = f(x) sinh(Ay) + g(x) cosh(Ay) + h(x). 
The substitution u=e* leads to a Riccati equation: 2u/,=A(f+g)u?+2\hu+A(g—f). 
19. y! = f(x) sinh?(Ay) + g(x) cosh?(Ay) + h(x) sinh(2Ay) + s(x). 
The substitution w = tanh(Ay) leads to a Riccati equation: wi, = A\(f + s)w? + 2Ahw + 
A(g — 8). 
20. y!, = f(x) sinh (Ay + g(x)). 
The substitution w = Ay + g(x) leads to an equation of the form 13.7.2.18: wi, = 
Af (x) sinh w + g/.(x). 
21. y!, = f(a) cosh (Ay + g(x)). 

/ 


The substitution w = Ay + g(x) leads to an equation of the form 13.7.2.18: wi, = 
Af (x) cosh w + g/,(x). 


22. y!, = ycotha f(y™ sinh x). 


The transformation t = sinhz, z = y’ leads to an equation of the form 13.7.1.3: tz, = 
mz f (tz). 
ee x ‘tanh y f(x” sinh y). 


The transformation ¢t = x”, z = sinh y leads to an equation of the form 13.7.1.3: ntz;, = 


zf (tz). 
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24. y’, = ytanha f(y™ cosh x). 
The substitution t = cosh x leads to an equation of the form 13.7.1.3: ty, = yf (ty™). 
25. y, =a ‘cothy f(x” cosh y). 


The substitution z = cosh y leads to an equation of the form 13.7.1.3: xz/, = zf(x"2z). 


13.7.3 Equations Containing Logarithmic Functions 

1 yf, = f(x)yln? y + g(x)ylny + h(x)y. 

The substitution u = Iny leads to a Riccati equation: u!, = f(x)u? + g(x)u + h(a). 

2. Yo Sey Fy" ne). 

The substitution t = In z leads to an equation of the form 13.7.1.3: y}, = “ley” f(ty™)]. 
3. yf =a "ly f(a” ny). 

2 f(u"2) 


The substitution z = In y leads to an equation of the form 13.7.1.3: 2), = = 
gg unZ 


4, y, =a ‘e¥f(e¥lnz). 


1 
The substitution t = In z leads to an equation of the form 13.7.2.4: y= ; te” Ff (te¥)]. 


5. y) =ye *f(e* ny). 
filet) 


er z 


The substitution z = In y leads to an equation of the form 13.7.2.3: z/, = z 


6. y, = —ne—*ylny + yf(x)g(x" Iny). 
The substitution w(x) = x” Iny leads to a separable equation: w/, = 2" f(x)g(w). 


ny , yfery™) 
Mm «x zlny 


7 y,=- 


The transformation t = x"y", z =Iny leads to a linear equation with respect to z = z(t): 
m7 tf (t)z, = —nz+ mf (t). 


— ms a(Iny)? 
The transformation t = x"y", z= Iny leads to a Riccati equation: mt f (t)z) = —nz? + 


9. alf(2"y™) +minyg(a"y™)|y, = ylh(@"y™) — ninyg(a"y™)). 

The transformation t = x"y", z = Iny leads to a linear equation with respect to z = z(t): 
t[nf (t) + mh(t)]z, = —ng(t)z + hit). 

10. a[f(@y™) + mine g(a”y™)]y, = y[h(w"y™) — nina g(ay™)]. 


The transformation t = #"y™, z = Ina leads to a linear equation with respect to z = z(t): 
tInf (t) + mh(t)|z; = mg(t)z + f(t). 
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13.7.4 Equations Containing Trigonometric Functions 


1 yf =y™*" sina F(y™ cos 2). 
This is an equation of the type 13.7.4.3 with f(€) = €F(€). 


2. 4 = yt! cosa F(y™ sin x). 
This is an equation of the type 13.7.4.4 with f(€) = €F(&). 


3. yf = ytanz f(y™ cos 2). 
The substitution t = cos x leads to an equation of the form 13.7.1.3: ty; = —yf(ty™). 


4. y, = ycota f(y™sinz). 
The substitution t = sin x leads to an equation of the form 13.7.1.3: ty, = yf (ty™). 


5. yi =a 'tany f(x" siny). 
The transformation ¢t = x”, z = siny leads to an equation of the form 13.7.1.3: ntz), = 
oF (tz). 
6 y= x cot y f(a” cos y). 
The transformation t = x”, z = cosy leads to an equation of the form 13.7.1.3: ntz; = 
—zf (tz). 
7. yi =a 'sin2y f(x" tany). 
The transformation t = x", z = tan y leads to an equation of the form 13.7.1.3: ntz; = 
2zf (tz). 
8 yf =a 'sin2y f(x” cot y). 
The transformation t = x", z = cot y leads to an equation of the form 13.7.1.3: ntz; = 
—2zf (tz). 
LP y m 
a Ya = snaa f (Y vane): 
The substitution ¢ = tan x leads to an equation of the form 13.7.1.3: 2ty) = yf(ty™). 


, y m 
10. y= = ate cot x). 


The substitution ¢ = cot x leads to an equation of the form 13.7.1.3: 2ty; = —yf(ty™). 


11. y!, = f(x) cos(ay) + g(x) sin(ay) + h(z). 

The substitution u = tan(ay/2) leads to a Riccati equation: 2u/, = a(h— f)u? + 2agu + 
a(f +h). 

12. y! = f(x) cos?(ay) + g(a) sin?(ay) + h(x) sin(2ay) + s(a). 

The substitution u = tan(ay) leads to a Riccati equation: u/, = a(g + s)u2 + 2ahu + 
a(f + 8). 

13. y, = f(y+atanz) — atan? x. 


The substitution wu = y + atanz leads to a separable equation: u!, = a+ f(u). 
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14. y! = sin 2y 


xz 


f(tanaztany). 


sin 2x 
The transformation t = tanz, z = tan y leads to an equation of the form 13.7.1.3: tz; = 


zf (tz). 

15. y’, = cotxtany f(sinz sin y). 

The transformation t = sinx, z = sin y leads to an equation of the form 13.7.1.3: tz, = 
zf (tz). 


16. y’, = —cotatany + £S) g(sina sin y). 


The substitution w(x) = sinz sin y leads to a separable equation: w’/, = sin x f(x)g(w). 


sin 2y 


17... 4. = + cos? y f(x)g(tan tan y). 


sin 2x 
The substitution w(z) = tan tan y leads to a separable equation: w’, = tan x f(x)g(w). 
18. y/ = —na—! sin 2y + cos? y f(x)g(x?" tan y). 

The substitution w(x) = x?” tan y leads to a separable equation: w’, = x?" f(x)g(w). 
19. (14 tan? y)y’, = f(x) tant y + g(x) tany + h(x) tan’—™ y. 

The substitution u = tan™ y leads to a Riccati equation: u!, = mf(x)u? + mg(x)u + 
mh(x). 

20. y!, = f(a) sin (Ay + g(z)). 

The substitution w = Ay + g(x) leads to an equation of the form 13.7.4.11: wi, = 
Af (x) sin w + gf,(x). 

21. y!, = f(x) cos (Ay + g(x)). 

The substitution w = Ay + g(x) leads to an equation of the form 13.7.4.11: wi, = 
Af (x) cos w + gi,.(x). 

22. y!, = f(a) sin? (Ay + g(a)). 

The substitution w = Ay + g(x) leads to an equation of the form 13.7.4.12: wi, = 
Af (x) sin? w + gi,(x). 

23. y’, = f(a) cos? (Ay + g(a)). 

The substitution w = Ay + g(x) leads to an equation of the form 13.7.4.12: wi, = 
Af (z) cos? w + gi, (z). 


13.7.5 Equations Containing Combinations of Exponential, 
Logarithmic, and Trigonometric Functions 


/ 


1. y! = —sin 2y + cos? y f(x)g(e?” tan y). 
The substitution w(x) = e?* tan y leads to a separable equation: w’, = e?* f(x)g(w). 


F xz 
2. yl, = (e Cosy) 


This is an equation of the type 13.7.5.5 with f(€) = F(&)/E€. 


e*siny 
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3. y,, =e cosa F(e” sina). 

This is an equation of the type 13.7.5.7 with f(€) = €F(&). 

4. y,, = tany f(e” siny). 

The substitution z = sin y leads to an equation of the form 13.7.2.3: z, = zf(e”z). 
5. y!, = cot y f(e” cosy). 

The substitution z = cos y leads to an equation of the form 13.7.2.3: z), = —zf(e*z). 
6. y!, =tanz f(e¥ cosz). 

The substitution ¢ = cos x leads to an equation of the form 13.7.2.4: ty; = —f (te”). 
7. yl, =cota f(e¥sinaz). 

The substitution ¢ = sin x leads to an equation of the form 13.7.2.4: ty} = f(te’). 

8. y/, = sin 2y f(e* tany). 

The substitution z = tan x leads to an equation of the form 13.7.2.3: 2/, = 2zf (ez). 
9. y! =sin 2y f(e” cot y). 

The substitution z = cot x leads to an equation of the form 13.7.2.3: 2/, = —2zf(e*z). 


F(e” siny) 


e* cos y 


This is an equation of the type 13.7.5.4 with f(€) = F(&)/E€. 


10. y’, = 


11. yf, = e¥ sina F(e¥ cos 2). 
This is an equation of the type 13.7.5.6 with f(€) = €F(&). 


f(e¥ tan z) 


sin 2x 


12, y= 
The substitution ¢ = tan x leads to an equation of the form 13.7.2.4: 2ty; = f(te”). 


Uy 
aa. 


sin 2x 


The substitution ¢ = cot x leads to an equation of the form 13.7.2.4: 2ty; = —f(te”). 
14. yf = e*? f (Ax + Iny). 

The substitution wu = Ax + Iny leads to a separable equation: u!, =e“ f(u) +. 
15. yf =e f(Ay+Inz). 


The substitution u = Ay + Ina leads to a separable equation: «xu/, = Ae" f(u) + 1. 
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13.8 Equations Not Solved for the Derivative 
and Equations Defined Parametrically 


13.8.1 Equations Not Solved for the Derivative Containing Arbitrary 
Functions 
> Arguments of arbitrary functions depend on z and y. 


1. (yi)? + [F(®) + 9(@)lu, + f(@)9(@) = 0. 
The equation can be factorized: [y', + f(a)][y/, + g(x)] = 0, Le., it falls into two simpler 
equations y/,+ f(x) = 0 and y/, + g(a) = 0. Therefore, the solutions are: 


y+ f@)de=c and y+ | g(e)dr =. 


2. (y,)? + 2fyy?, + gy? = (9 — f?) exp ( = 2 | f dz). 
Here, f = f(x), g = g(x). Solution: 


exp(- | far) sin( [Va Far +C) if g> f, 
y= cem(- | faz) if g=f?, 
exp(- | far) cosh | VF= ade +C) if g < f2. 
3. vy, —y = f(a? + y7) Sy)? +1. 


Raising the equation to the second power and applying the transformation x = r(t) cost, 
y =r(t)sint, one arrives at the relation r+ = f?(r2)[(r{)? + r?]. Solving it for rf yields a 
separable equation: f(r?)r, = tr./r? — f?(r?). 

4. yy, te = f(a? +97) J)? +1. 


Raising the equation to the second power and applying the transformation x = r(t) cost, 
y = r(t)sint, one arrives at the relation r?(r})? = f?(r7)[(r{)? + r?]. Solving it for r/ 


neGe ys 
— f(r?) 


©) Literature: G. W. Bluman, J. D. Cole (1974, page 100). 


. y= VPS oe) VO 


Raising the equation to the second power and applying the transformation x = r(t) cost, 
y = r(t)sint, one arrives at the relation r? = f?(cost, sin t)[(r})? + r7]. Solving it for r} 
yields a separable equation: f(cost,sint)r; = +r\/1— f?(cost, sint). 


6 yy, tes fx? +y? (SS —_) eT. 


Raising the equation to the second power and applying the transformation x = r(t) cost, 
y = r(t) sint, one arrives at the relation r?(r/)? = f?(cost, sin t)[(r{)? + r7]. Solving it 


for r}, yields a separable equation: \/1— f?(cost,sint) r; = +rf (cost, sint). 


yields a separable equation: r; = + 
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> Argument of arbitrary functions is y’.. 


7. ©= f(y',). 


Solution in parametric form: 
c= ft), y= fenityaere. 


8. y= f(y!,). 


Solution in parametric form: 
dt 
r= [ KOL+C, y=). 


9. f(y.) +ax+by+s=0. 
Solution in parametric form: 


_ f fildat 


=o a+ bt’ 


by = —ax — s — f(t). 


In addition, there is a particular solution y = ax + (, where a and £ are determined by 
solving the system of two algebraic equations: 


a+ba=0, f(a)+b@+s=0. 


10. y= ay, + f(yz)- 
The Clairaut equation. Solution: y = Cx + f(C). 

In addition, there is a singular solution, which may be written in the parametric form 
as: 


c=—fi(t), y=—th(t) + f(t). 

W. y=af(y,) + 9(y,)- 
The Lagrange—d’Alembert equation. For the case f(t) = t, see equation 13.8.1.10. Having 
differentiated with respect to x, we arrive at a linear equation with respect to x = x(t), 
where t = y/: [t — f(t)|a, = fi(t)a + gj(t). See also 1.8.1.12. 
12. xf (yi) + y9(yz) + R(y!,) = 0. 
The Legendre transformation X = y/,, Y = xy!, — y, Yy = leads to a linear equation: 
[f(X) + Xg(X)IVX — g(X)Y + h(X) = 0. 

Inverse transformation: «= Yy, y= XY, —Y, y, =X. 
13. y= a7 f(yi,) + xg(y’,) + h(y})- 
Having differentiated with respect to x, we arrive at an Abel equation with respect to 
¢—2(t), wheret =o: 

[2f (ta + g(t) — t]a, = fia? — gf (t)a — hy (A) 


(see Section 13.3.4). 
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14. 2 = y" f(y) + yo(y’,) + R(y;)- 
Having differentiated with respect to x, we arrive at an Abel equation with respect to 
y= u()), whee t= 9,7 
[2¢f(t)y + to(t) — Lye = —t fi (Cy? — tg: (t)y — thy (t) 
(see Section 13.3.4). 
15. y= a" f(y) + ry, 
Differentiating with respect to x and denoting t = y/,, we obtain a Bernoulli equation for 
z=ax(t): nf (tr, — fi(t)e —22-" = 0. 
16. (xy, — y)"f(yz) + yoy.) + eh(y,,) = 0. 


The Legendre transformation x = uj, y = tu; — u (y!, = t) leads to a Bernoulli equation: 
[tg(t) + h(t)]u, = g(t)u — f(t)u”. 


> Arguments of arbitrary functions are linear with respect to y’,. 
17, y= a(y’,)? + f(x — 2ay’,). 


1 

Solution: y = f(C)+ ra —C)?. In addition, there is a singular solution, which can be 
a 

represented in parametric form as: 


e=tt2afi(t), y=f(t)+alfi(). 


18. y, = f(y, + ax) + g(y, + ax)(yp + 2ay). 
The contact transformation X = y/,+az, Y =4(y),)?+ay, Yr = yl, where Y =Y(X), 
leads to a linear equation: Yy = 2g(X)Y + f(X). 

Inverse transformation: z = a~'(X —Yx), y= ya" [2Y — (Yx)?], yl, = Vk. 


19. y/, = f(y’, + ax)(y? + 2ay) + g(y’, + ax) (y? + 2ay)*. 
The contact transformation X = y/,taz, Y = $(y/,)?+ay, Yy =y/,, where Y =Y(X), 
leads to a Bernoulli equation: Yj = 2f(X)Y + 2*g(X)Y*. 
Inverse transformation: 2 = a~'(X —Yx), y= 4a [2Y — (Yx)?], yl, = Vu. 
20. «2"e° = f(xy’). 


The substitution y = In w leads to an equation of the form 13.8.1.32: x”w% = f(a«w!,/w). 


21. «= f(y,)9(ry, — y)- 
The Legendre transformation X = y/,, Y =xy/,—y, Yy =a leads to a separable equation: 
Y= f(X)g(¥). 

Inverse transformation: x = Yy, y= XYx —Y, y, =X. 
22. af xy’, — y)y/, + ag(ay’, — y)(yi,)* =a. 
The modified Legendre transformation X = xy’, —y, Y = y/,, Yy = 1/a leads to a 
Bernoulli equation: aYi = f(X)Y +g(X)Y*. 

Inverse transformation: x = (Y;)~!, y= Y(¥x) 1- X, oy, =Y. 
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23. x = f(xy! + y)g(27y;,). 
The contact transformation X = xy!,+y, Y = 2?y!, YX =a, where Y = Y(X), leads 
to a separable equation: Y, = f(X)g(Y). 

Inverse transformation: x = Y4, y= X —Y(Yx)7', y, =Y (Vx). 


24. x= f(xy! +y) + «*y,g(xy, +9): 
The contact transformation X = ry/,+y, Y = 27y!,, Y; =x, where Y = Y(X), leads 
to a linear equation: Yy = g(X)Y + f(X). 

Inverse transformation: x = Y4, y= X —Y(Yx)7', y, = VY (Vx). 


25. xy’, f(xy), + y) + 2°(yi,)?o(xy’, +y) =a. 
The contact transformation X = ry/,+y, Y = 27y!,, Y; =x, where Y = Y(X), leads 
to a Bernoulli equation: aYy = f(X)Y + g(X)Y?. 

Inverse transformation: x = Y%, y= X —Y(Yx)"', y, = VY (Vx). 


26. f(yy,, +2) =y?(y? +1). 


Setting u(x) = yy!, + x and differentiating with respect to x, we obtain 
uzlfu(u) — 2u + 2a] = 0. (1) 


Equating the first factor to zero, after integrating we find y? = —(a—C)? +B. Substituting 
the latter into the original equation yields B = f(C). As a result we obtain the solution: 
y= f(C)-(«#-C/. 

There is also a singular solution that corresponds to equating the second factor of (1) to 
zero. This solution in parametric form is written as: 


e=u—tfi(u), yr =f(u)— Fp. 


27. yy, = F(yy, — ©) + 9? (yu? — 1g(yy, — 2). 
The contact transformation x =YY4—X, y=Y[(Y£)?-1]¥?, yl, =VE[(¥%)?2-1]-7?, 
where Y = Y(X), leads to the equation YY, = f(X) + Y?g(X), which is linear in 
w=yY?. 

Inverse transformation: X =yy/,—a, Y =—y[(y/,)?-1]/?, Y£ =—y/,[(y/,)? -1] 
28. yf = Af(ut + 2) + (x, = ¥\ a(x’, + v). 


xz 


—1/2, 


The contact transformation X = y/, + y/x, Y = x?(y!,)? — y”, Yy = 2x7y!, leads to a 
linear equation: XY, = 2g(X)Y + 2X f(X). 
Inverse transformation: 


jo, ieee ya DK y= xy! 
4 a S ~“O/X¥L=¥° * BAYS Y) 
-1 y y y 
29. af (u,—a%) +(u,—2)o(u, ab) =o. 


1- a 


For a # 1, the contact transformation X = y/,—ay/z, Y =x 
leads to a linear equation: bY; = g(X)Y + f(X). 


! = ! = 
a! —o ay, ae = zx! 
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Inverse transformation: 


1 1 a _ XYx —aY 


@=(Yx)l@, y= eres -Y)\¥x)F*, = =a 


30. aCe + at) = = g(xtty! — xy). 
a+1,/ 


For a 4 —1, the contact transformation X = y/,+ ay/zx, Y=a2%*1y/,—2ty, VY, =a} 
leads to a separable equation: f(X)Y, = g(Y). 
Inverse transformation: 


i 1 _ a XYi+aY 
= (Y,)a1 = XYL-Y\(¥i) ai es Sey 
x ( x) ’ y rare xX ) x) ’ Ya etl 


31. ey” = f(y, /y)- 
The substitution x = Int leads to an equation of the form 13.8.1.32: t¢y” = f(ty;/y). 


32. ay” = f(xy/y). 
We pass to a new variable w(x) = xy/,/y, divide both sides of the equation by x"y”™, and 
differentiate with respect to x. As a result we arrive at a separable equation: x f/,(w)w!, = 
(mw +n) f(w). 

Solution in parametric form: 


~ 


infe| = f +0, zy” = f(w). 


In addition, there are singular solutions y = A,x2—"/™, where A; are roots of the algebraic 
equation Aj” — f(—n/m) =0. 


33. y!, =e f(e"y,,) — y. 
The contact transformation X = e”y’,, Y =y),+y, Yy =e *, where Y = Y(X), leads 


to a separable equation: YYY = f(X). 
Inverse transformation: « = —InYy, y=Y —XYkx, y, = XYx. 


34. e* f(e*y,) — g(y, + y) = 0. 
The contact transformation X = e*y!,, Y =y!,t+y, Yy =e *, where Y = Y(X), leads 
to a separable equation: g(Y)Y, = —f(X). 
Inverse transformation: x = —InYy, y= Y — XYx, y!, = XYx. 
35. f(e"y’,) + g(e*ui,)(u, + y) = ae”. 
The contact transformation X = e"y!,, Y =y!,+y, Yy =e”, where Y = Y(X), leads 
to a linear equation: aYy = g(X)Y + f(X). 
Inverse transformation: « = —InYy, y=Y —XYx, y,, = XYx. 
36. f(e*y,,) — g(y, + y) = @ 


This equation can be rewritten in the form 13.8.1.34: 


e” F(e"y,,) — G(y, + y) = 0, where f(u)=—InF(u), g(v) =—InG(v). 
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37. y(y,,sinaz — ycosx) = y/ f(y! cosxz + ysinz). 
The contact transformation 


1 Y y,, cosa + ysin x ; y Gi ai ) 
——— = % = —(y,sinz — ycosx 
Vu) +97 Vu ty | Yo 


leads to the homogeneous equation: Yy = f(Y/X). 
38. F(a tty’, xy’ + ny) =0. 


xz 
Solution: y = Cia~”" + Cy. Here, the constants C, and C> are related by the constraint 
F(-Cin, C2n) = 0. 
39. F (xy! + 2xy, xy’ +ax7y) = 0. 
Solution: y= C,a2~!+Cox~?. Here, the constants C; and OC» are related by the constraint 
F (Cy, —C2) = 0. 

The singular solution can be represented in parametric form as: 
F(a) =0;. Faye) faeFy (ao) =9, where u=a*t+2ry, v=2°t+27y. 
The subscripts «u and v denote the respective partial derivatives, and ¢ is the parameter. 
40. F(a" tty’ + mary, ety’? +ne™y) = 0. 
Solution: y=C,a2~"+Cox—™. Here, the constants C'; and C% are related by the constraint 
F(Ci(m — n),C2(n — m)) = 0. 
41. F(e*y!, yi, ty) =0. 
Solution: y = Cie~* + Co. Here, the constants C; and C> are related by the constraint 
F(—C,, C2) = 0. 
42. F(e%*y’, + Be*y, ee yl + aeP?y) = 0. 
Solution: y = Cye~°* + Cye~?*. Here, the constants C and C» are related by the 
constraint F'(C) (8 — a),C2(a — 8)) =0. 
43. F(y,,coshaz — ysinha, y’ sinha — ycosh x) = 0. 
Solution: y = C; sinha + Cycosha. Here, the constants C, and C> are related by the 
constraint F'(C 1, —C2) = 0. 
44. F(ay’,, y— xy), Incx) = 0. 
Solution: y = C, Ina + Cy. Here, the constants C', and C2 are related by the constraint 
F (Cy, C2) = 0. 
45. r(# Iny — = :) =0. 
"ay y y ve 

Solution: y = C) exp(C2). Here, the constants C and C2 are related by the constraint 
F(C,In C;) = 0. 


46. F(*, Iny — = Inz) a |B 


Solution: y = C,2@2. Here, the constants C; and Cy are related by the constraint 
F(C2,InC)) = 0. 
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47. F(y,,cosx+ysina, y,, sinx — ycosx) = 0. 


Solution: y = Csina + Cgcosa. Here, the constants C and C> are related by the 
constraint F'(C;, —C2) = 0. 


48. F(S, y— Svs) =, p=). 
Solution: y = Ciy(ax) + C2. Here, the constants C; and C2 are related by the constraint 
F(C,,C2) =0. 
49, p( Sev Yue Pav ) 0, p= yz), Y= ¥(2). 
phe — pe phe — Pps 
Solution: y = Cip(x) + Coy(ax). Here, the constants Cy and C2 are related by the 
constraint F'(C1, —C2) = 0. 
The singular solution can be represented in parametric form as: 
vey th Pay ~ ty 
OV, — VE, Vn — VE 


The subscripts «u and v denote the respective partial derivatives, and ¢ is the parameter. 


F(u,v)=0, wF,(u,v)+yFy(u,v)=0, where u= 


50. F(ge t+ oyy,, o — (G2 + SyY,)) = 0. 
Here, @ = ofa, 9), oy = ge Py = se. Differentiating with respect to x, we obtain 


(Yo + Cyd Ba — £F,) = 0, 


where Fi, = or F and F, = or are partial derivatives of function F'(u, v). Equating the first 
factor to zero, we find the solution: 


y(x,y)=Cx+A, where F(C,A) = 


It remains to be checked whether the equation F,, — xF,, = 0 possesses any solutions and 
which of them satisfy the original equation. 


> Arguments of arbitrary functions are nonlinear with respect to y’.. 


51. y= f (ayy) + 2xyt. 
Solution: [y — f(C)]? = 4Cz. 
52. y = 2a(y’,)* + f(x — 3ay/?). 
This is a special case of equation 13.8.1.72 with n = 3. 

Solution: y = f(C) + 2a( si tae In addition, there is the following singular 
solution written in parametric form: 

e=t+3alfi(O?, y= f(t) +2a[h@)’. 

53. y!, = f(ay’? — bx) + (2ay’? — 3by)g(ay/? — br), bHAO. 
The contact transformation X = a(y/,)? — br, Y = 2a(y/,)? — 3by, Y¥ = 3y/, leads toa 
linear equation: Yy = 3g(X)Y + 3f(X). 


Inverse transformation: « = abl [al YX)? — 9X], y= ab! [2a(¥Z)? — 27Y], 
Yr = 3Yx- 
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54. y, = f(y, + aw)g(gu, + ay). 
The contact transformation X = y/,+ax, Y = 4(y!,)? +ay, Y% = yl, where Y =Y(X), 
leads to a separable equation: Yy = f(X)g(Y). 
Inverse transformation: x = a~!(X —Y%), y= za! [2Y — (Y%)"], yf, = Yk. 
55. yh. (Ye — ¥) = Flue — 9”): 
The contact transformation X = (y/,)? — y?, Y = e*(y/, —y), Ys = se" (y/,) | leads to 
a linear (separable) equation: 2f(X)Y, =Y. 
56. y! = f(y? — y”)(ae” + be”). 


The contact transformation 


X=(y,)?-y?, Y=y)(ae* +be~*) — y(ae* —be™*), Vx = 4 (ae™ + be") (y',) 


leads to a separable equation: 2f(X)Y, = 1. 


57. y, =e" f(y — y°)a(e*y, — e7y)- 

The contact transformation X = (y/,)? — y?, Y = e*(y/,—y), Yx = Fe" (yl,) + leads to 
a separable equation: 2f(X)9(Y)Yy% =1. 

58. y! = f(y? — y”) cosh. 

The contact transformation X =(y/,)?—y?, Y =y!, cosh z—y sinh x, Y¥ =4 cosh z(y/,) 
leads to a separable equation: 2f(X)Y% = 1. 


-1 


iS a le f(y? — y”) sinh x. 
The contact transformation X = (y/,)?—y*?, Y =y, sinha—y cosh z, Yy =4 sinh 2(y/,)~ 
leads to a separable equation: 2f(X)Y% = 1. 


1 


60. y!, = f(y? — y”)(acoshx + bsinhz). 


The contact transformation 


X=(y,)?-y?, Y=y',(acoshx + bsinh x) — y(asinh x + bcoshz), 

,  acosha + bsinhz 

ig ecient ace 
2Y 


leads to a separable equation: 2f(X)Y% = 1. 


61. yf = f(y? — y”)g(yl, cosh x — y sinh x) cosh z. 


The contact transformation X =(y/,)’—y?, Y =y/, cosha—y sinh x, Yy =4 cosh x(y/,)~! 


leads to a separable equation: 2f(X)9(Y)Y, =1. 

62. yf = f(y? — y”)g(y, sinh x — y cosh x) sinh z. 

The contact transformation X = (y/,)?—y?, Y =y/, sinha—y cosh xz, Y¥=4 sinh z(yi,)~+ 
leads to a separable equation: 2f(X)9(Y)Y, =1. 

63. y! f(y? — y”) + ay”? cosh x — ayy’, sinh x = cosh x. 


The contact transformation X = (y/,)?—y?, Y=y/, cosha—y sinha, Yy = 4 cosh x(y/,)~1 
leads to a linear equation: 2Y, = aY + f(X). 
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64. y/, = f(y? + y”) cosa. 
This is a special case of equation 13.8.1.65 with a = 1 and b = 0. 


65. y’, = f(y? + y?)(acosa + bsinz). 


The contact transformation 


=(yi)?+y?, Y=yl,(acosx+bsinz) + y(asinx — bcos 2), 
eo = 5(acosx + bsinz)(y/, a 


leads to a separable equation: 2f(X)Y, = 1. 


66. yf = f(y? + y")g(y,, cosa + ysin x) cos z. 


The contact transformation X = (y/,)?+y?, Y =yl,cosx+ysinz, Yy = 4 cos z(y,) 
leads to a separable equation: 2f(X)g(Y)Yx = 1. 


-1 


67. y f(y? +y?)+ ay”? cos z + ayy’, sinx = cosa. 


The contact transformation X = (y/,)?+y?, Y =y/,cosx+ysinz, Y; =4cosz(y,) + 


leads to a linear equation: 2Y, = aY + f(X). 


68. Un = f(y? ais y’)g(y, sin xz — ycosz) sina. 


The contact transformation X = (y/,)?+y?, Y =y/,sinz—ycosz, Yy =4sinz(y},) 
leads to a separable equation: 2f(X)g(Y)Yx =1. 


-1 


69. ay! = f(y! + 4)o(a?y? — y?). 
The contact transformation X = y/,+ y/x, Y = x?(y!,)? — y”, Yy = 2x7y!, leads toa 
separable equation: Yy = 2f(X)g(Y). 

Inverse transformation: 


ah Pepe. eat ,_ _ X®Y5 
sca xX ’ ame my a= For, ¥) 


70. y!, = flay? — br)g(2ay? — 3by), b#0. 
The contact transformation X = a(y/,)? — br, Y = 2a(y/,)? — 3by, YE = 3y/, leads toa 
separable equation: Yy = 3f - )g e ). 

Inverse transformation: = ab a(¥y)? — 9X], y = abl [2a(¥Z)? — 27Y], 
Ur = 3Yx- 


TL y = f(ey,") + — 2y,. 


nC nel 
cn. 


Solution: y= f(C”) + 


n-1 
72. y=a(n—1)(y,)" + f(w — an(yi,)""}). 


Differentiating with respect to x, we obtain a factorized equation: 


[1 — an(n — 1)(y),)” 7 ute] [yh — AL(D)] = 0, (1) 
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where t=a2—an(y/,)”~+. Equate the first factor to zero and integrate the obtained equation. 
Substituting the expression obtained into the original equation, we find the solution: 


n 
Sr 
an ; 


y=I(C) +a(n-1)( 


Equating the second factor in (1) to zero, we have another solution that can be written 
in parametric form as: 


e=t+anlfi@|’, y=f)+e(n-DAO!. 

73. yt, = f(a(y’,)* — bx) g(ak(y’,)*** — b(k + 1)y). 
The contact transformation (ab 4 0, k 4 —1) 

X =a(y’,)*— br, Y =ak(y,)**—b(k+1)y, Yx =(k+1)u, 
leads to a separable equation: YX = (k + 1)f(X)g(Y). 

Inverse transformation: 
_ ayy Xk YK 
b(k+1)F Bb? b(k+1)F+2 b(k+1)’ "" k41° 

74. y!, = f(a(y’,)* — bx) + (ak(y’,)*** — b(k + 1)y)g(a(y;,)* — bz). 
The contact transformation (ab 4 0, k 4 —1) 

X =a(y,)*— be, Y =ak(y,)""*—o(k+ Ly, Yx=(k+ Dy, 


leads to a linear equation: YX = (k + 1)g(X)Y 4+ (k + 1)f(X). 
Inverse transformation: 
alVa)k XX 02 ae ae ee 6 


Bk+ DE 6? 9 Bet)? Bet’ * 41 


75. F(yy,, tax, yVy? +a) =0. 


Solution: y? = —ax? + 2C\x + Cy. Here, the constants C; and C4 are related by the 


constraint 
F(Ci, VC? +aC,) =0 if y > 0, 
F(Ci, -VC?+aC2) =0 if y<0. 


76. F(e*y’, — e*y, y? — y?) =0. 


x 


(—— 


Solution: y = Cie” + Coe~*”. Here, the constants C and C2 are related by the constraint 
F(—2C>2, —4CC2) = 0. 

77. F(y!,coshx — ysinha, y” — y?) =0. 

Solution: y = C, sinha + Cocosha. Here, the constants C and C2 are related by the 
constraint F'(C,, C? — CZ) = 0. 

78. F(y,,cosx+ysing, y? + y”) =0. 


Solution: y = Cysinx + C2cosa. Here, the constants C, and C> are related by the 
constraint F(C, C? + C$) = 0. 
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13.8.2 Some Transformations of Equations Not Solved for 
the Derivative 


1 x= f(y, yi.) 


Substituting ¢ = y/, and differentiating both sides of the equation with respect to x, we 
obtain an equation with respect to y = y(t): 


(1 ~— ify, Oly, 7 tfily,t), where ft — af fy = sf. 


If y = y(t) is the solution of the latter equation, the solution of the original equation can be 
represented in parametric form as: 


xz = f(y(t),t), y = y(t). 


2 y= f(x, y',). 
Differentiating with respect to x and setting t = y/., we obtain an equation with respect to 
= 2k) 


[t — fr(x,t)]c, = fi(a,t), where f, = x fe= oe 


If x = x(t) is the solution of the latter equation, the solution of the original equation can be 
represented in parametric form as: 


3. ay” = t(aky®, “ue ), 


/ 
LY ey 


Set z= a*y° and w = . Divide both sides of the equation by x”y”™ and differentiate 


y 
with respect to x. As a result we arrive at the following equation with respect to w = w(z): 
2(sw + k)(fe+ fw’) =(mw+n)f, where f = f(2,w), 


which is usually simpler than the original equation, since it is readily solved for the deriva- 
tive. If w = w(z) is the solution of the equation obtained, the solution of the original 
equation is written in parametric form as: 


ky =z, xy” = f(z,w(z)). 
4, a™e% = f(x™eY, xy,,). 
The substitution y = In u leads to an equation of the form 13.8.2.3: 
oe = f(2™e’, vul,/u). 
5. ety” = f(ePy™, y'/y). 
The substitution 2 = In ¢ leads to an equation of the form 13.8.2.3: t%y”" = f (t? y™, ty,/ y). 


6. f(a, xy’, —Y; y.) = 0. 
The Legendre transformation x = u},, y = tui, — u (y!, = t), where u = u(t), leads to the 
equation f(u/,u,t) = 0. Inverse transformation: t = y/,, u = ry), — y, u, = 2. 
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7. (yy)? = Ay + f(z). 
For \ 4 0, the transformation Aw = 2,/Ay + f(x) leads to an Abel equation of the second 
kind, 

wu,,=w+y(r), where p=2d\7fi (x), 


which is outlined in Section 13.3.1 for specific functions y. 
8. y=ay, tax + f(y,), a0. 


Differentiating the equation with respect to x and changing to new variables t = y/, and 
w = —2ax, we arrive at an Abel equation of the second kind, 


wu,=w+y(t), where yp =—2af;(t), 


which is outlined in Section 13.3.1 for specific functions y. 


@ For information about contact transformations, see Section 1.9. 


13.8.3 Equations Defined Parametrically Containing Arbitrary 
Functions 


1 c=f(t), y,=g(t). 
General solution in parametric form: 


r=f0, y= f Medgar, 
where C is an arbitrary constant. 


2 y=f(t), y,=sg(t). 
General solution in parametric form: 


_ fh _ 
v= fe a+c, y=f(t), 


where C is an arbitrary constant. 

3. y=f(t)z, yi, =g9(t). 

General solution in parametric form: 

fi(t) dt | fi(t) dt 
+= Cexp| f OT), y = Cf(t)exp| | —————~ ], 
at) — 70) Pl FO 

where C is an arbitrary constant. 

4. y=f(t)e+g(t), y, =h(t). 

General solution in parametric form: 
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5. y=a(t)e+bd(t), y, =c(t)a+d(t). 
Differentiating the first equation with respect to x, taking into account that y/, = y;/2/,, and 
eliminating y/, with the help of the second equation, we arrive at an Abel equation of the 
second kind for x = x(t): 
(cx +d —a)x, = a,x + bj. 
6 y=f(t)e*—g(t), y,=kf(t)e*. 
General solution: 
y = f(C)x* — g(C), 
where C is an arbitrary constant. 
Singular solution in parametric form: 


! 1/k ! 
[Aa =r 


7% y=fthrOr, yl =g(t). 


General solution in parametric form: 
g=CE(t)+ Ett Of a EG Dutt 
= FOAM) d 
Bt) = ex0| f ars 


where C is an arbitrary constant. 


8 y=f(x)+g9t), y= f(z) + he). 


General solution in parametric form: 


+ 
nal 
| 


v= [#0 dt+C, y=f(x)+9(t), 


where C is an arbitrary constant. 

% y=f(t)e**+g(t)e, y, =(k+1)f (te + h(t). 

This equation can be solved using the second technique described in Section 1.8.3. We get 
dy = [(k+1)fa* + g] dx + (fix**! + gx) dt, 
dy = [(k+1)fa* +h] de. 


The first relation is a differential consequence of the first equation (for brevity, the argu- 
ments of the functions f, g, and h are omitted). Eliminating dy, we arrive at a Bernoulli 
equation for x = x(t): 

(h — g)ay, = fia*** + gta. 


Integrating yields 


7 fiat 7 * 7 ee 


where C is an arbitrary constant. This formula and the expression y = f(t)x**1 + g(t)x 
determine the general solution to the original equation in parametric form. 
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10. y=f(t)e*+g(t), y, =Af(t)e*” + hit). 


This equation can be solved using the second technique described in Section 1.8.3. We get 


dy = fe dx + (fre + gt) dt, 
dy = (Afe*” +h) dz. 
The first relation is a differential consequence of the first equation (for brevity, the argu- 


ments of the functions f, g, and h are omitted). Eliminating dy, we arrive at an equation 


for = 2th): 


! 1 AL / 
ha; = te + Gi. 


The substitution u = e~** reduces it to a linear equation. Integrating yields 


~f%a—-1mlce_ yf = aft 
om f Sat sin(c | Hat), E =exp( —A 7, at} 


where C is an arbitrary constant. This formula and the expression y = f (t)e*” + g(t) 
determine the general solution to the original equation in parametric form. 


ll. y=f(t)g(@) +h), yu, = f()ge(@). 
General solution: 
y = f(C)g(@) + A(C), 
where C is an arbitrary constant. 
Also, there is a singular solution, which is defined parametrically as 


OM TOLAO 
He) =— Fay YO — ey + Me 
12 y= f (x,t), y), _ fa (x,t). 
General solution: 


y = f(z,C), 
where C is an arbitrary constant. 


13. y=f(x)g(a,y,t), yi, = h(x)g(a,y,t). 


General solution: ; 
y= Cex| he ic], 
where C is an arbitrary constant. 
The dependence t = t(x) is defined implicitly by the equation y = f(x)g(z, y,t). 


14. f(y) = g(x, Ys t), Yi, = h(y)g(z, y,t). 


General solution: ; 
y 
c= | —-17C, 
/ f(y)hty) 
where C is an arbitrary constant. 


The dependence t¢ = t(y) is defined implicitly by the equation f(y) = g(z, y,t). 
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15. y= fi(x) fo(y)g(a, y,t), y), _ hi(x)ha(y)g(, y, t). 


General solution: 


foly)dy — f hi(x) dn+C 


yhoty) J fila) 
where C’ is an arbitrary constant. The dependence t = t(, y) is defined implicitly by the 
equation y= fi (x) fo (y)g(a, Y; t). 


Chapter 14 


Second-Order Ordinary 
Differential Equations 


14.1. Linear Equations 
14.1.1. Representation of the General Solution through a Particular 
Solution 


A homogeneous linear equation of the second order has the general form 


fo(@) Yee + fi(2)y2 + fo(x)y = 0. (1) 


Let yo = yo(x) be a nontrivial particular solution (yo 4 0) of this equation. Then the 
general solution of equation (1) can be found from the formula: 


_f[f 
fo 
For specific equations described below in 14.1.2—14.1.9, often only particular solutions 


are given, while the general solutions can be obtained with formula (2) (see also Sec- 
tion 2.1.1). 


e-F 
Y = Yo (cr + Cy ' ae dw), where F dit. (2) 
0 


Remark 14.1. Only homogeneous equations are considered in Sections 14.1.2 through 14.1.8; 
the solutions of the corresponding nonhomogeneous equations can be obtained using formulas in 
Section 2.2.2. 


14.1.2 Equations Containing Power Functions 
> Equations of the form y’””,, + f(x)y = 0. 
Ly +ay=0. 
Equation of free oscillations. 
C; sinh(xy/|a|.) + Cocosh(x/|a|) if a <0, 


Solution: y= ¢ Ci, 4+ Cox if a=0, 
C sin(x,/a ) + C2 cos(x/a ) if a> 0. 
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2. yy, — (ax + b)y = 0, a #0. 
The substitution € = a~?/3(ax + b) leads to the Airy equation: 
Yee — Cy = 0, (1) 
which often arises in various applications. The solution of equation (1) can be written as: 
y = Cy Aig) + C2 Bi(é), 


where Ai(&) and Bi(&) are the Airy functions of the first and second kind, respectively. 
The Airy functions admit the following integral representation: 


oe) 


Ai) == / * cos(Ht8-+Et) dt, Bi(e) == / lexp(—H8+6t) +sin(4e+€”)] a 


The Airy functions can be expressed in terms of the Bessel functions and the modified 
Bessel functions of order 1/3 by the relations: 


Ai(é) = $V€ [L-1/3(z) — Laz], Ai(—€) = VE [J-1/3(z) + Jia(2)], 
Bi(é) = 4€ [Laps(2) + hye], Bi(-€) = 26 [Taal - Ayal], 


where z = aes 
For large values of €, the leading terms of the asymptotic expansions of the Airy func- 
tions are: 


1 


AiG) = gage MMem(—2), Ail-9) = EM sin(z +2), 
1 


Bi(€) = ee exp(z), Bi(—£) = a cos(z a *). 


The Airy equation (1) is a special case of equation 14.1.2.7 witha =n = 1. 
3. y”, — (a?a? + a)y = 0. 
Particular solution: yo = exp($ax”). 
4, y” — (ax? 4+ b)y = 0. 


The Weber equation (two canonical forms of the equation correspond to a = +4). 


1°. The transformation z = x?,\/a, u = e7/2y leads to the degenerate hypergeometric 
1 17 b 
equation 14.1.2.70: zu, 4 (5 2) u, nm (= - L)u =), 


2°. Fora =k? > 0,b = —(2n +1)k, where n = 1, 2, ..., there is a solution of the form: 


y= exp(—4k2) Hn(Vk2), k > 0, 
mT 
where H,,(z) = (—1)" exp (z”) — exp(—27) is the Hermite polynomial of order n. 
See also Section $3.12. 
© Literature: H. Bateman and A. Erdélyi (1953, Vol. 2), M. Abramowitz and I. A. Stegun (1964). 
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5. y” +a°x(2—ax)y =0. 


Particular solution: yo = exp(—3a7x? + ax). 


6. y” — (ax? + br +c)y = 0. 


b 
The substitution € = x + Fa leads to an equation of the form 14.1.2.4: 
a 


/ 2 b? 

/ 

Wee (a¢ +e- z)¥=0. 

7. yy, —ax”y = 0. 

1°. For n = —2, this is the Euler equation 14.1.2.123, while for n = —4, this is the equation 
14.1.2.211 (in both cases the solution is expressed in terms of elementary function). 


2°. Assume 2/(n + 2) = 2m + 1, where m is an integer. Then the solution is: 


a(ei-*4 pyr G exp(“A2") + C2 exp (-4.*)| if m > 0, 
_ q q 
y = 
(a -4D)-™ G exp (222) +a exp(-0")| ifm <0, 


_—nt2 © 1 
dx’ 1 ~~ 2 ~ Im Fl 
3°. For any n, the solution is expressed in terms of the Bessel functions and modified 
Bessel functions of the first or second kind (see 14.1.2.126 and 14.1.2.127): 


cess ( — 11) reaver s ( —* 2) if a <Q, 


where D = 


y= 2q 2q q 
CiJr1 (22) +Co/zK1 (42°) if a> 0, 
W?\ @ Q\ @ 
where ¢ = 5(n + 2) 
8. yy”, — a(az?” + na”™*)y =0 
Particular solution: yo = exp( a), 
n+1 


9, y” — az” 7(aa" +n+1)y=0. 
Particular solution: yo = xexp(ax"/n). 
2 -1 
10. yf”, + (ax*” + ba” *)y = 0. 
The substitution € = 2”*" leads to a linear equation of the form 14.1.2.108: (n+ 1)*éyg- + 
n(n + 1)y + (a€ + b)y = 0. 


> Equations of the form y+ f(x)y’,, + 9(x)y = 0. 


11. y+ ay! + by = 0. 
Second-order constant coefficient linear equation. In physics this equation is called an 
equation of damped vibrations. 
exp(—5az) [Ci exp($Az) +C, exp(—5Az) | if A7=e7—4)>0, 
Solution: y= ¢ exp (—Jaz) [C1 sin($Az) +C cos (SAz) | if \°=46—a7 0, 
exp(—3az) (Cyx+C) if a? =4b. 
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12, y”, +ay),+ (be +c)y =0. 
1°. Solution with b F 0: 


y = exp(—$az) VE [Ci Ji j3(2Vb82”) + Yi 3(2V08”)], €=a4+ de~a . 


where J; /3(z) and Yj /3(z) are Bessel functions. 

2°. For b = 0, see equation 14.1.2.11. 

13. y”, + ay), — (bx? + c)y = 0. 

The substitution y = w exp($27Vb) leads to a linear equation of the form 14.1.2.108: 
wi, + Qb2+a)ul, + (aVb2 —c+vVb)w =0. 

14. y.. + ay’, + b(—ba:” +az+1)y=0. 


Particular solution: yo = exp(—$b2”). 
15. Yn + ay’, + ba: (—ba:? +axz+2)y=0. 
Particular solution: yo = exp(— ba”). 


16. y.. + ay’, + b(—ba?” +an” + na”—!)y — 0. 


——a"*!), 


Particular solution: yo = exp(— 
n+1 


17, yf +ay,+ b(—ba?” — ax” + na”—")y = 0. 


gt a ax). 


Particular solution: yo = exp(— 
n+1 


18. y” +ay,,+(n4+1)y=0, n= 16S. 3s, 2x 


dq” 

Solution: y = = {exp(— 32”) cr + Cy [eoGe) du ; 
xv 

19. Urn — 2UY,, + 2ny = 0, n=1, 2, 3,... 


Solution: y = exp(a?) <— {exp(—2?) [cr +C, / exp(x”) dx \. 


For C; = (—1)” and C2 = 0, this solution defines the Hermite polynomials. 
20. y.. + ary’, + by = 0. 
Solution: 
y= C1 ®(za7'd, 5, — Fax’) + Cob (Fa7'd, 5, — Zax’), 
where ®(a, b; x) and W(a, b; x) are the degenerate hypergeometric functions (see equation 
14.1.2.70 and Section $4.9). 


21. Yn + ary’, + bay = 0. 
Solution: 
y=e e/a [C1 ®(Sa°0?, 4, — ak’) + CoV (za °b, 5, — sak’), €=x-2a~’), 


where ®(a,b;x) and W(a, b; x) are the degenerate hypergeometric functions (see equation 
14.1.2.70 and Section $4.9). 
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22. y” tary’, + (be +c)y = 0. 
This is a special case of equation 14.1.2.108 with ag = b; = 0 and bo = 1. 


23. Ynw oh 2axy’, + (ba* + a7 x +cx+a)y=0. 
This is a special case of equation 14.1.2.49 with n = 1 and m = 2. 


24. y” + (ax + b)y’ + ay = 0. 


Particular solution: yo = exp(—$az” — ba). 


25. y+ (ax + b)y’, — ay = 0. 
Particular solution: yo = ax + b. 


26. y+ (ax + b)y’ + c(ax +b—c)y=0. 


Particular solution: yo =e ™. 


27. y+ (ax + 2b)y’, + (abe — a + b*)y = 0. 


Particular solution: yo = x2e~°”. 


28. y” + (ax + b)y’, + (ca + d)y = 0. 
This is a special case of equation 14.1.2.108 with ag = 0 and bz = 1. 


29. y” + (ax+ b)y’, + c[(a — c)x? + br + lly = 0. 


Particular solution: yo = exp (- 5cx?) : 


30. y+ 2(ax + b)y!, + (a?x? + 2aba + c)y = 0. 


The substitution u = y exp(Faz” + ba) leads to a constant coefficient linear equation of 


the form 14.1.2.1: u%, + (c-—a—b?)u=0. 


31. y+ (ax + b)y!, + (ax? + Ba + y)y = 0. 
The substitution y = uexp(sx?), where s is a root of the quadratic equation 4s? + 2as + 
a = 0, leads to an equation of the form 14.1.2.108: 


un. + [(a+4s)x + dlu 


‘+ ([(6 + 2bs)a + y+ 2s]u = 0. 


32. yy + (ax + b)y,, + c(—ea?" + aw" *! + ba” + nxz”—1)y = 0. 


grey) , 


Particular solution: yo = exp(- 
n+1 


33. y” + a(x? — b?)y’ — a(x +b)y = 0. 
Particular solution: yo = x — b. 


34. y” + (ax? + b)y! + c(ax? +b—c)y =0. 
Particular solution: yo =e “. 
35. y+ (ax? + 2b)y’, + (abx? — ax + b?)y = 0. 


Particular solution: yo = xe~°”. 
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36. Yn + (2a? + a)y’, + (at + ax? + 27 + b)y = 0. 
The substitution u = y exp($2°) leads to a constant coefficient linear equation of the form 
14.1.2.11: ut, + aul, + bu = 0. 


37. yf, + (ax? + bx)y’!, + (ax? + Ba +7)y = 0. 
1°. This is a special case of equation 14.1.2.146 with n = 1. 


2°. Leta = 0, 8 = 3a, y = 2b. Particular solution: yo = av exp(—fazx? — 5bx”). 


38. y.. + (aba? + ba + 2a)y’, + a? (ba? +1)y=0. 
Particular solution: yo = (ax + 1)e~%. 

39. y.. + (ax? + ba + c)y’, + x (aba? + bce + 2a)y = 0. 
Particular solution: yo = exp(—faz® — Cn). 


40. y” + (ax? + bx + c)y’, + (abx? + aca? + b)y = 0. 


Particular solution: yo = exp(—4b2? = et) 


41. y”, + (ax® + 2b)y’, + (abu? — ax? + b7)y = 0. 


Particular solution: yo = xe~°”. 


42. y” + (ax* + bax)y’, + 2(2ax” + b)y = 0. 
Particular solution: yo = x exp(—faz* — bx”). 
43. Yn + (abx? + ba? + 2a)y’, + a? (ba? +1)y=0. 


—axt 


Particular solution: yo = (ax + l)e 


44, y” +ax"y’, =0. 


This equation is encountered in the theory of diffusion boundary layer. 


ag™tt 
Solution: y= C, + Co [eo(- ) dx 
n+1 


45. y” tax”y! + ba”™—ty = 0. 


For n = —1, we obtain the Euler equation 14.1.2.123. For n # —1, the substitution z = 
z”*1 leads to an equation of the form 14.1.2.108: (n+1)?zy/,+(n+1)(az+n)yl, +by =0. 


46. y+ 2axn"y’, + a(axz2" + na”—")y = 0. 


Particular solution: yo = x exp (- a) ; 


n+1 
47, oy” taxry’ + (bx?” + cx”—1)y = 0. 

The substitution €=2"*! leads to a linear equation of the form 14.1.2.108: (n+1)€yee+ 
(n+ 1)(a& + n)ye + (06 + c)y = 0. 

48. y” taxr”y’ — b(aa"*™ + ba?™ + ma™—')y = 0. 


Ca 


Particular solution: yo = exp( 
m+1 
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49. Ye. + 2ax"y’, + (a?a?” + bx?" + anx™1 + ca™—1)y = 0. 

The substitution w = y exp aa) leads to a linear equation of the form 14.1.2.10: 
n 

wh, + (ba? + cx™)\w = 0. 

50. yy”, + (ax” + b)y’, + c(ax” +b—c)y = 0. 


Particular solution: yo =e. 


51. yy” + (ax” + 2b)y’), + (abe” — ax” + b?)y = 0. 


Particular solution: yo = xe~°”. 


52. y!, + (abx” + bart + 2a)y’, + a?(ba" + 1)y = 0. 


Particular solution: yo = (ax +1)e“. 


53. y+ (abe” + 2bx"—* — a?x)y’ + a(abx” + ba" 1 — a?x)y = 0. 


—axt 


Particular solution: yo = (ax + 2)e 
54. y” + a@™[ax? + (act b)ax + bely’, — «(ax + b)y = 0. 

Particular solution: yo = x +c. 

55. yy” + (ax” + ba™)y’ — (ax ' 4 ba *)y = 0. 

Particular solution: yo = x. 

56. yf” + (ax” + ba™)y’ + (ana + bma™")y = 0. 

Integrating yields a first-order linear equation: y/, + (ax” + br™)y = C. 

57. yy, + (aa + ba™)y’, + [a(n + 1)x"—* + b(m + 1)a2™"]y = 0. 


QA omtl b —) 


n+1- m+ 
58. yy” + (ax” + ba™)y’, + c(axz” + ba™ — c)y = 0. 


cx 


Particular solution: yo = © exp (- 


Particular solution: yo = e— 
59. y” + (ax" + bx™)y’, + [aba™t” + B(m + 1)2™—* — ax” "Jy = 0. 


b oo, 


Particular solution: yo = © exp (- — 
m+1 


60. yf” + (ax” + ba™ + c)y’, + (aba™T” + bex™ + anz”—')y = 0. 


: : a n+1 
Particular solution: yo = exp(— x — cr). 
n+1 


> Equations of the form (ax 4+ b)y’”, + f(x)y!, + g(x)y = 0. 
61. xy” + sy), +ay = 0. 
C cos 7 4axz + Co sin V 4ax if ax > 0, 


C; cosh \/4|az| + C2 sinh ,/4|az| if ax < 0. 


Solution: y= 
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62. xy), tay, + by = 0. 

1°. The solution is expressed in terms of Bessel functions: 


=z 4 i lish (2Vbz ) + CoY, (2Vbz )], where v =|1—<al. 


2°. For a = $(2n +1), where n = 0, 1, ..., the solution is: 


A4bx 
a" <a 
Ci zen cosh V/ 4|bx| + a sinh \/4|ba| if br < 0. 


63. «y+ ay’, + bay =0. 


1°. The solution is expressed in terms of Bessel functions: 


Abx no: >0, 


Y= 


y=u =a ai(cnA (Vox) + CoY,(vb2)], where y=3|l—-al. 
2°. For a = 2n, where n = 1, 2, ..., the solution is: 
a(22y cos(xvb ) OC) sin(xvb) if b> 0, 
Gio) cosh(xv/—b ) +02(- =). sinh(xV/—b) if b< 0. 


a dx 
64. xy’ +ay’,+ (be +c)y =0. 
This is a special case of equation 14.1.2.108 with ag = 1 and ay = bo = 0. 


Y= 


65. zy”, tny, + ba!—2"y = 0. 
For n = 1, this is the Euler equation 14.1.2.123. For n ¥ 1, the solution is: 


b 
C) sin( ge | es cos( vt on) if b> 0, 
Y= 
C1 exp( oat ") + Cren(= = — =) if b<0. 
a 


—1 
66. ry”, +(1—3n)y/, — a?n7a?"-1y = 0. 
Solution: y = Ci(az” + 1) exp(—az”) + Co(—axz” + 1) exp(az”). 
67. zy”, + ay’, + ba”y = 0. 


If nm = —1 and b = 0, we have the Euler equation 14.1.2.123. If nm 4 —1 and b ¥ O, the 
solution is expressed in terms of Bessel functions: 


(<a Fle, (4 wt) 4 + Ory, (2S ave oH, where ame ee 


+1 n+1 


68. zy”, + ay), + ba” (—ba"t? +a+n)y = 0. 


b 
Particular solution: yo = exp(- ae) 
n+1 
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69. ry, + ary’, + ay = 0. 


Particular solution: yo = xe”. 


70. xy” ,+(b—a)y’,, —ay=0. 
The degenerate hypergeometric equation. 


1°. Ifb 40, —1, —2, —3, ..., Kummer’s series is a particular solution: 


(a, b; x) =14 EE 


where (a); =a(a+1)...(a+k—1), (a)o =1. Ifb > a > O, this solution can be written 
in terms of a definite integral: 


—. Py - * at a—1li4 _ 4\b-a—-1 
7 mara 11 — e421 at, 


co 
where ['(z) = i e 't*—! dt is the gamma function. 


(a, b; x) 


0 
Table S4.1 (see Section $4.9) gives some special cases where ® is expressed in terms 
of simpler functions. 
If b is not an integer, then the general solution has the form: 


y = C1 ®(a,b; x) + Cox! ®(a — b +1, 2-5; 2). 


The function ® possesses the properties: 


Bla,bx) =e O(b— a, 2), FI O(a,b2) = BH O(a+n, b+ ma), 


The following asymptotic relations hold: 


®(a,b;x) = a Oni o +o(e | if x — +00, 
T(b 
ot x)~ ef + oa | if c > —oo. 


2°. The following function is a solution of the degenerate hypergeometric equation: 
T(1 — b) 

Ia —b+1) 

Calculate the limit as b + n (n is an integer) to obtain 
(—1)""7 
nlD(a—n) 


®(a,b; x) = 


®(a,b;x) + PO = 1) 194 —b+1, 2—5; z). 


Vian) = Ta) 


V(a,n+1;2) = {Pantt;2) Ina 


+ ek [warn -wa tv nen) Sh 


r=0 " 1), 
(n —1)! 5 (a—n)p x"? 
Tia) <3 U=n)p rt’ 
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where n = 0, 1, 2,... (the last sum is omitted for n = 0), w(z) = [In T'(z)]} is the logarithmic 
derivative of the gamma function: 


n—-1 
v0) =-7, v(n)=-7+ S- kh, y = 0.5772... is the Euler constant. 
k=1 


Table S4.2 (see Section S4.9) gives some special cases where W is expressed in terms 
of simpler functions. 


If b is a negative number, then the function V can be expressed in terms of the one with 
a positive second argument using the relation 


U(a,b; 2) = 21 °W(a—b +1, 2-3; 2), 


which holds for any value of x. 


3°. For b € 0, —1, —2, —3, ..., the general solution of the degenerate hypergeometric 
equation can be written in the form: 


y = C1 (a,b; x) + CoV (a, b; x), 
while for b = 0, —1, —2, —3, ..., it can be represented as: 
y =2'(C\G(a—-b+1, 2—b; x) + C,U(a—b+1, 2-5; a)]. 


The functions ® and W are described in Section S4.9 in more detail; see also the books 
by Abramowitz & Stegun (1964) and Bateman & Erdélyi (1953, Vol. 1). 


71. vy”, + (ax + b)y’, +c[(a—c)x + bly = 0. 


Particular solution: yo =e ™. 


72. xy’, + (2ax + b)y’, + a(ax + b)y = 0. 
e (Cy + Cox!) if b x 1, 


Solution: y= ; 
e (Cy + Co In |x|) if b=1. 


73. vy” + [(a+b)ea+n+mly/, + (abe + an + bm)y = 0. 


Here, n and m are positive integers; a A born £m. 


me 
Solution: y = Ces — [aMela- P=) + Coe” 
x 


74. vy” + (ax + by’, + (cx +d)y = 0. 
This is a special case of equation 14.1.2.108. 


m—1 


Aged je Mere) , 


75. avy” —(ax+1)y), — br? (bx + a)y = 0. 
Particular solution: yo = exp(—$bz”). 

76. xy”, — (2ax+1)y’, + (bx? + a?x + a)y = 0. 
Solution: y= e° C1 sin(42?vb) + Cy cos(42?Vb)| ; 
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77. ry, + (ax + b)y’, + ca (—ca” +ax+6+4+1)=0. 

Particular solution: yo = exp(—$cz”). 

78. avy’ — (2ax? + 1)y/, + bay = 0. 

Solution: y = Cy exp[z(a + Va? — b)2?| + Cy exp[5(a— Va? — b) 2”). 
79. avy” + (abx* + b—5)y’, + 2a7(b— 2)a°y = 0. 


Particular solution: yo = (ax? + 1) exp(—ax’). 


80. xy + (ax? + bx)y’, — [aca” + (a+ be + c?)x + b+ 2cly = 0. 


Particular solution: yo = xe. 


81. xy! + (ax? + ba + 2)y’, + by = 0. 
Particular solution: yo = a+ b/a. 


82. xy” + (ax? + bx + c)y! + (2ax + b)y = 0. 
Integrating, we obtain a first-order linear equation: xy’, + (ax? + br +c—1)y=C. 


83. vy”, + (ax? + br+c)y! + (c—1)(ax + b)y = 0. 


Particular solution: yo = a'°. 


84. ry”, + (ax? + ba + c)y’, + (Aa? + Ba+C)y=0. 

1°. Let A = ak, B= k(b—k), C = ck, where k is an arbitrary number. 
Particular solution: yo = e~**. 

2°. Let A =a(b+k), B=a(c+1)—k(b+k), C = —ck. 
Particular solution: yo = exp(— Zaz” + ha) 

3°. Let A= a(b+k), B = 2a— bk —k?, C= b(c—1) + k(c— 2). 
Particular solution: yo = «'~° exp(—fazr” + kx). 

4°. Let A = —ak, B = a(c— 1) —k(b+k), C = W(c— 1) + k(c — 2). 
Particular solution: yo = 2'~°e**. 

85. ry”, + (ax? + ba + 2)y/, + (cx? +dx+b)y=0. 

The substitution w = xy leads to a linear equation of the form 14.1.2.108: 


Wig + (ax + b)wil, + (cz +d—a)w =0. 


86. xy”, + (az* + b)y’ + a(b—1)x?y = 0. 
ib 


Particular solution: yo = x 
87. xy”, + 2(ax? + b)y! + (3ax? + b)y = 0. 
Particular solution: yo = x exp(—zaz® — ba). 

88. ry”, + (ax? + ba? + 2)y%, + bay = 0. 

Particular solution: yo = a+ b/a. 

89. ry, + (abx? + ba? + ax — 1)y’, + a*ba ®y = 0. 


Particular solution: yo = (ax +1)e%. 
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90. xy”, + (ax* + ba? + cx + dy’ + (d—1)(ax? + bx 4+ c)y =0. 


Particular solution: yo = ees, 


91. zy”, tax”"y’, + (abr” — az”—| — b?a + 2b)y = 0. 


Particular solution: yo = ze, 


92. xy”, + (ax” + 2)y’ + ax” ly = 0. 


Particular solution: yo = a+. 


93. vy” +(a"™+1—n)yl + ba?” ly =0. 
1°. Forb # + the solution has the form: y = C exp (Bix”) + Co exp (Box”). Here, (1 
and 3 are roots of the quadratic equation: n?6? + nB+b=0. 


2°. For b = 4, the solution has the form: y = (Cy + C22”) exp(— gn ‘a”), 


94. xy” + (ax + b)y, + anx"~ty = 0. 


1—b 


Particular solution: yo = 2 ° exp(—ax"/n). 


95. ry”, + (ax” + b)y’, + a(b— 1)a”—1y = 0. 


Particular solution: yo = mee 


96. xy”, +(ax" + by, +a(b+n—1)a" ty =0. 


Particular solution: yo = exp(—az"/n). 


97. xy”, + (ax” + b)y’, + c(ax” — cx + b)y = 0. 


Particular solution: yo =e“. 


98. xy”, + (abe” + b— 3n+1)y’, +.a?n(b—n)x?"ty = 0. 
Particular solution: yo = (ax” + 1) exp(—az”). 

99. xy”, + (ax + b)y!, + (ex?! 4 dx™")y = 0. 

This is a special case of equation 14.1.2.146 with y = 0. 

100. vy”, + (ax” + ba" 1 + 2)y’ + ba” 7y = 0. 

Particular solution: yo = a+ b/z. 

101. vy”, + (ax”" + br)y’, + (abx” + anx”™* — b)y = 0. 


Particular solution: yo = x exp(—az"/n). 


102. xy”, + (abe” + bx”! + ax — 1)y’, + a?ba"y = 0. 


Particular solution: yo = (ax +1)e%. 


103. Ly. + (ax” + ba™ + c)y’, + (e- 1)(axz"—* + ba™—1)y = 0. 


Particular solution: yo = a'°. 


104. xy”, + (abe"t™ + ana” + ba™ +1 — 2n)y’, + a?bnxz?"t™ "by = 0. 


Particular solution: yo = (ax” + 1) exp(—az”). 
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105. (x +a)y”,+ (ba +c)y’, + by = 0. 
sete ae). 


Particular solution: yo = exp(= / 
xr+a 


106. (aya + ao)y.. + (bya + bo) y’, — mbyy = 0. 


If m = 1, 2, 3, ..., a polynomial of order m in z is a particular solution of the equation, 


m 
1\k 
which can be represented as: yo = y (-;) {a™Ix2—™—"|(a,x +a9)D? + boD] yom 
= 1 
v+1 


d 
where D = Te’ iy = = with vy ~ —-1. 


107. (ax+b)y”,+s(ca+d)y,—s?[(a+c)x+b+dly =0. 


Particular solution: yo = e*” 


108. (aga + bo) y”. + (ax + bi) y’, + (apx + bo)y = 0. 


Let the function 7 (a, b; x) be an arbitrary solution of the degenerate hypergeometric equa- 
tion xy”, + (b — x)y!, — ay = 0 (see 14.1.2.70), and the function Z,,(x) be an arbitrary 
solution of the Bessel equation xy”, + xy! +(x? —v?)y =0 (see 14.1.2.126). The results 


of solving the original equation are presented in Table 14.1. 


TABLE 14.1 
Solutions of equation 14.1.2.108 for different values of the determining parameters 


ka 


Solution: y=e"*w(z), where z= a 


| = B(k)/(2agk-+ ay), | ” 
=> He = aib2)a5” 


y= 1—(2bek+b)az", 


B=2/Bh) 


a2 =a, = by bt —4bob2 | 21/72, /3(829/?) 
ao # - ~ 2be — see also 14.1.2.12 


Notation: D=a?—4aga2, B = bok? +b1k+ bp 


109. (wx +A)y”, + (ax + bx™ + c)y! + (anz”—* + bm2™—")y = 0. 
ax” + ba™+ce-—1 de). 


Particular solution: yo = exp(- , = 
x 
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2,1 


> Equations of the form «*y’”,, + f(x)y’, + g(a)y = 0. 
110. «?y” +ay=0. 


This is a special case of equation 14.1.2.123. The substitution « = e! leads to a constant 
coefficient linear equation: y/, — y/, + ay = 0. 


11. 2?y” + (ax+b)y=0. 
This is a special case of equation 14.1.2.132. 


112. xy” + [a?x? — n(n + 1)]y = 0, w=O; 1,2) os. 


C cosax + Cp sin ar 
as aah ae eae 


d 
ree +1 _ (,,3 = 
Solution: yx" = (x Dy" a where D = Tn 


x 
113. a?y” — [a?x? +n(n+4+ 1)]y = 0, m= 0, 1, 2, 


Cie* +4 Coe 


d 
ee +1 _ (43 _ 
Solution: yx" = (x Dy"( anal where D = re 


£ 
114. 2? y” — (a?a? + 2abe + b? — b)y = 0. 


Particular solution: yo = xe. 


115. gry! + (ax? + ba + c)y = 0. 


The substitution y = x*u, where 2 is a root of the quadratic equation \? — \ +c = 0, leads 


to an equation of the form 14.1.2.108: wu! + 2Aul, + (ax + b)u = 0. 
1 


For a = —4, b=k, andc=q7- m?, the original equation is referred to as Whittaker’s 
equation. 
116. xy” = (ax* + a)y = 0. 
Particular solution: yo = gi/4 exp(4Va x3/ ae 
117. 2? y”” — [a?a* + a(2b — 1)x? + b(b+ 1)]y =O. 
Particular solution: yo = a? exp(— Zaz’). 
118. 2?y” + (ax” + b)y = 0. 
This is a special case of equation 14.1.2.132. 
119. 2? y” — [a?a?” + a(2b+n—1)2" + b(b—1)]y = 0. 


Particular solution: yo = x” exp(ax"/n). 


120. xy” + (ax?" + ba" + c)y = 0. 
This is a special case of equation 14.1.2.146. 


121. xy” + (ax®" J hast + = gn*)y = 0. 


n—1 
The transformation € = ax” + b, w = yx 2 leads to an equation of the form 14.1.2.7: 
Wee + (an)—2éw = 0. 


122, 2? y” + [aax?” (bx” +c)"™+ + — $n7ly = 0. 

-1 
The transformation € = ba" +c, w = yo 2 leads to an equation of the form 14.1.2.7: 
Wee + a(bn)~2é™w = 0. 
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123. ay” + azy’,+ by =0. 
The Euler equation. Solution: 
l—a 
jx| 2 (Cy |x|" + C2|2|~") if (1 —a)? > 4b, 
J 
y= 4 || 2 (Cy + Cyln|zl) if (1 — a)? = 4b, 
_ 
la 2 [Cy sin(juIn |z|) + C2 cos(uIn|x|)} if (1 — a)? < 4b, 
where ps = 5|(1 — a)? — Ab|!/. 
124, 2?y” + ay’, + [2?-—(n+4)?]y=0, n=0,1,2,... 


This is a special case of equation 14.1.2.126. 
1d i 
Solution: y = grtih/2 (-+)" (C: sin iG cos £ )] . 


x dz x x 


2 
125. ay” +axy’, — [x? + (n+ 4) ly =9, n=0,1, 2,... 
This is a special case of equation 14.1.2.127. 


Solution: y = ght 1/2 (==) (a= + Cy <— | : 


126. x?y”, + ay! + (x? —v?)y =0. 
The Bessel equation. 


1°. Let v be an arbitrary noninteger. Then the general solution is given by: 

Y= Cyl (a) aa CoY_(z), (1) 
where J,,(a) and Y,(x) are the Bessel functions of the first and second kind: 

oe) 
(=1f Gay J, (x) cos mv — J_,(x) 
J; = —— = ————— 2 
(2) d kiT(v+k+1) (e) sin TV @) 
Solution (1) is denoted by y = Z,(a) which is referred to as the cylindrical function. 
The cylindrical functions possess the following properties: 
2vZ,(x) = 2[Z,-1() + Zr+41(2)], 
d 


qt () Sar 2 ie), (a? 2(a)] = —2"Z,41(2). 


The functions J,(x) and Y,(a) can be expressed in terms of definite integrals (with 
x > 0): 


Aw) -| cos(x sin 8 — v@) d@ — sin nv f exp(—2 sinht — vt) dt, 
e 0 

mY, (x) = sin(x sin 0 — v0) d6 -{ (e%* +e” cos av)e—* mh de. 
o 0 


2°. In the case v = n+ 4, where n = 0, 1, 2, ..., the Bessel functions are expressed in 
terms of elementary functions: 


_ | 2 wet 1 d\"sinz _ f2 gt fl d \"cosx 
Inge) = yrert(-l ae), Lag = yee (le) 
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3°. Let vy = n be an arbitrary integer. The following relations hold: 
J—n(a) =(-1)"In(@),  Y¥-n(@) = (-D)"Yn(@). 


The solution is given by formula (1) in which the function J,,(x) is obtained by substitut- 
ing vy = n into formula (2), while Y,,(a) is found by taking the limit as y + n and for 
nonnegative n becomes 


n—-1 
_ 2 g al (n—k-—1)! (2\n-2k 
i= Oa a a) 


7 ey W(k+1)+¥(n+k+1) 


! ! ? 
= 2 ki (n+k)! 


n—1 
where w(1) = —C, y(n) = —C + 9D k-1, C = 0.5772... is the Euler constant, (x) = 
k=1 


[In '(2:)]/, is the logarithmic derivative of the gamma function. 
For nonnegative integer n and large x, we can write 
Vara Jon(x) = (—1)"(cos x + sin x) + O(x~?), 
Vre Jons1(2) = (—1)"*1(cos x — sin x) + O(x7?). 
The function J,,(x) can be expressed in terms of a definite integral: 
1 TT 
Jt) = =| cos(x sint — nt) dt; n= 0/1, 2, 202 
Tm JO 
The Bessel functions are described in Section S4.6 in more detail; see also the books 
by Abramowitz & Stegun (1964) and Bateman & Erdélyi (1953, Vol. 2). 
127. a?y” + ay), — (a? +v?)y =0. 
The modified Bessel equation. It can be reduced to equation 14.1.2.126 by means of the 
substitution « = iz (i? = —1). 
Solution: 
ae CiL,(2) aa Crk, (x), 


where [,,(x) and K(x) are modified Bessel functions of the first and second kind: 


_ oo (a /2)2k+¥ _ T £m) =1)(z) 
we)= areseey =a ae 


The modified Bessel function [,,(x) can be expressed in terms of the Bessel function: 
I,(a) = e7™/? J, (ae™/?), i? = -1. 


The caseev =n + 5, where n = 0, 1, 2,...,is given in 14.1.2.125. 
If v = nis a nonnegative integer, we have 
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where 7)(z) is the logarithmic derivative of the gamma function (see 14.1.2.126, Item 3°); 
for n = 0, the first sum is omitted. 
As x — +00, the leading terms of the asymptotic expansion are: 


The modified Bessel functions are described in Section S4.7 in more detail; see also the 
books by Abramowitz & Stegun (1964) and Bateman & Erdélyi (1953, Vol. 2). 


128. xy” + 2xy’, — (a?x? + 2)y = 0. 
Solution: x?y = C,(ax — 1)e% + Co(ax + 1)e—™. 
129. a?y” — 2ary’ + [b?x? + a(a+1)]y = 0. 

|x|°(C, sinba + Cycosbx) if b #0, 
Solution: y = : me ; 

Cy|z|* + CoIa| if b=0. 

130. xy”, — 2axry’, + [—b?a? + a(a+1)]y =0. 
|z|*(Cre"* +Coe™") if b40, 
Cy|x|* + Co|a|ett if b=0. 


Solution: y= 


131. xy” + Ary’, + (aa? + ba+c)y=0. 
The substitution y = x*u, where k is a root of the quadratic equation k? +(A—1)k+c=0, 
leads to an equation of the form 14.1.2.108: xu”, + (A + 2k)ul, + (ax + b)u = 0. 


132. xy” +axy’, + (bx” + c)y = 0, n #0. 
The case b = 0 corresponds to the Euler equation 14.1.2.123. 
For b ¥ 0, the solution is: 


ina 2 n 2 n 
yao" [os,(2vbe8) + 0n¥,(2vEe9)), 
n n 

where v = +,/(1 — a)? — 4c; J,(z) and Y,(z) are the Bessel functions of the first and 
second kind. 
133. xy” +axy’,+a2"(bre” + c)y = 0. 
The substitution € = x” leads to an equation of the form 14.1.2.108: 

nbyge + n(n — 1+ a)ye + (bE + c)y = 0. 


134. a?y” + (ax+b)y, +cy =0. 
The transformation x = z~', y = z*e*w, where k is a root of the quadratic equation 
k? + (1 — a)k + c = 0, leads to an equation of the form 14.1.2.108: 


zwy, + [(2— b)z+2k4+2—-—alw, + [(1—b)z+2k4+2-—a-—bk]w =0. 


zz! 


135. xy” + ax7y’. + (bx? + cx + d)y = 0. 
The substitution y = w exp(—saz) leads to a linear equation of the form 14.1.2.115: 
vwh, + [(Fa? + b)a? + cx + dlw = 0. 
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136. «?y” + (ax? + b)y! + c[(a — c)x? + bly = 0. 
Particular solution: yo =e. 

137. «?y” + (ax? + bx)y’, — by = 0. 
Particular solution: yo = 2~°e~™. 

138. «2? y”” +(ax?+bax)y! +[k(a—k)a?4 (an+bk—2kn)x+n(b—n—1)]y=0. 
Particular solution: yo = 2~"e~**. 

139. agxr*y” + (aya? + byx)y’, + (apa? + box + co)y = 0. 


The substitution y= x*w, where k is a root of the quadratic equation agk? + (b} —ag)k+ 


Co = 0, leads to an equation of the form 14.1.2.108: agrw!,,, + (ayx + 2agk + by) wi, + 
(agx + aik + bo)w = 0. 


140. 2?y” + [ax? + (ab—1)a + bly’, + a?bry = 0. 


—axt 


Particular solution: yo = (ax + l)e 


141. xy” — 2a(x? — a)y’, + {2na” + [(—1)” — 1la}y = 0. 


For n = 0, 1, 2,..., particular solutions are polynomials, yo = P,(x), where 
Po(z) =1, Py(z)=2, Po(x) = 2x7-—1-2a, P3(x) = 2x° — (3 + 2a)z, 


The polynomials contain only even powers of x for even n and only odd powers of x for 
odd n. 


142. 2?y” + 2(ax?4+ be +c)y! + (Ar? + Ba? +Cax+ D)y =0. 


1°. The substitution y = x*w, where k is a root of the quadratic equation k? + (c—1)k+ 


D = 0 leads to an equation of the form 14.1.2.84 (see also 14.1.2.80-14.1.2.83): 
awl, + (ax? + be +c4+ 2k)w!, + [Ax? + (B+ ak)x + C + bkly = 0. 


2°. Let s and r be arbitrary parameters. 
For A = ar, B=as+br—r?,C = bs +cr — 2rs, D = s(c — s — 1), a particular 
solution is: yo = © %e 
For A= a(b—r), B=a(c—s+1)4+r(b—-r), C =bs+cr —2rs, D=s(c—s—1), 


a particular solution is: yo = «1° exp(—Sax? —rz). 


—rxz 


143. gry! +axn”"y’, — (abe” + aca”—1 + b%x? + 2bcex + c? — c)y = 0. 
Particular solution: yo = 2°e°”. 
144. x?y”, +ax"y! + (abe t?™ — b?x4™*? 4 ama"! — m2 — m)y = 0. 


: F b 
Particular solution: yo = 2" exp (-——— 2") ; 


2m + 1 
145. a?y” + x2(ax” + b)y’, + b(ax” — 1)y =0. 


Particular solution: yo = zn, 
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146. «?y” + x(ax" + b)y’, + (ax? + Ba" + 7)y = 0. 


The transformation z = x”, w = yz", where k is a root of the quadratic equation 


n?k? + n(b — 1)k + y = 0, leads to a linear equation of the form 14.1.2.108: n?zw!, + 
[naz + 2kn? + n(n —1+5)]w + (az + kna+ B)w = 0. 

147. xy” +2(2ax"-+b)y’ + [a7a?"+ a(b+n—1)2"+ax?™+ Ba2™+7]y =0. 
The substitution w = yexp(ax"/n) leads to a linear equation of the form 14.1.2.146: 
cw! + bowl, + (an?™ + Ba™ + y)w = 0. 

148. xy” + (ax”*? + ba? + c)y’, + (ana”™tt + acxz” + bc)y = 0. 


git be). 


a 
Particular solution: yo = (- 
articular solution: ‘yo = exp(—>—— 
> Equations of the form (az? + bx + c)y”, + f(x)y!, + 9(x)y = 0. 
149. (1- x)y” +n(n—1)y=0, n=0, 1, 2,... 


This equation is encountered in hydrodynamics when describing axially symmetric Stokes 
flows. 


1°. For n > 2, the solution is given by: 
y = C1 In(x) + CoHn(z), 


where 7J;,(x) and H,,(x) are the Gegenbauer functions which can be expressed in terms of 
the Legendre functions of the first and second kind (see 14.1.2.153) as follows: 


Py_2(x) — P,(x) — Qn-2() — Qn(z) 


In (a) = n=] n—1 


2°. For n = 0 and n = 1, the solution is: y = C, + Coz. 
150. (a? —a?)y”, + by’, — 6y = 0. 

2a+b 2a—b 
Particular solution: yo = (4% — b)|a + a| 2a |x —al 2a. 


151. (a? —1)y” +ay, +ay=0. 
1°. For a = k? > 0, the solution is: 
C cos(k arccosh |x|) + C2 sin(k arccosh |x|) if |x| > 1, 
C, exp(karccos x) + Cpexp(—karccosz) if |x| <1, 
where arccosh x = In(x + Vx? — 1). 
2°. For a = —k? < 0, the solution is: 
_ ‘a exp(k arccosh |x|) + Cg exp(—karccosh |x|) if |a| > 1, 


C; cos(k arccos x) + Cy sin(k arccos x) if |z| <1. 


3°. For a = —n?, where n is a nonnegative integer, particular solutions are the Chebyshev 
polynomials: T,,(x) = cos(n arccos x). 
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152. (1—2?)y” — ay), +n?y =0, w=), Tz 2s, 2% 


po 


This is a special case of equation 14.1.2.151 with a = —n?. Particular solution: 
vo = T(z) = cos(narcceos:z) = Gels 1-2? aia [a - ys) 
= mG), ae 
n 
[n/2] 
n (n —m-— 1)! = 
zd ) mim—Bea 


where T;,(x) is the Chebyshev polynomial of the first kind, (a), =a(a+1)...(a+n-—1), 
and [b] stands for the integer part of a number b. 
153. (1—- x)y” — 2ay’,+n(n+1)y =0, n= 0, 1, 2,... 
The Legendre equation. 
The solution is given by: 


Y= Ci P Ae) a C2Qn(z), 


where the Legendre polynomials P,,(a) and the Legendre functions of the second kind 
Q(x) are given by the formulas: 


1 @ 
Pa) = Ton age 


(x?-1)", Qn(x) = 5 Pala) in 


te 4 ll 
—— S° — Pm—1 (2) Pn—m(2): 


m= 


The functions P,, = P,,(x) can be conveniently calculated by the recurrence relations: 


A=, AG== P(x) = 5(80? 1), _ 


2n+1 n 
Pia (t) = ia £P,,(x) — a Pai (2). 
Three leading functions Q, = Q,,(x) are: 
1, 1l+2 z, il+¢2 327-1, 1l+a2 3 
=] =—] —1 = ih — 2. 
C= ag Soi, SA i Cr ee 


All n zeros of the polynomial P,,(a) are real and lie on the interval —1 < x < 1; the 
functions P,,(a) form an orthogonal system on the closed interval —1 < x < 1, with the 
following relations taking place: 

1 0 if n Am, 
/ FP (giPalelae = 2 
7 2n +1 
154. (1—2?)y” — 2ay’ +v(v+1)y =0. 
The Legendre equation; v is an arbitrary number. The case v = n where n is a nonnegative 
integer is considered in 14.1.2.153. 


The substitution z = x? leads to the hypergeometric equation. Therefore, with |z| < 1 
the solution can be written as: 


where F'(a, 3, y; x) is the hypergeometric series (see 14.1.2.171). 
In Section $4.11, the Legendre equation is discussed in more detail. See also the books 
by Abramowitz & Stegun (1964), Bateman & Erdélyi (1953, Vol. 1), and Kamke (1977). 


if n=™. 
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155. (1—2?)y” — 3ay,,+n(n+2)y =0, S15 BS Bs cee 


Particular solution: 


sin[((n+1)arccosz]  (—1)"(n+ 1) 1 a” a 
tne Te Toe art 


— yn A (ayn, (@)n =a(at+1)...(a+n-1), 


where U,,(x) is the Chebyshev polynomial of the second kind and [b] stands for the integer 
part of a number b. 


156. (a?—1)y” 4+2(n4+1)ay’,—(v+n+1)(v—n)y=0, WH 1, Be By 0% 
dq” 


— y,(x), where y,(x) is the general solution of the Legendre equation 


Solution: y = —— 


14.1.2.154. 


157. (a?—1)y”, —2(n—1)ay’,—(v—n+1)(v+n)y =0, nm=1,. 2,3) 6%. 
TL 


Solution: y = |x? — pry. (2), where y,(x) is the general solution of the Legendre 
equation 14.1.2.154. 


158. (a? —1)y” + (2a+ 1)ay!, — b(2a + b)y = 0. 
1°. Particular solution: 


I\(2a + b) 


_ _ ted ob 
0 = F6+ Drea) at? OSes 52), (1) 


where F'(a, 3, y; z) is the hypergeometric function (see equation 14.1.2.171 and Section 
$4.10). 


2°. For b = n, where n = 0, 1, ..., the right-hand side of (1) defines the Gegenbauer 
polynomials, 
T\(2a + n) 
C@ = F(2 —n, 1.1 1 
= Taareg Co ee a 2) 
“T(a+kQa+n+k)(ae —1)* 
k! (n — k)! 2'T(a)T (2a + 2k) 


159. (1—a%”)y”_ +(2a—3)xy’,+(n+1)(n+2a—1)y=0, w= D0; 1, 2, cnx 


Particular solution: 


anny T(a+k)P(2a+n+k)(a —1)* 


yo(2) = (1 — 27)-¥?C) (2) = Cen EOE ae 


where C2) (x) are the Gegenbauer polynomials. 
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160. (1— 2? )y”, + [(B-a-—(a+B+2)a]y,+n(n+a+B+1)y =0, 
n=O, 1, 2, 
Particular solution: 


wo(2) = Pe%(a) = - 


aa (b— 2) *(. +2) P| — 2) + a) 


=-2-" > ae I (e= 1)" e+ 1)" 


where P&? (x) are the Jacobi polynomials and C;’ are binomial coefficients. 
161. (1—a*)y%, + [a—-6+ (a+ —2)a]y’, 

+(n+1)\(n+a+B)y =0, n = 0, 1, 2, 
Particular solution: yo(x) = (1 — x)*(1 + 2)8P%" (x), where P&° (x) are the Jacobi 
polynomials (see 14.1.2.160). 
162. (ax? + b)y,, taxy’, + cy = 0. 


The substitution z = leads to a constant coefficient linear equation: Y.. + 


| Tart 


cy = 0. 
163. (x7 + a)y”, + 2bry’, + 2(b—1)y =0. 


Particular solution: yo = |x? + a|'~°. 


164. (a? —a?)y”, + 2bay’ + b(b—1)y = 0. 
Solution: y = Cy|x — al!-® + Colx + al!-®. 


165. (a? + a7)y”, + 2bxy’, + b(b—1)y =0. 


Solution: 


1Xb 1Lb 
y = C1(2? +a?) 2 sing +C2(x* +a?) 2 cosy, where y = (1 — b) arctan(a/z). 
166. (ax? + b)y”, + (2n+ 1l)azy’, + cy =0, w= 1, 2,3, 


This equation can be obtained by differentiating m times an equation of the form 14.1.2.162: 


(ax? + b)u",, + arul, + (c— an*)u = 0. 


LL 
Solution: y = ul”. 


167. (1—2x7)y”, — xy’, + (2ax? + b)y = 0. 
This is an algebraic form of the Mathieu equation. The substitution x = cos z leads to the 
Mathieu equation 14.1.6.29: y!, + (a+b+acos2z)y = 0. 


168. (1—2?)y” + (art b)y, +cy =0. 

1°. The substitution 2z = 1+ 2 leads to the hypergeometric equation 14.1.2.171: 
2(1 — z)yt, + [az + 3(b— ally, + cy = 0. 

2°. Fora = —2m — 3, b = 0, and c = X, the Gegenbauer functions are solutions of the 
equation. 
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3°. In the special case a = —a — 8 —2,b=8-—a,andc=n(n+a+ 6 +1), solutions 
of the equation are the Jacobi polynomials: 


PAE Ma) =I" D> CMa Ca ple WME 


where C7 are binomial coefficients ae Section S$4.1.1). 


169. (ax? + b)y’” + (cx? + d)y’, + A[(c — aA)x? + d— bAly = 0. 


Particular solution: yo = e~**. 


170. (ax? + b)y” + [A(e+ a)a? + (c— a)a + 2bAly!, + A? (ca? + b)y = 0. 


Particular solution: yo = (Ax + 1)e*. 


171. x(x —1)y%, + (a+ B+1)x — yy, + aby = 0. 
The Gaussian hypergeometric equation. For y 4 0, —1, —2, —3, ..., a solution can be 
expressed in terms of the eae series: 


F(a, B,y;2) =14 yO (a), =a(a+1)...(a+k—1), 


(Vk “a 
which, a fortiori, is convergent for |x| < 1. 
For y > @ > 0, this solution can be expressed in terms of a definite integral: 


ah ly) : B-1(4 _ 4)1-8-1(1 — tp) 4 
F(a, 8,7; \-aarecn ft (1—t)7 (1 — ta) dt, 


where [I'\(3) is the gamma function. 


If y is not an integer, the general solution of the hypergeometric equation has the form: 
p=Cr asa) Oe FeHyr1, p=7+h 2=% 2). 


In the degenerate cases y = 0, —1, —2, —3, ..., a particular solution of the hyper- 
geometric equation corresponds to C; = 0 and C2 = 1. If ¥ is a positive integer, another 
particular solution corresponds to C; = 1 and C2 = 0. In both these cases, the general 
solution can be constructed by means of the formula given in 14.1.1. 

Table $4.3 (see Section $4.10) presents some special cases where F' is expressed in 
terms of elementary functions. 

Table 14.2 gives the general solutions of the hypergeometric equation for some values 
of the determining parameters. 

The function F’ possesses the following properties: 


Pa byt) =F (Pye 72), 
F(a, B,y;0) = (1-2) * "F(y-a, y- 8, 5 2), 
Paya Ula ray 2.4 —), 


d" (@)n(B)n 
ant (4 8,95 #) = Ga. a 


The hypergeometric functions are discussed in the books by Abramowitz & Stegun 
(1964) and Bateman & Erdélyi (1953, Vol. 1) in more detail; see also Section S4.10. 


(atn, B+n, y+n; 2). 
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TABLE 14.2 
General solutions of the hypergeometric equation for some values of the determining parameters 


oe es 


1 


Caiman) ee aa) 
Ci(l+Ve) 724 Op (1 ~«/z)" ** 
<a [cut ve)” aera (1 ~ yx) *] 


ja|!-7ax — 1-8 (+G2 f fal |e —1\°-7 de) 


je (C40 f al} dx) 


jel *(C1+C2 f fale)" ae) 


172. «(a+ a)y”,+(br+c)y, +dy =0. 


The substitution « = —az leads to the hypergeometric equation 14.1.2.171: z(1—z)y!, + 
[(c/a) — bzly, — dy = 0. 


173. 2x(a@ —1)y”, + (2a —1)y/, + (ax + b)y = 0. 
The substitution x = cos? € leads to the Mathieu equation 14.1.6.29: 


Yee — (a + 2b + acos 2€)y = 


174. (a? + 2ax + b)y”., + (a+ a)y’, = my = 0. 
Solution: y = Ci(e@ + a+ V2? + 2az 4 b)™ + Co(a+at+Va2+2axr+b)™. 


175. (ax? + br+c)y”,+ (dxt+k)y’, + (d—2a)y = 0. 
Integrating yields a first-order linear equation: (ax? +br+c)y/,+[(d—2a)a+k—Dbly =C. 


176. (ax? +br+c)y”, + (kx +d)y! —ky =0. 
Particular solution: yo = ka + d. 


177. (aa? + 2ba + c)y’, + (ax + b)y’, + dy = 0. 


The substitution € = / ee leads to a constant coefficient linear equation 
Vax? + 2bx +c 
of the form 14.1.2.1: yg + dy = 0. 
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178. (ax? + 2bx + c)y”. + 3(ax + b)y’, +dy = 0. 

The substitution w= y,/|ax? + 2bx + c| leads to a linear equation of the form 14.1.2.177: 
(ax? + 2br +c)w!,, + (ax + b)wi, + (d—a)w =0. 

179. (agx? + box + c2)y”, + (biz + c1)y!, + coy = 0. 

Let A; and Xz be roots of the quadratic equation a2A? + bo + co = 0. 


—xX 
1°. For A; # Ag, the substitution z = x 7 leads to the hypergeometric equation 
2—A1 
14.1.2.171: 
2(1 — z)yz, — (Az + B)y, — Cy =0, 
b bi A 
where A — —, go OTs (ome 
ag a2(A2 = A1) a2 


2°. For 4; = Ag = A, the transformation « = \ + €~!, y = é*u, where k is a root of 
the quadratic equation ajk? + (a2 — b,)k + co = 0, leads to a linear equation of the form 
14.1.2.108: artuge a [(cy + Abi )E +b - 2a2(k + 1))ue _ k(cy + Abi )u = 0. 


3°. Let co = —agn(n — 1) — bn, where n is a positive integer. Then, among solutions 
there exists a polynomial of degree < n. 


180. (ax? + br + c)y”, — (x? — k?)y’ + (x2 +k)y = 0. 
Particular solution: yo = x — k. 
181. (ax? + ba + cy. + (a? + k3)y’, — (x? —ka +k?)y =0. 


Particular solution: yo = «+k. 


> Equations of the form (asx? + agx? + a,x + a0)y”,+ f(x)y, + 9(x)y = 0. 
182. xy” + (ax + b)y = 0. 

This is a special case of equation 14.1.2.132 with n = —1. 

183. ay” + (ax? + br)y’ + cry = 0. 

The substitution x = 1/z leads to an equation of the form 14.1.2.139: 


zy! + 2(2—a—bz)y, + cy =0. 


184. xy” + (ax? + bx)y’,, + by = 0. 
Particular solution: yo = a — 2+ b/z. 


185. xy”, + (ax? + br)y’, + cy =0. 
The substitution z = 1/z leads to an equation of the form 14.1.2.108: 


zYz, + (2—a— bz)y, + cy =0. 


186. ay” + (ax? + bx)y’, + (cx + d)y = 0. 


1°. The substitution y = xu, where k = —d/b, leads to a linear equation of the form 


14.1.2.134: xu! + [(a+ 2k)a + dlul, + [k(at+k—1)+clu=0. 


2°. If c= 0 and d = b(a — 2), a particular solution is: yo = e’/*. 
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187. xy” + (ax? — 2? + abe + b)y?, + a*bxy = 0. 
Particular solution: yo = (ax +1)e-%. 

188. a®y” + x(ax” + b)y’, — (ax” — abx™' + b)y = 0. 
Particular solution: yo = x exp(b/z). 

189. «(ax + b)y”, + 2(ax? + b)y’, — 2axy = 0. 
Particular solution: yo = ax + b/z. 

190. «x(x? + a)y”, + (bax? + c)y! + sry = 0. 


The substitution az =—2? leads to the hypergeometric equation 14.1.2.171: z(1—z)y, + 
z{l1t+ca-!— (1+b)z]y, — 4sy =0. 


191. «?(ax + b)y”, + [cex? + (2b+ ad)x + bAly’, + A(e — 2a)y = 0. 
Particular solution: yo = exp(A/z). 
192. «?(ax + b)y”, — 2x(ax + 2b)y! + 2(ax + 3b)y = 0. 


C12? + Cox? 
ax+b 


193. «?(ax + b)y”, + [a(2 —n — m)x? — b(n + m)z]y’, 
+ [am(n — 1)a + bn(m + 1)]y = 0. 


Solution: y= 


Cylal” + Co|a|™*t 


Sk aie ax 
Soho = nic, E Osinlsl) 
aN if m=n—l. 
ax +b 
194. 2?(a+a2)y”, + ax(bixz + a1)y’, + (box + ao)y = 0. 


The substitution y= «*u, where k is a root of the quadratic equation ayk? + k(a,— a2) + 


ao = 0, leads to a linear equation of the form 14.1.2.172: 


a(x + ag)un, + [(2k + by)a + 2kag + ay)ul, + [k? + k(by — 1) + bolu = 0. 


195. (ax? + bx? + cax)y + (ax? + Ba + 2c)y’, + (GB — 2b)y = 0. 


Particular solution: yo = 2a — a + (2b— B)a~". 


196. (ax* + bx? + cx)y”, + (ax? + Bx + 2c)y’, — (ax + 2b—- B)y = 0. 
ca + (b — B)(2b — 8) 


A 
Particular solution: yo = ax + 2(8 — 6b) + —, where \ = ——-—————_—-. 
y a-a 


197. (ax? + ba? + cx)y”, + [-2ax? — (b+ 1)a+k]y! + 2(ax+1)y =0. 
Particular solution: yo = (ak + b— 1)2? + (e+ k)(2a — k). 
198. (ax* + hae cx)y”, + (na? +ma+ ck)y’, 


+ (k — 1)[(n — ak)x + m — bkly = 0. 


Particular solution: yo = gi, 


14.1. Linear Equations 545 


199. (ax? +ba?+cxr)y”,+[(m—a)x?+(2em—1)x2—cly, +(—2mxz+1)y =0. 
Particular solution: yo = (a + m)a? + (2b + 4em — 1)(x +c). 
200. (ax? + bx? + cx)y”, + (nx? ++me+k)y! + [-2(a+n)x + lly = 0. 
With the constraint 

2(2a + n)(c+k) + (2b+ 2m+4+1)[m+1+ 2k(a+n)] =0, 
a particular solution has the form: yo = (2a + n)a? + (2b + 2m +4 1)(x — k). 
201. (ax* + a? + by”, + a?ax(x? — b)y’, — a®bry = 0. 


Particular solution: yo = (ax + 2)e 


202. 22(ax” + ba + c)y”. + (ax — c)y’, + Au*y = 0. 
x 


1/2 
| dx leads to a constant coefficient linear equa- 
an* + bae+¢ 


The substitution € = / ( 
tion: 2yge + Ay = 0. 
203. «(ax? + ba + ly + (ax? + Ba + y)y,, + (na + m)y = 0. 
The substitution y = 2'~7w leads to an equation of the same form: 
a(ax* + ba + 1)w", + [(a + 2a — 2ay)x? + (6 + 2b — 2by)e# +2 — Iwi, 
+ {[n + (L—7)(a — ay)Jx +m + (1—7)(8 — by) }w = 0. 

204. x(x —1)(x—a)y, + {(a+B41)2” 

—[a+B+1+a(y+ 9) — dla +ay}y, + (aBa — q)y = 0. 
Heun’s equation. 


1°. For ja| > 1 andy 40, —1, —2, —3, ...,a solution can be represented as the power 
series: 


[oe] 
FG Ge 8,7,0.0)= > equ”, 
n=0 


where the coefficients are determined by the recurrence formulas: 
co=l, ayea=4q, 
a(n+1)(y+nenui = aly +5 +n—1)+a+6—-d+n+—|neq 
[(n — 1)(n — 2) + (n—-1)(a@+ 8 +1) + B]en-1. 


A fortiori, the series is convergent for |x| < 1. 


2°. If y is not an integer, the general solution of Heun’s equation can be presented as 
follows: 


y = Ci F(a, qa, 8,7, 6,2) + Co|2| 7 F(a,q;a-—y+1,8-y+1,2-7,6,2), 


where q1 =q+(a—7+1)(8—-7+1)—08 +4(y-D. 

Table 14.3 lists some transformations preserving the form of Heun’s equation. (When- 
ever at least one of the indicated equations is integrable by quadrature with some values of 
parameters, all the other equations are also integrable for those values of the parameters.) 


© Literature: H. Bateman and A. Erdélyi (1955, Vol. 3), E. Kamke (1977), S. Yu. Slavyanov, W. Lay, and 
A. Seeger (1955), A. Ronveaux (1995). 
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TABLE 14.3 
Some transformations preserving the form of Heun’s equation 


ee 
= 


==, w=|ely 


= 
| ci-fetfar-] = 
ale 


chia f=9 GG 4 ar, ae 
q3 = qa-'+a(a—y+1)+aa~!(6—B)—a6. 


* This row refers to the original equation, while the others refer to the transformed equation for w = w(€). 


205. (ax? + bx? + cx + d)y”, — (x? — A*)y, + (a@ +A)y = 0. 
Particular solution: yo = x — X. 


206. 2(ax* + ba? + cx + d)y”,+ (3ax? + 2ba + c)y,, + Ay = 0. 


ae dx ue 
The substitution € = / —————————— leads to a constant coefficient linear equa- 


ax? + ba? + cr +d 
tion: Yee + Ay = 0. 
207. 2(ax? + ba? + ex + d)y’., + 3(3ax? +2ba + c)y’, + (6ax+2b+A)y =0. 
This equation is obtained by differentiating the equation 14.1.2.206. 
208. (ax? + bx? + cx +d)y”, + lax? + (ay+ B)x + Byly,, —(ax+ B)y =0. 
Particular solution: yo = x +7. 
209. (ax? + ba? + ca + d)y”,.+ (a? + A®)y/, — (x* — Ax + A*)y = O. 


Particular solution: yo = x + X. 
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210. 2a(ax?+ba+c)y”, + [a(2—k)x? + b(1 —k)x — ckly’,, +rAx* ty = 0. 


The substitution € = / ak? (ax* + ba + c) ? da leads to a constant coefficient linear 


equation: Yee + dry = 0. 


> Equations of the form (a4x24*+a327+a2x7+a1x2+a9)y",.+f (x)yi+g(x)y=0. 
211. xty”, +ay=0. 


The transformation z = 1/zx, u=y/« leads to a constant coefficient linear equation of the 
form 14.1.2.1: uf, +au=0. 


212. pty + (ax? + be + c)y = 0. 
The transformation z = 1/x, u = y/ax leads to a linear equation of the form 14.1.2.115: 
zrull, + (ez*7 + bz +a)u=0. 
4 2 = 
213. aty” —(a+b)a*y’, + [(a+ b)x + ably = 0. 
Cyre-V/2£ + Core/* if a # b, 


Solution: y= 
(Cyt + Co)e—4/* if a=b. 


214. gry” + Qa? (a + a)y’, + by = 0. 


The substitution z=1/z leads to a constant coefficient linear equation: y’!,—2ay!,+by=0. 


215. gry” +ax"y’, — (ax”—1 + aba”? + b?)y = 0. 


Particular solution: yo = xe~°/*, 


216. x?(x —a)7y”, + by =0. 


Solution: y = Cj|x|"|x2 —a|4~™ + Co|x|4~™ |x — a|"™, where m is a root of the quadratic 
equation m(m — 1)a? = —b. 


217. x?(a —a)?y” + by = cx? (x — a)?. 


Solution: 
y= lel a aoe al" (Cy + ont / a|2-™ |x — al" de) 
+ [ol n — al (Cp Ef Jal |a— al!” dr), 
a(2m — 1) 
where m is a root of the quadratic equation m(m — 1)a? = —b. 


218. ax?(x —1)?y” + (ba? + cx + d)y = 0. 
Let p and q be roots of the quadratic equations 
ap(jp—1)+d=0, ag(q—1)+b4+c4+d=0. 


The substitution y = x?(a — 1)?w leads to the hypergeometric equation of the form 
14.1.2.171: ax(x — 1)w,, + 2a[(p + q)x — plwi, + (Qapq — c — 2d)w = 0. 
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219. x? (a? +a)y”, + (bx? + c)ry’, + dy = 0. 
The substitution € = x? leads to a linear equation of the form 14.1.2.194: 4€?(€ + a) Yee + 
2€[(b + 1)E+a+cly, + dy = 0. 
220. (a7 +1)?y”, +ay=0. 
The Halm equation. Solution: 
Va? +1[C\ cos(@ arctan x) + C2 sin(6 arctan «)| ifa+1=6?>0, 
y = 4 Vz? +1[C; cosh(Z arctan x) + Cp sinh(@arctanz)] if a+1=—6? <0, 


Va? +1(C, + C2 arctan x) if a=-—1. 
221. (x? —1)?y”, +ay=0. 
Solution: 
V|z? — 1] [Ci cos(8 In |z|) + Cosin(BIn|z|)] if a—1= 46? > 0, 
y= 4 (e+ 1)(Crle|-/? + Oyla|-@4D2) if a—1 = -46? <0, 


|x? — 1] (Cy + C2 In |z|) i =, 
where z = (1 + 1)/(x — 1). 
222. (a? + a?)?y” + b?y =0. 


This is the equation of bending of a double-walled compressed bar with a parabolic cross- 
section. 


1°. For the upper sign (constricted bar), the solution is as follows: 


y = V22+a2(Cicosut+ Cosinu), where u= V1+(b/a)? arctan(x/a). 


2°. For the lower sign (bar with salients), the solution is given by: 


Jj ae 
y = Va? — 2x? (Ci cosu+Cosinu), where u = a || <a 
a a— 


223. 4(a?+1)?y” + (ax? +a—3)y=0. 
Solution: 
_ l(a? + 1)1/4(C, cos € + Co sin €) ifa>1, 
- (a? + 1)'/4(C, cosh€ + Cpsinh€) if a <1, 
where € = $4/Ja — 1] In(x + \/|z? +1]). 
224. (ax? + b)?y”, + 2ax(ax? + b)y’,, + cy = 0. 
daz 
az? +b 


The substitution € = / leads to a constant coefficient linear equation: Yeetcy =0. 


225. (a? —1)?y”, + 2a(x? — 1)y!, — [v(v + 1)(@? —1) + n?]y = 0. 
Here, v is an arbitrary number and n is a nonnegative integer. This is a special case of 
equation 14.1.2.226. 

If n = 0, this equation coincides with the Legendre equation 14.1.2.154. Denote its 
general solution by y,(x). Ifn =1, 2, 3, ..., the general solution of the original equation 


dq” 
is given by the formula: y = |x? — |"? (2). 
£ 
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226. (1 — 27)?y”, — 2a(1 — x)y! + [VD(v + 1)(1 — 2”) — pw? Jy = 0. 
The Legendre equation, v and js are arbitrary parameters. 


The transformation « = 1—2€, y =|x? — 1e/ 2w leads to the hypergeometric equation 
14.1.2.171: 


E(E — Uwe, + (H+ 1) — 2€)we + (Y— w)(Y + + 1)w =0 
with parametersa = p—v,B=ptvt+ly=ptl. 
In particular, the original equation is integrable by quadrature if vy = pp ory = —p — 1. 


In Section $4.11, the Legendre equation is discussed in more detail. See also the books 
by Abramowitz & Stegun (1964) and Bateman & Erdélyi (1953, Vol. 1). 


227. a(x? —1)?y” + ba(x? — 1)y! + (ca? +dx+e)y =0. 
The transformation € = $(a+1), w=|x+1|~?|x—1|~%y, where p and q are parameters 
that are determined by sole the second-order algebraic system 


Aag(q — 1) + 2bg+c+d+e=0, (p — q)[2a(p + q—1) +b] =d, 
leads to the hypergeometric equation 14.1.2.171 with respect to w = w(). 
228. (ax? + b)?y”, + (2ax + c)(ax? + b)y! + ky =0. 
The substitution € = } 
a 
14.1.2.11: yee + cye + ky = 0. 
229. (ax? + b)?y”, + (ax? + b) (cx? + d)y’!, + 2(be — ad)xy = 0. 
24d 
ls 7s d ) 
az* +b 


Tah leads to a constant coefficient linear equation of the form 


Particular solution: yo = exp(— / 


230. (a? +a)?y” + ba” (a? + a)y! — (bat! + a)y = 0. 

Particular solution: yo = Va2 +a. 

231. (x? +a)?y” + ba”™(x? + a)y’, — m[ba"t! + (m — 1)x? + aly = 0. 
Particular solution: yo = (x? + a)'"/?. 

232. (x — a)?(a — 0) Uae - a = 0, ab. 


The transformation € = In| = 


, y = (a — b)n leads to a constant coefficient linear 


=i) 
equation: (a — b)? ("ge — nf): — cn = 0. Therefore, the solution is as follows: 


y = Cyr — alO+%)/2 Ja — BJO-AV/? +. Cola — a|O-) 2 |x — Bt 9/2, 
where A? = 4c(a — b)-? +140. 
233. (x — a)?(x — b)*y” + (a — a)(x — b) (2a + A)y! + py = 0. 


Let k, and kg be roots of the quadratic equation (a — b)?k? + (a—b)(a+b+A)k+p=0. 
Solution: 


fF Cilze/ +. Celz| if ky # he, 
~ [lelR(Cr + CeIn |z|) if ky =k =k, 
where z = (x — a)/(a — b). 


550 SECOND-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


234. (ax? + ba + c)7y" + Ay = 0. 


d. 
The transformation € = / ——— w= a leads to a constant 
ax* + bx + € Nae or betee| 
coefficient linear equation of the form 14.1.2.1: Wee +(A+ac— +b" )w 
235. (w? —1)?y”, + 2a(a? — 1)y!, + [(x? — 1)(a?a? — A) — “ = 0. 
Equation for prolate spheroidal wave functions, m = 0,1, ... It arises when separating 


variables in the wave equation written in the system of prolate spheroidal coordinates. 

1°. In applications, one usually looks for eigenvalues A = A,» and eigenfunctions y = 
Ymn(«) that assume finite values at x = +1. The following functions are solutions of the 
eigenvalue problem: 


a dy" (a)Pi.,(£) — (prolate angular functions of the first kind), 
r=0,1 


S@) (a,x) ay dy" (a)Qi,4,(x) (prolate angular functions of the second kind), 
r=—oco 
where P?"(a) and Q’(x) are the associated Legendre functions of the first and second 
kind. For —1 < 2 < 1, we have P™(x) = (1 — 2?)™/? 4 P,,(x). The summation is 
performed over either even or odd values of r, depending on whether |n — m| is even or 
odd, respectively. 


2°. The following recurrence relations for the coefficients d, = dj’ (a) hold: 
aKndp42 + (Bk — Amn)dk + Vkde-2 = 0, 
where 


a?(2m +k+1)(2m +k +2) 
(2m + 2k +3)(2m + 2k +5)’ 


_ 9 2(m+k)(m+k+1)-—2m?-1 
pe nk) air Rl) Oo oem Dka a) 


Ak = 


a*k(k — 1) 
(2m + 2k — 3)(2m + 2k — 1)" 
3°. For a — 0, the eigenvalues are defined by: 
1 (2m — 1)(2m + 1) 
-)j- or 
ll (Qn — 1)(2n +3) 1° 7O\) 


Vk = 


Amn = n(n +1) 4+ 


4°, For a > ov, we have: 


= opr (7° + 5) aud +11-—32m?)a“'+ O(a),  g=2(n—m)+1. 
© Literature: H. Bateman and A. Erdélyi (1955, Vol. 3), M. Abramowitz and I. A. Stegun (1964). 


236. (a? +1)?y%, + 2a(x? + 1)y!, + [(x? + 1)(a?x? — A) + m7 ]y = 0. 
Equation of oblate spheroidal wave functions, m =0, 1, ... The transformations 7 = +i7, 
a = +7a lead to equation 14.1.2.235. 

See the books by Bateman & Erdélyi (1955, Vol. 3) and Abramowitz & Stegun (1964) 
for more information on this equation. 
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237. (ax + ba + c)7y" + (2ax + k) (ax? + ba + c)y,, +my = 0. 
dx 


ax? + br +c 
form 14.1.2.11: Yee +(k— b) Ye +my = 0. 


The substitution € = leads to a constant coefficient linear equation of the 


> Other equations. 


238. coy” = xy’ +ay=0. 


The transformation € = 2~?, w = yax~? leads to a constant coefficient linear equation of 


the form 14.1.2.1: Awee + aw =0. 


239. x®y” + (327+ a)ax®y’ + by = 0. 
The substitution € = x~? leads to a constant coefficient linear equation: yee - 2aye + 
by = 0. 


bn(1 — an — Bn) 


bnx — an 


3 
240. y” +y, > 


n=1 
3 AnAn-1 


Z > An Bn—— = 0. 


(bix — a1)(b2x — az)(bsx% — as) y=1 bnxw® — an 


3 
Here wie =F Ba! = 1, lan| a \br| > 0, An _ Anbn+1 = An410y, # 0, Aan+3 = an, 


n=1 
bn+3 = bn. 
It is the Riemann equation. Denote this equation by: 
a1, AQ a3 


ay ag a3 5 
o bo 63} 8, B82 Bs 5} =o () 


For ay, bo 0, a3 b3 1, a, = a3 = 0, ag = a, Bi =1-7, Bo = PB, and 
83 = y — a — B, equation (1) transforms into the hypergeometric equation 14.1.2.171. 
The transformation 


_ Acr+B _ [bra — a4|"|b3x — a3l? 


eee sas SE 2 
é Copp |box — ag|"ts , @) 
where AD — BC 4 0, brings the original equation into an equation of similar form: 
A, Ag Azslay+tr ag—r—s agt+s|€& _9 (3) 
B, Bo Bs|Bitr Bo-r—s fgt+s|wf ” 


where A,, = Aa, + Bohn, Bn = Can + Dbn. 
In (2), assume r = —aQy, 5s = —a3, A = bd, /A3, B = —a,/A3, C = —b2/Ag, and 
D = a2/Az to obtain the hypergeometric equation (3). 


241. xy” + c(ax +b)” *4y =0. 


The transformation € = —. w= Y — Jeads to an equation of the form 14.1.2.7: 
ax +b ax +b 


Wee + cb-7é-"w = 0. 
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242. ay” + ary’, — (b?a” + 2bx2"—! + abe + a)y = 0. 


Particular solution: yo = xe”. 


243. ay” + (ax + b)y’, — ay =0. 
Particular solution: yo = ax + b. 


244. wy” + (ax" 1 + bx)y’ + (a — 1)by = 0. 


Particular ssntiat: yo = 2) *. 


245. xy” + (22"—1 + ax? + bx)y’, + by = 0. 
Particular solution: yo = a+ b/c. 


246. a” yy, + (aa” + b)y!, + e[(a — c)a” + bly = 0. 


Particular solution: yo =e ™. 


247. xy”, + (ax” — et aba + b)y’, + a*bay = 0. 
Particular solution: yo = (ax + 1)e “ 

248. xy” + (ax™*™ 4 1)y, +ar™(1+ mx"—")y = 0. 
Particular solution: yo = exp(-—e™), 


249. (ax” + b)y’”, + (ca” + d)y’, + A[(c — aA)x” + d— bAly = 0. 


Particular solution: yo = e~>*. 


250. (ax" + be +c)y”, = an(n —1)a”~7y, 
Particular solution: yo = ax” + ba +c. 
251. x(a" +1)y”, + [(a— b)a” +a—nly’, + b(1—a)a"™ 'y=0. 
Particular solution: yo = (x” + 1)'/”. 
252. x(a?" +a)y”, + (2? +a-—an)y’, — b?a2?""ly =0. 
Solution: y = Cy(2” + zn +q)°l” + C2(x” rn +a)” ie 
253. x? (a?a?"—1)y”_ +2[a?(n+ ne ae ly’, —v(v +1)a?n?2?"y = 0. 
Solution: y = y,(ax"), where y,(x) is the general solution of the Legendre equation 
14.1.2.154. 
254. x?(ax” —1)y”, +a(apx” + q)y) + (arx” + s)y = 0. 
Find the roots A;, Aj and B,, Bz of the quadratic equations 
A*—(qt+1)A-—s=0, B?-(p-1)B+r=0 
and define parameters c, a, 3, and ¥y by the relations 
c=A,, a=(A,+ By)n7t, B=(Ai+ Bo)n“t," y=14+(A.- A2)n7} 
Then the solution of the original equation has the form y = x°u(ax"), where u = u(z) is 
the general solution of the hypergeometric equation 14.1.2.171: 


2(z- he + [(a+84+1)z- ]u, +aBu =0. 
255. (a" +a)*y” — ba” 7[(b— 1)a” + a(n — 1)]y = 0. 


Particular solution: yg = |” + al?/”. 
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256. (ax” + b)?y”, + (ax” + b)(cx” + d)y’, + n(be — ad)x" ty = 0. 

st _ cx" +d 
Particular solution: yo = exp(— / Pre de). 
257. (a" + a)?y”, + ba™(x2” + a)y, — 2”? (br™*! + an —a)y = 0. 


Particular solution: yo = (x" + a)!/", 


258. (ax” + b)?y”, + cax™ (ax + b)y! + (ca™ — anx”*—1)y=0. 


Particular solution ( / eg ) 
> Yo = exp|— | ——]. 
ax” +b 


259. x?(ax” + b)?y”, + (n + 1)x(a?x?" — b*)y’ + cy = 0. 


ag 1 ax” Sete : 
The substitution € = — in(—_ ) leads to a constant coefficient linear equation of 
nb ax” +b 


the form 14.1.2.11: Yee — (n+ 2) ue + cy =0. 
260. (ax"t* + ba" + c)y” + (ax + Ba" 1+ y)y/, 

+ [n(a—a—an)x”1 4+ (n —1)(B — bn)x”~7]y = 0. 
a)z” + (bn — 8)" 
ax"+! + ba? +¢ 


Particular solution: yo = exp| ‘i (an+a = an 


261. (ax” + ba™ + c)y” + (A—a)y, +y=0. 

Particular solution: yo = x — X. 

262. (ax” + ba™ + c)y”, + (A? — w)y, + (w@ +A)y = 0. 
Particular solution: yo = x — X. 


263. 2(ax™ + ba™ + c)y”. + (ana + + bm2™—")y!, + dy = 0. 


The substitution € = / ee Ss leads to a constant coefficient linear equation: 
ax” + ba” + ¢ 
yee + dy = 0. 
264. (ax” + byt yl! + (ax” + b)y’, — anma”—ty = 0. 
Particular solution: yo = exp |- ii el 
(ax™ + b)™ 


265. «P,(x)y”, + [2Pn(x) + (ax? + br) Qn—2(x)]y,, + bQn—2(x)y = 0. 
Here, P,(x) and Q,—2(x) are arbitrary polynomials of degrees n and n — 2, respectively. 
Particular solution: yo = a+ b/a. 


14.1.3 Equations Containing Exponential Functions 


> Equations with exponential functions. 


1. yy” +ae**y =0, AZ 0. 
Solution: y= CJo(z)+C2Yo(z), where z= 2A~!,/ae**/?; Jo(z) and Yo(z) are Bessel 
functions. 
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2. yy, + (ae” — b)y = 0. 

Solution: y = Cr Jy 5 (2Vae"/?) + C2Y, 7 (2/ae/?), where J,(z) and Y,(z) are the 
Bessel functions. 

3. yy” + a(Ae*” — ae?”)y = 0. 


Particular solution: yo = exp (- se) ‘ 


4, y” — [a?e?* + a(2b + 1)e* + b?]y = 0. 
Particular solution: yo = exp(ae” + ba). 


5. y” — (ae? + be*” + c)y = 0. 


The transformation z = &”, w = zg ky, where k = \/c/X, leads to an equation of the 


form 14.1.2.108: A? zw’, + A2(2k + 1)w), — (az + b)w = 0. 
6 ye + (ae*® + be?” + ce?*® — 5 )y =-0. 

The transformation € = e*”, w = ye>"/2 leads to a linear equation of the form 14.1.2.6: 
Wee + rA~?(a€? + bE + c)w = 0. 

7. yf, + [ae (be** +c)” — ZA? ]y = 0. 

The transformation € = be*” +c, w = ye**/? leads to an equation of the form 14.1.2.7: 
Wee + a(brA)—2€"w = 0. 

8. yy”, + ay! + be?**y = 0. 

The transformation € = e“”, u = ye™ leads to a constant coefficient linear equation of 
the form 14.1.2.1: Uge + ba~?u = 0. 

9. y” — ay’, + be***y = 0. 

The substitution € =e” leads to a constant coefficient linear equation of the form 14.1.2.1: 
Yee + ba~*y = 0. 

10. yf” +ayl,+ (be*” + c)y = 0. 


Solution: 
y=eo/? [C1 J, (24+ be®*/?) + Ob, (Qx* bel), where v= !Va? — 4c; 
J, (z) and Y,,(z) are Bessel functions. 


We yf -—y t+ (ae** de be + — 5X )y = 0. 
The substitution z = e” leads to a second-order linear equation of the form 14.1.2.121: 
2? yl, + (az® + bz + 4 — $)?)y = 0. 


12 yy” — yt [ae?** (be*” +c)"+ 7 — 5M ly = 0. 
The substitution z = e” leads to a second-order linear equation of the form 14.1.2.122: 
yl + [az*(be +0)" + $ — FJ y = 0. 
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13. y+ 2ae>y’, + ae (ae*” + A)y = 0. 
Solution: y = exp(—Se™*) (Cy + Cox). 


14. y” + (a+ bey’ + ae>*(be*” + A)y = 0. 


Particular solution: yo = exp(—e* 1 
15. Yooh ae*?y’ — be"* (ae*® + be“ + w)y = 0. 


b 
Particular solution: yo = exp ( — cl") : 
[ 


16. y+ 2ket*y’! + (ae?” + be®® + k2e7#* + kpet® + c)y = 0. 

The substitution w = yexp (=e) leads to a linear equation of the form 14.1.3.5: 
wh, + (ae + be” + c)w = 0. 

17. yl, — (a + 2be™)y!, + b7e7**y = 0. 


; b ax 
Particular solution: yo = exp(=e%) ; 
a 


18. y+ (ae?>® + A)y!, — aXre?**y = 0. 
Particular solution: yo = ae** + Ae”. 
19, yf + (aer — A)yl, + be?» y = 0. 


The substitution € = e** leads to a constant coefficient linear equation: Yee + ary + 
by = 0. 
20. y”, + (aer” + b)y’, + c(ae*” + b—c)y = 0. 


Particular solution: yo =e. 


21. yy”, + (a + be?)y’ + A(a — A — be?”)y = O. 


Particular solution: yo = be*” + ae~. 


22. yy”, + (abe*” + b— 3A)y/, + a?A(b — A)e?**y = 0. 

Particular solution: yo = (ae*” + 1) exp(—ae*”). 

23. y” + (2ae** — A)y!, + (a72e?* + ce”) y = 0. 

This is a special case of equation 14.1.3.28 with b = k = 0. 

24. y”, + (2ae*” + b)y’, + [a2e?” + a(b + A)e*” + cly = 0. 

The substitution w = yexp (Se ) leads to a constant coefficient linear equation of the 
form 14.1.2.11: wf, + bwi, + cw = 0. 

25. y.. + (ae*” + 2b — A)y’, + (ce?>” abe HF = bA)y = 0. 


The transformation € = e*”/A, w = e*y leads to a constant coefficient linear equation: 
Wee + aw; + cw = 0. 
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26. y” +(ae*+b)y’, +[c(a—c)e”* + (ak +be+c— 2ck)e* +k(b—k)]y =0. 


Particular solution: yo = exp(—ce* — kz). 


27, yt + (aer? + b)y’, + (ae?** + Ber” + y)y = 0. 
The substitution € = e” leads to an equation of the form 14.1.2.146: 


gy. + (a + b+ Eye + (ak + BE + y)y = 0. 


28. yy” + (Que — A)yl, + (a2e?” + be?#® 4 ceH® + k)y = 0. 


r 
The substitution w= yexp (<2 — =) leads to a linear equation of the form 14.1.3.5: 
wh, + (be + ceX® + k — 7X7) w = 0. 
29, y+ (2ae*” + b— A)yl, + (a2e?*” + abe®” + ce?#*® + de“® + k)y = 0. 


. b= 
The substitution w = y exp(Se* + 


weet [ce2He +deM + k= +(d as d)?]w = 0. 


A 
x) leads to an equation of the form 14.1.3.5: 


30. y”, + (ae*” + beM”)y’ + ae” (beX” + A)y = 0. 
Particular solution: yo = exp(-Se™). 


31. yl, + (ac*#* + by’, + ule*(b — ae?) — py = 0. 


Particular solution: yo = ae”” + be“. 


32. Yn + (ae*” + bet? + c)y’, + (adver + bue””)y = 0. 


: a b 
Particular solution: yo = exp( ae —el* cr). 
jb 


33, yf + (ae*” + beX® + c)y,, + [abe tH) + ace*” + bue"*]y = 0. 


b 
Particular solution: yo = exp(——el* — cr). 
Lb 


34. y” + (aer” + Abe” — dA)y’, 
+ fabeQtH)® 4 ce?r® 4 b%e7#* 4 b(s — A)eM”]y = O. 
1°. If X = 0, the equation transforms into 2.1.3.24, and if 2 = 0, into 2.1.3.25. 
i b 
2°. For Au # 0, the transformation € = xe w= yexp(—el"") leads to a constant 
jl 
coefficient linear equation: Wee + awe + cw = 0. 
35. y+ [abeAt)® 4 are*” + bet” — 2Aly!, + a®brAc(PAtHZy — 0, 


Particular solution: yo = (ae** + 1) exp(—ae”). 


36. y”, + aexp(bx”)y’, + claexp(bx”) — cly = 0. 
Particular solution: yo = e ™ 
37. (ae*” + b)y” — ad?er”y = 0. 


Particular solution: yo = ae* + b. 
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38. (a 2 e2rr ae by”, = bAy!, — a? r7k2e?%y — 0. 
Solution: y = Cy (ae*” + Va%e* +b + Cy(ae** + Va2e2” + 5)” 
39. 2(ae*” + b)y”, + are>*y’, + cy = 0. 


The substitution € = / (ae*” + b)~'/? da leads to a constant coefficient linear equation 


of the form 14.1.2.1: Yee +cy =0. 


40. (ae*” + b)y”” + (ce*” + d)y’, + k[(c — ak)e*” + d— bk]y = 0. 
Particular solution: yo = e~**. 

41. (ae*” + b)y” + (ce*” + d)y’, + (ne*” + m)y = 0. 

For the case a = 0, see equation 14.1.3.27. For a # 0, the transformation € = ae 
w = y€—*, where k is a root of the quadratic equation bA?k? + d\k +m = 0, leads to an 
equation of the form 14.1.2.172: 


Ax 
bs 


adé (E+ b)wee + A[(2akA + ad + c)E + a(2bkr + br + d)]we + (ak? + ckA+n)w = 0. 


42. (ce? + k)y, + (ae + be" + c)y’, + (are + duel — e”)y = 0. 
Integrating yields a first-order linear equation: (e” +k)y!, + (ae*” + be"® —e™ +c)y =C. 


43. (ae*” + b)?y”, + ce**(Ab — ce*”)y = 0. 


Particular solution: yo = (ae + by)", where k = = 

a 
44. (ae*” + b)?y”, + o(ae*” + b)y’ + ce**(o + AB — ce®*”)y = 0. 
Particular solution: yo = (ae** + b)*, where k = == 

a 


45. (ae + b)?y”, + (are + c)(ae* + b)y’, + my = 0. 


The substitution € = leads to a constant coefficient linear equation of the 


a 
aer* +b 
form 14.1.2.11: Yee - CYe +my = 0. 


46. (ae>” + b)?y”, + ke” (ae®* + b)y’, + ce*” (ket® — ce*” + Ab)y = 0. 


Particular solution: yo = (ae** + B®, where k = -<. 
a 
47. 4(ae** + b)"y” + [ke?**(ce** + d)"~* — d?(ae** + b)"]y = 0. 
AT 4h Ax /2 
The transformation € = cece w= ed leads to an equation of the form 
peng cer® +d 


14.1.2.7: 4w%. + k(AX)-7E-"'w = 0, where A = ad — be. 


> Equations with power and exponential functions. 


48. y” + ae**y’ + b(ax"er” — bx?” + na™—1)y = O. 


b 
Particular solution: yo = wee oe) 
n+1 
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49. Yn + 2ae>y’, + (jae + are*® + bax?” + ca”™—)y = 0. 

The substitution w = yexp(Se* ) leads to a linear equation of the form 14.1.2.10: 
wh, + (bx?" + cx” )w = 0. 

50. y+ (ax + bey! — ae**y = 0. 

Particular solution: yo = ax + b. 


51. yl” + (awe + 2b)y’, + (abre*” — ae*” + b”)y = 0. 


Particular solution: yo = ze~°”. 


52. y+ x (aer*” + be"*)y’ — (ae*” + be"”)y = 0. 
Particular solution: yo = x. 
53. y+ (ax” + be®”)y’, + (aba"e*” + anx”—')y = 0. 


Particular solution: yo = exp(— ze), 


n+1 
54. y+ (ax + b) exp(Az”)y’, — aexp(Ax”)y = 0. 
Particular solution: yo = ax + b. 

55. yy”, tax” exp(be™)y’, — az”! exp(bx™)y = 0. 
Particular solution: yo = x. 

56. xy”, — (2ax” + 1)y!, + 4ba* exp(2Ax”)y = 0. 


Solution: 
y = exp(4az”) Org. (z)+ Ca¥ a (2), where z= A7'Vb exp(Az’); 
J,(z) and Y,,(z) are Bessel functions. 


57. ry”, + axe y’, + ae**(1 + Ax)y = 0. 


a 
Particular solution: yo = x exp (- ca ) : 


58. xy” +axe*y’ — [a(bx + 1)e*” + b(bax + 2)]y = 0. 


Particular solution: yo = xe?”. 


59, ry”, + (axe*” + b)y’, + a(b— 1)er*y = 0. 


Particular solution: yo = a 


60. xy”, + [a(bx + 1)e*” + ba — 1Jy!, + ab?xe*”y = 0. 
Particular solution: yo = (br + 1)e~™. 

61. xy”, + [(ax? + bax)e*” + 2)y%,+ be? y = 0. 

Particular solution: yo = a+ b/a. 

62. ry”, + (ax” + be*”)y’, + axz”—1(be>” +n—1)y=0. 


Particular solution: yo = exp(—ax"/n). 
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63. xy + (axe*” + ba” )y’, + [a(ba” — je + bna"—"]y = 0. 
Particular solution: yo = xexp(—bx"/n). 

64. 7 Ie + [(ax” + 1)e*” tana” +1— 2n}y’, + a?nax?”—1er%y = 0. 
Particular solution: yo = (axz” + 1) exp(—az”). 

65. xy”, + (ae + be”) y’ + (are*” + bye”) y = 0. 

Integrating, we obtain a first-order linear equation: axy/, + (ae*” + be#® —1)y = C. 


66. xy”, + lax” exp(bx™) + cly’,, + a(c — 1)a2"~' exp(br™)y = 0. 


Particular solution: yo = a2'°. 


67. (x +a)y”, + (be*” + c)y’, + brAe*”y = 0. 


Particular solution: yo = exp( / ———_ dx}. 


68. 4a7y”” + [ax?” exp(bx”) + 1 — n?]y = 0. 
n—1 
The transformation € = bz”, w = yx 2 leads to a linear equation of the form 14.1.3.1: 
Awee + a(bn)~2e&w = 0. 
69. x?y”” + 2axy’, + [(b2e° — v?)c?x” + a(a—1)]y = 0. 


Solution: y = x~*(Cy J, (be) + C2Y_(be®)|, where J,(z) and Y,(z) are Bessel func- 
tions. 


70. xy! + axe” y’, + b(ae*” —b-—1)y=0. 


Particular solution: yo = ze, 


71. x? y” + 2(ae*” + 2b)y! + [a(cx + b)e*” — c?x? + b(b—1)]y = 0. 


Particular solution: yo = 2 °e~™. 


72. aty” + (e?/* — v?)y = 0. 
Solution: y=x [Ci JL(el/*) +C2Y,(e/*)], where J,,(z) and Y,,(z) are Bessel functions. 
73. ay” + [aexp(2A/x) + bexp(A/x) + cly = 0. 


The transformation € = 1/xz, w = y/x leads to a linear equation of the form 14.1.3.5: 
wee + (ae? + be + c)w = 0. 


74. vty”, + ax7e**y’ + [a(b— x)e*” — b?]y = 0. 
Particular solution: yo = x exp(b/z). 
75. (a7 +a)?y”, + be>** (a? + a)y’, — (bre*” + a)y = 0. 


Particular solution: yo = \/x? +a. 
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76. (x" +a)7y”, + b(a” + a)e**y!, — 2? (bre*” + an — a)y = 0. 


Particular solution: yo = (a” +a)/", 


77. (ax” + b)?y” + c(ax” + b)e**y’ + (ce*” — anz”—1 —1)y = 0. 


Particular solution: = ex ( / a ) 
ee ax” + b/° 


78. (ae*” + ba +c)y”, — ad*e”y = 0. 
Particular solution: yo = ae** + ba +c. 
79. [(ax + b)e*® + <lvex — cd\7y = 0. 


Particular solution: yo = ce “” + ax + b. 


14.1.4 Equations Containing Hyperbolic Functions 
> Equations with hyperbolic sine. 


1. y”, + (asinh? x + b)y = 0. 


Applying the formula sinh” L= 4 cosh 27 — 
14.1.4.9: y/, + (b-— $a + Zacosh 2zx)y = 0. 


4 , we obtain the modified Mathieu equation 


2. yf, + asinh(Ax)y’, + bla sinh(Ax) — bly = 0. 


Particular solution: yo = e aos 


3. y+ [asinh” (Ax) + cly!, + absinh”(Ax)y = 0. 


Particular solution: yo = e a 


4, y! + (ax + b) sinh” (Ax)y’, — asinh”(Ax)y = 0. 
Particular solution: yo = ax + b. 


5. xy” + (asinh” x + ba™T)y’ + ba” (asinh” x + m)y = 0. 


b 
Particular solution: yo = exp(———a"™*"), 
m+1 
6. sinh?(ax)y”, — by = 0. 
The substitution az = +1n aoe (z > 0) leads to a linear equation of the form 
ang 


14.1.2.190: 2(z? + l)y%, + (327 + ly), — 4a72bzy = 0. 


7. y”, sinh? x — [a? sinh? x + n(n — 1)]y = 0, a-7AQ: n=1,-2, 3, 


1 d ue ax —axrv 
sinh x a) aCe Gane"): 


Solution: y = sinh” x( 


8. [asinh(Ax) + bx + cly”,, — ad? sinh(Ax)y = 0. 


Particular solution: yo = asinh(Ax) + bx +. 
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> Equations with hyperbolic cosine. 


9. y!, — (a — 2qcosh 2x)y = 0. 
The modified Mathieu equation. The substitution x = 7€ leads to the Mathieu equation 
14.1.6.29: 

Vee + (a — 2q cos 2€)y = 0. 
For eigenvalues a = a,(q) and a = b,(q), the corresponding solutions of the modified 
Mathieu equation are: 


Canin (FQ) = Coan (10,.Q) => Pla » cosh[(2k + p)a], 


S€onip(Z,q) = —18€an4p(iz, gq) >> Bae sinh{(2k + p)z], 


2n+p and Bente 


where p can be either 0 or 1, and the coefficients A}, 4p kp 


14.1.6.29. 
The modified Mathieu equation is discussed in the books by Abramowitz & Stegun 
(1964), Bateman & Erdélyi (1955, vol. 3), and McLachlan (1947) in more detail. 


are specified in 


10. y”, + (acosh? x + b)y = 0. 
Applying the formula cosh 2x = 2 cosh? x — 1, we obtain the modified Mathieu equation 
14.1.4.9: yf, + ($a + b+ Facosh 2zr)y = 0. 


11. y”, + acosh(Ax)y’, + bla cosh(Ax) — bly = 0. 


Particular solution: yo = e7°”. 


12. y+ [acosh” (Ax) + cly’, + abcos”(Ax)y = 0. 


Particular solution: yo = e~°”. 


13. y+ (ax + b) cosh” (Ax)y’, — acosh”(Ax)y = 0. 
Particular solution: yo = ax + b. 

14. y”, + ax” cosh™(Ax)y!, — axz”—* cosh” (Ax)y = 0. 
Particular solution: yo = x. 


15. xy’, + axcosh”(Ax)y’, — [a(bx + 1) cosh” (Ax) + b(bx + 2)]y = 0. 


Particular solution: yo = xe?”. 


16. xy’, + [ax cosh” (Ax) + bly’, + a(b — 1) cosh” (Ax)y = 0. 


Particular solution: yo = gen? 


17. xy”, + [(ax? + bx) cosh” (Ax) + 2]y’, + beosh” (Ax) y = 0. 
Particular solution: yo = a+ b/z. 


18. x?y”, + axcosh”(Ax)y’, + bla cosh”(Ax) — b — lly = 0. 


Particular solution: yo = 2, 
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19. (acosha + b)y’, + (ccosh x + d)y’, + A[(c — ad) cosh a + d— bAly = 0. 


Particular solution: yo = e~>*. 


20. cosh?(ax)y”, — by = 0. 


1 
The substitution « = —In 
2a 1- 


14.1.2.171: z(z—1)yt, + (2z —1)y, + a-2by = 0. 


(0 < z < 1) leads to the hypergeometric equation 


21. [acosh(Ax) + bx + cly”, — ad? cosh(Ax)y = 0. 


Particular solution: yo = acosh(Ax) + bx +c. 


> Equations with hyperbolic tangent. 


22. y” + [atanh(Az) + bly = 0. 
1-t 
ania) w= ye 
1 + tanh(Ax) 
equation 4k? + b — a = 0, leads to a linear equation of the form 14.1.2.172: 


The transformation z = , where & is a root of the quadratic 


AN z(z + 1)wt, + 4A(2k + A)(z + 1), + (4k? +a 4 b)w = 0. 


23. y”, — 4a? tanh? (3ax)y = 0. 


Particular solution: yo = sinh(3az)[cosh(3az)|~'/°. 


24. y” + [ad — a(a + A) tanh? (Ax) ]y = 0. 


Particular solution: yo = [cosh(Ax)|~%/?. 


25. yl, + [Bad — A? — a(a + A) tanh? (Ax) Jy = 0. 


Particular solution: yo = sinh(Ax)[cosh(Ax)|~“?. 


26. y+ ay’, — A[A + atanh(Ax)]y = 0. 

Particular solution: yo = cosh(Az). 

27. y+ 2tanhaey’ + ay = 0. 

C; cos(bx) + C2 sin(bx) ifa—-1=68? >0, 


Solution: ycoshz = 
C, cosh(bx) + Cy sinh(br) if a—1=—b? <0. 


28. y’, + atanh(Ax)y’, + bla tanh(Ax) — bly = 0. 


Particular solution: yo = e~°”. 


29. y” + 2tanhey’ + (ax? 4+ ba + c)y = 0. 

The substitution w= ycosh x leads to a second-order linear equation of the form 14.1.2.6: 
wh, + (aa? + bx +¢—1)w = 0. 

30. y+ 2tanhay’ + (ax” + 1)y=0. 


The substitution w = ycoshz leads to a linear equation of the form 14.1.2.7: wi, + 
ax w= 0. 
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31. Ye. + 2 tanh x y’, + (ax?” Ashe? * 1)y = 0. 
The substitution w=y cosh x leads to a second-order linear equation of the form 14.1.2.10: 
wh, + (ax®” + ba” )w = 0. 


32. y” + (2tanha + a)y’ + (atanhz + b)y = 0. 


The substitution w= ycosh x leads to a constant coefficient linear equation: w’,,+-aw!,+ 
(b-—1)w =0. 


33. y”, + atanh”(Ax)y’, — A[A + atanh”T!(Azx)]y = 0. 
Particular solution: yo = cosh(Az). 


34. y” + [atanh” (Ax) + cly’, + abtan”(Ax)y = 0. 


ae 
Particular solution: yo = e~°”. 


35. yy”, + (ax + b) tanh” (Ax)y’, — atanh”(Ax)y = 0. 
Particular solution: yo = ax + b. 

36. yy”, + ax” tanh” (Ax)y,, — ax" tanh™ (Ax)y = 0. 
Particular solution: yo = x. 


37. ry, +ax tanh” (Ax) y’, — [a(ba + 1) tanh” (Ax) + b(bx + 2)|y = 0. 


Particular solution: yo = xe”. 


38. xy”, + [ax tanh” (Ax) + bly’, + a(b— 1) tanh” (Ax)y = 0. 
Particular solution: yo = a, 

39. xy” + [(ax? + bax) tanh” (Ax) + 2]y,, + btanh” (Ax) y = 0. 
Particular solution: yo = a+ b/2. 

40. avy” + (atanh” xz + ba™*")y’ + br™(atanh” x + m)y = 0. 


a) . 


Particular solution: yo = exp(— a 
4. ay” + axtanh”(Ax)y’, + bla tanh” (Ax) — b — lly = 0. 
Particular solution: yo = ie 

42. (atanhaz + b)y” + (ctanhz + d)y’, + A[(c — aA) tanh x + d— bAly = 0. 
Particular solution: yo = e7**. 


43. [atanh(Ax) + bly”, + [ctanh(Ax) + d]y’,, + [n tanh(Ax) + m]y = 0. 


1 + tanh(Ax) ook 


The transformation z = w=y 


~ 1 —tanh(Az)’ 
equation 4(a — b)k? + 2(c — d)k +n —m = O, leads to a linear equation of the form 
14.1.2.172: 


, where k is a root of the quadratic 


AN z[(a+b)z+b—alwy, + 2A{[2(2k + A) (a+b) +c+d]z +2(2k+A)(b—a)+d—c}w;, 
+ [4(a + b)k? + 2(c+d)k+n+mjw =0. 
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> Equations with hyperbolic cotangent. 


44. y” + [acoth(Ax) + bly = 0. 
1 — tanh(Azx) 
1+ tanh(Azx)’ ° 
equation 4k? + b — a = 0, leads to an equation of the form 14.1.2.172: 


The transformation z = = yz—*/, where k is a root of the quadratic 


AN 2(z — 1)wt, + 4A(2k + A)(z — lw, + (4k? +a 4 b)w = 0. 


45. y”, — 4a” coth?(3azxr)y = 0. 


Particular solution: yo = cosh(3az)[sinh(3a2)|~'/°. 


46. y” + [ad — a(a + A) coth? (Ax) ]y = 0. 


Particular solution: yo = [sinh(Ax)]~%». 


47, y", + [Bad — A? — a(a + A) coth?(Ax)]y = 0. 


Particular solution: yo = cosh(A)(sinh(Az)]~?/>. 


48. y” + acoth(Ax)y’, + bla coth(Ax) — bly = 0. 


Particular solution: yo = e7°”. 


49. y” + [acoth”(Ax) + cly’, + abcoth”(Axr)y = 0. 


ae 
Particular solution: yo = e7°”. 


50. yy, + (ax + b) coth”(Ax)y’, — acoth”(Ax)y = 0. 

Particular solution: yo = ax + b. 

51. y”, + 2ncothz y! + (n? — a”)y =0, -= 1p 2235 24 
1d 

sinh x dx 

52. [a+ beoth(Ax)]y”, + [ce + deoth(Ax)]y!, + [n + meoth(Ax)]y = 0. 

Multiply this equation by tanh(A) to obtain equation 14.1.4.43. 


Solution: y = ( )"(Cres* +Cye~*"). 


> Equations containing combinations of hyperbolic functions. 
53. y”, — alacosh?(bx) + bsinh(bx)]y = 0. 


Particular solution: yo = exp E sinh(br)| ; 


54. y’’ — alasinh?(bx) + beosh(bx)]y = 0. 


Particular solution: yo = exp E cosh(bir)| , 


55. y +(a cosh? x + bsinh? x + c)y = 0. 
Apply the formulas 2 sinh? 2 = cosh(2x) — 1 and 2cosh? 2 = cosh(2z) + 1 to obtain an 


— b 
equation of the form 14.1.4.9: y!”, + [f= femmes cosh(2x)|y = 0. 
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56. y, + asinh(Ax)y’, — A[A + acosh(Ax)]y = 0. 
Particular solution: yo = sinh(Az). 

57, y”, + acosh(Ax)y’, — A[A + asinh(Ax)]y = 0. 
Particular solution: yo = cosh(Az). 

58. y”, — Atanh(Ax)y’, — a? cosh?(Ax)y = 0. 
Solution: y = C) exp F sinh(A)| + C2 exp |-+ sinh(Ar)| . 


59, y” —tanhay’ + a? coth? x (sinh)? ? 


Solution: y = Vsinhz (ew 1 (= sinh” x) +CoY 1 (= sinh” )). where J,(z) 
Im \™M Im \™M 


and Y;,(z) are Bessel functions. 


y = 0. 


60. sinh” (Ax) y””, + [a cosh” 4*(Ax) — A? sinh” (Ax)]y = 0. 


The transformation € = tanh(Az), w = leads to an equation of the form 14.1.2.7: 


a 
cosh( Az’) 
Wee + ad-2f-"w = 0, 

61. cosh”(Ax)y” + [asinh”~*(Ax) — A? cosh” (Ax)]y = 0. 


The transformation € = coth(Az), w = — 


— 4 jeads to an equation of the form 14.1.2.7: 
sinh(Az) 


Wee + an 7f we = 0, 


14.1.5 Equations Containing Logarithmic Functions 
> Equations of the form f(x)y7,, + g(x)y = 0. 


1. yy”, — (a?x7 In? 2 +alnz+a)y=0. 


5 . Ame 2 
Particular solution: yo = e@”/4x°"/?. 


2. yf! — (a?2?" In? x + ane" Inz + ax"")y = 0. 
art! 


Particular solution: =e Fy(nt)F , where /' = —__-. 
Yre x (n ri 1? 


3. avy” — (a?a ln? x + a)y = 0. 
Particular solution: yo = e “a2. 
4. xy”, — [ax In?"(bx) + anIn™*(bzx)]y = 0. 


Particular solution: yo = exp E ‘i In” (bx) dx. 


5. xy” +(alnaz+b)y =0. 


The transformation € = alnzg +b— +, w = yx~!/? leads to an equation of the form 
14.1.2.2: wz, +a-7éw = 0. 
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6. ay! + (aln? x +blnx+c)y=0. 

The transformation € = Inz, w = yo! ? leads to an equation of the form 14.1.2.6: 
Whe + (a? + bE +¢- t)w =0. 

7. ay! + [a(bln« +c)” + $|y — 0. 

The transformation € = blnz +c, w = yx~'/? leads to an equation of the form 14.1.2.7: 
wee + ab-7E"w = 0. 

8. x7 In(ax)y”, +y =0. 


Solution: y = C;In(az) + C2 In(azr) fostaxyr dx. 


9. x(axlnz + br +c)y”, — ay = 0. 
Particular solution: yo = avInaz + br+c. 
10. «?(alna 4+ ba + cy, tay = 0. 


Particular solution: yo = alna + ba +c. 


> Equations of the form f(x)y”,, + 9(x)y,, + h(x)y = 0. 
1. y”, +aln"(bx)y’ + claln”(bx) — cly = 0. 


Particular solution: yo =e ™. 


12. y+ [aln”(bx) + cly’, + acln”(bx)y = 0. 


Particular solution: yo =e ™. 


13. y+ (ax +b) In"(cx)y’, — aln"™(cx)y = 0. 
Particular solution: yo = ax + b. 
14. yy”, +ax"In™(br)y’, — ax” In™ (bx) y = 0. 


Particular solution: yo = x. 


15. cy”, +arlnzy’+a(Ine«+1)y=0. 


Particular solution: yo = e@x!~%, 


16. xy”, + (axlnaz + b)y’ + (ablna + a)y = 0. 


Particular solution: yo = ea. 


17. xy”, + (2arInx + 1)y! + (a2xln?x+alnxz+a)y=0. 
Solution: y = ex (Ci + Colnz). 
18. xy”, +Ina(axr + b)y!, + a(bln? 2+ 1)y =0. 


Particular solution: yo = ex”. 


19. xy”, +axln"(bx)y, + anIn"—*(bx)y = 0. 


Particular solution: yo = exp |-a 7 In” (bx) dx| : 
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20. ay” +arln" zy’, + (aln"z+anlIn” 1 2z)y =0. 


Particular solution: yo = x exp (-« i, In” dx). 


21. avy” + (ax"Inez +1)y, — ax” *y=0. 
Particular solution: yo = Ina. 
22, ay” +(arln"2+1)y,—aln” 'xy=0. 


Particular solution: yo = Ina. 


23. vy”, + (arln” a2 + b)y, + a(b—1) In" xy =0. 


Particular solution: yo = ae 


24. xy”, + [(ax? + bx) In" (cx) + 2]y, + bin" (cx)y = 0. 

Particular solution: yo = a+ b/a. 

25. avy” +(ax" + bln” z)y, + ax" "(bin x +n—1)y=0. 
Particular solution: yo = exp(—ax"/n). 

26. avy” + (ax”" + baln™ x)y’ + [b(ax" — 1) In™ & + anx”"Jy = 0. 
Particular solution: yo = x exp(—ax"/n). 

27. xy” +ay! + aln"(br)y = 0. 


Solution: 


p= fae) lew ea in” (be) ey 4. (4 in™(be)) : d= s(n +2), 


2m 
where J,(z) and Y,(z) are Bessel functions. 
28. ty! +ay’,+ (a In?” x + bln"! x)y = 0. 
The substitution € = In z leads to an equation of the form 14.1.2.10: 


yee + (a€” + DE" )y = 0. 


29. ty! + a2(2alnz + 1)y’), + (a? + a? In? & + b)y = 0. 
The substitution y = w exp(— 3a In? x) leads to the Bessel equation 14.1.2.126: x wee + 
cw, + (27 +b—a)w =0. 


30. a?y” +a(2Inz+a+1)y, + (In?2+alnz+b)y=0. 

The transformation € = Inz, w = yexp(s lin? x) leads to a constant coefficient linear 
equation: wy, + aw, + (b— 1)w = 0. 

31. ty! +a(2Inz+a)y’,+ [In? 2 + (a— 1) Ina + ba” + cly = 0. 


The substitution w = yexp(4 In? x) leads to a linear equation of the form 14.1.2.132: 


zw, +axw!, + (bx” + ¢—1)w = 0. 
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32. ay” + axrln”(br)y’, + claln”(bx) — c— 1]y = 0. 


Particular solution: yo = x °. 


33. ay” + a(ax" + blna)y! + bax" nz —Inz+1)y=0. 
Particular solution: yo = exp(—4) Ine zn). 
34. a(x+a)y”,+a2(bnax+c)y’ + by = 0. 


Particular solution: yo = exp(— 7 wee dw). 
r+a 

35. aty” + ax In"(bx)y’, + [a(c — x) In"(bx) — c?]y = 0. 

Particular solution: yo = x exp(c/z). 

36. (alna + by”, + (cIna + d)y/, + A[(c — aA) na +d-— bAly = 0. 

Particular solution: yo = e~**. 

37. elnzy”, — ny’, —a?x(Inz)?"t1y = 0. 


Solution: y = Cye** + Coe~*",, where F = porcas, 


38. aln(ax)y”, — [nIn(ax) + m]y!, — b?2?"T! In?™t1(ax)y = 0. 


Solution: y = Cye’” + Cye—°", where F = Ea In™ (ax) dx. 


39. eln?zy” + (axr+1) may, + bry =0. 

The substitution € = / leads to a constant coefficient linear equation: Yee + aye + 
nz 

by = 0. 

40. In” (ax)y”, + (b? — x)y’, + (a+ b)y =0. 


Particular solution: yo = x — b. 


14.1.6 Equations Containing Trigonometric Functions 
> Equations with sine. 

1. y”, + a7y = bsin(Az). 

Equation of forced oscillations. 


C; sin(ax) + C2 cos(ax) + sin(Ar) if a#4, 


b 
a — 2 


Solution: y= b 
C; sin(ax) + C2 cos(ax) — dat cos(ax) i a= Az 


2. yy, + [asin(Ax) + bly = 0. 
Applying the substitution Ax = 2€ + $m, we obtain the Mathieu equation 14.1.6.29: 
Yee + (4ar~? cos 2€ + 4bA~7)y = 0. 
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3. y” + (asin? x + b)y = 0. 

Applying the formula 2 sin? 2 = 1 — cos 22, we obtain the Mathieu equation 14.1.6.29: 
Ye + ($a +b — Sacos2zr)y = 0. 

4. y” +asin(br)y’, + clax” sin(bx) — cx?” + na” "]y = 0. 


——— 2"), 


Particular solution: yo = exp(— 
n+1 


5. y”, +asin”(bz)y’, + clasin”(bx) — c]y = 0. 


Particular solution: yo =e ™. 


6. y’, + [asin” (bx) + cly’, + acsin”(br)y = 0. 


Particular solution: yo =e ™. 


7. yf, + (ax + b) sin” (cx)y’, — asin” (cx)y = 0. 

Particular solution: yo = ax + b. 

8. yy”, +ax"sin™(br)y’ — ax"! sin™ (bx)y = 0. 

Particular solution: yo = x. 

9. y” +ax”sin™(bx)y, + clax”** sin™ (bx) — cx?* + ka*®—"]y = 0. 


k+1 
ea ). 


10. xy”, + [(ax? + bx) sin” (cx) + 2]y,, + bsin"(cx)y = 0. 


Particular solution: yo = a+ b/z. 


Particular solution: yo = exp(— 


11. xy”, + (ax"*! + bsin™ x)y! + ax"(bsin™ « + n)y = 0. 


Particular solution: yo = exp(= a), 


n+1 
12. xy”, + (ax" + brsin™ x)y’, + [b(ax” — 1) sin™ x + anxz”"]y = 0. 


Particular solution: yo = x exp(—az"/n). 
13. xy”, +ax"sin™ (bx) y! — [a(ca + 1)2"—" sin™ (ba) + c?x + 2cly = 0. 
Particular solution: yo = xe. 


14. xy”, + lax” sin™ (bx) + cly’, + a(e —1)2"" sin™ (br) y = 0. 
Particular solution: yo = a'°. 

15. x?y” +a(asin” x + 1)y’, + b(asin” x — b)y = 0. 
Particular solution: yo = ze, 

16. x?y” +a(asin” x + b)y! + b(asin” « — 1)y = 0. 
Particular solution: yo = «7°. 

17. x?y”, + ax” sin™(br)y’, + clax”—' sin™ (bx) — c — 1]y = 0. 


Particular solution: yo = x ©. 
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18. x*y” + [asin(A/x) + bly = 0. 

The transformation € = 1/xz, w = y/«x leads to a linear equation of the form 14.1.6.2: 
wee + [asin(A€) + b]w = 0. 

19. vty”, + ax? sin"(bx) y’ + [a(c — x) sin” (bx) — c?]y = 0. 

Particular solution: yo = x exp(c/z). 


20. sin(2x) y”, — y! + 2a? sin? xy = 0. 


Solution: y = Cj; sin(au) + C2 cos(au), where u = Jv tan x da. 


21. sin? ay”, +ay=0. 


This is a special case of equation 14.1.6.23. 


22. sin? ay”, — [asin? «+ n(n — 1)]y = 0, Ms Ly 2, By a8 
d\n 
=| (Cye*¥* + Cog Pv" |, 


sinx dx 


Solution: y = sin” x( 


23. sin? xy”, + (asin? x + b)y = 0. 
Set x = 2€. Applying the trigonometric formulas 
sin2é =2sin€cos€, 6 = b(sin? € + cos? €)? 


and dividing both sides of the equation by sin? x, we arrive at an equation of the form 


14.1.6.131: yg. + (btan? € + bcot? € + 4a + 2b)y = 0. 


24. sin? x y”,—{[(a?b? —(a+1)?] sin? x+a(a+1)bsin 2x+a(a—1)}y=0. 


o? sin® x (cos x + bsin 2). 


Particular solution: yo = e® 
25. [asin(Ax) + br + cly”, + ad* sin(Ax) y = 0. 
Particular solution: yo = asin(Ax) + bx +c. 

26. sin” (ax) y”, + (x? — b?)y! — (x +b)y = 0. 


Particular solution: yo = x — b. 


27. (asin” « + b)y’’, + (csin” x + d)y’, + A[(e— aA) sin” « + d— bAly = 0. 


Particular solution: yo = e~**. 


> Equations with cosine. 


28. y” +.a?y = bcos(Az). 
Equation of forced oscillations. 


C; sin(ax) + C2 cos(ax) + 


oe cos(Az) if a#4, 


Solution: y = h 
C; sin(ax) + C2 cos(ax) + oa" sin(ax) if i= <A; 
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29. y” + (a — 2qcos 2x)y = 0. 
The Mathieu equation. 


1°. Given numbers a and q, there exists a general solution y(x) and a characteristic index yu 
such that 


y(a + 1) = Py(2). 
For small values of g, an approximate value of js can be found from the equation: 


2 


Tq 
(l—ajja 


If yi (x) is the solution of the Mathieu equation satisfying the initial conditions y;(0) = 1 
and y (0) = 0, the characteristic index can be determined from the relation: 


cosh(7) = 1+ 2sin?(FrVa) + sin(r/a) + O(q"). 


cosh(2mp) = yi (7). 


The solution y; (2), and hence ji, can be determined with any degree of accuracy by means 
of numerical or approximate methods. 

The general solution differs depending on the value of y;(7) and can be expressed in 
terms of two auxiliary periodical functions y1(x) and yo(x) (see Table 14.4). 


TABLE 14.4 
The general solution of the Mathieu equation 14.1.6.29 a 
in terms of auxiliary periodical functions yi(x) and y2( 


Period of 
Constraint General solution y = y(« Index 
(1 and ye 
ney a1 | creer) +r ea(e) | | misarealnamber | 


2px a —2px w= pt si, aah 
Cre*?* pi (x) + Coe y2(x) p is the real part of u 


pu = tv is a pure 
imaginary number, 
cos(27v) = y1 (7) 


[Gane 


2°. In applications, of major interest are periodical solutions of the Mathieu equation that 
exist for certain values of the parameters a and q (those values of a are referred to as 
eigenvalues). The most important solutions (the Mathieu functions) are listed in Table S4.6. 
The main properties of the solutions are avilable in Section S4.16. 


(Ci cosvz+C2sinvx)pi(@)+ 
+(C\ cos vx—C sin vx)y2(x) 


30. y” + (acos* x + b)y = 0. 

Applying the formula 2cos? z = 1 + cos 22, we obtain the Mathieu equation 14.1.6.29: 
Yue + (Sa +b+ sa cos 2x)y = 0. 

31. y” + acos”(bx)y’, + clacos”(bx) — c]y = 0. 


Particular solution: yo =e ™. 
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32. y” + [acos”(bx) + cly’, + accos”(bx)y = 0. 


Particular solution: yo =e. 


33. y” + (ax + b) cos"(cx)y’, — acos"(cx)y = 0. 

Particular solution: yo = ax + b. 

34. y” + ax” cos™(bx)y! — ax”! cos™ (bx) y = 0. 

Particular solution: yo = x. 

35. y” + ax” cos™(bx)y! + clax”t* cos™ (bx) — ca?* + ka*—1]y = 0. 


on), 


Particular solution: yo = exp(— aT 


2 = 
36. xy’, + axcos”(bx) y’, — [a(cx + 1) cos”(bx) + c*a + 2cly = 0. 
Particular solution: yo = xe. 
37. xy’ + [(ax? + bx) cos"(cx) + 2]y’, + bcos" (cx)y = 0. 
Particular solution: yo = a+ b/c. 
38. avy” + (ax"t! 4+ beos™ x)y’, + ax”™(bcos™ x + n)y = 0. 


Particular solution: yo = exp(— gn), 


n+l 
39. ay” + [ax” cos™ (bx) + cly,, + a(c — 1)a2"—* cos™ (bx) y = 0. 


Particular solution: yo = x!~°. 


40. avy’ + (ax” + br cos™ x)y’, + [b(ax” — 1) cos™ x + anz”—*]y = 0. 
Particular solution: yo = x exp(—az"/n). 


4. xy” +2(acos"x+1)y! + b(acos" x — b)y = 0. 


Particular solution: yo = ze, 


42. ay” + 2(acos”x + b)y’, + b(acos” x — 1)y = 0. 


Particular solution: yo = ze, 


43. ay” + ax” cos™(bx)y’!, + clax” * cos™ (bx) — c— lly = 0. 


Particular solution: yo = x °. 


44, aty” + ax? cos"(bzx) y’, + [a(c — x) cos” (bx) — c*]y = 0. 
Particular solution: yo = x exp(c/z). 


45. cos? xy! — [acos? « + n(n — 1)]y = 0, n= 1, 2, 3,... 


fy" (ave + Coe te ) : 


cos x dx 


Solution: y = cos” x( 


46. cos* xy”, + (acos? x + b)y = 0. 
The substitution « = €+ in leads to a linear equation of the form 14.1.6.23: sin? € Yee + 
(asin? € + b)y = 0. 
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47. [acos(Ax) + bx + cly”, + ad? cos(Ax) y = 0. 


Particular solution: yo = acos(Ax) + br +. 


48. cos”(azx) Yn + (x? = b?)y’, — (x+ b)y = 0. 


Particular solution: yo = x — b. 


49. (acos” «+ b)y’, + (ccos” «+ d)y’, + A[(c — aA) cos” x + d— bAly = 0. 


Particular solution: yo = e7**. 


> Equations with tangent. 


50. yy” +alA + (A — a) tan?(Ax)]y = 0. 
Particular solution: yg = [cos(Ax)|”>. 
51. y” + (atan? x + b)y=0. 


The transformation z = sin? x, u = ycos* x, where k is a root of the quadratic equation 


k? +k+a= 0, leads to the hypergeometric equation 14.1.2.171: 


hel Mae ae o(k + Bu =O. 


52. yy, + (a— A) tan(Az)y/, + ady = 0. 
Particular solution: yo = [cos(Ax)|”>. 


53. y”,tatanzy’, + by = 0. 
1°. The substitution €=sin x leads to a linear differential equation of the form 14.1.2.168: 
(6? — luge + (1 — a)€ye — by = 0. 
2°. Solution for a = —2: 
C, sin(kx) + C2 cos(ka) if b+1=k?>0, 
ycosx = 
C, sinh(kx) + Cocosh(kx) if b+1=—k? <0. 


3°. Solution fora = 2 andb=3: y = Cj; cos?x + Cosinx(1 + 2cos? 2). 

54. y” +atancy’, + (btan? x + c)y = 0. 

This is a special case of equation 14.1.6.131. 

55. y” — 2Atan(Az) y’, + (ax? + br + c)y = 0. 

The substitution w = y cos(A) leads to a second-order linear equation of the form 14.1.2.6: 
wi, + (ax? + ba +c+r7)w = 0. 

56. y” — 2Atan(Az) y’, + (ax?” + ba”! — r?)y =O. 


Substituting w = ycos(Az) yields a second-order linear equation of the form 14.1.2.10: 
wi, + (ax?” + ba" !)w = 0. 
57. y’, + atan”(bx) y’, + clatan” (bx) — cly = 0. 


Particular solution: yo =e ™. 
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58. y” +atan”(Az) y’, + blatan"t! (Ax) + (A — b) tan?(Ax) + Aly = 0. 


Particular solution: yo = [cos(Ax)]°/>. 


59. y.. +atan” x y, + (a tan”*! » — atan” ta + 4)y = 0. 


Particular solution: yo = sin x cos x. 


60. yy, + [atan”(bx) + cly’, + actan"(bx)y = 0. 


axe 


Particular solution: yo =e. 


61. Ye. +tanz(atan” x«+b— 1)y’, +(ab tan"t? x—atan” x+2b+2)y=0. 
Particular solution: yo = sin x cos? x. 
62. y!, + (ax + b) tan”(cx) y’, — atan”(cx)y = 0. 
Particular solution: yo = ax + b. 
63. y” +ax”tan™ (bz) yy’, — ax” tan™(br)y = 0. 
Particular solution: yo = x. 
” n m , n+k m 2k k-1 aan 
64. yy), tax” tan™ (bx) y), + clax tan™ (bx) — ca*" + kx™*]y = 0. 


k+1 
rer Ths ). 


65. «ry, — 2Axtan(Az) y’, + (ax + b)y = 0. 


Substituting w = ycos(Ax) yields a second-order linear equation of the form 14.1.2.64: 
cw! + [(a + A*)x + blw = 0. 


Particular solution: yo = exp(— 


2 
66. «ry, + axtan”(ba) y’, — [a(cx + 1) tan” (bx) + c*x + 2cly = 0. 
Particular solution: yo = xe“. 
67. xy”, + [(ax? + bx) tan” (cx) + 2]y’ + btan”(cx)y = 0. 
Particular solution: yo = a+ b/c. 
68. xy”, +(ax"*! + btan™ x)y! + ax” (btan™ «+ n)y = 0. 


gt) 
n+1 , 


Particular solution: yo = exp(- 
69. xy”, + (ax + brtan™ x)y! + [b(ax” — 1) tan™ « + anz”"]y = 0. 
Particular solution: yo = x exp(—ax"/n). 

70. avy” + lax” tan™ (bx) + cly, + a(e— 1)a"—* tan™ (bx)y = 0. 


Particular solution: yo = a'°. 


71. ay” — 20x” tan(Az) y’, + (ax? + br + c)y = 0. 
The substitution w = ycos(Azx) leads to an equation of the form 14.1.2.115: x 
[((a + A?) x? + ba + clw = 0. 


2,,/1 
Wee = 


72. ay” +a(1—2xtanz)y, —(xtang+v?)y =0. 
Solution: ycosa = C)J,(x) + C2Y_(x), where J,(x) and Y,(a) are Bessel functions. 
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73. xy! —a(2etanez+k)y) + (ax? +ba+c+katanz)y = 0. 
The substitution w=y cos x leads to a second-order linear equation of the form 14.1.2.131: 


zw, — kewl, + [(a t+ 1)2? + be + clw = 0. 


74, ay” + a(atan" 2 +1)y, + b(atan” x — b)y = 0. 


Particular solution: yo = 27°. 


75. avy” + a(atan” 2x + b)y’, + b(atan” x —1)y = 0. 


Particular solution: yo = go, 


76. xy” +ax"tan™ (bz) y’, + clax"—' tan™ (bx) — c—1]Jy = 0. 


Particular solution: yo = x °. 


77. ay” + ax tan"(bz) y’, + [a(c — x) tan” (bx) — c*]y = 0. 
Particular solution: yo = x exp(c/2). 

78. (atan” x + b)y’, + (ca + d)y’, — cy = 0. 

Particular solution: yo = cx + d. 


79. (atan” «+ b)y”,+(ctan” «+ d)y’,+A[(c— ad) tan” «+d — bAjy = 0. 


Particular solution: yo = e~>*. 


> Equations with cotangent. 
80. yy” +al[A + (A — a) cot?(Ax)]y = 0. 
Particular solution: yo = [sin(Ax)|”>. 


2 

81. y+ (acot* x + b)y = 0. 

The substitution x = € + 4 leads to a linear equation of the form 14.1.6.51: Yee + 
(atan? € + b)y = 0. 


82. yy! +cotay’,,+v(v+1)y=0. 

The substitution € = cos x leads to the Legendre equation 14.1.2.154: (€? — 1) yee ++ Eye - 
viv + l)y = 0. 

83. y”” + 2acot(az) y! + (b? — a*)y =0. 

cos(bx) 


Particular solution: yo = — : 
sin(az) 


84. y+ (A— a) cot(Ax) yy’, + ary = 0. 


Particular solution: yo = [sin(Ax)|”>. 


85. yy! + acot(Ax) y’, + by = 0. 


The substitution z = Ax + 5 leads to a second-order linear equation of the form 14.1.6.53: 
yl, —ad* tan zy, + bDA~2y = 0. 
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86. y”” +acot(Az) y/, + BIA + (A — a — b) cot? (Ax)]y = 0. 


Particular solution: yo = [sin(Ax)]’/>. 


87. y, t+acotry’, + (bcot? x +c)y =0. 


This is a special case of equation 14.1.6.131. 


88. yy” + 2A cot(Ax) y’, + (ax? + ba + c)y = 0. 


6 
The substitution w=ysin(Az) leads to a second-order linear equation of the form 14.1.2.6: 
wl + (az? + ba +e+?)w =0. 
89. y+ 2Acot(Ax) y/, + (ax?” + ba"! — A7)y = 0. 
Substituting w = ysin(Ax) yields a second-order linear equation of the form 14.1.2.10: 


wi, + (ax®” + ba" )w = 0. 


90. yy, + acot™(bz) y’, + clacot”(bx) — cly = 0. 


Particular solution: yo =e. 


91. yy, + [acot”(bx) + cly’, + accot™(bx)y = 0. 


Particular solution: yo =e ™. 


92. y! + (ax + b) cot” (cx) y’, — acot”(cx)y = 0. 

Particular solution: yo = ax + b. 

93. y” +ax”cot™ (bz) yy’, — ax”—' cot™ (br)y = 0. 

Particular solution: yo = x. 

94. y” + ax” cot™ (bx) y’, + clax"t* cot” (bx) — ca?* + ka*®—]y = 0. 


axe 
k+1 
Rel ). 


95. xy”, + 2Ax cot(Ax) y’, + (ax + b)y = 0. 


Substituting w = ysin(Ax) yields a second-order linear equation of the form 14.1.2.64: 
cw + [(at+A2)x + blw = 0. 


Particular solution: yo = exp(= 


96. xy”, +axcot”(bx) y’,, — [a(cax + 1) cot”(bx) + c?x + 2cly = 0. 
Particular solution: yo = xe. 
97. xy”, +(ax"*! + bcot™ xz)y! + ax” (bcot™ x +n)y = 0. 


a) 
n+1 , 


Particular solution: yo = exp(= 
98. xy” + (ax + ba cot™ x)y! + [b(ax” — 1) cot™ x + anx”"]y = 0. 
Particular solution: yo = x exp(—az"/n). 

99. xy”, + lax” cot™ (bx) + cly’,, + a(c— 1)x"—' cot™ (bx) y = 0. 


Particular solution: yo = a'°. 
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100. a2? y”, + 2Ax? cot(Ax) y’!, + (ax? + br + c)y = 0. 

Substituting w = ysin(Ax) yields a second-order linear equation of the form 14.1.2.115: 
xy! + [(a + A*)x? + br + clw = 0. 

101. gry + x2(2x cot x + k)y’, + (aa? +ba+c+kaxcotx)y = 0. 

The substitution w= ysin x leads to a second-order linear equation of the form 14.1.2.131: 


cw! + kewl, + [(at+ 12? + be + clw = 0. 


102. ay” + x(acot” x +1)y, + b(acot” x — b)y = 0. 


Particular solution: yo = gn, 


103. «?y” + x(acot” x + b)y’ + b(acot” x —1)y = 0. 


Particular solution: yo = ie 


104. 2? y” + ax” cot™ (bx) y’, + clax”—' cot™ (bx) — c — 1]y = 0. 


Particular solution: yo = x ©. 


105. a*ty” + ax? cot” (bx) y’, + [a(c — x) cot” (bx) — c?]y = 0. 
Particular solution: yo = x exp(c/z). 
106. (acot”x+b)y),+ (ccot” «+ d)y’, +A[(c— aA) cot” «+d—bAly = 0. 


Particular solution: yo = e7**. 


> Equations containing combinations of trigonometric functions. 
107. y””, — alasin?(bx) + bcos(bx)]y = 0. 


Particular solution: yo = exp |-+ cos(bir)| 4 


108. y/,, — a[acos*(ba) + bsin(bx)]y = 0. 


Particular solution: yo = exp |-+ sin(br)| : 


109. y” + (asina + b)y’, + a(bsinz + cosx)y = 0. 


Particular solution: yo = exp(acos x). 


110. y” + (asin” x + bsinaz)y’ + b(asin"*! x + cos x)y = 0. 


x 


Particular solution: yo = exp(bcos x). 
111. y” + (acosaz + b)y’, + a(bcosxz — sinx)y = 0. 
Particular solution: yo = exp(—asin x). 

1 . = 
112, y” + (acos” x + bcos x)y’, + b(acos”*' x — sinz)y = 0. 
Particular solution: yo = exp(—bsin 2). 
113. sinzvy’,+coszy’,+v(v+1)snzy =0. 


The substitution € = cosa leads to the Legendre equation 14.1.2.154: (1 — Oy yee — 
2€ ye + u(y + 1l)y =0. 
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114. sinzy’’, + (2n+1)cosry,+(v—n)(v+n+1)sinzy = 0. 


Here, v is an arbitrary number and n is a positive integer. The substitution € = cos x leads 
to an equation of the form 14.1.2.156: (€?— L)yge + 2(n +E yet(n—v)(v+n+1)y=0. 


- 2 . +2 2 
115. sin*xy”,+sinacoszy’, + [p(v + 1) sin? « — n*]y = 0. 
Here, v is an arbitrary number and n is a nonnegative integer. 


The transformation € = cos x, y = w sin” x leads to an equation of the form 14.1.2.156: 
(ec? 1)we, + 2(n + lEuz + (n-v)(n+v+1)jw=0. 


116. sin? x y, + sinx(acos a + b)y’, + (a cos? z + Bcosa + y)y = 0. 
Set x = 2€. Applying the trigonometric formulas 
sin(2€) = 2sin€cosé, cos(2€) = cos*€—sin?£, 6 = b(sin? € + cos” €), 
B = B(sin? € + cos”), -y = 7(sin” € + cos” €)’, 
and dividing all the terms by sin? x, we arrive at an equation of the form 14.1.6.131: 
yee+[(b—a) tan €+(b+a) cot E]ye+[(a—B+7) tan? €+(a+8+7) cot? €4+2y—2a]y =0. 
117. cos? xy”, + asin(2z) y’, + [bcos(2x) + c]y = 0. 


Dividing the equation by cos” x and applying the formulas 


2 2 


g—sin?s, c=c(sin? x + cos” 


sin(2x) = 2sinacosxz, cos(2x) = cos t), 


we obtain an equation of the form 14.1.6.131: 
yt, + 2atan xy’, + [(c — b) tan? 2 +b+ cy =0. 
118. cos*(ax) y”, + (n — 1)asin(2az) y/, 
+ na?[(n — 1) sin?(ax) + cos?(ax)]y = 0. 
Particular solution: yo = cos”(az). 
119. cos* xy”, +cosxz(asinz + b)y, + (asin? x + Bsing + y)y = 0. 
The substitution x = € + 4 leads to a second-order linear equation of the form 14.1.6.116: 


sin? Vee — sin € (acos€ + b) yt + (acos? € + Bcos€+ y)y = 0. 


120. sin xcos? y., + cos x (a sin? & + b)y,, + csinzy = 0. 


1°. Dividing the equation by sin x cos” 


x and assuming 
b = b(sin?x + cos), c= c(sin?x + cos”z), 

we obtain equation 14.1.6.131: y”,, + [(a +b) tanz + bcot z]y’, + c(tan? x + 1)y = 0. 
2°. Particular solutions: 

Yo = cos® x if c=a(b+1), 

yo = tant? x if c= (a+ 2)(b—- 1), 

yo = sin’ cost?’ 12 if c= 2(a+b—1). 
121. sinxcos? xy”, +cosxz (asin? x —1)y/, + bsin? xy = 0. 
Solution: y = C,(cosx)* + Co(cos)*, where k, and kg are roots of the quadratic 
equation k? —ak +b =0. 
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122. sin? xcos? x Yn + (a sin? x + bcos? x + csin? x cos? x)y = 0. 
Dividing the equation by sin? x cos? x and assuming 

a=a(sin?x+cos?x), b= W(sin? x + cos” 2), 
we obtain equation 14.1.6.131: y”,, + (atan? xz + bcot?z+a+b+c)y =0. 
123. sin”(Ax) y”, + [A? sin” (Ax) + acos” 4(Azx)]y = 0. 


The transformation € = tan(Az), w = leads to an equation of the form 14.1.2.7: 


ae 
os(Axr) 

wee tar Ew = 0. 

124. cos”(Ax) y”, + [A? cos” (Ax) + asin” *(Azx)]y = 0. 

The substitution Ax = + — A€ leads to an equation of the form 14.1.6.123. 


125. Yn +ntanz y, + a” (cos x)?"y = 0. 


Solution: y = C;sin(au) + C2 cos(au), where u = J eos" x dx. 


a oe er 2n—2 
126. y” + tanzy’, + a* cos* x(sinx)*” “y = 0. 
Solution: y = Vsinax lew i (= sin” x) + CoY1 (= sin” )). where J,(z) and 
In \n in ST 
Y,(z) are Bessel functions. 7 " 
9 
127. y”, +tanzy’,—a(a—1)cot*xry = 0. 
C| sin z|? + C| sin 2|!-@ if aes, 


VJ|sinz|(C, + C2ln|sinz|) if a= 5. 
128. y”” — 2acot(2az) y!, — b* sin?(2ax)y = 0. 


Solution: y= 


Solution: y = C) exp [= sin*(az)| + C2 exp [2 sin?(az)| : 

129. y”, —ncotzry’, + a?(sinx)?"y = 0. 

Solution: y = C; sin(auw) + C2 cos(au), where u = [ow nor. 

130. y””,, — 2cot(2ax) y/, + atan? xy = 0. 

The substitution € = cos x leads to the Euler equation 14.1.2.123: Cyt. = Ye +ay =0. 


131. y”,+(atanz + beot z)y, + (atan? x + Bcot?x+7)y =0. 
The transformation € = sin? 


quadratic equations 


x, y = wsin” xcos™ «x, where n and m are roots of the 


n?4+(b—1)n+8=0, m?-(a+1)m+a=0, 
leads to the hypergeometric equation 14.1.2.171: 


AE (€—1) wee +2[(2n+2m+2+b—a)E—2n—b— we +(2nm+n+m+bm—an—y)w=0. 


yet 


132. sin(2x) y”, — 2ny’, + 2a? sin? x (tan x y= 0. 


Solution: y = Cj; sin(au) + C2 cos(au), where u = [on oan. 
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14.1.7 Equations Containing Inverse Trigonometric Functions 
> Equations with arcsine. 

lL yf + (aw + b+ carcsinz)y’, + [c(ax + b) arcsin x + aly = 0. 
Particular solution: yo = exp(—4ax? — bz). 

2. yf, + b(arcsin x)"y’, + c[b(arcsin x)” — cly = 0. 

Particular solution: yo =e ™. 


3. yy”, + b(arcsinx)”"y’, + alb2™ (arcsin x)” — ax?” +ma™"]y = 0. 


ae) ; 


Particular solution: yo = exp(- 
m+1 


4. yi. + (ax + b)(arcsin x)”y’, — a(arcsin x)”"y = 0. 
Particular solution: yo = ax + 0b. 

5. y+ ax™(arcsin x)" y’,, — ax”—*(arcsinx)™y = 0. 
Particular solution: yo = x. 


6. xy”, + axarcsine y,, — [a(bx + 1) arcsine + b(bx + 2)]y = 0. 


Particular solution: yo = xe?”. 


7. xy”, + [a(bx + 1) arcsin x + bx — 1]y), + ab?x arcsin x y = 0. 


—ba 


Particular solution: yo = (bx + 1)e 
8. xy” + [(ax? + bx) arcsinz + 2]y’, + barcsin x y = 0. 
Particular solution: yo = a+ b/a. 


9. xy” + [ax(arcsin x)” + bly’, + a(b— 1)(arcsinx)"y = 0. 


Particular solution: yo = a!~®. 


10. ry, + (ax”t1 + barcsin x)y’, + axz”(barcsinz + n)y = 0. 


n+l 
aor ig ) 


Particular solution: yo = exp(- 
11. zy” + (ax” + be arcsinz)y! + [b(ax” — 1) arcsing + anx”—']y = 0. 
Particular solution: yo = x exp(—ax"/n). 

12. xy” + bx arcsin x y, + a(barcsinz —a—1)y=0. 


Particular solution: yo = 2°. 


13. x?y” +a(barcsine + 2)y’, + [b(ax + 1) arcsin x — a?x7]y = 0. 


Particular solution: yo =a te %. 


14. (ax? + b)y”, + c(ax? + b)(arcsin x)"y!, — 2a[ca(arcsin x)” + 1Jy = 0. 


Particular solution: yo = ax? + b. 
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15. vty”, + ax arcsine y’, + [a(b— x) arcsin x — b”]y = 0. 

Particular solution: yo = x exp(b/z). 

16. (ax? + b)?y” + (cx + d)(arcsinx)"y’, — c(arcsinz)"y = 0. 

Particular solution: yo = cx + d. 

17. (x? + a)?y”, + b(a? + a)(arcsinx)"y’, — [br(arcsin x)” + aly = 0. 
Particular solution: yo = Va2 +a. 

18. (axz?+b)?y” + c(ax* +b)(arcsin x)"y’ + [c(arcsin x)” — 2ax—1]y = 0. 


Particular soluti ( / a ) 
articular Solution: = ex = SS 
v0 P ax? +b 


> Equations with arccosine. 
19. y”, + (ax +b+ carccos z)y’, + [c(ax + b) arccos x + aly = 0. 
Particular solution: yo = exp(— Zax? — bx). 


20. yy”, + b(arccos x)”"y’, + c[b(arccos x)” — cly = 0. 


Particular solution: yo =e ™. 


21. y” + b(arccos x)"y’, + alba™(arccos x)” — ax?” + ma™"]y = 0. 


Particular solution: yo = exp(— ae 


m+1 
/ _ 
22. y+ (ax + b)(arccos x)"y’, — a(arccos x)"y = 0. 
Particular solution: yo = ax + b. 
! —1 = 
23. y”, + ax™(arccos x)" y’,, — ax”—*(arccos x)" y = 0. 
Particular solution: yo = x. 


24. avy”, + axarccos zy’, — [a(bx + 1) arccos x + b(bx + 2)|y = 0. 


Particular solution: yo = xe?”. 


25. xy”, + [a(bx +1) arccos x + bx — 1]y/, + ab*x arccos x y = 0. 


—ba 


Particular solution: yo = (bx + lye 
26. ay” + [(ax? + bx) arccos x + 2]y,, + barccos x y = 0. 
Particular solution: yo = a+ b/z. 

27. xy”, + [ax(arccos x)” + bly’, + a(b — 1)(arccos x)"y = 0. 
1-b 


Particular solution: yo = x 


28. avy” + (ax! + barccos z)y’, + ax" (barccos x + n)y = 0. 


a) : 


Particular solution: = ex (- 
Yo p pet 
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29. avy” + (ax” + be arccos x)y’, + [b(ax” — 1) arccosxz + anx”"]y = 0. 
Particular solution: yo = x exp(—az"/n). 
2 
30. a*y’ + bx arccos x y’, + a(barccos x — a —1)y = 0. 
Particular solution: yo = 2°. 
31. ay” + a(barccos x + 2)y! + [b(ax + 1) arccos x — a?x”]y = 0. 
Particular solution: yo =a te %. 
32. (ax? + b)y”, + c(ax” + b)(arccos x)"y’!, — 2a[ex(arccos x)” + 1]y = 0. 
Particular solution: yo = ax? + b. 
33. aty” + ax” arccosz y! + [a(b — x) arccos x — b”]y = 0. 
Particular solution: yo = x exp(b/z). 
34. (ax? + b)*y”, + (ca + d)(arccos x)"y’, — c(arccos x)" y = 0. 
Particular solution: yo = cx + d. 
35. (a? +a)?y”, + (x? + a)(arccos x)"y’, — [bx(arccos x)" + aly = 0. 
Particular solution: yo = \/x? +. 
36. (ax*+b)?y”,+c(ax? +b) (arccos x)" y’, + [c(arccos x)" — 2ax—1]y =0. 
: da. 
Particular solution: yo = exp(- ) 


ax? +b 


> Equations with arctangent. 

37. y” + (ax +b+4 carctan x)y’, + [c(ax + b) arctan x + aly = 0. 
Particular solution: yo = exp(—Zax? — br). 

38. y”, + b(arctan x)” y’, + c[b(arctan x)” — cly = 0. 

Particular solution: yo =e ™ 


39. y”, + b(arctan x)” y’, + a[bx™ (arctan x)” — ax?” + m2z™—"J]y = 0. 


no) 2 


Particular solution: yo = exp(- 
m+t1 


40. y” + (ax + b)(arctanx)"y’, — a(arctan x)"y = 0. 
Particular solution: yo = ax + 6. 
4. y” + ax”(arctanx)™y! — ax” + (arctan x) y = 0. 


Particular solution: yo = x. 


42. xy”, + axarctan zy’ — [a(bx + 1) arctan x + b(bx + 2)]y = 0. 


Particular solution: yo = xe”. 


43. ay” + [a(bx + 1) arctanx + be — 1]y’, + ab*x arctan x y = 0. 


Particular solution: yo = (br + 1)e~™. 
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44. xy’ + [(ax? + bx) arctan + 2]y/ + barctan x y = 0. 


Particular solution: yo = a+ b/z. 


45. xy” + [ax(arctan x)” + bly’, + a(b — 1)(arctanz)”"y = 0. 


Particular solution: yo = ae 


46. avy” + (ax! + barctanz)y’, + ax” (barctan x + n)y = 0. 


gr’) . 


Particular solution: yo = exp(- 
n+1 


47. avy” + (ax” + be arctan x)y’, + [b(ax” — 1) arctane + anxz”*]y = 0. 


Particular solution: yo = x exp(—ax"/n). 
48. xy” + ax(arctan” x + b)y’, — a(arctan” x + b)y = 0. 
Particular solution: yo = x. 


49. xy” + barctan” x y’, + a(barctan” x — ax)y = 0. 


Particular solution: yo =e ™. 


50. xy, + a(arctan” x + bx)y’, + abarctan” x y = 0. 


Particular solution: yo = e7°”. 


51. xy”, +barctan” x y’ + ax(barctan” x — ax? + 1)y = 0. 
Particular solution: yo = exp(—4az’). 
52. ty! + ba arctan x y), + a(barctanz —a—1)y=0. 


Particular solution: yo = x °. 


53. x?y” + ax(barctanz + 2)y! + [b(ax + 1) arctan x — a?x”]y = 0. 


Particular solution: yo =a te %. 


54. 27y’’ + ax(arctan” x + b)y’, — a(arctan” x + b)y = 0. 
Particular solution: yo = x. 

2 , 2 = 
55. ay’ + barctan” x y’, + a(barctan” x — ax*)y = 0. 
Particular solution: yo =e. 
56. «x?y”, + a(arctan” x + bx?)y’, + abarctan” x y = 0. 


Particular solution: yo = e7°”. 


57. ay” + a[(ax + b) arctan” x + 2]y’ + barctan” x y = 0. 

Particular solution: yo = a+ b/c. 

58. (a7 + 1)y”, — [a?(x? + 1)(arctan x)? + aly = 0. 

Particular solution: yo = (2? + 1)~°/? exp(aa arctan 2). 

59. (ax? + b)y” + c(ax” + b) (arctan x)" y’, — 2a[ca(arctan x)” + 1Jy = 0. 


Particular solution: yo = ax? + b. 
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60. «ty + ax? arctan zy’ + [a(b — x) arctan x — b?]y = 0. 
Particular solution: yo = x exp(b/z). 
2 2 2 = 
61. (a*+1)*y” + [a(arctan x)* + barctan x + cly = 0. 
Y 


Var+1 


The transformation € = arctan x, w = leads to an equation of the form 14.1.2.6: 


whe + (af? + bE ++ 1)w =0. 
62. (a7 + 1)?y""_ + [b(aretan x)” — 1]y = 0. 


y 


The transformation € = arctan 7, w = 
e+ 


leads to an equation of the form 14.1.2.7: 
wee + DE"w = 0. 

63. (ax? + b)?y” + (ca + d)(arctan x)"y’ — c(arctan x)” y = 0. 

Particular solution: yo = cx + d. 

64. (a? + a)?y”, + d(x? + a)(arctanx)"y’! — [bx (arctan x)” + aly = 0. 
Particular solution: yo = Va? +a. 

65. (ax? +b)?y” + c(ax? +b) (arctan x)"y’ + [c(arctan x)” — 2ax —1]y = 0. 


Particular solution ( / a 
> Yo = exp( — —*_). 
ax? +b 


> Equations with arccotangent. 


66. Yr. + (ax + b+ carccot x)y;, + [c(ax + b) arccot x + aly = 0. 


Particular solution: yo = exp(—Zax? — br). 


67. y, + b(arccot x)” y’, + c[b(arccot x)” — cly = 0. 


xe 


Particular solution: yo =e ™. 


68. y”” + b(arccot x)"y’,, + alba” (arccot x)” — ax?” + ma™—"]y = 0. 


Particular solution: yo = exp(— gn, 


m+1 
69. yy, + (ax + b)(arccot z)"y’, — a(arccot x)"y = 0. 
Particular solution: yo = ax + 0. 

70. y”, +ax™(arccot x) y! — ax”—"(arccot x) y = 0. 


Particular solution: yo = x. 


71. xy”, + axarccot xy’, — [a(bx + 1) arccot x + b(bx + 2)]y = 0. 


Particular solution: yo = xe?”. 


72. avy’ + [a(ba + 1) arccot x + ba — 1]y’, + ab*x arccot x y = 0. 


Particular solution: yo = (br + 1)e~™. 
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73. avy’ + [(ax? + bx) arccot x + 2]y’, + barccot x y = 0. 


Particular solution: yo = a+ b/a. 


74. xy”, + [ax(arccot x)” + bly’, + a(b — 1)(arccot x)"y = 0. 


Particular solution: yo = gi? 


75. vy + (axz”**! + barccot x)y’, + ax” (barccot x + n)y = 0. 


a) : 


Particular solution: yo = (- 
iia n+1 


76. xy”, +(ax” + be arccot z)y’, + [b(ax™ — 1) arccot x + anx”—'|y = 0. 


Particular solution: yo = x exp(—az"/n). 


77. ay” + berarccot xy’ + a(barecot x — a — 1)y = 0. 


Particular solution: yo = 2°. 


78. ay” + x(barccot x + 2)y! + [b(ax + 1) arccot x — a?x?7]y = 0. 


Particular solution: yo = x te~*. 


2 2 
79. (ax* + b)y”, + c(ax” + b)(arccot x)” y’, — 2a[ca(arccot x)” + 1]y = 0. 
Particular solution: yo = ax? + b. 
80. aty”, + ax? arccot xy’, + [a(b — x) arccot x — b*]y = 0. 
Particular solution: yo = x exp(b/z). 


81. (x74 1)?y” + [a(arccot x)? + barccot x + cly = 0. 
] 


Viel 


The transformation € = arccot x, w = leads to an equation of the form 14.1.2.6: 


wee + (ak? + bE+¢+1)w =0. 

82. (a? +1)?y” + [b(arccot x)” — 1]y = 0. 

The transformation € = arccot x, w = wo leads to an equation of the form 14.1.2.7: 
wee + DE'w = 0. 

83. (ax? + b)?y” + (ca + d)(arccot x)"y’, — c(arccot z)"y = 0. 

Particular solution: yo = cx + d. 

84. (a? + a)?y”, + b(x? + a)(arecot x)"y!, — [bx (arccot x)” + aly = 0. 
Particular solution: yo = Va2 +a. 

85. (ax +b)?y”, +c(ax? +b) (arccot x)" y’, + [c(arccot x)” — 2ax — 1]y = 0. 


Particular solution: y exp( ; a ) 
> Yor ~ fap) 
ax? +b 
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14.1.8 Equations Containing Combinations of Exponential, 
Logarithmic, Trigonometric, and Other Functions 


Ly” + acy’, + b[b + ae” tan(br)]y = 0. 
Particular solution: yo = cos(bz). 
2. Yon + ae” y’ + b[b — ae*” cot(bx)]y = 0. 


Particular solution: yo = sin(bz). 

3. y, + acosh” (Ax) y’, + b[b + acosh” (Ax) tan(bx)]y = 0. 
Particular solution: yo = cos(bz). 

4, y’ + acosh"(Ax) y’, + b[b — acosh” (Ax) cot(bx)]y = 0. 
Particular solution: yo = sin(bz). 

5. y”, +acosh"(kx) y! + be*” [a cosh” (kx) — be** + Aly = 0. 
Particular solution: yo = exp(—ye™ ) 

6. y”, + asinh” (Ax) y/, + b[b + asinh” (Ax) tan(bx)]y = 0. 
Particular solution: yo = cos(bz). 

7. yf, + asinh” (Az) y/, + b[b — asinh” (Ax) cot(bx)]y = 0. 
Particular solution: yo = sin(bz). 

8. y” + asinh” (ka) y’, + be**[asinh” (ka) — be*” + Aly = 0. 


ghee at oe | SOs ae 
Particular solution: yo = exp ete : 


9, y”, +atanh”(Ax) y’, + b[b + a tanh” (Ax) tan(bx)]y = 0. 
Particular solution: yo = cos(bz). 

10. y”, +atanh”(Ax) y’, + b[b — atanh”(Ax) cot(br)]y = 0. 
Particular solution: yo = sin(bx). 

11. y”, +atanh” (kz) y’, + be*” [a tanh” (kx) — be®” + Aly = 0. 


A ee Bose 
Particular solution: yo = exp y e |). 


12. y’, + acoth” (Ax) y, + b[b + acoth”(Ax) tan(bx)]y = 0. 
Particular solution: yo = cos(bz). 
13. y’),, + acoth” (Ax) y, + b[b — acoth”(Ax) cot(ba)]y = 0. 
Particular solution: yo = sin(bz). 


14. y”, + acoth” (kx) y!, + be*” [a coth” (kx) — be*” + Aly = 0. 


b 
Particular solution: yo = exp (- oe ) : 
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15. y” +aln"(Az) y, + b[b + aln”(Az) tan(bz)]y = 0. 


Particular solution: yo = cos(bx). 


16. y.. + aln”(Azx) y\, + b[b — aln” (Az) cot(bz)|y = 0. 


Particular solution: yo = sin(bz). 

17. y”, +aln"(kz) y’, + be**[a ln (kx) — be** + Aly = 0. 
Particular solution: yo = exp(—e™ i; 

18. y”, +. acos"(ka) y’, + be**[a cos” (ka) — be*” + Aly = 0. 
Particular solution: yo = exp(—ye™ ). 

19. y”, + asin"(ka) y’, + be**[asin” (kx) — be*” + Aly = 0. 
Particular solution: yo = exp(—ye™ ). 

20. y”, + atan"(kax) y’, + be*”[a tan” (kx) — be*” + Aly = 0. 
Particular solution: yo = exp(—ye™ ); 

21. y”, +acot"(kx) y! + be*”[a cot” (kx) — be*” + Aly = 0. 
Particular solution: yo = exp(—ye* i} 

22. y.. + (ae*” + bln” x)y’, + ae*”(b In" x2 +A)y = 0. 
Particular solution: yo = exp(—Se* i: 


23. y”, + (ae*” + bcos x)y’, + b(ae*” cos x — sinx)y = 0. 


Particular solution: yo = exp(—bsin x). 
a r 
24. yy, + (ae™* + bcos” x)y’, + ae**(bcos” « + A)y = 0. 
a ode 


Particular solution: yo = exp(—Se ). 


25. y”, + (ae*” + bcos” x)y’ + bcos”! x (ae*” cos x — nsinx)y = 0. 
Particular solution: yo = exp(—b / cos” x dx). 

26. y”, + (ae*” + bsinx)y’, + b(ae* sin x + cosx)y = 0. 

Particular solution: yo = exp(bcos x). 

27. y”, + (ae** + bsin” x)y’, + ae®**(bsin” x + A)y = 0. 


Particular solution: yo = exp (- ao ) : 
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28. y”, + (ae*” + bsin” x)y’ + bsin” x (ae sing + ncosx)y = 0. 


Particular solution: yo = exp(—b Hh sin” x dx). 


29. y”, + (ae*” + btanz)y’, + (b+ 1)(ae** tanz + 1)y = 0. 


Particular solution: yo = cos’t! x, 


30. y”, + (ae*” + btan” x)y’, + ae**(btan” x + A)y = 0. 


Particular solution: yo = exp (- — ) ; 


31. y”, + (ae>” + beot x)y!, + (b— 1)(ae** cot x — 1)y = 0. 


Particular solution: yo = sint? x. 


32. y”, + (ae + beot”™ x)y’ + ae**(bcot” « + A)y = 0. 


a 
Particular solution: yo = exp (- ae ) ; 


33. y” + (acosh” x + bcos z)y’, + b(acosh” x cos x — sinx)y = 0. 
Particular solution: yo = exp(—bsin x). 
34. y” + (acosh” x + bcos” x)y’, 


+ bcos™~ 1! x (acosh” x cos x — msinx)y = 0. 


Particular solution: yo = exp(—b / cos” x dx). 


35. y” + (acosh” x + bsinx)y’, + b(acosh” x sin x + cos x)y = 0. 
Particular solution: yo = exp(bcos x). 


36. y”, + (acosh” x + bsin™ x)y’, 
+ bsin™—! x (acosh” « sina + mcosx)y = 0. 


Particular solution: yo = exp(—b | sin” x dx). 


37. y”, + (acosh” x + btanz)y’, + (b+ 1)(acosh” xtanz + 1)y = 0. 


Particular solution: yo = cos?t! x, 


38. yy”, + (acosh” x + bcot x)y’, + (b— 1)(acosh” x cot x — 1)y = 0. 


Particular solution: yo = sint? x. 


39. y” + (asinh” x + bcos z)y’, + b(asinh” x cos x — sinx)y = 0. 
Particular solution: yo = exp(—bsin x). 


40. y+ (asinh” x + bcos” x)y’, 
+ bcos™—' x (asinh” x cos x — msina)y = 0. 


Particular solution: yo = exp(—b / cos” x dx). 
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41. y” + (asinh” x + bsinz)y’, + b(asinh” x sin + cos x)y = 0. 
Particular solution: yo = exp(bcos x). 
42. y’ + (asinh” x + bsin”™ x)y’, 


+ bsin™—! « (asinh” x sinx + mcosa)y = 0. 


Particular solution: yo = exp(—b / sin” x dx). 


43. y” + (asinh” x + btanax)y’ + (b+ 1)(asinh” «tanz + 1)y = 0. 


Particular solution: yo = cos?t! x, 


44. y” + (asinh” x + bcot x)y’, + (b— 1)(asinh” x cot x — 1)y = 0. 


Particular solution: yo = sint? x. 


45. y” + (atanh” x + bcosz)y’, + b(atanh” x cos x — sinx)y = 0. 
Particular solution: yo = exp(—bsin x). 


46. y+ (atanh” x + bcos” «)y’, 


ae 
+ bcos”! x (atanh” x cos x — msinx)y = 0. 


Particular solution: yo = exp(—b / cos” x dx). 


47. y” + (atanh” x + bsinz)y’, + b(atanh” x sin x + cos x)y = 0. 
Particular solution: yo = exp(bcos x). 
48. y” + (atanh” x + bsin™ «x)y’, 


+ bsin™—! « (atanh” x sinx + mcosx)y = 0. 


Particular solution: yo = exp(—b / sin” x dx). 


49. y” + (atanh” x + btanz)y, + (b+ 1)(atanh” «tana + 1)y = 0. 


Particular solution: yo = cos?t! x, 


50. yy, + (atanh” x + bcot xz)y’, + (b— 1)(atanh” x cot x — 1)y = 0. 


Particular solution: yo = sint® x. 


51. y+ (acoth” x + bcosx)y’, + b(acoth” x cos x — sinx)y = 0. 
Particular solution: yo = exp(—bsin x). 
52. y.. + (acoth” x + bcos”™ x)y’, 


+ bcos”! x (acoth” x cos x — msinx)y = 0. 


Particular solution: yo = exp(—b 7 cos” x dx). 


53. yy, + (acoth” x + bsinz)y’, + b(acoth” x sin x + cosx)y = 0. 


Particular solution: yo = exp(bcos x). 
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54. y!’ + (acoth” x + bsin™ «)y’, 
+ bsin™—' « (acoth” x sinx + mcosx)y = 0. 


Particular solution: yo = exp(—b ‘| sin” x dx). 


55. yy, + (acoth” x + btanz)y’ + (b+ 1)(acoth” xtanz + 1)y = 0. 


Particular solution: yo = cos?t! x, 


56. yy, + (acoth” x + bcot x)y’, + (b— 1)(acoth” x cot x — 1)y = 0. 
1—b 
x. 


Particular solution: yo = sin 
57. y+ (aln” a2 + bcosz)y’, + b(aln” xcosz — sinx)y = 0. 
Particular solution: yo = exp(—bsin 2). 
-1 . 
58. yy” +(aln"2+bcos” z)y, +bcos™ * x (aln” xcosxz—msinx)y = 0. 


Particular solution: yo = exp(—b i cos” x dx). 


59. y” + (aln” a2 + bsinz)y’, + b(aln” xsinz + cosx)y = 0. 


Particular solution: yo = exp(bcos x). 
60. y” +(aln”2+bsin™ xz)y’ +bsin™ ' x (aln” zsing + mcosz)y = 0. 


Particular solution: yo = exp(—b / sin” x dx). 


61. yf, + (aln” x + btanz)y’, + (b+1)(aln” xtanz + 1)y = 0. 


b+1 


Particular solution: yo = cos’"~ x. 


62. yy, +(aln” 2 4+ bcot z)y’ + (b—1)(aln” xcot x — 1)y = 0. 


Particular solution: yo = sin!~? x. 


63. y”, + ae** cos(bx) y’, + b[b + ae*” sin(bx)]y = 0. 

Particular solution: yo = cos(bz). 

64. y”, + ae sin(bax) y’, + b[b — ae*” cos(bx)]y = 0. 

Particular solution: yo = sin(bz). 

65. yy, + acosh(bz) In” (Ax) y’, — b[b + asinh(bz) In”(Ax)]y = 0. 
Particular solution: yo = cosh(bz). 

66. y, + acosh(bz) cos” (Ax) y/, — b[b + asinh(bz) cos” (Ax)]y = 0. 
Particular solution: yo = cosh(bz). 

67. y,, + acosh”(Ax) cos(bz) y’, + b[b + acosh”(Azx) sin(bx)]y = 0. 
Particular solution: yo = cos(bz). 

68. y,, + acosh(bz) sin” (Ax) y/, — b[b + asinh(bz) sin” (Ax)]y = 0. 


Particular solution: yo = cosh(bz). 
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69. yy, + acosh”(Az) sin(bx) y’, + b[b — acosh” (Ax) cos(bx)]y = 0. 
Particular solution: yo = sin(bz). 

70. y’, + acosh(bx) tan” (Ax) y’, — b[b + asinh(bz) tan” (Ax)|y = 0. 
Particular solution: yo = cosh(bz). 

71. y”,, + acosh(bx) cot” (Ax) y’, — b[b + asinh(bx) cot” (Ax) ]y = 0. 
Particular solution: yo = cosh(bz). 

72. y”, + asinh(bz) In” (kz) y’, — b[b + acosh(bz) In”(kx)]y = 0. 
Particular solution: yo = sinh(bz). 

73. y”, + asinh(bx) cos”(kx) y’, — b[b + acosh(bx) cos” (kx)]y = 0. 
Particular solution: yo = sinh(bz). 

74. y” + asinh”(Ax) cos(bz) y’, + b[b + asinh” (Ax) sin(bx)]y = 0. 
Particular solution: yo = cos(bz). 

75. y”, + asinh(bz) sin” (ka) y’, — b[b + acosh(bz) sin” (kx)]y = 0. 
Particular solution: yo = sinh(bz). 

76. y”, + asinh” (Ax) sin(bx) y’, + b[b — asinh” (Ax) cos(bx)]y = 0. 
Particular solution: yo = sin(bz). 

77. y”, + asinh(bz) tan” (kx) y’, — b[b + acosh(bx) tan” (kx)]y = 0. 
Particular solution: yo = sinh(bz). 

78. y”, + asinh(bx) cot”(Azx) y’, — b[b + acosh(bx) cot” (Ax) ]y = 0. 
Particular solution: yo = sinh(bz). 

79. y”, + atanh”(Ax) cos(bz) y’, + b[b + a tanh” (Ax) sin(bx)]y = 0. 
Particular solution: yo = cos(bz). 

80. y”, + atanh” (Ax) sin(bx) y’, + b[b — a tanh” (Az) cos(bx)]y = 0. 
Particular solution: yo = sin(bz). 

81. yy”, + acoth”(Ax) cos(bz) y’, + b[b + acoth”(Azx) sin(bx)]y = 0. 
Particular solution: yo = cos(bz). 

82. y+ acoth” (Ax) sin(bx) y’, + b[b — acoth” (Ax) cos(bx)]y = 0. 
Particular solution: yo = sin(bz). 

83. y+ aln"(Ax) cos(bx) y’, + b[b + aln”(Azx) sin(bx)]y = 0. 
Particular solution: yo = cos(bz). 

84. y” + aln"(Az) sin(bx) y/, + b[b — aln”(Ax) cos(bx)]y = 0. 


Particular solution: yo = sin(bz). 
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85. y” + (a + be?*”) In” (ka) y’, + A[(a — be?) In” (kx) — Aly = 0. 


Particular solution: yo = be*” + ae~. 


86. y”, + (a+ be”) cos” (kx) y’, + A[(a — be?*”) cos” (kx) — Aly = 0. 


Particular solution: yo = be*” + ae~**. 


87. y” + (a + be?*”) sin” (ka) y’, + A[(a — be?*”) sin” (kx) — Aly = 0. 


Particular solution: yo = be*” + ae~. 


88. y” + (a + be”) tan” (kx) y’, + A[(a — be”) tan” (ka) — Aly = 0. 
Particular solution: yo = be*” + ae~. 
89. y” + (a+ be?*”) cot” (kx) y’, + A[(a — be?»”) cot” (kx) — Aly = 0. 


Particular solution: yo = be*” + ae~**. 


90. y” +(asn? x + b)y =0. 


The Lamé equation in the form of Jacobi; sn x is the Jacobi elliptic function. See the books 
by Whittaker & Watson (1952), Bateman & Erdélyi (1955, Vol. 3), and Kamke (1977) for 
information on this equation. 


91. yy, + [A@(x) + Bly = 0. 
The Lamé equation in the form of Weierstrass; yo(a) is the Weierstrass function. See the 


books by Whittaker & Watson (1952), Bateman & Erdélyi (1955, Vol. 3), and Kamke 
(1977) for information on this equation. 


92. zy”, + (arlna + be*”)y’, + a(be** na + 1)y = 0. 


Particular solution: yo = ea. 


93. avy”, +(1— axe Inz)y’ + aer*y = 0. 
Particular solution: yo = Inz. 


94. xy”, + (axlnax + beosh” x)y’, + a(bcosh” x Inx + 1)y = 0. 


Particular solution: yo = ex”. 


95. xy”, +(1—axcosh” xclnz)y’ + acosh” xy = 0. 
Particular solution: yo = Ina. 


96. xy’, + (axlnaz 4 bsinh” x)y’, + a(bsinh” x Inz + 1)y = 0. 


Particular solution: yo = ex”. 


97. xy”, +(1—aasinh” clnz)y’ + asinh” zy = 0. 
Particular solution: yo = Ina. 


98. xy”, + (axlnax + btanh” z)y’ + a(btanh” xlnz + 1)y = 0. 


Particular solution: yo = ex. 
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99. xy”, + (1 — axtanh” zlnz)y’, + atanh” zy = 0. 


Particular solution: yo = Ina. 


100. xy’, + (axzlna + beoth” x)y’, + a(bcoth” x lnz + 1)y = 0. 


Particular solution: yo = ex”. 


101. xy”, + (1 —axcoth” zlnx)y’, + acoth” xy = 0. 


Particular solution: yo = Inz. 


102. xy”, + (axlnaz + bcos” x)y’, + a(bcos” xIna + 1)y = 0. 


Particular solution: yo = e““x”™. 


103. xy”, + (1—azxcos”azlnz)y’ + acos" xy = 0. 


Particular solution: yo = Ina. 


104. xy” + (axzlnz + bsin” x)y’, + a(bsin” «Ina + 1)y = 0. 


Particular solution: yo = ex. 


105. vy”, + (1—azsin"«lnz)y’ + asin" zy = 0. 


Particular solution: yo = Ina. 


106. xy”, + (axlnz + btan” x)y’, + a(btan” zInx+1)y=0. 


Particular solution: yo = ex”. 


107. xy”, + (1—aztan"«lnz)y’ + atan” zy = 0. 


Particular solution: yo = Ina. 


108. xy”, + (axlnz + bcot” x)y’, + a(bcot”™ zIna+1)y = 0. 


Particular solution: yo = ex”. 


109. xy”, + (1—azxcot”«lnz)y’ + acot” ry = 0. 
Particular solution: yo = Inz. 
110. x?y”, + a2(alnz + be*”)y’ + a(be*” naz —Inxz +1)y=0. 
Particular solution: yo = exp(—4aln? 2). 

2 
11. a2*y”, +a(alnaz + beosh” x)y’ + a(beosh” ez Inz —Inz+1)y=0. 
Particular solution: yo = exp(—4aln’ z). 
112. xy” + a2(alnz + bsinh” x)y’, + a(bsinh” z Ina —Inz+1)y=0. 
Particular solution: yo = exp(—saln” z). 
113. xy” +a(alnaz + btanh” x)y’, + a(btanh” x Ina — Inez +1)y =0. 
Particular solution: yo = exp(—4aln’ z). 
114. 2?y” + a2(alnz + beoth” z)y’, + a(bcoth” lng —Inxz+1)y =0. 


Particular solution: yo = exp(—4aln? 2). 
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115. x?y” +2(alnz+ bcos” x)y’, + a(bcos”xInaz —Inz+1)y=0. 
Particular solution: yo = exp(—4aln’ z). 
116. 2?y” + 2(alnz + bsin” x)y’, + a(bsin® x Inz —Inxz+1)y=0. 
Particular solution: yo = exp(—4aln? z). 
117. xy” +a2(alnz + btan"2x)y! + a(btan" zlnz —Inz+1)y=0. 
Particular solution: yo = exp(—4aln” 2). 
118. 2?y” + a2(alnz + bcot” x)y’, + a(bcot” x Inz —Inz+1)y=0. 
Particular solution: yo = exp(—4aln? 2). 
119. sin? xy”, + sing (a+ be®)y’ + a(be*” — cosx)y = 0. 
Particular solution: yo = cot*($2). 

- 2 . = 
120. sin’ xy”, + sina (a + beosh” x)y’, + a(bcosh” x — cos x)y = 0. 
Particular solution: yo = cot"($2). 

+ 2 ° P : = 
121. sin*xy”,+ sina (a+ bsinh” x)y’, + a(bsinh” x — cos x)y = 0. 
Particular solution: yo = cot’(42). 

- 2 ° = 
122. sin*xy” + sina (a+ btanh” x)y’ + a(btanh” x — cosx)y = 0. 
Particular solution: yo = cot’(42). 

- 2 ° 2s 
123. sin*vy” + sina (a+ beoth” x)y’, + a(bcoth” x — cos x)y = 0. 
Particular solution: yo = cot’($2). 

- 2 . _ 
124. sin*xy”,+ sina (a+ bln” z)y’ + a(bln” x — cosx)y = 0. 
Particular solution: yo = cot*($2). 
125. cos? xy”, +cosa (a+ be*”)y’ + a(be*” + sinx)y = 0. 
Particular solution: yo = cot” ( $x ++ +m). 
126. cos? xy”, + cosa (a+ beosh” x)y’,, + a(beosh” x + sinx)y = 0. 
Particular solution: yo = cot” ( $x + 4m). 
127. cos? xy”, +cosa (a+ bsinh” x)y’,, + a(bsinh” x + sinx)y = 0. 
Particular solution: yo = cot” ( 52 ++ 4m). 
128. cos? xy”, +cosa (a+ btanh” x)y’ + a(btanh” x + sinx)y = 0. 
Particular solution: yo = cot” ( 52 ++ 4m). 
129. cos* xy”, +cosx(a+ beoth” x)y’ + a(bcoth” x + sinx)y = 0. 
Particular solution: yo = cot” ( 4a + +m). 
130. cos? xy”, +cosaz(a+bln"z)y’, + a(bln" x 4+ sinx)y = 0. 


Particular solution: yo = cot” ( $x + 4m). 
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14.1.9 Equations with Arbitrary Functions 


@ Notation: f = f(x) and g = g(x) are arbitrary functions; a, b, c, d, n,m, k, X, a, B, 
and y are arbitrary parameters. 


> Equations containing arbitrary functions (but not containing their derivatives). 


1. yy tay=f. 
Equation of forced oscillations without friction. 
Solution: 


C cos(kx) + C2 sin(ka) + a f(§) sin[k(a — €)] dé ft oho SO 


y = & Ci cosh(kx) + Cysinh(kr) +k! | f(€) sinh[k(2 — €)] dé if a= —k? <0, 


x 
r 0 


Cet cat f (e- 9 fle dé if a=0, 
xO 

where xo is an arbitrary number. 

2. Yrn + ay, + by = f. 

Equation of forced oscillations with friction. The substitution y = w exp(—5az) leads to 
an equation of the form 14.1.9.1: w%,, + (b— 4a”)w = f exp(4az). 

3. yf + fy, = 9 


Solution: y= C; + feF(cr + fey dx) dx, where F' = [tae 


4. yy, + fu, + a(f —a)y = 0. 


Particular solution: yo =e”. 


5. oy”! + fy, ta(a"f —ax?"+nz"")y =0. 


Particular solution: yo = exp(— ze) 


n+1 
6 yn, +afy’, — fy =0. 
Particular solution: yo = x. 

7. Yn + (Ff + ax” + b)y’!, + [(ax” + b)f + anx”~*]y = 0. 


get be). 


a 
Particular solution: yp = (- 
articular solution: yo = exp ea 
8. ry”, + xfy’, —|(ax+1)f + a(ax+ 2)]y = 0. 
Particular solution: yo = xe. 


9 «y+ (af +a)y!,+(a—1)fy=0. 


Particular solution: yo = a2'~*. 
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10. xy”, + [(ax+1)f +ax—I1y,+a7xfy =0. 


—art 


Particular solution: yo = (ax + l)e 


11. xy”, + [(ax? + bx) f + 2]y, +bfy =0. 
Particular solution: yo = a+ b/z. 
12, vy” +(ftaxr"")y’, +ax"(f +n)y =0. 


Sant), 


Particular solution: = ex (- 
Yo p need 


13. xy” + (xf +ax”)y’, + [(ax” —1)f +anz”"]y = 0. 
Particular solution: yo = x exp(—az"/n). 

14. xy” + [(ax” +1)f + ane” +1—- 2njy’,, + a?na?”—1 fy = 0. 
Particular solution: yo = (ax” + 1) exp(—az”). 

15. 2?y"” + aay’, + By = f. 


The nonhomogeneous Euler equation. The substitution « = e’ leads to an equation of the 
form 14.1.9.2: yf, + (a —1)yi + By = f(e’). 


16. a«?y’’ + acy’, + (a2? —v*)y = f. 
The nonhomogeneous Bessel equation. The general solution is expressed in terms of Bessel 
functions: 


y = Cyd, (x) + C2Y, (x) + 4rY, (2) [eore) dz — $7 J, (2) [%oro ai: 


17. ty! +afy,,t+a(f—a—1)y=0. 


Particular solution: yo = x °. 


18. xy” +a(f+ 2a)y’, + [(bx + a)f — bea? + a(a—1)]y=0. 


Particular solution: yo = 2~%e~"”. 


19. ay! +afy,, + [((ax?"t1 4 n)f — a2at"t? — nn? — njy = 0. 


a 
Particular solution: =x "ex (-S™"') . 
Yo p One i 


20. (ax? + ba + cy” +(a@+k)fy,, — fy =0. 

Particular solution: yo =x +k. 

21. aty” +27 fy + [(A—2«)f —A7]y=0. 

Particular solution: yo = x exp(A/z). 

22. «?(ax? + b)y” + x(ax? + b) fy’, — [(ax? — b)f + 2bly = 0. 
Particular solution: yo = ax + b/a. 

23. (a7 + a)7y" + (x? + a)fy!, — (xf +a)y = 0. 

Particular solution: yo = Vx? +a. 
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24. (a? + a)?y" + (a? + a) fy’, —milaf + (m— 1)x? + aly = 0. 


Particular solution: yo = (x? + a)'"/?. 


25. (ax + b)y” + (ax” + b) fy! —anz” "(af +n—1)y=0. 


Particular solution: yo = ax” + b. 
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26. (ax +ba)y”,+(ax"+ba) fy! —[(anx”—'+b)f +an(n—1)2"*]y =0. 


Particular solution: yo = ax” + ba. 

27. (a” +a)?y”, + (a" +a) fy! — 2” 7(af +an—a)y =0. 
Particular solution: yo = (a” + a)!/”. 

28. (ax” + b)?y”, + (ax” + b) fy, + (f —anxz""* —1)y =0. 


Particular solution ( / as ) 
: =exp(— | ———]}. 
Yo P ax" +b 


29. f(x)y’, + [ax + (ac + b)ax + bely’, — (ax + b)y = 0. 
Particular solution: yo = © +c. 
30. y% + fyi, + aer*(f — aer** + rA)y = 0. 


a 
Particular solution: yo = exp (- ak ) ‘ 


31. yy, + (f + ae™)y/, + ae**(f + A)y = 0. 
Particular solution: yo = exp(—e* i 


32. yy’, + (a + be”) fy’, + Al(a — be”) f — Aly = 0. 


Particular solution: yo = be*” + ae~”. 


33. (ae*” + b)?y”, + (ae*” + b) fy, + ce**(f — ce*” + Ab)y = 0. 
Pee 

Particular solution: yo = (ae™* ++ b) ar, 

34. y” + fsinh(ax)y’, — ala + f cosh(ax)]y = 0. 

Particular solution: yo = sinh(az). 

35. y” + f cosh(ax)y’,, — ala + f sinh(azx)]y = 0. 

Particular solution: yo = cosh(az). 


36. vy” +(1—faelna)y’,+ fy =0. 


Particular solution: yo = Ina. 


37. vy” +(ft+arlna)y’ +a(flna+1)y=0. 


Particular solution: yo = ex. 


38. a?y” + 2a(Inz+a)fy) + [+ —(na+a+2)fly =0. 
Particular solution: yo = Vz (Inz +a). 
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39. ay! +a(f+ala)y’,+a(flnzg—mnze+1)y=0. 
Particular solution: yo = exp(—4aln’ z). 

40. y” + fsin(ax)y’, + ala — f cos(ax)]y = 0. 

Particular solution: yo = sin(az). 

41. y” + fcos(ax)y’, + ala + f sin(ax)]y = 0. 

Particular solution: yo = cos(az). 


42. y” +(ftasinaz)y, + a(f sina +cosz)y = 0. 


Particular solution: yo = exp(acos x). 


43. Vive == (f + acos x)y’, + a(f cos 2 — sin x)y = 0. 


Particular solution: yo = exp(—asin 2). 


44. y” +(f +acos”x)y! + acos”"'x(fcosx —nsinz)y = 0. 


xe 


Particular solution: yo = exp(—a i cos” x dx). 


45. y” + (f + asin" x)y, + asin” 12 (fsing +ncosa)y = 0. 


xe 


Particular solution: yo = exp(-a / sin” x dx). 


46. sin?xy”,+sine(f+a)y!,+a(f —cosxz)y = 0. 
Particular solution: yo = cot” ( 52). 

47. cos’? xy”, +cosa(a+t+ f)y,+a(f+sinz)y =0. 
Particular solution: yo = cot” ( 52 ++ 4m). 

48. y” + fy, +alA+t f tan(Az) + (A — a) tan?(Az)]y = 0. 


Particular solution: yg = [cos(Ax)|”>. 


49. y” +(ft+atanz)y’ + (a+1)(ftanz+1)y=0. 


Particular solution: yo = cos**! x. 


50. y” +tanz(f+a-—1)y’, + [(atan? x —1)f +2a+2]y =0. 
Particular solution: yo = sin x cos® x. 


51. oy” + fy) +alA — f cot(Ax) + (A — a) cot? (Az)]y = 0. 
Particular solution: yo = [sin(A«)]*>. 
52. yy +(f +acotz)y, + (a —1)(fcotx—1)y=0. 


Particular solution: yo = sin’ x. 
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> Equations containing arbitrary functions and their derivatives. 
53. yi, —(f7? + fi)y = 0. 


Particular solution: yo = exp( / f dx). 


54. yy + fy! — [a(at+1)f? +afily =0. 


Particular solution: yo = exp(a i f de). 
55. yf +2fy,+ (0? + fy =0. 
Solution: y = (Cox + C)) exp(— / f dx). 


56. yy +(1—a)fy,, —a(f? + fi)y =0. 


Particular solution: yo = exp(a / f de). 


57. oy + fy +(fo—9? +9',)y = 0. 


Particular solution: yo = exp(— / g dx). 


58. yy, + 2fy), + (f7 +f, +a)y =0. 


The substitution w=yexp ( / f dx) leads to a constant coefficient linear equation: w’,.+ 


aw = 0. 

59, y+ 2fu, + (fF? + fy + ax?” + bx” )y = 0. 

The substitution w = yexp( / f dx) leads to a linear equation of the form 14.1.2.10: 
wr, ta(x2”+ bx”—"\w = 0. 

60. yf, + (2f + a)y,, + (fF? taf + fi, + b)y = 0. 

The substitution w= y exp ( 7 f dw) leads to a constant coefficient linear equation: w’,, + 


aw’, + bw = 0. 

61. yy, +(ft+a)u,+ (fo + fi)y = 0. 
Particular solution: yo = exp(- / f dw). 

62. vy” +afy,t+(f+xf,)y =0. 


Particular solution: yo = x exp (- / f dw). 


63. xy, + (af +a)y, + (af+afi)y =0. 


Particular solution: yo = exp(— i f dx). 
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64. (x+a)yy+(f+5)y1,4+ fy =0. 


Particular solution: yo = exp( i —— de). 
xta 
65. ty! +afy,,+ [afi +af —a(a+1)]y =0. 


Particular solution: yo = x°+! exp (- / gif de). 


66. ty! + 2aefy’ + (afi+ f? —f+ax?+bae+cxr)y = 0. 

The transformation w = y exp( / a lf dx) leads to an equation of the form 14.1.2.115: 
awh, + (ax? + bx + c)w = 0. 

67. wy, + e(2f + Ly’, + (f? + ef, + 2? — aly =0. 

The substitution y = w exp (- / an dw) leads to the Bessel equation 14.1.2.126: 


awn, + cul, + (x? —a)w = 0. 


68. xy + a(2ft+a)y,+[f? + (a-1)f+af, + be" + cly=0. 

The substitution w= y exp ( i a lf dx) leads to a linear equation of the form 14.1.2.132: 
zw, +arw', + (bx” + c)w = 0. 

69. a? yl + 2x7 fy, + [27(f, + f? +4) + bly =0. 

The transformation w = y exp ( / f dw) leads to a linear equation of the form 14.1.2.115: 


zw, + (ax? + b)w = 0. 


70. ty! + ax(2f + ax” + b)y’, 
+ [f? + (az” + b-1)f+afi, + ax?" + Ba” + yy = 0. 


The substitution w= y exp ( / se i dx) leads to a linear equation of the form 14.1.2.146: 


awl, + (ax” + b)rwl, + (ax? + Ba” + y)w = 0. 
71. 2f uty + fey, + ay = 0. 


The substitution € = / f —1/2dz leads to a constant coefficient linear equation: Yee = 
ay = 0. 


72. fy, — fiyl, —af*y = 0. 


Solution: y = Cye“ + Cge~“, where u = va | f da. 
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73. fy, —afly!, — bf¢tly =0. 


Solution: y = Cje“ + Cpe“, where u = vi | fae, 


74. fy, — (f, + af?)y!, + bf? y = 0. 
Solution: y = C exp (x 7 dx) + C2 exp Or» i f dx), where A; and 2 are roots of 
the quadratic equation \? —aA+b=0. 


78. fute — (fa + af)yy — of? (a + bf)y = 0. 
Particular solution: yo = exp(—b / f de). 


76. fy, —(f, + 2af)y), + (af, +a7f — b’f*)y = 0. 
Particular solution: yo = e*” exp (0 / f de). 


77. f?y + F(f, + a)yl, + by = 0. 


The substitution € = / f ‘dz leads to a constant coefficient linear equation: Yee - aye - 
by = 0. 


78. fru, + £(f, + 29 + a)y’, + (fa), +9? + ag + b)y = 0. 

The transformation € = / f-ldz,u=y exp( i fg dw) leads to a constant coefficient 
linear equation: ug, + aug + bu = 0. 

79. fout, — (afig + bfg))u, — AFP Tg ty = 0. 

Solution: y = Cje“ + Cyge"“, where u = vx f f%g? dex. 

80. yi, + fyi, + (Ff? + fi, + ae + be** + c)y = 0. 

The substitution w = yexp ( / f dw) leads to a linear equation of the form 14.1.3.5: 
wi, + (ae + be” + c)w = 0. 

81. x” — fly’ +ar%eFy =0. 

Solution: y= C, sin(a [ef dw) + C4 cos(a f ef de). 

82. yy” — fly, — 262fy = 0. 

Solution: y = Cj, exp (a fe! dw) + C4, exp(-a f ef dx). 

83. fy. — fy = 0. 


Solution: y= Cif + Cof / imate 
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84. 4f?y”, — [2¢fy, — (fi)° +aly = 0. 
Solution: 


CiVF exp( (va fr dx ) + Cov/F exp(- (-iva fro dw) if a> 0, 
y= CrV/F cos( (viel fe dx) ) + Cav F sin Vial fF na <0; 
CVF + CaF f potas if a=0. 


85. Yen — fe yi, + a7( fh) f2r-2y = 0. 


Solution: y = \/f lev 1 (=s") + CoY4 (<r)]. where J;,(z) and Y;,,(z) are 
In \N In \7 


Bessel functions. 


" ffs fos Va.) Be he cia 
86. tie + ($5 - te), Prat? 


Solution: y=Cil(f+V/f2 +a)? + Co(f + Vf? 4 a)” 
uw / / 2 
7. use — | + 2a Ely, + [2 04) (4) +19? ]y=0. 


fe f 
Solution: y = f*(CiJ,(f) + CoY,(f)], where J,(f) and Y,(f) are Bessel functions. 


2 2 
vee  3f fae 1 2 
mos fa -2(B) + ($-0)(G) ene e—e 


Solution: y = / f/f, [CiJa(f) + CoYa(f)], where Ja(f) and Ya(f) are Bessel func- 
tions. 


Solution: y = \/fg/gi, [Ci Ja(g) + CoYa(g)], where J,(g) and Y;,(g) are Bessel func- 
tions. 


0. (24 + Se — t) y!, 


2 
fo hoe ee: ee few 2[ 92 1y\2 
22-225 nS ) = = 0. 
+|4(24+4  ) f a(#) +)]y ° 


Solution: y = f[CiJa(g) + C2Ya(g)], where J,(g) and Y;(g) are Bessel functions. 


ve e hy 
1. yf! — (= + (2a — 1) + att yp 


+ | (24+@a-n% 42%) Me + @yly =o. 
Solution: y = hg*(CiJa(g) + C2Ya(g)|, where J,(g) and Y;(g) are Bessel functions. 
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14.1.10 Some Transformations 


@ Notation: f, g, and h are arbitrary composite functions of their arguments, which are 
written in parentheses following the name of a function (the argument is a function of x). 


ly ta 4*f(1/a)y = 0. 
The transformation € = 1/2, w = y/z leads to the equation Wee + f(f)w =0. 


2 yt (co + d)-4*f(2**)y = 0. 


ce +d 
The transformation € = ani w = —* leads to a simpler equation: w, + 
cx +d’ co +d g& 


A-* f(€)w =0, where A = ad — be. 
3. ary! + [x?" f(ax” +b) + + — $n7ly = 0. 
-1 
The transformation € = az" + b, w = yo 2 leads to a simpler equation: Wee + 
(an)~? f (E)w = 0. 


4. wy” +a(afta)y,+(egt+byy=0, f=f(x),9= g(a). 
The substitution y= x" w, where k is a root of the quadratic equation k? + (a—1)k+b=0, 
leads to the equation rw”, + (af +a+2k)ul,+(g+kf)w =0. 


5. &Pn(©)¥p2 + Qn(x)y, + Rn-1(x)y = 0, 
Pa) = os Gye” Oe) = oS 6,40", Reale) = ps Came. 
The substitution y = x*w, where k = 1 — bo /ao, leads to an equation of the same form: 
€Pp(x) We + [Qn(x) + 2kPp(x)]w,, + [Rn—1() + Fn-1(x)]w = 0, 
where F,_1(x) = ka~*[Qn(x) + (k — 1)Py(2)). 
6. «(x — 1)Pn—i(x)y%, + Qn(x)y), + Rn-1(x)y = 0, 


n-1 n n—-1 
Pra(@) _ ys amc”, Qn(x) as » bnx™, Ry-1i(#) = ys Cae 
m=0 m=0 m=0 


The transformation € = ——, w =|x—1|~*y, where k is a root of the quadratic equation 
z 


a [* 
Qn—1k? + (by — An—1)k + Cn—1 = 0, leads to an equation of the same form: 
€(€-1) Pa—1 (wee + [21 —k)EPn—1 (€)— Qn (Ewe + [A(b— 1) Pra (€) + Fn1 (6) w = 0, 


where 


n—-1 n 
By1()= Yo ame™(E-I)"—", n(6)= D> bme™E-D"™, 
m=0 m=0 


n-1 
R,-1(6)= So omE™(E-Y™ 1, Fr-i(€)= 


m=0 
7 y+ [e?* f (aer* +b) — +\?] y= 0. 
The transformation €=ae**+b, w= ye>*/? leads to the equation weet (ar)~? f (€)w=0. 


é=-1 | 
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8. y%, + f(e)ul, + g(e*)y = 0. 
The substitution z = e*” leads to the equation \7z7y!, + Az[ f(z) + Aly! + g(z)y = 0. 


9 y” + [—A? 4+sinh- 4(Ax)f(coth(Ax))]y = 0. 
The transformation € = coth(Az), w = 
A FS) w= 0; 

10. yy, +[- dA? + cosh 4(Aax) f ( tanh(Ax)) | y = 0. 


leads to a simpler equation Wee + 


a SHED 
sinh(Az:) 


The transformation € = tanh(Ax), w = —_4 __ Jeads to a simpler equation Wee + 
cosh(Az) 
A~? f (Ew = 0. 
7 S 1 2 e2rz es + 2) _ 
Me Yew + | a0. (cor pays mcg) | 
AT 4h Ax /2 
The transformation € = So. w= od leads to a simpler equation: Wee + 


(AA)-? f(€)w =0, where A = ad — be. 
12. fy", + (2f tanh x + g)y’, + (gtanha +h)y = 0, 

f=f(x), g= g(x), h=h(z). 
The substitution wu = ycosh x leads to a simpler equation: ful, + gu!,+(h—f)u=0. 
13. fy’, + (2f cotha + g)y’, + (gcothx + h)y = 0, 

f=f(x), g= g(x), h=h(z). 
The substitution u = ysinh x leads to a simpler equation: fu”, + gui,+(h— f)u=0. 
14. ty! + [f(alna + b)+ Sly = 0. 
The transformation € = alnz + b, w = yx7!/? leads to a simpler equation: Wee + 
a~? f (€)w = 0. 

ax—a 


2 2,/ 
15. (a#* —1) uf, + f (In are 
ax — a 
—<———$. , vw = 
el |x? — 1| 


)y =0. 


The transformation € = In 


[f(€) — Iw = 0. 
16. x?f(Inz)y”, + xg(Inz)y’ + h(Inz)y = 0. 
The substitution € = Inx leads to the equation f({)yze + [9(€) — f(E)]ye + h(E)y = 0. 


leads to a simpler equation: Awe. + 


17. y” + [A? +sin7 4(Ax)f (cot(Ax))]y = 0. 
The transformation € = cot(Ar), w = 
A F(C)w = 0. 

18. y+ [? + cos” 4(Ax)f(tan(Azx))]y = 0. 


leads to a simpler equation: Wee + 


== 
sin(Az) 


The transformation € = tan(Az), w = 


A~? f (E)w = 0. 


leads to a simpler equation: Wee + 


es 
cos(A2:) 
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19, y+ |»? aL. ae (SSS) = 0. 


sin* (Aw + b) sin(Aa + b) 
The transformation & rd) y leads to a simpler equation 
= PAL aN : 
sin(Ax + b) sin(Ax + b) oe 


wee + [Asin(b — a)|~? f (€)w = 0. 


20. fy +(g—2ftanz)y’ + (h—gtanz)y = 0, 
f=f(x), g=9(x), h=h(a). 
The substitution u = ycos x leads to a simpler equation: fu, + gui, +(f +h)u=0. 
21. fy +(g+2f cotz)y’ + (h+gcotz)y = 0, 
f=f(x), g=9(x), h=h(a). 
The substitution u = ysin x leads to a simpler equation: fu’, + gui, +(f +h)u =0. 
22. (a7 4+ 1)?y”, + f (arctan x + b)y = 0. 
; Y 
The transformation € = arctanz + b, w = ——— 
: Jeti 
[F(E) + lw = 0. 
23. (a? +1)?y” + f(arccot x + b)y = 0. 
F y 
The transformation € = arccotx + b, w = ———— 
: Jeri 
[F(E) + lw = 0. 
24. y” + f(x)y = 0. 
The transformation z = y(z), y = wy/|y,| leads to an equation of the same form: 


1 Mr 3 W 2 
wl, + O(z)w = 0, where ®(2) = +22 — 2 (S22) + (pL)? f(y). 


29, AVY 


leads to a simpler equation: Wee + 


leads to a simpler equation: Wee + 


14.2 Autonomous Equations yy’, = F(y, y’,) 


Preliminary remarks. Equations of this type often arise in different areas of mechanics, 
applied mathematics, physics, and chemical engineering science. 


1°. The substitution w(y) = y/, leads to a first-order equation: 


Wy =w !F(y,w). (1) 
2°. The solution of the original autonomous equation can be represented in implicit form: 
dy 
=| +, (2) 
/ wy, C1) ‘ 


where w = w(y,C}) is the solution of the first-order equation (1). 
3°. The solution of the original autonomous equation can be written in parametric form: 
/ 
aoe C1) 
x / w(t, C1) T= 25 ¥y y(t, i) ( ) 
where y = y(7,C1), w = w(7, C1) is a parametric form of the solution of the first-order 
equation (1). Formula (2) is a special case of formula (3) with y = T. 


4°. For the special cases F = F'(y) and F = F(y/,), see equations 14.9.1.1 and 14.9.4.35. 
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14.2.1 Equations of the Form y”, — y’ = f(y) 


6 6 = 
Preliminary remarks. Equations of this type arise in the theory of combustion and the 
theory of chemical reactors. 


1°. The substitution w(y) = y/, leads to the Abel equation ww 
considered in Section 13.3.1 for some specific functions f. 


y — w= fly), which is 
2°. The solution of the original autonomous equation can be written in the parametric 
form (3), where y = y(7,C1), w = w(T, C1) is a parametric form of the solution to an 


Abel equation of the second kind ww, — w = f(y). 


2(m + 1) m+1 
1. Vere _ Ur i (m +3)? a2 y””, m Ax +1, m Fa —3. 


Solution in parametric form: 


_—m+3 I-mm-—1 dt 
0 Ol i In(acy [== +). 
2 


_ ne jon = 1 dt Weal 
y= ?r(ac} m / eT +) z 


Solution in parametric form: 


= 
x=-—In cr fewer) dt + C?| ,  y=aC\ exp(+r’) cr fewer) dr+Cg] . 


3. yt, — ul, = —2y + Baby l/?, 
Solution in parametric form: 
x = —3In{C\ exp(—r) [exp(37) + C2 sin(V37) | }, 
[2 exp(3T) — C2 sin(V3 T) + /3 C2 cos (V3 T)| 
[exp(3r) + C2 sin(V37)] : 


" yi 9 9 _8/3,,—5/3 
4. Yn, — Un = ay + a®/?y /3, 


y = aexp(27T) 


Solution in parametric form: 
L= —3In[+(r* 67? t AC YT 3) + Co, 
y = a(r? — 37 +C4)9”? [+(r* — 67? + 4C 7 — 3)] cone 


Solution in parametric form: 
av = C—2In|sin t cosh(r +C2)+cos 7 sinh(r+C2)], y= altan 7+tanh(r +C2)]~3/. 
@ In the solutions of equations 6-9, the following notation is used: 
_ e J.(t) + Y.(r) _ for the upper sign, 
C\I,(r) + K.(r) _ for the lower sign, 


where J,(T) and Y,(r) are Bessel functions, and I(r) and K,(r) are modified Bessel 
functions. 
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6. yl”, — yf, = Ay \/?, 


x 


Solution in parametric form: 


c= -2 frizz, + +Z) dr+Co, ysar*8Z-2(7Z! + 4Z) + 7°27], 


where v = 4, A= ee0, 
7 yf —y, = Ay. 


Solution in parametric form: 


oa} f r2?[(rZ1442)P£r°Z"] | dr+Ca, y=2ar4/3Z7[(7Z144Z)47°Z"| : 
where v = 4, A = —36a?. 


8 oy” — yf, = 2A? — Ay!/?, 


x 


Solution in parametric form: 


1 22 f'n 'rz +2Z')dr+Co, y=a(Zl)7(rZ+42Z'), 


where vy = 0, A= qh/2, 


9. yy” —y! = Ay? 4 2B? 4+ By. 


Solution in parametric form: 
c= -2 frizz, 22) grey, = BR 2" GZ = 2), 


where A = (1 — v?)B?. 


@ In the solutions of equations 10-14, the function ¢ = ¢(7) is defined in implicit form: 


d 
a/ +(43 = 1) 
The upper sign in this formula corresponds to the classical elliptic Weierstrass function 
§2 = (tT = Ci, 0, 1). 


10. yy” —y, = Ay? — BAT. 


Solution in parametric form: 


x=5lnr+C, y = 5a(r?9 $ 4), where =+7%a 
1. yf” —y = Ay? — xy. 
Solution in parametric form: 
z=5lnrt+Cy, y=5ar7?9, where = +7fa7! 


12. yy” — yf, = Ay? + Sy. 
Solution in parametric form: 


a=5lnr+Cz, y=5a(r*2@+1), where =4 
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13. yf” — yf, =12y+ Ay—°/?, 


Solution in parametric form: 


2= #2 / p(ft2re) dr +2, y=ap (fF + 21g)", 


where f = \/£(493 — 1), A= 4147a7/?. 


14. yy! — yl, = Sy + Ay >’, 


Solution in parametric form: 


w= —F fo + 2re?)(tf +26) hdr +Co, y= 2a(f +2797)? (rf +29), 


where f = \/+(49? — 1), A= — 18g? (2a)?/8. 


@ In the solutions of equations 15-18, the following notation is used: 


d 
T= / ES +C (incomplete elliptic integral of the second kind), 
r(4T? — 


R=ft4P=1), Hasek, =r OrRi = R= 1). 


I. yf -y.= Ayre ey. 


Solution in parametric form: 


L= -1 f rR dr+Co, y=Tar7I~*, where A= +32(7a)¥/?, 


16. y”, —y, =6y+ Ay +. 


Solution in parametric form: 
t= —4 prepa Cs. y= ar 8/5779, where A = +150a’. 


17. y”, — yl, = 20y + Ay 1/2. 


Solution in parametric form: 


c= 4 [RU hdr + Cp y =al, 2, where A = +108a°/?. 


18. y%, —y, = *Byt Ay”. 


Solution in parametric form: 


c= [Ry (4712 $13) ‘dr +o, y=aly!? (47 =), where A=+3a°. 
19. y” —y, = Ay+ By — B’y-*. 
The substitution w(y) = y', leads to an Abel equation of the form 13.3.1.5: 


WWy —w = Ay+ By! — B’y-?. 
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20. yf, — ui, = ey + Ay 3 + By, 


The substitution w(y) = y/, leads to an Abel equation of the form 13.3.1.61: 
ww, -—w= —sy de Ay? By 


21. oy” — yf, = —ey t Ay 9 + By, 

The substitution w(y) = y/, leads to an Abel equation of the form 13.3.1.62: 
WWy -—w= —zy + Ay + By 7/9, 

22. y  -y¥, = “y + 2Ay? + 2A7y3, 

The substitution w(y) = y/, leads to an Abel equation of the form 13.3.1.14: 


ww, — w= Sy + 2Ay? + 2A7y?. 


23. y” — yl, = Ay* 1 — kBy* + kB?y?*-1, 


The substitution w(y) = y’, leads to an Abel equation of the form 13.3.1.6: 


ww —w = Ay*! — kBy* + kB?y?*-!. 


y 
2a? 


Solution in parametric form: 


2 = + f ERR +2F")\dr+Co, y=tak 'F!(F* = 2E’), 


where E = [exrr) dr +C\, F = 2rE + exp(#r’). 


25. y”, —y, = A+ Bexp(—2y/A). 


The substitution w(y) = y’, leads to an Abel equation of the form 13.3.1.8: 


ww, — w= A+ Bexp(—2y/A). 


26. yy” —y’, = a*rc?¥ — a(bA + 1)e4% +b. 
The substitution w(y) = y/, leads to an Abel equation of the form 13.3.1.73: 


WWy — w= a? e?*Y — a(b\ + 1)e*# + b. 


27. yy”, — yf, = a? re? + adrye™ + be. 


The substitution w(y) = y;, leads to an Abel equation of the form 13.3.1.74: 


ww, — w= a? de?™Y + adyeY + ber”. 
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14.2.2 Equations of the Form y’ + f(y)y, +y =0 
> Preliminary remarks. 
Equation of this form are often encountered in the theory of nonlinear oscillations, where 
x plays the role of time. 
1°. The transformation 
e=-ly+a, way, 


leads to an Abel equation: 


ww, =g(z)w+1, where g(z)=f(y)/y, y=+V2(a- 2), 
whose special cases are outlined in Section 13.3.2. 
2°. For oscillatory systems with a weak nonlinearity 

You + EF (y)y, + y = 0, 
two leading terms of the asymptotic solution, as ¢ — 0, are described by the formula 
y = Acos(«+ B), 

where the functions A = A(é) and B = B(€) depend on the slow variable € = ex; they 
are determined from the autonomous system of first-order differential equations: 

A 2a 1 2a 

A, = -— F(A I d i= 
¢ ras (A cos ) sin“ y dy, ¢ 

The right-hand sides of these equations depend only on A. The system is solved consecu- 
tively starting from the first equation. 


—— F'(Acos vy) sin ycos y dy. 
27 0 


> Solvable equations and their solutions. 


1. yf, tayy, ty = 0. 
Solution in parametric form: 
dt 
=-A fi —— +, = (C, + 2A71 — 9dr), 
° / AG einen Pe ee 
where A = 1/a. 
2. Yee — (1 — 9"), + y = 0. 
Van der Pol oscillator. 
1°. Solution, as e¢ > 0: 
y = acos(x — 8) — aea® sin[3(a — 0)] + O(e?), 


where 


4 1 vg 1 
2 2 2 
ae = ———_.@_ —_, 0 = -elna — —ea* + er + C4. 
1+ (407? - l)e-# 8 64 16 : 


In applications, x plays the role of time, C{ is the initial oscillation amplitude, and Cz is 
the initial phase with « = 0. 
2°. As €—+ +00, the periodic solution of the Van der Pol equation consists of intervals with 


fast and slow oscillations and describes damping oscillations with period T = (3—21n 2)e+ 
O(e—¥/3), 
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3. y%, + y(ay? + b)y’, + y = 0. 
1°. The transformation z= — sy’, w = y/, leads to an Abel equation of the form 13.3.2.1: 
ww, = (—2az + b)w +1. 


2°. Solution in parametric form with a < 0: 


L= os = f27 2/3 7 ce + 52) _ a dr +Co, 


y= [es 4 2-2/3. 7- '(rZi. + <2) ae 9,3 


where 
— | Ci J1/3(7) + C2¥1/3(7) — for the upper sign, 
7 CT /3(7) + C2K1/3(7) for the lower sign, 


J/3(7) and Y1/3(7) are Bessel functions, and J, /3(7) and K1/3(7) are modified Bessel 
functions. 


4. y” + y(ay? + b)-7y, + y = 0. 


The transformation z = —ty? , w = y,, leads to an Abel equation of the form 13.3.2.2: 
ww, = (-2az + b)-2w + 1. 


5. Yee + y(ay” + b)~ W/2y / y+ty=0. 
. The transformation z= — sy’, w=y/, leads to an Abel equation of the form 13.3.2.4: 
ww, = (—2az + b)-V2w +1. 


2°. Solution in parametric form: 


r= —aC; | (octe? - a + C2, y= (aczE? — ie 


a T?—T+4 


d 
where E=ex(- [> _). 
T*—-T+a 


i ee y (2a + aot) vs +y=0. 
1 2 b / . 
The transformation z = =—35Y =e w = y, leads to an Abel equation of the form 
a 


13.3.2.3° 


1 
ww, = (4 — =-)w +1, where A=—2a 


7. yy, + ayexp(Ay”)y!, + y = 0. 

The transformation z = —dy’, w = yi, leads to an Abel equation of the form 13.3.2.7: 
ww), = aexp(—2Az)w + 1. 

8. y%, + ylaexp(Ay”) + bexp(—Ay”)]y;, + y = 0. 


The transformation z = —3y" , w = y/, leads to an Abel equation of the form 13.3.2.8: 
ww, = [bexp(2Az) + aexp(—2Az)|w + 1. 
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9, y+ 2ayexpl[a(b— y”)]y,, +y = 0. 


Solution in parametric form: 


t= Fah [ (0 — Ak? 7? — In|kEZ!|) 7dr +C2, y= (b — Ak? 7? — In|kB=}|)/?, 


where a= 5h7, Be = fewer) ar Oi, 


10. y”, + Aycosh(Ay”)y, + y = 0. 
This is a special case of equation 14.2.2.8 witha = b= +A. 
11. y”, + Aysinh(Ay”)y/ + y = 0. 

1 


This is a special case of equation 14.2.2.8 with a = —b= 5A. 


12. y”, + 2Ayy’,\/sinh?[A(B — y?)] + 2A-1+y=0. 


Solution in parametric form: 
c= 2a | (F? + 2E*)G"Q™ dr + Ce, y =Q; A= qa”, 
where 
f= feo) dr+Ci, F=2rE+exp(-17), G= 1 F?—-2E? 4 8E?F?, 
B — 4a? arcsinh[aE-! F-1(F? — 2E?)),  arcsinh z = In(z + V2? +1). 


13. y”, — 2Ayy’,,\/cosh*[A(y? — B)] — 2A-1 + y =0. 


Solution in parametric form: 
o=2a | (F?—2E*)G"1Q™ dr + Ce y =Q; A= qa”, 
where 
k= [exw?)ar +C,, F=2rE-exp(r?), G= VF? +2E? — 8E?F?, 


B + 4a? arccosh[aE-!F-!(F? + 2E?)|, arccosh z = +In(z+ V2? —1). 


14. y” + Aycos(Ay”)y! + y = 0. 

The transformation z = —ty’, w = yi, leads to an Abel equation of the form 13.3.2.11: 
ww), = Acos(2Az)w + 1. 

15. y+ Ay sin(Ay”)y’, +y=0. 


The transformation z = —ty’, w = y/, leads to an Abel equation of the form 13.3.2.12: 
ww), = —Asin(2Az)w + 1. 
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14.2.3. Lienard Equations y”, + f(y)y’, + 9(y) =0 
> Preliminary remarks. 


Equations of this form are encountered in various fields of applied mathematics, mechanics, 
and physics. 


1°. For f(y) = 0, see equation 14.9.1.1. 
2°. The substitution w(y) = y/, leads to an Abel equation of the second kind: 


ww, + f(y)w + g(y) = 9, 
whose special cases are outlined in Section 13.3.3. 


3°. The transformation w(z) = y/,, z= — / f(y) dy leads to an Abel equation of the 


second kind: 
ww,—-w=(z), where (z) = g(y)/f(y), 


whose special cases are outlined in Section 13.3.1. 


> Solvable equations and their solutions. 


1 yf +yt+ay® =0. 
Duffing equation. This is a special case of equation 14.9.1.1 with f(y) = —y — ay’. 


1°. Solution: 


ed £f[(G = y" _ Layt)? dy + Co. 


The period of oscillations with amplitude C’ is expressed in terms of the complete elliptic 
integral of the first kind: 


4 aC? mie dt 
= ——— Kk | ——__, },_ _ where K(m)= So: 
J/1 + aC? Gaara, (r) | J/1—msin?t 


2°. The asymptotic solution, as a + 0, has the form: 
y = Cy cos|(1 + 30C?)x 4G) tal? cos[3(1 + 3aC?)x + 3C2] + O(a”), 


where C; and Co are arbitrary constants. The corresponding asymptotics for the period of 
oscillations with amplitude C' is described by the formula: T = 27(1 — 3aC?) + O(a?). 


2 yy”, + ayy, + by? + cy =0. 


The transformation w(z) = y/,, z=— say” leads to an Abel equation of the form 13.3.1.2: 
2b c 
/ 
WW, — W = ae + a 


3. yf, = (ay + 3b)y!, + cy® — aby? — 2b7y. 
The substitution w(y) = y;, leads to an Abel equation of the form 13.3.3.1: 


ww, = (ay + 3b)w + cy? — aby” — 2by. 
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4, y! = (3ay 4+ b)y,, — a7y® — aby? + cy. 
The substitution w(y) = y/, leads to an Abel equation of the form 13.3.3.2: 


WWy = (Bay + b)w — a?y? — aby? + cy. 
5. 2y", = (Tay + 5b)y’, — 3a7y® — 2cy? — 3b7y. 
The substitution w(y) = y/, leads to an Abel equation of the form 13.3.3.3: 
2wwi, = (7ay + 5b)w — 3a7y? — 2cy? — 3by. 


6 Yee = y"'[(L + 2n)y + anjy, — ny*"(y + a). 
The substitution w(y) = y’, leads to an Abel equation of the form 13.3.3.8: 


WWy = y” "(1 + 2n)y + an}w — ny?"(y + a). 
7. Un = a(y — nb)y”*y!, + cly? — (2n + 1)by + n(n + 1)b7]y?"—*. 
The substitution w(y) = y/, leads to an Abel equation of the form 13.3.3.9: 
ww, = aly — nb)y”*w + cly? — (2n + 1)by + n(n + 1)b7]y2"". 
8. yf, = [a(2n + k)y* + bly” *y!, + (—a?ny?* — aby* +.c)y?”". 
The substitution w(y) = y/, leads to an Abel equation of the form 13.3.3.10: 
ww, = [a(2n + k)y* + bly’—tw + (—a?ny?* — aby* + c)y?"71. 


9. Yt, = [a(2m + k)y™* + b(2m — k)]y™ ty, 
— (a2my** + cy2® + b2m)y2™—24-1, 
The substitution w(y) = y;, leads to an Abel equation of the form 13.3.3.11: 
ww, = [a(2m + k)y?* + b(2m — k)]y™—*- tw — (a? my** + cy?* + b?m)y2—2A-L 


10. y”, = ae™%y’ + ber, 


Solution in parametric form: 


zat 71(C,+ A? In|r|— Ar) * dr+Cy, y=+In[-2(C, +4? In|r|—Ar) 
where A = b/a. 


11. y”, = (ae¥ + b)y’, + ce?” — abe — b?. 
The substitution w(y) = y/, leads to an Abel equation of the form 13.3.3.67: 


ww), = (ae + b)w + ce’ — abe¥ — b?. 


y 
12. y= [a(2u + Aje™# + Bley’, + (—a? pe — abe* + c)e?¥, 
The substitution w(y) = y/, leads to an Abel equation of the form 13.3.3.68: 


ww, = [a(2u+ r)e*Y + blew + (—a7 ue — abe” + c)e?#Y, 
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13. y”, = (ae®™¥ + b)y’ + cla2e?*¥ + ab(Ay + 1)e*4 + b? Ay]. 
The substitution w(y) = y;, leads to an Abel equation of the form 13.3.3.69: 
ww, = (ae™’ + b)w + cla2e?Y + ab(Ay + 1)e*4 + db? Ay]. 
14. yy” = 4 (2adrdy +at+ b)y’,, — e?°4 (a? ry? + aby +c). 
The substitution w(y) = y', leads to an Abel equation of the form 13.3.3.70: 
ww, = eY (Qady + a + b)w — e?4 (a? Ay? + aby +c). 


15. y//,, = e™ (2ay” + 2y + b)y’, + e774 (—ay* — by? + c). 
The substitution w(y) = y/, leads to an Abel equation of the form 13.3.3.71: 


ww, =e (Qay? + 2y + byw + €%Y (—ay* — by? +0). 
16. y!”, = (acosh y + b)y’, — absinhy + c. 
The substitution w(y) = y’, leads to an Abel equation of the form 13.3.3.75: 


ww, = (acoshy + b)w — absinhy + c. 


17. y= (asinh y + b)y’, — abcoshy 4+ c. 
The substitution w(y) = y;, leads to an Abel equation of the form 13.3.3.76: 
wwy = (asinh y + b)w — abcoshy + c. 


18. Yr. +asiny = 0. 
This is the equation of oscillations of the mathematical pendulum, where the variable x 
plays the role of time, and y is the angle of deviation from the equilibrium state. 


1°. Solution: 


a [eacos.y + Cyr dy + C. 


2°. With a > 0 and the initial conditions y(0) = C' > 0 and y/,(0) = 0, the oscillations of 
the mathematical pendulum are described by 


sin $= msn(Vaz), m=sin S, 


where sn = sn(z) is the Jacobi elliptic function defined parametrically by the following 
relations: 
dB 


1 — m2 sin? 8 


B 
sn(z) = sin 8, z= | 
0 


3°. The period of oscillations of the mathematical pendulum is expressed in terms of the 
complete elliptic integral of the second kind: 


4 
T =—=K(m),_ where K(m =f" 
Va 1- 7a sin? 
At small amplitudes, as C' + 0, the following asymptotic formula holds for the period: 
27 1 
T=—(1 —C”) o(c’), C30. 
Ja = 16 wae) 
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19. y”, + asin(Ay)y,, + bsin(Ay) = 0. 


Solution in parametric form: 
o= -A fe - be ds a dt+Co, y=r arccos(“F), 


where A = b/a, F = At — A? In|t|+C}. 

20. yy”, + acos(Ay)y’, + bcos(Ay) = 0. 

The substitution Ay = Au + > leads to an equation of the form 14.2.3.19: 
un, — asin(Au)u’, — bsin(Au) = 0. 


a 


fy): 


21. yy, + fy(y)y, = 
First integral: 
d 
(Yn)? + 2fy, + f? — 2a [ - — ax = C, 

where C is an arbitrary constant. This equation has a singular solution, 

C dy 

r+—=-— | —., 
2a fy) 


which is not a one-parameter family of solutions to the original equation, as the integrating 
factor 


(1) 


R= 2(y' + f(y)) 
vanishes on the integral curve (1). 
©) Literature: L. V. Linchuk and V. F. Zaitsev (2015). 


14.2.4 Rayleigh Equations y’” + f(y.) + 9(y) =0 
> Preliminary remarks. Some transformations. 
Equations of this form arise in the theory of nonlinear oscillations. 
1°. Let us discuss the special case g(y) = y, which corresponds to the equation 
Veo + f(Ye) ty = 0. (1) 


Differentiating equation (1) with respect to x and substituting z(a) = y/,, we obtain the 
equation of nonlinear oscillations: 


2+ @(z)z,+2=0, where (z) = fi(2), 2) 


which is considered in Section 14.2.2. 
The solution of equation (1) can be written in parametric form: 


z, 


/ 
PSH7 Ci, Cs), y= —f(z)— 775 


where 7 = 2(7,C1,C2), z = z(7,C), C2) is a parametric representation of the solution 
of equation (2). 
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2°. The transformation 


€=—-$(y,)?> +a, w=-y- f(y}), 


reduces equation (1) to an Abel equation of the second kind: 


wwe —H(é)w+1, where A(€)=2'G(z), z=+,/2(a—8), (3) 


where function © = ®(z) is defined above in equation (2). Specific equations of the 
form (3) are outlined in Section 13.3.2. 


3°. The equation of the special form 


yy + ay!,)? + g(y) = 0 (4) 


is reduced, with the aid of the substitution w(y) = (y/,)?, to the first-order linear equation 
Wy + 2aw + 29(y) = 0. Therefore, the solution of equation (4) can be written in implicit 
form: 


g= Cy + [ce — G(y)] we dy, where G(y) = 2e~2%4 peau dy. 


4°. The equation of the special form 


Yon + a(yl,)* + d(y;,)? + g(y) =0 (5) 


is reduced, with the aid of the substitution w(y) = (y/,)?, to the Riccati equation w', + 
2aw? + 2bw + 2g(y) = 0, which is outlined in Section 13.2. 


5°. For the oscillatory systems with a weak nonlinearity 
Yon + EF (y,) +y = 0, 
two leading terms of the asymptotic solution, as ¢ — 0, are described by the formula 
y = Acos(x + B), 


where the functions A = A(€) and B = B(€) depend on the slow variable € = ex and 
are determined from the autonomous system of first-order differential equations: 
1 20 


Al 


1 20 
== : F(—Asin ¢) sin y dy, AB, = = [ F(—Asin vy) cos y dy. 


The right-hand sides of these equations depend only on A. The system is solved consecu- 
tively starting from the first equation. 


> Solvable equations and their solutions. 


Lyf, + a(y;,)? + by = 0. 
This equation describes small oscillations in the case where the drag force is proportional 
to the speed squared. 


Solution in implicit form: «2 = C2 + af [Crare™ + (4 —ay)| made dy. 
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2. Yee + €[Z (2)? — ve] ty = 0. 
Van der Pol equation. 


1°. Differentiating the equation with respect to x and passing on to the new variable 
w(x) = y/,, we arrive at an equation of the form 14.2.2.2: w',, — e(1 — w)w/, + w =0. 


2°. Solution, as e > 0: 


2C1 2V1-C? 


= —— — —  _ + ee ee ee eee 
[ V 1- Coe EX ee V 1- Coe EX 
3. y% taly,)* +b(y,)? +y =0. 


The transformation € = —$(y/,)?, w = —y — a(y/,)* — b(y!,)? leads to an Abel equation 
of the form 13.3.2.1: ww = (—8a€ + 2b)w + 1. 


sin x + O(e?). 


4. yy” + (y,)?[a(yi,)? +b] +y =0. 


The transformation £ = —(y/,)*, w = —y — (y/,)”[a(y/,)? + 0] + leads to an equation of 
the form 13.3.2.2: ww = 2b(b — 2aé)~2w +1. 


5. yy, + Aexp[A(y,.)"] + B+y =0. 


Differentiating the equation with respect to x and passing on to the new variable w(x) =y/,, 
we arrive at an equation of the form 14.2.2.7: w,, + 2A\w exp(Aw”)wi, + w = 0. 


6. y+ Acosh[A(y,)?7] + B+y =0. 


Differentiating the equation with respect to x and passing on to the new variable w(x) =y/,, 


we arrive at an equation of the form 14.2.2.11: w”,, + 2AXw sinh(Aw?)w/, + w = 0. 


7. y+ Asinh[A(y/)?] + B+y =0. 


Differentiating the equation with respect to x and passing on to the new variable w(a) = y/,, 


we arrive at an equation of the form 14.2.2.10: w’,, + 2AAw cosh(Aw?)w!, + w = 0. 


8 yt a(y’,)? + bsiny = 0. 


This equation describes the oscillations of the mathematical pendulum in the case where 
the drag force is proportional to the speed squared. 

2b -1/2 
Solution in implicit form: 2 = C2+ / [cr e 2ay 4 ap y —2asin y) dy. 
a 


9, y” + Acos[A(y,)7] + Bt+y=0. 

Differentiating the equation with respect to x and passing on to the new variable w(x) =y/,, 
we arrive at an equation of the form 14.2.2.15: w’,, — 2AAw sin(Aw?)w/, + w = 0. 

10. y”, + Asin[A(y,)7] + B+y =0. 


Differentiating the equation with respect to x and passing on to the new variable w(x) = y/,, 


we arrive at an equation of the form 14.2.2.14: w’,, + 2AAw cos(Aw?)w’, + w = 0. 
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14.3. Emden—Fowler Equation y’, = Ax”y™ 


14.3.1 Exact Solutions 
> Preliminary remarks. Classification table. 


In this subsection, the value of the insignificant parameter A is in many cases defined in the 
form of a function of two (one) auxiliary coefficients a and b, 


A= y(a,b), (1) 
and the corresponding solutions are represented in parametric form, 
w= fi(7,C1,C2,a), y= fat, C1, C2, 0), (2) 


where 7 is the parameter, C’, and C are arbitrary constants, and f; and f2 are some func- 
tions. 

Having fixed the auxiliary coefficient sign a > 0 (or b > 0), one should express the 
coefficient b in terms of both A and a with the help of (1). As a result, one obtains: 


b= V(A,a). 


Substituting this formula into (2), we find a solution of the equation under consideration 
(where the specific numerical value of the coefficient a can be chosen arbitrarily). The case 
a <0 (or b < 0), which may lead to another branch of the solution or to a different domain 
of definition of the variables x and y in (2), should be considered in a similar manner. 

One can also use a different approach by setting one of the auxiliary coefficients (e.g., a) 
equal to +1 in (1) and (2); then the other coefficients will be identically expressed in terms 
of A by means of (1). 


Table 14.5 presents all solvable Emden—Fowler equations whose solutions are outlined 
in Section 14.3.1. The one-parameter families (in the space of the parameters n and m) and 
isolated points are presented in a consecutive fashion. Equations are arranged in accordance 
with the growth of m and the growth of n (for identical m). The number of the equation 
sought is indicated in the last column in this table. 


> Solvable equations and their solutions. 


1. ‘yf = An. 


Agnt2 
— dd Ort Cy ifn 4-1, n 4-2; 
pil@ey oe c - 
Solution: y= 4 —Aln|2| + Cla + Co if n= -2; 


Af nje|dz + Cre + Cp if n=-1. 


m 


2. yy, = Ay 


m+1 


=172 
(ve + C1) dyt+Cy if m#-1, 
+ f@Alnly| +e? dy + C2 if m=-1. 


Solution: x2 = 
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TABLE 14.5 
Solvable cases of the Emden—Fowler equation y!), = Ax 


Ste ee 


One-parameter families 


n,m 
y 


arbitrary 0 

arbitrary —m—3 

arbitrary | —4(m + 3) 
0 arbitrary 
1 arbitrary 


Isolated points 


Special cases. 


1°. In the case m = —1/2, the solution can be written in the parametric form: 


a = a0#(r? —37+C2), y=bCi(r?-1)?, where A= +4 io ua 


2°. In the case m = —4, the solution can be written in the parametric form: 


d 
gz = aCer ae (2 [ T+ cur=R), y = bC?r cans 


where R= ,/+(473 — 1), A = F6a~70°. 


3°. In the case m = 2, the solution can be written in the parametric form: 


CS aC; 'r, y= bC? 9; = +6a~7b71, 


the function ¢ of the parameter 7 is defined in implicit form: 


po] 
+(43 = 1) 


The upper sign in this formula corresponds to the classical elliptic Weierstrass function 
» = (7 + C2, 0, 1). 


4°. In the case m = —5/2, the solution can be written in the parametric form: 


e=a0l go? | +(493 —1) + 2rp"], y =bC}p~?, where A= +3a~7b7/?, 


The function ¢ of the parameter 7 is defined in the previous case. 
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3, yf! = Ax ™ 3y™, 


1°. Solution in parametric form with m # —1: 


| -1 
200" > are dr+C.| : yotopts| feemty dr+C3| ; 
_m +1 qmtipi-m. 


where A= + 
2 


2°. Solution in parametric form with m = —1: 


2 = 2 2 
r= 6i[f exper?)dr Ca], y= bex(er?)| fexpler?)dr+ Ca] 


where A = +207. 


m+3 
4. y” =Axv 2 y™. 


1°. Solution in parametric form with m ¢ —1: 
8 -1/2 
at = aC? exp 2 [(e Sa C1) dr| ; 
m+1 


y = bCoT exp (ae Fae a) dr] ' 


axe 
where A = (3) : 
2°. Solution in parametric form with m = —1: 


-1/2 


v= aC}exp[2 f (Sin|r| +7? + C1) dr], 


y = bCoT exp [em |r| + ae Ci) ar], 


where A = b?/a. 

5. 4 = Any. 

For n # —2, see equation 14.1.2.7. For n = —2, see equation 14.1.2.123. 
6. yt = Aa ®/2y-3/2, 

Solution in parametric form: 


a=aC,3(73—37+C2)71, y=bCy(r?—1)?(73-37+C2)~1, where A=1+¢% Baye. 


Solution in parametric form: 


a = +aC8 (14-67? +4Cyr—3),  y=bCP(7?-37+C2)*/?, where A=+h0-308. 


8. yl! = Ag 7/3 y-5/3, 
8 6 
Solution in parametric form: 


: aga dCi (7? — 87 + C2)?” 
“= OF + Ager — 3° ae 74 — 67? + 4097 — 3’ 


r= where A= + Sal/3p8/3. 
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9. yy! = Avy */8, 


1°. Solution in parametric form with A < 0: 
x = aC? cost cosh(r + C2) [tan 7 + tanh(r + C2)], -y = bC8[cos r cosh(r + C2)]?/?, 


where A = — xa 40/8. 


2°. Solution in parametric form with A > 0: 
x = aC?|sinht + cos(t + C2)],  y = bC# [cosh t — sin(7 + C2)]?/?, 
where A = 3q~408/3, 
—10/3,,—5/3 
10. yy, = Aa 10/3 y—5/3, 
1°. Solution in parametric form with A < 0: 
a = aC] *[cos 7 cosh(r + C2)]~*[tan 7 + tanh(r + C2)]7", 
y = bC,[cos r cosh(r + C2)]/? [tan r + tanh(r + C2)]~+, 
where A = —Fat/3p8/3. 
2°. Solution in parametric form with A > 0: 
a = aC? [sinh t + cos(r + C2)]~", 
y = bC;|cosh r — sin(r + C2)|?/? [sinh r + cos(r + C2)|~1, 
where A = 3.94/3p8/3, 
—1/2 
11. Yn. = Axy ne 
Solution in parametric form: 
x = aC exp(—7) [exp(37) + C2 sin(V37)| ; 
y = bC? exp(—2r) [2 exp(3r) — C2 sin(V37) + V3C5 cos(V37) | _. 
where A = 16a~3b3/?. 


@ In the solutions of equations 12-14, the following notation is used: 


S$, = exp(37T) + C2 sin(V37), S3 = 2exp(8r) — C2 sin(V37) al SCs cos(V37T), 
S3 = 251 (S2)i — ($1), $2 — $19. 


12. y. = Aga 7/2y-1/2, 
Solution in parametric form: 

a =aCy'exp(rT)S;', y=bCexp(—r)S7'S3, where A= 16(ab)?/. 
13. yf”, = Avy 7’, 


Solution in parametric form: 


x = aC} exp(—2r)S3, y=bC? exp(—8r) $7”, where A= qa 7H/*, 
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14. Yr. = Ag 18/5 y—7/5, 

Solution in parametric form: 

L= ac exp(2T)S3! » y=dQ\ exp(—$7T) SPP gol where A= eo b/*, 
@ In the solutions of equations 15-18, the following notation is used: 


f =2rl(r)+ Cor FR, I(r) = _ R= /£(43—-)), 


where I(r) is the incomplete elliptic integral of the second kind in the form of Weierstrass. 


15. Yr. = Ary’. 


Solution in parametric form: 


a= aC$4rf?zr7(fR—1)"], y=ocef'/?, where A=+2-a-%08. 
16. y= Aa®y". 
Solution in parametric form: 

e=aCi4rf pr (fR=-1))", yaoO Parr erCgR-1y]" 


where A = + ea BF, 


1... y= Ag 4/3y—-1/2, 


Solution in parametric form: 


a=aC?f?, y=bCi7r *(fR—1)*, where = + 4q—7/353/?, 


18. yy” = Aa 7/by-1/2, 


Solution in parametric form: 


n=a0if 3, y=bO?r “fp fR=1)", where A= +4 sarepe le, 


@ In the solutions of equations 19-24, the function ~ = g(r) is defined in implicit form: 


d 
r= | —-— — Co. 
+(43 = 1) 


The upper sign in this formula corresponds to the classical elliptic Weierstrass function 
§9 = (tT a Co, 0, 1). 


19. y.. = Ax *y - 


Solution in parametric form: 


g=aCir 1, y= bC#r-1p, where = +6a°b7!. 
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20. Ye. = Ag 15/Ty?, 


Solution in parametric form: 


a=aCir’, y=bC\r(r?9 41), where = +£al/T-1. 
21. Yn = Ag~?20/Ty?, 
Solution in parametric form: 


a=aC{r", y=bC8r*(7?941), where A= + 696/771, 


22. Yr. = Ag V/2y-5/2, 


Solution in parametric form: 


L>= aCl g LV +(43 = 1) = 2re?], Y= bC? LV +(43 = 1) = 2re?]*, 


where A = $3a7~3/267/2, 


23. y= Ag */by-5/3, 


Solution in parametric form: 


ac}é _ CT EER — 1 + 2re?]” 


LS y= 
[7 /£(4p3 — 1) + 2p]° [7 /E(4p? — 1) +20)” 
where A = —4 —7/6 18/3. 


24, yl = Aw t/2y- 8/8, 


Solution in parametric form: 


w= aC}§[rV£4e% —1) + 26]7, y= oC? [Eps — 1) + 2re"]?”, 


where A = —4 —3/248/3, 


@ In the solutions of equations 25-28, the following notation is used: 
Ges Cy Jq/3(T) + C2¥\/3(7) for the upper sign, 
7 CI /3(7) + C2K1/3(7) for the lower sign, 


where Ji /3(7) and Y,/3(7) are Bessel functions, and I, /3(7) and K1/3(7) are modified 
Bessel functions. 


25. yt = Aa t/2y-1/2, 
Solution in parametric form: 
a=arZ?, y= br 2/3 (7 Zi a a7, where A= 4(+b/a)?””. 
26. y= Ag ?y—1/2, 
Solution in parametric form: 


L= ag en y= br 482-2 (7.7) + iy" where A= = 453/?, 
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27. y.. = Ary~?. 


Solution in parametric form: 


x =ar | (rZi 447)" fr Z|, y = br7/9Z?, where A=-3(b/a)’. 


28. yy” = Ag 7y?. 


Solution in parametric form: 


where A = == 


gar |(¢Z44Zy er? |, geyePZ [@Z4iZ) 272"|~, 


aU, 


14.3.2 First Integrals (Conservation Laws) 


In 


this subsection, first integrals of the form 


k 
SS felt, y)(y.)* =C, where k= 2, 3, 4, 5, 
a=0 


for the Emden—Fowler equation y!”,, = Ax"y™ are given. 


> 


1° 


2° 


3°, 


4°, 


5B. 


First integrals with k = 2. 


. For n = 0 and arbitrary m (m # —1), 
( AN _ 2A m+1 _ 
- m+1 
For n = —4(m +3) and arbitrary m (m 4 —1), 
2A  _ mt 
2(Ye) —We- Tae 2 yh =C. 
For n = —m — 3 and arbitrary m (m 4 —1), 
w*(y_)” — 2eyy, +? — am ty = C. 

For n = —2, m = 2, 
343. 45,8/" (y! )? - (2.Ar'/7y _ x)yl, 7 343, 4212/73 sf 2 Ag 6/7y? Eres 
For n= —#, m = 2, 


343 48/7 (y! \? = (Ag MT y 4 1)y/, = 343 422-9/7y8 _ Ag 8/7y? =ss 


x 


626 SECOND-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


> First integrals with k = 3. 
1°. Forn=0, m=—3, 

(y,)> — 6Ay!/?y! + 6A2x = C, 

x(y,,)° — y(yi,)” — 6Aay/?y,, + 18 Ay?/? + 342a? = C. 
2°. For n= 1, meas, 


(y/,)> — 6Aayl/*y! + 4Ay3/2 4+ 2A203 = C. 


a(y',)® — y(yl,)? — 6Aa V3 yl/2y — 9 A?a 2/3 = C. 


x? (yi)? — 2ay(y)? + (y? — 6Aa MP y2?)y, + 2 Aa 3/2y3/2 — 3 A2e? = C, 
23 (y,)3 — 30? y(y),)? + 8(ay? — 2Aa?y"/?)yl — y3 + 6AxV2y9/? — 6A? a! = C. 


> First integrals with k = 4. 
1°. Forn=1, m= —3, 

(y,,)* + 6Ary~?/3(y/,)? — 18Ay!3y/, + 9A?a2y4/3 = C, 

2(yn)* — y(¥p)? + BAa?y 7/9 (y,)? — 27Aay’/Py, + SP Ayt/? + 9APaSy 4/8 = C. 
22 Porn = 2. m= —3, 

(yh)* + 6Ax?y7/9(y,)? — 36Aay yf, + 9APaty 49 = C. 

3°. Forn=0, m= —3, 

a(y,.)* — yly,)? + 6Ary 7/9(y,)? — 9Ay!/Sy, + 9A? ay 4/9 = C, 


a? (y),)4 — 2ay(yl,)? + (y? + 6Ax?y 2/9) (yl)? 
= 18Azy!/3y), + 12Ay*/3 + 9 Ar a2y—4/8 =C. 
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x 
3 (y),)* — 3a? y(yl,)? + 8a(y? + 2Ax?/By2/3)(y/)? 
— (y3 + 3Aa?/3yl/3)y! — 3 Ag V3 y4/3 4 g A2gh/3y-4/3 = 


6°. For n = —f, m= —3, 


x (yi ag — 32° y(y, ae + 32(y? +2Aa71/3 y2/3)\(yf a 
— (yB — Ar M3 yl3)y) — 38 Ag 4/3 y4/3 4 9 42g 5/By4/3 


a (y/,)* — 4a? y(yh,)? + 6a? (y? + Ax V3 y-2/3) (1)? 


_ 2x(2y " 3Ag1/3y1/3)\ yt sys 12Ar-/3 4/3 is 9 A2¢-2/3y-4/3 _ 


a (y/,)* — 302y(y),)? + 3a(y? + 2Ax/oy-2/9)(y! 2 


— (ye + 12Ax7/6y!/3)y" + 6Ar/y4/3 4. 9 A2g4/3y-4/3 — 


8°. For n= —2, m = -3, 


a (yl,)* — 4a? y(yl,)? + 6a? (y? + Ax 4/3 y-2/3) (yh)? 


_ Ax(y? _ 6A 4/3 y1/3) yy! ane 30Axr—4/3y4/3 + 9 A227 8/3 y—4/3 = 


9°. Forn=1, m= —Y7, 


2(Ye) — yu)? + ZAr-y (yh)? — gAcy yh, — GAY * + GAP 2 *y-™ = C. 


10°. For n = 3, m = —7, 
x°(y,,)* — 3a7y(y,)? + 3a(y? + GAa’y°) (yh)? — yy? + Aary ys, 
A sArty* + sA°x %y —12 
Remark 14.2. In the case k = 4 we omitted the first integrals of the form 


aF?4+ BF +7=C, 


*(yl,)4— 2ay(y,,)3+ (y? + 6Ax?/By2/3) (y+ 6Aa 3 yl/3y! 4+ 9 APa 2/3 y~4/3 = 
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C, 


=C. 


=C, 


C. 


C. 


C. 


=C. 


where function F = F(x, y, y/,) is the left-hand side of the above integrals for & = 2, and a, £, 


and 7y are some constants. 


> First integrals with k = 5. 
1°. Forn=0, m= —2, 
(y/,)° — 15 Ay"! (yl)? + 438.4? y?/8y!, — BB AB = C. 


7 = 2 
2°. Forn = —3, m= —3, 


x°(y),)? — 5aty(yl,)* + 5a? y(2y — 3Ax 1/3 ON! OP 


— 5a7y?(2y — 9Axr 1/3 y2/3)\(y! ')? + 52(y4 —9Ag MS y7/3 4 20 42g 2/3y2/3)y! 


ea 15A(a71/310/3 = 9 Ag-2/345/8 _ 9 42x-1) A 


C. 
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14.3.3. Some Formulas and Transformations 
1°. With m 4 1, the Emden—Fowler equation has a particular solution: 


n+2 
y=Axl-m, where \= 


(n+2)(n+m-+1) a 
A(m — 1)? 


2°. The transformation y = w/t, x = 1/t leads to the Emden—Fowler equation with the 
independent variable raised to a different power: 


ii. Apr ay. 


3°. Some more complicated transformations leading to the Emden—Fowler equation are 
outlined in Section 14.5.3 (see also Example 10.6 with Fig. 10.2 and Fig. 10.3). 


4°, With m € 1 and m # —2n — 38, the transformation 


leads to an Abel equation: 


wig — y= AED mE es 4/ m-1 Jen, 


(2n + m + 3)? 
whose special cases are given in Section 13.3.1. 


5°. Some more complicated transformations leading to other Abel equations are outlined 
in Section 14.5.3. 


14.4 Equations of the Form y”,, = Aya™y™! + Agr™y”™ 


See Section 14.3 for the special cases A; = 0 and Az = 0. 


14.4.1. Classification Table 


Table 14.6 presents all solvable equations of the form 
Yorn = Ays™y™ ab Aga™y™? , 


whose solutions are outlined in Section 14.4.2. Two-parameter families (in the space of the 
parameters m1, m2, n1, and n2), one-parameter families, and isolated points are presented 
in a consecutive fashion. Equations are arranged in accordance with the growth of 71, the 
growth of mg (for identical m 1), the growth of n, (for identical m1 and mz), and the growth 
of nz (for identical m1, m2, and n,). The number of the equation sought is indicated in the 
last column in this table. 


14.4. Equations of the Form y/, = Aiv™!y™! + Aox™2y” 629 


TABLE 14.6 
Solvable equations of the form y”,, = Aiv™ty™! + Aox”2y™? 


[fairy fatiary| 0 |__| aia airy] 1421 
[afar] 0 [0 [0 [airy airy] 1492.9 
[slaty] 0 [m8 [8 [ai airy] 149220 


2 +1 
2(m 7 al 
— —_———_~ |arbit 14.4.2.5 
7 2 Grn + 3)? arbitrary 
arbitrary |arbitrary} 14.4.2.83 


arbitrary 


| 
e 
| 
S 
on cafrofoopr | oof aS aS 
i 


1 
1 arbitrary 


(m1 # —2) 


~I 


5 
3 
3 
3 
3 
2 —3 


5 


fi 
| 
fs 1 


3 
= 1 14.4.2.42 
3 14.4.2.43 
14.4.2.17 
1 14.4.2.18 
14.4.2.88 
14.4.2.87 
9 14.4.2.28 
l 14.4.2.48 
| 14.4.2.49 
= 14.4.2.24 
= 14.4.2.90 
= 14.4.2.89 
1 
2 
1 


i) 


I~ 


|} | Reare i} id 
wot] ooo INS) (Se) CD] WHA] WIA] co 


14.4.2.46 
a 14.4.2.81 
14.4.2.80 
14.4.2.25 
2 14.4.2.102 
1 14.4.2.101 


fi 


Ee 


fe 
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TABLE 14.6 (Continued) 
Solvable equations of the form y”, = Aia™ty™! + Aow™y™ 


=F 9 [ asians airy [82.52 
=F [bie ativay [08225 
THE # [astray [airy [98255 
ESET [atic ariay [184259 
EEE [oti [ ativry [148257 
=F Pain airy [144255 
Peo ati [airy [82.58 
eo aig airy [82 

: 

[0 [1 [airy [airy [982.107 

- 
0 [airy [ari [48201 
: 
- 
2 14.4.2.45 
= 14.4.2.85 
= 14.4.2.41 
= 14.4.2.100 
= 14.4.2.79 


WwW 
— 
ooo 


1SY) 
oS 
an 
pet 


NH} oN 


(oe) 
i) 
Jou} colon 


i= 
fo) 


Joo} rofon 


wor 
w 
w 


woo 
win 


w 
w]00 
ops 


w|t 
wor] efor 


Jor 


| 


w 


—_ 


= 14.4.2.78 
14.4.2.99 
== 14.4.2.40 
© 14.4.2.86 
cal 14.4.2.105 
14.4.2.44 
1 14.4.2.50 
14.4.2.95 


1 


| | | | | | | | | | | | | | | | | | 
GE DOH | DOE | dof | DOPE | DOJ | DOPE | DOP] DOF | DOE | DOJ | DoJ | bof | bof | DoJ |] Codd | Co} to 
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TABLE 14.6 (Continued) 
Solvable equations of the form y", = Aia™ty™! + Aga y™ 


ON 
ee 
Os a 
aa ar eatin [235 
sa a 2 [ations [a2 
6 ati [82 
as [5 [0 ay aia [a 
ee 
Pea fe [Patina | 
cs 
ee 
aie ets 5 ee | ae 
ae 2 eatin [2 
se oe 
papa =p ae in a 
CIESE: 00 ame ee 


a ae es ts 


oe 


bo|F 


bo|r 


1 
2 
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TABLE 14.6 (Continued) 
Solvable equations of the form y", = Aya™ty™! + Aox™y™ 


ECs Ie Se oe Ke 


Pao asain [a 
[2 | 20 ee eis | eee | ee 
RARSEE aE 2E ae eee 
L296 | 2) 0 ee | =e | eeey | anny | ae | 
ORS | 20 |e || eee | ate | 
RIESE E JE AE ae eee 
RAR Ar ee EAE we 
Se eee 
ce ee ee ee ae 
Pas) 2s ee ee ee 

pS eee 

SS SS 


el Rel Rf Re 


14.4.2 Exact Solutions 


Loy = Avy™ + Asy™, om, 4-1, m2 #-1. 
1°. Solution in parametric form: 


bo 


bo 


1 a f (ci $m tl 4 pmatl)-1/2 gp 4 Cy, -y = br, 


where A, = za 2pi-™ (m4 + 1), Ap = +4 al aide (m2 + ibe 


2°. Solution in parametric form: 


2 af (ci — mth pmatl)-1/2 de 4.Cy, y= br, 


where A; = —fa-2pi-™ (m4 + 1), Ag = +4 —2pl—ma (m2 + 1). 
2.0 yf = Apa FB y™ 4 Aga M23 y™2, my, #A—-1, mz 7-1. 


1°. Solution in parametric form: 


dt C = 4 dtr C =e 
. OC ppmtlppmert 7 ms Op pmtlppmerl tS ‘ , 


where Aj = sa!*™}!-™ (m, +1), Ap = EZalt™b!-™ (me + 1). 
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2°. Solution in parametric form: 


= dr C. = =e dr C im 
cv=a C_upmitlppmasl + 2 > Y=rOT JG,nimtl ppm | 2 5 


where A; = —taitm bean (m4 + 1), Ag = +4 1+m2pl—me (me + 1). 


mi+3 m2+3 


1°. Solution in parametric form with m; # —1 and m2 # —1: 
1 2Ay 2Ao -1/2 
=f? (c ee mi+1 eet) d FE 
x Pexp| f oer ae ee” TF 


1 
~civanlt flee} 
¥ res | Bqee Te sey im +1 


2°. Solution in parametric form with m, #4 —1 and mz = —1: 


x = Cj exp [/ (co ts i, + 2A, mit + 2A, In irl) dr], 


A my+1 
1 1 2A —1/2 
y= Cyrenp[ f (Cat Gr? + harm 4 24y In|) dr}. 
2(m+1 a = 
4, y= ern 2y + An 7y™, m#~—-3, m~-1. 


Solution in parametric form: 


eau f ar te) um or f ae tc) 


(m+ (m= 1P in 


h A=+t 
where am +3) 
nw 2m-+1) 92 eet 
5. go = Gasca y+ Ano” "y™, m#—3, m#-1. 


Solution in parametric form: 


2=0(f pete) ot y= 0Cyr( f +o), 


(m+ 1)(m=1? 1m 
2(m + 3)? ; 


where A= + 


6. y.. = 2Qa-27y + Ax 2y-?. 

Solution in parametric form: 
x = Oy[/7 +1) —In( V7 4 Vr 41) +O], 
y = br [V7 + —n(Vr4+ vr 41) +O], 
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7. Us = 2a 7y+ Any”. 

Solution in parametric form: 
v= C[/r(r +1) —In( r+ V7 +1) Ose", 
y= bCir| T(r +1)- In(/7 + VT+ T) + Gres 


Solution in parametric form: 
g = Cy(7? — 374+ Os): y = br? — 17 (7? = 37 + Cy, 


pA 
where A = eo 


9% yf! = —jay 4+ Ag —l/Py-1/2, 


Solution in parametric form: 
g = O,(7? — 37+ Gy, y = bCy (7? — 1)?(73 — 387 + Os\7%, 


44 
where A = +e b3/?, 


10. y.. = — ay + Aa 2y—*/3, 


Solution in parametric form: 


=O; [4(r4—6r?+4Cyr—3)] 7", y=b(78 37 +02)? [4 (1461? +-40r—3)] 2", 


where A = +38, 08/3, 
1... = — oa 7y + Ag?/8y—5/3, 


Solution in parametric form: 
w= C4 [+(7*-67?+4Cy7-3))°/4, y= bCy (73-37 +C2)9/? [4 (74-67? +4Cg7 -3)] "8, 


where A = +78, 08/3, 


12, y” = Sa77y + Ag~*y—5/3, 

Solution in parametric form: 

v= C1(7?+37+C2)-V/?, y = (77 £1)9/2(73 437 + Cy) 34, where A=+4p°/3 
_ 3,,-2 2/3,,-5/3 

13. yy, = {uv “yt Ax [3-5/3 

Solution in parametric form: 

v= Cy(73437+C2)/?,  y=bCy(7?£1)9/27(77 437 +C2)-/4, where A= +48/3, 

2,,-2 —2,,-1/2 
14. yy, = —Ge “yt Aw*y i: 
Solution in parametric form: 


L= Cy (Cye?"7 iCne Sein Oe w = V3kr, 
y= bk? (Cye2*7 + Ooe> "sin w) [2016747 + Cer (v3 cos w — sin w)| : 


where A = 48 Dk°. 
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15. Yn = —2277y + Ag V/2y-1/2, 
Solution in parametric form: 

L= Cicie™” Lipa" sin w)>, w = V3kr, 

y= bk2C1 (Cy e7*7 + Ose" sin w) [201 67*7 + Ge (V3 cosw — sin w)] . 
where A = Dk. 
16. Yn = Aya*y-® + Aoy >. 


Solution in parametric form: 


t= (2) a tan '/ (Cr _ aa = nye dt + C:| ; 


y= AY*r{ cos '/ (Cr 7 aa _ nye pom o.] yt 


17, yl! = Ary? + Aoy*. 
1°. Solution in parametric form: 
c= af (Cy +73 £8) dr + Cpl, y = br, 
where A, = +a~2b4, Ao = —sa~°b°. 
2°. Solution in parametric form: 
e= af Q< +r) Par +05], y = br, 
where A, = ta~2b*, Ap = Sab", 
18. y” = Airy? + Aory*. 
1°. Solution in parametric form: 

-1 -1 
o=al f (C-4r%4r 2? dr-+Cs| ; yer [fate tery dr-+Cs| ; 
where A, = Fa~2b*, Ao = —3a~%b°. 
2°. Solution in parametric form: 

| -1 
o=al f (C1 84r 2? dr+C3| ; yabr[ (Creer dr+C| : 
where A, = Fa~2b*, Ao = Sab", 

19. yy! = Aiy™ + Ao, m#-—1. 

1°. Solution in parametric form: 
c=alf (Ctr tr) dr + Gy, y = br, 

where Ay = $a~7b'~"™(m-+1), Ag =+5a~*b. 

2°. Solution in parametric form: 
e=alf(ci-r ry dr + Cy, y = br, 


where Ay = —Za~*b'-™(m+1), Ag =+t5a~70. 


3°. For the case m = —1, see equation 14.4.2.21. 
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20. y= Aya ™—3y™ + Aga 3, m#-1. 


1°. Solution in parametric form: 


7 = 7 ah 
c=al f (Cr+r”*t47) P dr+05| ; y=br[ f (Crer™ttn)  dr+C9| ; 


where Ay = 5a!*™b!-™(m+1), Ag = +5ab. 


2°. Solution in parametric form: 


2 = = al 
o=al f (C\—7"™£7) P dr+C9| : y=br[ f (Cr—r™t £0)  dr+C5| ; 


21. Yn = Aj + Aoy. 


Solution: x = fe + 2Ary + 2Ao In|y|)~/2dy + Cy. 


22. es = Aya? + Aga *y—*. 


Solution in parametric form: 
1/2 ie 
2 = [fc 4 2Ayr + 2.Ap In |r|)~4/? dr +05] 
-1 
y=r[f (Cr + 2Ai7 + 2A9 In |r|)~1/? dr + C5] 7 


23:9”, = Aya 5/27y-V/2 4 Aga 7/2y-1/2, 


Solution in parametric form: 


1 k? 
Be = aoe + Cye~** [V3 cos(wr) — sin(wr)| 1, 
where F' = Cie + Coe sin(wr) — Ay/A2, Ag = 16k?, w = kv3. 
24. yl, = Aya~4/8y-5/3 a3 Aga ~7/3y-5/3, 
Solution in parametric form: 
to (ggAor" + Cir + Cor + eh eee 
y= (§Aor® + BOF ce + C2)?/?(h Aor4 + Cir? + Cor + C3)7}, 
where the constants C1, C2, and C3 are related by the constraint 9C,C'2 = A, + AoC3. 
25. yl”, = Aya ~8/5y-7/5 4 Aga ~13/5y-7/5, 
Solution in parametric form: 
Ay\-1 A,\7-1 
ee (aciF z aaa , y= bCds9/? (aciF = | 
Ag Ay 
5 p!2/5 


= 2kr kta = 2 = 
where S = Cie + Cre sin(V/3 kr), F= (S) — 25S" A» = ~ 7024 adhe" 
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26. Yn — 3a 7y + Ag *y—5/3, 
1°. Solution in parametric form with A < 0: 
ax = C;{cosh(t + C2) cos T]~?[tanh(r +C2)+tan7]~?, y= b{tanh(7 + C2) +tan 7]~3/2, 
=. _ 3 Bh 
where A = —o08/8, 
2°. Solution in parametric form with A > 0: 
a =C;|sinh r+cos(t+C2)|~?, y= b[cosh r—sin(r +C2)]°/? [sinh r +-cos(r +C2)] 73/2, 
ae 
where A = 08/3, 
27. y.. — —3a7y + Ag?/3y—5/3, 
1°. Solution in parametric form with A < 0: 
ax = C[cosh(r + Cz) cos 7] |tanh(7 + Cz) + tan z]?, 
y = bC[cosh(r + C2) cos T]?[tanh(7 + C2) + tan 7]'/?, 
= Bey 
where A = — a 08/3, 
2°. Solution in parametric form with A > 0: 
x =C,|sinh t+cos(t+C2)|?, y= bC; [cosh 7—sin(r +C2)}*/? [sinh r +-cos(t +C2)]'/?, 
_ 3 78/3 
where A = 7g) 
28. y= Aya ty? + Aga 7y~?. 


Solution in parametric form: 


os {Cir [(rZ4 +42)? 47°27] — ae 


y= bOy7 7/3274 Cyr 23 [721 + 4Z) + 7°Z7| — aa \ 
where 


_ J C1dy/3(7) + C2¥1/3(7) for the upper sign, 
7 CI /3(7) + C2K1/3(7) for the lower sign, 
J1/3(7) and Y1/3(7) are Bessel functions, and J; /3(7) and K1/3(7) are modified Bessel 
functions; Az = —3a 
@ In the solutions of equations 29 and 30, the following notation is used: 
S= Ce" 4Ge" sin(V3kr), 
Sy = 2kCye*" + kCae~*" | V3. cos(V3 kr) — sin(V3kr)], 
S3 = $2 — 29)(So)!. 


29. yi. _ —iay + AgW*y—7/5, 


Solution in parametric form: 


c= Ce. y= ose?.g5 7/4, where A= — hb 12/5 5-8, 
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30. Yn. = —Zay + Ag?/by—7/5, 
Solution in parametric form: 
t= Ce. y= pO 6." where A= — xb l/PR®. 


@ In the solutions of equations 31-39, the following notation is used: 


R= /+(4r3-1), I = [rr dr, Fp =2rIl+CQaor FR, Fh=r7'(RF,- 1), 
where I = I(r) is the incomplete elliptic integral of the second kind in the form of Weier- 
strass. 
—2 —2,,—4 
31. Yr. = 6x “y+ Au “y™. 
Solution in parametric form: 
r= CA. y= br 8/5 ps where A = -150b°. 
—2 3,,—-4 
32. y. = 6a “y+ An’y”. 
Solution in parametric form: 
r= Cyrlo pV y= bCyr 2/5 F8/? where A= 1500". 
-2 —2,,—1/2 
33. Ye. = 20x “y+ Au “y _ 
Solution in parametric form: 
L= on, y= bE, Fe, where A = +1080°/?, 
—2 —1/2,,—-1/2 
34. y.,, = 20x y+ Aa / y fA: 


Solution in parametric form: 


L= Gn, y= tr, where = +1080°/?. 
15,2 —2,,—-7 
35. Vou = Ee ytAx“y'. 
Solution in parametric form: 
2 = Cy (4rF? = FB) y =F? (arr = FB), where A= +308, 
36. y= a 7y + Ax®y—". 
Solution in parametric form: 
w= Oy (4rF? = FB)", y = 00 F(a FP = FR), wh = +358 
= O4TL7 F 2) ’ Y= 1Fy (Ar Fy 2) ’ where —sEAY + 

37. oy = —Pay + Ag 2y1/?, 
Solution in parametric form: 

- -7 _ 7,2 —4 _ 4 1271/2 

r=CiI+C)", y=br°+C2)~, where A=+ 3567". 
12,,-2 —3/2, 1/2 

38. Vou = — at y+ Ax /2y ie 
Solution in parametric form: 

= 7 _ 2 3 _ 4.1271/2 

x=Cy(I+C2)', y=bCir*(L+C2)’, — where = +350". 
39. Yn = Ayaty—7 + Aga?y 7. 
Solution in parametric form: 
1 Ay}71 


Ai j-1 
ie [ack (4rF? + F2) a] u= bC3 Fi/? [ach (ar F? oe) ee 


where A» = era °b. 
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@ In the solutions of equations 40-43, the following notation is used: 


d 
Ry=VO\47 47, F\= +02, Fy=r-RyE,, Hy=3r3F2+3(147)E2, 
1 
d 
Ro=V Ci —T B72, Eo= + Or, Fo=7T—RoEo, Hy=37°F24+3(—1+7)E%. 
2 


40. Yn = A,a 4/8 + Aga */3y—1/2, 
Solutions in parametric form: 
a=at °F}, y=bF}, 
where Aj = seg! Ap = za 7/3p3/2(_1)k; k=1landk=2. 
al. yl, = Aya®/8 4 Aga T/8y-1/2, 
Solutions in parametric form: 
L= ar E*, y= br EOF? 


where A, = +2a-V/3p, Ag = za >/6p3/2(_1)F+1, k=landk=2. 


42. y” = Ayy ? + Agry”. 
Solutions in parametric form: 

c=aT °H,, y= br 2g? 
where A; = Faga~7b', Ag = — za 308; k=landk=2. 
43. Yr. = Ayy 3+ Agu? y~". 


Solutions in parametric form: 


t= or, y= br? Ei At 


where A, = taa~*b', Aj = —ga°®; k=landk=2. 


@ In the solutions of equations 44 and 45, the following notation is used: 


A 
Cie + (se = +7 if A, >0, 
f= : 4 
C, sin(kr) + C2 cos(kr) — at if Ay <0, 
A 
A 
k(Cye** = Cze~*7) mepai| if Aj > 0, 
f= a 


A 
k[C, cos(kr) — Cp sin(kr)] — > if Ay <0, 
1 


where k = ,/5|Aj|. 


44. Yi. = Ai + Aoy*/?. 


Solution in parametric form: 
2 
t=fi, y=fo. 
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45. Yn = Aya 3 + Aga ®/2y—1/2, 
Solution in parametric form: 
e=fp, y=fr' fe. 
@ In the solutions of equations 46 and 47, the following notation is used: 
For A; > 0, 
T, = Cye*" + Coe*” + Cysin(kr), & = ($41), 
Ty = k(Cye*™ — Cye—**) + kC3 cos(kr). 
For A, < 0, 
T, = e*’[C) sin(st) + C2 cos(st)] + C3e*" sin(sr), s= (-44,)\4, 
T2 = se*"|(C1 — C2) sin(sr) + (C1 + C2) cos(sr7)] — sC3e * [sin(sT) — cos(sr)]. 
46. y.. = Ayax?y—5/3 + Agry*/3, 
Solution in parametric form: 


3/2 
y=Te”, 


where the constants C1, C2, and C3 are related by the constraint 
MCC, +C3 = 4A77AZ if Al > 0, 
C1C3 = 7 Al AS if A, <0. 
47. y. = Ayax?y 5/3 + As 2", 
Solution in parametric form: 
c=T, y=Te”, 
where the constants C,, C2, and C3 are related by the constraint 
4C\C,+C} =—-3ZA,'Ag if A > 0, 
C\C3 = —A;,'Ao if Ay <0. 
@ In the solutions of equations 48 and 49, the following notation is used: 
For Ag > 0, 
T, = Cie’? + Coe"? + Cgsin(kr), k= (4A0)™4, 
Ta = k(Cye*™ — Coe—*") + kC3 cos(kr). 
For A» < 0, 
T, = e*’[C; sin(sr) + C2 cos(st)] + Cz3e*" sin(sT), s= (—4Ay)/4, 
T2 = se*"|(C1 — C2) sin(sr) + (C1 + C2) cos(sT)] — sC3e*" [sin(sT) — cos(sr)]. 
48. y” = Aya 7/3y-5/3 4 Aga10/8y-5/3, 


Solution in parametric form: 


= (7: is ae) y= yal ee = oe 
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where the constants C’,, Co, and C3 are related by the constraint 


4C\C,+C3 = 4ATA5” if Ao > 0, 
Ci C3 = WATAS’ if Ap < 0. 


49, y” = Ag Ay Aga ey. 


Solution in parametric form: 
-1 —17q73/2 
e=T, y=T TR", 
where the constants C,, C2, and C3 are related by the constraint 


4C1C,+C}=—-4A,A5' if Ap > 0, 
CiC3 = —5A,A5" if Ap < 0. 


@ In the solutions of equations 50-53, the following notation is used: 


R= Cyr™ + Cork? + C3r*8, 

Rz = (C, + Cor)e** + Cre", 

R3 = Cie"? + e*" (C2 sinwt + C3 coswr), 

Qi = Cykyr™ + Cokor + Cgkgr*s, 

Qo = (kKCy + Co + kCor)e** + wC3e*7, 

Q3 = kCye*" + €87[(sCz — wC3) sinwr + (sC3 + wC2) coswr], 

Si =7(Q1);, S2=(Q2), 53 = (Qs);, 
where ky, k2, and k3 (real numbers) or k and s + iw (one real and two complex numbers) 
are roots of the cubic equation \? — 5 Bd = 5B, = 0. The subscripts of the functions 


Rm,» Qm, and Sm (m = 1, 2, 3) are selected depending on the sign of the expression 
A = 2B3 — 27B?: 


A> 0 subscript m=1, 
A=0_ subscript m= 2, 
A <0 subscript m= 3. 


If 2B3 = 27 B? (subscript m = 2), then 
k= (4B,)/?, w=-2(iB,)? if By <0, 
k=—-(4B))/?, w=2(4B,)/? if By>O. 


Remark 14.3. The expressions for R;,, Qm contain three constants C,, C2, and C3. One 
of them can be arbitrarily fixed to set it equal to any nonzero number (for example, we can set 
C3 = +1), and the other constants can be arbitrary. 


50. y. = Ai + Agry '/?, 


Solution in parametric form: 


t=Rm, y=Q?,, where A;=Bo, Ag = By. 
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51. Yn = Aya 32 + Aga /2y—1/2, 


Solution in parametric form: 


a=R>!, y=R_1Q?,, where Aj=Bo, Ao = By. 
52. Yr. = Ayy 3/5 + Aory 7/®, 
Solution in parametric form: 

a = a(2Q?, —4RmSm+ BoR?,), y = bR°/?, 
where A, = —ab~4/5Aj Bo, Ag = — Ba 3p? Br?. 
53. yl! = Ayar~22/5y-3/5 4 Agg18/5y-7/5, 


Solution in parametric form: 


© = a(2Q2, — 4RmSm + B2R2,), —y = bR®/?(2Q?, — 4RimSm + BoR2,) 
where A; = 307/508/5 BY? Bo, Ag = — Fa3/5p2/5 Be? 


@ In the solutions of equations 54 and 55, the following notation is used: 
1°. For Az > 0, A, 40: 


T= Ce Ce" + C3sinwtT, Th= k(Cye*" _ Cye7*7) + wC3 cos wT, 


where k = {3 [(Aq + 3A9)/2+ A]}/4, w= {2 [(Aj +3A,)!/2 — Aj]}1/2; the constants 
C1, Co, and C3 are related by the constraint Ak?C1C2 + w*C? = 0. 

2°. For —A? < 3Aq <0, Aj > 0: 

T= Cyr +Cgr “+037 + Cyr, Ty = ky (Cyr —Cot™) +a (C37 —Cyr™), 


where k, = {3 [Ay + (A2+43Ae)'/7)}2, ko = {3 [Ay — (A?+4+3Ap)'/2]}1/2; the constants 
C1, Co, and C3 are related by the constraint 


(C1C2 + C3C4)(A? + BAs + (C1C2 = C3C4) Ay = 0. 
3°. For —A} < 3A, <0, Ai <0: 


T, = C) sinw tT + Co cos w T + C3 sin wor, 

T2 = w1 (Cy cosw1T — C2 sinw 1T) + w2C3 cos wor, 
Where w = {-2[Ai + (A? + 3Aq)1/2]} 1/2, W2 = {-2[Ai _ (A? + 3Ay)1/2]} 1/2; the 
constants C,, Co, and C’3 are related by the constraint welC? + Ca) — wis = 0. 
4°, For A? + 3A, =0, Aj > 0: 


Ty = (Cy + Cor)e*™ + (C3 + Cyr)e-*, 
To = (kCy + Cy + kCor)e*™ — (kC3 — Ca t+ kCyr)e*’, 


where k = ($A1)¥/ 2: the constants C,, Cz, and C3 are related by the constraint 
CoC, + (C1C4 _ C2C3)(4.41)/? — 0. 
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5°. For A? + 3A, =0, Aj <0: 
Ty = (Ci + Cor) sinwt + C37 cos wr, 
Tz = (wCy + C3 + wC 7) coswt + (C2 — wC3T) sinw, 
Where w = (—2A1)!/ 2; the constants C,, C2, and C3 are related by the constraint 
CF + C3 + C1C3(—2.4))'/? = 0. 
6°. For 3A9 < —A?: 

T= eC; sin wT + C2 coswT) + C3e—*7 sinwr, 

To = e* [(kCz + WC) coswr + (kCy — wCz) sinwr)| + C3e7*" (w coswr — ksinwr), 
where k = {$[A, + (—3Ag)¥27]}1?, w= {$[-Ai + (—3A)!/?}}1/?; the constants C, 
Cy, and C3 are related by the constraint CA, + C\(—A? — 3Aq)1/? = 0. 

54. y= Ayy /3 4 Aga? y 5/3, 
Solution in parametric form: 
c=T, y=T?”. 
55. yl! = Aya8/8y-1/3 4. Aga—19/3y-5/3, 
Solution in parametric form: 
e=T7!, y=T 73”. 
@ In the solutions of equations 56-59, the following notation is used: 
Cre’? + Coe #7 + C if A, >0, 
Ti 1 + Ope + O3T ' 1 ee w = |4A,|1/?, 
Cy sinwt + Co coswt + C3r if Ay <0, 
Cre’? — Coe *7) + C if A, > 0, 
T= w(Cye 2€ 3 ; 1 whe i= (Sag? 
w(C, coswr —Cosinwr)+C3 if Ay <0, 
56. une = Ary “8 + Aay*/* 
Solution in parametric form: 
r= Tihs YS ce, 
where the constants C,, C2, and C’3 are related by the constraint 
3(A,C? + Ag) + 16.A2C1C2 = 0 if A, > 0, 
3(A, C2 + Az) + 4A2(C2 +02) =0 if A <0. 
57, yl! = Aya8/8y-1/3 4 Aga—4/8y-5/3, 
Solution in parametric form: 
eT y=T Te", 
where the constants C1, C2, and C’3 are related by the constraint 
3(A, C2 + Az) + 16A2C1C2 = 0 if A, > 0, 
3(A1C# + A) + 4A2(C2 +02) =0 if A, <0. 
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58. Yn = Ayy 1/3 + Aoay*/3, 
Solution in parametric form: 
A 
ear y= (- <4 
where the constants C1, C2, and C3 are related by the constraint 
34103 + 16A7C|C2 + BA? AS = 0 if A, > 0, 
3A,C3 + 4A7(C2 + CZ) + Al? AR =0 if Al <0. 
59, yy” = Aya 8/8y-1/3 4 Aga 7/3y-5/3, 
LL 
Solution in parametric form: 
Ag »\71 Ag »\71 Ag \3/2 
= (1 Bey ve (Be se)” 
a(t 4A, ie eee : : 
where the constants C,, C2, and C3 are related by the constraint 
3A1C3 + 16A7C1C2 + 4.Ay7A5 = 0 if A, > 0, 
3A1C3 + 4A7(C7 + CZ) + Z Al? AS =0 if Al <0. 
@ In the solutions of equations 60-67, the following notation is used: 
dg 
= ,/+(4p? — 1), ja) —C. 
ie 77) 
The function ¢ = (7) is defined implicitly in terms of the above elliptic integral of the 
first kind. For the upper sign, ¢ coincides with the classical elliptic Weierstrass function 


9 = 9(T + C2, 0, 1). In the solution given below, one can take ¢ as the parameter instead 
of 7 and use the explicit dependence Tt = T((). 


60. yy” = Ag ?y? — fay. 


Solution in parametric form: 


z=C7r, y=obr’g, where A=+£071. 
61. Yn = Ag 3y? — say. 


Solution in parametric form: 


g=Cyr~°, y=oC\r~*9, where =+£971, 
62. y.. = Ag *y? + Say, 
Solution in parametric form: 


z=C\r’, y=b(r?9+1), where A=—+£0"1. 


u —3,,2 6,2 
63. Yon = Av “yy” + gex “y. 
Solution in parametric form: 


t=O, y=bCyr *(7°9 41), where A= +£071. 
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64. Yn = 12¢77y + Ag ?y—5/2, 


Solution in parametric form: 


C= Cig?!" (F + arp?) y= bo 8/7 (fF + arp?) 1! where A= +41470"/?. 


65. yl” = 12a~27y + Aw/2y—5/2, 


Solution in parametric form: 


r=Cip/7(f £2rp?)"", y= dC S/7(f + 2rp) 9, where A=#1470"/?, 


66. yy”! = 8a-2y 4+ Aa 2y9/3, 


Bo 4 


Solution in parametric form: 


=O (rf +2) 4, y=o(rf +29) 8 (f+ arg?) where A= — 3298/3. 


67. yy” = Ba-2y + Ag?/By—5/3, 


Bin io 4 


Solution in parametric form: 


c=Cy(tf +29)/4*, y=oCy (rf +29) 78 (f + arg?) where A= — 3248/3, 
@ In the solutions of equations 68—73, the following notation is used: 
Feat. Aiea d 
fi = +43 — 29) — C2, T= _- 0; 
V £497 — 201 — C2 


d 
fo = V £493 + 292 — Ca, r= f —— SB - 0, 
V £495 + 292 — C2 


The functions 1, = ¢1(T) and 02 = (rT) are the inverses of the above elliptic integrals. 
For the upper signs, they are the classical Weierstrass functions 9, = o(T + C1, 2, C2) 
and 2 = A(T + Ch, —2, C2). 

68. yy” = Ary? + Ad. 


Solutions in parametric form: 


c=at, y= bp, 
where Aj = +6a~2b-1, Ap = a~2b(—1)*; k =1andk =2. 


69. yf! = Aya Py? + Aga? 
Solutions in parametric form: 

c=ar* w= br pp, 
where A; = +6a3b-!, Ap = ab(—1)*; k= 1andk =2. 
70. Yr. = Aya 15/7 y? + Aga ie 


Solutions in parametric form: 


where Ay =+a/7b-1, Ap = fa5/7b(-1)*; k= 1Landk =2. 
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1. yl = Aya~29/Ty? + Aga}2/7, 
Le 
Solutions in parametric form: 


e=at", y=br (ro. #1), 


where A; = +£a5/7-1, Ag = gga 2/7(— 1)*; k=1landk =2. 


72. Ye. = Aj + Agy 2/8, 
Solutions in parametric form: 
x =alf,—(—1)"r], y= bpp, 


where Aj = +3a~°b, Ap = a~ 05/3 (— 1)*; k=1andk =2. 


73. Ye. = Aya 3 + ee 
Solutions in parametric form: 
x =alfe—(-1)*7t]*, y= bp elf. — (-1)*7}*, 


where A; = +4ab, Ay = pa/3p°/3(_1); k= land b= 2, 


@ In the solutions of equations 74 and 75, the following notation is used: 


E= / (1 oe ye dr+ Co, k? =-+1. 


The function E' can be expressed in terms of elliptic integrals or lemniscate functions. 
mo —18/5, 3 —14/5, 2 

74. Yow = Aix [By + Aox [B42 

Solutions in parametric form: 


a=aCpE-°, y=bC{E*(rE—k), where A,=4 


Ea8/p-?, Ap=tha*/o-lk. 


she 


75. Yn. = Aya !?/5y8 + Aga /5y?, 


Solutions in parametric form: 


e=aC?E’, y=bC\E(rE—k), where Ay=+2a7/>b-?, Ap=+£al/9o-1k, 


@ In the solutions of equations 76-81, the following notation is used: 


fe J\/3(7) for the upper sign (Bessel function), 
I,/3(7) for the lower sign (modified Bessel function), 
x /3(T) for the upper sign (Bessel function), 


K1/3(7) for the lower sign (modified Bessel function), 


4x for the upper sign, 


H=Cif + Cag + Bwo(9 f far—f f gar), w=} 


—1 for the lower sign. 
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76. y.. = Ayxy+ Ao. 
Solutions in parametric form: 
a=ar3, y=r/3H, where A, = sia, Ap = 9a-*B. 
Th. Y= Aya °y + Aga. 
Solutions in parametric form: 
v=ar 3, y=r-¥3H, where A, = 40%, Ag = 4a. 
78. y.. = A,a 3/2 + Aga /2y—1/2, 
Solutions in parametric form: 
a = ar! H?, 
y= br7/3(rH + 4H)’, 
where A; = —4a-V/78, Ap = -ia 3/7p5/2, 
79. Yn = Aya 3/2 4 Aga 2y-V/?, 
Solutions in parametric form: 
a =ar 7 H-?, 
y = br 43H? (rH! + +H)’, 
where Ay = —4a~1/2b8, Ap = #Hb°/?. 
_ —3/2 2 
80.” = Ary 3/7 + Agay@?. 


Solutions in parametric form: 


v= at ?/3\47?°H? + 287H — (rH! 4 
y = br2/3 H?, 


5H) |, 


where Ay = —ab-'/?BA9, Ap = 3a~%b?. 


81. Yn — Aya 3/2y—3/2 + Aga *y-?. 


Solutions in parametric form: 


x —ar/3 Baars + 287H — (THe + tH)’)~, 
y = br SEP [er HP + 287 — (rH, + 3H) |, 


where A; = —2a-¥/2p5/28, Ag 958, 
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@ In the solutions of equations 82-88, the following notation is used: 


_ io J.(7) for the upper sign (Bessel function), 
” | CiL(r) _ for the lower sign (modified Bessel function), 
_ fae for the upper sign (Bessel function), 
” | C2K,(r) _ for the lower sign (modified Bessel function), 
Zy =U, +a2V,, Xp = BU, + Bev, Fy = th, +vZ,, Gy= TX! +VXy, 
z ee if A =—(0182 — a21)?, 
aU? + BULV, +7V2 if A= 4ay — B?, 
_ fee +X,F, if A= —(a1Bo— anf)’, 
‘ |rN'42uN if A=4ay— B?, 


2/7 for the upper sign, 


No = N2 +477N? 4+ uA, w= 
—1 __ for the lower sign. 
The prime denotes differentiation with respect to T. 
82. y.. = Ajay + Aoy?. 
Solutions in parametric form: 
r= ar?! y= br /3 yl? 
where v = s, Aj = era", Ap = Ja *btw? A. 
83. y= Aya”y + Agy 3, n A~ —2. 
Solutions in parametric form: 


e=ar’, y=br’ N42, 


a 7b4wA. 


1 1 
where v = nee’ Aj = tae, Ad = 


84. Ye = Aya Py + Aoy 3. 
Solutions in parametric form: 


CS ar 2/3. y= br 1/3 1/2. 


16v2 


where v = x, Aj = $33, Ag = fea btw A. 
85. y. = Aya 3 + Aga tg, 
Solutions in parametric form: 
a=arN,  y=br-7/NN?, 

where v = 4, A; = —2abw*A, Ao = -ha-3/2p3/2., 
86. y.. = Ay+ Agu ?y 1/2, 
Solutions in parametric form: 

a=at/N-1, y= be SN Ne 


where v = x, A; = —2a~?bw?A, Ap = $$ p3/2. 
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87. Yn = Ayxy 7+ Aoy?. 
Solutions in parametric form: 
a=art/3N-1Ny, y= br?3N, 


where v = x, Aj = — ea 30, Ap = aa btw A. 
88. yy, = Aria ?y? + Aoy® 


Solutions in parametric form: 
a=ar?NNz1, y=obr4N?2Nz}, 
where v = 4, A, = — ob, Ag = aa "btw? A. 
@ In the solutions of equations 89 and 90, the following notation is used: 


A=C2-2C,, R=(36A+54Br— a, 2= 3 frit dr, 


a tan(+/—A z) + = if A <0, 
V4 tanh($VB 2) + 2 if A>0, 
1 1 
Rael a v2 if A= Cy <0 
Cz [Ci] ’ ’ 
1 v2 


if A=0, Co>0. 


89. Yn = Ay? + Aga 2/3y—5/3, 
Solutions in parametric form: 
a = at—3/2(C,W? — 2C2W + 2)7/2, 
y = br~9/4(C,W? — 2C2W + 2)9/4(6C,W — 6C2 + R)?”, 
where A; = 24a~208/3C,, Ao = —36a~4/388/3 B. 
9. y= Aya 2/3y—5/3 4 Aga 4/3 y—5/3, 
Solutions in parametric form: 
a = art®!/?(CyW? — 2C,W 4 2)~3/2, 
y = br 9/4 (CW? — 2C2W + 2)~9/4(6C,W — 6C2 = R)*”?, 
where A, = —36a~4/308/3B, Ay = 24a~2/308/30,. 
@ In the solutions of equations 91—102, the following notation is used: The functions P; 
and P, are the general solutions of the four modifications of the first Painlevé equation: 
P/ _ +6P? = T: Py = +6P? =—— 
(in the case of the upper sign, the equation for P, is the canonical form of the first Painlevé 
equation, see Section 3.4.2). In addition, 


Qi =+6P?24+7, Tj=7°P, 1, Ui=(P)?-2PiQit8P?, YU=PiO\+h-@?, 
Qo=+6P3—7, Th=77Po=1, Ug=(P3)?-2P2Q2+8P3, Ve=P3Q)-Pi-Q3. 


The prime denotes differentiation with respect to T. 
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91. yy” = Ary? + Agw. 
Solutions in parametric form: 
t=at, y=bPx, 


where A; = +6a~2b-1, Ap = a 3b(—1)**1; k =1andk =2. 
92. y. = Aya *y? + Aga. 


Solutions in parametric form: 


g=at', y=br'F, 


where A, = +6a3b-1, Ay = a2b(—1)**1; k =1andk = 2. 
93, y= Aya 15/Ty? 4 Aga 8/7, 


Solutions in parametric form: 


g=at’, y=brTk, 


where A; = alos, Ag = qa 9/7h(—1)*+1; k=landk=2. 


94. y. = Aya ?0/Ty? + Aga 13/7, 


Solutions in parametric form: 
aS ar Sern r,, 


where A; = +£a5/7-1, Ag = gga /7h(-1)* +1; k=1landk =2. 


95. y= Aiat Aoy 1/2, 
Solutions in parametric form: 
a—aP,, y= b(Pi)’, 

where A; = +24a~%b, Ap = 2a~?b3/2(-1)*+1; k = 1 and k = 2. 
96. ee = Aya t+ Aga ®/2y—1/2, 
Solutions in parametric form: 

w=aP,*, y= bP. "(Pi 
where A, = +24a7b, Ap = 2a1/2b3/2(-1)*+1; & = 1 and k = 2. 
7. y= Ayy'/3 + Agay*/3, 


Solutions in parametric form: 


r=auU,, y= pPel?, 


where A, = +8ab~2Ao, Ag = —¢a-3p8/8; k=landk=2. 
98. yl! = Aya !0/8y1/3 4 Aga 7/3y-5/3, 
Solutions in parametric form: 

ie az}, y= oP??u-, 
where A, = +8ab~*Ao, Ag = —fal/3p8/; k=landk=2. 
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99, Ye. = Aya 3/2 4 Aggy. 
Solutions in parametric form: 
2=a(P,)*, y=bQ?, 


where Aj = za */2H(-1), Ao = +6a~20/?; k = 1 and k = 2. 


100. y”, = Aya 3/2 + Aga 5/27y-3/2, 
Solutions in parametric form: 
c=a(Py)”, y= b(Ph) Qi, 


where Aj = ta-V/?b(-1)*, Ag = +6a'/?03/2; k =1 and k = 2. 


101. Yn — Ayy 4/8 + Agry*/8, 
Solutions in parametric form: 
r=aVv, y=o(Pi)°, 

where A; = ab 1/3 Ay(—1)*, Ap = aa k=landk=2. 
102. Yn _ Aya 5/3y—4/3 + Aga 7/3 y—5/3, 
Solutions in parametric form: 

_ = avs eS BP 
where Aj = gga /307/3(—-1)F, Ag = 3g a/308/8; k=1landk=2. 


@ In the solutions of equations 103-108, the following notation is used: 
The functions P, and P, are the general solutions of the four modifications of the second 
Painlevé equation (with parameter a = 0): 


Pl =rP,+2P3, Pi =—-rP,+2P3, 


where the primes denote differentiation with respect to t. In the case of the upper sign, 
the equation for P, is the canonical form of the second Painlevé equation (with parameter 
a = 0; see Section 3.4.3). 
103. ye. = Ayy® + Aowy. 
Solutions in parametric form: 

x=atT, y=bPy, 
where A; = +2a~2b-?, Ap = a3(—1)*t!; k= 1andk =2. 


104. Yn = Ajay? + Aga *y. 
Solutions in parametric form: 


z=at', y=br'F, 


where A; = +2a¢b-?, Ap = a3(—1)*+1; k =1andk =2. 
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105. Yn =Ai+ Aga lV2y-1/2, 


Solutions in parametric form: 


=aP,, y =1(P,)*, P= (Fe) 


where A, = +2a7~2b, Ap = 4a79/2b3/2(-1)*+1; & = 1 and k = 2. 


2 


106. y”, = Aya 3 + Aga ?y71/?, 


Solutions in parametric form: 


c= aP,", y= bP, *(Pr)’, Ph = (Pr)r, 


where A, = +2ab, Ag 


= 409/2(-1)*+1; k = Landk = 2. 


107. Yn =A,+ Agry~*. 


Solutions in parametric form: 


c=a7 ee ah |, gtr, 2.= (PF). 


where A; = +2a~*b(—1)*, Ap = 2a73b?(—1)**!; k = 1andk = 2. 


108. yy”, = Aya 3 + Agr *y~?. 


Solutions in parametric form: 


t= alr P? 4 


where A, = +2ab, Ag 


| Pé—(PL)?]", y= oP2[rP? J 


= 20°; k=1andk =2. 


—(PA?]™*, 


14.5 Generalized Emden—Fowler Equation 


You = Ax 


14.5.1 Classificati 


The case | = 0 corresponding to the classical Emden—Fowler equation is outlined in Sec- 


ny™(y/)! 


on Table 


tion 14.3. In this section, the case | ¥ 0 is considered. 


Table 14.7 presents all solvable equations of the form y”,, = Ax"y’(y/,)! whose solu- 
tions are outlined in Section 14.5.2. Two-parameter families (in the space of the parameters 
n, m, and 1), one-parameter families, and isolated points are presented in a consecutive 
fashion. Equations are arranged in accordance with the growth of |, the growth of m (for 
identical /), and the growth of n (for identical m and /). The number of the equation sought 


is indicated in the last column in this table. 
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TABLE 14.7 
Solvable cases of the generalized Emden—Fowler equation y//, = Ar”y™(y/,)! 


a aa families 


[atime 
| ig} 


—1) 
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~2 
L 5 aoe 
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+ 4 


1 bara 
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n 
q| 


14.5.2.28 
14.5.2.56 
14.5.2.108 
14.5.2.39 
14.5.2.95 
14.5.2.98 
14.5.2.92 


| 
Is 
q 


— 
On 

= 

f=) 


— 
a 
ian 


= 
“ 
| | 
yNloy ows 


N 

) 
wo 
S 


= 
coo; 4 
efeljol! 
Ne 
| 


N 

— 
= 
w 


| 
nt 


654 SECOND-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


TABLE 14.7 (Continued) 
Solvable cases of the generalized Emden—Fowler equation y’,, = Ax” y"(y/,)! 


: 
° 
i 


a 
ie 


14.5.2.64 


NILNI NI NIN 

HDi nt BR] wf] ds 
CECH 

ee ee 

N [vlefo[E] ue 


— 
HH 
uy 


~I|00 
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a 


BH 
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14.5.2.84 
14.5.2.87 
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F]l 


ry 
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HH 
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TABLE 14.7 (Continued) 
Solvable cases of the generalized Emden—Fowler equation y’,, = Ax” y"™(y/,)! 


ie ee 
2 
a SS 
14.5.2.123 
a 
ee ee 
a sa 
14.5.2.60 
ae 
ie ee ea 
a 
a 
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Se ee 
ee a 
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AT ee ee 
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oe ou 


ING) (Se) 
ene 


HEC 


iw) 
w 


mle | 
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TABLE 14.7 (Continued) 
Solvable cases of the generalized Emden—Fowler equation y’,, = Ax” y"(y/,)! 


I 

a | 
a 
a 
oe 
oe ee 
re 


14.5.2.79 
14.5.2.109 


14.5.2.37 
14.5.2.25 
14.5.2.34 
14.5.2.102 


Hil 
ey 


m]co] of = 
Le a 
eS ae 


“| 


dolor 
Hy 
OlN 


dolor 
= 
an 


‘Oo | ‘oO 
BR] Ww 
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TABLE 14.7 (Continued) 
Solvable cases of the generalized Emden—Fowler equation y’,, = Ax” y"™(y/,)! 


A 


117 14.5.2.74 


14.5.2.23 


ae a 
ee ee os 


14.5.2.21 


14.5.2 Exact Solutions 


1 yf, = Ay™(y’,)!. 


1°. Solution in parametric form with m 4 —1,1 F 2: 


uta ; 
FFE 


Ww 
ay 


1 
a 


ww 
e 
ue ae 


w 
e 
ae 


tH 
t 


Ww 
i) 


u 


mt+1 gi-2pi-m-! 


os 
¢=ac; / (ldtc™t) 2 dr+Co, y=bC?'r, where A=t7 7 
2°. Solution in parametric form with m = —1, 1 2: 


Cy f rex aay (Cee), whee doe ( = 
T=Aay FT T 2 Y= 1e€XPp(+T), ~T 21) + : 


3°. Solution in parametric form with m A —1, | = 2: 


1l-—m 2 
r=C; por exp(+7°) dr+Cog, y=brmt!, where A=+(m+ ip ™, 
4°. Solution form = —1, 1 = 2: 


el, 
(Cia + C2) 1-A if A x 1, 
C2 exp(C12) it A=1, 
2. yl, = Aar(yl)! 
1°. Solution in parametric form with n 4 —1,1 £1: 


Pg ato 
——- bo”. 
i 


te 
c=aCls, yascpe! f(t ttl) Tl dr+Cy, where A=+ 
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2°. Solution in parametric form with n = —1,1 4 1: 


C 5 60 ca a det tty Ange fg) 
x=aC\exp(+T*), y= Lp exp(+7“)dr+Co, wit =F pap (Fae) 


3°. Solution in parametric form with n # —1,1 = 1: 


2 l—-n 
a ar nti, Y= Ci pr exp(+7’) dt + Co, where A = -(n + ie" 


4°, Solution forn = —1,1 = 1: 
— fCiaiAtt+Cy if AAI, 
Cy In |x| + C, if A=1. 


2n+m+3 
3. yy, = Ax y™ (yi) Mtmt2 , 


Solution in parametric form with n 4 —1,m ¢ —-1: 

(| dt +c n+1 dt n+1 
if = CX =a ; = T exp | ————_- = _ ; 
P f(r) : y elm +1 (rT) m+l1 : 


where the function f = f(r) is defined implicitly by the formula 


= Are n+1 
=] l-o —C —————-_— — : 
Lf + lo — Ir]f + 07) UE eae . m+1 
For the case n = —1, see equation 14.5.2.5. Form = —1, see equation 14.5.2.4. 


4. y/ = Ax”y*(y/)?. 


Solution in parametric form with n £ —1, n 4 0: 


1 l-ny nn ntl 1 el 
L=arTn, y=texp[ fr n ( cea n +ntm +Ci) dr +03], 
n 


where A= -—a”. 
For the case n = —1, see equation 14.5.2.7. For n = 0, see equation 14.5.2.1. 
§, yl! = Aa ly™y’. 


Solution in parametric form with m # —1, m # 0: 


l~-m m m+1 i -1 Ae 
r=tep| fr m ( Tae m + mTm +C1) dr + Co], y = (Ar)m., 
m 


For the case m = —1, see equation 14.5.2.8. For m = 0, see equation 14.5.2.2. 
6. yf = Aa ty t(y,)!. 
Solution in parametric form with | ~ 1,1 ¥ 2: 
T\-1 1 dt dt I-1 
Stree =| ol, = fs Co), hee, 
v=4(f- 5) expl5 ele Bee | ee 2 
where the function f = f(r) is defined implicitly by the formula 


f il Ty Ay i=l 
In(>- 5) ~ypep a egrrt+ cy = TF 


For the case | = 2, see equation 14.5.2.7. For | = 1, see equation 14.5.2.8. 
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1 Y= Ax *y~*(y/)?. 


Solution in parametric form: 


e=te’, y=Co(FAT+e’ + C))exp [24 fcear ef ay dr] . 


8. yf! = Aa ty ly’. 


Solution in parametric form: 


xr=C»o 


—— 


+A7 +e’ +C\) exp [ea fear +e? +0)} dr] , yo=cte’. 


9. yl! = Arty” 3(y/)3, 


Solution in parametric form with n ~ —1: 


x =acptr( f A +0) y=ocp'( f A +02) 


1 
where A = pF et glongntl, 


For the case n = —1, see equation 14.5.2.15. 


3m4+5 
10. Yn = Axy™ (y’,) 2m+3 , 


Solution in parametric form with m 4 —3/2: 
a acz7{ (1 + qutlyt/2 '/ (1 ate petly 2 dr + C%| = ae 


= +2 
y= oClet tu?) (| (1 ae pith) ue dt + C2" , 


~ 2(pe + 2)b 


m+1? ~~ (w+2) 


1 3n+4 
Vy! = Ax”y 2(y!) ants, 


Solution in parametric form with n 4 —3/2: 


—p-1 
v= att” u+1 [fa x ae We dt + 03 7 5 


es oct{(1 4 peti) l/? ‘| (1 tty? ap 4 C3| = ry, 


1 


=a 
2m +3 A pb e+2 (+ 1)a Ji 
sl*aqnae!l ” 


where ps = — 


He = 
where pu = -—_, A= eS a b2 (+5) pre 
n+1 a(u + 1) b 
3n+4 


12. yf = Ax” y(y,,) 2r4+3, 
Solution in parametric form with n 4 —3/2: 


+2 
— aC Dut?) fa a le Ge dt + 03| . 3 


y= ocr?{ (1 + peti? [/ (a putty 1/2 dt + 03| — oy, 
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eae 
2n +3 pant? Gt Yb Ti 


~2(u + 2)a 


where pp = — 


n+1° (uu + 2)b 


1 3m+5 
13. yy”, = Ax 2y™(y,) 2mt3, 


Solution in parametric form with m 4 —3/2: 
= 2 
oa act{as ry? | faa ret) Pdr +C2| -7\, 


y= poet? put fa a pithy? a 0] Hh 


where pt = — =— 


m bt+3 a2 oF (3 ae 
m+1 b(u + 1) 


14. y.. — Azy *y’. 


Solution in parametric form: 


C= aC {2r [/ exp(#17) dr + 03| + exp(+7")}, y = OC [/ exp(+77) dr + Cy}, 


where A = oa °b. 
= -1,,-2 3 
15. y= Aa ty *(y/,)°. 
Solution in parametric form: 
-1 -1 
L= aexp(+77) (| exp(+77) dr+Co} , y=CQi '/ exp(+77) drT+Co| , 
where A = +2a?. 
16. y”, = Ax 7y(y/)?. 
Solution in parametric form: 


r= aC} [/ exp(Fr*)dr+ C2}, y= bC1 {27 [/ exp(+77) dr + Co| + exp(+7")}, 


where A = +a2b~?. 


@ In the solutions of equations 17-33, the following notation is used: 
P= +(7? =1)5. P3= 7? —87r+Co, Py= +(r4— 677+ 4C 97 — 3); 
Ps = +(1°— 1574 + 20Cgr? — 45774 12Cor + 27-802), 
Py = 77° — 10877 + 84Cor® + 3781° — 756Cyr* + 84(403 + 9)73 
—756C er? +5677 +4(4C2 — 27) Co. 


7. 4. = Axy V2 (yl)7/5, 
Solution in parametric form: 


r= aC PoP 1, y= dC PG, 


4. Ae 
where A= +15a “6b (<5) . 
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18. yy” = Avy /4(y/)7/>, 


Solution in parametric form: 


ed aC?" P,- V2 p,. 


ZpsOe —227/4( & 28 
where A=z754 b (=) . 


19, y” = Aa */2y—1/2 (4! 10/7, 
“Le x 
Solution in parametric form: 


r= GO Py Pr. 


3/7 
where A = 28a(ab)'/?(——) j ; 


20. y= Aa 1/2 (y’)3. 


Solution in parametric form: 


gz =aC{P,?, y= bC?Ps, 
21. ¥en = Au(y,)”. 
Solution in parametric form: 
= aC}? P3, y = bCir, 


22, y= Aa t/2y-5/2(y/ 3, 
Solution in parametric form: 
r= aC Py” P3—1, 
where A = Fga3/2pl/?, 
—5/3 3 
23. yf, = Aw */Fy(yi,)°. 
Solution in parametric form: 
id aC? P3?/?, y= bCP Pa, 
24, y= Aa y(y’ 8/5, 
Solution in parametric form: 
¢ = aC}®P/, 


2/5 
where A = #15a!/25-2(—-) : 
a 


25. y= Aa /By—7/3(y/ 3, 
Solution in parametric form: 
x = aC P3!? Pp, 


where A = Sepa eb/*, 


y= beer 


y = DCP’ Ps" Pe’, 


where — +4q3/2p-?, 
where A= —6Gab~°. 
Y= OG Pst; 

_ — 9 8/3,-3 
where A = F¥qe PE. 


y = bC, Pp P3-/?, 


y= OG). = Py”, 
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26. y!!, = Aa~/4y(y’)8/. 
Solution in parametric form: 
a= aCP?P,*?, y= bC?"P3-/? Py, 
b \ 2/5 
a) , 
27. yl! = AsV 2y—8/2 (yy! 14/7, 
Solution in parametric form: 
BCT PR Py. Gaul Ps Re, 
b \3/7 
ma) 
28. y= Ag —1!/Ty-10/T7 (y! 1/2, 
Solution in parametric form: 


L= —aCy "Ps", y= bC PI Pz}, 


where A = #5 q/4y- *( 


where A = —28b(ab)'/?( 


,_ AVv3 qi/14p27/14. 
~ 1701 


—10/7,,—11/7 5/2 
29, y= Aa 10/Ty-14/T (iy! 5/2, 
Solution in parametric form: 
2 =aC,Pi?Pr1, y= —bCp?" Ps}, 
4/3 g2t/4pl/14. 
1701 
—11/4 13/10 
30.) = Aaty MH /4(y/ 18/10, 
Solution in parametric form: 
e=-a0PP, rm, y=ocfP”, 
ie 97/1031/10 
6 
11/4, 2 17/10. 
31. y= Ax” / y*(y’,) i 
Solution in parametric form: 
S40F Ph, wasee ee 
5. 97/1031/10 
6 


where A = 


where A = =-——— 


727/10 549/20. 


where A= + 


where A = + 29/20p-27/10 | 


32. y’ = Ax 10/3 y—2/3(y! 18/11, 
£9 69 6 xz 
Solution in parametric form: 
x =aC;?P,' Pe", y= C0? Pr PS, 


4 
ae ae eee = 99 (98/33 p1/33 
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33. yy”, = Ag~?2/8y-10/8(y! 35/11, 


Solution in parametric form: 


wc =aC™ Pi Ps, y =bC73 PL PS, 


4/11 
where A = 4 2199 1/33498/33. 
2 


34. y” = Ary 7(y/)*. 
1°. Solution in parametric form with A < 

g=T(Cyr’+Cor”), y=r*, where v=V1—4A. 
2°. Solution in parametric form with A = 

a=7(Ciln|r|+C2), yor’. 
3°. Solution in parametric form with A > +: 
g=TCysin(vintr+Cz), y=7?, where v= V/4A—1. 
35. yl = Ag Ay 1/2 (y! 3/2, 
Solution in parametric form: 
a = +77(Cyr’ + Oo7=7) y= a7 7[(1 + v)Cyr’ + (1 —v)Cor~”P?, 
where A= +k?, v = k-?(k44.4)¥/?, 
36. yy”, = Aa */2y(y’)3. 
Solution in parametric form: 
x = aC? exp(—2r) [2 exp(3r) — C2 sin(V37) + V¥3C2 cos(V3 7) | a 
y = bC; exp(—7) [exp(3r) + Co sin(V37)], 
where A = —16a3/2b-3, 
37. yl, = Aa AyW7/2(y/)3, 
Solution in parametric form: 
_ aCe" [2 exp(3r)—C2sin(vV3 7) + V3 C2 cos(V3 7) | @ - bCy'e™ 

ss exp(3r)+C} sin(v3 7) oes exp(37)+C) sin(V3 T) 
where A = —16(ab)?/?. 
38. yy! = Any 2/8 (y")7/%, 


1°. Solution in parametric form with A < 0: 


AIH 


a = aC,{cosh(r + Cz) cos r]!/?[tanh(7 + C2) — tan 7], 
y = bC% cosh? (r + C2) cos® 7 [tanh(7 + Cz) + tan 7], 
2/5 
here A = —5a~?5/3(_) 
where 5a “b 1b 
2°. Solution in parametric form with A > 0: 


ax = aC} {cosh r —sin(r+C2)]~!/? [sinh r—cos(r+C2)], y= bC8 [sinh r+cos(7 +C2)]°, 


2/5 
where A = 5a *4*/8 (=) : F 
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39. yf = Aa P/AyT/2(y! 4/2, 
Solution in parametric form: 
a = aC '|cosh(r + C2) cost]~', —y = bC cosh(r + C2) cos T [tanh(r + C2) — tan T]’, 
where A = —4ab. 
40. yy, = Aa */3y?(y/)3, 
1°. Solution in parametric form with A > 0: 
a = aC%[cosh(r + C2) cos T]?/?, yy = bC? cosh(r + C2) cos r [tanh(r + Cz) + tan 7], 
where A = aap, 
2°. Solution in parametric form with A < 0: 
a = aC%[coshr — sin(r + C2))°/?,  y = bC? [sinh r + cos(r + C2), 

where A = —3 ame 
41. y= Ag ?/8y(y’ 8/5, 
1°. Solution in parametric form with A > 0: 

a = aC® cosh®(r + C2) cos? r[tanh(r + Cz) + tan Tr], 

y = bC,[cosh(r + C2) cos T]!/? [tanh(r + C2) — tan rT], 


2/5 
where A = 5a%/8-2(—_) f , 
a 


2°. Solution in parametric form with A < 0: 
x =aC%|sinh r+cos(t+C)|°, y=bC|[cosh t—sin(7 +C2)]~!/? [sinh r —cos(T +C2)}, 
where A = —5a?/3p~? ae 
6a 
42, y= Ag t/2y—5/2(y! 5/2, 
Solution in parametric form: 
a = aC; cosh(r + C2) cost [tanh(7 + C2) —tant]?, y= bCy'[cosh(r + C2) cos 7]“", 
where A = 4ab. 
43, y= Ag */3y—10/3 (y! V3, 
1°. Solution in parametric form with A > 0: 
ax = aC\[cosh(r + C2) cos 7]!/?|tanh(r + C2) + tan 7]~4, 
y = bC?[cosh(7 + C2) cos r]~*[tanh(7 + C2) + tan7]~’, 
where A = F.a8/3p 4/3, 
2°. Solution in parametric form with A < 0: 
ax = aC\{cosh r — sin(r + C2)]®/? [sinh 7 + cos(r + C2)]~!, 
y = bC,? [sinh r + cos(r + C2)]71, 


where A = —398/3p4/3, 
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@ In the solutions of equations 44—51, the following notation is used: 


E=exp(3r), S,=E+Cysin(v37), $2 =2E —C2sin(V37) + V3 Cyc0s(V37), 
S3 = 2S) (S2)" —($1)/S2—S1S2, S4= 25) ($3)/ —5($1),.$3+ S1S3. 


44, y” = Aay—*/?(y/)9/, 


Solution in parametric form: 
2/7 
£= aC BV s/s, y= OS Dates where A = 7a-*p/2/( : 


45. y” = Aay13/8(y! 9/7, 


Solution in parametric form: 


= 25a \ 2/7 
L= ans. MAS. y= ICE eg, where A = 7a 9'9/8 ( : 
46. yl”, = Ag 7/2y-1/2 (yf 18/18, 
Solution in parametric form: 

5/13 
x=aC,; BV 9192/5 y pC E-9/3g-16? where A= —208a°/5!/? (=) 
47, y” = Aa y(y’ 3, 

Solution in parametric form: 
L= aCrn ge? y= ECL E~2/3 Ss, where A= — spol o- 3. 
48. y! = Aga 1/2y(y’) 12/7, 
Solution in parametric form: 
8 m—4/3 2 -1/6 g-1/2 1/2,-2( 5 \?/7 
« =aC8E~*/362, y= bC,B-/89, "265, where A= —7a"/2b (=) 
a 


49, yy! = Aa 7/5 y—13/5 (y! )3, 


Solution in parametric form: 
L= aC a 6 y= IC ess, where A= —Oqa!?/*b?/*, 


50. yl, = Aa '8/8y(y! 12/7, 
Solution in parametric form: 
= 25b \ 2/7 
z= a0 PES, y= ECE 6S, 754, where A=—Tal¥/8p-?(——) 
a 
51. y= Ag—1/2y-7/2(y? )24/18, 
Solution in parametric form: 


5/13 
x =aCPE39715?, y—oC;1BY 8 s7193/>, where A= 2080!/268/2(52-)" 
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@ In the solutions of equations 52-61, the following notation is used: 


T, = cosh(t + C2) cos, T2 = tanh(r + C2) +tan7, T3 = tanh(r + C2) — tanz, 
6, =coshr — sin(t + C2), 62 = sinhr + cos(r +C2), 03 = sinht — cos(7t + C2), 
Ts = 3T2T3—4, 04 = 36263 — 267. 

52. yf, = Axy/T (yl \7/5, 


1°. Solution in parametric form with A < 0: 


2/5 
x= a08TP?T, y=oCT{?Ts?, where A= —2a- 2517 (<2 
9 28b 
2°. Solution in parametric form with A > 0: 
7 2/5 
x = aCy0; NEOs y= cites’? where A= aa 2510/7 (==) 


53. 4, = Ag Py Pay 


Solution in parametric form: 


= 3/10 
ra. Fh las a y = bC?T?T?, where A=—20a(ab)*/? (=) : 
54,0 yy! = Ag 19/Ty(y! 8/5, 
1°. Solution in parametric form with A > 0: 
5 9b \ 2/5 
£= Stell Oia as y= bc hs, where A= =a'0/75-?( —) ; 
9 28a 
2°. Solution in parametric form with A < 0: 
= 5 9b \ 2/5 
c= aciten!, y= bC70; Ti49),. where A= —2.a'9/75-?(—) : 
9 14a 
55. yl! _ Ag '/2y-5/2(y! yitte. 
Le x 
Solution in parametric form: 
_ b \ 3/10 
e=aCT?T?, y=b07'T 3re*, where A= 200(ab)'/? (—) 
a 


56. yl! = Age—17/104)—13/10 (44! y1/2, 
Solution in parametric form: 
x = —aCy°T; 3(T + 8T2)-1 (Ty — 873)“, 
y = —bC1T P75 (Ty + 8T2)-1 (Ty — 873), 


1 
here A = ——a!/®09/°, 
where 540” 
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57. oy”, = Ag~ 18/10 y—17/10 (44! 5/2, 


Solution in parametric form: 
aw = —aCyT) T°? (1, + 3T2)-1 (Ty — 372)-}, 
y = —bC/°T, 8 (Ty + 3T3)-1(T4 — 373)-4, 
where A = — aap ON, 
58. yl! = Ax2y-17/7 (y! 16/13, 
1°. Solution in parametric form with A < 0: 
x = aC TPT, 37, 
y = —bCS3 72/9 (Ty + 8T2)7/10 (Ty — 3T2)7/9, 
whee A= _ 18 4 5.910/13 ,-36/13),200/91 
2°. Solution in eae form with A > 0: 
x = —aC3°65 364, 
y = C836, 7/1494 + 904 — 12620203 + 90202)7/29, 


where A = 1261/8 96/13 500/81, 


59, yl” = Aa! Ty? (y? )23/13, 
1°. Solution in parametric form with A > 0: 
aw = —aC $372 (Ty + 37 2)7/10 (Ty — 37 2)7/10, 
y = COTES TT, 
ee ee 18 55.10/13 200/91, ~36/13 
2°. Solution a parametric form with A < 0: 
x = a0$39, /" (404 + 904 — 12070203 + 96303)7/1, 
y = —b0 0, 744, 


where A = —512610/18 200/81 5-86/18, 


60. y”, = Ag—18/8y—2/3(y! 27/27, 

1°. Solution in parametric form with A > 0: 
em 240-0 ES r, ee 3T2)3/10 (Ty = 372 )3/10 | 
y = 0CPTSTS TS, 


where A = 102 - 23/17 q200/51p4/51 


668 SECOND-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


2°. Solution in parametric form with A < 0: 
= —a07367 9/165 1(404 + 904 — 12620203 + 99262)3/20, 
y = —bC7°6; "63, 
where A = —51- 10/17 200/51) 4/51 
- - 7 
61. yl”, = Aa 2/3y 18/3 (y! )24/1 : 
1°. Solution in parametric form with A < 0: 
e=aCP rt, i, 
p= 0, Or ears a ar 
where A = —102- 23/17 q4/51p200/51 
2°. Solution in parametric form with A > 0: 
= —aC?°6, ue 
= —007 367 */"051 (404 + 964 — 1262403 + 96363)3/1, 


where A = 51 - 210/17 q4/51p200/51 


@ In the solutions of equations 62-113, the following notation is used: 


R=/+(4r3-1), Fy=2rl(r)+Cor$R, Fo=tr (RF\-1), Fy=4rF?s Fi, 
T dT 


where I(T) = 
Weierstrass. 
62. y= Ax(y)™/4, 


Solution in parametric form: 


is the incomplete elliptic integral of the second kind in the form of 


a=aCy;°R, y=bC?r~'Fy, where A= Fea ~2(+6a/b)3/4. 


63. yy, = Any 1/2 (y/)7/4, 


Solution in parametric form: 


a=aCy'Foh, y=bC?r?F,7, where A= $2a~7'/?(43a/b)?/4. 
64. y= Aa */2y(y!, ae 
Solution in parametric form: 


=a, °F}, y=bC?F 3°, where ae’ qa l/2p- (= 


65. y= Aw 7/6 y~ 3/2 (yl 2/8, 


Solution in parametric form: 


a =aCpF,°F8, y= 0C\F,3(F2F3— 8F?)*, where A = +4a~5/6b9/?(a/0)?/8. 
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66. y= Aa 9/4y(y’ 8/7, 


Solution in parametric form: 


: 7 32a\ 1/7 
e=aC, Fy, y=bC3F_*/?(F,F,—8F2), where A=Fz5a- Viet (=) 


_ —4 3 
67. y= Ag “(yy 
Solution in parametric form: 
g=aC?7-!, y=bC?r 1Fi, where = +6a°b~?. 
= 5/4 
68. y= Ay(yi,)?/*. 
Solution in parametric form: 


a=aC?r ‘Fi, y=bCy?R, where A= +2b-?(+6b/a)*/*. 


69. yf = Ax~*y(y/,)*. 


Solution in parametric form: 


L= aCLE, y= bO? TE. where A= +6a°d-?. 


70. yf), = Aaa? y(y’ 3/4, 


Solution in parametric form: 


a=aC?r?F,*, y=oCy'Fa, where = +4 1/25-2(43b/a)3/4. 


TL. yf), = Aa t/2y-4/3(y/)3, 
Solution in parametric form: 
a—aC}F?, y=bC?F?, where A= = $a5/2 5-7/3, 
= —1/2,,—7/6 3 
72. yl = Ag WV/2y-T/6 (y! 3, 
Solution in parametric form: 
a =aC?F,3F3, y=obC?F,°, where A= = $a5/2p-5/6, 
-1/2 13/7 
73. yf), = Any 1/2 (y/) 18/7, 
Solution in parametric form: 


= ri 
r= aC? F, Rey y= dO; where = toa ty ¥/2( 


ae 
3a 
74. y”, = Ax ‘y(y’,)?. 
Solution in parametric form: 

L= aCeFy”?, y =bC8F3, where A= Fqao?. 
75. yl! = Arty? (y,)%. 
Solution in parametric form: 


i aCe Fl? FS}, y= DORE. where A= feed oF’ 
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76. y= Aaa l/2y-7/8 (y! 7/3, 


Solution in parametric form: 


a = aC, F,3(FoF3 — 8F?)?, y= obCPF,°FS, where A= +4a9/2b-5/6(b/a)?/3, 


TT. Ga = Axy—3/4(y! )18/7, 


Solution in parametric form: 


; 2b \ 1/7 
paaChh (R83), y=bOrP Ret, whee At Darts (SAy 


@ In the solutions of equations 78-113, the following notation is used: 
dg 

__ _G, f= JEGproD. 

y 57 os 


The function (9 = ¢(7) is defined implicitly. The upper sign in the formulas corresponds to 
the classical elliptic Weierstrass function ¢ = ¢(T + C2, 0, 1). The solutions given below 
are written in parametric form. One can assume as the parameter either T, hence ¢ = ¢(T), 
or 9, hence T = T(). 


78. y= Ax(y/,)°/?. 


Solution in parametric form: 


2 1/2 
C= erage y=bCir, where A= +;(+—) : 


(oa Aaxy—°/4(y/)5/?, 


Solution in parametric form: 


1 1/2 
c= aC; (rf —g), y=bC?r*, where A= ee (+5¢) ; 


80. yf, = Aa ?/8y-1/2(y/ 8/9, 


Solution in parametric form: 


1/5 
c= acer op", y= bCk (rf _ 9), hae. A= +2a-'ph? (2) 


81. yy = Aay 15/8 (y! 5/2, 

Solution in parametric form: 

a = aCer *(r?f +3729 +1), y=bCir 8, where A= dq71p7/8(43a/b) 1/2. 
82. y! = Ag —2/8y-1/2(y? )22/18, 

Solution in parametric form: 


a=aC;, TG’ p= ihe y = bCir (rf + 37° 9 + iy, 


7/15 
where A = —5a~!/3p1/2 (+=) . 
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no —20/13/,,1\5/2 
83. Yin = Ary (y,)°/*- 
Solution in parametric form: 


9) 6 1/2 
r= aCyr(r°f _ Ar LH), Y= CP a: where A= Page Oe (+) : 


84. yy”, = Ag 2/8y1/2(y! 27/20, 


Solution in parametric form: 


e=4C Fr Gos oie y = bCir? (7? f — 4729 +6)", 


— 20 1 /3,1/2(4 @ 
where A = 3 a b (+ 


85. yl! = Ax(y/)8/. 


Solution in parametric form: 


a=aC,?f, y=bC{lp 7(f +279), where A= +2a-?(3a/b)*/*. 


86. y”, = Axy(y’,)8/®. 
Solution in parametric form: 


-1/2 
’ 


a=aC,*(rf+2), y=bCle(f +279”) where A= Wo-26-1(30/0)9/*. 


9 ae | Ay? (y/)7/5, 


Solution in parametric form: 


= —1/2 = 
w= aly" (r2 pF 1)(f+2r—?) 7, y =oC8(rf +29)", 


where A = —10a~2b-°(a/b)?/°. 
88. yf! = Aa t/2y—9/2(y/ 4/9, 


Solution in parametric form: 


2 -1 —1 
w= aCT (rp Fl) (f+27p") , y= oO] (f +279) (rf + 2p)*”, 
4/5 
where A = —5a~ 25772 ( =) : 
2b 
89. y”, = Ax? (y’,)°. 
Solution in parametric form: 
L= aC? 9, y= IC e where A= 76a !b-?. 


90. y= Ay(yl,)'/?. 


Solution in parametric form: 


2 1/2 
x = aCjT, y= bC,°f, where A= =( <) . 


672 SECOND-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


91. yy” = Ax?y *(y/)?. 
Solution in parametric form: 

a =aC37r-!o, y=bCir', where A=-+6a~'b?. 
92. y= Aa */4y(y!)1/?, 


Solution in parametric form: 


1 3b \ 1/2 
r= ain, y= bCy (rf —g), where A= sot (+=) . 
a 
—1/2, —2/3 9/5 
93, yf = Aa 2y—2/3(y/ 9/9, 
Solution in parametric form: 
5 b \ 1/5 
z=aCt(rf—)*, y=bCir 39°, where A= =zal/2p-1/3(—) ‘ 
94. yl” = Ax?y 1/7 (y’ 3, 
Solution in parametric form: 
a=aCr(r?9F1), y=oC{r’, where A= +a th, 
—15/8 1/2 
95. yt, = Aw Sy (yi) /?. 
Solution in parametric form: 
a=aCir §, y=bC#r 8(r?7f+37r7?941), where A= —4 7/85-1 (+3b/a)/?. 
—1/2, —2/3 23/15 
96. yl, = Aa l/2y-2/3 (y! 28/15, 
Solution in parametric form: 
a =aCit (7° f + 37°79 + ibe y = bC/ {13 (7°? 9 + cae 
7/15 
where A = 5al/2p-1/3 (+2) : 
4a 
2,,-20/7 3 
97. yl = Aw®y—29/T(y! )3, 


Solution in parametric form: 


z= aC’r*(r?941), y=bCir-", where A= + fa 18/7, 


98. yf, = Ax 20/18 y(y/ 1/2, 


Solution in parametric form: 


9 1/2 
a=aC}3r8, y=bCir(r?f —4779+6), where A= a (+=) . 


99, y” = Aa 1/2y-2/3 (4! 33/20, 
Le x 
Solution in parametric form: 


a2 =aCr?(r?f —47°9 +6), y=bCl?r Br’ oF 1)°, 


_ _ 20 1/2)—1/3 a Be 1/28 
where A = 3 a’!*b (+) F 
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100. y”, = Aa >/2(y’/)3. 
Solution in parametric form: 
t=aCig*, y=bClp*(f +2797), where = +3a7/?p-?. 
101. y”, = Ay(yi,)™”. 
Solution in parametric form: 
a=aCle-*(f+2re*), y=eCy?f, where A=+5b-?(3b/a)9/>. 
102. y”, = Aa ®/2y-1/2(y’ 3, 


Solution in parametric form: 


2 =aC3(f+ 2r—2)", y = bCl gr(f + 27g?) where A = +3a7/2p-3/?, 
103. y”, = Axy(y/,)7/. 
Solution in parametric form: 
a=aC{e(f + arg?) ? y=bC,8(rf+2@), where A=- a~'b~?(3b/a)3/®. 


104. yy” = Aa ®/3y-1/2(y’ 8, 


Solution in parametric form: 


a= aC?(f+ arg?) l?, y = bC18(rf +2)°, where A= 408/35-3/2, 
105. yy”, = Aa ®/3y—5/8(y’ 3, 


Solution in parametric form: 


a=aCi(f + 272)? (rf +29) °, y=bCl%(rf+2p)-?, where A= 4 aoe, 
106.” = Ax y(y’)8/5. 
Solution in parametric form: 
w= adi (rf +29)", y=bOP(PeF UF £270)", 
where A= 10a~5b~?(b/a)?/®, 
107. yp, = Ax Py M2(ys 9, 
Solution in parametric form: 
x =aCi(f +2rp?) "(rf +29)*%, y= dO (r? pF 1) (fF £276) 
b \4/5 
— 5 ,7/2p-3/2(_9_ 
where A = 5a‘/“b (—] ‘ 


108. yn _ Ag 4/5 y-1/5 (y! )4/2, 
“Le x 
Solution in parametric form: 


a = aC," [2(7?9 + 1)f+8re— 7], 


y = 0C, "(rf +29) [re + Df +8re?— 73], 


where A = — 22 rnp, 
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109, yy” = Aa 1/5 y—4/5 (y! 5/2, 

Solution in parametric form: 
x = aCy "(rf + 29)°/3 [2(r29 + 1)f + Bre? — 79], 
y = bCP*" [2(7? p+ 1p! + 8re— 73], 


where A = 2V2 a7 /10,-7/10, 
5 


110. yy” = Aa?y*(y/ 17/4, 
Solution in parametric form: 


x = aCP?(7r?9 — 1)(rf + 29), 


y= be" [2(7?70 a 1)f ass 8re2 _ 73 pone 
where A = —22q727/11p-50/11, 
Mt, y= Ax*ty?(y/)16/11, 
Solution in parametric form: 
-1/5 


200, 7! [2(7?7 + 1) f + 8rp? — 7°] ; 
y = BCP (729 — (rf +29) 7%, 
where A = 22q~50/119-27/11, 
—11/6,,—2/3 9/4 
112. 4, = Az /6y—2/ (y’,) if, 
Solution in parametric form: 
a = aC?" (rf + 2p)-?[2(7?9 + 1) f + 8rp? -— 73]? 
y = bCP(r*p — 1)? (rf + 29)”, 


where A = 2 assay 


113. y= Aa 2/8 y-11/6 (y! )3/4, 
Solution in parametric form: 
x = aC](r*p —1)*(rf +29)”, 
y =0CP (rf + 2p)? [2729 + 1)f + Bre? — 73)”, 


where A = — 2 rpayane, 


@ In the solutions of equations 114 and 115, the following notation is used: 


oe Ci JL(7T) + C2oY.(7) for the upper sign, 
| Cyl, (r) + C2K,(r) the lower sign, 


where J,(T) and Y,(r) are Bessel functions, and I(r) and K,(r) are modified Bessel 
functions. 
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114. Yn = Azy™(y!)*. 


Solution in parametric form with m # —2: 


e=T’Z, y=br’’, where v= 


For the case m = —2, see equation 14.5.2.28. 


1S. a= Aa /2y-1/2(y! y!, 
Solution in parametric form with 1 4 3/2: 
waar 2s. yew "Getz, 
3 
1-1 1 b\ 3-! 
mee = do Amat ot) 
Seas geo 3—a\TG 
For the case | = 3/2, see equation 14.5.2.29. 
@ In the solutions of equations 116-124, the following notation is used: 
oe C1 Jq/3(7) + C2¥1/3(7) for the upper sign, 
C1Tq/3(7) + C2K4/3(7) for the lower sign, 
Uj =7Z)4+$5Z, Up =UP 4772", Uz = 42772? — Vd, 


where J, /3(7) and Y,/3(7) are Bessel functions, and I, /3(7) and K1/3(7) are modified 
Bessel functions. 
116. y” = Aaxy—1/2(y! )3/2, 
Solution in parametric form: 
2 


1/2 
t= ar ZU, y= ee, where A= -=(+2) ; : 
a 


17. 7 = Aaxy~?(y/,)3/. 


Solution in parametric form: 


a =atr~*Z- Us, y= br77/3Uy, ~~ where A= —a~7b(43ab)/?. 
118. yf, = Aw Fy 2(yi)9/?, 
Solution in parametric form: 


r= at 4/3 Z-2Up, y= erg Ue, where A= +293/2, 


119. y” = Aa h/2y-?(y’)3, 


Solution in parametric form: 


i ar ZA, y= be oe where A= +493/?, 
120. yy” = Ax *y(y’,)*. 
Solution in parametric form: 


a =ar3Z?, y=br~7/3Uy, where A= 3(a/b)*. 
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121, yy”! = Aa? y(y!)3/?, 


Solution in parametric form: 


1/2 
r= mies y = be gh. where A = = (2) é 


122, y” = Ary 7(y/)?. 
Solution in parametric form: 
r= art? 2705, y= iia Oa where A= 3a". 


123. y”, = Aw ?y(y/,)?/. 
Solution in parametric form: 


= ar 2/3Up, y= br AP ZOU, where A=ab? (+3ab) ot 


124. yy” = Aa l/2y-2(y! 3/2, 
Solution in parametric form: 
c= a oy Am ee y= bp AP 2-205, where A= $2 b7/?, 


3n+44 
125. yl! = Any” 3(y!) ants, 


In the books by Zaitsev & Polyanin (1993, 1994) it was shown that this equation is reducible 
to a Riccati equation whose solution is expressed in terms of associated Legendre functions. 


14.5.3 Some Formulas and Transformations 

> Symbolic notation. A particular solution. 

For the sake of visualization, we use the symbolic notation 
{n, m, I} 


to denote the generalized Emden—Fowler equation 


yen = Ac" y™ (yl). 


Hereinafter we omit the insignificant parameter A (which can be reduced to +1 by scaling 
the variables in accordance with the rule x > ax, y — by, selecting appropriate constants 
a and 6). 


If m+1 #1, the generalized Emden—Fowler equation has a particular solution: 


127 1 
po Bere where pa | Bi Week regen 


A(1—m-—1) 


1—-m-l 
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> Discrete transformations of the generalized Emden—Fowler equation. 


1°. Taking y as the independent variable and x as the dependent one, we obtain a general- 
ized Emden—Fowler equation for x = x(y) with changed parameters: 


" 1y3—l 
t= Aya) 
Denote this transformation by ¥ and represent it as follows: 

{n,m «~-- 9 {m,n,3-} transformation F .. 


The twofold transformation F yields the original equation. 


2°. Form £4 0,n 4 —1,1#£ 1, the transformation t = (y/,)'~', w = x"*! leads toa 
generalized Emden—Fowler equation for x = x(y) with changed parameters: 
1 __n 2m+1 
wy, = Btltw nT (wi) m, 
1 
AQl—-D lm 
where B = — 7 [AG= 9) ™ - Denote this transformation by G and represent it as 
nm+1l n+1 


follows: 


1 2 1 
y ot \ transformation G. 


1-V’ ntl’? m 
The threefold transformation G yields the original equation. 

Whenever the solution of the transformed equation is obtained in the form w = w(t), 
the solution of the original equation can be written in parametric form as: 


{n, m, I} H——> { 


1 

eae v= hal, where k= Gana)” 
Different compositions of the transformations * and G generate six different gen- 

eralized Emden—Fowler equations, whose parameters are shown in Figure 10.1 (see Sec- 

tion 10.2.2). 

3°. In the special case | = 0, the transformation y = w/t, x = 1/t leads to an Emden— 


Fowler equation with the independent variable raised to a different power: 
wn, = Ape sy”. 


Denote this transformation by # and represent it as follows: 


{n,m, 0} ¢ > {-n-—m-—3, m, 0} transformation H. 


If 1 = 0, different compositions of the transformations 7, G, and H generate 12 
different generalized Emden—Fowler equations, whose parameters are shown in Figure 10.2 
(see Section 10.2.2). 

If / = 0 and n = 1, different compositions of the transformations F, G, and H gener- 
ate 24 different generalized Emden—Fowler equations, whose parameters are presented in 
Figure 10.3 (see Section 10.2.2). 


4°. In the special case n + m+ 3 = 0, the contact transformation t = y — ry), w = —y/, 
leads to a generalized Emden—Fowler equation for w = w(t) with changed parameters: 


{—m-3, m, I} | > { l, 1-3, m4 3h transformation Q. 


Ifn+m+3= 0, different compositions of the transformations *, G, and Q generate 
18 different generalized Emden—Fowler equations (see Section 12.3). 
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> Reduction of the generalized Emden—Fowler equation to an Abel equation. 


The transformation 


z= yi, v= Ags pp 


reduces the generalized Emden—Fowler equation to the equation 


(z'y — 2242) = [(m4+1-1)z+n—-14Qv. 


Furthermore, using the substitution € = v — z2~! + z!~!, we obtain an Abel equation of 
the second kind: 


€€) =[(m+21—3)zt+n—2143]2€+ [(m+1—1)224+ (n—m-—-2143)z—n4l—-Q]zi™, 


14.6 Equations of the Form 
yl = Aya™y™ (y/ J" + Aga™y™ (y/)? 
14.6.1 Modified Emden-Fowler Equation y’”, = A;aty’ + Asa”y™ 
> Preliminary remarks. Classification table. 
For the sake of clarity, below in this subsection we use the conventional notation 


LY rn — KY, = Aa tty 


for the modified Emden—Fowler equation. For k = 0, see Section 14.3. For k # —1, the 


substitution z = x**1 leads to the Emden—Fowler equation: 
y. = _A Zz = y”™ 
ZZ (k r 1)? ’ 


which is discussed in Section 14.3. 

The classification Table 14.8 represents all solvable equations whose solutions are out- 
lined in Section 14.6.1. Equations are arranged in accordance with the growth of param- 
eter m. The number of the equation sought is indicated in the last column in this table. 


TABLE 14.8 
Solvable cases of the modified Emden—Fowler equation xy! — ky), = Av™tly 


arbitrary arbitrary ; 
ime) | end 46.1 
arbitrary arbitrary ntm+3 
: =e en 14.6.1.2 
2 | ony | gen | pert [eee 


m 


arbitrary arbitrary 2n+m+3 
3 ————_— 14.6.1.3 
3 | een | oes | ESE [ee 
arbitrary 
4 —2 -1 14.6.1.6 
ee 
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TABLE 14.8 (Continued) 
Solvable cases of the modified Emden—Fowler equation xy’, — ky’, = Ax” *ty™ 


a 
ae 1 
=i 1 
7 A =i 1 14.6.1.40 
_ n#—2) ait 6.1. 
=i L( 


| 146.141 | 


a 


ae 


ae 2) 


a 


ste; 


ae 


(n# —2) 


ae 


iG 


a 


(n# —2) 


| 14.6.1.22 | 
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TABLE 14.8 (Continued) 
Solvable cases of the modified Emden—Fowler equation xy’, — ky’, = Ax” *ty™ 


= 


1 arbitrary 1 
a a 
1 arbitrary 
Let ee ee 


—1 
arbitrary 1 14.6.1.15 
arbitrary 
(n 4-2) 14.6.1.10 


arbitrary 
—Tn— 15 14.6.1.33 
jay | moe | ots 
arbitrary 1 
14.6.1.30 

(n # -2) 
arbitrary 
(n # -2) 
arbitrary 


(n# -2) 
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> Solvable equations and their solutions. 
1. ay’, — any), = Aatty™, mAz-1, n#-2. 


Solution in parametric form: 


2 
r= ioe” [fa zi aio ea dr +C> ae y= BOP ET, 


where A= +4(m+1)(n+2)?a-"75-™, 


3 
a: wyy, + Ay, = Aer tty™, ee ae ee 


Solution in parametric form: 


= = —1 
e=aC} | f (tet) YW? i405 ee y=veptrl fake) YW? t+ Oy 5 


2 
(n + 2) qo? 2pl-™, 
2(m + 1) 


where A= + 


3. wyy, + EM Ty = Awtty™, mAz-1, nx -2 


m—1 
Solution in parametric form: 


r= exp|- = HG + re + ae dr], 


n+2 4 m+1 
= I 2 2B a) 
y=rexp[Ce f (C+ 57 errata dt|, 
4 oi 
where A = Her 2h» 
(m—1) 
4, xy” — tny), = Arty, n #2. 


Solution in parametric form: 
2_ 
c=aC? (/ exp($7?) dr + C2|"t7, y= 0CP+? exp(+7?), 


where A = #4(n + 2)?a~"~70?, 
5. xy”, —(n+1)y, = Ag™tty—1, n # —2. 


Solution in parametric form: 


2C. 1 2A -1/2 
£= exp{ = [le + qe + hmaae In I] ar}, 


y= rexp{ Cp ) cr + i? + ee In I] as ar}. 


6. zy ty,= Aa ty™, m # —1. 


Solution in parametric form: 


x = C2exp Ke + gry te dr}, y= br, where A= +3b'-™(m +1). 
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7. ays — ky’, = Agtye, kA -1. 


Solution in parametric form: 


o={f{lggaear ta] Varo, 


1 
1 


y= “Lea Int + eye dr + ce 


n A —2. 


8. xy’, — sny, = Ag tly—5/3, 


Solution in parametric form: 


2 


g = aC8(r? +37 + Ca) 2, 


where A = +4a7"~70°/3(n + 2). 


9. xy”, — +(3n +4)y’ = Ag? tty—5/3 


Solution in parametric form: 


Y= bOFE eG? a 1) ; 


n A —2. 


2 — 
a =aC8(r?+3r+C2) 3746, y= 9C3rt6(7? 4 1°? (73 + 37 + C2) 4 


where A = +a" 08/3 (n +2). 


10. xy” + $(2n +7)y', = Ag” ttyt/2, 


Solution in parametric form: 
3 


n A —2. 


e=ac,| f +0], y= verte] | 7 0)”, 


where A = ti g-r-25l/2(n + 2), 


11. ay” = eny), = Ag’ tty 1/2, 


Solution in parametric form: 


2 
x = aC03(r? —3r+C2)"?, y= sO 47? -1), 


where A = +4(n Dea Opel 


12. cy”, +(2n4+ 5)y, = Agttly-1/2, 


Solution in parametric form: 


+(473 — 1) 


n A —2. 


2 


n A —2. 


p21. 7 
z= ah (r8 — 3r + Cy), y = BCR A(r? — 1)'(r8 — 8r + Ca), 


where A = +48(n + OO mes ec 


13. ry”, —_ z(n — 1)y’, = Agr” tty-5/3, 


Solution in parametric form: 


¢= aCe ES tae 67? + 4Cor 


where A= +2)(n + 7a 


3 
3) ne 


n #~ —2. 


y = bC3" 16 (73 — 37 + Gy 
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14. cy”, + (8n4+ 7)yi, = Ag?tty—5/3 n A~ —2. 


Solution in parametric form: 


1 
z= aC? Eee 67? + 4Cor 3)] 3n+6 , 
y= elt Ora Ca —3r+ Cy)? (74 6r? +t AC aT ays 


where A= +84(n+2)?a7"” ap. 
15. xy’, — eny!, = Ag ttyl/2, n # —2. 


Solution in parametric form: 


z=aC; [/ ee See ah 4 C}| eo y= GOR ere 


where A = +3a—"~2b!/?(n 4 2)?. 
16. xy”, — s(n —1)y,= Ag tty—1/2, n A —2. 


Solution in parametric form: 


3 
a = [Cye**" + Coe~*” sin(V3 sr)] "+2, 
y = {2Cse" + Cyse~*" [V3 cos( V3 sr) — sin(V3 87) }’, 
where A= 4253(n + 2)”. 


17. xy” + $(2n +7)y), = Agrtty—1/2, n A~ —2. 


Solution in parametric form: 


3 
t= [C1257 + Coe *7 sin(V3 s7) | 2n+4 | 


: {2C} se*s7 + Cose~** [V3 cos(V3 sT) _ sin(V3 sr) | a 
7 Ce28T + Cye787 sin(V3 sT) 


’ 


where A = “ s3(n + 2)?. 


18. xy”, — q(n —2)y = Ag®tty—5/3, n ~ —2. 


1°. Solution in parametric form with A < 0: 


Ae ase 
a = aC? [cosh(7 + C2) cos r] "+2 [tanh(r + C2) + tanr] ¥2, 
y = bCF"*® [cosh(r + C2) cos T| Jes 
where A = — a" B8/3.(n + 2), 
2°. Solution in parametric form with A > 0: 


4 
C# [sinh r + cos(7 + C2)|"F?2, y= borers [cosh 7 — sin(r + C2 nie 


where A = en + 2)?. 
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19. xy” + +(3n +10)y/, = Ag?tty—5/3 nA#—2. 


1°. Solution in parametric form with A < 0: 


x = aC® [cosh(7 + C2) cos 7] Tate [tanh(7 + C2) + tan 7] Tr 
y= [cosh(7 + C2) cos 7] ue [tanh(7 + C2) + tan 7] a 
where A = — shar (n + 2)?, 
2°. Solution in parametric form with A > 0: 
x = aC} [sinh r + cos(r + C2)| Tas, 
y = bC}"*® [cosh r — sin(r + C2)| ae [sinh t + cos(7 + C2)] a 
where A = Zar 208/3 (n + 2)?. 
20. vy” ty), = Axtye?. 


Solution in parametric form: 
2=O3 exp[ f (2Aln|r +C1)-Vdr], yar. 


21. ry, + y, = Ag—ly-1/2, 


Solution in parametric form: 


r= exp(+r? —3C\r+C2), y= b(+7? = Ci. where A= 4453/2, 


22. ry, + y’, = Aa-ty—*/3, 


Solution in parametric form: 


a =exp(Ci7? +37 +Cy), y= (48A/C1)38(Cy7? + ica 


23. ry”, + y’, = Aa-ty'/?, 


Solution in parametric form: 


x = Cyexp| |, y=br?, where A= +120)/?, 
+(474 = C1) 


@ In the solutions of equations 24 and 25, the following notation is used: 


S$) = Cie" + Cae" sin(V3 st), 
So = 20;se""" + Cose** [V3 cos(V3 s7) — sin(V3 st)], 
S3 = SF — 25;(S2)i. 


24. xy” — s n—Al)yl, = Aartty—7/5, nA~—2. 


Solution in parametric form: 


3 
f= ase: y= bsp, where A= —giga "7512/5 5-6 (n ay, 
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25. xy). + 5(5n +13)y/, = Agrtly—7/5, nA#—2. 
Solution in parametric form: 


3 


c= gern , Y= bS?!?.951, where A= — PB a7 *pl2/> 5-8 (n a 


@ In the solutions of equations 26-29, the following notation is used: 


Ze C1 J1/3(7) + C2¥i/3(7) for the upper sign, 
7 CyTy/3(T) + C2K1/3(7) for the lower sign, 


where J, /3(7) and Y,/3(7) are Bessel functions, and I, /3(7) and K1/3(7) are modified 
Bessel functions. 


26. xy”, — $(2n +1)y, = Aartty—1/2, n A~—2. 


Solution in parametric form: 

L= aCor mt ZF, y= Orie amie ial (oe + 32)’, 
where A = spa" 7p3/2(n + 2)?. 
27. ry, — ky’, = Ag ty-1/?, kA -1. 


Solution in parametric form: 


2 


a=COy(r¥3Z) FL y= br 48 Z-2(7 Zh + 32)’, where A= $4b7/? (k 1), 


28. xy”, — a(n —1)y,= Ag™tty—2, n ~—2. 


Solution in parametric form: 


= 23, 
2 =aC$r m2 ((rZi44ZP 47°27] m2, y= oort?, 287? 
where A = —3a-"-703(n + 2)?, 
29. xy, — ky, = Aety*, kA-1. 
Solution in parametric form: 


1 


2 
w= Cyr 3h43 [(7 Zp + 32) tee ee, y= a [(7Z}. + 4Z) 2 ral, 


where A = —2b3(k + 1)?. 


@ In the solutions of equations 30-39, the following notation is used: 


r= | Sa, p= VEGFRT. 


+(403 — 1) 


The function ¢ is defined implicitly by a first integral; the upper sign in the formulas cor- 
responds to the classical Weierstrass elliptic function 9 = o(T + C2, 0, 1). 
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30. ay”, — $ny!, = Ar” tty?, n A —2. 


Solution in parametric form: 


2 
a=aCy'r™t2, y=bCr*9, where =a 7b (mn +2). 


31. ry”, + y’, = Agty?. 


Solution in parametric form: 


e=Ce’, y= b(t, 0, C1), 


where A = +6b~!, and the elliptic Weierstrass function ~ = (7, 0, C1) is defined im- 
9 
plicitly by the integral + = (423 — 04)? ae. 


(oe) 
32... ay fot s(n +5)y, = Ag™tty?, nA —2. 


Solution in parametric form: 


3 
a=aCy'r™?, y=oCtt?r 19, where A= eo ail aan nO 
33. ay” +(7n+15)y, = Ant ty?, n #2. 


Solution in parametric form: 


1 
a=aCy't 72, y=bCTtr(7?91), where A=+6a-"-7b-1(n 4 2)?. 


34. wy” + 4(7n +20)y’, = Ag™tty?, nA —2. 


Solution in parametric form: 


6 
a =aCyp iri?) y= oCtt?s-*(7?941), where = Sorat alae iad (7) aN 


35. xy” — sny’, = Agrtty—5/2, nA~—2. 
Solution in parametric form: 


4 ets 
a=aClg 42 (f+2rp7)"42, y=bC?"t4p-2, where A=¥3a-"767/? (n 42)". 


36. vy” ty! = Aaty>/?, 


Solution in parametric form: 


x = Crexp[p *(f+2rp”)], y= bp’, 
where A = +307/?, and the elliptic Weierstrass function g = (tT, 0, C1) is defined 
9 
implicitly by the integral 7 = i (423 — Gye dz. 


(oe) 
37. xy”, — $(2n +1)y, = Agttty—5/2, n A~—2. 
Solution in parametric form: 


3 3 _ 
w= aC{ prt? (f t2rp?) mA, y= Cerf + arp”), 


where A = Foa? 57/2 (n, + 2)?. 
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38. xy”, — 5(2n +1)y/,= Ag®tty—5/3, n #—2. 


Solution in parametric form: 


3 
a =aC8(rf +29)™2, y= bC3"*9(f 42767)" 


where A = —fa-”B/3(n + 2)?. 
39. xy” — =(6n +5)y,, = Ag®tty—5/3, nA —2. 


Solution in parametric form: 


1 
a =aC3(rf+2p) Fe, y=bC2"46(f + arp?)*? (rf +. 29)-2, 


where A = — far 8/3 (n +2). 
@ In the solutions of equations 40-46, the following notation is used: 


R= JS+(473-1), Fy =2ri(r)+ Cor $= R, Fo=7 {1 (RF, - 1), 
where I(T) = / ss 


strass form. 


is the incomplete elliptic integral of the second kind in the Weier- 


40. xy”, — eny), = Ag™tly-4, n#—2. 
Solution in parametric form: 
2_ 
a = aC?(tT 1 F,)"*?2, y=bCr*?7-1, where A= Fa" b(n ae 


4. cy” ty, = Aa—ly~*, 


Solution in parametric form: 


Tdt 1 1/5 _ 
= ee = fe Aes — _ 2 i 
z= C2 exp [2 f TGs oy) + C2, - +(473 — C;) , v= F(ACT/6) "rc. 


42. xy”, — z(n —1)yl = Ax *ty4, n ~ —2. 


Solution in parametric form: 
3 
a= aC?(rF,)"2, y=oCctt?F,', where A= Fea" *d?(n + 2). 


43. xy”, — 5(3n +4)y’,, = Ag®tty—1/2, nA~—2. 


Solution in parametric form: 


2 
a=aC3R*?, y=bC2"*4F?, where A—+3a~-"-?b9/2(n + 2)?. 


44. xy” — =(6n + 7)y!, = Aatty-1/2, n #—2. 


Solution in parametric form: 


a ae 
e=00;F, ", y=oeo "rR “F,.. where = + 48.q-"— 2743/2 (n a 
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45. xy”, — s(n —1)yl = Ag ty~", n A —2. 


Solution in parametric form: 


3 
a = aC?(47F? = FS)72, y= port? pl? where A= ta-" 7B (n re) ae 


46. xy’ — = n— 3)y, = Arty, n #—2. 
Solution in parametric form: 


5 : 
x = aC8(4rF2 $ F3) 42, -y = b0P F(a F? = FR), 


where A = +73 ,a~"-08(n + 2). 


14.6.2 Equations of the Form y”, = (Aya™y™ + Agxr™y™)(y/)! 


See Section 14.4 for the case / = 0; see Section 14.5 for the cases A; = 0 or Ag = 0. 


> Classification table. 


Table 14.9 presents all solvable equations whose solutions are outlined in Section 14.6.2. 
Equations are arranged in accordance with the growth of J, the growth of m, (for identi- 
cal 1), the growth of mz (for identical / and m ,, m, > mg), the growth of n, (for identical 
1, m1, and mg), and the growth of nz (for identical J, m1, m2, and n1). The number of the 
equation sought is indicated in the last column in this table. 


TABLE 14.9 
Solvable cases of the equation y!,, = (Ara! y"! + Aox™ y™ )(y/,)! 


a 
ery aaeiad peas 
2 3 
iia arbitrary | arbitrary | arbitrary fea en, am Any | Any | 14.6.2.98 
“mi +n +2. —omitl 
arbitrary arbitrary arbitrary 
Any|A 14.6.2.5 
ne ie 
arbitrary arbitrary 
re empro] | 2 | 8 |amfam| saa 


arbitrary arbitrary 
Po “ 
3m +5 : 
arbitrary | —m ,—2 1 Any | Any | 14.6.2.21 
2m +3 
mi+95 , m,—-1 
arbitrary — 1 Any | Any | 14.6.2.94 
My +3 2 
3n1 in F 
i 1 arbitrary —ny—2 Any | Any | 14.6.2.22 
Ny+ 
atric) 1 arbitrary a Any | Any | 14.6.2.95 
NY +3 2 
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TABLE 14.9 (Continued) 
Solvable cases of the equation y!/,, = (Ara! y"! + Aox”™ y™2)(y/,)! 


eg 


Fe a 

ee ee 
oe 
ee eee 
i a ed 
[3 [as [any [esa 
ee mea a 
ee 


rae Sa 
= ti 
SaRRERI: = waa 
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=a ee ee 
—— 


P=? | a Any | Any | 146.2.108 
=e [0 | Any | Any | 1462.106 
rs ee) 
co 
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14.6.2.26 
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ae 
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TABLE 14.9 (Continued) 
Solvable cases of the equation y!’,, =(Ara™y"! + Aox™ y™2)(y/,)! 


ee a ae 8 
a 
Fs 
Fs 
Os 
ce Cee eS 


a 


ppp p= fm fom me 
(my 
En 
Fs 
be Ae | ee 
ae ee 
ay [any [828 
CECH EC 
Pay | 62.38 
AEE 


14.6.2.13 
14.6.2.32 


w 


tt 


ryodadadadady 
ate ate wlor} creo} tafe | toe | tof | le 


| | | 
AAA 


= 
i 
= 
co 


2| 
= 
o|o 


| 
| 


dS 


| | | | 
AF hyo | co]oo 


| 

s | Je 

L A ee ws |S |S lS w [rin w 
Tote - Ht . 


| | 
Hit ¥ 


IN 


| 


} 14.6.2.113 | 


Eas 
a 


} 14.6.2.104 | 104 


acd ae 
ee 


leo] =e 


14.6. Equations of the Form y//, = Ara”! y™ (yi) + Aga”? yy? (yi)? 691 


TABLE 14.9 (Continued) 
Solvable cases of the equation y!/,, = (Ara! y"! + Aow™ y™2)(y/,)! 
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TABLE 14.9 (Continued) 
Solvable cases of the equation y!’,, =(Ara™!y"! + Aor y™2)(y/,)! 
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mot 
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Pe eee [ae [Cay se 
ER [Sao 
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[Oe ee ae a | ae 
oe ee ee 
se ESE 
Pea See 
es 
pe ee eee | a) | ee 
Ee ae ae eae ESE 

RAS ECa 
a ee 
ee ee 
Pate aes se SEs 
re ee 
ae |e ee 
Ewes eee ee ee 


w (Se) 
ns a 
ae 


w 
dle 


ft 
EERE 
iuuue 


e ue ce ae 


w 
ae 
ue 


= _5 5 
| s | 9 | -# | -§ | -3 
1 
a 
ak 
3 


FE 


w 
wlor 


w w w 
. . EERE 
J . ttt 
w 
it 


w 
wir 
a|B 


BEE 
tht 
He 


w 
w 
Jor oe a 


w 
wl 
w 


= 
fle 
BER 
eee 


4] 


th 
| 


w 
is 
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TABLE 14.9 (Continued) 
Solvable cases of the equation y!/,, =(Ara™!y"! + Aox”™ y™2)(y/,)! 


ee 


as 
a 
Ee 
a 
Ee 
Ee 
Ee 
Ee 
sa 
a= eae 
Ss 
so aay 
ee 
Ee 
ee 
a A 

si 
ee a Sa 


> Solvable equations and their solutions. 


Loy! = (Ary™ + Aoy™) (yi), LA 2, my 4-1, m2 4-1. 


1°. Solution in parametric form: 


w 


w 
wl | cof 


€ 


dF | oy] colon fe) wlan 
ne eis ae 4 


-|+|- 
ttt 


w 


i 
=2 


— af (ci fermtly pmetl\ 2 dr 4+Cy, y=br, 

ma +1 t-ap1—mi-1 
2-1 

2°. Solution in parametric form: 


m2 +1 gi-2pl-me—l, 


Ag=+t 
’ 2 Fa] 


where A; = 


i 
r= af (ci — mth 4 pmtl)i-2 dr 4+ Cy, y=obr, 
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1 1 
where A; = matt 2pm tb Ae mg + gi 2pl-met. 
[—2 2-1 
2. y= (Aiy™ + Aoy")(y,)', «1 A2, mA-1. 
1 
AO i 
Solution: ax = |{c + Ae ye +(2—-1)AgIn y| dy + Co. 


3. yf! = (Ary™! + Aoy™?)(y/,)?, my 4-1, m2 4-1. 


Solution: x = C ( —— PLE eae math Cy 
olution: x 1 [exp = TY TY ytCo 


4. Yt, = (Ary™ + Aoy™")(y,)?, mA 1. 


A 
Solution: «= Cy fr exp(——L_y*") dy + C4. 
m+1 


5. ge = (Are™ + Aoe™) (yg), LAI, ni A—1, ng A-1. 
1°. Solution in parametric form: 


—_L 
L=aT, y= » fcr eg tt Goo) 1-l dr + Co, 
MEL p91 
Sr SETS bo", Ag = 
L=K" 
2°. Solution in parametric form: 


nmga+1 jin —2,1- 
L at ne 2pt U 


where A; = 


= - a oe tages Ao = + ngtl qi-n2—2p1-l 


6. Vive = (Aya” + Agx*)(y’,)', l x 1, n a —1. 


where A, = 


Agesh) TT 
Solution: y = [Ic ms a +(1—1)AgIn z| Il de + Op. 


7. Yee = (Ara™ + Aca” )y/, m A—1, n2aA—1. 


Ay Ao 
Solution: =C xX | —— m+ —— Co. 
olution: y fe p 7 17 care a r+ 2 


8. yy” = (Aya + Ajx")y’, n#-1. 


A 
Solution: y= C; ie exp(—2"*") dz + C2. 
n+1 


9, yi. = (Aya 7™ 3 y7™ a Aga ™2—3y™2) (y! 3, m1 x a ma A _2. 
1°. Solution in parametric form: 


z=ar[{ (Ci+7 m2 4 oma Mar +O], 


1 


Y= ff[(C + m2 ele aes ee dr+ 03| , : 


where A; = Za t4p- 1-2 (my + 2), Ap = tzam2t4p-™2-2 (mo + 2) 
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2°. Solution in parametric form: 


-1 


z=ar[f (Cr-7 mi-2 4 --m 2)? dr + Co] ‘ 


-1 


y= ff (C Sig ef pmeAy, we dr + 03 ‘ 


where A; = —gamt4p—™—2 (mm, + Zi Ag = tga™t4p—-™2-2 (m9 + 2), 


10. yf, = (Arv*y + Aza *)(y;,)*. 


1°. Solution in parametric form: 


v= aT 


( dr +02) =o( dr +a) 
Jp are op. EN oper ye 


where A, = 3a°b-3, A, = ta*b-?. 


2°. Solution in parametric form: 


v=ar( f co +a) =0( a +e) 
7 VC, —T 4772 : a Ci, —7T 3 47-? 2 3 
where A; = —3a°b-3, Ay = +a*b-?. 

VW. yf, = (Ai + A2e)(y;,)°. 


Solution: y = fe — 2A,x —2A91n at) V2 dx + Co. 


12. yl! = (Aya ty? + Aoy*) (yi). 


Solution in parametric form: 


v=r( f ee +02) -(/ ae +02) 
7 Causa ee C= lint lier oy 


13. yf, = (Are /?y 8/9 4 Age V2 yW 7/2) (yy! 8, 
Solution in parametric form: 


2 
p= = {20,e" + Ce~** [V3 cos(wr) — sin(wr)| os f= . 


A 
where F = Cye7*7 + Cye—** sin(wr) — a Ay = —16k?, w = kv. 
2 
14. yf, = (Ara */By“4/8 4 Aga F/B y- 7/8) (y 8. 


Solution in parametric form: 


x = (3g Aer* Cyr? +Cor* Cg (PAg 48a OO 40.) 
y = (ag Aor" Cre oor Csr), 


where A; = 9C)C3 — BC. 
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@ In the solutions of equations 15-18, the following notation is used: 


d 
Ry=V C47 347-2, B= | 2+C, Fi =7T-R,F\, H,=37°F?+3(14 
1 


tT) Be 


i d 
Ro= Ci—-7r 347-2, Eg= Reto Fy=7T—RoFo, Ho=87°F2+3(—1+r)E%. 


15. yl = (Ary 4/8 + Aga 1/2y—4/8) (y/)3, 


Solution in parametric form: 


a=aFe, y= br 3ER, 


where Ay = +2ab~?/3, Ay = tah (a1) hrs k=1landk =2. 


Eg 
16. yl! = (Aya /27y-7/6 4 Agy 9/3) (y’)3. 


Solution in parametric form: 
t= or EF, y= bE, 
where Aj = $a3/2p-9/6(_1)k, Ag = Feab-l/; k=landk=2. 


17. yf), = (Aix "y + Aga ?)(y/,)%. 


Solution in parametric form: 


r= ar BN? y = br Hy, 


where A, = qakb-3, Ag = taab *; k=landk=2. 


18. yf), = (Ara "y® + Aor *)(y/,)*. 


Solution in parametric form: 
2S ar®!? Bl? gar H, 
where A, = aah, Ag = Faath?; k=landk=2. 


@ In the solutions of equations 19-22, the following notation is used: 


d 
Ry=V Cy 711 +7, B= [ 2+, F\=2R\-E,, H,=4(r-RiF\)+ Ej, 
1 


Rg=V/Cy4711t1_-7, By= [ +0, Fy=2R2+4+ Fo, Hy=4(7 — Ro Fp) — E2. 
2 


19, y= (Aya~™3y™ 4 Asy3)(yi)3, om 4-2. 


Solution in parametric form: 


z=artE;,", y = bE;,", y¥=—m-— 3, 


where Aj = +3at4b-™ ?(m +2), Ao = 5ab(—1)*; k =landk =2. 
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20. Yt, = (Ary + Aow)(yZ)', LAI, 1A 2. 
Solution in parametric form: 


1 
= aF, =bE = 
x al'k, UT b ks Y = 2” 
-1 k+l Y (y+ l)a 1/y 
where A; = ab~'Ao(—1)"t+, Ap = -s) [4 | ;k=1landk=2. 
2ab b 
3m+5 
21. yf, = (Aray™ + Asy"™ 7) (y),) 248. 
Solution in parametric form: 
2m+3 
= aH =bEY*? = + 
x Qlitk, Y k >? “) m+1 ’ 
1 i 2 
¥ —1,579 2(7 + l)a Y == k 
where A; = ————a bv | ae , Ag =ab 72 A,(—-1)"; k = 1 and 
1 Ay +2) + (y +2) 2 i =1) 
k= 2. 
3n+4 
22. Yee = (Are”y + Age") (yh) MHI. 
Solution in parametric form: 
2n+3 
=ak)*? = bH, —— 
x aby , Y ky a ae i 
acd Wy +1)b1> 2 
where A; = ~—)g F8 - [-2 +) Y Ap =a 72 bAy(—1)*: k = 1 and 
A(y + 2) (y+ 2)a 


k = 2. 


@ In the solutions of equations 23—26, the following notation is used: 


d 
R=VJVQ4+7rtIn7r, Fy= iene FS F, =2R,-F,, H, =4(7-—R,F,)+ E%, 


Ry 
d 

Rg =V/Cy—-—T+In7, Ey = +02, Fy =2R2Q+ Fo, Hy =4(7 — Rp Fp) — E3. 
2 


23. y= (Ary + Aoz)y’. 
Solution in parametric form: 
c=aky, y=bEx, 


where A; = ab~!A(—1)*, Ay = +a *; k=landk=2. 


24. yt, = (Ary + Aae)(y;,)?. 
Solution in parametric form: 


£=eh;,, y=oF,, 
where Aj = #5b-*, Ap =a !bA,(—1)*; k= Land k = 2. 
25. y.. = (Ai + Agry *)y’. 


Solution in parametric form: 
x=aH,, y=dEz, 


where A; = ab~?Ao(—1)*, Ay = ea 7b: k=landk=2. 
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26. Yen = (Are ~7y + Aa)(y’,)”. 
Solution in parametric form: 
xz = akg, y= bHx, 


where A; = F4a7b-?, Ap = a~*bA;(—1)*; k= 1andk = 2. 
@ In the solutions of equations 27-30, the following notation is used: 
Ry = Cyr* + Cork? + C3r*3 , 
Ry = (Cy + Cor)e*™ + Cze*7, 
R3 = Cye*7 + e*" (Cz sinwt + C3 coswrT), 
Qi = Cikyr™! + Cokar? + C3kgr*, 
Qo = (kC, + Co + kCor)e*" + wC3e"", 
Q3 = kCye*" + e§[(sCz — wC3) sinwt + (sC3 + wC2) coswr], 
S1=7(Q1);, S2=(Q2),, 53 = (Qs); 


where ky, k2, and k3 (real numbers) or k and s + iw (one real and two complex numbers) 
are roots of the cubic equation \? — 5 Bd — +B, = 0. The subscripts of the functions 
Rm, Qm, and Sp, (m = 1, 2, 3) are selected depending on the sign of the expression 
A = 2B3 — 27B?: 


if A>0O_ subscript m= 1, 
if A=0_ subscript m= 2, 
if A <0 subscript m= 3. 


If 2B3 = 27B? (subscript m = 2), then 
k=(4B))?, w=-2(LB,)/? ff By <0, 
k= —(4Bo)¥?, w=2(2Bo)/? if By >0. 


Remark 14.4. The expressions for R,,,, and Q,,, contain three constants C1, C'2, and C3. One 
of them can be arbitrarily fixed to let it be any nonzero number (for instance, we can set C3 = +1), 
while the other constants remain arbitrary. 


27. Yt, = (Ara "/?y + Ad) (y/,)?. 


Solution in parametric form: 


—— 


a y= Rm, where A; =-—B,, Ag = —Bp. 
28. yl! = (Ary 3 + Aga /2y-7/2) (y/ 3, 
Solution in parametric form: 


z=R-1Q?2, y=R,, where Ay=—By, Ag =—By. 


m m? 
29. yf, = (Arey + Age 9/9) (yl), 
Solution in parametric form: 
a=aRil?, y= b(2Q?, —4RmSm + B2R?,), 


where A; = A a mle er Ag = —q~*/5b A, Bo. 
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30. yf, = (Are 8/Fy~ 17/5 4 Aga 7/Fy 18/5) (yl), 


Solution in parametric form: 
1 = aR®/?(2Q2, — 4RmSin + BoR2,) "1, y = B(2Q2, — 4Rn Sm + BoR2,) 1, 
where A; = —Za/5b?/> Br? Bo, Ag = Sele BS, 


@ In the solutions of equations 31 and 32, the following notation is used: 


B 
Cre’? + Coe = at if By > 0, 
val = . B 
C; sin(kr) + Co cos(kr) — at if By <0, 
2 
B 
k(Cye*" _ Cer") eS if By > 0, 
fa = = 
By 


k|C, cos(kr) — Cy sin(kr)] — F if By <0, 


2 


where k = 4/4|Bal. 


31. = (Ar + Aga */?)(y/,)%. 


Solution in parametric form: 


=f, y=fhi, where A, = —By, Ay = —Bj. 


32. oY. = (Aya 1/2 y—5/2 + Azy*)(y/,)%. 
Solution in parametric form: 
ce ae (=f where A, =—-Bj,, Ag = —Bo. 


@ In the solutions of equations 33-36, the following notation is used: 
For B; > 0, 


1 = Ce +O £64 sin(kr), k= (4B), 
Ty = k(Cye*™ — Cye—**) + kC3 cos(kr). 
For B, < 0, 
T, = e*’[C; sin(sr) + C2 cos(st)] + C3e*" sin(sT), s= (-$B,) ; 
T2 = se*"|(C1 — C2) sin(sr) + (C1 + C2) cos(sr7)] — sC3e* [sin(sT) — cos(sr)]. 


33, yl, = (Ara 9/3 y? + Aga */3y)(y’ 3. 


Solution in parametric form: 


3/2 Ag 

=f =a 

x 23 y 1 2At ) 

where B, = —A;, By = — Ag; the constants C1, C2, and C’3 are related by the constraint 
Ci C3 = WAy AS if A, > 0, 


4C\C2 + C3 = 4Ay7A if Al <0. 
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34. yl = (Aya 8/8y-7/3 4 Aga 5/3y-10/8) (y! 3, 


Solution in parametric form: 


e=(n- fy ye(n- Ay 


2A5 2A5 
where B, = —Ao, By = —Aj; the constants C1, C2, and C3 are related by the constraint 
Ci C3 = weATAz” if Ay > 0, 


4C\ C2 + Cc. = s AlAs” if Ag < 0. 
35. yl, = (Are8/8y? + Age5/9)(yh)®, 


Solution in parametric form: 


c= TP”, y=Th, 


where B, = —A,, By = — Ag; the constants C1, C2, and C3 are related by the constraint 
CiC3 = —7Ay' Ae if A; > 0, 
ACC + Ce = —zAzy' Ae if A, <0. 
36. yn, = (Ayx—5/3y—4/3 a Aga */Sy—10/8) (y! 3, 
Solution in parametric form: 
2=T OT? y=T, 
where B, = —Ao, By = —Aj; the constants C1, C2, and C3 are related by the constraint 
CiC3 = —4A,A5" if A> > 0, 
4C\C, +03 =—-$A,Az! if Ap <0. 
@ In the solutions of equations 37 and 38, the following notation is used: 
1°. For By > 0, Bo # 0: 
T=Cie" +Cre' + Coser, = k(Cye** = Cxe**) + wC3 cos wT, 
where 
k= {2[(B3+3B,)/?+Bo)}?, w= {2[(B343B))/?—Bo}}/7, 4k?C1Co+w?C? =0 
2°. For —B? < 3B, < 0, Bg > 0: 
Ti =Cyt™+Cg7r—™ +C37*2+Cyr—™, T> =ky(Cyr™ —Cot~*1) + ky (C3r*2—Cyr—*2), 
where 
1/2 1/2 
hy = {3 [Bo + (BZ +3B,)"7)}"?, hp = {2 [Bo — (BP + 3Bi)"7)}", 
(C1C2 + C3C4)(B3 + SB) + (C1 C2 _ C3C4) Bo = (0), 
3°. For —B3 < 3B, <0, By < 0: 


= Cy sinw,T + Co cosw iT + C3 sin wor, 


Tz = w1 (Cy cosw1T — C2 sinw 1T) + w2C3 cos wor, 
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wr = {-2[By + (B2+3B:) 7", wy = {-3 [Bp — (B2 + 3B) 7)”, 
gC HO) =64C) = 
4°, For B3 + 3B, =0, Bo > 0: 
Ty = (Cy + Corye™ +(C3 + Carle, 
To = (kCy + Cp + kCor)e*™ — (kC3 — Ca + kCyr)e*’, 


where 
ia + 2C2C, = 0. 


k= (2.Bo)”?, (C1C4 — C2C3) ($B) 
5°. For B3 + 3B, =0, By < 0: 
T, = (Ci + Cor) sinwt + C37 coswr, 
Tz = (wCy + C3 + wC 7) coswt + (C2 — wC37) sinw, 


where oP 
w= (—3B»)"?, C,Cs(-3B») 


6°. For3B, < —B3: 


“? +2 +02 =0. 


T= Gy sinwT + Cy coswt) + C3e—*7 sinwr, 
Tp = e* [(kCg + wC) coswr + (kC, — wO2) sinwr)] + C3e~*" (w coswr — ksinw7), 
where 
1/2 1/2 
k= {3[Bo+ (-3Bi) 77, w = {4[-Be + (3B) 7]}, 
CoBo + C\(—B? _ Siete we = (0), 
37. yt, = (Ara °/8y? + Aga 78) (y/)%. 
Solution in parametric form: 
c= jee Y= Ti, where By = — Aj, Bo = —Ab. 
38. yl = (Aya V/8y8/3 4 Aga 5/3y-10/8) (y! 3, 
Solution in parametric form: 
c=TT3?, y=T >, where Bl=—Ao, By =—Ay. 


@ In the solutions of equations 39-42, the following notation is used: 


T= Cie"? + Coe %7 + C3r if B>QO, 
? Ci sinwt + Cp coswt + C3r if B <0, 
T= w(Cye"™ _ Cye~“7) + C3 if B>0O, 
. w(C, coswr—Cosinwr)+C3 if B<0, 


where w = |$B\/?. 
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39. Ye. = (Aya V/8 + Aga */3)(y’)3, 


Solution in parametric form: 


c= Te, y=Th, 


where B = — Aj; the constants C, C2, and C3 are related by the constraint 
3(A C2 Ay) = AACA CS 0 AG 0, 
3(A, C3 + Ag) _ 16.A2C1C2 = 0 if A, <0. 

40. y= (Aya 8/By-4/3 4 Aga V/3y—8/3) (y/ 3, 

Solution in parametric form: 

c=T IT? y=T, 

where B = — Ap; the constants C1, C2, and C3 are related by the constraint 
3(Ay BAC?) =442(C7 4 C2) =0 if AsO, 
3(A, + AoC?) — 16A2C1C2 = 0 if A> <0. 

41. oy, = (Ara */8y + Apa */9)(y/)3. 


Solution in parametric form: 


Aj 3/2 Aj 5) 
= ety eee ph 2 
. ( 2A» r) , : 4A» - 
where B = — Ap; the constants C1, C2, and C3 are related by the constraint 


3A2C3 — 443(C7 + CZ) — FAjAZ? =0 if Ao > 0, 

34203 — 16A3C\C2 — AT AZ” =0 if Ap <0. 
42. yn ~_ (Aya 5/3 y—7/3 a2 Aga t/3y—8/3)(y’ 8, 
Solution in parametric form: 

A -1 A 3/2 A -1 

PAC) oa), oe 
where B = — Ap; the constants C1, C2, and C3 are related by the constraint 

3A2C3 — 443(C? + CZ) — ATAD? =0 if Ap > 0, 

3A2C3 — 16A301C2 — 3 AT AZ” =0 if Ay <0. 


@ In the solutions of equations 43-48, the following notation is used: 


fe J\/3(7) for the upper sign (Bessel function), 
I,/3(7) for the lower sign (modified Bessel function), 


Y\/3(7) for the upper sign (Bessel function), 
K\/3(7) for the lower sign (modified Bessel function), 


tx for th 
H=Cif + Cag + bwo(9 f far—s f gar), ie fe or the upper sign, 


—1 for the lower sign. 


14.6. Equations of the Form y!,, = Aia™y™ (y/,)2 + Aor”? y™? (y),)”? 703 


43. y, = (Aizy + Az) (yi,)*. 
Solution in parametric form: 
a=TV3H, y=br/?, where Ay =+9b-3, Ap = —20-8. 
44. yy, = (Ary? + Avty*)(yi,)*. 
Solution in parametric form: 
= eae: y= br 2/3 where A, = — 38, Ag = +$p%. 
45. yi, = (Arey? + Ay 9/7) (y/,)?. 
Solution in parametric form: 
a =ar 7/3 (7H! + +H)’, y = br?/3H?, 

where A, = early al, Ag = sab 1/28. 
46. yf, = (Ary 9? + Aga? y7?)(yZ)*. 
Solution in parametric form: 

osar CHG Ply, geben, 
where A, = zab—1/2B, Ap = +4 3/2. 
47. Yin, = (Are 7y + Age */?) (yi). 
Solution in parametric form: 

e=arH?,  y=br 23 ere + 267H —(rHi+ +H)’], 

where A; = —2a3b-3, Ag = —a7 258A). 
48. y/, = (Ara 9/79? + Aga ?y~*)(y/,)*. 
Solution in parametric form: 

= ar H? [7° H? + 67H — (7H +1)", 

y = 77/3 er? A? 4 26TH — (tHE + 4H], 
where A; = $ 5/29/28, Ap = —32a°. 
49. yy, = (Arey™! + Asy™)(y,)°, ma # —2. 
Solution in parametric form: 


1 
C=eH, Shr, v= ‘ 
m,+2 
where 
Ab? Bw 2m2—m, +1 
Cade Cag ae ao gf tfar f [ r*gar), ae meee 


= J.(7) for the upper sign (Bessel function), 
| I,(r) _ for the lower sign (modified Bessel function), 
oe Ga 


_ ) for the upper sign (Bessel function), 
a Ve v(T) for the lower sign (modified Bessel function), 


1 ; 
> for the upper sign 
Aj = +4(m4 + Dp Me, Ag=-b™ 8, w= fe PP gn, 


—1__ for the lower sign. 
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@ In the solutions of equations 50-56, the following notation is used: 
_ io J.(t) for the upper sign (Bessel function), 
” | CiL(r) _ for the lower sign (modified Bessel function), 
_ fae for the upper sign (Bessel function)), 
eGo v(t) for the lower sign (modified Bessel function), 
Zy =U, +02V,, Xy=fUL + Pov, Fy=TZ,+vZ,, Gy= Xi +vX,, 
z ee if A = —(a1 2 — 02/1)”, 
aU? + BULV, +7V2 if A= 4ay — B?, 
_ fee +X)Fy if A= —(o1B2 — a261)?, 
‘ |rN'42uN if A=4ay— B?, 


Np = nN? pant ngin, _ 2/7 for the upper sign, 
—1 __ for the lower sign, 


where the prime denotes differentiation with respect to 7. 
50. yt, = (Arzy + Aza *)(yz,)°. 
Solution in parametric form: 

— ar NV? y= br?/3 
where v = ;, Aj = £26, Ag = —fatb*urA. 
51. yy, = (Aizy™ + Aoe*)(y,)°, m4 —2. 
Solution in parametric form: 


a =ar’NY?, y = br” 


? 


1 
where v = mee’ Ay = £450°™ 7 (m+ 2)?, Ap = — gat 72w?A(m + 2)?. 


52. Yr = (Aiw~* + Aawy™*)(y;,)*. 
Solution in parametric form: 
r= ar V3 yi/2. y= br 2/3. 
where v = x, Ay = —fa'b*wrA, Ag = +333, 
53. yy, = (Ara? y7/? + Agy™*)(yZ,)*. 
Solution in parametric form: 
a =at7/3N-1N2, y= br7AN, 
where v = 4, Aj = +$ 3/26-3/2) Ay = 2abw2A. 
54. yt, = (Ar + Aga /?y~) (yl). 
Solution in parametric form: 
c= ar NAN, y = br 2 N-1, 


where v = x, Ay = 2ab~*w?A, Ag = +$43/?, 
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55. y= (Aya 7y + Agr *)(y/,)°. 


Solution in parametric form: 
e=ar2?N, y=br-2/3N-!No, 
where v = 4, Aj = pean, Ay = —gatb-2wA. 
56. Yin, = (Are~* + Age *y~)(y;,)°. 
Solution in parametric form: 
a =ar*/8N?Nz1, y= br?NNZ!, 
where v = 4, A, = —gatb-*uA, Ag = aa’. 


@ In the solutions of equations 57-72, the following notation is used: 


dp, 
fi= +43 — 2 — C4, r= | qa - 01; 
1 4/ P} 91 2 Tigi = ears. 1 


dp 


fo = 4/443 + 2p2 — Co, r= | 1, 
° V £495 + 292 — C2 


The functions 9, = @1(7T) and (2 = (rT) are defined implicitly by the above elliptic 
integrals. For the upper signs, they are the classical elliptic Weierstrass functions (9, = 
(TT + C4, 2, C2) and 92 = o(t + Ci, —2, C2). 

57. Yin = (A1a* + Aa)(y,,)*. 


Solution in parametric form: 


T= Ak, y= br, 

where A; = +6a~!b~?, Ap = ab~?(—1)**1!; k = 1andk = 2. 
58. yy, = (Ary~* + Aaw?y~°)(yt,)*. 
Solution in parametric form: 

z=at tp, y=obrt, 
where A, = ab(—1)**1, Ay = 6a71!b?; k = land k = 2. 
59. yy, = (Ary 9/7 + Aga?y- 79/7) (y/,)*. 
Solution in parametric form: 


w=ar(r*on Fl), y=br', 


where A, = qgab9/7(-1) "41, Ao = aya k=1landk =2. 
60. Yi, = (Ary 17/7 + Aga? y 70/7) (y/,)?. 
Solution in parametric form: 


z=at (rp, 41), yor’, 


where Aj = qgab-2/7(-1) 44, Ag = + §a-109/7; k=1landk =2. 
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61. yy, = (Ary + Aaw)(y’,)°/?. 


Solution in parametric form: 
v=alfx—(-1)*r], y= br, 
where A; = ab~!Ao(—1)*, Ap = —2a~1b71 


62. Yn, = (Ary + Aaw)(y’,)1/?. 


Solution in parametric form: 


+6a/b)'/?; k =1andk = 2. 


—~ 


w=at, y=O[fx—(-1)*7], 


where A, = 2a7'b-!(4+6b/a)/?, Ay = a71bA;(—1)*; k = 1andk =2. 


63. y= (Ary 3/4 + Agay*/4) (yl 5/2, 


Solution in parametric form: 


at = al27 fe — 20K +(-1)*t177], y= br", 


where A, = ab—!/2,Ao(—1)*, Ap = —+ —1p1/4(43a/b)!/2; k = 1 and k = 2. 


64. yy, = (Ara °/4y + Agw 9/4) (yi )1?, 


Solution in parametric form: 


w=art*, y= b[2r fy — 20, + (-1)**17°), 


where Aj = tat/4p-1(43b/a)/?, Ap = a- V/A; (—1)*; k = 1 and k = 2. 


65. y= (Ary 19/8 4 Agay 19/8) (y/, 9/2, 


Solution in parametric form: 
x = at °[27? fy + 677 op F 2+ (—1)*r4],  y=dr-8, 
where A; = ab-'/4Ay(—1)*, Ay = qa tbr/® (+6a/b) ue. k=1landk=2. 


66. yl, = (Are ¥/8y + Aga 19/8) (yh) V2, 


Solution in parametric form: 
a=ar >, y=br [277 f, + 677 pp 24+ (-1)* 34), 
where A; = adigV85 tonya) ©, Ay = a~“/4bA;(-1)*; k= 1andk = 2. 


67. yf, = (Ary 28/15 4 Agay 20/18) (y/ 5/2, 


Solution in parametric form: 


a = at[57? fy — 2077 9% + 30 — (1) 's"|; y = br’, 


2 30a \ 1/2 
= —5/13 _1)k — _ 127/13 f . = 
where A; = ab Ao2(—1)", Ao = rae b (+) ;k=landk=2. 
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68. yn = (Aya 20/13 ae Aga PO) (yl 7", 


Solution in parametric form: 


a=at, y=Obr[5r? f, — 2077, + 30— (=1)"r"), 


1/2 
where A; = Fai/*45-1 (420) , Ag = a 8/35) (—1)*: k=landk=2. 
65 13a 


69. yl, = (Ar + Aga ?/8)(y/,)%. 
Solution in parametric form: 
i ape, Y= b fk = (—1)*7], 
where A; = Fyzab~?, Ay = yp a?/3h-2 (1) +1; k = Land k = 2. 
70. yf, = (Ara ~?/8y—7/8 4. Agy*)(y/)* 


Solution in parametric form: 


x = agh[fe—(-1)*r]", y= 8 [fe -—(-)*7]™, 


where Ay = 74a°/3p'/3(_1)*+1, Ay = $4ab; k =landk =2. 


7. yh, = (Ary '/4 + Agay 7/4) (y/)1/?. 
Solution in parametric form: 


z=a(fe—7 #45), y= fe—- (-1)*r]*", 


4. ,—3p11/4 1/2 | = 
7 a b (a/b) if k=1, 

h A; =ab-3/?, Ay, Ap = : = 
a a a 2 eer ee if k = 2. 


72. yf, = (Ara /4y + Aga 1/4) (y!)9/?, 
Solution in parametric form: 
w= alfe—(—1)*r]*?, y= of — 7? + depp), 


sal/4y-3(zb/a)/? if k =1, 


— ,—3/2 
fg pba) ae Re ees 


where A; = 


@ In the solutions of equations 73—92, the following notation is used: 
The functions P, and Py are the general solutions of the four modifications of the first 
Painlevé equation: 


BR = +6P? + T, Py = +6P? =F 


(in the case of the upper sign, the equation for P, is the canonical form of the first Painlevé 
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equation; see Section 3.4.2). In addition, 


Q, = +6P? +1, Qo = +6P3 — 7, 

R, = 2Pi — 7’, Ry = 2P,+7°, 

S| = 37Pi — 3P, —7°, Sp = 37 Pi — 3P, +7°, 
T%=7°R #1, To =7° Po 1, 

U, = (Pi)? —2P,Q1 + 8P?, Uz = (P3)? — 2P2Q2 + 8P3, 
Vi = PiQ) + Pi - OQ, Vo = P2Q5 — P; — Q3, 
Wear R214, We = 7° Ph +37r°Po F1—7°, 


Z, =6(7°P| —47°7P,+6)—7°, 9 Zy = 6(7r° P — 47? Pp + 6) + 7°, 


where the prime denotes differentiation with respect to 7. 


73. Urn = (Ary + A2w”)(y;,)* 
Solution in parametric form: 
x=aP, y=0r, 


where A; = ab~3(—1)*, Ap = =6a~1b-?; k =1andk = 2. 
74, y/f, = (Ary? + Avw)(y/,)°/?. 


Solution in parametric form: 
cr=aR,, y=0r, 


where A, = ab~?Ao(—1)*+!, Ay = —2a71b71(43a/b)!/?; k = 1and k = 2. 
75. yl, = (Ary + A2w?)(y/,)1/?. 


Solution in parametric form: 


r=at, y=ORez, 
where A; = 2a~'b-1(4+3b/a)/?, Ay = a7?bA;(—1)**+1; k = 1 and k = 2. 


76. Yirn = (Ary * + Aow?y~*)(yi,)?. 
Solution in parametric form: 


a=at Ph, y=obr, 
where A; = ab?(—1)*, Ap = +6a~1b?; k =1andk =2. 
77. yf, = (Ary? + Agay~*/4)(yf,)°/?, 


Solution in parametric form: 
z=aS,, y= br’, 


where A, = ab~9/4Ay(—1)*+1, Ay = —4a71b-/4(42a/b)'/?; k = Land k = 2. 


78. yf, = (Ara /4y + Aga */?) (yl 12, 
Solution in parametric form: 
2=or,. y=bSe 


where Aj = ta-/4p-1(42b/a)*/?, Ay = a~3/4hA,(-1)*+1; & = 1and k = 2. 
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79. yl = (Ary 8/7 + Aga?y—'/7)(y/)3. 


Solution in parametric form: 
a=atlh, y=br’, 


where A, = qgab-8/7(—-1)f, Ag = + fat; k=landk =2. 


80. yl! = (Ary 7/4 + Agay—15/8)(y/)5/2, 


Solution in parametric form: 


z=at Wy, y=obr, 


where A; = ab—!/8 Ay(—1)*, Ay = za-tb/8(43a/b)+/?; k=1landk =2. 


81. yy, = (Are /Sy + Aga 7/4) (yi) /?. 


Solution in parametric form: 


a=ar*, y=br Wy, 


where Aj = —ga"/®b-1(+3b/a)¥/?, Ag = a~/8pA,(-1)*; k= 1andk = 2. 


82. y= (Ary 19/7 + Aga? y?2°/7)(y/)3. 


Solution in parametric form: 


c=ar °T,, y=obr, 


where Aj = gab V/7(-1)F, Aj = Paya tbo k=1landk=2. 


83. y= (Ary 14/15 4 Agay 20/15) (y/ 5/2, 


Solution in parametric form: 


a=atZ,y, y=br, 


2 
where Ay = ab-8/19 Aa(—1)KF, Ay = — a t0ll'8 (4 


84. yn, = (Aya 20/434 4 Aga 14/18) (y/ 1/2, 


Solution in parametric form: 


c=atT”’, y=brZ,, 


a 


~ 130 


1/2 
) ; k=landk=2. 


2 1/2 
where A; = <a! 851(4 2 ) , Ao = ae Ch A (Set: k=1landk=2. 


13 “13a 
85. y” = (Ary + Age */?)(y’,). 


Solution in parametric form: 


t= a(P,)*, y = bPr, 


where A, = +24ab~3, Ap = d08/ h(a) k=landk=2. 
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86. y= (Ara */?2y-9/? + Any 4) (y/,)?. 


Solution in parametric form: 
S=0P Ae yah ey 
where A; = 2a3/2b1/2(—1)F, Ag = 424eb7:; k=1landk =2. 
87. yn, = (Ara Fy + Agw'/*) (yl). 
Solution in parametric form: 
t= aPel?, y = bUE, 
where Ay = a®/$b-3, Ap = #8a~7bA1; k = Land k = 2. 
88. yn = (Aya 5/8 y—7/3 a Agat/3y—10/3) (y! 3, 
Solution in parametric form: 
o= ae ome y = bU;,", 
where A; = §a®/3p'/3, Ag = F8a~7bAy; k =1landk =2. 
89. y/, = (Ara? + Aay 9/7) (y1)*. 
Solution in parametric form: 
z=aQ?, y=o(P,)’, 
where A; = +6a°/2b-?, Ay = dab-/?(-1 th k= landk =2. 
90. yf, = (Ary 9? + Age /2y— 5/7) (yl 8. 
Solution in parametric form: 
w= a(Ph) Qi, y= (Py)?, 
where A; = dab-1/?(- De A +6a3/2b!/2; k = land k = 2. 


91. yf, = (Ara */Fy + Aga 4/9)(y/,)?. 


Solution in parametric form: 
z=a(P,)?, y=, 
where A; = — ga®/3p-8, Ag = a /3pA,(—1)*; k=landk=2. 


92. yl, = (Are 4/98/84 Aga 8/y-7/)(yl)9, 


Solution in parametric form: 


CHOP YyVe s. SOV 


where Aj = aang ti (a pet Ag = — gab/3pl/; k=1landk =2. 


14.6. Equations of the Form y!/, = Aya™y™+ (yi) + Aow”2 y™? (yl)? 711 


@ In the solutions of equations 93-96, the following notation is used: 
dr 
F= crexp( |). G= 7 +2VR+4By, 


H= iG ee oo — ye dr +Co, 


2A; Ao 
1 2B, 2Bo . 
Ga22 ht ge el ae —1,k —1; 
rad 2 eT eT! es 
en re k 7 tPtl + 2Bo In |r| ifk=ky #—1kg=—1. 


93. y= (Ara 77S y™! 4 Agar 72 Sy™2) (y! 8, 
Solution in parametric form: 

r= TFY?2 y = F, 
where ky = —2m, — 3, kop = —2m2 — 3, Ar = —Bi, Ag = —Bo. 


” fa , Liang 
94. yl, = (Aizy™ + Aoy 7 )(yi,)™3. 


Solution in parametric form: 
i ls 
v=aF VG, y=bFmt, 
where 


1 
ky =k=- ; Ag = —4ab k+1 A, Bo. 


(k+1)b 


mt+3 kb’+1 4aB, 71/k 
= A — 
m+1? Ra=0, Ay =i | 


n—1 2n+4 
95. Yn = (Aie"y + Aox 2 )(wt) n+3 , 


Solution in parametric form: 


1 
L=aknti, y= Fog, 


n+3 — = 4bB, 71/k 
here ky =k = — B= 0 Ase +p t)]—- | ae 
Maree 2 n+l’? eee be (k+la : 
1 
—4da k+1bA; Bo. 
96. yy, = (Are °y” + Azw™°)(y',)°. 
Solution in parametric form: 
TV — Ag Ay t H 
SS = os n . 
v cso’ % V Ay . 
97. yt, = (Aiw™ y™ 4+ Age™ y™) (y))?/?. 
Solution in parametric form: 
1 fdr 2 1 fdr 
w= C17" exp(—5 ——), y=C 71/2 exp(5 ——), 
: 2) 7/f2+4 : 2) 7/f2+4 
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where 
A A 
—1/2 lc 1 mit l 7 2 fot if =] = 
f= . : 2m, +1). (mie +1)" ee ae 
=e lc tft Ag] if —1 ==], 
T o+ Xm ie 5 Ag Int if m, A-1, me 


ma(n+1)—mitn mi+2n+3 
98. Os = (Aiz"y™ + Aox mit1 y™) (y',) mitn+2. 


Solution in parametric form: 


x= Crexp(f ), y=C; ™TT exp(— = /S) 
TZ m,+1 TB 


where z = z(T) is the solution of the algebraic equation 


n+l 41 
(.--mtet?) (2 dae as =i (4A " P), 
mi +1 mt+1 mytn+2 
A 1 
2 Ana 1) +1) pmatl if my #—1, 
Fad (m+n 2)(m2 +1) 
: In |7| if mg = -—1. 


my +tn+2 


@ In the solutions of equations 99-108, the following notation is used: 
The functions P, and P, are the general solutions of the four modifications of the second 
Painlevé equation (with parameter a = 0): 


Pi =7P,+2P3, Pi! = —7 Pp + 2P3. 


In the case of the upper sign, the equation for P, is the canonical form of the second 
Painlevé equation (with parameter a = 0; see Section 3.4.3); 


Qi. =7TP?+Pi-(PiY, R=PLFRQ, $1 =2PiQi — P+ P,Q?, 
Qo = TPZ + Pi -—(P)*, Ro=Ph4PoQo, So = 2P3Qo + P3 + PoQ?; 


where the prime denotes differentiation with respect to 7. 


99. Yen = (Avy + Arx®) (yt). 
Solution in parametric form: 
x=aP, y=Odr, 


where A; = b°(—1)*, Ap = #2a~2b-?; k= 1 andk =2. 


100.” = (Arey ° + Agx®y®)(y/,)*. 


Solution in parametric form: 
c=at 'P, y=brt, 


where A, = b9(—1)*, Ap = +2a~7b*; k = 1andk = 2. 
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101. y= (Ar + Aga l/2y-1/2)(y! 3, 
Solutions in parametric form: 

x=a(Py)’, y=bPe, PL=(Pr)r, 
where A, = #2ab~?, Ay = 4.a3/2p-3/2(_1)f; k=landk=2. 
102, yy, = (Are */?7y~? + Aay™*)(yi)*. 
Solutions in parametric form: 

t0P. (By. UabR- Pes s 

where Aj = za°/2(—1)*, Ag = F2ab; k = 1andk =2. 
103. y/”, = (Ara 7y + Az) (y’,)*. 


Solutions in parametric form: 

c=aPe, y=o[rPet Pe (Py), P= (Pa)r 
where A; = 2ab-3(—1)*, Ao = +2ab~?(—1)*; k =1andk = 2. 
104. y%, = (Aire 7y~? + Aay”*)(y;,)?. 


Solutions in parametric form: 


2 = aP2[rP2 + Pé- (P|, y=b[rP2 + PA - (PLY, 


where A, = —2a°, Ap = $2ab; k = 1landk =2. 
105. yl”, = (Ay + Agay 1/7?) (y/,)9/?. 
Solutions in parametric form: 
Dake Rey? Y= OOF, 


2a-?b'/? (2a/b)1/2 if k=1, 


here Ay = Fab~!/2,A,(—1)*, Ag = 
where A; = Fa 2(—1) 2 —2a-?b!/2(—2a/b)!/? if k = 2. 


106. y= (Aya l/?y + Az) (y/,)°/?. 


Solutions in parametric form: 
2 -1 
r=aQ;,, y=oP, Rx, 


yb Ob/ay aka, 


Ag = a~/?bA,(—1). 
2q1/2h-2(-2b/a)¥2 if k=2, “7 *° ae 


where A; = 


107. y”, = (Ar + Agay ?)(y/,)3/. 
Solutions in parametric form: 
oe ask, Y= bQk, 
a *b?(Qa/b)/? if k= 1, 


here Ay = Fab~2Ao(—1)*, Ap = 
where Ay +a 2( ) 2 eee if k= 2. 


714 SECOND-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


108. yi, = (Ara 7y + Az)(y/,)?/?. 
Solutions in parametric form: 
t= aQs, a bSk, 


—b*(2b/e)/? if k=1, 


= —2 Kk 
—a2b-2(—2b/a)'/? if k= 2, Hae TVA IL) 


where A; = 


109. yf, = (Ara 7/y 8/5 4 Aga 7/Fy— 18/5) (yf), 


Solution in parametric form: 


Ay\~! Avy 
en acisti(ictr- BY" v= (sete By 
2 2 
where S = Cye?*" + Cye-*" sin(/3kr), F = (81)? 295", Ao = a qal?/>o-Sk-6. 


110. yf, = (Ara ?y~* + Age 7y™)(y;,)°. 


Solution in parametric form: 


= aC 77/927) oC yr 79 (72h + 42)? £7727] - ae 


8 
| 


{bCrr-23 [(7Z}. + $Z) aie re | = ay" 


cd 
I 


where 


Ay = 9 8p-3, 


Ze ae + C2Y1/3(7) for the upper sign, 
5 = 


CyT)/3(T) + C2K1/3(7) for the lower sign, 


J/3(7) and Y1/3(7) are Bessel functions, and [,/3(7) and K1/3(7) are modified Bessel 
functions. 


M1. yy”, = (Aya *y* + Aga y?)(y/,)?. 


Solution in parametric form: 


x = aC3FY? (6C8G — a)", y= (0c3G - a)", 


where R= \/+(4r? — 1), Far f oR dr+Cot#R, G=4rF? $7-?(RF-1)?, 
Ag = Fea'o-3. 


@ In the solutions of equations 112 and 113, the following notation is used: 


R= Jo a oye dr + Co, k? = ate be 


the function E' can be expressed in terms of elliptic integrals or lemniscate functions. 
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112, yl, = (Ara®y 4/5 + Aga y18/5)(y/)®, 

Solutions in parametric form: 

e=aC{E-*(rE—k), y=bCPE-*, where A;=+~&a'b/8k, Ap=zta 708". 
113. yl, = (Ara®y 2/5 + Aga y 7/5) (y/)%, 

Solutions in parametric form: 

e=aC\E(rE-k), y=bCPE°®, where Ay=F8a71b/5k, Ap =Fea- 70>. 


@ In the solutions of equations 114 and 115, the following notation is used: 


A =C}-2C, R= (36A +54Br—2r3)"?, z= 3 | =, 
. 
V-A 
a tan(+V —A z) + a if A <0; 
i 1 


—— tanh(+VA z) + 2 if A>0; 


if A=0, Co <0; 


if A=0, Cy > 0. 


14. yf = (Aya 5/8 + Aga */3y—?/3)(y! 3, 

Solutions in parametric form: 
a = ar~9/4(C\W? — 2C2W + 2)9/4(6C,\W — 6C2 + R)?”, 
y = br—9/2(C,W? — 2C,W 4 2)3/2, 

where A; = —24a8/30-2C,, Ao = 36a8/20-4/3B. 

115. yl, = (Ara ®/8y-7/8 + Age ®/8y-4/8)(y/ 8, 

Solutions in parametric form: 
a = ar~3/4(C\W? — 2C2W +4 2)~9/4(6C,W — 6C2 + R)??, 
y = br9/2(C,W? — 2CoW + 2)-3/?, 

where A = 36a°/3b-4/3B, Ay = —24a8/30-7/3C). 


nw _ [2(r+1) n|,,—-2(,,/ \3 = =, 
116. Ui, = [Pa + Aw ly (yi.)°s nAzA-3, n~-1. 


Taking y to be the independent variable, we obtain an equation of the form 14.4.2.4 with 
_of 2(n+1) 

No 2 

yy apa? = Ag” ‘ 

117. Yn = (—Ba + Ax—")y~*(y/)%. 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.35 with 

respect tox = x(y): Ly = y *(2a — Ar). 


respect tow = a(4y/)> 
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118. y”, = (—6x + Ax *)y?(y/,). 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.31 with 
fespect toy =n)! c= y Ol — Ag), 

119. yy”, = (—12a + Aa—*/?)y-?(y/)3, 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.64 with 
respect tox = x(y): 24), = y~? (12x — Ag5/?), 

120. y”, = (—2a@ + Ax ”)y*(y/)?. 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.6 with 
respect tox = z(y): xy, = y 7(2e — Az). 

121. yl, = (Bae + Ax ?/)y2(y/)%. 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.26 with 


respect tox = x(y): 2, = y?(-zax — Ax-5/3), 


122, yl, = (qopa t+ Aw */8)y-2(y')3. 


Taking y to be the independent variable, we obtain an equation of the form 14.4.2.10 with 
respect tor = r(y): yy = y?(—sBya — Ax/3), 

123. Yn = (—3a + Aa—*/3)y-?(y/)3, 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.12 with 
respect tox = a(y): x), = y~?(4a — Ar—5/3), 

124. Yn = (-Se + Aa—*/3)y-?(y/)3, 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.66 with 


i 


respect tox = x(y): yy = y?(Bxr — Ar~/3), 


125. y= (gat Ac?) y2(y/,)%. 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.29 with 
respect to x = x(y): Lae = y?(—sea = Ag-7/5), 

126. y= (2a + Ax?) y-2 (uJ, 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.14 with 
respect tor = r(y): Ly = y?*(—2a - Ag '/2), 

127. yy! = (fat Ac ?)y-2(y/,)%. 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.8 with 
respect tor = x(y): yy = y?(—sea — Ax~1/2), 

128. y” = (—20a + Ax ~1/?)y—2(y/)3. 


Taking y to be the independent variable, we obtain an equation of the form 14.4.2.33 with 
respect to 7 = x(y): oe = y~?(202 — Ax—'/2), 
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129. y” = eer + Aat/?)y-?(y!, °, 
Taking y to be the independent variable, we obtain an equation of the form 14.4.2.37 with 
respect tor = 2(y): yy =Y 3 (-#ar — Ax'/?), 


130. y= (Aa? eS SZ ax)y7(y',)*. 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.60 with 
respect to = x(y): 24, = y?(—Aa* — x). 

131. Yn = (Aa? — xax)y *(y',)*. 


Taking y to be the independent variable, we obtain an equation of the form 14.4.2.62 with 
respect tox = x(y): zi, = y?(—Ax? + £2). 


nw _ [2(n+1) —2 —n-1 1\3 
132. Yeo = opt + Aary "| (yi)*, 1m # ~8, — 
Taking y to be the independent variable, we obtain an equation of the form 14.4.2.5 with 
2(n+1) _ = 
_ 7 yy 2 1 
respect tor = x(y): Lyy = “i432! Ge Ay ie hae 


133. y= (Ax *y — 2ay—”)(y/,)*. 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.7 with 
respect tor = x(y): yy = Qy-2a2 — Ayr? 

134. yy!) = (Ar */?y-1/?2 4 Say?) (y/,)?. 

Taking y to be the suas wee variable, we obtain an equation of the form 14.4.2.9 with 


respect tox = x(y): vy, = —sey ?e — Ay eer: 


138. yf, = (Aw */y7/9 + spay *)(u,)*. 


Taking y to be the independent variable, we obtain an equation of the form 14.4.2.11 with 


respect tor = x(y): 2), = —qy 7a — Ay?/3-5/3, 


136. y” = (Ag 7/8 47/% — Say ~*)(y’,)?. 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.13 with 
respect tox = x(y): Ljy = sya — Ay?/3¢—5/3, 

137. y= (Aa 1/2y-1/2 4 2ay7)(y/,)%. 

Taking y to be the independent variable, we obtain an equation of the form 14.4.2.15 with 
respect tor = x(y): yy = fy x — Ag ea. 

138. yy, = (Aa °/3y7/8 + Seay )(y',)?. 

Taking y to be the independent oie we obtain an equation of the form 14.4.2.27 with 


respect tox = x(y): 2), = —fey x — Ay?/3-5/8, 
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139, yl! = (Ar 7/Fy?/5 4. Saxy-?)(y/)%. 


36 
Taking y to be the independent variable, we obtain an equation of the form 14.4.2.30 with 
respect tox = x(y): yy = —Zy a — Ay?/-7/5, 


140. y”, = (Arty? — 6ry~”)(y/,)?. 
Taking y to be the independent variable, we obtain an equation of the form 14.4.2.32 with 


respect tox = 2(y): 2}, = 6y a — Ay®a*, 


141. y”, = (Aa /?2y-1/? — 20xy-?) (y/,)%. 


Taking y to be the independent variable, we obtain an equation of the form 14.4.2.34 with 
respect tor = x(y): yy = 20y~2a — Aya /2¢-1/2, 


142, yy”, = (Aa Ty® — Bay ?)(y’)?. 
Taking y to be the independent variable, we obtain an equation of the form 14.4.2.36 with 


respect tor = x(y): Ly = By ?x — Ay®x~". 


143, yl! = (Avl/?y-9/2 4 Bay-?)(y/)3, 


Taking y to be the independent variable, we obtain an equation of the form 14.4.2.38 with 


respect tox = x(y): y= —fy a — Ay~3/2¢1/2, 


144. yt, = (ggty* + Aw?y™*)(y,)°. 
Taking y to be the independent variable, we obtain an equation of the form 14.4.2.61 with 


respect tor = a(y): xl, = —Ay~3x? — ey as 


yy 
145. yt, = (—ggry” + Aaw*y™*)(y,)”. 
Taking y to be the me pendent variable, we obtain an equation of the form 14.4.2.63 with 


respect tox = x(y): zi, = —Ay 82? + fy 2x. 


146. y= (Aa—5/2y3/2 _ 12xy—*)(y/,)°. 


Taking y to be the independent variable, we obtain an equation of the form 14.4.2.65 with 
respect ton =a(y): ay, = 12y 7a = Ay?/24-5/2, 


147, yf, = (Ax 8/8y?/8 — Bary) (y/ 8, 
Taking y to be the independent variable, we obtain an equation of the form 14.4.2.67 with 


respect tor = x(y): yy = By 27 — Ay? ¢—5/3, 


14.6.3 Equations of the Form 
Yon = TA Y™ (YZ)! + Aw ty™ (ys) 


> Classification table. 


Table 14.10 presents all solvable equations whose solutions are outlined in Section 14.6.3. 
Two-parameter families (in the space of the parameters n, m, and 1), one-parameter fami- 
lies, and isolated points are presented in a consecutive fashion. Equations are arranged in 
accordance with the growth of /. The number of the equation sought is indicated in the last 
column in this table. 
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TABLE 14.10 
Solvable cases of the equation y//, = cAx”y™(y!,)' + Ac™ty™* (yl)! 


ne 
arbitrary arbitrary 
—m—-1 —1 14.6.3.75 
ee oe 
arbitrary 
1-1 I-—2 —1 14.6.3.76 
oo ee ee | 
ay 2 1 14.6.3.79 
(I £3) = 1 — 6.3; 
ea 
bit 
ee ere pe pe 
3n +2 arbitrary 
14.6.3.73 
Pe tae 
a 
aor 
= 
eat “a 
i 
i 
sm 
2 ae arbitrar 14.6.3.86 
n #0) 
aie 
i 
= 
eae + 
2 14.6.3.38 
ie eS 


Slr 
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TABLE 14.10 (Continued) 
Solvable cases of the equation y”,, = cAx"y™(y!,)' + Aa”? ly™* (yh yi} 


a 
a a 
a a 
CO 
a 
a 
a Sc 
a 
a 
a 
a a 
shoe 
1 —2 


14.6.3.11 


14.6.3.9 
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TABLE 14.10 (Continued) 
Solvable cases of the equation y"”,, = cAx"y™(y!,)' + Aa”? ly™*1 (yh yt 


a 
2 
a a 
Oe 
i 
ee ee 
i ee ee ae Se ee ed 
i 
a a 


—3 


le 
nO 
a a 
nO 
14.6.3.40 

5 
a 
ne a 
On 
ee 
a 
a 
a 
a 
ne 
a 
ne 
Oe 
Sn 


hyfot] poet] JOU DO 


ew 


ttt 


wl w]wi]w 


i 
| 
an 


| 8 | 


Ht 
| 
aaron 


2 
2 
2 


cae 
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TABLE 14.10 (Continued) 
Solvable cases of the equation y"”,, = cAx"y™(y!,)' + Aa? ly™* (yh jit 


ee ee 


14.6.3.62 

Se SO 
as 
FO 


> Solvable equations and their solutions. 


eis 


i 
4 


oy 


E 


oy! = Ag Ay™y! — Aa ™ SB y™tt, mz-—1. 


Solution in parametric form: 


v= ace (| +e), y=vor'r(f +a)”, 


where A = +(m+ l)a™*1p-™ 


mw ly -1 y! —2 
2. Yon = ArT — Aa”. 
Solution in parametric om 


-1 i 
c= [/ tl exp(Fr?) dr+Co| ; y=—Sexp(er’)| | a exp(#7?) dr+Co| 


3. yf, = AwW™™y™(ys)* — Awr~™y™ (yl),  -m x —2. 


Solution in parametric form: 


e=acyr( f +e), y=oers(f +a)”, 


where A = +(m-+ 2)a™*3p-™-2, 


4. Yn = Ay *(y,)° — Aw ty? (yz). 
Solution in parametric form: 


A = - 
b= exp(#7°) '/ 7 exp(#77) dr+Cs| » y=C) [/ t! exp(#r7) dr+Cy 


@ In the solutions of equations 5—12, the following notation is used: 


= [over )ar+e 


5. y. = Ag+ yy), + An ?y7}, 


Solution in parametric form: 


a = Ciexp(+r’)f-', y=b[27 4exp(+r’)f—"], | where A= +207. 


14.6. Equations of the Form y!/, = Aia™ y™+ (yi) + Aow”2 yy? (y!,)”2 723 


6. Yt, = Aa ty *(yZ)* + Aa? y™ (yi)? 
Solution in parametric form: 


eS alr exp(+77)f—4], y=Cy exp(+r7)f7}, 


Solution in parametric form: 


where A = 2a”. 


w= Ci orf exp(#r?)] y= bf l2rf + exp(Fr?)] ~~, where A= ESD. 


8. yt, = Ax ty 7(y),)? — Aw 7y~*(y/,)?. 


Solution in parametric form: 


x=af [27 f + exp(#7”)| ae y=C; [27 f a exp(#7”)| a where A= +$a’, 


9. y= Ary’ — Ay. 


Solution in parametric form: 


f=er, g=Ci2rf = exp(+r’)], where 


10. yZ, = Ax(y,)° — Ay(y’,)*. 
Solution in parametric form: 


a = C,[27f + exp(+r’)|], y=obr, where 
11. y.., — 2Axy *y’, =Ay: 
Solution in parametric form: 
a =aC,[2r? f+rexp(F7r7)+f], y=bC\[27ftexp(+r’)| 
12. yy, = At*(y,)° — 2A *y(y),)?. 
Solution in parametric form: 
a =aC,[27f+exp(#77)], y=bC [277 f+r exp(=r7)+f] 


@ In the solutions of equations 13-22, the following notation 


B= V/7t(ir+)I—-In(Vrtv74+1) +O, F 
13. Ye. = Agt/2y-2y" _ Ag '/?y-1, 
Solution in parametric form: 
a=aCi{F*, y=bC}r EF”, where 


14. y= Ax ty 1/2 (y/)3 — Ax yl? (y/)?, 


Solution in parametric form: 


CS acs Er, y= ir. where 


A=F2a-?. 


A= #207. 


252 


, | where A= F4a 


, where A=F 507d”. 


is used: 
1 
=E i T. 
T 
A=-—a_ 3/292, 
A= —a?b-?/?, 
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15. y.. = Axy 3y! — Ay~?. 


Solution in parametric form: 


1 
2S acer ie , y=bC?F', where A =—2a~2°. 
a 


16. y= Ax? (y’,)? — Ax Fy(y’,)?. 


Solution in parametric form: 


1 
g=aC?F", y= bC2F14) isis , where A= -—2a°b~?, 
T 


17. Yr = Azyy,, + Ay?. 


Solution in parametric form: 
a=aC;'r BE rr? +r°F-—E*), y=b0?F |, wher A=a 7}, 
18. yy, = Ax? (y),)* + Axy(y,)?- 
Solution in parametric form: 
2=a0?F 4, y=bC( rE rr? +7°F-E*), where A=-a ‘bo’. 


19. y= Aa(y/,)3/? + Ay(y/,)*/?. 


Solution in parametric form: 


1 1 1/2 
vaaty!(Fy**- ar), y=oCpr yf where A=2a-?(—=) . 


20. yi, = Ax(y’,)?/? + Ay(y’,)3/?. 


Solution in parametric form: 


1 1 b\ 1/2 
x=aC}F~*y/ pee y=0ci"(F “ttpr), where A=—2-?(-—) 
os T a 


—4 —5, 2 
21. Yn = Ax yy, — 2Aa°y*. 
Solution in parametric form: 

t= aC\tE(rF? ers Es y= bCPT EF (rF? Lg PS By 
where A = —2a%071. 
2,,—5 3 —4 2 

22. Yon = 2Aa*y?(yZ)* — Ary *(y,)- 
Solution in parametric form: 


c= aC?TEF '(rF* ae ie oe ag y= bC\rE(rF”? ae ae ce ae 


where A = —2a7!b?. 
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Mw n,/ n—-1 
23. Yne = Axc”y, +nAx Ys nAzA-l. 
Solution in parametric form: 


1 nh 
a=armtt, y=Cye (f- m+I @— PT dr 4 C2), where A=(n+l)a-""!8. 


A 
24. Yn = Avy (yn)? + au (ys), mx —2. 


Solution in parametric form: 


— mt il +92 
r= cie"(fr m+2 e— PT dr+C2), y=brmt2, where A=— = i po 8. 
m >_— 
@ In the solutions of equations 25-36, the following notation is used: 
T+ Cot” for the upper sign, 
R= 4sin(vlnr) + C2cos(vlnr) _ for the lower sign, 
Int + Co for v = 0, 
(1+v)r¥ + (L—v)Cor~” for the upper sign, 
Q = 4 (1—vC2)sin(vlnr) + (C2 +¥v)cos(vlnr) _ for the lower sign, 
Inver +14+C for v=0. 


25. y” = Ag *yy’ — Ax By?. 
Solution in parametric form: 

z=ar?, y=br?R'Q, where v=C,, A=ab"?. 
The solution is valid for all three cases of the functions R and Q given above. 
26. Yorn = Ax*y*(y;,)° — Avy *(y;,)”. 
Solution in parametric form: 

z=at ?R'Q, y=br-’, where v=C;, A=a’!b. 
The solution is valid for all three cases of the functions R and Q given above. 
27. ¥f, = Av*(y,)9/? — Aw? y(y,)/?. 


Solution in parametric form: 


nar", yogi "QQR*=12v"), whee r=O,y. A= (2a/b)'/2. 


28. Yr. = Aaxy~?(y/)°/? — Ay—"(y/,)3/. 


Solution in parametric form: 


c=yar *(2QR'-1+4v*), y=br-?, where v=C), A= (2b/a)'/?, 


29. y” = Ary 7y’, — Ay. 


Solution in parametric form: 


z=aCyrR, y=bCi7rQ, where A=a*b?(1 Fv’). 
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30. yy, = Av * (yi)? — Av ?y(y!,)?. 
Solution in parametric form: 
z=aC\TQ, y=bCirR, where A=a*b-7(14 v7”). 

31 oy’ = Ag V2y-V/2y? — Aag~3/2y1/2, 
Solution in parametric form: 

a—art?R?, y=br?Q?, where v=C), A=a/*p'/?, 
32. yn _— Agt/2y—3/2(y! )3 = Aaa l/2y-4/2(y! )?, 
Solution in parametric form: 

z=ar’Q?, y=br?R’?, where v=Ci, A= alley 

-1 -2 -1 

33. yf! = Aw t — Ax *y(y/)~*. 
Solution in parametric form: 


a=art*R?, y=br7[Q?+(14v")R7], where v=C,, A=2a ‘bd. 


34. yy, = Avy *(y’,)* — Ay *(y;,)°- 
Solution in parametric form: 

a =art?(Q* + (1-v7)R’], y=br?R?, where v=C,, A=2abdt. 
5... 4, = Ax*y—3 — Axy *(y/,)—1. 


Solution in parametric form: 


xz =aC\TR, y= bC\r[Q? - (1 =F v*)R?| — 


where A= 4(14v*)a~‘0". 
36. Yin, = Ax 7y(y!,)* — Aa Fy? (yi,)?. 
Solution in parametric form: 
= aC\T[Q? +(1+ v”) R?| ue y=bCirR, where A=4(14v*)a*o-*. 
@ In the solutions of equations 37-50, the following notation is used: 
Ze Jy(T) + C2Y_(r) for the upper sign, 
~ | L(t) +C2K,(r) for the lower sign, 


where J,(T) and Y,(r) are Bessel functions, and I,,(7) and K,(r) are modified Bessel 
functions. 


37. yt, = 2A” yy’, +nAa”y?, n#0, n#—-2 
Solution in parametric form: 
r= aC me y= (Cr ae ee +vZ), 


where Peay Lan Fe 
n+2 2 


go ty. 
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38. oy, = (m4 1Az?y™(y),)? + 2ZAxy™*(y,)?, mAzA-1, m#-3. 


Solution in parametric form: 
B= aCe Oo ae)... Sie, 


ae pes m+3 
m+3 2 


39. yi. = 2Ax yy’, — Ax~2y?. 


Solution in parametric form: 


where v = ae | mali 


a=O,77, y=tZ7'Z, where v=0, A= =1o-'. 


40. yf! = Az?y~*(y/)8 = 2Ary*(y/)?. 


Solution in parametric form: 
g=atZ'Z!, y=C\r*, where v=0, A= tal. 


41. oy! = Ax” (y))3/? 4 nAg”ly(y’,)/?, nA#0, n#-1. 


Solution in parametric form: 


1 
L= GOnen oe y= ba [Z-'(rZi +vZ)+ XI») a r?|, 
2Qn+1 2a 1/2 
ee ea ee ee 
WHY ay (n+ 1)a (n+ 16 


42. y” = (m4 1)Aay™(yl)?/? + Ay™*1(y/)3/2, mA -1, mA— 


Solution in parametric form: 


1 
— aor 8,2 [Z-(rZi +vZ)+ maa y= by 74-2, 
2m+4+3 ee 2b 1/2 
cs 42 coy (m+ 2)a 


43, yl, = 2An V2 (yl 8/2 — Ag 8/2y(y! 1/2, 


Solution in parametric form: 


e=Cyrt, y=b(rZ1Z) 4477), where v=0, A=—4(-0)-1/?, 


44, yy" = Any */2(y))°/? — 2Ay 1/2 (y’ 3/2, 


Solution in parametric form: 


g=a(tZ1Zi + 37°), y=Cir*, where v=0, A= —$(-a)"¥?. 


45. y.. = Aaa ty7l/2y’ -— Ag 2y"/?, 


Solution in parametric form: 


e=O,27, y=b"Z7(Z.)*, where v=0, A= ae 
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46. yl, = Axt/?y?2(y!)3 — Aa yt (y!)?, 
Solution in parametric form: 
a=ar?Z-*(Z')?, y=C,Z~?, where v=0, A=-—al/?. 
47. Yr, = Avy *(y’,)* — Ay~*(yz)°. 
Solution in parametric form: 


w=aZ\(2rZi+77Z), y=C,Z-', where v=0, A=4a. 


48. y” = Ag? = Ax *y(y’,)—1. 


Solution in parametric form: 


2=(Z-', y=oZ-'(2rZi47°Z), where v=0, A= 4b. 


49. y= Ary *(y’,)* — 2Ay~*(y/,)?. 


Solution in parametric form: 


e=aCy[r*(Z1)? +27ZZL 47°27), y=bCiZ?, where v=0, A= ab". 


50. yf =2Aar + — Ax *y(y’)t. 


Solution in parametric form: 


e=aC\Z*, y=bC\[r7(Z1)?+27ZZ, +7727], where v=0, A=4a''b. 


@ In the solutions of equations 51-66, the following notation is used: 
Fe Ji /3(7) + C2¥1/3(7) _ for the upper sign, 
7 T1/3(7) + C2K1/3(7) _ for the lower sign, 

Ul = 72,432, Us=UPE?2?, Us = £37723 — Ua, 


where Ji /3(7) and Y1/3(7) are Bessel functions, and I, /3(7) and K1/3(7) are modified 
Bessel functions. 


—2,,—2 —3,,-1 
51. y.. = Ax “y y,, + 2Ax yo. 
Solution in parametric form: 
i Gags cag ag Oe y= br Zt Us, where A = 2ab’. 
=]. =3 3 —2,-—2 2 
52. yt, = 2Aa ty 8(y,)° + Aw ?y 7 (y,)”. 
Solution in parametric form: 
t= Cine iia a ae! Ogu y= bru, where A= —2a7b. 
= —2,,-1/2 —3,,1/2 
53. 9) =Aa*y i y/, —4Aa~*y - 
Solution in parametric form: 


L= Cpr 2 U,, y= ar roa Ue, where A= 2a? 
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54. y= AAal/2y-3(y’ )3 — Aa l/2y-2(y! 2, 
Solution in parametric form: 
L= GOT EAC ZPUS UE, y= bie On Pe: where A= + 2a1/?p, 
55.4 ZAa Vy Fy! + Ax 3/2y-1, 
Solution in parametric form: 


a=aCir “82-02, y=bOir 7Z-7U2, where A=+4a71/70?. 


—1,,—3/2 3 —2,,—1/2 2 
56. Yin, = Aw ty 9/7 (y!)3 + 2Aw?2yV/2(y!)?, 
Solution in parametric form: 
z=aCyr 4? Z-Un, y= bOpr ne, where A= Fkatp V2. 
-1/2 1/2 
57. y.. = Axy i y,, + 2Ay fe 
Solution in parametric form: 
r= ay 2B ZY, y= 1G eee, where A = 2a~2p!/?. 
= 1/2 3 -1/2 2 
58. yy! = 2Aal/2(y!)3 + Aa l/Ay(y’)?, 
Solution in parametric form: 
L= aC ee UF, y= bos where A = —2a'/?b-?, 
—2/5 —7/5 -1 
59. y= 5Ax [5 _ 9 Ag—T/ y(y,,)*. 


Solution in parametric form: 


w= PS Sy aia (aca bas y = 0878/3 Z-4(U2 + $7°Z°U}), 
where A = 3a */%p, 


60. yf = 2Aary—?/>(y’)4 _ BAy7/5(y’)3, 


Solution in parametric form: 


x =aC8r 837-4 (U2 447° 23U;), y=oCPr 3 ZU), where A= 22 ab-8/°. 


61. y= 4Agi/2y-3 — Ag l/2y-2(y! 4, 


Solution in parametric form: 


a =aC8r~4/3Z-7U?2, yf =00f ZUR Ay), where A=+4 a ean 


62. yl, = Ax ?y—1/2(y!)4 — 4Aa3y?/2(y/)3. 
Solution in parametric form: 


1/2 
’ 


a=aC?r 437-2 (U2 +47°Z7U;) y=bC87-*/3Z-2U2, where A=+4a4b-*/2. 
63. yy. = Ax? + 2Azxy(y/)—*. 
Solution in parametric form: 


f= aCyr2/ Zu; ”, y= br 2 Use —4U3), where A= sa 4b. 
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4 2 3 
64. yl, = 2Axy(y,,)* + Ay? (y!,)*. 
Solution in parametric form: 
x = aC#r-4/3Z-2U5?(U2 — 4U3), y= bCy7r?/8ZU,/?, where A= —22ab-*. 
-1,,-3 —2, —2 -1 
65. yy, = 2An ty? + An *y*(y/)*. 
Solution in parametric form: 


a = aCtr*377U51, y=tOy P70, (ee ace), where A=—$a'b'. 


66. yy, = Avy 7(y/,)* + 2Aa Fy *(yi,)?. 
Solution in parametric form: 


1/2 
’ 


p= aQ,7r 2 Z—-1u;1 (U2 — 4U3) y = bC47*/3Z2U51, where A= Satb!. 


@ In the solutions of equations 67-72, the following notation is used: 


M=C\8(, 5; +r) + C2V(A, 5; ar), 


where ® and W are linearly independent solutions of the degenerate hypergeometric equa- 
tion: 


TM. +(¢+7)Mi-\M =0. 


The function ® = ®(), 4, +r) can be expressed in terms of a degenerate hypergeometric 


series (see equation 14.1.2.70). 
67. y.. = Ayxy’, + Aoy. 
Solution in parametric form: 
r= ari/?, y= M, where A, =+2a77, Ap =+4a~?X. 
68. yi, = Ara(y’,)® + Aoy(y’,). 


Solution in parametric form: 


z=M, y=br'/*, where A, = 44b7-?\, Ao = #207?. 


69. y= Airy 7y!, + Aoy™". 


Solution in parametric form: 


e=M, y=+br?Mt, where A, = +07, Ap = +0?(\+ 4). 


70. yl, = Aya *(y’,)® + Asx *y(y’,)?. 


Solution in parametric form: 


a=+arVv?M!, y=M, where A; = Fa? (A +4), Ap = +072. 


Tle oy! = Aya ty *y! + Aga yt. 


Solution in parametric form: 


r= Mt, y= +br/?2 uM! Mt, where A, = +072, Ag = +157. 
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72. yf, = Aya ty 2(y/.)? + Aga 2y*(y/,.)?. 


Solution in parametric form: 


i tatV/?M-!M!, y=M!, where A; = +4a’, Ap = Fa". 


3n+2 2n+1 
73. y= Av (yl) MFT 4+ nAa™ty(yl) 1, n#0, n#-1. 


Solution in parametric form: 


va ace f ee ton) water (r- f gre) 


where k = 3 Ee A= = Sg er 
ne n°B a 
m+3 1 
74, yl, = A(mt Iay™ (yl) m2 + Ay™ (yl) m2, m-¢-1,-2. 
Solution in parametric form: 
1 
dt dr = 
= ohaa | try eee ) = oreo C. ) m+1 
rT=aly 5a Bre 2)> Yy 1 area D) : 
1 
2 2 1 at 
where k = a. A ee |- a(m + v8) m2 
Fer o. (m+ 1)°B b 


1S. Ge = Ae yy) = ae Ay 
mA-1, 142, m+I-—-1F0. 


Solution in parametric form: 


([=9 dr i 1-2 dr 
= es are = m+l-1 face Mie Clee pacer 
‘i aC exp(—— | a aes exp(—— | F) 


where 


_ eke a _ (m+ 1)(1- 2) 
Be jeg ee 
—_ (nt)(mt+l-1) pe -ip-mal__(—-2)a_7! 
f= GER — ble aT=o0 


76. yf, = Av Ay! "(ys )! — Aah By? Ny), A 2. 


Solution in parametric form: 


r= Crexp(f Z), y=Caexr(r+ fF), 


1 
where F = (2—1)[8+ el 2)r] IT 1, A=(2-1)?-g. 


77. Yn = Ax ly ‘— Ag ?y 


Cra + Co|ax|4 if A#1, 


Solution: = 
- (ew. + Czln|z|) if A=1. 
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78. yf = Ary *(y!,)? — Ay” *(y/,)?. 
Ciyt+Colyl* if AFI, 


Solution in implicit form: «2 = : 
y(Ci+Czln|y|) if A=1. 


@ In the solutions of equations 79 and 80, the following notation is used: 


1 1 
B+1 B i 
Th 4+ 47° + Co if 0, 
ga! Bel B 2 if BF 
T+In|7|+ Co if p= 0; 


79. yf! = Axy*(y/,)' — Ay "(yi)", 1 #38. 


Solution in parametric form: 


a = aC,[r?*1 — (6 +1)f] exp(— fry dr), y=bCr exp(— fr 177 dr), 


2-1 
where 6 = ——, A= a ed wa 
1-3 
80. y%, = Aw *(y))! — Aw 7y(y,)' 7, LA. 


Solution in parametric form: 


z= aCyexp(- f r91f-tar), y= 0Ci[r* — (8 +1)flexp(- fry“ ar), 


1-2 
where 6 = ToT’ A==al-ty 


81. yy = Aiy ‘(y,,)? + Aga ty’. 

+(C;|a2|42+! + Cy)41-1 if Aj # 1, Apo x —1; 
(Cy In|2|+C2)41-1 if Ay #1, Ap = —1; 
Cz exp(C}|2|42+") if Ay =1, Ag 4-1; 
Co|x|% if Aj = 1, Ao =-l. 


Solution: y= 


@ In the solutions of equations 82-84, the following notation is used: 


_ W dr _ -1/2 A k+1 
U = exp( era)? W =Cor plan’ : 


82. y= Ax™tty™(y!)? _ Agty™tty’ m #-—1. 
Solution in parametric form: 

g=Cyr?u-V?, y = Cpr ?uy?, k=m. 
83. y= Ag 2M Ay™(y! )? — Ag 2m Bymt ty’ m #-—1. 
Solution in parametric form: 


e=Cyr Vu? y=C?U, k=m. 
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” mth 2 _ mis 1,,/ 
84. y ,, = Ax y (y),)? — Ax 2 yt Yes m#-—1. 
Solution in parametric form: 


m+3 
5 


«= C7U, y= Oyr yu? k== 


85. yf! = An y™(y!)? — Ar™ ty™* Hy’, mZz-1, n#0. 


Solution in parametric form: 


x= Cyexp( |), y = Chrexp(k f ), k=—-—_, 


where F’ = Fr) is the solution of the transcendental equation 


(F +k) _ =i A ga 
Fee pa e(saa7 ), 


86. yy, = Aie"y *(y),)? + Ara” ty, = n #0. 


Solution: 


y=Cyexp [/ exp(22") (F+Cs)"‘de], where P= [(1-Aw") exp (“22”) dx. 


87. y., = Aiy™ (y,,)? 4+ Aga 1 y™tty, meh 
Solution: 
Ayr dy . i Ayy™! 
=C — th F= [1+ Asy™t1 = di. 
x=C\exp | [ex ats) PEGs wi (1+ Agy’""™) exp ree 


14.6.4 Other Equations (1, + I.) 
> Classification table. 


Table 14.11 presents all solvable equations whose solutions are outlined in Section 14.6.4. 
Equations are arranged in accordance with the growth of [; (; > Jz). The number of the 
equation sought is indicated in the last column in this table. 


> Solvable equations and their solutions. 


Lyf, = Ary? yl + Agy1/?. 
Solution in parametric form: 
2 


A Ao 
x = Cy exp(AjT) — at +Co, y= Arc, exp(A1T) — ov 
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TABLE 14.11 
Solvable cases of the equation y!,, = Ara” y"" (y/,)"" + Aga”? y™ (y,,), li Flo 


arbitrary 


arbitrary arbitrary 


arbitrary 
(m4 # —1) 


eal 
(m 1 # —1) 


arbitrary 


paras 
(m 1 # —2) 


arbitrary arbitrary 


e 

i | 
Ne iy oe aa ae 

am 


HEE 


* Form, = —2, see Equation 14.6.4.8 with | = 3. 
2. yf, = Are? (yl)? + Aaa */?(y!)?. 
Solution in parametric form: 


Ay 7? Ay 
a= [20 exp(— Agr) + oA, |? Ci exp(— Agr) — TA 7? + Cd. 
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3. Yn = Ary™ (yi) + Aay™ (yi). 
1°. Solution in parametric form with m # —1: 


p= Cr+ | (Ar + Agri) "1 f-mAT dr, y= fmt, 


where f = Cy + (m+ 1) f(A + Agr?) dr. 


2°. Solution in parametric form with m = —1: 


x=Co+ [lar + Agr!2)~*ef dr, y=el, 


where f =C; [rar + Agr?) drt. 


4. yy = Aya” (ys) + Agx”(y!)!2, 


1°. Solution in parametric form with n # —1: 


1 n 
ga fri, y= Cat fo(Arr + Agr) fT ar, 


iss a apf paar) ae 


2°. Solution in parametric form with n = —1: 


cae, y=Cot [ra + Agr?) ef dr, 


where f =C; [lar + Agr?) dr. 


5. yt, = Ary (y,)? + Aow”y,,,  nA-1, mA#-1. 


A A 
Solution: feo(-v"") dy =C feo(e) dz + Co. 


6 yy! =Ary ly)? + Ase”y,, nA-1. 
1°. Solution for A; # 1: 


v= [6 foo( per") tee] 


2°. Solution for A; = 1: 


= Ag n+1 
y= Cromp[cs f oo( Pye") ae 
7. yl, = Ay™ (yl)? + Ase ty, om#-1. 
1°. Solution for Ap # —1: 


P= lc feo qv") dy + Co 


—Ag-1 
m+1 
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2°. Solution for Ag = —1: 


x = Cp exp [cr [ex(- — -y"tt) dy| : 


8. Yee = Are 7y! (yt)! + Aawt'y! (yn P 
Solution in parametric form: 
v= Co ex (/ a ) = Cex (| ee ) 

Sonar Ayr! + Apt?! — 72 477” a a Ayr! + Aor?! — 72 477° 
9. Ye = Are Py (yl) + Aga? 2y? 2 (yt), 
Solution in parametric form: 

C (| dt ) C (| T dt ) 
x = Co ex —__—______—_.——_ }, = Cex —__—______—_.— }. 
akee Ayr + Agr? — 7247 i oe Ayt + Agr? — 72 +7 


10. y., = Ag t3ym(y/ 8 — Axr™y™t3, m ~ —2. 


Solution in parametric form: 


1 V dt = ! EE 
anes CO,rl/? exp(—5 wre) y= Cy 1,1/2 exp(5 wr 


11. yy = Aa™t2y™(y! 8/2 4 Agmy™t2(y! 1/2, 


Solution in parametric form: 


1 Vdr - 1 vee 
2 = Cir exp(-> wr y=Cy 171? exp(= p/Vraad aaa) 


Here, the function V = V(r) is defined in parametric form, 7 = T(u), V = V(w), as 
follows: 


1°. For m4 —1, m 4 —3/2: 


ee 2 
2(m + 1) 


CoJ;, Y, for th i 
where Z = 2” Ault Yea). Aontheveper eer J,(u) and Y,(u) are Bessel func- 
C2I,(u) + K_(u) — for the lower sign, 
tions, and [,,(w) and K,(u) are modified Bessel functions, 
m+1 Qm+2\-met  , (2m +3)? 2m+3 Qm +2\ maT 
y= ; = (- ) , + ~——____ mt+tl — (- ) : 
2m +3 Ab 8(m + 1)? A 
2°. Form = —1: 
u2 Als 55a. 
T=—sa, V=——=Z°Z,, where Z=CoJo(u) + Yo(u). 


Az’ V2 
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3°. Form = —3/2: 


1 (1+ k)Couk + (1 kyu ee 

uae f Arai 
Tee ak 

— A2y4-4 = 2mnut G27 if A2—1 
’ ea 2A Colnut+l es S 
1 (Cyo—k)sin(klnu)+(1+kC2)cos(kInu) 2. yg. 4 
ee OAS 


2A C2 sin(k Inu) + cos(k In wu) 


where k = ,/|1 — 8A?|. 


12, yf, = Ara™ y"(y),)? + Aow”y’. 


1°. Solution for ng ~ —1: 
y= Crew Paz), 


where F' = exp(22*) [ce + Jo — Az” )exp( 22) dx]. 


no+1 ng+1 
2°. Solution for ng = —1, Ag 4 —1, Ao F —n, — 1: 
1 Ay -1 
= Cex f 28*(Ca+ boats A gmat) a] 
v ad 2 Ap +1 ny +Agt1 


3°. Solution for ng = —1, Ag = —1: 


A -1 
y = Clexp [/ (Cy + Ina — <p") dx. 
ny 
4°. Solution for ng = —1, Ag = —n, —1: 


y = Cl exp [/ ge, — aa — Aj Ine) de], 


13. yl, = Ary™"(y,)” + Ave ty? y;,. 


1°. Solution form, 4 —1: 
L= Cres | Fay), 


A myz+1 A my+1 =| 
where F' = exp(-—4 __ ) [ce + Jo + Aoy”™?) exp(-—4 _) dy] : 
m,+1 my, +1 


2°. Solution form, = —1, Ay 41, Ay Ame4+1: 


1 A -1 
x = Cyexp '/ y (co + raw yi Ary HDS AGEE: me a yee) dy). 


3°. Solution form, = —1, A; =1: 


A -1 
z=C; exp[ fu '(C +Iny + = yn) dy). 
mg 
4°. Solution form, = —1, Ay = m2 +1: 


x = Cl exp [/ ym" (Cp — —y™ + Ag ny) dy). 
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@ In the solutions of equations 14 and 15, the following notations are used: 


Cyt*! + Cor? + C37*8 if Bo(8B} + 27B2) < 0, 


R= 4 Cyre*™ + Coe™ if 8B} + 27B = 0, 

Cre*7 + Coe? coswr if, Bo(8B? + 27B2) > 0, 

Cykyr* + Cokar 2 + C3k3r*3 if Bo(8B3 + 27B2) < 0, 
Q= 4 C\(14 krje*” + Coce* if 8B3 + 27By = 0, 


Cy ke*™ + Coe’ (pcoswr—wsinwt) if Bo(8B?3 +27Be) > 0, 


where k1, kg, and kz (real numbers) or k and p + iw (one real and two complex numbers) 
are roots of the cubic equation 
dB — By? — 1B, =0. 
In the special case 8B? = —27By, we have k = $B, (multiple root) and o = —3B, 
(simple root). 
Remark 14.5. In the expressions for R and Q, the constant C3 can be set to any nonzero number 
(for example, one can set C'3 = +1). 


14. Yn _ Ary /?y! + Angry 1/2, 
Solution in parametric form: 
e=R, y=Q*, where B, =A, Bo= Ap. 
15. y= Ara */?y(y/,)® + Aga '/?(y/)?. 
Solution in parametric form: 
t=Q*, y=R, where By =—Ao, By =—A). 
@ In the solutions of equations 16 and 17, the following notations are used: 


7Bil2(Cyr* + Cot *)4+C3 if B2 + 2B > 0, 
R=< Cir exp($BiT) + C4 if B2+2By =0, 
Ci exp(4 Bir) cos(wT) +Cy if B?+2By <0, 
7P1/21(C1(By + 2k)r* + Co(B, — 2k)r-*] if B2+2Be > 0, 
(Bir + 2) exp(4$Bi7) if B?+2B.=0, 
exp(4.B)7)[By cos(wr) — 2w sin(wr)] if B?+2B. <0, 


where k = 4,/B? + 2B, and w = 4\/—(B? + 2Bz). 
16. y= Ayy */?y", + Ao. 
Solution in parametric form: 
t=R, y= <Q”, where B, = Aj, Bo = Ao. 
17. yy = Ar(y,)? + Aow/7(y',)?. 


Solution in parametric form: 


Q= 


Q & 


£=40 , y=R, where By =—Ao, Bo = —Ayj. 
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18. yy, = Arw™ y*(y!,)? + Arey. 
w,, dx 


Solution: Y= Cl exp |- , (Aja™ — lw 
the second-order linear equation 


, where w = w(z) is the general solution of 


(Aya™ — 1)wh, — Aynya™ lw! + Aye (Aye™ — 1)?w = 0. 


19, yf, = Aray™* (y!)? + Aow*y™ y’. 
—_ Wy dy 
Solution: 2 = Cl exp| (Any + Dw 

the second-order linear equation 


, where w = w(y) is the general solution of 


(Agy™? + 1)wy, — Aomay™?*wi, — Ary™ (Aay™ + 1)?w = 0. 


14.7 Equations of the Form y”, = f(x)g(y)h(y/,) 


See Section 14.3 for the case f(x) = constx”, g(y) = consty™, h(w) = const. 


See Section 14.5 for the case f(x) = constz”, g(y) = consty™, h(w) = constw!. 


14.7.1 Equations of the Form y” = f(x)g(y) 


"2 _ 2(m +1) 
Le tee = 2 — Coa 


See equation 14.4.2.4. 


yt+Ay™|, m#-3, mAé-1, 


—2/15 —7 
2. Yn, =a 7(Py + Ay’). 
See equation 14.4.2.35. 
3. yy, =a *(6y + Ay“). 
See equation 14.4.2.31. 
4, y” =a *(1l2yt Ay—5/?), 
See equation 14.4.2.64. 
5. yy’ =a *(2y+ Ay’). 
See equation 14.4.2.6. 
6. yl, = 2 3(—By + Ay), 
See equation 14.4.2.26. 
7. yl, = 0-?(—S5y + Ay), 
See equation 14.4.2.10. 

—2/3 —5/3 
8. yf, = a 7(Fy + Ay */*), 
See equation 14.4.2.12. 
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—2/63 —5/3 
9. yf, =a *(By + Ay’), 
See equation 14.4.2.66. 
10. y= a?(—By + Ay~7/5), 
See equation 14.4.2.29. 
i. 4 = a ?(—2y + Ay—*/?), 
See equation 14.4.2.14. 
12, yf = a?(—Sy 4 Ay */*). 
See equation 14.4.2.8. 
13. y= x ?(20y + Ay—'/), 
See equation 14.4.2.33. 
14. yy” = a ?(-By + Ay'/?), 
See equation 14.4.2.37. 
15. yy” =a ?(Ay? — xy). 
See equation 14.4.2.60. 
16. y”, =a 7(Ay? + xy). 
See equation 14.4.2.62. 
17. 4 = a—4/3(A 4+ By-*/?), 
See equation 14.4.2.40. 
18. y”, = (Aa*4+ Ba?)y~’. 
See equation 14.4.2.39. 
19. y”, = (Aa? 4+ B)y?. 
See equation 14.4.2.16. 
20. yy” = (Ax + + Ba~*)y~?. 
See equation 14.4.2.28. 
A. 7. = (Aa 7/3 4. Ba 10/3) 45/8, 
See equation 14.4.2.48. 
7 ae | (Ax4/3 4. Bar 10/3) 4-5/8, 
See equation 14.4.2.49. 
23. yy” = (Av 4/3 4 Baa 7/3) y-8/3, 
See equation 14.4.2.24. 
24. y” = (Aa—?/3 4. Ba—4/8)y—5/8, 
See equation 14.4.2.90. 


14.7. Equations of the Form y”, = f(x)g(y)h(yt) TAl 


25. y= (A+ Ba~2/3)y-5/3, 

See equation 14.4.2.89. 

26. yf! = (Aa? + B)y~>/’, 

See equation 14.4.2.47. 

27. yl = (Aa? + Ba)y7*/?, 

See equation 14.4.2.46. 

28. y. _ A(aa—?/3 + bax 5/3)2 4-5/3, 

This is a special case of equation 14.7.1.37 with c = 1 andd = 0. 
29. y.. — (Aw—8/5 + Ba~18/5)y-7/5, 

See equation 14.4.2.25. 

30. yf” = (Aw—5/? + Ba~7/?)y-V/2, 

See equation 14.4.2.23. 

31. yy” = A(ax® + bat) 2y-1/2, 

This is a special case of equation 14.7.1.38 with c = 1 andd = 0. 
32. 9 = A(axl/8 4 ba7/8)—4/3y-1/2, 

This is a special case of equation 14.7.1.39 with c = 1 andd = 0. 
3. 4. = A(aa7/8 + be sy ry? 

This is a special case of equation 14.7.1.40 with c = 1 andd = 0. 
34. y” = (ax? + bx + cy >/8, 


The transformation x=2(t), y= (x)?! ” leads to a third-order equation: 2:/.x'",—(a/,)? = 
$ (ax? +bx+c). Differentiating the latter equation with respect to ¢ and dividing it by 2}, 
we obtain a fourth-order constant coefficient linear equation: 32///, = 4ax + 2b. 


5. 7. = (aa—10/3 + baa 7/3 4 ca 4/3) y—5/3, 


The transformation x = 1/t, y = w/t leads to an equation of the form 14.7.1.34: wi, 
(at? + bt + c)w5/, 


36. Yr. = k(ax? + ba + ey yt, 


This is a special case of equation 14.9.1.21 with f(u) = ku~?”. Setting u(x) = 
y(ax? +br+c)-V/ ? and integrating the equation, we obtain a first-order separable equation: 
(ax? + br + c)?(ul,)? = ($b? — ac)u? — a +C\. 


37. y= A(ax + b)?(ex + dy 10/5 y- 5/8, 


b 
The transformation € = asia ,w= a leads to an Emden—Fowler equation of the 
cz +d ce +d 


form 14.3.1.9: wy, = AA *€2w-5/3, where A = ad — bc. 
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38. yy”, = A(ax + b)—1/2 (ca + d)~2y7/?, 


b 
The transformation € = =e —— 7 leads to an Emden—Fowler equation of the 
form 14.3.1.25: whe = = AN-¢- 1/2 1/2 where A = ad — be. 
39. yy” = A(ax + b)~4/3(ca + d)~7/8y-1/2, 

ax +b y . 
The transformation € = aa w= 7 leads to an Emden—Fowler equation of the 
Cx 

form 14.3.1.17: Wee = AA 2¢-4/3w-l/2, where A = ad — be. 
40. yy”, = A(ax + b)— 15/7 (ca + d)~?9/Ty?, 

b 
The transformation € = — w= Y _ jeads to an Emden-Fowler equation of the 

x+d co +d 

form 14.3.1.20: wh. = = AN 2¢-15/T 2. where A = ad — bc. 


4. y”, = Aexp(ax” + br) exp(ky). 

The substitution kw =ky+ax?+ba leads to an autonomous equation of the form 14.9.1.1: 
wt, = Ae’ + 2ak-!. 

14.7.2 Equations Containing Power Functions (h $ const) 


nw _ [24(n+1) n|,.—2/,.1\3 = _ 
1. You = re + Ae |y (y.) ’ n#—3, n#-—l1. 


See equation 14.6.2.116. 


2 Ure = (—“g ae + Aw~")y*(y,)*. 
See equation 14.6.2.117. 

3. y= (—6x + Ax *)y~?(y’,)?. 
See equation 14.6.2.118. 

4, y= (—12a + Aw—*/?)y-?(y’)3. 
See equation 14.6.2.119. 

5. oy! = (—-2a + Ax *)y7(y/,)?. 
See equation 14.6.2.120. 

6. Urn = —_ ja + Aa~*/3)y-?(y’)3, 
See equation 14.6.2.121. 

7. ye = (qoye + Ax */3)y7(y1)* 
See equation 14.6.2.122. 

8. yt, = (—Sa + Aw */)y~?(y)%. 
See equation 14.6.2.123. 


14.7. Equations of the Form y”, = f(x)g(y)h(yt) 


9. y= (—Ba + Aw */)y7(y/,)%. 
See equation 14.6.2.124. 

10. yf, = (gge + AwW™/*)y-?(y,)°. 
See equation 14.6.2.125. 

MW. yf, = (2a + Ax '/)y72(y/)3. 
See equation 14.6.2.126. 

12, yf = (a + Aa 1/2) y-2(y/)3, 
See equation 14.6.2.127. 

13. y= (—20a + Aaa 1/2) y-2(y/)3, 
See equation 14.6.2.128. 


14. yy” = a + Aa’/?)y-?(y/)3. 


See equation 14.6.2.129. 

15, yl, = (Aa? + a)y 7(yi)*. 

See equation 14.6.2.130. 

16. Yn _ (Aa? _ xax)y7*(y',)*. 

See equation 14.6.2.131. 

17. yf, = (A+ Ba V/?)y-4/3(y2)3, 

See equation 14.6.2.15. 

18. y, = @ "(Ay* + By®)(y’,)°. 

See equation 14.6.2.111. 

19. yf, = 2 °(Ay* + B)(y;,)°. 

See equation 14.6.2.96. 

20. yy, = & ?(Ay~* + By~”)(yi,)*. 

See equation 14.6.2.110. 

1, tee Ag 4 By al). 
See equation 14.6.2.34. 

22, yf, = @P/8 (Ay 4/3 + By 1/8) (y2)8. 
See equation 14.6.2.36. 

23. yy”, = @°/3(Ay 4/3 + By—7/3)(y/)3. 
See equation 14.6.2.14. 

24, yf, = 29/8 (Ay 7/3 + By 4/9) (y2)?, 
See equation 14.6.2.115. 
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25. yy, = @ (A+ By ?/*)(yi,)°. 
See equation 14.6.2.114. 
26. yi, = # °/3( Ay? + B)(y:,)°. 
See equation 14.6.2.35. 
27. yr, = & °/3(Ay? + By)(yi,)°. 
See equation 14.6.2.33. 
28. yf, = Aw */(ay~?/? + by~*/8)7 (yl)? 
This is a special case of equation 14.7.2.37 with c = 1 andd = 0. 
29. yf, = 2 7/8(Ay 9/9 4 By 19/5) (y/)?. 
See equation 14.6.2.109. 
30. Ygy = 2 /?(Ay 9? + By 7/?)(y2)?. 
See equation 14.6.2.13. 
31. oy! = Ax—'/?(ay® + byt) —1/(y',)°. 
This is a special case of equation 14.7.2.38 with c = 1 and d = 0. 
32. yl, = Ax */?(ay"?/8 + by/8)—4/8(y/)3. 
This is a special case of equation 14.7.2.39 with c = 1 andd = 0. 
33. yl, = Aa*(ay/® + by/8)15/7(y/)8, 
This is a special case of equation 14.7.2.40 with c = 1 and d = 0. 
—5/3(_,,2 3 
34. yy, = & °/3(ay? + by + c)(y’,)°. 
Taking y to be the independent variable, we obtain an equation of the form 14.7.1.34 with 
respect tox = x(y): 27), = —(ay? + by + ae 
35. yl, = a F/8(ay 2/8 + byW 8 + cy 4/8)(yh)8, 
Taking y to be the independent variable, we obtain an equation of the form 14.7.1.35 with 
respect tox = 2(y): vy, = —(ay 19/3 + by 43 + cy 4a), 
36. yr, = BS (ay® + by + €)"(yi,)°. 
Taking y to be the independent variable, we obtain an equation of the form 14.9.1.21 (for 
f(€) = —€-*") with respect to x = x(y): Ly = —(ay? + by +c)"x~2"-3, 
37, yf, = Aa */8(ay + b)?(cy + d) 8 (yf). 
Taking y to be the independent variable, we obtain an equation of the form 14.7.1.37 with 
respect tor = x(y): 2, = —A(ay + 6)?(cy + a) ag 8/8. 
38. y/, = Ax */?(ay + b)~*/?(cy + d)?(y4,)3. 


Taking y to be the independent variable, we obtain an equation of the form 14.7.1.38 with 
respect tox = a(y): vy, = —A(ay + b)-1/?(cy + d) 2a V/?. 
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—1/2 —4/3 —7/6 3 
39. yt, = Aw? (ay + b) 4 (cy + d)~/%(y/)°. 
Taking y to be the independent variable, we obtain an equation of the form 14.7.1.39 with 
respect tox = x(y): 2), = —A(ay + by ep dye 72, 
40. y/f,, = Aw? (ay + b)~1°/" (cy + d)~?°/"(yl,)°. 
Taking y to be the independent variable, we obtain an equation of the form 14.7.1.40 with 
respect tox = x(y): x, = —A(ay + b) 15/7 (ey + d)~ 29/7 x?. 
41. oy! = Ag /2y-?[(y/)? + BI1/?, 
Solution in parametric form: 


a=a(u2—-1)1(rutR), y=brol(u- po, 


where R= y7r*—2774+Ci, w= + tanh (Cy eh | rtar). A= —ga71/26?, 
B= ta~'b. 


42. y= Ag /2y-2[(y/)? — B]}/?, 
Solution in parametric form: 


RY, y=br (w+, 


where R = /C, —72—-27-1, u= +tan(Cy + pe dr), A= —ta-¥/2p?, 
B= za—1b. 


a =a(u? +1) \(rud 


43. y! = Aa—1/2y-?/ B — GL yr. 
Solution in parametric form: 
g=a(l—u*?) (rus RY, y=br td cr, 
where R = J/72—27-'4+0), u = + tanh (C3 + pa dr), A= —4a-1/2p?, 
B= za_1b. 


44, y= Av 7y7/?(y’ )?[(yi,)? + B7?. 
Solution in parametric form: 

a=ar (uw? —1)s-¥?7, y= b(u? —1) (ru + R), 
where R = V7? —27-14C), u = + tanh (Cy + | Rtar). A 
B= 9a>*b, 
45. yl), = Ax 2y/2(y’)?[(yl)? — By}. 
Solution in parametric form: 

a=at 1—u)-¥?, y=b(1—u?) "(rus RB), 
where R = J/72—27- 140), u = + tanh (Cy + [Rtar). A= —ta3p-9/?, 
B= ah. 


—193p-3/2, 
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46. yf, = Ax ?y 1/2 (y!)?[B? — (y/,)?]"/2. 


Solution in parametric form: 


e=art(l+w)¥?, y=o(1t+u2) (rut R), 


where R = /—7?—27714+ C1, u= +tan(Cy + pe dr), A= —+ 3573/2 
B=2a~!b. 


14.7.3 Equations Containing Exponential Functions (h + const) 
> Preliminary remarks. 


1°. If 1 #1—m, the equation 


Yoo = Ae*y™ (yin)' (1) 
has a particular solution: 
1 
y= Be”, where A=—W——, B=(Ad-?), 
1l-m-l 


2°. If m #0 and | £1, equation (1) can be reduced with the aid of the transformation 


t=(y,)", w=e 


to a generalized Emden—Fowler equation with respect to w = w(t): 


1 2m+1 


wy = Btl-Tw!(wi) ™ , (2) 


1 
where B = —m [A(l — 1)| m , Equations of the form (2) are outlined in Section 14.5. 
Whenever the general solution w = w(t) of the Emden—Fowler equation (2) is obtained, 
the solution of the original equation (1) can be written out in parametric form as: 


1 1 
; _— Inw, y= k(w,) ™, where k= [AQ — ») aoe 


3°. If 1 An-+ 2, the equation 


Vir = Av”e¥(y,) 3) 
has a particular solution: 
de! + 
y=Aln(Br), where A=Il—n-2, B= (-—) 


4°. Taking y to be the independent variable and x to be the dependent one, we obtain from 
equation (3) an equation of the form (1) for 7 = x(y): 


3-1 
= Aen ay 


5°. If n A —1 and | £1, equation (3) can be reduced with the aid of the transformation 


c=) a=ar" 


14.7. Equations of the Form y”, = f(x)g(y)h(yt) TAT 


to a generalized Emden—Fowler equation for u = u(t): 


ul! on 1 rig a (uw)? 
“tt n+l = 


(4) 


Equations of this form are outlined in Section 14.5. 
Whenever the general solution w= u(t) of the Emden—Fowler equation (4) is obtained, 
the solution of the original equation (3) can be written out in parametric form as: 


= a1 
2S), ys ~lntae) + ay 


> Solvable equations and their solutions. 


La. = ae, 


In aL see (Cixz + C2) ifa<0,A<0, 


r 
: 1 ar 2 F 
Solution: y= “zh 3G2 sinh*(Cyx + C2) if a>0, A> 0, 
i 
-51n|- so cosh? (Ca + c2)| if aX < 0. 


2. Yt, = Ae” (yi,)'. 
1°. Solution in parametric form with / 1: 
1 1-l 1 
#= Into yO r], y=a fa aie tT) IT dr+ Cy. 
2°. Solution in parametric form with / = 1: 
1 
£= in(+—), y=C\ i; — exp(tr) dr+Co. 
3. yl = Ae*y™(y/)?. 


1°. Solution in parametric form with m # —1: 


v= [240 y = rexp[-—— -( = +C1)], 


where the function f = f(r) is defined implicitly by He relation 
1 A 
n(£ — —_) 2 a ae Int +C. 
rT m+i1 (m+1)f—-r m+1 
2°. Solution form = —1: 


y= Creo | aera) 


4, y! = Ae*y. 
1°. Solution for A > 0: 
y = Cylg(2VAec*/”) + CK (2V Ae”), 
where [o(z) and K’o(z) are modified Bessel functions. 
2°. Solution for A < 0: 
y=CiJo (2/—Ae?/*) - CY (2V—Ae*’?), 
where Jo(z) and Yo(z) are Bessel functions. 
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5. yl = Ae?y "719. 
Solution in parametric form: 
ge=7*=In(Af), y=Cy [27f - exp(7)]”, where /f = feo) dr+C. 


6. yf, = Ae*y(yi,)>/?. 
Solution in parametric form: 
1 
e=-m[ACK(VP4r- A], y=207(1- f/2*). 


where f =In(/7 + V7 +1) + Cd. 
7. Yew = Ae’ (y;,)’. 


1°. Solution in parametric form with | 4 2: 


1 lL 1 
— _ +r 1-2 = + [2 
ri a, f -a£7) dr+Co, y in +a 7]. 
2°. Solution in parametric form with | = 2: 
1 T 
r=C i — exp(¥7) drT+Co, y= in(+—). 


8. yf = Anrery’. 


1°. Solution in parametric form with n # —1: 


—([F+a)) v= [Fre 


where the function f = f(r) is defined implicitly by the relation 


a = rexp|- 


f 1 T A 1 
1 (< -—_) -_—___--—_ n+l _ ing 4+ Ch. 
"\r ntl (n+1)f —7 n+1- es 
2°. Solution for n = —1: 


2= Crexr(f 4). 


9. yt = Aa 264 (y! 3/2, 


Solution in parametric form: 
r=C [27 f - exp(r?)]”, y=7?—In(—Af), where f= [ext) dr+C. 


10. y%, = Ave¥(y’,)?/?. 


Solution in parametric form: 


e=2ee(1-fy2**), y= -mlact(s- VF+7)] 
where f =In(/7+ V7 +1) + Cd. 
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11. y”, = Axe¥(y’)*. 
1°. Solution in parametric form with A > 0: 

x = CyJo(2T) + C2Yo(2T), y= In(r/VA), 
where Jo(z) and Yo(z) are Bessel functions. 


2°. Solution in parametric form with A < 0: 

x = CyIp(2rT) + Co Ko(2T), y= In(r/V—A), 
where Jo(z) and K’o(z) are modified Bessel functions. 
12. y”, = Ae*e¥(y/)!. 


Solution in parametric form: 


dr f dt 
a= f S540, y=In(+) - Fri 2 
ee eee ere) if 171, 2; 
2-1 1-1 —_ 
where f = 4 7+1n|r|+C, if /=1, 
1 
In|r| -—+C) it t=2. 
ia 


13. y”, = Aexp(ka) exp(ay? + by)(y/,)*. 
Taking y to be the independent variable, we obtain an equation of the form 14.7.1.41 with 


i 


respect tor = x(y): x, = —Aexp(ay? + by) exp(ka). 


14, yl, = Ae*y-¥/2(y!)9/?,\/yh — BB. 


Solution in parametric form: 


x =In[ar(coshu)~'], y = Bcosh? u(rtanhu+ R)’, 
where a= —A!B-1/2, R= \V/2In74+7°74+Q), u=Cy zs cm dr. 
1 a = Ae®y— 1/2 (y!)3/2, /2B =a 


Solution in parametric form: 


a =Infar(cosu)~'], y= Bcos?u(rtanu+ R)?, 
where a= —A-!B-1/2, R= V2IntT—-7T2+ Cy, u=Cot pe dr. 
16. yf” = Aa e¥y! \/y!, — B. 


Solution in parametric form: 


1 
— 3B cos? u (7 tanu + Lee y = In[br(cos u)—'], 


where b= A712, R= V2In7—724+C), u=Cy + fr dt. 
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12s. aj Aaa l/2e¥y’ B-yf'. 


Solution in parametric form: 


1 
Om oe cosh? u (7 tanh u + R)’, y = In{br(cosh u)}), 


where b = A712, R= V2In7 +724+C, u=Cox f Ro dr. 


14.7.4 Equations Containing Hyperbolic Functions (h + const) 
1. y”, = Az[cosh(Ay)]~7y/.. 


Solution in parametric form: 


x =acoshu(rtanhut R), y=u/A, 


where A=a-*, R= V2Int+724+C, u=Coe f Rar, 


2. yf, = Aasinh(Ay)]~7y’,. 


Solution in parametric form: 


x =asinhu(rcothut R), y=u/d, 
where A=a~?, R= /2In7+724+C, u=Coe f Rar, 


3. y/!,, = Aa cosh(Ay)(y/,)*/?. 
Solution in parametric form: 


—1/2 
ei 


g = a(u? +1) pide). y= In(ut u? +1), 


where A = 2a7?V/aX\, R= JC, — 7? — 277-1, u=+ tan (Cy + pe dr). 


4. y/, = Aw sinh(Ay)(y/,)?/?. 


Solution in parametric form: 


x = a(u? — yo? (ru +R), y=+d'In(ut+ Vw2—-1), 
where A = +2a-?Va\, R= JVC, +7? — 27-1, u= + tanh (Cy + lia dr). 


5. y/, = Acosh(Ax)y(yi,)?/?. 


Solution in parametric form: 


a= dt In(ut+ Vu? +1), y = o(u2 +1) (ru RB), 


where A = —20°-2VbA, R= VO, — 72? — 27-1, u=H+ tan (Cp + pe dr). 
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6. y%, = Asinh(Ax)y(yi,)°/?. 


Solution in parametric form: 
a=+dA7In(ut+ Vu2-1), y= d(u? — yo? (ru + R), 
where A= F20-?VbA, R= VO, +7? —27-1, u= + tanh (Cy ao pe dr). 


7. yf, = Alcosh(Ax)]~7y(y/,). 


Solution in parametric form: 


x=u/dA, y=Obdcoshu(rtanhu+ R), 
where A = —b-?, R= V/2In74+7°7+C, u=Cp¢ f Rar, 


8. Yen = Alsinh(Ax)]~7y(y;,)”- 


Solution in parametric form: 


x=u/dA, y=bdsinhu(rcothu+ R), 
where A = —b-*, R= /2Int7+774+C(, u= Coe f Rar, 


14.7.5 Equations Containing Trigonometric Functions (h £ const) 


@ In the solutions of equations 1-4, the following notation is used: 


R=vV2in7-77+C, u=Cp+ f Rdr, 


Ly, = Aw[cos(Ay)]~7y’,. 


Solution in parametric form: 


z=acosu(rtanu+tR), y=u/d, where A=a’. 
2. yk, = Aa[sin(Ay)]~7y},. 
Solution in parametric form: 

z—=asinu(rcotus R), y=u/rA, where Aa”. 
3. Yt, = Alcos(Ax)]~7y(yi,). 


Solution in parametric form: 


c= lu y= bcosu (7 tanu+ R), where A= -—D”’. 


4. Yee = Alsin(Ax)]~?y(y,)*- 


Solution in parametric form: 


a=X'u, y=bsinu(rcotut R), where A=-—’. 
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@ In the solutions of equations 5—8, the following notation is used: 
R=Vr?-2714C, u= + tanh (C + | Rtar). 


3/2 
5. y!, = Axcos(Ay) (y’,) (a, 
Solution in parametric form: 
z=a(1— wy? (ru +R), y= tarccosu, where A= 2a~?(—ad)'/?. 
= : 3/2 
6. y”, = Ax sin(Ay) (y/,)?/. 
Solution in parametric form: 
z=a(l— we) Pru +R), y= tarccosu, where A= 2a~?(ad)"/?. 
7. ylt, = Acos(Ax) y(y’,)?/?. 
Solution in parametric form: 
a= tarecosu, y=b(1— wy (ru +R), where A= -—2b~?(—bd)!/. 
: 3/2 
8. yi, = Asin(Aa) y(y’,)*/?. 
Solution in parametric form: 


z= tarccosu, y= b(1— wy? (ru +R), where A= —2b~?(bA)'/. 


14.7.6 Some Transformations 


For the sake of visualization, we also use the symbolic notation {f, g, h} to denote the 
equation 

You = fi(z)gi(y)ha(yz)- (1) 
1°. Taking y to be the independent variable and x to be the dependent one, we obtain an 
equation of similar form for x = x(y): 


ae = gy) fi(a)hj (2), where hi(w) = —w°h(1/w). 
Denote this transformation by F. 


2°. The Backlund transformation 
dw 
t= —_——_ y= d h = : 2 
i / Faw)’ y fre 2 where w= y,, (2) 
leads to an equation of similar form for the function y = y(Z): 
Une = f2(£)g2(9)ha(Gz), 


where the functions f2, g2, and hz are defined in terms of the original functions f1, 91, 
and h, parametrically by the relations 


ie =i, z= ay 
y ae y = x) ax; 
g2(¥) = Fila)’ a= f Al idee; 
Ldn 1 
Lai(y))> dy’ ny) 


€ 
l| 


ho(w) = — 
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Denote transformation (2) by G. 

For equations of the form (1) in which f;, g1:, and h; are power functions of their 
arguments, the transformation G (up to a constant factor) is considered in Section 14.5.3. 
For equations (1) with exponential functions f; and g,, the transformation G is discussed 
in Section 14.7.3. 

Whenever the solution y = (Z) of the transformed equation is found, the formulas 


a= f Ale)de, Uz = 


can be used to obtain the solution of the original equation (1) in parametric form, x = x(Z), 
y = y(Z). 

3°. The twofold application of the transformation G to the original equation yields an 
equation of similar form: 


Una = f3(£)g3(y)ha(¥5), 
where the functions f3, g3, and h3 are defined in terms of the original functions f, g1, 
and h, perimetrically by 


ny) 
m=—  §= | es 
ha() oy eae 


The threefold transformation G yields the original equation. 
Different compositions of the transformations *F and G generate six different equa- 
tions of the analogous form, which are shown in Figure 10.4 (see Section 10.2.2). 


1 U 
4°. In the special case g(y) = y™, h = 1, the transformation x = —, y = — leads to an 
T T 
equation of similar form: 
1 
—m-3 
tia f(=)u™. 
Denote this transformation by H. 


For g(y)=y™ and h=1, different compositions of the transformations F, G, and H. 
generate twelve different equations of the form (1). 


14.8 Some Nonlinear Equations with Arbitrary 
Parameters 

14.8.1 Equations Containing Power Functions 

> Equations of the form f(x, y)y”,, + g(x,y) = 0. 

1. y.., = ay” + ba. 


The transformation y = bk°w, 2 = kz, where k = 6'/>(ab)—!/5, leads to the first Painlevé 
transcendent: w”, = 6w + z (see Section 3.4.2). 
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2 yy”, =ay® 4+ bry +e. 

The transformation y = (2/a)'/2b!/3w, 2 =b~'/3z leads to the second Painlevé transcen- 
dent: w!, = 2w® + zw + (a/2)'/2b-1e (see Section 3.4.3). 

3. yy, = bay + ay °. 


n 


This is a special case of equation 14.9.1.2 with f(a) = —ba”. 


4, yy! =ax"yt+ bka®—ly-t — b2a7*y-3, 


This is a special case of equation 14.9.1.3 with f(a) = —ax” and g(x) = br". 


5. yy” =(ax*?+br+c)y”. 


This is a special case of equation 14.7.1.36 with n = 1. 


6 yn. = aba ly—1/? + ae? 4967. 

The solution is determined by the first-order equation ax(y/,+2by!/*) =w/(a,y,C), where 
the function w is defined implicitly by w — In|w + a!/?| = a~/?(y/? + br)? + C. 

i go = (ay? + bry + cv” + ay + Bx + y)~3/?, a0. 

The substitution 2aw = 2ay + bx + a leads to an equation of the form 14.9.1.21: 


w! =u 4( Ww ) 
o VAr?+Br+C/)’ 
_ dac — b* pa 2ab aba 4 _ day— a? 


where f(€) = €°(ag? + aa A in 2a 4a 


8. yl! = Ay 3 4+ (ax? + ba + c)y~*/3. 


The transformation x = x(t), y = (a’,)?/ ? leads to a third-order equation: 2a}ai/, — 


(xt)? = £X(21) + $(ax* + be + c). Differentiating the latter equation with respect to 
t and dividing it by x}, we arrive at a fourth-order constant coefficient linear equation: 
Baxi = 2Ax}, + d4ax + 2b. 

9. yl, = Ax 8/By-1/3 4 (aa—19/3 4 ba—7/8 4 ca 4/3) y5/8, 

The transformation « = 1/t, y = w/t leads to an equation of the form 148.1.8: w/, = 
Aw V3 + (at? + bt + cw 75/8, 


10. y”, = (ayt+br+c)”. 
This is a special case of equation 14.9.1.4 with f(€) = &€”. 


11. y”, = (ay+bx?)" +. 
The substitution aw = ay + bx? leads to an autonomous equation of the form 14.9.1.1: 


wr, = aw" +¢e+ 2a71b. 


12. 4, = Ax ?2"-3 (ay +a)”. 
This is a special case of equation 14.9.1.15 with f(€) = AE" and b = c= 0. 
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13. y”, = A(ax + b)"(ca + d)~"™—™ 3y™. 


b 
The transformation € = as , w= E leads to the Emden—Fowler equation 
cx +d cx +d 


Wee = A(ad — bc)~?é"w"™, whose solvable cases are outlined in Section 14.3. 


14. yy! = cay *—™ 3 ay” + ba™)*, 

This is a special case of equation 14.9.1.8 with f(€) = cé~"*-™-3 ag” + b)*, 
5. y= cay 2rk—2mM—3 (gqy?2” 4. ba”)*, 

This is a special case of equation 14.9.1.9 with f (€) = c€~2P*-2m—3 (qg2n + b)*. 


16. xy” = aa"y™t + by. 


This is a special case of equation 14.9.1.11 with f(z) = az+. 
17. aryl =n(n+1)y+ arent? 4 pa aha e ge 
This is a special case of equation 14.9.1.12 with f(€) = a+ bé™. 
18. ty! =k(k+1)y+ nah tee (part + c)"y™. 


The transformation € = bx?*+t! + c, w = yx" leads to the Emden—Fowler equation 
Wee = ab~?(2k + 1)~2€"w"™, whose solvable cases are outlined in Section 14.3. 


19. (ay + ba?)y” =1. 
This is a special case of equation 14.8.1.11 with n = —1 andc=0. 


20. (a+.a)*y?y”, = be. 
E+a 


The transformation € = In| . w= 4 Jeads to an autonomous equation of the form 
x 


14,2.1,7: Wee — We =a 2w-2. 


21. (y? + ax? + 2ba + c)y”, +sy=0. 

Dividing by the coefficient of y/”,, and multiplying by az(zxy’, — y) + b(2zry/, — y) + cy}, 

we arrive at an exact differential equation. Integrating the latter, we obtain a first-order 
2 

sy 


; ; 2 1\2 2 2 = 
equation: (ax* + 2bx + c)(y;,,)” — 2(ax + b)yy, + ay* + y? +ax2 + 2bz +c 7 


22. (ax + b)? (ca + d)7y""_, =syt+ A(az ft b)* (ca as d)i—m—kym, 


_) (aa y 
>» W= 

ce+d cx +d er-+d 
equation: wee—(2n+1)we+(n?+n—-sA*)w= AA ?w™, where n= 


leads to an autonomous 


A=ad—bc. 


The transformation € = In( 
Kk 
m—1? 
23. (ax+by+c)"y” =k(ax+ By+7)"". 


This is a special case of equation 14.9.1.16 with f(w) = kw!™. 


24. (ax+by+c)"y”, =k(ax+ By+7)"%. 
This is a special case of equation 14.9.1.17 with f(w) = kw>. 
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25. (ay” + bx”)y”, + cx" 3 =0. 

This is a special case of equation 14.9.1.8 with f(€) = —c(aé" + b)71. 

26. (ay” + ba”)y”, + cy” > =0. 

This is a special case of equation 14.9.1.8 with f(€) = —cé"~3(aé” + b)~*. 
27. (ay?” + ba”)y”, + cy?” 3 = 0. 

This is a special case of equation 14.9.1.9 with f(€) = —c€?"~3(aé2" + ae 
28. (ay” + ba”)y”, + ca™y"™—™—3 — 0, 

This is a special case of equation 14.9.1.8 with f(€) = —cé"-™—3(aé" + b)71. 
29. (ay?” + ba”)y”, + cx™y?"—2™—3 — 0, 

This is a special case of equation 14.9.1.9 with f(€) = —c€2"—2™—3(qg2r 4 by. 
@ See also equations 14.7.1.1—14.7.1.40. 


> Equations of the form f(x, y)y”,, + 9(a,y)yi, + h(a, y) = 0. 
30. yf, + 3yy, ty? + ax"y = 0. 

This is a special case of equation 14.9.2.1 with f(x) = ax”. 
31. y+ (ay + ba” )y!, + bna”™—ly = 0. 

This is a special case of equation 14.9.2.4 with f(x) = bx”. 
32. y+ (2ay + ba”)y’, + aba" y? = ca™. 

This is a special case of equation 14.9.2.5 with f(a) = bx” and g(x) = cx™. 


2n+1,,—3 


33. vy”, = ny’, + bay + ax y 
m 


This is a special case of equation 14.9.2.9 with f(a) = —ba™. 
= 2n+1 2n+1 

34. cy” = ny! + ax??tt + bg? tty™, 

This is a special case of equation 14.9.2.20 with f(y) = a+ by™. 

35. ry”, = —(n+1)y, tax"! + ba?™t OM 1y™, 

This is a special case of equation 14.9.2.30 with f(€) = a + bé™. 


36. avy! = (ax*’y” +k —1)y!. 


Solution: 


dy lk 1 1 
———— =C)+—2", where F(y)=a aliee 
fare OF" (y) =a—y 
37. xy” + ay’, = ay” +b. 
This is a special case of equation 14.9.2.23 with f(y) = ay” + b. 
nk+n—2m 


38. ty! = —(n+m+1)zy,, — nmy + ax es 


This is a special case of equation 14.9.2.31 with f(€) = a€*. 


y 
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39. ay! + azxy’, + by = cax”y™. 


1 l-a 1 

The transformation x = €%, y = By, where a = +——=, B=+ —-, D= 
gy = 6 5 Bato 5 

(1 — a)? — 4b, leads to the Emden—Fowler equation Wee = ca2EnetmB—-B-2yy™_ Whose 


solvable cases are outlined in Section 14.3. 


40. (ax? + b)y”, + axy!, + cy” =0. 
This is a special case of equation 14.9.2.24 with f(y) = cy”. 


> Equations of the form f(x, y)y”, + g(x, y)(y,,)? + h(x, y)y,, + r(x, y) = 0. 
41. y%, = (y!,)” — 2awy’, + 2ay + b. 

The substitution y = w + sax? leads to an autonomous equation of the form 14.9.3.25: 
wr, = (wi)? + 2aw —a+b. 

42. y.. = a(y’, + by + ca)? + b*y + ka +s. 

The substitution w = y/, + by + cx leads to a Riccati equation: 


wi, = aw* + bw + (k— be) +cH+s. 


43, y” =ax"(ary’, — y)? + ba™. 

This is a special case of equation 14.9.3.2 with f(x) = bx™, g(x) = 0, and h(x) = az”. 
44, y” =axr"(y! + by)? + b?y + ca™. 

The substitution w = y/, + by leads to a Riccati equation: w!, = axz”w? + bw + cx™. 
45. y= (ax? + a)y + ba" (y’, — ary)? + cx™. 

The substitution w = y/, — axy leads to a Riccati equation: w!, = br” w? — axw + cx™. 
46. yf, = (aw + by + ¢)"[a(y;,)? + A)". 

This is a special case of equation 14.9.4.37 with f(u) = u” and g(v) = (av? + B)*. 

47. xy”, +ax(y’,)? + dy/, + by? +cy+k =0. 


The substitution w(y) = x(y/,)? leads to a first-order linear equation: Wy + 2aw + Qby? + 
2cy + 2k = 0. 


48. avy” +ax(y/,)? — by” y!, = 0. 


Solution: 
et dy k 1 
———— =C)4+lIn|z|, where F =o few dy +—e™. 
Fy1G © |x| (y) yh dy + — 
49. xy” + ax(y))? = (ba*y” +k —1)y’,. 
Solution: 


e dy or 
—— = — h F(y) =b | ey” dy. 
lrore C2 + ;¢ + where (y) fe y” dy 


50. x?y” = 2y+axr"(ry’, + y)? + br™. 


The substitution w = ry/, + y leads to a Riccati equation: rw’, = ax"w? + 2w + br™. 
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51. x?y” =a(at1)yt be" (ry’, + ay)? +cx™ 
The substitution w =<y!,+ay leads to a Riccati equation: rw’, =br"w?+(a+1)w+ca™. 


52. yy’, = (y,)? — 


1°. Solution (a is any): 


y = Cy exp(Cox) — TONG? exp(—C22). 


AC 


2°. Solution for a < 0: 


y=C sin( =) + Cy cos( 4). 
VC2+C3 C?2+ 03 


There are also singular solutions: y = +a,/a+C. 


53. yy”, — 5(y',)? =ax*+ba+e. 


The substitution y = w*/? leads to a special case of the equation 14.8.1.8 with A = 0: 
Aw! = 3(ax? + ba + c)w 5/3, 


54. 3yy”, — 2(y!)? = ax? + ba +c. 
The substitution y = w® leads to an equation of the form 14.8.1.5: 
9wy,, = (ax? + br + c)w~ 
55... 2yy,. = (y’,)? + ba" y? — a. 
This is a special case of equation 14.9.3.5 with f(a) = —ba”. 
56. yy, = n(y/,)? — ay*” 2 + ba™ y? 
This is a special case of equation 14.9.3.8 with f(a) = —ba™. 
57. yy, = nly,,)? + avy? + bay”, 
This is a special case of equation 14.9.3.9 with f(x) = —ax* and g(x) = —br™. 


58. (n+2)yy”, —(n+1)(y,)? = (ax? + be +c)”. 


The substitution y = w"*? leads to an equation of the form 147.1.36: 
Whe = a (ax? + br +)"w 2-3 


59. yy” = (y!,)? +ax”yy’, + bay”. 
This is a special case of equation 14.9.3.7 with f(x) = —ax” and g(x) = —ba™. 
60. ayy” + b(y,)? + (a™ +A)™yy!, = 0. 


a+b i: 
Solution: ya = =o; f exn[-2 f@r+2” dx| dx + Co. 
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61. yy’, — (y!,)? = ay, + by +e. 
1°. Solution: 
y = Ci sinh(C3r) + C2 cosh(C3x) + a + 6C3”, 


where the constants C’',, C2, and C’3 are related by the constraint 
(C? — C3)CZ +ab+c+hC;? =0. 
2°. Solution: 
y = Ci sin(C3x) + C2 cos(C3x) + a — Cz”, 
where the constants C,, C2, and C3 are related by the constraint 
(C2 + CF)C2 + ab+c—8°Cz? = 0. 
There is also a singular solution: y = —c/b. 
62. yy, — (Yi)? = aay, + aryl, + aoy + b. 


Particular solutions: y = C’ eo bag rs where C’ is an arbitrary constant and \ = A1,2 are 
roots of the quadratic equation (a2a9 + b)A? + ayag\ + a2 = 0. 


63. (yt+ax)y”, = be" (xy’, — y)?. 
The substitution y = —ax + xz leads to the equation xzz",, + 2z2/. — ba" 13(z/,)? = 
Having set w = z/./z, we obtain a Bernoulli equation: xw/, + 2w+ 2(1—ba"*?)w? = 


64, (2y + ax + b)yy, — (yi)? — ay, +e = 0. 
Solution: 


0. 
0. 


y = O12? + Cor + C3, 
where the constants C1, C2, and C’3 are related by the constraint 
AC) C3 — Ge + 2bC] —aCg+c=0. 


65. avyy’, = x(y))? — yy!, + ax*y®. 

This is a special case of equation 14.9.4.64 with f(€) = ag, g(€) = 1, k = n — 1, and 
s=m+2. 

66. y*y%, + y(y,)? = ax +b. 

Having set 1/y = u/,(x), we obtain a third-order equation: —u/,u!l”, + 3(ul,)? = 


LLL HM i 
(ax + b)(u’,)?. Taking u to be the independent variable, we obtain a constant coefficient 


: : fs Mr 
linear equation for x = x(u): 27),,, = ax +b. 


67. (a? — x”)(b? — y?)y", + (a? — &)y(y’,)? = w(b? — yy’, 


Solution: arcsin ; = C, + Co arcsin < 


68. (xy, —yta)y”, = be(y’,)? + bry), + bo. 
The contact transformation 
ae Y = ay, -—y+a, Yea, Yxx =1/Yre0s 


where Y = Y(X), leads to a linear equation: (b2X? + b1X + bo) ¥¥y —Y =0. 
Inverse transformation: 
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> Other equations. 


69. yy, = ax” (xy! — y)™. 
This is a special case of equation 14.9.4.58 with f(a) = ax” and g(€) = &™. 


70. yl, = a7y + be" (y/, + ay)”. 


The substitution w = y/, + ay leads to a Bernoulli equation: w/, = aw + bx"w"™. 


71. oy! = (a?x? + a)y + ba" (y’, — axy)™. 


The substitution w = y/, — axy leads to a Bernoulli equation: w/, = —axrw + bx"w 


2. y= ax” 3y" (xy? =a)", 
This is a special case of equation 14.9.4.59 with f(€) = agé™. 


—1,.n,,/ 


73. y= ax *y”y’ (xy), — y)™. 
This is a special case of equation 14.9.4.60 with f(y) = ay” and g(€) = &™. 


ny ; 2n+m 
yr’ (ey, —y) ™ . 
This is a special case of equation 14.9.4.24 with f (€) = a€*. 


75. yl’), = kx (y’,)?(ay’, — y)7. 


74. Yn =agrr*-1 


m 


The Legendre transformation « = w;, y = tw; — w, where w = w(t), leads to the 


i 


1 - 
generalized Emden—Fowler equation: wi, = —t~°w~7(w{) °. Solvable equations of this 


type are outlined in Section 14.3 and Section 14.5. 


n+m—nk 


2 
76. Yign = ae” ty™*(yl) rtm (wy! — y)*. 
This is a special case of equation 14.9.4.25 with f(€) = a€. 
77. yf, = ax" (ay, — y) + ba™ (ay’, — y)*. 
This is a special case of equation 14.9.4.4 with f(a) = ax” and g(x) = bx 


78. ty! = 2y+ax"(ry’ + y)™. 


m 


The substitution w = xy/, + y leads to a Bernoulli equation: xw!, = 2w + ax™w™ 


79, xy” =n(n—1)y+ax"(ay!, — ny)*. 


This is a special case of equation 14.9.4.3 with f(x) = ax"~?. 


80. a7y”, = a(a+1)y + ba" (ry’, + ay)™. 


The substitution w = xy’, +ay leads to a Bernoulli equation: rw’, = (a+1)w+bar"w™. 


81. (yi)? = a(ay’, — y) + By’, +7. 
Differentiating the equation with respect to zx yields: 


Wy 


Cs ae — AL — B) = 0. 
Equating the second factor to zero and integrating, one obtains: 


y= ax" + aba" + Cox? +Cix+Cp. 


(1) 


(2) 
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The integration constants C; and the parameters a, 3, and y are related by the constraint 
4C3 = BC, — aC + 7, which is obtained by substituting the above solution (2) into the 
original equation. 

In addition, there is a singular solution, which corresponds to setting the first factor 
in (1) equal to zero: 


y=Cyx+Co, where BC,—aCy+7=0. 


82. (Yin, + 2ayyy, + bryi, + cYi, — ay’)? — by’, +k = 0. 
Solution: 
y = Cyn? + Cor + C3, 


where the constants C;, C2, and C3 are related by the constraint 4C? + a(4C,C3 — C3) — 
bCg + 2cC, +k =0. 


14.8.2 Equations Containing Exponential Functions 


> Equations of the form f(z, y)y”,, + g(x,y) = 0. 


1. y”, =aer**Y + 6, 


The substitution w = y + (A/)a leads to an autonomous equation of the form 14.9.1.1: 
Mo Bw 
we —ner’ +B, 


—— Av, ,n 
2 Yon = aey’. 
The transformation z = e*”y"—!, w = y/,/y leads to a first-order equation: 


z[(n —1)w + Aju, = az — w’. 


a Yo = axe, 


The transformation z = x"*?e*Y, w = zxy/, leads to a first-order equation: 
z(Aw+n+2)w, =az+w. 

4, y” =be**y+ay°. 

This is a special case of equation 14.9.1.2 with f(x) = —be*”. 


5. y! = My + aexp[A(n + 3)z]y”. 


This is a special case of equation 14.9.1.29 with f(€) = a&”. 
6. yf”, = rA*y 4+ aehZy™, A\A#~0. 
The transformation € = e?4*, u = ye leads to the Emden—Fowler equation Uge = 


Oe ee — pb 38X\—mMA 
Des u'", where a. Cane 


7 yt, =APyt ae OT (be 2), A #0. 


The transformation € = be?” + c, w = ye leads to the Emden—Fowler equation 


, whose special cases are given in Section 14.3. 


Wee — ie whose special cases are given in Section 14.3. 
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—n—m—3 


8. yf! = Ay t+ AerOrr sl? (ge 4b)" (cet 4d) uae 
20x Ax 
. aew™” +B ye . 
The transformation € = mee = ——™— leads to the Emden—Fowler equation 
€ e2Axz + d w ce2ru + d q 


Wee = = A(2AX)~2é"w m* a A = ad — be (see Section 14.3). 


9. y/!, = aexp(ax” + Bx) exp(yy) + b. 


The substitution w = y + (ax? + Bx)/y leads to an autonomous equation of the form 
14.9.1.1: wi, =ae™ +b+4+ 2ay7}. 


10. ty! =aar"te%4n, 


This is a special case of equation 14.9.1.31 with f(€) = a€. 


> Equations of the form f(z, y)y”,, + 9(a,y)yi, + h(x, y) = 0. 

1. yf”, =ay),+ be22®%y™, 

This is a special case of equation 14.9.2.17 with f(y) = by”. 

12, y”, = —ay!, + bet y"™?. 

This is a special case of equation 14.9.2.36 with f(€) = bé"—!. 

13. y”, + ay’, + by = ce**y™ 

The substitution € = e” leads to an equation of the form 148.1.39: 
yt + (at ley + by = c&y™ 

14. yy” =—-(utv)y, — vey t+ gee 2y eye, 

This is a special case of equation 14.9.2.37 with f(€) = a€"—!. 


15. yy”, = Ay), + bry + ry cae | 

This is a special case of equation 14.9.2.14 with f(a) = —ba. 
16. yy”, = Ay, + be"?y + ae?>?y—8, 

This is a special case of equation 14.9.2.14 with f(x) = —be!*. 


17. y= ay’, + bexp(2az + cy”). 
This is a special case of equation 14.9.2.17 with f(y) = bexp(cy”). 


18. y” + 3yy’, + y? +ae*”y = 0. 


This is a special case of equation 14.9.2.1 with f(x) = ae”. 
19. y”, = azre%y’ + ae. 


Solution: y = Cix — in(—a / re! dx + C2). 
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20. y”, = 2ae"yy’,, + ae”y?. 
Solution in parametric form: 
a -17,--27-1/,7! 
z=In(a5): y= -a Cit “Z(7Z, 4+ Z). 
Here, Z = CiJi(7) + Co¥i(7) or Z = Cihi(r) + Coki(7), where Jj(7) and Yi(7) 
are Bessel functions, and [;(7) and A (7) are modified Bessel functions. 


21. oy”, = axrrety’ + ana” te, 


Solution: y = Cia — In [cy — af x" exp(C12) de. 


22... 44 = ae®y 1/2 + 2ae*y!/?, 


Solution in parametric form: 


4 
n=n(+“7) =r?, y=C? [27 texp(r?) f]’, where f = [ fexpcer?) dtT+C2] . 


23. y” + (2ay + be*”)y’ + Abe*?y = 0. 
Integrating yields a Riccati equation: y/, + ay? + be**y = C. 


24. y” = (ae%*y + B)y’,. 
2 dy 1 
1°. Solution: — {| ——~— = -e** + Cy. 
a | yet; 2 : 
2°. Solution in explicit form: 


tan | F+0)] if C, > 0, 
y = 4 —V1Ci]tanh | = cy (FS +2) if C, <0, 
-= (Sse) if C, =0. 
25. y” =ae*t4(y’ +1). 
a 


Solution: y = — In( Cye“C* - e*). To the limiting case C2 — —1 there corre- 


14+C5 
sponds y = —x — In(C; — az). 


26. ay” ty, =axr"e, 


This equation is encountered in combustion theory and hydrodynamics. The transformation 
€ =Inz, w = Ay+ (n+ 1) Inz leads to an autonomous equation of the form 14.7.3.1: 
Wee = are”. 

Solution in parametric form: 


e=explCytf(O|, y= 
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where 


1 if VC2o+ 2are — VC 
V C2 9 VC + 2are! + VC? 
t) = ¢ -———— if Cp = 0, 

fO V 2aret : : 
cath arctan Ve eae if Co <0. 


V-0, 000 (VO 


27. avy”, = ny! + ax?™*1ery, 


if Co > 0, 


This is a special case of equation 14.9.2.20 with f(y) = ae”. 


28. zy” = ny! + ax?"t! exp(Ay™). 
This is a special case of equation 14.9.2.20 with f(y) = aexp(Ay”). 


29. x?y” + ay! = ae. 
The substitution ¢ = In |a| leads to an equation of the form 14.7.3.1: yf, = ae. 


Solution: 


g== : in| an sin?(C} In |2| + ca)| if ad > 0, 


ae 
c= aig aor sinh? (Cj In |2| + ca) if a\>0 
A | 2C? 
y= ia = cosh? (Cj In || + ca) if av\ <0. 
r 2c? 


2 x 
30. a*y” + ay! = ae +b. 
This is a special case of equation 14.9.2.23 with f(y) = ae*¥ + b. 
31. xy” + ay’, = ka™e™ + b. 
This is a special case of equation 14.9.2.40 with f(€) = k€ + b. 


32. (ax? + by” + ary’, + ce*” = 0. 


Le 


This is a special case of equation 14.9.2.24 with f(y) = ce”. 


33. (ae?* + b)y + ae**y’ + cy” =0. 

This is a special case of equation 14.9.2.34 with g(x) = ae?* + band f(y) = —cy”. 
34. (ae?” + b)y”., + ae**y’ + cer” = 0. 
This is a special case of equation 14.9.2.34 with g(x) = ae?” + band f(y) = —ce*¥. 


> Equations of the form f(x, y)y”,+ g(x, y)(y,)?+ h(x, y)y+ r(x, y) = 0. 
35. y” = a(y,)? — be* + cx”. 

This is a special case of equation 14.9.3.18 with f(x) = —cax”. 
36. y”, = a(y’,)? — be*™ + ce”. 


This is a special case of equation 14.9.3.18 with f(a) = —ce**. 
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37. yy” =al(y,,)? + bxe™ + ca™. 


m 


This is a special case of equation 14.9.3.17 with f(x) = —bax” and g(x) = —cax"™. 
38. y” =aly,,)? + bet + ka™. 
This is a special case of equation 14.9.3.17 with f(x) = —be™ and g(x) = —ka™. 
39. y” =aly,)? + bet + cer®, 
This is a special case of equation 14.9.3.17 with f(a) = —be** and g(x) = —ce"”. 


40. y+ ay” (y’)? +be%+c=0. 
This is a special case of equation 14.9.3.25 with f(y) = ay” and g(y) = be*¥ +c. 


4. oy” + ae™ (y’)? + by” +c=0. 

This is a special case of equation 14.9.3.25 with f(y) = ae*¥ and g(y) = by” +c. 
42. y + ae™ (y’)? + be*¥ +ce=—0. 

This is a special case of equation 14.9.3.25 with f(y) = ae*¥ and g(y) = be"¥ +c. 
43. y” =ay"(y,,)? + ber?y!. 

This is a special case of equation 14.9.3.38 with f(y) = ay” and g(x) = be>*. 

44, y” = ae™ (y’)? + bey’. 


n 


This is a special case of equation 14.9.3.38 with f(y) = ae*¥ and g(x) = ba”. 
45. y”, = ae (y!)? + beM*y’. 

This is a special case of equation 14.9.3.38 with f(y) = ae*# and g(x) = bet. 

46. y” = ae* (xy, — y)? + bet, 

This is a special case of equation 14.9.3.2 with f(x) = be”, g(x) = 0, and h(x) = ae”. 


47. UVne — (Yq)” = aer*. 


The substitutions y = + exp(5w + +z) lead to an autonomous equation of the form 
73d: w= 200. 


48. 2yy”, = (y’,)? + be**y? — a. 

This is a special case of equation 14.9.3.5 with f(x) = —be>”. 
49. yy”, = n(y))? — ay*”? + be**y?. 

This is a special case of equation 14.9.3.8 with f(x) = —be>”. 


50. yy’, — (y),)? = aer*y*. 


1°. For k ¥ 2, the substitution y = exp (w + 
of the form 14.7.3.1: w”, = ae—?)”, 


2°. Solution for k = 2: In|y| = Cyx + Cy + ad~7e?*. 


A : 
5_k x) leads to an autonomous equation 
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51. yyy, = n(y/,)? + aay? + ber®*y”*?, 

This is a special case of equation 14.9.3.9 with f(x) = —ax™ and g(x) = —be*. 

52. yyy, = n(yi,)? + ae**y? + bay” tt, 

This is a special case of equation 14.9.3.9 with f(x) = —ae** and g(x) = —bx™. 

53. yy”, =n(y,,)? + aer*y? + bet®y*1, 

This is a special case of equation 14.9.3.9 with f(x) = —ae** and g(x) = —be"*. 

54. YY. _ (y,,)? = aexp (Bx? + Az). 

The substitutions y = + exp(sw + + Bar + $A\z) lead to an autonomous equation of the 
form 14.9.1.1: wi, = 2ae~” — 28. 


55. YY... — (y’,)? + ay” = bexp (Ga? + Az). 
The substitutions y = + exp(sw + + Bau? + $x) lead to an autonomous equation of the 
form 14.9.1.1: wi, = 2be—” — 2(a+ 8). 


56. yYnn — (yi,)? = aexp (Ba? + Aw) y*. 


1 
1°. For k ¥ 2, the substitution y = exp [w + ToF (Ba" + 2) | leads to an autonomous 


2 
equation of the form 14.9.1.1: w!,, = ae’—2)” — ae 
2°. Solution for k = 2: 


x 


In |y| = Cha + Co + af (a — t) exp (Gt? + At) dt. 


n0) 


57. yy, — (yi,)” + ay” = bexp (Ba? + Ax)y*. 


1 
1°. For k 4 2, the substitution y = exp lw + I_k ( Ba? + x) | leads to an autonomous 
2 
equation of the form 14.9.1.1: w’/,, = be(*-2” — a — ss 
2°. For k = 2, the substitutions y = te" lead to a second-order linear equation: w".,, = 
bexp (Bx? + Xz) — a. 
Solution: 


x 


In |y| = 5 + Cyx+C2g+ bf (x —t) exp (Gt? + At) dt. 


vO 


58. oy +a(y,,)? — $y), = e* (bay? + biy + bo). 
The substitution w(y) = e~*(y/,)? leads to a first-order linear equation: wy + 2aw = 
Qboy? + 2b1y + 2bo. 


59. yy” = (y,)? tax yy, + be? y?. 

This is a special case of equation 14.9.3.7 with f(x) = —ax” and g(x) = —be 
60. yy’, = (y,,)? + ae** yy! + ba” y?. 

This is a special case of equation 14.9.3.7 with f(x) = —ae** and g(x) = —ba”. 


AL 
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61. yy”, = (y,)? + ae yy’, + beM*y?. 

This is a special case of equation 14.9.3.7 with f(x) = —ae* and g(x) = —be". 
62. yy, + aly’)? = (bet + B)y/,. 

1°. Solution with y 4 —a: 


e dy 1 b 
——"¥ _ =~ (, + =e9", where F(y) = ——elot”, 
Boorse a 'B w) at 
2°. Solution with y = —a: 
oY 1 
a =Cy+ ee 
by + Cy B 


63. yy. = ae?* (y! + by)? + b?y + ce”. 


The substitution w = y/, + by leads to a Riccati equation: w’, = ae?” w? + bw + ce 


> Other equations. 
3 
64. yy, + be**y™(y’,)” + ay, = 0. 
This is a special case of equation 14.9.3.35 with f(y) = by”. 
d 3 
65. yy + bet®t 4(y’)? + ay), = 0. 
This is a special case of equation 14.9.3.35 with f(y) = be. 
3 2 
66. yy, = ae"(y’,)* + ae*y(y’,)”. 
Solution: « = Cyy —In (a / ye'Y dy + C2). 


67. y= azxe4(y’)® + ae4(y,,)?. 
Solution in parametric form: 


r=Cie (| tte dr + C2), y = Int. 


68. y” =axe¥(y’)* + 2are4(y’,)?. 
Solution in parametric form: 
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‘So Or 2° oe 2). a= n(x): 


767 


x 


Here, Z = Ci Ji(7T) + Co¥i(7) or Z = Cihi(r) + Coki(7), where Jj(7) and Yi(7) 


are Bessel functions, and [;(7) and A (7) are modified Bessel functions. 
69. y= 2ax/2e¥(y’)? + aa V/7e4(y!)?. 


Solution in parametric form: 


Al 
z=C? [27 +exp(#r?) f]’, y=n(+“/) +r’, where f= [/ exp(=1’)dr+Co|_ . 


70. y.. = ane”y”*(y/,)8 + ae“y”(y’,)?. 
Solution: «= Cy —In (a f yreY dy + C2). 
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7. Yee = ae**"[(y,)” + (yp) 
Solution: «=— In( Cre + ; = 
a = —y—In(C + ay). 

72. Yn = ae®(y’,)3/? + ae*y(y’,)1/?. 


Solution in parametric form: 


c!) . To the limiting case C2 — 1 there corresponds 


g=Ine*, y=—2a7%7 “|Z 1 (72. +22) 4 Sr’, 


where 
_ J Cy Jo(7) + C2¥Yo(7) for the upper sign, 
CyIg(7) + C2Ko(r) for the lower sign, 


J(7) and Y2(r) are Bessel functions, and [2(7) and (7) are modified Bessel functions. 
73. Yin = axe¥(y,,)°/? + ae¥(yi,)°”?. 
Solution in parametric form: 

a= —2a-?r 4 Z7" (7 ZL +.2Z) F $77], y=lnr’, 


where 
7 e Jo(T) + C2Y2(r) for the upper sign, 


CyIg(T) + C2Ko(r) for the lower sign, 


J(7) and Y2(r) are Bessel functions, and [2(7) and (7) are modified Bessel functions. 


74. y.., = —ay’, + bet yk (y! \™*?, 

This is a special case of equation 14.9.4.17 with f(y) = —by* and n = m +2. 
a2-—k —k4+1 k 

Ds 4 = a Ye + bet y™ RTT (y! Fk, 


This is a special case of equation 14.9.4.31 with f(€) = b&. 


76. Yo = Yp + Aexpl(n + 2—Daly™(y,)’. 
The substitution € = e” leads to the generalized Emden—Fowler equation Yee = Agry™ (ye), 
which is discussed in Section 14.5. 


77. Yirn = —(y',)? + Av” exp[(m +1 — 1)y] (y;,)!. 
The substitution u = e% leads to the generalized Emden—Fowler equation u/, = 
Az”u'™ (u!,)!, which is discussed in Section 14.5. 
1-—k = 
78. yl, = SARK yl)? + date (yh, 
This is a special case of equation 14.9.4.30 with f(€) = b&. 
79. Ure = ay" (yz)? + be” (y;,)*. 
This is a special case of equation 14.9.4.13 with f(y) = ay” and g(y) = be”. 
80. yy, = ae™(y’,)? + by” (y;,)*. 
This is a special case of equation 14.9.4.13 with f(y) = ae*¥ and g(y) = by”. 
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81. y”, = ae (y!)? + beM4(y/)*. 

This is a special case of equation 14.9.4.13 with f(y) = ae*¥ and g(y) = be". 
82. yy”, =a7y + be®*(y’, + ay)*. 

The substitution w = y/, + ay leads to a Bernoulli equation: w!, = aw + be?*w*. 


83. yy, = ae" *[(yi)* + (y,)° 1], kA 


Solution in parametric form: 
d d al 
va=r-[Z-c, y= [ F+e where F' = [a(2—k)e™ + Cy] #2 +1. 


84. yy” = ax” (ry! —y) + be” (xy’, —y)*. 
This is a special case of equation 14.9.4.4 with f(x) = ax” and g(x) = be>*. 


85. Yn = ae* (xy, —y)+ ba” (xy, = y)*. 


n 


This is a special case of equation 14.9.4.4 with f(x) = ae*” and g(x) = ba”. 


86. yy = ae* (xy, — y) + be"* (ay’, — y)*. 

This is a special case of equation 14.9.4.4 with f(x) = ae* and g(x) = be". 

87. zy” +y) = axr"er4(y/)™. 

The transformation ¢ = xy/,, w = 2"~™*1e% leads to a first-order linear equation: 


ac™we = AC +n—-—m+1. 


88. ry”, + my, + agnm—2mtl ery (y! \n = 0. 


This is a special case of equation 14.9.4.14 with f(y) = ae”. 


89. vy” ty, = (axe + ba 1) (y)™. 

The transformation ¢ = zy/,, w = x"~™+1eY leads to a first-order separable equation: 
C™(aw + byw, = (AC +n—m +t l)w. 

90. yy’, = (yi)? + bey" (yi,)*. 

This is a special case of equation 14.9.4.68 with f(€) = bé, g(¢) = ¢*, andn =m—k42. 
91. yy, = (yi)? + (aer*”y” + by?—™)(y’,)™. 


The transformation € = y/./y, w = eAtyr+m—2 leads to a first-order separable equation: 
E™(aw + byw, = [(n +m — 2)E + A]w. 


14.8.3 Equations Containing Hyperbolic Functions 


> Equations with hyperbolic sine. 


1. 4. = My + a(sinh Ax)~"—3y”, 
This is a special case of equation 14.9.1.34 with f(€) = a&”. 
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. 3 
2. yy, = bsinh(Ax) y + ay”. 
This is a special case of equation 14.9.1.2 with f(x) = —bsinh(Az). 
3. yy, = asinh” (ay + bx) + B. 
This is a special case of equation 14.9.1.4 with f(w) = asinh” w + 8 and c= 0. 
4. y,, =a(y+ bsinhz)” — bsinha +c. 


The substitution w = y + bsinh leads to an autonomous equation of the form 14.9.1.1: 


Wh, =aw" +c. 


5. y + 3yy’, +y>3 + asinh(Ax) y = 0. 

This is a special case of equation 14.9.2.1 with f(x) = asinh(Az). 

6 y+ ay” (y!)? + bsinh™ y +c= 0. 

This is a special case of equation 14.9.3.25 with f(y) = ay” and g(y) = bsinh” y +c. 

7. yf, + asinh” y (y,,)? + by” +c=0. 

This is a special case of equation 14.9.3.25 with f(y) = asinh” y and g(y) = by™ +c. 

8. y”, + asinh” y (y,)? + bsinh™ (Ay) +c = 0. 

This is a special case of equation 14.9.3.25 with f(y) =asinh”y and g(y) =bsinh"(Ay)+c. 
9. yl”, = ay”(y,,)” + bsinh™ y (y/,)*. 

This is a special case of equation 14.9.4.13 with f(y) = ay” and g(y) = bsinh™ y. 

10. yf, = asinh” y (y,)? + by™(y’,)*. 

This is a special case of equation 14.9.4.13 with f(y) = asinh” y and g(y) = by”. 
1, vy”, = ny) + ax?"™! sinh™ (Ay). 

This is a special case of equation 14.9.2.20 with f(y) = asinh” (Ay). 

12. 2yy” = (y’,)? + bsinh™ (Ax) y? — a. 

This is a special case of equation 14.9.3.5 with f(a) = —bsinh”™ (Az). 

13. yy”, = n(y,,)? — ay*”? + bsinh™ (Ax) y?. 

This is a special case of equation 14.9.3.8 with f(a) = —bsinh”™ (Az). 

14. yy” = n(y/)? + aay? + bsinh® (Ax) yt. 

This is a special case of equation 14.9.3.9 with f(x) = —ax™ and g(x) = —bsinh* (Az). 
15. yy” = (y’,)? +ax”yy’, + bsinh™ (Ax) y?. 

This is a special case of equation 14.9.3.7 with f(«) = —ax” and g(x) = —bsinh”™ (Az). 
16. yy”, = (y,)? + asinh” (Ax) yy’, + bx y? 

This is a special case of equation 14.9.3.7 with f(a) = —asinh”(Az) and g(x) = —ba". 
17. 2?y”, + ay’, = asinh”™(Ay) + b. 

This is a special case of equation 14.9.2.23 with f(y) = asinh”(Ay) + 0. 

18. (ax? + b)y”, + axy’, + sinh” (Ay) +c = 0. 

This is a special case of equation 14.9.2.24 with f(y) = sinh”(Ay) + ¢ 
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> Equations with hyperbolic cosine. 

19. y”, = A?y + a(coshaAxr)—"—3y”. 

This is a special case of equation 14.9.1.35 with f(€) = a&”. 

20. y”, = beosh(Ax) y + ay *. 

This is a special case of equation 14.9.1.2 with f(a) = —bcosh(Az). 

21. y” , = acosh” (ay + bax) + . 

This is a special case of equation 14.9.1.4 with f(w) = acosh” w + 6 andc =0. 

22. y” , = a(y + beosh x)” — beoshx +c. 

The substitution w= y+ bcosh2 leads to an autonomous equation of the form 14.9.1.1: 


" —aw" +e. 


Wea 


23. y+ 3yy,, + y® + acosh(Ax) y = 0. 
This is a special case of equation 14.9.2.1 with f(a) = acosh(Az). 


24. y” + ay"(y,)? + beosh™ y +c=0. 
This is a special case of equation 14.9.3.25 with f(y) = ay” and g(y) = bcosh™ y +c. 


25. y+ acosh” y (y/)? + by™ +c=0. 
This is a special case of equation 14.9.3.25 with f(y) = acosh” y and g(y) = by™ +c. 


26. y”, + acosh” y (y’,)? + beosh™ (Ay) +c = 0. 

This is a special case of equation 14.9.3.25 with f(y) =acosh”y and g(y) =bcosh”(Ay)+c. 
27. Ye = ay" (yz)” + beosh™ y (y;,)*. 

This is a special case of equation 14.9.4.13 with f(y) = ay” and g(y) = bcosh”™ y. 

28. yi, = acosh” y (y’,)? + by™(y’,)*. 

This is a special case of equation 14.9.4.13 with f(y) = acosh” y and g(y) = by”. 
29. xy”, = ny’, + ax?”™! cosh™ (Ay). 

This is a special case of equation 14.9.2.20 with f(y) = acosh™ (Ay). 

30. 2yy”, = (y!,)? + beosh™ (Ax) y? — a. 

This is a special case of equation 14.9.3.5 with f(a) = —bcosh™ (Az). 

31. yy”, = n(y,)? — ay*”~? + beosh™ (Az) y?. 

This is a special case of equation 14.9.3.8 with f(a) = —bcosh™ (Az). 

32. yy” = ny)? +ax™y? + beosh® (Ax) y"*?. 

This is a special case of equation 14.9.3.9 with f(x) = —ax™ and g(x) = —bcosh* (Az). 
33. yy”, = (y,)? + ax” yy’, + beosh™ (Ax) y?. 

This is a special case of equation 14.9.3.7 with f(a) = —ax” and g(x) = —bcosh™ (Az). 
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34. yy” = (y,,)? + acosh” (Ax) yy’, + bay”. 

This is a special case of equation 14.9.3.7 with f(a) = —acosh”(Az) and g(x) = —ba™. 
35. xy” + xy’, = acosh”(Ay) + b. 

This is a special case of equation 14.9.2.23 with f(y) = acosh"(Ay) + b. 


36. (ax? + b)y” + ary’, + cosh”(Ay) +c = 0. 
This is a special case of equation 14.9.2.24 with f(y) = cosh” (Ay) + c. 


> Equations with hyperbolic tangent. 

37. y”, = btanh(Az) y + ay ?. 

This is a special case of equation 14.9.1.2 with f(a) = —btanh(Az). 

38. yy’, = atanh” (ay + bx) + B. 

This is a special case of equation 14.9.1.4 with f(w) = atanh” w + 6 and c = 0. 


39. y”, + 3yy/, + y® + atanh(Az) y = 0. 
This is a special case of equation 14.9.2.1 with f(x) = atanh(Az). 


40. y” + ay"(y,)? + btanh™ y + c= 0. 
This is a special case of equation 14.9.3.25 with f(y) = ay” and g(y) = btanh” y + c. 


41. y” + atanh” y (y,,)? + by”™+c=0. 
This is a special case of equation 14.9.3.25 with f(y) = atanh” y and g(y) = by™ +c. 


42, y” + atanh” y (y/)? + btanh™(Ay) +c = 0. 

This is a special case of equation 14.9.3.25 with f(y) =a tanh” y and g(y) =b tanh”(Ay)+c. 
43. y” = ay"(y!,)? + btanh” y (y/,)*. 

This is a special case of equation 14.9.4.13 with f(y) = ay” and g(y) = btanh” y. 

44, yi, = atanh” y (y/,)” + by™(y/,)*. 

This is a special case of equation 14.9.4.13 with f(y) = atanh” y and g(y) = by”. 
45. vy” = ny! + ax?"*! tanh™ (Ay). 

This is a special case of equation 14.9.2.20 with f(y) = atanh™ (Ay). 

46. 2yy”, = (y’,.)? + btanh™ (Ax) y? — a. 

This is a special case of equation 14.9.3.5 with f(a) = —btanh™ (Az). 

47, yy”, = n(y,)? — ay*”? + btanh™ (Az) y?. 

This is a special case of equation 14.9.3.8 with f(a) = —btanh” (Az). 

48. yy” = n(y/)? + aay? + btanh* (Ax) yt. 

This is a special case of equation 14.9.3.9 with f(x) = —ax™ and g(x) = —btanh* (Az). 
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49. yy”, = (y,)? + ax" yy’, + btanh™ (Ax) y?. 

This is a special case of equation 14.9.3.7 with f(x) = —ax” and g(x) = —btanh”™ (Az). 
50. yy = (y’,)? + atanh” (Ax) yy), + bay”. 

This is a special case of equation 14.9.3.7 with f(x) = —atanh”(Ax) and g(x) = —ba™. 
51. x?y” +ay’ = atanh”(Ay) + b. 

This is a special case of equation 14.9.2.23 with f(y) = atanh” (Ay) + 0. 


52. (ax? + b)y”, + aaxy!, + tanh”(Ay) + c= 0. 


Le 


This is a special case of equation 14.9.2.24 with f(y) = tanh” (Ay) + c. 


> Equations with hyperbolic cotangent. 
53. y!! = beoth(Az) y + ay *. 
This is a special case of equation 14.9.1.2 with f(a) = —bcoth(Az). 


54. y= acoth”(ay + bax) + B. 
This is a special case of equation 14.9.1.4 with f(w) = acoth” w + 6 and c = 0. 


55. y” + 3yy!,+y? + acoth(Ax) y = 0. 
This is a special case of equation 14.9.2.1 with f(a) = acoth(Az). 


56. yy” +ay"(y,)? + beoth™ y+c=0. 
This is a special case of equation 14.9.3.25 with f(y) = ay” and g(y) = bcoth” y +c. 


57. y” + acoth” y (y,)? + by” +c=0. 
This is a special case of equation 14.9.3.25 with f(y) = acoth” y and g(y) = by™ +c. 


2 
58. y”, + acoth” y (y’,)” + beoth™ (Ay) +c = 0. 
This is a special case of equation 14.9.3.25 with f(y) =acoth”y and g(y) =bcoth”(Ay)+c. 
59. yt, = ay" (y,)” + beoth™ y (yi)*. 
This is a special case of equation 14.9.4.13 with f(y) = ay” and g(y) = bcoth” y. 
60. yi, = acoth” y (y/,)” + by™(y/,)*. 
This is a special case of equation 14.9.4.13 with f(y) = acoth” y and g(y) = by”. 
61. vy”, = ny! + ax?”"™! coth™ (Ay). 
This is a special case of equation 14.9.2.20 with f(y) = acoth™ (Ay). 
62. 2yy”, = (y’,)? + beoth™ (Ax) y? — a. 
This is a special case of equation 14.9.3.5 with f(a) = —bcoth™ (Az). 
2 4n—2 2 
63. yy”, = n(y,)* — ay*” * + beoth™ (Az) y*. 
This is a special case of equation 14.9.3.8 with f(a) = —bcoth™ (Az). 
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64. yy” = n(y/)? + aay? + beoth* (Ax) y™*1. 

This is a special case of equation 14.9.3.9 with f(x) = —ax™ and g(x) = —bcoth* (Az). 
65. yy”, = (y,)? tax” yy’, + beoth™ (Ax) y?. 

This is a special case of equation 14.9.3.7 with f(x) = —ax” and g(x) = —bcoth”™ (Az). 
66. yy” = (y,)? + acoth” (Ax) yy’, + br y?. 

This is a special case of equation 14.9.3.7 with f(#) = —acoth”(Ax) and g(x) = —ba™. 
67. x?y” + ay’, = acoth”(Ay) + b. 

This is a special case of equation 14.9.2.23 with f(y) = acoth”(Ay) + b. 


68. (ax? + b)y”, + axy!, + coth”(Ay) +c=0. 


Le 


This is a special case of equation 14.9.2.24 with f(y) = coth” (Ay) +c. 


> Equations containing combinations of hyperbolic functions. 
69. y” = d?y + asinh” (Ax) cosh—"—™ 3 (Ax) y™. 


The transformation € = tanh(Ax), w = leads to the Emden—Fowler equation 


— 
cosh(Ax) 
Wee = a\~2&"w™, which is discussed in Section 14.3. 

70. y”, = d?y + acosh”(Ax) sinh™”—™—3 (Ax) y™. 


The transformation € = coth(Ax), w = leads to the Emden—Fowler equation 


_ 
sinh(A2:) 
Wee = GAP ay™, which is discussed in Section 14.3. 
71. y”, =a(y’, sinh x — ycoshx)* + y. 


The substitution w = y/, sinh x — ycosh x leads to a first-order separable equation: w’/, = 


asinhzw*. 


72. ee = aly’, cosh « — y sinh a) + y. 


The substitution w = y/, cosh x — y sinh z leads to a first-order separable equation: w’, = 


acosh x w*. 


73. sinha y’”, + + cosh xy’, = asinh(Ay) + b. 
This is a special case of equation 14.9.2.34 with g(x) = sinh x and f(y) = asinh(Ay) + 0. 
74. cosh y, + 5 sinhx y’, = acosh(Ay) + b. 
This is a special case of equation 14.9.2.34 with g(x) = cosh zx and f(y) = acosh(Ay) + 0. 


75. yy”, + (y,)? + asinh(Bx)yy’, + beosh(Axr) + c= 0. 
This is a special case of equation 14.9.3.6 with f(x) =a sinh(G) and g(x) =bcosh(Ax)+c. 


76. yyy, — (y,,)? + asinh(Bx) yy’, + bcosh(Ax)y? = 0. 
This is a special case of equation 14.9.3.7 with f(x) = asinh(3x) and g(x) = bcosh(Az). 
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14.8.4 Equations Containing Logarithmic Functions 


> Equations of the form f(z, y)y”, + g(a, y)yi, + h(x, y) = 0. 
1 y= by(ax +miny). 
This is a special case of equation 14.9.1.27 with f(z) = bln z. 
-2 
2. yf, = ba *(ay+ninz). 
This is a special case of equation 14.9.1.28 with f(z) = bln z. 
3. y” =ax 3(Iny—Inz). 
This is a special case of equation 14.9.1.8 with f(€) = aln€. 
—3/2 
4, y”, =ax—*/2(2Iny — Inz). 
This is a special case of equation 14.9.1.9 with f(€) = 2aln€. 
5. y= kin"(ay+ br) +s. 
This is a special case of equation 14.9.1.4 with f(w) = kln” w+ s andc=0. 


6 yf = y > [2 In y — In(aa? + c)]. 


xz 


This is a special case of equation 14.9.1.21 with f(w) = 2Inw and b = 0. 
7. ety! =a27*(ytalnz+b)" +a. 

This is a special case of equation 14.9.1.36 with f(€) = &€”. 

8. x7y” =n(nt+1jyytaz®"*?(Iny+ninz). 

This is a special case of equation 14.9.1.12 with f(€) = aln€. 


9. xy! + ty + Aas Gine + b)"y™ = 0. 

The transformation € = alna +b, w = yx ? leads to the Emden—Fowler equation: 
Wee + Aa~7&"w™ = 0 (see Section 14.3). 

10. cy”, = ny), + axz2"*1 In™ (Ay). 

This is a special case of equation 14.9.2.20 with f(y) = aln”™ (Ay). 
1. xy”, =—-(n4+1)y, +axz™ "(nyt ning). 

This is a special case of equation 14.9.2.30 with f(€) = aln€. 

12. cy”, = (aytninaz)y’.. 

This is a special case of equation 14.9.2.39 with f(€) = In€. 

13. xy”, +a(2ay+Inz+b)y +y=0. 

Integrating yields a Riccati equation: y/, + ay? + (Inz+b)y =C. 
14. xy” = aln*(by)y’. 

This is a special case of equation 14.9.2.21 with f(y) = aln*(by). 

15. x?y” +ay’=aln"(Ay) +b. 

This is a special case of equation 14.9.2.23 with f(y) = aln”(Ay) + 8. 
16. (ax? + b)y”, + azxy! + cln”(Ay) = 0. 


Ce 


This is a special case of equation 14.9.2.24 with f(y) = cln” (Ay). 
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> Other equations. 

17, yf + ay"(y/)? +biln™y+c=0. 

This is a special case of equation 14.9.3.25 with f(y) = ay” and g(y) = blIn™ y+. 
18. y”, = ay"(y,,)? + bln™ (Az) y’/. 

This is a special case of equation 14.9.3.38 with f(y) = ay” and g(x) = bln (Az). 
19. y” +aln"y (y,,)? + by”™+c=0. 

This is a special case of equation 14.9.3.25 with f(y) = aln” y and g(y) = by™ +c. 
20. y”, =aln” y(y,)? + bay’. 

This is a special case of equation 14.9.3.38 with f(y) = aln” y and g(x) = br™. 
2. yy”, =aln” y(y,)? +bln™ (Az) yy’. 

This is a special case of equation 14.9.3.38 with f(y) = aln” y and g(x) = bln” (Az). 
22, yy”, =ax*y*(y!)* — 2ax-3 Iny (y/,)*. 

Solution in parametric form: 


x=A(F+2r)?+4m(QF)", y=CF, 


-1 
where F' = exp(+r”) [/ exp($7?) dr + C2 ,A= (+40c?)/*. 
3 ax ty *(y/)—*. 


Solution in parametric form: 


23. Yn = 2alnzy” 


e=CiF, y=Al(F+2r)?+4m(QF)]””, 


-1 
where fF" = exp(r?)[ f exp(r?) dr + Ca] , A= (£40C7)"*. 


24. yl, = ay" (y),)? + bln™ y (y),)*. 

This is a special case of equation 14.9.4.13 with f(y) = ay” and g(y) = bln” y. 
25. yy, = aln” y (yi)? + by™(y;,)*. 

This is a special case of equation 14.9.4.13 with f(y) = aln” y and g(y) = by”™. 
26. yyy, = n(y/,)? + aay? + bIn* (Ax) yt}. 

This is a special case of equation 14.9.3.9 with f(x) = —ax" and g(x) = —bIn* (Az). 
27. yy, = (yi)? +aln” (Az) yy! + bx y?. 

This is a special case of equation 14.9.3.7 with f(a) = —aln”(Az) and g(x) = —ba™. 
28. yy”, = (yi)? + aa” yy’, + bIn™ (Am) y?. 

This is a special case of equation 14.9.3.7 with f(x) = —ax” and g(x) = —bln™ (Az). 
29. yy”, = (ax+nIny) (y/,)?. 

This is a special case of equation 14.9.3.40 with f(€) = In€. 
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14.8.5 Equations Containing Trigonometric Functions 
> Equations with sine. 

1 oy’, =—-dMy 4+ a(sinAr)"y—" 3. 

This is a special case of equation 14.9.1.40 with f(€) = a€~"—°. 


2. Vere = — ry +A sin” (Ax + a) sin™ (Ax a b) iim 


The transformation € = eae). w= a leads to the Emden—Fowler 
sin(Ax + b) sin(Ax + b) 


equation: Wee = A[Asin(b — a)]~2é"w-"—-™—3 (see Section 14.3). 
. 3 
3. yf, = bsin(Ar) y+ ay”. 
This is a special case of equation 14.9.1.2 with f(a) = —bsin(Az). 
4. y= asin" (ay + ba) + . 
This is a special case of equation 14.9.1.4 with f(w) = asin” w + 6 and c = 0. 
5. yy, =a(y+ bsinz)” + bsing +c. 


The substitution w = y + bsinx leads to an autonomous equation of the form 14.9.1.1: 
MN 


Wre = aw" +c. 
3 . 
6. yf. + 3yy, +y° + asin(Ax) y = 0. 
This is a special case of equation 14.9.2.1 with f(a) = asin(Az). 
2 7 
7. yf tay"(y,)* +bsin™ y+c=0. 
This is a special case of equation 14.9.3.25 with f(y) = ay” and g(y) = bsin™ y+ c. 
Pp q 
8. yf! = ay"(y,)? + bsin™ (Az) y’. 
This is a special case of equation 14.9.3.38 with f(y) = ay” and g(x) = bsin™ (Az). 
2 . k 
9. yy”, = ay”"(y,)* + bsin™ y (y/,)”. 
This is a special case of equation 14.9.4.13 with f(y) = ay” and g(y) = bsin™ y. 
10. y”, + asin” y (y,,)? + by”™+c=0. 
This is a special case of equation 14.9.3.25 with f(y) = asin” y and g(y) = by™ +c. 
11. yy”, +asin” y (y,)? + bsin™ (Ay) +c = 0. 
This is a special case of equation 14.9.3.25 with f(y) =asin” y and g(y) =bsin™ (Ay) +c. 
. 2 
12. y”, =asin” y (y),)? + bay’. 


m 


This is a special case of equation 14.9.3.38 with f(y) = asin” y and g(x) = bxr™. 
13. y”, =asin” y (y,)? + bsin™ (Az) y!. 

This is a special case of equation 14.9.3.38 with f(y) = asin” y and g(x) = bsin™ (Az). 
14. yf, = asin” y (yi)? + by™(y;,)*. 

This is a special case of equation 14.9.4.13 with f(y) = asin” y and g(y) = by”™. 
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15. cy”, =ny, + axz2"*1 sin™ (Ay). 

This is a special case of equation 14.9.2.20 with f(y) = asin” (Ay). 

16. 2yy”, = (y/,)? + bsin(Az) y? — a. 

This is a special case of equation 14.9.3.5 with f(a) = —bsin(Az). 

17. yy”, = n(y/)? — ay*”~? + bsin(Az) y?. 

This is a special case of equation 14.9.3.8 with f(a) = —bsin(Az). 

18. yy” = n(y/)? + aay? + bsin*® (Ax) yt}. 

This is a special case of equation 14.9.3.9 with f(x) = —ax™ and g(x) = —bsin*(Az). 
19. yy”, = n(y,,)? + asin(Az) y? + bsin(pax) y"*. 

This is a special case of equation 14.9.3.9 with f(x) = —asin(Az) and g(x) = —bsin(yx). 
20. yy”, = (y,)? + ax" yy’, + bsin™ (Az) y?. 

This is a special case of equation 14.9.3.7 with f(a) = —ax” and g(x) = —bsin™ (Az). 
21. yy”, = (y,)? + asin" (Az) yy! + bry. 

This is a special case of equation 14.9.3.7 with f(a) = —asin”(Azx) and g(x) = —ba™. 
22. xy” + ay’, = asin” (Ay) +b. 

This is a special case of equation 14.9.2.23 with f(y) = asin” (Ay) + 0. 

23. (ax? + b)y”, + ary’, +sin"(Ay) +c =0. 

This is a special case of equation 14.9.2.24 with f(y) = sin” (Ay) +c. 

24. sin? ay”, =n(n+1—nsin? x)y + a(sinz)"™T8"2y™, 


This is a special case of equation 14.9.1.44 with f(€) = aé™. 


> Equations with cosine. 


25. yl” = —A7y + a(cosArAx)"y~"— 3. 
This is a special case of equation 14.9.1.41 with f(€) = a€~"~°. 

26. yy”, = —A*y + Acos”(Ax + a) cos™ (Ax + b) yy ™—™ 3, 
cos(Ax + a) y 


cos(Aa + b)’ oe cos(Ax + b) 
equation: wz, = A[\sin(b — a)|~2€"w-"-™—3 (see Section 14.3). 


The transformation € = leads to the Emden—Fowler 


27. y= beos(Az) y + ay—*. 
This is a special case of equation 14.9.1.2 with f(a”) = —bcos(Az). 


28. yy”, = acos”(ay + bx) + fp. 
This is a special case of equation 14.9.1.4 with f(w) = acos” w + 6 andc =0. 
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29. Yn = a(y+ bcosz)” + bcosxz+c. 


The substitution w = y + bcos leads to an autonomous equation of the form 14.9.1.1: 


We = aw" +c. 


30. y+ 3yy’, + y® + acos(Ax) y = 0. 
This is a special case of equation 14.9.2.1 with f(x) = acos(Az). 


31. oy + ay"(y!)? + bcos” y+c=0. 
This is a special case of equation 14.9.3.25 with f(y) = ay” and g(y) = bcos” y + c. 
32. yt, = ay" (y,,)” + bcos™ (Ax) YZ. 
This is a special case of equation 14.9.3.38 with f(y) = ay” and g(x) = bcos™(Az). 
33. y!, = ay”(y/,)? + bcos™ y (y,,)*. 
This is a special case of equation 14.9.4.13 with f(y) = ay” and g(y) = bcos” y. 
34. y” + acos”y (y/,)? + by™+c=0. 
This is a special case of equation 14.9.3.25 with f(y) = acos” y and g(y) = by™ +c. 
35. y” + acos” y (y’)? + bcos™ (Ay) +c = 0. 
This is a special case of equation 14.9.3.25 with f(y) =acos” y and g(y) =bcos™ (Ay) +c. 
36. y”, = acos”y (y/,)? + bay’. 
This is a special case of equation 14.9.3.38 with f(y) = acos” y and g(x) = br™. 
37. y””, =acos” y (y,,)? + bcos™ (Az) y’,. 
This is a special case of equation 14.9.3.38 with f(y) = acos” y and g(x) = bcos™ (Az). 
38. y’, = acos”y (y/,)? + by™(y’,)*. 
This is a special case of equation 14.9.4.13 with f(y) = acos” y and g(y) = by”™. 
39. xy” = ny), + axz2"t1 cos™ (Ay). 
This is a special case of equation 14.9.2.20 with f(y) = acos™ (Ay). 
2 2 
40. 2yy”, = (y,,)* + beos(Ax) y* — a. 
This is a special case of equation 14.9.3.5 with f(a) = —bcos(Az). 
2 4n—2 2 
41. yy”, = n(y/,)* — ay*” * + bcos(Az) y*. 
This is a special case of equation 14.9.3.8 with f(a) = —bcos(Az). 
2 2 k 1 
42. yy”, = n(y,)* + axr™y* + bcos"(Ax) yrtt, 
This is a special case of equation 14.9.3.9 with f(x) = —ax™ and g(x) = —bcos*(Azx). 
1 
43. yy”, = n(y,)? + acos(Az) y? + bcos(ux) y”*". 
This is a special case of equation 14.9.3.9 with f(x) =—acos(Az) and g(x) = —bcos(px). 
44. yy”, = (y,)? + ax” yy’, + bcos™ (Ax) y?. 
This is a special case of equation 14.9.3.7 with f(a) = —ax” and g(x) = —bcos™ (Az). 
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45. yy”, = (y,)? +acos"(Az) yy, + bay”. 

This is a special case of equation 14.9.3.7 with f(a) = —acos”(Ax) and g(x) = —b2™. 
46. xy” + cy’, = acos”(Ay) + b. 

This is a special case of equation 14.9.2.23 with f(y) = acos”(Ay) + b. 

47. (ax? + b)y”, + azy’, + cos”(Ay) + c= 0. 

This is a special case of equation 14.9.2.24 with f(y) = cos”(Ay) +c. 

48. cos? xy”, =n(n+1—ncos* xz)y + a(cos x) 3" t2y™, 


This is a special case of equation 14.9.1.45 with f(€) = ag”. 


> Equations with tangent. 
49. y”, =btan(Azr) y + ay*. 
This is a special case of equation 14.9.1.2 with f(a) = —btan(Az). 


50. y= atan”(ay + bx) + f. 
This is a special case of equation 14.9.1.4 with f(w) = atan” w + 6 andc=0. 


51. oy + ay” (y/)? + btan™ y+c=0. 

This is a special case of equation 14.9.3.25 with f(y) = ay” and g(y) = btan™ y +c. 
52. y” =ay"(y,)? + btan™ (Az) y/. 

This is a special case of equation 14.9.3.38 with f(y) = ay” and g(x) = btan”™ (Az). 
53. Yt, = ay" (yi,)” + btan™ y (y’,)*. 

This is a special case of equation 14.9.4.13 with f(y) = ay” and g(y) = btan™ y. 


54. y” +atan”y (y/,)? + by”™+c=0. 
This is a special case of equation 14.9.3.25 with f(y) = atan” y and g(y) = by™ +c. 


”) 

55. y”,tatan” y (y,,)* + btan™ (Ay) +c =0. 

This is a special case of equation 14.9.3.25 with f(y) =atan” y and g(y) =btan™ (Ay) +c. 
2 

56. y”, =atan” y (y/)* + bay’. 

This is a special case of equation 14.9.3.38 with f(y) = atan” y and g(x) = ba”. 
2 

57. y, =atan” y (y,)* + btan™ (Az) y’. 

This is a special case of equation 14.9.3.38 with f(y) = atan” y and g(x) = btan”™ (Az). 
2 k 

58. yy, = atan” y (yi,)” + by™(y’,)*. 

This is a special case of equation 14.9.4.13 with f(y) = atan” y and g(y) = by”. 

59. zy”, = ny), + axz2"*1 tan™ (Ay). 

This is a special case of equation 14.9.2.20 with f(y) = atan™ (Ay). 
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60. yy = n(y/)? + aay? + btan* (Ax) yt}, 

This is a special case of equation 14.9.3.9 with f(x) = —ax™ and g(x) = —btan*(Az). 
61. yy”, = (y,)? tax” yy’, + btan™ (Az) y?. 

This is a special case of equation 14.9.3.7 with f(a) = —ax” and g(x) = —btan™ (Az). 
62. ay! + cy’, = atan”(Ay) +b. 

This is a special case of equation 14.9.2.23 with f(y) = atan”(Ay) + 0. 


63. (ax? + b)y”, + ary! + tan”(Ay) +c =0. 
This is a special case of equation 14.9.2.24 with f(y) = tan”(Ay) +¢. 


> Equations with cotangent. 

64. y”, = bcot(Ar) y+ ay. 

This is a special case of equation 14.9.1.2 with f(x) = —bcot(Az). 

65. y, = acot”(ay + bx) + f. 

This is a special case of equation 14.9.1.4 with f(w) = acot” w+ 6 andc=0. 

66. yy” tay"(y,)? + bcot™y+c=0. 

This is a special case of equation 14.9.3.25 with f(y) = ay” and g(y) = bcot™ y +c. 
67. Yr, = ay" (y,)” + bcot™ (Ax) y,. 

This is a special case of equation 14.9.3.38 with f(y) = ay” and g(x) = bcot’™ (Az). 
68. = ay" (y!,)” + beot™ y (y/,)*. 

This is a special case of equation 14.9.4.13 with f(y) = ay” and g(y) = bcot™ y. 


69%. yy, tacot”y (y/,)? + by” +c=0. 
This is a special case of equation 14.9.3.25 with f(y) = acot” y and g(y) = by™ +c. 


2 

70. y”, t+ acot” y (y/,)* + bcot™ (Ay) +c = 0. 

This is a special case of equation 14.9.3.25 with f(y) =acot” y and g(y) =bcot™ (Ay) +e. 
a 

71. y”, =acot” y (y/)* + bay’. 

This is a special case of equation 14.9.3.38 with f(y) = acot” y and g(x) = ba”. 
2 

72. y”, =acot” y (y/,)* + bcot™ (Ax) y/. 

This is a special case of equation 14.9.3.38 with f(y) = acot” y and g(x) = bcot™ (Az). 
a k 

73. yf, = acot” y (yi) + by™ (yi,)*. 

This is a special case of equation 14.9.4.13 with f(y) = acot” y and g(y) = by™. 

74. vy”, = ny), + axz2"*1 cot™ (Ay). 

This is a special case of equation 14.9.2.20 with f(y) = acot™ (Ay). 
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7. yy, = ny)? + ax™y? + beot* (Ax) y™*1. 

This is a special case of equation 14.9.3.9 with f(x) = —aa™ and g(x) = —bcot*(Az). 
76. yy”, = (y,)? + ax” yy’, + bcot™ (Ax) y?. 

This is a special case of equation 14.9.3.7 with f(a) = —ax” and g(x) = —bcot™ (Az). 
77. xy”, + ay! = acot"(Ay) +b. 

This is a special case of equation 14.9.2.23 with f(y) = acot”(Ay) + 6. 


78. (ax? + b)y”, + ary’, + cot™(Ay) +c=0. 
This is a special case of equation 14.9.2.24 with f(y) = cot” (Ay) +c. 


> Equations containing combinations of trigonometric functions. 
79, y” = —Ad*y + acos”(Azx) sin™ (Ax) y~"—™*. 


The transformation € = cot(Az), w = leads to the Emden—Fowler equation: 


= 
sin(Az) 


whe = ad—é"w-"-™- (see Section 14.3). 
80. y”, = —A*y + asin” (Az) [sin(Axr) + bcos(Ax)|"y—"— 8. 


The transformation €=1+bcot(Azx), w= leads to the Emden—Fowler equation: 


_y 
sin(Az:) 
Wee = GA) Eg (see Section 14.3). 
81. y”, = aly), sin x — ycos x)* — y. 


The substitution w = y/,sinaz — ycosx leads to a first-order separable equation: w’, = 


asinzw*, 


82. y”, = a(y’,cosx + ysin x)* —y, 


The substitution w = y/,cosx + ysin@ leads to a first-order separable equation: w/, = 


acosxzw*. 


83. y! = 2(cosx) *y + a(cot x)"Ty”. 
This is a special case of equation 14.9.1.43 with f(€) = a&”. 
84. y” = 2(sinz)~*y + a(tanz)”T3y”. 
This is a special case of equation 14.9.1.42 with f(€) = a&”. 


85. y” =(n+1)(tanz)y, +ny+ a(cosx)”™ 2y™"1. 
This is a special case of equation 14.9.2.44 with f(€) = a€™—!. 


86. Vos = (2ay + bsin x)y’, + b(cos x)y = 0. 
Integrating yields a Riccati equation: y/, + ay? + b(sinx)y = C. 
87. ay! +ax*tanz y’, + n(aztanz—n—1)y= bx”™ +? (cos g)2aym3, 


This is a special case of equation 14.9.2.47 with f(€) = be™-8. 
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88. sinzy” + < cos ay’, =ay”" +b. 
This is a special case of equation 14.9.2.34 with g(a) = sinx and f(y) = ay” + b. 


89. sinzy” + < cos zy’, = asin” (Ay) + b. 
This is a special case of equation 14.9.2.34 with g(a) = sin x and f(y) = asin” (Ay) + b. 


90. sinzy” + < cos zy’, = acos”(Ay) + b. 
This is a special case of equation 14.9.2.34 with g(a) = sin x and f(y) = acos”(Ay) + b. 


91. sinzy” + + cos xy, = atan”(Ay) + b. 


This is a special case of equation 14.9.2.34 with g(a) = sinz and f(y) = atan”(Ay) + b. 


92. yy”, + (y,)? + asin(Bx) yy! + bcos(Ax) +c = 0. 
This is a special case of equation 14.9.3.6 with f(x) = asin(Gx) and g(x) = bcos(Ax) +c. 
93. yy” — (y’,)? + asin(Bx)yy’, + bcos(Ax)y” = 0. 

This is a special case of equation 14.9.3.7 with f(z) = asin(6x) and g(x) = bcos(Az). 


14.8.6 Equations Containing the Combinations of Exponential, 
Hyperbolic, Logarithmic, and Trigonometric Functions 


2 3A 
Lyf), = A“y + ae’ (Iny 4+ Az). 
This is a special case of equation 14.9.1.29 with f(€) = aln€. 
2. yf, = —ay’, + be (Iny + az). 
This is a special case of equation 14.9.2.36 with f(€) = bln €. 
3. yy”, = ay’, + be? In” (Ay). 
This is a special case of equation 14.9.2.17 with f(y) = bln” (Ay). 
4, y”, = ay’, + be? sin” (Ay). 
This is a special case of equation 14.9.2.17 with f(y) = bsin” (Ay). 
5. y= ay! + be?” tan” (Ay). 
This is a special case of equation 14.9.2.17 with f(y) = btan”(Ay). 
b 2 
6 y” t+atanzry’, + b(atanz — b)y = ce? (cos x)*4y™—*. 
This is a special case of equation 14.9.2.46 with f(€) = c€&™—3. 
7. yf! = aly’)? — be* + csinh(Az). 
This is a special case of equation 14.9.3.18 with f(a) = —csinh(Az). 
8. y= a(y,)? + beosh”(Ax)e% + cx™. 
This is a special case of equation 14.9.3.17 with f(x) = —bcosh”(Azx) and g(x) = —cx™. 
= 2 
9. yy! =a(yl)* + bln” (Axr)e™ + cx™. 
This is a special case of equation 14.9.3.17 with f(x) = —bln”(Az) and g(x) = —cx™. 
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10. yy”, =a(y,,)? + bln” (Ax)e™ 4+ ce”. 
This is a special case of equation 14.9.3.17 with f(x) = —bln”(Azx) and g(a) = —ce”*. 
1. yy”, = a(y,)? — be* 4+ csin(Az). 
This is a special case of equation 14.9.3.18 with f(x) = —csin(Az). 
12. y”, =a(y,)? + bsin™(Ax)e™ + ca™. 
This is a special case of equation 14.9.3.17 with f(a) = —bsin”™(Az) and g(x) = —cxr™. 
13. y”, =a(y,,)? + bsin™(Ax)e™ + ce”. 
This is a special case of equation 14.9.3.17 with f(a#) = —bsin”(Azx) and g(x) = —ce”*. 
14. y+ ae™ (y’)? + bln" y+c=0. 
This is a special case of equation 14.9.3.25 with f(y) = ae*¥ and g(y) = bln" y +c. 
15. yf + ae™ (y’)? + bsin"y+c=0. 
This is a special case of equation 14.9.3.25 with f(y) = ae*¥ and g(y) = bsin” y + ¢. 
16. yy, = ae (y’,)? + bln" (ux) y;,. 
This is a special case of equation 14.9.3.38 with f(y) = ae*¥ and g(x) = bln" (ux). 
17. y”, = ae (y!)? + bsin” (ux) y’. 
This is a special case of equation 14.9.3.38 with f(y) = ae*¥ and g(x) = bsin™ (2). 
18. Yn = ae™ (y’)? + btan” (px)y’,. 
This is a special case of equation 14.9.3.38 with f(y) = ae*¥ and g(x) = btan” (uz). 
19. y. +aln”y (y,,)? + be? +c=0. 
This is a special case of equation 14.9.3.25 with f(y) = aln” y and g(y) = be*” +c. 

a » 
20. y”, =aln” y (y/,)* + be**y’.. 
This is a special case of equation 14.9.3.38 with f(y) = aln" y and g(x) = be**. 
2. y”, =aln"y(y,)? + bsin™(Ax)y’. 
This is a special case of equation 14.9.3.38 with f(y) = aln” y and g(x) = bsin”™ (Az). 
22, y” + asin” y (y,)? + berY +c=0. 
This is a special case of equation 14.9.3.25 with f(y) = asin” y and g(y) = be*Y +c. 
23. y”, = asin” y (y/,)? + be**y’. 
This is a special case of equation 14.9.3.38 with f(y) = asin” y and g(x) = be”. 
24. y” =asin” y (y,)? +bln™(Az)y’. 
This is a special case of equation 14.9.3.38 with f(y) = asin” y and g(x) = bln” (Az). 
25. y”, =atan” y(y,)? + ber” y’. 
This is a special case of equation 14.9.3.38 with f(y) = atan” y and g(x) = be**. 
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26. y”, + be* cosh(Ay)(y,)® + ay, = 0. 

This is a special case of equation 14.9.3.35 with f(y) = bcosh(Ay). 
27. y+ be™ sin(Ay)(y/,)? + ays, = 0. 

This is a special case of equation 14.9.3.35 with f(y) = bsin(Ay). 


28. vy’, = axrlnaze%y’, + ae’. 


Solution: y= —In Je“ (Cy _ & [tee dw) + a In a. 


29. yy’, = ae*(y’,)* + ae*y ny (y;,)”. 
a a 
Solution: z= —In Je“ (C: + = | —1_-Ciy ) — —lIn le 
2 Ci y y CG Yy 


30. yy” = (y),)? + ae** yy! + bsin™ (vax)y?. 
This is a special case of equation 14.9.3.7 with f(x) = —ae*” and g(x) = —bsin” (v2). 


31. (ae? + by”, + ae*y’, = cosh” (Ay) + ¢. 


“Le 
This is a special case of equation 14.9.2.34 with g(a) = ae?* +b and f(y) =cosh”(Ay) +c. 
32. (ae? + b)y”, + acy’, = tanh” (Ay) + ¢. 
This is a special case of equation 14.9.2.34 with g(x) = ae?” +b and f(y) =tanh” (Ay) +c. 


33. (ae?” + by”, + ae?*y’, = In™(Ay) +c. 
This is a special case of equation 14.9.2.34 with g(x) = ae?* + b and f(y) = In" (Ay) +c. 


34. (ae? + by”, + ae**y’, = sin” (Ay) +c. 
This is a special case of equation 14.9.2.34 with g(x) = ae?” + band f(y) =sin”(Ay) +c. 


35. (ae? + by”, + acy’, = tan”(Ay) + ¢. 
This is a special case of equation 14.9.2.34 with g(x) = ae?” + band f(y) = tan”(Ay) +c. 


36. sinxy’ + s cos zy’, = ae’y + b. 


This is a special case of equation 14.9.2.34 with g(x) = sina and f(y) = ae*¥ +b. 
37. sinzy” + $ cos zy’, = acosh” (Ay) + b. 
This is a special case of equation 14.9.2.34 with g(x) = sin x and f(y) = acosh”(Ay) + b. 


38. sinz y+ cos zy’, = asinh” (Ay) + 5. 
This is a special case of equation 14.9.2.34 with g(x) = sin x and f(y) = asinh”(Ay) + 0. 


39. sinxy’ + s cos zy’, = atanh”(Ay) + b. 
This is a special case of equation 14.9.2.34 with g(x) = sin x and f(y) = atanh” (Ay) + b. 
40. sinzy”, + 5cosry’,=aln”y +b. 


This is a special case of equation 14.9.2.34 with g(x) = sin x and f(y) =aln” y+. 
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14.9 Equations Containing Arbitrary Functions 


@ Notation: f, 9, h, vy, and w are arbitrary composite functions of their arguments indi- 
cated in parentheses just after the function name (the arguments can depend on x, y, y,,). 


14.9.1 Equations of the Form F(z, y)y”, + G(x, y) = 0 
> Arguments of arbitrary functions are algebraic and power functions of x and y. 


wo 
1. oo — f(y). 

This autonomous equation arises in mechanics, combustion theory, and the theory of mass 
transfer with chemical reactions. The substitution u(y) = y/, leads to a first-order separated 


equation: ww, = f(y). 


-1/2 
Solution: [lc +2 iy fly) dy] dy =Co+2. 
Particular solutions: y = Az, where A, are roots of the algebraic (transcendental) 
equation f(A,) = 0. 
2 yf + f(x)y = ay *. 
Yermakov’s equation. Let w = w(x) be a nontrivial solution of the second-order linear 


, : dx 
equation w+ f(x)w=0. The transformation € = / ao = leads to an autonomous 


equation of the form 14.9.1.1: 2%. = az7°. 
Solution: Cyy”? = aw? + wu” (co + Cy / 


©) Literature: V. P. Yermakov (1880). 


ay 


w2 


3. Une + f(x)y = gi, (x)y~* — g?(x)y*. 
Generalized Yermakov’s equation. 

1/2 

Solution: y = w(c +2 / ae) ar 
w 

the linear equation w’,, + f(x)w = 0. 
4, y” =f(ayt+b«r+c). 
The substitution w = ay + ba + c leads to an equation of the form 14.9.1.1: wl, =af(w). 
5. y” =flytax*+bxr +c). 
The substitution w = y + ax? + bar +c leads to an equation of the form 14.9.1.1: w= 
f(w) + 2a. 
6 yf = f(yt+ ax” + bx? + cx) — an(n —1)a"?. 
The substitution w = y + ax” + bx? + cx leads to an equation of the form 14.9.1.1: 
t. y= 2 fue”). 
Homogeneous equation. The transformation t = — In |x|, z = y/x leads to an autonomous 
equation: z/, — z; = f(z). Reducing its order with the substitution w(z) = w}, we arrive 
at the Abel equation ww’, — w = f(w), which is discussed in Section 13.3.1. 


, where w = w(z) is the general solution of 
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8 yf =x *f(ya"). 

The transformation € = 1/z, w = y/a leads to an equation of the form 14.9.1.1: Wee = 
f(w). 

% yl, =a 9 f(ya-'/?), 


-1/2 d 


Having set w = yx~'/?, we obtain 4 (xw',)? = ww’, + 2f(w)w!,. Integrating the latter 
equation, we arrive at a separable equation. 


: 3 -1/2 
Solution: fie + qu +2 / f(w) dw| dw = C2 + Ina. 


10. yf” = ak? f(a—*y). 

Generalized homogeneous equation. 

1°. The transformation t = Ina, z = x~"y leads to an autonomous equation of the form 
14.9.6.2: 2 + (2k —1)z,+k(k-1)z = f(z). 

2°. The transformation z = 2~*y, w = zy/,/y leads to a first-order equation of the form: 
z(w — kw = 21 f(z) +w—w’. 

i. = ye fey”). 


Generalized homogeneous equation. The transformation z = x"y™, w = xy/,/y leads to 


a first-order equation: z(mw+n)w, = f(z) +w-—w?”. 


12, y% =n(n4+1)a-7y 4+ @"f(yx”). 
This is a special case of equation 14.9.1.46 with wy = «2~”. 


3. a = a 3/2 f (aya 1/? + bx'/?), 
The substitution w = ay + bx leads to an equation of the form 14.9.1.9: 


wi! =n el Fe 9/2), 


14. x(x+a)?y” = f(y/z). 
In|" 


The transformation € = :Z= » Jeads to an autonomous equation of the form 
x 


14.9.6.2: zg, — % = =a *f(z). Reducing its order with the substitution w(z) = Ze, We 
arrive at an Abel ee of the second kind: ww’, — w = a~*f(z). See Section 13.3.1 
for information about an Abel equation of the second kind. 


wm 1 y a b 
The transformation € = 1/x, w = y/ax leads to an equation of the form 14.9.1.5: Wee = 
f(w + a€? + bE +c). 


16 vf, = hy (setts), 
es ax+by+c axz+ By++7 


This is a special case of equation 14.9.1.18. 


1°. For a8 — ba = 0, we have an equation of the form 14.9.1.4. 
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2°. For a8 — ba # 0, the transformation 
Z=X2%—-%, W=Y- Yo, 
where x and yo are the constants determined by the linear algebraic system of equations 
ato t+ byp+c=0, aro+Byt+7=0, 


leads to a homogeneous equation of the form 14.9.1.7: 


dig te(2), vier Fe) = her StH) 


17. yl! = 1 (4 *<). 
ae (ax + by +c)? ax + By +7 


This is a special case of equation 14.9.1.20. 


1°. For a8 — ba = 0, we have an equation of the form 14.9.1.4. 


2°. For a8 — ba # 0, the transformation 
Z=X2%—-%, W=Y-— Yo, 
where 29 and yo are the constants determined by the linear algebraic system of equations 
ato t+ bys +c=0, aro+Byt+7=0, 


leads to a solvable equation of the form 14.9.1.8: 


1 w 1 at+b 
o.= =F(=), where F(€) = ae! (SR). 
18. y! a 1 (se Fe) 
ae aix+biy+c1 a3x + bsy + cz 
ay by 
Let the following condition be satisfied: jag b2 co} = 0. 
az 63 ¢3 


For agb3 — a3b2 # O, the transformation 
Z=£-%, W=Y-Yo, 
where 9 and yo are the constants determined by the linear algebraic system of equations 
azto + bayo +c2=0, agro + b3yo + c3 = 0, 


leads to a homogeneous equation of the form 14.9.1.7: 


a -F(=), where F(€) = 


” 1 ax+by+ec 
i. yf, =——1 _p( set te). 
x?(ax + by + c) ax + By +7 
For aG — ba ¥ 0, the transformation 


1 (22s) 
ay +b" \az + b3&7- 


&=X—~%XO, W=Y— yo, 
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where 29 and yo are the constants determined by the linear algebraic system of equations 
ato + byp+c=0, azo + fy t+ 7 =9, 


leads to an equation of the form 14.9.1.14: 


z(z + 29)*w!, = F(=), where F'(€) : r( ons ). 


ae z ~ a+b’ \at Be 
20 y”” _ 1 (ose) 
* %an  (aiz + biy +¢1)3* \asx + bsy + c3 ]* 
ay by C1 
Let the following condition be satisfied: |a2 bz co] =0. 
az b3  ¢3 


For agb3 — a3bo 4 O, the transformation 
Z=X2%—-%, W=Y-— Yo, 
where x and yo are the constants determined by the linear algebraic system of equations 
azto + bayo +c2=0, agro + b3yo + c3 = 0, 
leads to a solvable equation of the form 14.9.1.8: 


1 (ts), 


(a1 + b1€)8 


en 7 eal = 
wy = F(=), where F'(£) = era a: 


Zz 7B 


Ww 8 y 
21. Yen = UF (===). 


Setting u(x) = y(ax? + ba + c)~\/? and integrating the equation, we obtain a first-order 
separable equation: 


(ax? + ba + c)?(ul,)? = (Gb? — ac)u? +2 re u > f(u)dut+ C4. 


22, (ax? + ba + ¢)*? yn, = f (>). 
axz*+ba+e 


1 
Setting w = ay + Bx + 7 and denoting f(z) = —z¢(z), we obtain an equation of the 


A az 
form 14.9.1.21: wi, = w~*~(——_). 
a . Vax? + ba +¢ 
n mo = n—2 —2 y 
23. (ax” + by, =an(n—1)a”™ “y+y t(—4,). 
dx y . 
The transformation € = | —————>, w = leads to an autonomous equation 
(ax” + b)? ax” +b 


of the form 14.9.1.1: wf. = w~? f(w). 
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24. yl, = (aw + b)?y f(y"? + cx) + 2c? 
The solution is determined by the first-order equation 


(aa + b)(yp + 2eVy¥) = plex + V¥,C); (1) 
where the function y = (u,C) is the general solution of the Abel equation of the second 
kind: 

yy, — 2(au + be)y = 2f (u). 
Abel equations of this type are discussed in Section 13.3.3. By the change of variable 


y'/? = u — cx, equation (1) is reduced to the form 2(ax + b)(u — cx)ul, = y(u, C). 


25. Va? + 2ayy”, + f(x? + 2ay— a) = 0. 
First integral in implicit form: 
Yo = 9(u,C), Va? + 2ay—2 =u, 
where the function y = (u,C) is the general solution of the Abel equation of the second 
kind 
(ap —u)y, = fu). 
With the transformation ay — u = —w(u), this equation is reduced to the canonical form 
wu), —w =af(u). 
Abel equations of this type are discussed in Section 13.3.1. 
©) Literature: V. F. Zaitsev and L. V. Linchuk (2016). 


26. (x +b)?\/a? + 2ayy”, + f(x? + 2ay — x) =0. 


First integral in implicit form: 


(x + b)yt, — (Va? + 2ay—2) = y(u,C), Va? +2ay—a = 1, 
a 
where the function y = (u,C) is the general solution of the Abel equation of the second 
kind 
a(ap — bu)y,, = (ap — bu)u — af (u). 
With the transformation ay(u) — bu = w(u), ¢2u? — bu + ¢ = T, this equation is reduced 
to the canonical form 


f(b: Vb? — 2c + 27) 
Vb? — 2c + 27 


Abel equations of this type are discussed in Section 13.3.1. 
©) Literature: V. F. Zaitsev and L. V. Linchuk (2016). 


27. Vy? — 2ary”+ f(y — Vy? — 2ax) = 0. 


First integral in implicit form: 


/ 
ww, -wa=F 


Yr = 9(u,C), y- Vy? — 2ax =u. 
The function y = (u, C) is the general solution of the Abel equation of the second kind 
(a—up)y, = f(u). 
Abel equations of this type are discussed in Section 13.3.3. 
©) Literature: V. F. Zaitsev and L. V. Linchuk (2016). 
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28. (x +b)?\V/y? — 2ary”, + f(y — Vy? — 2ax) = 0. 


First integral in implicit form: 


ala + dy’, — 5 (y+ Vy? = 2az ) =(u,C), y—Vy?—2ar = u. 


The function y = (u, C) is the general solution of the Abel equation of the second kind 


,_ @ fu) a 
Pu a2b—up 2° 


Abel equations of this type are discussed in Section 13.3.3. 
©) Literature: V. F. Zaitsev and L. V. Linchuk (2016). 


mo 1 y 
29, y= __1__s (+). 
(x + b)?,/a? + 4xy fa? + 4ry —a 


First integral in implicit form: 


244 


Ja? + 4xy — a fa? + 4ry —a 
The function y = (u, C) is the general solution of the Abel equation of the second kind 


2®(u) 


———_ = 0. 
one 


yi, + 


Abel equations of this type are discussed in Section 13.3.3. 
©) Literature: V. F. Zaitsev and L. V. Linchuk (2016). 


30. y”, = —— » (4 ) 
a Vat + 4xry JVat*+4ry—a 


First integral in implicit form: 
y 


if 
UT] = y(u,C), ——— ak 8 fr 
* we Ja? + 4ry —a 


The function y = (u, C) is the general solution of the Abel equation of the second kind 


! 20(u) 


Pu + = 0. 


yp — 4u? 


Abel equations of this type are discussed in Section 13.3.3. 
©) Literature: V. F. Zaitsev and L. V. Linchuk (2016). 


ai. yf’ = eto ( (ax + b)y ). 


we ~~ (ax + b)t+2" \ (ea + d)rt1 
b b)” 
The transformation € = In( dale i, = jen yy leads to an autonomous equation 
cx +d (ca +d)r+1 


of the form 14.9.6.2: 


wee — (2n + 1)we + n(n + lw = A?f(w), where A= ad-— be. 
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> Arguments of the arbitrary functions are other functions. 


Mm = 
32. Yon =~ e@ “"f(e**y)- 
1°. The substitution z= e%”y leads to an autonomous equation: 2/,,—2az!,+a?z= f(z). 


2°. The transformation z= ey, w= y/,/y leads to a first-order equation: z(w+a)w!, = 


zt f(z) — w?. 
33. yt, = yf(e*"y™). 


Equation invariant under “translation—dilatation” transformation. The transformation 


z=e%*y™, w=y',/y leads toa first-order equation: z(mw + a)w!, = f(z) — w?. 


34. y” =x 7f(xe%). 


Equation invariant under “dilatation-translation” transformation. The transformation 
z=2"eY, w= xy, leads to a first-order equation: z(aw + n)w, = f(z) + w. 


35. y= A7y +e" f(ye*). 

This is a special case of equation 14.9.1.46 with w = e~*”. 
36. y= fl(yt ae’ +6) = ar7e. 

The substitution w = y + ae*” + b leads to an equation of the form 14.9.1.1: w’,, = f(w). 
37, xy” = 27 f(x"eY) +n. 

The substitution y = w — n1nz leads to an equation of the form 14.9.1.1: w%,, = f(e"’). 
38. yy” = f(y + asinh + b) — asinhz. 

The substitution w=y-+a sinh z+ leads to an equation of the form 14.9.1.1: wi, = f(w). 


39. y” = f(y + acoshz + b) — acoshz. 


The substitution w = y + acoshz + b leads to an equation of the form 14.9.1.1: wi, = 


f(w). 


40. y” = dA7y + (sinh Az)~*f( v ). 


sinh Ax 
This is a special case of equation 14.9.1.46 with a = sinh Ax. 


41. y” = d?y + (cosh Az) f( Z ). 


cosh Ax 
This is a special case of equation 14.9.1.46 with ¢ = cosh Ax. 


42. aryl = «7 f(yt+talnz+b) +a. 
The substitution w = y+alna +6 leads to an equation of the form 14.9.1.1: wi, = f(w). 


43. yl, =-aH—-+—+—r( 4). 


x7 Ine (In a)3 Ina 


This is a special case of equation 14.9.1.46 with a = Inz. 


44. y” = f(ytasinzg +b) +asing. 


The substitution w = y+asin x+6 leads to an equation of the form 14.9.1.1: w/!,, = f(w). 
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45. y” = f(y+acosz +b) +acosa. 
The substitution w = y+acos «+ leads to an equation of the form 14.9.1.1: wl, = f(w). 


46. y” = Ay + (sin Ax)? f ( ar v_). 
This is a special case of equation 14.9.1.46 with a = sin Ax. 
47, y” = A7y + (cos Ax)? f ( ae Ne 


This is a special case of equation 14.9.1.46 with q = cos Ax. 
48. y” = 2(sinx)~*y + (tanz)*f(ytanz). 

This is a special case of equation 14.9.1.46 with yw = cot x. 
49, y” = 2(cosx)~*y + (cot x)? f(y cot 2). 

This is a special case of equation 14.9.1.46 with w = tan z. 


50. sin?ay”, =n(n+1—nsin?x)y + sin®”t? xf (ysin” x). 


The substitution z = € + 4 leads to an equation of the form 14.9.1.45: 
cos” € Yee =n(n+1—ncos? €)y + cos?”*? €f (y cos” €). 


3n+2 


51. cos*xy”, =n(n+1—ncos* x)y + cos xf (ycos” x). 


The transformation € = / cos?” x dx, w = ycos” x leads to an autonomous equation of 


the form 14.9.1.1: wee = f(w). 


52. yt, = My +o 95 (4 : w= ¥(2). 


my 
The transformation € = [3 ne} , w= was leads to an equation of the form 14.9.1.1: Wee = 
f(w). 
Solution |Ie + 2 f #( )d jee C. 2 
5 W ‘Ww = = ; 
: elie y? (zx) 


53. Yeo = 9 °f(2+0)+ + Sy ey, — 29,0, p=or(x), P=Y(a). 


The transformation t = / ag 
14.9.1.1: wh = f(w). 
dw 


Solution: —_—_- =e ii +C,, where F'(w )= | Hwa 
2F'(w) +Cy yp? 


w= Bide w leads to an autonomous equation of the form 
~ 


14.9.2 Equations of the Form F(a, y)y”,+G(a,y)y,, + H(a,y) =0 
> Argument of the arbitrary functions is x. 
Lyf, + 38yy), ty? + f(ax)y = 0. 


-1 
The substitution y = w( / wdz) leads to a second-order linear equation: w',,, + 


jiZw=0, 
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2 yt, + yy, + 4y° + 4f(@)y + f(x) = 0. 
The substitution y = w/,/w leads to a third-order equation of the form 3.5.3.11: ww, + 
3wi,wt, +4f(x)wu', + fi (cw? = 0. 
3. Ure + 3fyy, + fy? + fey? +9(xz)y=0, f= f(a). 
= 
The substitution y = w (/ fw dav) leads to a second-order linear equation: w’,, + 
g(x)w = 0. 
4. yt. + lay t+ f(w)ly, + fr(w)y = 0. 
Integrating yields a Riccati equation: y/, + f(x)y + zay” =C. 


5. yen + [2ay + f(x)ly, + af(w)y? = g(2). 
On setting u = y/, + ay’, we obtain u!, + f(x)u = g(a). Thus, the original equation is 
reduced to a first-order linear equation and a Riccati equation. 


6. Ye + [By + f(x)ly, + y* + f(x)y? + g(a)y + h(x) = 0. 
The substitution y = u/,/u leads to a third-order linear equation: wi”. + f(x)uy, + 
g(x)ui, + h(x)u = 0. 


7. ote + [y + 8f(@)]y, — 9? + f(@)y? + [f,(@) + 2f?(a)]y = 0. 
The transformation 

y= Faw), 2= [Fo dx, where F(x) = exp |- i f(x) as| ; 
leads to an autonomous equation of the form 14.2.3.2: w!, + ww!, — w3 = 0. 


8 yf, — (n+ 1g(a)y”*y,, = f(x)y + gf, (w)y” — 9? (x)y?"*. 


1 
Solution: y = w[C + (1~n) / sot al. when cas) tha penta 
solution of the second-order linear equation w!,, = f(x)w. 


9. xy’, — ny’, + f(a)y = aa? tty 3, 


The substitution w = yx~"/? leads to Yermakov’s equation 14.9.1.2: 
wi, ta lef (x) — <n(n + 2))w = aw o 


10. yg, + (2fy+g)yet fey +opy=0, f=F(x), g=9(2). 
Integrating yields a Riccati equation: y/, + fy? + gy =C. 
2 
Wy, + (8fyt 2)ul + fy? + flv? + (2f9+h)y +942 =0. 
Here, 7 = { (2), = g(x), i= he), 
Solution: y = aT. where u = u(x) is the general solution of the linear equation: 
x)U 


it, (B42) + fgu=0, 


and w = w() is the general solution of another linear equation: w”,, + h(x)w = 0. 
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12. yon + [3f(@)y + 2g(x) + h(x)y~ "Iu, + £7(@)y* 
+ [fa(2) + 2f(a)o(x)ly? + [9 (@) + 97 (a) + 2f() g(x) — p(®)ly 
+ hi, (a) + 2g(a)h(a) + h*(x)y~* = 0. 
The solution satisfies the Riccati equation y/, + f(x)y? + [g(a) — z(a,C)]y + h(x) = 0 
where z = z(x,C) is the general solution of another Riccati equation: z/, + 2“ = p(x). 


13. yf, + (2fy+29-4- 2) yi thy + f+ 2% 
Here, f = (a), 9 = g(z), and h—ii(2). 

The solution is determined by the Abel equation of the second kind yy’, = (In w)!, y? — 
f(x)y — g(x), where w = w(x) is the general solution of the linear equation: wi’, + 
h(a)w = 0. Abel equations of the second kind are discussed in Section 13.3. 


aie 


fo +95 +£=0. 
y 


4+ —= 


14. y” —dAy, + f(x)y = ae?*y-3. 


The substitution w = ye~>*/? leads to Yermakov’s equation 14.9.1.2: 
Whe + [f(x) - $7] w =aw. 


15. yy +9.¥,+fy=ae%y, f=f(z), 9 =9(2). 
The substitution w = ye9/? leads to Yermakov’s equation 14.9.1.2: 


16. y”, +Amtan(Az)y’, + f(x)y = al[cos(Ax)]?y—?. 
This is a special case of equation 14.9.2.15 with g = —mIncos(Az). 


> Argument of the arbitrary functions is y. 


17. yf, = ay), + e7°* f(y). 


Multiplying both sides by e~2¢”, we obtain an equation of the form 14.9.2.34. 

-1/2 1 
Solution: |\c +2 ‘i fly) dy| dy = Cp + —e™. 
a 
18. yo, = f(y)uy 
Solution i dy = C2y+2x, where F'(y )= | rw) fly 
: >= L; 
Fy)+O, 7 


Do. 4 = [e°* f(y) + aly’, f 


The substitution w(y) = e~°"y/, leads - a first-order separable equation: w', = f(y). 


: dy )= [ tw) 
Solution: ——— = C,4+ —e, where F(y \d 
| agra Ot Ty) dy. 


20. vy”, = ny’, + x2rtl f(y). 


—2n-1 


Multiplying both sides by x , we obtain an equation of the form 14.9.2.34. 
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1°. Solution for n # —1: 


|\c ns 2 f Fy dy| sar ee aS aces, 


2°. Solution for n = —1: 


[lc + 2 f Fy) ay] dy = +In|z| + Co. 


21. xy, = f(y)yl- 
The substitution w(y) =«y',/y leads to a first-order linear equation: yw, =—w+1+ f(y). 


22. ay = [x* f(y) +k— 1]y/,. 


Solution: lrote =Co+ oat, where F'(y) = [rw dy. 


23. ay”, + ay’, = f(y). 
The substitution x = +e! leads to an equation of the form 14.9.1.1: yi, = f(y). 


24. (ax? + b)y”, +azy’,+ f(y) =0. 


dx 
The substitution € = i ————. leads to an autonomous equation of the form 14.9.1.1: 
é Vax? +b i 
ule + fly) =0. 


25. (ae? + b)y”, + are?*y’ + f(y) = 0. 
This is a special case of equation 14.9.2.34 with g(a) = ae?” + b. 


26. sinxy” + 5 cos xy’, = f(y). 


This is a special case of equation 14.9.2.34 with g = sina. 


27. cosxy”, — Ssinzy’, = f(y). 


This is a special case of equation 14.9.2.34 with g = cos x. 


> Other arguments of the arbitrary functions. 

28. yt, = f(y)y;, + 9(). 

Integrating yields a first-order equation: y/, = / f(y) dy+ / g(x) dz +C. 
29. y%, + (f(z) + o(y)lye + fi (e)y = 0. 

Integrating yields a first-order equation: y/, + f(x)y + / g(y) dy =C. 

30. vy%, + (n+1)y, =a" f(y”). 


The transformation €=2”", w=yax" leads to an autonomous equation of the form 14.9.1.1: 
nwee = f(w). 
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31. wy! + (n+m +4 1)ay’, + nmy = 2"? f(yx”). 
1°. For n#™m, the transformation € = 2”"~™, w = yx” leads to an autonomous equation 


of the form 14.9.1.1: (n —m)?w¢, = f(w). 
2°. For n = m, the transformation € = Inz, w = yx” leads to an autonomous equation 
of the form 14.9.1.1: wee = f(w). 

2, 


32. @° yt, = f(y/x) (ey, — 9). 
This is a special case of equation 14.9.3.42 with g(x) = h(x) = 0. 


33. a°yt, = f(y/x)(xy, — y)- 
This is a special case of equation 14.9.4.61 with g(z) = z. 


34. gyn + 292U2 =F ly), 9 =9(x). 
Integrating yields a first-order separable equation: g(x)(y/,)? = 2 , f(y) dy + Ci. 
Solution for g(x) > 0: 


[lar2frwa)] a =c. Bf — 


3. yf, — Sy, + (2B-H)y=F(4), v=o), v=). 


The transformation € = / 7 dz, w= 7 leads to an autonomous equation of the form 


14.9.1.1: wee = f(w). 


36. Ypq = —ay,, + ef (ye). 

The transformation € = e®”, w = ye leads to an equation of the form 14.9.1.1: Wee = 
a~? f(w). 

37. oy! + (ut v)yl, + vpy = eh?) F(yeH®), 


1°. For Av, the transformation € = e'—”)", w= yet leads to an autonomous equation 


of the form 14.9.1.1: (4 — v)P whe = f(w). 


2°. For 4 = v, the substitution w= ye" leads to an autonomous equation of the form 


14.9.1.1: wee = f(w). 
38. ry”, — ny’, —a(ax+n)y = girl hte F(ge?), 


This is a special case of equation 14.9.2.35 with » = x” and a) = e~ 


ax 
39. xy”, = f(xre™)y’. 
The transformation z = x"e"”, w = xy, reduces this equation to a first-order separable 
equation: z(aw + n)w! = [f(z) + jw. 
2 
40. a*y” + ay), = f(xe%). 


The transformation z = x"e"¥, w = xy/, reduces this equation to a first-order separable 
equation: z(aw + n)w! = f(z). 
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4. a?y”) —aa?y’ — n(ax+n+1)y = 232"+% 6? f(yx”). 
6 6 xz 


n 


This is a special case of equation 14.9.2.35 with » = e® and = 27”. 
2. yf, — By, — a(S +a)y =e" F(ye), Y= (2). 

The transformation € = } ye dx, w = ye leads to an equation of the form 14.9.1.1: 
wee = fw). 

43. xy! +ay’, = f(ytalna+ bln? x). 

The substitution x = e! leads to an equation of the form 14.9.1.5: yi, = f(y + at + bt?). 


44. y”, —(n+1)tanzy! — ny =cos”? x f(ycos” zx). 


This is a special case of equation 14.9.2.35 with ~ = cos-"~1 x and w) = cos-" z. 


am+n » f(y cos” x). 


n 


45. y” +(m—n)tanz y! —n[(m+1) tan? «+ 1]y=cos 


This is a special case of equation 14.9.2.35 with y = cos™" x and w = cos" ” x. 


46. y”,+atanzy, + b(atanz — b)y = cos?“ x e28” f (ye°”), 


This is a special case of equation 14.9.2.35 with y = cos® x and w = e~"*, 


47, x7y” +az*tanzry’,+n(axrtang —n—1)y = 2°"* cos** x f(yx”). 


This is a special case of equation 14.9.2.35 with » = cos* x and w = a”. 


48. 2?y” —aa*cotxy’ —n(axcotxr+n+1)y = 23"*? sin?* x f(yx”). 
6 6 x 


n 


This is a special case of equation 14.9.2.35 with y = sin? x andy = x~”. 


14.9.3 Equations of the Form 
M 
F(a, y)y", e a Gin(a, y)(y,)™ =0 (M = 2, 3, 4) 


> Argument of the arbitrary functions is x. 


Lyte, = f(«)(y, + ay)” + a7y. 

The substitution w = y/, + ay leads to a Bernoulli equation: w/, = aw + f(x)w”. 
2. Vee = f(x) + 9(x) (xy, — y) + h(x) (ay, — y)?. 

The substitution w(x) = xy/, — y leads to a Riccati equation: w/, = xf(x) + xg(x)w + 
rh(x)w?. 

3. eyy, + (a+ 1)y, = f(x) (xy!, + ay)”. 

The substitution w = xy!, + ay leads to a first-order separable equation: w/, = f(x)w*. 
4. te — (Ye)? = F(a). 

1°. The substitution y=ae**w leads to a similar equation: ww",,—(w',)? =a~7e7?* f (x). 


2°. The substitutions y = +e"/? lead to the equation u!,, = 2f(a)e~". For f(x) = 
peor + Ba, see 14.7.1.41. 


14.9. Equations Containing Arbitrary Functions 799 


5. 2yy, — (Yn)? + F(x)y® +a = 0. 
1°. Differentiating with respect to x, we obtain a third-order linear equation: 
2Yere + 2f(a)y, + fr(x)y = 0. 


2°. The substitution y = z? leads to Yermakov’s equation 14.9.1.2: 24,+ Zf(x)z = 


oe 
— Gae ‘i 


3°. If wu and v are two solutions of the second-order linear equation 4y",.+ f(x)y = 0, 
which satisfy the condition (wv, — u/,v)? =a, then y = uv is a solution of the original 
equation. 


6. YY + (yi)? + f(x) yyl, + g(x) = 0. 
The substitution u = y” leads to a linear equation: wu’, + f(x)u!, + 29(x) = 0. 
7. y¥irn — (y’,)” + f(x)yy;, + 9(x)y? = 0. 
The substitution u = y/,/y leads to a first-order linear equation: u/, + f(x)u + g(a) = 0. 
8. yy, — (ys)? + f(x)y? + ay*”? = 0. 
1°. For n = 1, this is an equation of the form 14.9.3.7. 
2°. For n # 1, the substitution w = y'~” leads to Yermakov’s equation 14.9.1.2: w’,, + 
(1—n)f(z)w + a(1 —n)w-3 = 0. 
9. YYnn — MUYy)” + f(x)y? + g(a)y"** = 0. 
The substitution w = y'~” leads to a nonhomogeneous second-order linear equation: 
Woe + (1 —n)f(x)w + (1 —n)g(x) = 0. 
10. yyy, + a(yi,)? + f(x)yy,, + g(x)y? = 0. 
The substitution w= y**+ leads to a linear equation: w”,, + f(x)w',+(a+1)g(x)w =0. 
HW. yyrn — 2(¥,)? —(fy+29)u,+ fry? +9, =0, f=f(x), g=9(2). 
Integrating yields a Riccati equation: y/, + Cy? + fy+g=0. 
12. yun — (yi)? + (fy? +o)u.+ fy —9,y=9, f=f(x), 9=9(2). 
Integrating yields a Riccati equation: y/, + fy? + Cy—g=0. 
13. yf, + (y,)? + [2fy? + 2(f + 9)y +9 + hy’, + f?y* + 2fgy? 

+ (2f, +9° + 2fh)y* + (9; + 2gh)y + hi, +h? —p=0. 


Here, f = f(a), 9 = g(x), h = h(@), p = p(2). 
The solution satisfies the Riccati equation y’, + f(x)y?+g9(x)y + h(x) — 2(x,C) =0, 
where z = z(a,C) is the general solution of another Riccati equation: 2/, + 27 = p(z). 


14. y¥itn = F(e) (yy). 
The substitution w(x) = xy/,/y leads to a Bernoulli equation 1.1.5: 


rw, = w+ (f(x) — 1”. 


15. yyt, + f(x)(yz)” + 9(x)yy, + h(a)y? = 0. 
The substitution u = y/,/y leads to a Riccati equation: u’/, + (1+ f)u? + guth=0. 
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16. (ytax)y”, = f(x)(xy/, — y)?. 


The substitution y = —ax + xz leads to the equation x22", + 222! — 2° f(x) (z/, 3 


On setting w = z/,/z, we obtain a Bernoulli equation: rw’, a 2w + [2x — 2° f(x)|w 


17. y.. — a(y’,)? + f(xje™ + g(x) = 0. 


The substitution w = e~*%Y leads to a nonhomogeneous linear equation: w’,,. — ag(x)w 


af (zx). 
18. yi, — a(y,,)? + be**¥ + f(x) = 0. 


The substitution w = e~*” leads to Yermakov’s equation 14.9.1.2: w’, — af(x)w 


abw-3. 


19. y”, = f(x)(y!, sinh x — y cosh x)? + y. 

The substitution w = y/, sinh x — ycosh x leads to a first-order separable equation: 
sinh x f(x)w? 

20. yy”, = f(x)(y!, cosh x — ysinh xv)? +y, 

The substitution w = y/,coshxz — ysinh x leads to a first-order separable equation: 
cosh x f(x) w? 

21. yy, = f(x) (yi, sine — ycos x)” — y. 

The substitution w = y/,sinx — ycos a leads to a first-order separable equation: 
sing f(x)w. 

22. y%, = f(a)(yi, cosa + ysina)? — y. 


The substitution w = y/,cosa + ysina leads to a first-order separable equation: 


cos x f(x) w?. 


> Argument of the arbitrary functions is y. 


23. yf t+.a(y’,)? — sy), = e* f(y). 


The substitution w(y)=e~*(y/,)? leads to a first-order linear equation: wy t+2aw = 2 f(y). 


m4. y” +a(y’,)? = fe f(y) + Bl yi. 


Solution: 


ery d 1 
ae aa SO Re where F(y) = pero dy 


25. y” + f(y)(y,)? +9(y) = 0. 


The substitution w(y) = (y/,)? leads to a first-order linear equation: wy + 2f(y)w 


2g(y) = 0. 
26. y+ f(y)(u,)? — Su, = e*9(y)- 


The substitution w(y) = e~*(y/,)? leads to a first-order linear equation: wi, + 2f(y)w 


2g(y). 


+ 


14.9. Equations Containing Arbitrary Functions 801 


27. ¥te = f(y) (y2)”- 
Taking y to be the independent variable, we obtain a linear equation with respect to 7 = 


L(y): Lyy = —f(y)z. 


28. yt, + [ef (y) + o(y)I(yz)° + h(y)(y;,)* = 0. 
Taking y to be the independent variable, we obtain a linear equation with respect to 7 = 
(y): Lyy — h(y)ay, — f(y)x — gly) = 0. 


29. y” + f(y)(y,,)4 + 9(y)(u4)? + Rly) = 0. 


The substitution w(y) = (y/,)? leads to a Riccati equation: wy + 2f (yw? + 29(y)w + 
2h(y) = 0 (see Section 13.2). 


30. avy”, + aa(y’,)? — f(y)y,, = 0. 
Solution: 


e% dy 


1 
FG =C2+In|z|, where F(y) = fevrw) dy + ao 


31. xy, + 3y2, = ef (y)(yi,)” + g(y)- 
The substitution w(y) = x(y/,)? leads to a first-order linear equation: wy = 2f(y)w + 
2(y). 


32. ay”, + ax(y,)? = [a* f(y) +k— 1] y'. 


Solution: 


e dy 1, / 
ee es oe eee h F(y) = | dy. 


33. xy, + [x* f(y) + al(y’,)° = 0. 
Taking y to be the independent variable, we obtain an equation of the form 14.9.1.2 for 
c= xy): ty, — fly) — ar =, 


34. 7, = "(Ff (y) + 9(y) (eu, — y) + h(y) (wy, — ¥)"Iye- 
The substitution w(y) =y/,—y leads to a Riccati equation: w/, = f(y)+g(y)w+h(y)w?. 


35. yz, te**f(y)(y,)° + ay, = 0. 

The substitution € = e~% leads to an equation of the form 14.9.4.36 with g(z) = az°: 
Ube — af (y) (ye)? = 0. 

36. ytn + f(y) (y2)* + 9(y) (yz)? + h(y) = 0. 

The substitution w(y) = (yi,)? leads to a Riccati equation: wi, + 2f(y)w? + 2g(y)w + 
2h(y) = 0. 

37. wyy, + 27™*" F(y)(y,)* + my, = 0. 

This is a special case of equation 14.9.4.18 with n = 4 and y = x~ 


m 
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> Other arguments of arbitrary functions. 


38. urn = F(y)(y2)? + 9(a) uy 
Dividing by y/., we obtain an exact differential equation. Its solution follows from the 
equation: 


In |y;,| =f dys [ ear+e 


Solving the latter for y,, we arrive at a separable equation. In addition, y = C| is a singular 
solution, with C, being an arbitrary constant. 


f(a"y™) ( 

ry 
The transformation z = x"y", w = xy!./y reduces this equation to a first-order separable 
equation: z(mw +n)w!, = [f(z) — 1](w? — w). 


40. yy”, = f(e**y”)(y’,)?. 


The transformation z = e“”y”, w = yj,/y reduces this equation to a first-order separable 


equation: z(nw + a)w’, = [f(z) — 1Jw?. 

41. xy, = f(y/x) (xy, — y) (yy)? 

This is a special case of equation 14.9.4.20 with k = 2. 

a2. yf, =a *(xy’, —y)[F(4) +9(4) uh +2(4) 4)’. 


The transformation z = y/x, w = xy!,/y leads to a Riccati equation: zw!, = 27h(z)w? + 


[z9(z) — lw + f(z). 


43. yf, = 2 p(ya*/?)(yl)*, 
This is a special case of equation 14.9.4.21 with n = —3/2, m = 1, and f(z) = zy(z). 


39. Ye = ry), — Y)Yn- 


14.9.4 Equations of the Form F(z, y,y/)y’” + G(a,y,y,) = 0 
> Arguments of the arbitrary functions depend on z or y. 


1 oy” = f(x) (y,, + ay)* + a7y. 


The substitution w = y/, + ay leads to a Bernoulli equation: w’/, = aw + f(x)w*. 


2. Yee + f(x)yy + 9(x)(yZ)* = 0. 
The substitution u(x) = y/, leads to a Bernoulli equation: wu’, + f(a)u + g(x)u* = 0. 
3. Uy, = (n — 1)a7y + f(x) (xy, — ny)*. 


The substitution w = x”yi, — nx”~ty leads to a first-order separable equation: w’, = 
ght h—Ok F(a uF, 


4. y= f(x)(xy!, — y) + 9(a) (ay, — y)*. 


The substitution w(x) = ry!,—y leads to a Bernoulli equation: w/, =a f(x)w+2xg(r)w*. 
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5. ayy, + (a+ Ly’, = f(x)(xy’, + ay)”. 
The substitution w = xy’, + ay leads to a first-order separable equation: w', = f (x) w*. 


6. Une = a+ f(x) / (yy)? — 2ay. 
Setting u = y/,, we rewrite the equation as follows: (u/, — a)?[f(a)|~? = u? — 2ay. 
Differentiating both sides with respect to x and dividing by (u/, — a), we obtain a second- 


; fant a ar 3 / 
order linear equation: fu‘. = fiu, + feu—af,,. 


There is also the solution: y = 5a(x + C)?. 
7. Yrw = f(x) Jy, (ey, — y)- 
The Legendre transformation « = w), y = tw} — w leads to an equation of the form 


1 
14.9.4.40: wi, = ——_. 
" f(wh)viw 


8. fi(x)y Ure + fa(@)¥Yen + fs(@)(un)” + fa(e)uye + fo(x)y* = 0. 
The substitution w(x) = y/,/y leads to the Abel equation 

(fiw + fo)wy, + fiw? + (fo+ fa)w* + faw + fs=0, where fx = fx(2). 
9. y” = f(x)(y) sinha — ycoshx)* + y. 


The substitution w = y/,sinha — ycoshz leads to a first-order separable equation: 


w!, = sinh x f(x)w*. 


10. y”, = f(x)(y/, cosh a — ysinh x) + y. 

The substitution w = y/,cosha — ysinhz leads to a first-order separable equation: 
wi, = cosh f(x)w*. 

ll. y%, = f(x)(y), sin x — ycos x)* — y, 


The substitution w = y/,sinxz — ycosx leads to a first-order separable equation: 


wi, = sina f(x)w*. 


12. yo! = f(x) (yi, cosa + ysin a)* — y. 


The substitution w = y/.cosx + ysinz leads to a first-order separable equation: 


wi, = cos x f(x)w*. 


13. Yen = F(y)(¥z)” + 9(y)(y2)*: 
The substitution w(y) = y/, leads to a Bernoulli equation: w, = f(y)w + g(y)we-}. 


14, wy, + arm 2F" F(y)(yi,)” + my, = 0. 
This is a special case of equation 14.9.4.18 with y = x~ 


2 k 
15. yy, =" [f(y)(wy, — y) + 9(y) (wu, — 9) "| 92 
The substitution w(y) = xy/, — y leads to a Bernoulli equation: w/, = f(y)w + g(y)w*. 


y 
1/2 
16. Yee = F(y)(wye — 9)'*(¥i,)”. 
The transformation x = tw; — w, y = —w;, where w = w(t), leads to an equation of the 


form 14.9.4.40: wi, = 


m 


f(—wy) Viw 
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17. yf, +e") F(y)(yi,)” + ay!, = 0. 
This is a special case of equation 14.9.4.18 with y = e 


18. yn, +e? "F(y)(u,)" — Su, =0, 9 = ¥(a). 

The substitution € = [eo ) dx leads to an equation of the form 14.9.4.36: 
yee + F(y)(ye)” = 0. 

19. funn + shee = Fay)? + FRY)?” of = F (2). 


dx 
The substitution € = / 
VJ f(x) 


ule = gly) (yf)? + ACW) (yf). 


leads to an autonomous equation of the form 14.9.4.13: 


> Arguments of the arbitrary functions depend on z and y. 


20. y”, =a? f(y/ax)(ay!, — y)(yi,)*. 


The transformation z = y/x, w = xy/,/y leads to a Bernoulli equation: zw! = —w + 
2 f(z)w* 
There are particular solutions: y = Ca and y = C, (for k > 0). 
2n+m 
a. yf, =O yy mem, 
= 2n+tm 
The transformation z=2"y™, w=xy',/y yields: z(mw+n)w,=z ™+T f(z)w ntm + 


2n+m 
w—w*. We divide both sides of this equation by w ™+™ and introduce the new dependent 


variable ¢ = w ami —w — am, As a result, we obtain a first-order linear equation: 


(n+m)2Q,=—C +2 aD f(z). 
—kn—-k = = 
22. Vee = a FYE F(a y™) (Ye) 
Passing on to the new variables z = x"y'" and w = zy/,/y, we arrive at a first-order 
equation: 


1-k 
z(mw +n)w, = a), — wt f(z)wFt, 
km 
vere mi o4-k th _E : : p= 
The substitution ¢ = Tope Te” leads to a linear equation: 2¢, =———¢+ f(z). 
= m 
+km+k = —k— 
23,0 Yigg = (yn)? + ey f(a y™) (yg). 
Passing on to the new variables z= x"y",, w = xy’, /y, we arrive at a first-order equation: 
1+k 
2(mw +n)w, =w+ m0) 92 + f(z)w*t?, 
n 
k+1 
The substitution ¢ = mw + a ght leads to a linear equation: 2¢) = — 7 ¢- 
k k+1 n 


f(z). 


14.9. Equations Containing Arbitrary Functions 805 


2n+m 


24, yt = ar (ay, — y) 


LL 


2 
This is a special case of equation 14.9.4.25 with k = a 


25. Yee = —>—(u,) ™™ (zy, — y)”: 
The adams z=a2"y”, w =xy’,/y leads to a first-order equation: 


p k-1 2n+m—nk 49k =e 
z(mw+n)w, = zrtm f(iz)w nm (w—1)*+w-u". 


2n+m 


Multiplying both sides by w ™+m™ and passing on to the new variable ¢ = w nm 
n k-1 
w +m, we arrive at a Bernoulli equation: (n + m)z¢) = —C + znFm f(z)". 


26. ys, = 2 *(wy’, — y)|f (2 )ut, +9(4 )wi)* |: 


The transformation z = y/z, u= xy/,/y leads to a Bernoulli equation: 
au, = [2f(z) — Tu + 28g(z)u* 


27. yl, = @ *(ay’, — y)f(4) +o 3(ay,, — y)*o(4). 
The transformation x = —1/t, y = —w/t leads to an autonomous equation of the form 
14.9.4.13: wh = f(w)(wt)? + g(w)(wit)*. 
f(a™y™ 2n+m—nk ie g(x"y 
28. yf, =O (yy mm (wy, — y)* + Oy (ayy,  y). 
_m 
The transformation z = x"y'", w = xy/,/y, followed by the substitution ¢ = wrtm — 
n k-1 
w +m , leads to a Bernoulli — (n+m)zC! = [g(z) —1C + 20Fm fi(z)c*. 


f ae anim  g(x"y 
29, yf, = Ly) we + Fy (ey, - y) 
h(a mn _ 2 
+ a (yi) men (oy, =)". 
m 
The transformation z= 2"y'"", w= xy/,/y, followed by the substitution ¢(z) = wr+m — 


n 1 

w 7™+m, leads to a Riccati equation: (n + m)z¢, = z™+mh(z)C? + [g(z) — 1I]J¢ + 
1 

z ntm f(z). 


1-—k = na 
30. yl, = 24k (yl)? + ak? F(a%e™V)(yh)*. 


Passing on to the new variables z = x"e"Y and w = zy/,, we have 


1—k 
w, = ot tw t f(z)w" 


z(aw + n) = 


Multiplying both sides by w~* and introducing the new variable v = > + 


ut f(z). 


A : ; 1-k 
Tak w!*, we obtain a first-order linear equation: zu), = 
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2—k = 
31. ve = Sy ty Fle y™) (ui) 


mti1i— 


Passing on to the new variables z = e“7y™ and w = y/,,/y, we have 
z(mw +a)w, = —w* — ———w + f(z)u". 
m 


Multiplying both sides by w~* and introducing the new variable v = yk + 
a 
1—k 


32. 4 = -<y, In (=) + f(e%”y™)y’. 


The transformation z = e“*y™, w = y/,/y leads to a first-order equation: 


w'*, we obtain a first-order linear equation: mzv!, = (k — 2)u + mf(z). 


z(mw + a)w, = ~~ winw —w? + f(z)w. 
m 


Dividing both sides by w and passing on to the new variable v = mw+alnw, we obtain 
a first-order linear equation: mzv, = —v +mf(z). 


33.5 = x f(a"e%) exp ( — <ay\,). 


The transformation z = x"e*Y, w = xy’, leads to the first-order equation 
j a 
z(aw +n)w, =w+ f(z) exp(—<w), 
n 


which can be reduced, with the aid of the substitution ¢ = w exp (<w) , to a linear equa- 
n 

tion: nz¢, = ¢+ f(z). 

34. yte = ——(y',)? In(ay,) + f (ee) (y3)?. 


The transformation z = x"eY, w = xy’, leads to the equation 
, a9 2 
z(aw+n)w, =w——w*Inw+w* f(z). 
n 


Dividing both sides by w? and passing on to the new variable v = alnw — nw7!, we 


obtain a first-order linear equation: nzv, = —v +nf(z). 


> Arguments of the arbitrary functions depend on z, y, and y’,. 


35. yy, = f(x)g(y;,)- 


The substitution u(x) = y/, leads to a first-order separable equation: u!, = f(a)g(u). 


36. yn, = F(y)g(ur)- 


The substitution u(y) = y/, leads to a first-order separable equation: uu, = f(y)g(u). 
In addition, there may exist solutions of the form y= Ax+C, where A are roots of the 


equation g(A) =0, Cis an arbitrary number, or y = B, where B are roots of the equation 


f(B) =0. 
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37. Yrw = f(ax + by + ¢)g(y;,)- 
For b = 0, we have an equation of the form 14.9.4.35. For b 4 0, the substitution u(a) = 


y + (ax + c)/b leads to an equation of the form 14.9.4.36: u%, = f(bu)g(wi —- >). 


38. oy” = a" f(a"y’). 
The substitution w(x) =x"y/, leads to a first-order separable equation: rw’, = f(w)+nw. 


39. yy, = yu 7" * F(yyl,)- 


The substitution w(y) = y"y!, leads to a first-order separable equation: yww, = f(w) + 


nw?. 


an f (yz) 
40. Yoo = =a" 
Setting u = y/, and passing on to the new variables t = i, a and w = 2,/z, we 
u 


have y = (w)?. Differentiating the latter with respect to x, we obtain a second-order 
linear equation: wy, = g(t)w. Here, the function g(t) is defined parametrically: g = ju, 


t= du 
f(u) 
AL. Yew = aS Bb 
Setting u = y/,, we rewrite the equation as follows: [\/z u',/f(u)| ~? —aytbe-!. Differ- 
entiating both sides with respect to x and passing on to the new variables t = 5 ae 


z = ,/@, we obtain an equation of the form 14.9.1.2: 2/4, = au(t)z — bz73. 


Setting u = y/,, we rewrite the equation as follows: [u/,/f(w)| — ay+ba. Differentiat- 


d 
ing both sides with respect to x and passing on to the new variable ¢ = Fay’ we obtain 
U 
a second-order linear equation for x = x(t) integrable by quadrature: 2x/, = 2bx + au(t). 
d 
Here, the function u = u(t) is defined implicitly: t = cay 
u 


43. a” = f (yz) . 
Yow aa + by? 
Taking y to be the independent variable, we obtain an equation of the form 14.9.4.42 for 
-1/2 
x= a2(y): of, = —(ax + by?) /” f(/ai,)(a,)°. 


-1/2 

44. yl”, = (ax? + bay + cy? + ax + By +7) f(y’). 
The transformation x = At+ Bu+C, y = Dt+ Pu+Q, where u = u(t), reduces this 
equation by selecting appropriate constants A, B, C, D, P, and Q, to an equation of the 
form 14.9.4.41, 2.9.4.42, or 2.9.4.43. 
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45. Mm = f (yz) : 
Yacar Jaxy + bx3/2 + cx 
Setting u = y/,, we rewrite the equation as follows: [/Z u!,/f(u)] 7 = ay + b/x +c. 


1 d 
Differentiating both sides with respect to x and passing to the new variables t= 3 = 


(u) 


and z = ,/x, we obtain a second-order linear equation: 2z/, = 2au(t)z + b. Here, the 


1 du 
function u = u(t) is defined implicitly: ¢ = — / —_—. 
° 2 J Flu) 


46. yn = f (yz) . 
—— Jaxy + by?/2 + cy 


Taking y to be the independent variable, we obtain an equation of the form 14.9.4.45 for 
-1/2 
x= aly): why = —(aay + by??? + ey)” F(L/ay)(a4,). 


f(y 
47. yi. _ (ye) ) . 
Jaxy + bx? + cx3/2 + dx 
The substitution aw = ay + bz leads to an equation of the form 14.9.4.45 for w = w(x): 
ao = f (wy = b/a) 
 Jaxw + ex/2 + dx 
MACE 
48. y.. a oo . 
VJaxy + by? + cy?/2 + dy 


Taking y to be the independent variable, we obtain an equation of the form 14.9.4.47 for 
x= aly): why = —(acy + by? + cy? + dy)” F(L/ay)(a4,)*. 


49. y” =a 7(xy’, —y)f (yi). 


The Legendre transformation x = w}, y = tw, —w (yi, =t, yl, = 1/wi) leads to an 
equation of the form 14.9.3.14: ww, = [f(t)]~1(w)?. 


50. y” = [a f(y.) + yo(y,,) + h(yi,)] 


The Legendre transformation z = w;, y = tw, — w (y/, = t, yl, = 1/w'}) leads to a 
second-order linear equation: w;/, = [f(t) + tg(t)]w) — g(t)w + h(t). 


51. (xy), + ay, —y +b)y%, = f(y})- 
The contact transformation 
X=y,, Y=ay,tay,-y+b, Yy=ata, Yxx =1/ybe, 


where Y = Y(X), leads to a linear equation: f(X)YYy —Y =0. 
Inverse transformation: 


e=Vy—-a, y= XY, -Y+d), y, =X, ve =1/Y¥rx 
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52. (Yn) Yee + 9(Y)¥y + h(x) = 0. 
Integrating yields a first-order equation: 


[tw du + [ow dy + [ro dz =C, where u=y,. 
53. yy, = a7y + f(x)G(yi, + ay). 
The substitution w = y/, + ay leads to a first-order equation: w’/, = aw + f(x)g(w). 
54. f(y, + ax)yz, + (yz + 2ay) (yz, + a) = 0. 
The contact transformation 


A= 7 + an, Y =$(y,)? tay, Yx=¥ Yxx=—=™ 


where Y = Y(X), leads to a linear equation: f(X)Y¥y +2Y =0. 
Inverse transformation: 


1 1 
w= —(X-Yx), y=—[2Y-(Vx)"], w=YVx. 
a 2a 
55 a | ry 
© Ura —& Fly, —): 


The substitution w= y/,— 4 leads to a first-order separable equation: xw!,=—w-+ f(w). 


56. (xy, — y)(a7y%, + aryl, — ay) = x” f(y}, = at). 
The contact transformation (a 4 —1) 


(a 4+ Dee 


y lJ a ! a+1 " 
— f + a—, — get as ; = © ; a eo 
X= z } Ya y, Yx Yxx xy! + aryl, — ay 


leads to a linear equation: f(X)Y¥y = (a+ LY. 
Inverse transformation: 


u 1 asst XY; +aY 
=a, = XYx -Y)(Yx) OT, yf, =~. 

x ( x) » Y aay: xX )( x) >» Ue (a+1)V- 

57. Ute = © *f (wy, — y(n)" 

The Legendre transformation « = w), y = tw} — w leads to an equation of the form 
14.9.3.27: wi, = t[f(w)|71 (wh). 


58. yt, = f(x)g (wy, — 9): 

The substitution w = xy!, — y leads to a first-order separable equation: w’, = xf («)g(w). 
59. yt, = 2" Sy” f(xy, — y): 

The transformation x = 1/t, y = w/t leads to an autonomous equation of the form 
14.9.4.36: w!, = w" f(—w!). 

60. yf, =e 'f(y)g(wy, — y)¥D 


The substitution w(y) =ay/,—y leads to a first-order separable equation: w, = f(y)g(w). 
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61. yf, =x f(y/x)g(xy, — y). 

The transformation x = 1/t, y = w/t leads to an autonomous equation of the form 
14.9.4.36: wi, = f(w)g(—w'). 

62. ey Ue + 2x7 (y,)? = f(y, +). 


The contact transformation 


1 
X = 2’ Y =r? 2 YL =a, yl! = —______ 
where Y = Y(X), leads to a linear equation: f(X)Y¥y =Y. 
Inverse transformation: 


8 


Y Y 
=Yx, y= X -— ‘— i = 
xX 


The substitution w(a) = xy/,/y leads to a first-order separable equation: xw!, = f(w) + 


w—w?. 


64. yf, = y (yy)? — 2 ty, + ay f(ay™)g (=). 
The transformation z = x”y™, w = xy',/y leads to a first-order separable equation: 


2(mw +n)w!, = f(z)g(w). 


n—-1 


65. y” =n(n—1)a-7y4+ f(x)g(a"y!, — na”—1y). 

The substitution w = 2"y/, — nar—ly leads to a first-order separable equation: w!, = 
x" f(x)g(w). 

66. xy! + aryl, —ay =a f(attty! — oy). 


The contact transformation (a 4 —1) 


(a + Dee 


Y 5 ene a ! a+1 " 
Ye Ye Y; XxX ) De. ry! + axy!, — ay 


leads to an autonomous equation of the form 14.9.1.1: f(Y)Y¥¢y =a41. 
Inverse transformation: 
7 1 


a 
—(y! atl , = XY, -V\(V © GL 
x= ( x) 7] are xX )( x) 


, XYL+aY 
oe “oe Yy. 


67. yy, = —@ "y+ @ 7 f (xe) g(xy’,). 

The transformation z = x«"e%, w = xy’, leads to a first-order separable equation: 
z(aw +n)w = f(z)g(w). 

68. yf, =y (yh)? + uf l(e*y™)9(yi./y)- 


The transformation z = e*y’™, w = y/./y leads to a first-order separable equation: 


2(mw + a)w!, = f(z)g(w). 
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6. (uy, t+u)(Use tu.) =e 7" f(e”y!,). 
The contact transformation 


—22 
’ ’ ! = " € 
MOO Yes Y=y,+Y; Yx =e = 2, aaa TT, 


where Y = Y(X), leads to a linear equation: f(X)Yfy = —Y. 
Inverse transformation: 


x=—-mMYy, y=Y—-—XYVx, y, = XY x. 
70. Yow — Un = @* (CP y, — ey) (Yew — Y)- 
1°. The substitution w= y/,—y leads to a first-order equation: w', =e?” f (ew) (wi, +w). 
2°. The contact transformation 
mo oy 
X=ey,-y), Y= (yh)? —y?, Ye =2e yl, Vey = 2e% Hee He 
Yor — Y 
leads to a linear equation: Y{y = 2f(X). 
71. y”, = f(x)g(y’, sinh x — ycosh x) + y. 
The substitution w = y/, sinh « — ycosh x leads to a first-order separable equation: w/, = 
sinh x f (x)g(w). 
72. y= f(x)g(yl, cosh x — ysinhx) + y. 
The substitution w = y/,cosha — ysinhz leads to a first-order separable equation: 
w), = cosh x f(x)g(w). 
73. y”, = f(x)g(y,,sinz — ycosz) — y. 
The substitution w = y/.sinxz — ycosz leads to a first-order separable equation: 
w,, = sina f(x)g(w). 
74. y” = f(x)g(y,,cosx + ysinz) — y. 
The substitution w = y/.cosa + ysina leads to a first-order separable equation: 
w,, = cosx f(x)g(w). 
73. Yew + 39eVe =F(YR(YLVI), 9 =9(2). 
The substitution w(y) = y/,/g leads to a first-order separable equation: ww, = f(y)h(w). 


76. f (ay? _ bx)y", + (2ay/? — 3by) (2ay),y", _ b) = 0, bA~ 0. 

The contact transformation 

sy” 

Me 1\2 _4 Y =2 ')\3 _ 3h YL, = 3y/' Ve = BiG 
aly) x, aly) Y, xX Yeo XX 2ayl.yl., —b 


leads to a linear equation: f(X)Yvy +3Y =0. 
Inverse transformation: 


a 1 2a 1 1 SoYe 
= —(Y,)*—=X = —_(Yf)? — —y, P=<-Vx / =. 


77. yf = f(y? + ay). 
The change of variable w(y) = (y/,)? + ay results in a first-order separable equation: 
wy = 2f(w) +a. 
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78. yf, = f(y)g(y? + 2ay) — a. 
The change of variable w(y) = (y/,)? + 2ay results in a first-order separable equation: 
wy = 2f(y)g(w). 
79. y.. = f(y? — 2azry’, + 2ay). 
The substitution y = w + sax? leads to an autonomous equation of the form 14.9.4.78: 
wi, = f(w? + 2aw) — a. 
80. Yew — Yo =F (ue — 9°) (Yee — ¥): 
The contact transformation 
wo 
A=C0,-9), Yay =v, Ye=2e°U,, Yex= ak ee 
Lx 


leads to an autonomous equation of the form 14.9.1.1: Y¢y = 2f(Y). 


81. xy, + sy, = f(xy? + ay). 
The change of variable w(y) = x(y/,)? + ay leads to a first-order separable equation: 
wy = 2f(w) +a. 


82. Yn + 2Y2 =e *F(e*uy + ay). 
The substitution w(y) = e*(y/,)? + ay leads to a first-order separable equation: 
wy = 2f(w) +a. 


83. f(a(y;,)* — ba) yy, = [ak(y,,)*t* — b(k + 1)y] [ak(y,)"~*y%, — B]- 
The contact transformation (ab 4 0, k 4 —1) 


k+1)y! 
x= ! k_p Y =ak ! k+1_p k+1 yL= k4+1 ! yl = ( Lu 
a(Yor) L, a (y;,) ( a )y, xX ( 1 Wes XX ak(y!,)F- ly! —b 
leads to a linear equation: f(X)Y¥vy =(k+1)Y. 
Inverse transformation: 
al¥y)k xX ak(¥)eHE oy hoe 


"BE LDE 6 9 beF+DFe BeFD’ EFT 


b 
84. yy” +4e¢u,=flyy?+ay), v= (2). 
The substitution w(y) = y(x)(y/,)? + ay leads to a first-order separated equation: 
wy = 2f(w) +a. 


85. pyr, + 2¥e¥2 = f(y)g(yy? + 2ay)-a, y= 9(z2). 
The substitution w(y) = y(x)(y/,)? + 2ay leads to a first-order separable equation: 
wy = 2f(y)g(w). 
2n+m+3 n+1 
86. Yee = @y™(y,) MEM? F(C), = C = (wu, — y)(y,) Pt. 
The Legendre transformation x = w}, y = tw; — w leads to an equation of the form 
14.9.4.25: 
n+1 


5 1 tew ' Zot) —oh ; b 
Wit = on F(t@w) (wi) a+ (tw, = w) 5 where a= 7 a b=—m. 
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14.9.5 Equations Not Solved for Second Derivative 


1. f(x)(y%,, — a)? = (y!,)? — 2ay + b. 


Differentiating with respect to x7, we obtain 


(Von 2S Urea feta — Ye Oty) = 0: (1) 
d. 
Equating the second factor to zero and making the transformation € = / , UW Ys 


we arrive at a second-order constant coefficient linear equation of the form 14.1.9.1: 
1 
Wee — w= Zafz, (2) 


whose right-hand side is to be expressed in terms of €. Substituting the solution of equa- 
tion (2) into the original one, we obtain a relation connecting integration constants. 
Equating the first factor in (1) to zero, we find the singular solution: 


y= 5a(e +C) ea 


2. f(x)(yre — ay)” = (y,)? — ay? +b. 
Differentiating with respect to x7, we obtain 
(Yeu — 2Y)[2F (Yrre — Wr) + fo(Yre — ay) — 2y%,] = 0. 


Equating the second factor to zero, we arrive at a third-order linear equation: 
mw / 
2f Vows 7 ay’,) a ce _ ay) _ 2y', =0. 
Equating the first factor to zero, one can find the singular solution. 


3. 6= f)- 
The substitution w(x) = y/, leads to an equation of the form 13.8.1.7: « = f(w',). 


4. y= f (Yuen) 


The substitution w(y) = $(y/,)? leads to an equation of the form 13.8.1.8: y = f (wy). 


5. y=aar*+ba+ct+ f(y.) 

The substitution w = y — ax? — bx — ¢ leads to an equation of the form 14.9.5.4: w = 
f (Wee + 2a). 

6. vy, =y tay.) + by, +e+ f(Yen)- 


The Legendre transformation x = w;, y = tu, —w (yi, =t, yi, = 1/wi}) leads to an 
equation of the form 14.9.5.5: w = at? + bt +c+ f(1/wi}). 


Solution: y = $Cy2? + xf (C1) + Co. 
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8. f(Yte + ¥) = (Yee)* + (yt)? 
Differentiating with — to x, we obtain 
From the equation y/",, + y/, = 0, it follows that: 
y = Asin(x +C,)+C2, where A? = f(C2). 


Equating the expression in square brackets to zero, we arrive at the singular solution in 
parametric form: 


c= | St ary, 4 ii(u) 
V4f arc 

9 y, = Uf (Ye2/Y) 
The transformation t = y?, w = (y/,)? leads to an equation of the form 13.8.1.11: w= 
tf? (wt). 
10. YYen = (Yn)? + F(¥ee/Y): 
1°. Solution: . 
(Cz) 
4C\C3 


y = Crexp(Cox) + exp(—C2). 


2°. Solution: 

y = Ci sin(C3x) + C2 cos(C32), 
where the constants C1, C2, and C3 are related by the constraint 

(Ci + Cz)C3 + f(—C3) = 0. 

3°. Solutions: y = +a,\/—f(0)+C. 
ll. y= af (x*y”,). 
The transformation « = 1/t, y = w/t leads to an equation of the form 14.9.5.4: w = 
f (we): 
12. «y’,—y = f(x"y",). 
This is a special case of equation 14.9.5.16 with y = x”. 


13. sy, —y = f(e"y?,)- 


This is a special case of equation 14.9.5.16 with y = e** 

14. «y,—y=f(Inzy”,). 

This is a special case of equation 14.9.5.16 with y = Inz. 

15. «y’,—y=f(sinzy”,). 

This is a special case of equation 14.9.5.16 with y = sin z. 

16. zy,—y=f(Py¥te) P=9(2). 

The transformation € = [- — dz, w = xy!, — y leads to an equation of the form 13.8.1.8: 


w= f (we). 
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14.9.6 Equations of General Form 


> Equations solved for the y’’, containing arbitrary functions of two variables. 


1, 4. = F (ayy,): 
The substitution w(x) = y/, leads to a first-order equation: w!, = F'(x,w). 


2. Yew = F(y, v2): 

Autonomous equation. The substitution w(y) = y/, leads to a first-order equation: ww 
F(y, w). 

3. y= F(az + by, y/,). 

The substitution bw = ax + by leads to an equation of the form 14.9.6.2: wi. = 


y — 
y 


F (bu, wi, — >): 
1 
4. y/ = =F (4, y',)- 


Homogeneous equation. This is a special case of equation 14.9.6.6 with k = 1. 


mo 1 az + by +c , ) 
5. You = ax+by+c (ee, Yo) 
1°. For a8 — ba =0, the substitution bw = ax + by +c leads to an autonomous equation 
of the form 14.9.6.2. 


2°. For a8 — ba # 0, the transformation 
Z=X2%—-%, W=Y-— Yo, 
where 29 and yo are the constants determined by the linear algebraic system of equations 
ato t+ bys +c=0, aro+Byt+7=0, 
leads to a homogeneous equation of the form 14.9.6.4: 


eo p. 


ee ee: =e 
w =-0(=, wi), where CS) garam Ts (sae * 


6 yf = a*—2 F(a *y, gi—ky! ), 
Generalized homogeneous equation. The transformation t = Ina, w = x~"y leads to an 
equation of the form 14.9.6.2: wi, + (2k — 1l)w, + k(k —1)w = F(wu, w) + kw). 
— J x 
Ge 2. = 2 F(a"y™, =y),). 


Generalized homogeneous equation. The transformation z = «"y™, w = xy/,/y leads to 


a first-order equation: z(mw+n)w!, = F(z,w) +w— vw”. 


8. y%, = a’y + F(x, y’, + ay). 
The substitution w = y/, + ay leads to a first-order equation: w’, = aw + F(z, w). 


9. yl = (a2a? + a)y+ F(a, y!, — avy). 


The substitution w = y/, — ary leads to a first-order equation: w!, = —arw + F(x, w). 
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10. yy” = F(z, y,, — ¥), 


xz 


The substitution w(x) = y/, — Z leads to a first-order equation: xw!, = —w+aF(2,w). 


ll. yf”, = F(a, zy’, — y). 


The substitution w(x) = xy/, — y leads to a first-order equation: w!, = xF (x, w). 
x q Ho 


12. yy =a? Fy, zy’, — y). 

The substitution w(y) = xy, — y leads to a first-order equation: (y + w)w), = F(y, w). 
13. xy? + (a+ ly, = F(a, ry, + ay). 

The substitution w = xy!, + ay leads to a first-order equation: w!, = F'(x,w). 

14, ay! = 2y+ F(a,zy/,+y). 


The substitution w = xy’, + y leads to a first-order equation: rw/, = 2w + F(z,w). 


15. a2? y'’, = a(at+1)y+ F(a, vy’, + ay). 

The substitution w = ry/,+ ay leads to a first-order equation: rw’, = (a+1)w+ F(2,w). 
16. yi, = 2ayy!, + F(a, y/, — ay”). 

The substitution w = y/, — ay? leads to a first-order equation: w!, = F(x, w). 

17. 7 =e "Fle" y, 6" y.): 

The substitution w = e“”y leads to a second-order autonomous equation of the form 
14.9.6.2: wi, — 2aw!, +a?w = F(w, wi, — aw). 

18. yy, = yF(ey™, yi,/y): 


Equation invariant under “translation—dilatation” transformation. The transformation 


z= e%y™, w = y',/y leads to a first-order equation: z(mw + a)w!, = F(z,w) — w?. 


See also Section 8.3.4. 

a” —2 / 
1, ¢o.=2 “Fae, ay). 
Equation invariant under “dilatation-translation” transformation. The transformation 
z= x2"e, w = xy’, leads to a first-order equation: z(aw + n)w, = F(z,w) + w. 
See also Section 8.3.4. 

au” 2 _ / 
20. ¥,., =e "F(ae"~,e “y_,) 


The transformation z= xe%, w =e “yy! leads to a first-order equation: (azw+1)w!, = 
Yo q Zz 


F(z,w) — aw?. 


21. y”, = ae4y’, + F(a, y), — ae’). 
The substitution w = y', — ae¥ leads to a first-order equation: w!, = F(x, w). 


22. Yen = (e7” + e”)y + F(a, yt, — e*y). 


The substitution w = y/, — e”y leads to a first-order equation: w!, = —e’w + F(z,w). 
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23. y”, = F(a, y/, sinh x — ycoshx) + y. 

The substitution w = y/,sinhx — ycoshz leads to a first-order equation of the form: 
w,, = F(z,w) sinh z. 

24. y” = F(a, y/, cosha — ysinhx) + y. 

The substitution w = y/.coshx — ysinhz leads to a first-order equation of the form: 
w,, = F(x,w) cosh z. 

2. y” =a *F(ay+bing, zy’). 

The transformation z=ay+blnz, w= xy’, leads to a first-order equation: (aw+b)w!, = 
F(z,w)+w. 

26. y!, = yF (ax + blny, y/,/y). 

The transformation z=ar+blny, w=y/,/y leads toa first-order equation: (bw+a)w', = 
F(z,w) — w?. 

27. y”, = F(a, y/,sinx — ycosaz) — y. 

The substitution w = y/, sin x—ycos x leads to a first-order equation: w/, = F(x, w) sin x. 
28. y”, = F(a,y/,cosx + ysinz) — y. 

The substitution w= y/, cosx+ysin x leads to a first-order equation: w!, = F(x, w) cos x. 
29. yn = (9? + 4,)¥+ Flay, —9y), P=l(z). 

The substitution w = y’, — yy leads to a first-order equation: w’, = —pw + F(z, w). 


30. y= ey - F(2,y/, — fy), p= 9(z). 
~% Lr 

The substitution w = y/, — —*y leads to a first-order equation: w!, = ——*w + F(z,w). 
~ 


31. Yte = yt, + Pat F(@,y,-%), v=(a,y). 
The substitution w = y/, — p(x, y) leads to a first-order equation: w/, = F(x, w). 


32. fry, + ffev, = O(y, fy) f= f(a). 
The substitution w(y) = fy;, leads to a first-order equation: ww, = ®(y,w). 


33. y= F(2,y). 
Let F F¥ y(x)y + w(x), ie., the equation is nonlinear. Then its order can be reduced by 
one if the right-hand side of the equation has the following form: 


Pla, y) = FP E{O(u) + [ [bf fewt V) + SP gteE de}, 
where 
E=exp(k f ftaz), v= f $°?gE as, u=f PE ly_-v; 


® = ®(u), f = f(x), and g = g(x) are arbitrary functions, and k is an arbitrary constant. 
The integral in (1) can always be expressed in terms of F' and V. The following cases 
are possible: 
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i. For 7. 0, 
F(a,y)= f°? B®(u)+ af [2f fre (fe) yt af? (29 fag + 2kg) +e PPP EV. 
2°. For f =aa?+ba+c, fi, A 2k, fl # Zk, 


F(a,y) = f 9? E@(u) + $f? (2for, — fog + 2hg) + (k + ZA) FA BV, 

where A = 4dac — b?. 

3°. For f = 6 — 2kza, 

Flay) =f 7(By+ W) + foe + 2hg], where W=~- f gaz, 
4°. For f= Ska + p, 
F(x,y) = ®(f-?y —U) + f-?(fol, + 3kg) + $k?U, = where U = [Ps dz. 
In all these cases, the transformation 
t= [rte, u= fre ly —V 


leads to the autonomous equation ui, + 2ku/, + k?u = ®(u), which is reducible, with the 
aid of the substitution z(u) = uj, to an Abel equation: z2/, + 2kz + k?u = ®(u) (see 
Section 13.3.1). 


If & = 0, the solution of the original equation for case 1° is as follows: 


d 
a cane 6m where wu) = f Ow du. 


du 
l= : 


If k = 0, the solution of the original equation for case 2° is given by: 


2 | = | so, where W(u)= f 6(u) du. 
\/8W(u) — Au? + C) az* + bx +c 


> Equations not solved for the y’’, containing arbitrary functions of two variables. 


34. yy, tay, + by =e Fy, /Y Yre/Y)- 
1°. The substitution y = e*”w leads to an autonomous equation: 


wr, + (2A 4+ a)ul, + OA? + ad 4+ d)w = F(wi, + Aw, wi, + 2Aw!, + Mw). 


2°. Particular solution: y = ke*”, where k is a root of the algebraic (transcendental) equa- 
tion k(A\? + ad + 6) = F(KA, kA’). 


35. ai(y”,)? + aay, y”, + asyyy,, + aa(y’,)” 
+ asyy’, + acy? = e* F(y!),/y, y,/y)- 


Ax/2yW leads to an autonomous equation. 


The substitution y = e 
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36. We = VF (Ye/Ys Vrw/Y) + ¥F2(¥./¥> Yew/Y) + OF 3 (ul /¥> Vew/Y)- 
The substitution y = e**w leads to an autonomous equation. 
37. F(ay!,, «?y”, — ay’, ty) =0. 


Solution: 
y= Cyalna+ Cox + Cs, 


where C4 is an arbitrary constant and the constants C', and C3 are related by the constraint 


F(C1,C3) = 0. 


38. F (Y/Y, YU ne — Vi) = 0. 
1°. Solution: 
y = Cy exp(C3x) + C2 exp(—C32), 


where the constants C,, Co, and C’3 are related by the constraint F’ (GE AC, C2C3) =0 


2°. Solution: 
y = Ci cos(C3x) + C2 sin(C32), 


where the constants C,, C2, and C3 are related by the constraint 
F(—C3,-(C7 + C3)C3) = 0. 
39. F(y? yas Yer ti?) = 0. 


Solutions: 
y=uy Cx? + 2C ox + C3, 


where the constants C), C2, and C3 are related by the constraint F'(C,C3 — Ge, Ci) =0 


40. F(y aa a + eave we) 0. 


2Y vax 


Solutions can be found from the relation 
(y — C1)? = 2C2(x — A) + C3, 


where F'(C,, A) = 0. The question of whether there are other solutions calls for further 
investigation. 


41. F(y% Yee 4 gy! , yott vee) — 9, 
Ya 
A solution this equation is any function that solves the first-order separable equation: 
Yn = Ciy* + Ca, 


where the constants C, and C2 are related by the constraint F'(aC2, —aC)) = 0. 


um ur 
Yau / Yau 
42. F( ee + y,, ov be ) —0, 
A solution of this equation is any function that solves the first-order separable equation: 
Yn = Cre + Co, 


where the constants C1, and C2 are related by the constraint F'(C2, —C) = 0 
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> Equations containing arbitrary functions of three variables. 


2,0 


43, F(Ylas LY te — Yor © Vow — 2xy, + 2y) = 0. 
Solution: 
y = Cia” + Coz + Cs, 


where the constants C), C2, and C3 are related by the constraint F'(2C1, —C2,2C3) = 0. 
©) Literature: E. L. Ince (1964). 


44. F(y’, cy”, —y',, 2yy,, — (y/,)”) =0. 
Solution: 
y = Cyr” + Cor + Cs, 


where the constants C',, Co, and C3 are related by the constraint 
FOC, =O3:46, C3 = 02) = 0: 


45. P(e*ys, ry”, + 2y’,, xy” + ry’, _ y) ="0; 
Solution: C 
y=Cyxn+ Cot =; 
where the constants C), C2, and C3 are related by the constraint F'(2C3,2C,, —C2) = 0. 
46. Fi(attty! ry”, + (a+ 1)y’,, xy” + ary’, — ay) = 0. 


Solution: 
YS Cia "+ Cox + C3. 


The constants C',, C'2, and C3 are related by the constraint 
F(a(a+1)C, (a+ 1)C2, —aC3) = 0. 


47. F(y®y’, yy, ty?, cyy, + cy? — yy’,) =0. 
Solution: 
y” = Cua + 2C ox + C3, 


where the constants C',, C2, and C’3 are related by the constraint 
F(C\C3 — C2,C,,-—C2) = 0. 
48. F (x,y), — Ys, Yee — Ys Vow — Yo) = 0. 
The substitution w = y/, — y leads to a first-order equation: F(x, w,w', + w,wi,) = 0. 


49. F(x,y, +ay, yy, — a7y, yy, + ay) = 0. 
The substitution w = y/, + ay leads to a first-order equation: F(x, w, w’, — aw, w!,) = 0. 


2 +1 
50. F(2- “4 yn, yt 


uM 
wae 


yet (ye + — 
a i 0. 

Yeu Yau 
It is known that all functions of the form (a—C})?+(y—C2)? = A?, where A= A(C}, C2) 
is determined from the algebraic (transcendental) equation F'(C1, C2, A) =0, are solutions 
of the original equation. 
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51. F(e*y”, yt, ty y — ey, — (x@t Ly”) =0. 
Solution: 
y = Cie" + Cox + C3, 


where the constants C), C2, and C3 are related by the constraint F'(C 1, C2,C3) = 0. 


52. F(yf,/y, yy, — (y%.)7, (yt uu /um, ) exp (- x/yz,/9)) = 0. 


Solution: 
y = Cy exp(C3x) + C2 exp(—C32), 


where the constants C’,, Co, and C’3 are related by the constraint 
F(C#, 4C1C2C?, 2C\) = 0. 


53. F(yt, —y, y,, sinh x — y’, cosh x, (y”.)? _ (y’,)?) = 0. 
Solution: 
y = C sinh x + C2 cosha + C3, 


where the constants C',, Co, and C3 are related by the constraint 
F(—C3,—C,, C? — C2) = 0. 


54. F(ay’, xy” _ xy’, + y, y’, _ Yk In x) = 0. 
Solution: 
y= Cyalna+ Cox + C3, 


where the constants C1, C2, and C3 are related by the constraint F'\(C1, C3, C1 + C2) = 0. 


. ye Uae = 0. 


Ye Ye Yew 
Solution: 
y = Cy exp(Cox) + Cs, 


where the constants C1, Co, and C’3 are related by the constraint 
F(C., —C2C3, —In C;) = 0. 


56. F (yen + Ys Yn Sine — yl, cosa, (yf)? + (y’,)?) = 0. 
Solution: 
y= Cysinz + Cocosxz + C3, 


where the constants C1, C2, and C3 are related by the constraint F'(C3, —C}, CG +C2) =0. 


57. F(y, xy’, ry”, + sy’) = 0. 
The substitution w(y) = (y/,)” leads to a first-order equation: F'(y,w, +wt,) = 0. 


58. F(y, oy?, puy, t+ s¢,u,) =9, v= (x). 
The substitution w(y) = y(x)(y,)? leads to a first-order equation: F(y,w, 5w,) = 0. 
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14.9.7 Equations Defined Parametrically 
1. c=y(t), y%, = v(t). 
General solution in parametric form: 


r= y(t), y=Crvlt) + Ca f FOe(t) at, 


F(t) = f w(eie() a 
where C’', and C are arbitrary constants. 


2 y= 9(t), Yeo = v(t) 
General solution in parametric form: 


c= f f(jat+cr, y = ot), 


<1/2 
fe) =a9()[2 f vepeiinars ca] 
where C and C» are arbitrary constants. 


3. yp = H(t), Yoo = V(t). 
General solution in parametric form: 
/ 
t 
a y(t) 
v(t) 
where C', and C4 are arbitrary constants. 
4. yi =a(t)e+d(t), yy”, = c(t). 
The equation is reduced to the following system of equations for x = x(t) and y = y(t) 
(see Section 3.2.8): 


wre, y= [CEOwr, 


(c—a)a, = a,x + Bi, 
(c— a)y, = (ax + b)(a,x + D;). 


1°. Let c— a £ 0. Then the general solution of the first (linear) equation of the system 


if / 
r= QE+E fo. E=exp fs ; 
E(c— a) c—a 


where C} is an arbitrary constant. Substituting this expression of x = x(t) into the second 
equation yields a separable equation for y = y(t) (its solution is omitted). 
2°. Let c— a = 0. Then the general solution of the original equation is 


1S 


1 
y= zulCr)a* + b(Ci)x+ Co, 


where C; and C4 are arbitrary constants. In addition, there is a one-parameter singular 
solution: 
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5. yi =a(t)hatky+b(t), y”,=ka(t)a+k?y + c(t). 
The equation is reduced to the following system of equations for x = x(t) and y = y(t) 
(see Section 3.2.8): 

(c—a—kb)x, = a,x + bi, 

(c—a—kb)y, = (aja + b,)(ax + ky +b). 


1°. Let c— a—kb #0. Then the general solution of the first (linear) equation of the 


system is 
bi, dt ay, dt 
=-QE+E | ——*——, E= — 
ee as | Scere e( { 5). 


where C} is an arbitrary constant. Substituting this expression of x = x(t) into the second 
equation yields a separable equation for y = y(t) (its solution is omitted). 
2°. Let c— a — kb = 0. Then the general solution of the original equation is 
a(Ci) (C1) _ a(Cr) 


= ka 
a ie maak ee a 


where C; and C4 are arbitrary constants. In addition, there is a one-parameter singular 
solution: y H/ 
r= ——+, y=celt + ett fem (y— St) dt. 
a a 
t t 
6 yi =al(t)a, y”, =a(t)+0(t)x?y. 
General solution in parametric form: 


(2 ole 


a(t)a} ae 
y=se0) vt) = |2 [OE aves] 


8 
II 
UW 


where C’', and C4 are arbitrary constants. 


7. y, =a(t)x, y%, = a(t)x + d(t)x?y*. 


General solution in parametric form: 


! 1/2 
v= a2 f pO ara ; 
it 


TORO 
y=s0), ot) = [e+ f SE aro], 


where C', and C4 are arbitrary constants. 


8 y, =a(t)y, Yen = (t)y- 
General solution in parametric form: 
a,(t) dt j a(t)a;(t) dt 
yy mea Se Re = C ac ai aS 
*=faeam to Y re o( : 


where C’'; and C4 are arbitrary constants. 


HK 
WN 
| 
) 

i) 
— 
Cc 
Na 
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9 vy, =yt+a(t), y= b(t)a*. 
General solution in parametric form: 
1 


r=y(t), (t)= fuse ato -— 


a(t)a,(t) d ay (t 
v= c+ 80 Laoag BO=e0Lf THEA 


where C', and C4 are arbitrary constants. 


10. yf, =a(t)y*®, yf, = b(t)y?*"?. 


General solution in parametric form: 


_ fablt)y'*(t) at 
v= f He ora 
at 


a 
— O(t C _a(t)ar(t) dt_ 
y= elt), o()=Cresp| f AMET 
where C’', and C4 are arbitrary constants. 


1. yf =2aVyh(t), ye, = 2a7h?(t) — 2Vy X(t). 
General solution in parametric form: 


c=C,E(t), E(t) = ex|- [ GOT]. 


= ht)hy(t) ‘ 
v= [a-o8 faye O* 


where C’, and C2 are arbitrary constants. 


12 y) =e*g(y)h(t), 4, = e?*g(u)gi(y)h?(t) — e*g(y)A(t). 


General solution in parametric form: 


a hy(t) dt 

e* = C1 E(t), E(t) = exp|- ecescit 
dy | h(t)hi(t) 

[4=-e if nGE! GENO ed eka 


where C', and C4 are arbitrary constants. 


13. y’, = f(x)g(a, y,t), Yow = h(x)g(a, y,t). 


General solution: 


y= C1 f Ela) de + Ce, B(2) = exo| f Fae], 


where C’', and C2 are arbitrary constants. 
The dependence t = t(x) is defined implicitly by the equation f(x)g(z, y, t) 


ot 


=H). 
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h(a 
14, y’, = f(x)g(a, y,t), Yn = aa 


General solution: 


y= e B(x)de+C, E(v)=+ 2 if f(x)h(x) as| i. 


where C’', and C4 are arbitrary constants. 
The dependence t = t(x) is defined implicitly by the equation E(x) = f(x)g(z, y, t). 


14.9.8 Some Transformations 
ES 
1. yf, +2R(=, 4) =0. 
The transformation € = 1/x, w = y/z leads to the equation we, + F(E,w) = 0. 


2 yf =n(nt+ la Ayt 23" F(x2?""*1, vy). 


2n+1 


The transformation € = x , w=ax"y leads to the equation (2n + 1)? whe = P(E, i): 


d 
3. y.. + (ax + b)~ ‘e(Se. ata) =0. 


d 
The transformation € = cca w= —*— leads to the equation we +A? F (€.)=0; 
a 


x+b’ ax +b 
where A = ad — be. 
4. x?y” +axy!,+ by + F(x, y) =0. 


The transformation « = €”, y = €w, where the parameters v and yz are found from the 
simultaneous algebraic equations 


Qut14+(a—l1)jv=0, p?+(a—1)pv + bv? =0, 


leads to an equation of the form 
Wee + 26H Fe", Ew) = 0. 
5. yf =n(nt1je 2*yt+a°"F(ax?"*! +b, xy). 
The transformation € = ax?"t! + b, w = x"y leads to the equation a?(2n + 1)? wee = 
F(€,w). 
6. yf”, =A*y + e* F(ae?** + b, e*”y). 
The transformation € = ae?** +b, w= ey leads to the equation Wee = (2aX)~? F(E, w). 


edrz 2ra Aw 
7, yn = Nyt F( +b e“y ). 


(ce?” + d)3 ce?®t +d’ ce®rz> +d 
2Ax Ax 
; ae*** + e€ . 
The transformation € = —,——\, w= —_ leads to the equation 
cerat + d cert + 


Wee = (2A\)~*F(€, w), where A =ad~— be. 
8. y” = Ny 4+ sinh 3 (Ax) F ( coth(Ac), ann): 
a nh(Az) 


The transformation €=coth(Az), w leads to the equation Wee = A? F(E, w). 


a 
sinh(Az) 
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mW y2 —3 y 
9% Yon = XY + cosh °(Azx) F ( tanh(Ac), sacs): 


The transformation €=tanh(Ax), w= leads to the equation wg, = A F(E, w). 


eet 
cosh(Az) 
10. xy” + ty + Ve F(ainz + b, +) = 0. 


The transformation €=alnz+b, w= 1 leads to the equation Wee +a"F(E€, w) =0. 


ft 

2 3/2 az —a y 

ll. |x 1| 1, =F (In or? | 
: ax —a ‘i 
The transformation € = In j leads to the equation 4wee = 
+1 eT 

F(é,w) + w. 

” 2 + —3 ¥y _ 
12, yi. tA *y + sin”? (Ax) F ( cot(Ac), sin] = 0. 
The transformation € = cot(Ar), w = i leads to an equation of the form 

sin(A2) 


Wee + A? F(E, w) = 0. 


13. yy” + d?y + cos 3(Azx) F ( tan(A2), so] — 0. 
me cos(A2) 


The transformation € = tan(Ar), w = —4 _ teads to an equation of the form 


cos(A2) 
wee +A 7F(E, w) =0. 


+4 3 eee sin(Ax + a) y = 
14. yo, tA°y + sin”? (Ax + b) r(oere 4b)? sin(ae + b) 5) = 0. 


sin(Ax + a) 


The transformation € = sin(Az + b) 


,w= leads to the equation 


a 
sin(Ax + b) 


Wee + [Asin(b — a)| 7 F(E, w) =0. 

15. (a? + 1)°/?y" + F ( aretan 2 + b, i =i 
Lae GEL 

The transformation € = arctanz + b, w = 


F(é, w) =0. 


leads to the equation wg, + w + 


y 
Vaz +1 
16. (x? ie 1)°/?7y" + F ( arceot « +b, — — 0. 

Le Vater 


The transformation € = arccotz + b, w = 


E(é,w) = 0. 


leads to the equation wf, + w + 


y 
Varrz+1 
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17. yy”, + F(a, y) =0. 
The transformation « = y(z), y = wV ay’, leads to the equation 


1 gilt 3 yy 2 . 3/2 
wit [5 om Gra) w+a (ay) PF (9, way.) = 0. 


The sign of the parameter a must coincide with that of the derivative y’,. 


18. yy, + f(x, y)(yi,)* + 9(@, y)(y;)? = 0. 

Taking y to be the independent variable, we obtain the following equation with respect 
tor= x(y): Ae _ g(x, y)ay, = f(z, y) =0. 

19. F(x, Y; Ys Yew) = 9. 

Applying the Legendre transformation x = w}, y = tw; —w, where w = w(t), and using 
the relations y/, = tand y!,, = 1/wi,, we arrive at the equation 


1 
P (wy tw. —w,t —-) =0. 
t t ) > wiht 


Given a solution of the original equation, the corresponding solution of the transformed 
equation is written in parametric form as: 


t=y,, w=ay,—y,. where. y=yla). 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 


Chapter 15 


Third-Order Ordinary 
Differential Equations 


15.1 Linear Equations 


15.1.1. Preliminary Remarks 


1°. A homogeneous linear equation of the third order has the general form 


f3(2)Yere + f2(2) Yee + filx)y, + fo(x)y = 0. (1) 


Let yo = yo(x) be a nontrivial particular solution of this equation. The substitution 


y= wo(a) f 2a) da 
leads to a second-order linear equation: 


fayoz" + (3f3y0 + foyo)z’ + (8 fay + 2fayo + fiyo)z = 9, (2) 


where the prime denotes differentiation with respect to x. 


2°. Let yr = yi(x) and yo = yo(x) be two nontrivial linearly independent particular 
solutions of equation (1). Then the general solution of this equation can be written in the 
form: 


y = Ciy + Coy2 + C3 @ [uw ar = Yi [we dx), (3) 
where 


y= exp(- i: a dx) (yiys —yhy2) 


For specific equations described below in Sections 15.1.2—15.1.9, often only particular 
solutions will be given, and the general solution can be obtained by formula (3). 


3°. A nonhomogeneous linear equation of the third-order has the form 
fa(2)Yewe + f2(t)Yee + filt)ye + folz)y = (2). (4) 
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Let y: = yi(z) and y2 = yo(x) be two linearly independent particular solutions of 
the corresponding homogeneous equation (1). Then the general solution of equation (4) is 
defined by formula (3) with: 


_2 PF 1 g F _ J2 = a 
=A? 1+— / —Ae* d h = / dz, A } 1Y2- 
w € ( + C; : € D) where F z z, Y1y2 — Yiy2 


1 
A°. The substitution y= z exp (-5 / a dw) reduces equation (1) to a form from which 
3 
the second derivative is absent: 


Wr 


2!" + (—ph — 32 + v1) 2! + (—3 43 — ZH1H2 + FH} + Yo)z = 0, 


where py = fx/fz (k =0, 1, 2). 


15.1.2 Equations Containing Power Functions 


> Equations of the form f3(x)y’”. + fo(x)y = g(a). 


LLL 


Loy. tAy =0. 

Solution: 
_ Cy + Cor + C32” if \=0, 
ae Fe exp(—ka) + C2 exp(skz) cos (ka) + C3 exp($kz) sin(Ske) if \40, 


where k = \1/3, 


2 yy”! +rAy = aa* 4+ bate. 


LLL 


1 
Solution: y= w+ + (ax" + ba +c), where w is the general solution of the equation 
15.1.2.1: wit, + Aw = 0. 


mt 
LLL 


3. y =ary+ b. 


This is a special case of equation 17.1.2.3 with n = 3. 


4. Ye + (ax + b)y = 0. 
For a=0, this is an equation of the form 15.1.2.1. For a0, the substitution a€é = axr+b 
leads to an equation of the form 15.1.2.3: Yeee + a€y = 0. 


mt 


a | A ax? y = ba. 

The substitution € = x? leads to an equation of the form 15.1.2.126: bY eee + 3Ybe ++ 
i —1) 

qaky = 70. 

6. yf” 4+ (8a?x — a®x*)y = 0. 


LLL 
Integrating, we obtain a second-order nonhomogeneous linear equation: y’,, + ary), + 
(a*x? —a)jy=C exp(4azx”) (see 14.1.2.31 for the solution of the corresponding homo- 
geneous equation). 
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7 yl = any. 
This is a special case of equation 17.1.2.4 with n = 3. 


1°. For 8 = —9, —7, —6, —9/2, —3, —3/2, 1, and 3, see equations 15.1.2.17, 15.1.2.14, 
15.1.2.11, 15.1.2.19, 15.1.2.10, 15.1.2.18, 15.1.2.3, and 15.1.2.5, respectively. 
WW 


2°. The transformation x = t~', y = ut~? leads to an equation of similar form: u/”,, = 
—at PS, 


3°. For 6 ~ —3, the transformation € = 7(3+3)/3 w = 79/3y leads to an equation of the 


form 15.1.2.69: Cw. + (1—v?)éws + (Vv? — 1 — av3€3)w = 0, where v = 335. 


8. Yin + [a2a®” — 3a?nx?") + an(n — 1)2" ly = 0. 

n+l n+1 
ae ). The substitution y=exp(— is ) feo dx 
n+1 n 


leads to a second-order linear equation of the form 14.1.2.47: 


Particular solution: yo=exp (- 


zi, — Ban"z), + (3072? — 3ana"—1)z = 0. 


mt 


9. xy”  —a(ax+3)y =O. 


Particular solution: yo = xe“”. The substitution y = xe“” / z(ax) dx leads to a second- 
order equation of the form 14.1.2.108: az, + 3(ax + 1)z!, + 8a(axz + 2)z = 0. 

10. x?y’”” =a(a? —1)y. 

This is a special case of equation 15.1.2.175. Solution: y = 7(Cy2™ + Cox”™ + C32x%), 
where n1 and nz are roots of the quadratic equation n? + an +a? —1=0. 

1. roy” = ay + bx. 


The transformation x = t~', y = wt~? leads to a constant coefficient linear equation of 
the form 15.1.2.2: wi, +aw+b=0. 


12. (x —a)?(a — b)3y”” — cy = 0, ab. 


LLL 


The transformation t = In leads to a constant coefficient linear 


—— ||; w= 
—b (x — b)? 
equation: (a — b)3 (wif, — 3wi, + 2w)) — cw = 0. 
13. (az? + ba +c)? yy” = ky. 
dx y 


axe+bete’ ax®+br+c 
cient linear equation: Weee + (4ac — byw = = kw. 


The transformation € = / leads to a constant coeffi- 


14. gly = = ay + bz’. 

The transformation x = t~!, y = wt~? leads to a linear equation of the form 15.1.2.3: 
Wi + atw+b=0. 

15. aryl! + (ax + b)y = 0. 


The transformation x = t~!, y = wt? leads to a linear equation of the form 15.1.2.4: 
wi — (bt + a)w = 0. 
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9, / 3 2,2 
16. 2° Ye + (a” — 3a°x*)y = 0. 
The transformation x = t~'!, y = wt? leads to a linear equation of the form 15.1.2.6: 
wit, + (3a7t — a3t3)w = 0. 
9, 
17. 2°Y lee = OY: 
The transformation x = t~!, y = wt~? leads to an equation of the form 15.1.2.5: wif, + 
at?w = 0. 
18. a3/7y"” = ay. 


This is a special case of equation 17.1.2.8 with n = 1. 


19. 9/2!" = ay. 


This is a special case of equation 17.1.2.9 with n = 1. 


> Equations of the form f3(x)y/". + fi(x)y, + fo(x)y = g(a). 
20 yn 


LLL 


+ aby’, + a?x(3 — b— az”)y = 0. 
Integrating, we obtain a second-order nonhomogeneous linear equation: y”,. + axy/, + 
(a2z? + ab—a)y = C exp(5az”) (see 14.1.2.31 for the solution of the corresponding 


homogeneous equation). 


21. yn, tary, + any = 0, = Te BeBe aks 

Solution: y = gn where wu is the solution of the second-order linear equation wu, + 
aru =C, 

22. yf, + aay’, — 2ay = 0. 


The substitution w = xy’, — 2y leads to a second-order linear equation of the form 14.1.2.2: 
wh, tarw = 0. 


23, yf” taxy!, + b(ax + b?)y = 0. 
Particular solution: yo = e~°*. The substitution w = y,, + by leads to a second-order 
linear equation of the form 14.1.2.12: w",, — bw!, + (az + b?)w = 0. 


24, yy!” 


LLL 


+axy’,+ (abe +a+ b?)y = 0. 


Integrating yields a second-order linear equation: y'”,, — by’, + (ax + b?)y = Ce” (see 
14.1.2.108 for the solution of the corresponding homogeneous equation with C' = 0). 


25. oy” + (ax + b)y’ + ay = 0. 

Integrating yields a second-order nonhomogeneous linear equation: y!”,.+ (ax + b)y =C 
(see 14.1.2.2 for the solution of the corresponding homogeneous equation). 

26. xy” + (ax + by’, — ay = 0. 


Yo sa 
ax+b (ax +b)? 
leads to a second-order linear equation of the form 14.1.2.67: €z¢¢ + 3z¢ + a~*é2z = 0. 


Particular solution: yo =ax+0. The transformation €=axr+b, z= 
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27. yf” + (ax + b)y’, + 3ay = 0. 

The substitution a€ = ax + b leads to a linear equation of the form 15.1.2.21 with n = 3: 
Yee + aye + 3ay = 0. 

28. y+ (2ax + b)y’, + ay = 0. 

The substitution a€ = ax + sb leads to a linear equation of the form 15.1.2.48 with n = 1: 
Yece + 2akye + ay = 0. 

29, yl” + (ax — b*)y!, + abry = 0. 

The substitution w=y/.+-by leads to a second-order linear equation of the form 14.1.2.108: 
wr, — bul, +arw = 0. 

30. yf” + (ax — b?)y’ + a(bx + 1)y = 0. 

Integrating yields a second-order linear equation: y””,,—by/,tary =Ce~°® (see 14.1.2.108 
for the solution of the corresponding homogeneous equation with C' = 0). 

31. oy” + (ax t+ b)y, + c(ax + b+ c*)y = 0. 

The substitution w= y/,+cy leads to a second-order linear equation of the form 14.1.2.12: 
wi, — cw, + (ax +b+c*)w =0. 


32. ee + (ax + b)y’, oF cx(c?a” +axz+b—3c)y=0. 


Particular solution: yo = exp(—$c2”). The substitution y = exp(—$cx”) / z(x) dz 


leads to a second-order linear equation of the form 14.1.2.31: 
zt, — 8caz!, + (8c7x? + ax +b 3c)z = 0. 


33. es + ax7y’ +azxy = 0. 


This is a special case of equation 15.1.2.47 with n = 1. 


34, yl”! 


2 _ 
ae tary’, — 2Zaxy = 0. 
The substitution w = xy’, —2y leads to a second-order linear equation of the form 14.1.2.7: 


wi, +ax*w = 0. 


35. Ws = ax? y’. + ary = 0. 
Integrating yields a second-order linear equation: y”, + axy/, — ay = C exp( tax") (see 


14.1.2.108 for the solution of the corresponding homogeneous equation with C' = 0). 
36. yf + ax7y’ + b(ax? + b?)y = 0. 
The substitution w = y/,+ by leads to a second-order linear equation of the form 14.1.2.31: 


we, — bw, + (ax? + b?)w = 0. 


37. yf” 


2,2 2 2 
me + (a — 1)b*a*y’, + b*x(abr* + 2a + 1)y = 0. 
Integrating, we obtain a second-order nonhomogeneous linear equation: y/,, — bay!, + 
(ab?x? + b)y = C exp(—4ba”) (see 14.1.2.31 for the solution of the corresponding ho- 


mogeneous equation). 
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38. yf + (ax? + b)y,, + 2ary = 0. 


Integrating yields a second-order nonhomogeneous linear equation: y”,,+ (av? +b)y =C 
(see 14.1.2.4 for the solution of the corresponding homogeneous equation). 


39, yn 


LLL 


+ (ax? — b*)y’ + ax(2 — br)y = 0. 


Integrating yields a second-order linear equation: y"”,. + by’, +ax?y = Ce? (see 14.1.2.13 
for the solution of the corresponding homogeneous equation with C' = 0). 


40. y/”, + (aw? + b)y’!, + c(ax” + b+ c?)y =0. 

The substitution w = y/, + cy leads to a second-order linear equation of the form 14.1.2.13: 
wl, — cul, + (an? ++ 2)w =0. 

41. yl” — (3b7x? + a+ 3b)y!, + 2ba (ba? — a)y = 0. 


1°. Particular solutions with a > 0: 
yi = exp($ba* +a2/a), y= exp($ba? —aV/a). 


2°. Particular solutions with a < 0: 
Y= exp($bz”) cos(xv/Ja]), y= exp($bz”) sin(x/Ja] ). 
3°. Particular solutions with a = 0: 
Y= exp($bx’), yo = xexp($bz’). 
42. Ye + (ax + ba + c)y’, + ka[(a+ k?) x? + ba +c — 3k]y = 0. 


Particular solution: yo = exp(—3kz2?). The substitution y = exp(—4k2?) / 2(2) dx 


leads to a second-order equation of the form 14.1.2.31: 
zi, — 3kaxz), + [(a + 3k7)a? + be + c— 3k]z = 0. 


43. y’” + (ax* + br)y’, — 2(ax* + b)y = 0. 
This is a special case of equation 15.1.2.49 with n = 2. 


44, y/” 


ie Fax’y,, — 2ax”—1y = 0. 

The substitution w = xy/,—2y leads to a second-order linear equation of the form 14.1.2.7: 
wr, taxr™w = 0. 

45 yn 


-1 
im Fax'y, +anz” ty = 0. 
Integrating yields a second-order nonhomogeneous linear equation: y””,, + axz"y = C' (see 
14.1.2.7 for the solution of the corresponding homogeneous equation). 
46. yf tax™t ty’ +a(m+3)2™"y = 0. 


LLL 


The substitution « = t~', y = wt~? leads to an equation of the form 15.1.2.45 with 
n=—m—5: wi, + at wi — a(m + 5)t-™ Sw = 0. 
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47, oy!” t+ axy’ +anz?”ly=0. 
Solution: 
y = Cyr J? (u) + Cor J,(u)Y,(u) + C32Y,2(u), 
1 n+1 
where v = n+l)’ Uu= — J(u) and Y,,(u) are Bessel functions. 
48. yl” 4 2ax"y’ + anxz” ty = 0. 


Solution: y = Ciw? + Cow we + C3w. Here, w 1 and wy. are a fundamental set of 
solutions of a second-order linear equation of the form 14.1.2.7: 2w",, + ax"w = 0. 


49, yl”! + (ax? + ba" )y!, — 2(ax?"—" + bar" ~?)y = O. 
The substitution w = xy’, —2y leads to a second-order linear equation of the form 14.1.2.10: 


wi, + (ax?” + ba”! )w = 0. 
50, yl, + (an + b2™)y) 

— c[(a + c?) a3" + (b+ 3en)x?"—! 4+ n(n — 1)a2"~*Jy = 0. 
n+l Cc n+l 


£4 ——) | wae 


leads to a second-order equation of the form 14.1.2.47: 
ze + 8cxn"2! + [(a + 3c*)a*” + (b+ 3en)x" "Wz = 0. 


: : Cx 
Particular solution: yo = exp( 
n 


). The substitution y = exp( 


51. cy” +ay,+b(b’x+a)y=0. 

The substitution w = y’, +by leads to a second-order linear equation of the form 14.1.2.108: 
cw, — bewl, + (b’x + a)w = 0. 

52. ay” +azy’, — [b(a+b*)x+a+3b*7]y =0. 


ba 


Particular solution: yo =xe°”. The substitution y = re z(a) dx leads to a second-order 


linear equation of the form 14.1.2.108: az’, + 3(ba + 1)z/, + [(a + 3b?)x + 6b]z = 0. 
53. ry + (b- a*x)y’, + aby = 0. 


The substitution w=y/.t+-ay leads to a second-order linear equation of the form 14.1.2.108: 
LW, — axw, + bw = 0. 


2 
54. xy!’ + (ax* + ba)y’, — 2(ax + b)y = 0. 
The substitution w = xy’, —2y leads to a second-order linear equation of the form 14.1.2.2: 
we, + (ax + b)w = 0. 
55. xy’ + (ax® + br)y’, — 2(ax? + b)y = 0. 
The substitution w = xy/,—2y leads to a second-order linear equation of the form 14.1.2.4: 
wi, + (ax? + b)w = 0. 
56. (ax+ b)y + cy’, + k(ak?a + bk? + c)y = 0. 
The substitution w=y/.+ky leads to a second-order linear equation of the form 14.1.2.108: 
(ax + byw", — k(ax + b)w!, + (ak?a + bk? + c)w = 0. 
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57. (ax+2)y”  —a®ay!, + 2a%y = 0. 


LLL 


Particular solutions: y, = x, yg=e™, 


58. (aca + be —a)y”, — B(ax + b)y! + ac®y = 0. 


LLL 


Particular solutions: y; = ax +b, yo = e™. 


59. (ax+b)y” + (ca + d)y’, + s[(as? + c)a + bs? + dly = 0. 
The substitution w= y!,+-sy leads to a second-order linear equation of the form 14.1.2.108: 


(ax + b)w!, — s(ax + b)w!, + [(as? + c)x + bs? + dlw =0. 


a ! 


60. (ax + by” + [(c — ak?)x + d— bk? ly’ + k(cx + d)y = 0. 
The substitution w=y/.+ky leads to a second-order linear equation of the form 14.1.2.108: 
(ax + b)wl,, — k(ax + b)w!, + (cx + d)w = 0. 


61. (ax + b)y” — (a®a* — 3a7x + b*)y’ + abx(a?x? — 3a — b*)y = 0. 


LLL 


Particular solutions: y, = oe Yy2 = exp(—5az’). 


62. gy! - 6y’, + ax*y + 2ba = 0. 


The substitution y= x7w leads to an equation of the form 15.1.2.173: «wi! +6a7wi + 
(ax? — 12)w + 2b = 0. 


63. «7y” + (ax? + bx — m? — m)y’, + (m—1)(ax + b)y = 0. 
The substitution w = xy/, + (m — 1)y leads to a second-order linear equation of the form 
14.1.2.108: awl, — (m+ 1)w!, + (az + b)w = 0. 


64. x7y’” + (ax* + bx 4+ c)y’, —k[(a + k?)x? + br + cly = 0. 
The substitution w= y/,—ky leads to a second-order linear equation of the form 14.1.2.135: 
zw + kaw! + [(a + k?)x? + br + clw = 0. 


65. x7y’” + (ax” — b? — by’ + a(b—1)a" 'y =0. 
The substitution w = xy/,+(b—1)y leads to a second-order equation of the form 14.1.2.67: 
cw, —(b+1)wl, +az"—“!w = 0. 


66. «7y’” + (ax tt — b? — b)y’ + a(b— 1)a"y = 0. 


The substitution w = xy’, + (b — 1)y leads to a second-order linear equation of the form 
14.1.2.67: cwll, — (b+ 1)u), + ax”’w = 0. 


67. x?y!”  — 8axz™* (n+ axr""")y’ + ax"(n — n? + 2a7x?"*?)y = 0. 


ag?t! ag 
1°. Particular solutions withn #4 —1: y, = exp( ) yg = 2x exp( ). 

n+1 n+1 
2°. Particular solutions with n = —1: yy = 2%, yo =a%!. 


68. «(ax + b)y”” + a(ca + d)y’, — 2(ca + d)y = 0. 
The substitution w = xy’, — 2y leads to a second-order linear equation of the form 
14.1.2.108: (ax + b)wi, + (cx + d)w = 0. 
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69. avy” + (1—a?)ay!, + (bx? + a? —1)y=0. 
For a = +1, we have a constant coefficient equation of the form 15.1.2.1. For b = 0, we 
obtain the Euler equation 15.1.2.175. 


1°. If b £ 0 and ais a positive integer greater than 1, then the solution is: 


3 
y=2'* 5° Ch exp(—Apr) Pp(2), 
k=1 


where Aj, \2, and A3 are roots of the cubic equation \? = b and P,(a) are polynomials of 
degree < 3(a—1). 

2°. Denote the solution of the original equation for arbitrary (including complex) a by Ya. 
Then the following recurrence relation holds: 


Yar3 = bya + (2a + 3)a—tyl! —(a+1)(2a+ 3)(2~7y/, — ay), (1) 


where the prime denotes differentiation with respect to x. 

Since the functions y., = e~*”, corresponding to three values of \ determined by the 
equation \? = b, form a fundamental set of solutions, formula (1) makes it possible to find 
all y, for any integer values of n not divisible by 3. In particular, yo = (x~! + A)e**, 


where \° = b. 


70. xy’ + (4x° + ax)y’, — ay = 0. 

Solution: y = CyrJ?(x) + CoxJ,(x)Y_(x) + C3xY,2(x), where J,(x) and Y,(x) are 
Bessel functions; 4v? = 1 — a. 

71. aby” + aaa? + 3b(1 — b)]y’, + 2b(ax? + b? — 1)y = 0. 

1°. Particular solutions with a > 0: y; = 2° sin(x/a), yo = x? cos(xv/a ). 

2°. Particular solutions with a <0: y, = 2° exp(—rV/—a), yo = 2? exp(rV/—a). 


3°. Particular solutions witha = 0: y, = 2°, yo =2?*!, 


3 2 2 2 
72. 2 Yn + x(ax +ba+c)y’, + (k— 1)(aw* + ba +c+k* +k)y=0. 
The substitution w = xy’, + (k — 1)y leads to a second-order linear equation of the form 
14.1.2.131: 2?w%, —(k+ lew! + (az? + be +e+ kh? +k)w =0. 

3 -1 2 
73. wy’! taxr"y’ + (b—1)(ax”* + b* + b)y = 0. 
The substitution w = xy’, + (b — 1)y leads to a second-order linear equation of the form 
14.1.2.132: x?w, — (b+ l)rul, + (az”-1 + 6 + b)w = 0. 
74, aby” + a(ax” + b)y! — 2(ax” + b)y = 0. 
The substitution w = xy!, — 2y leads to a second-order linear equation of the form 
14.1.2.118: 2?w!,, + (ax” + b)w = 0. 
75. xy” + 2(ax" +b—c)yl + (c—1)(aze" +b+c*)y=0. 
The substitution w = xy/, + (c — 1)y leads to a second-order linear equation of the form 
14.1.2.132: 2?w, — (e+ lcw!, + (az” + b+ c*)w = 0. 
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76. ay’! + (ax?" +1—n?)ay! + [bx?” + a(n — 1)2?" + n? — 1Jy =0. 
The transformation € = 2"/n, z = x"~'y leads to a constant coefficient linear equation: 


Zee + ax + bz=0. 


77. «*(ax+ by” + (ca — bm? — bm)y! + (m—1)(c+ am? + am)y = 0. 


LLL 
The substitution w = xy’, + (m— 1)y leads to a second-order linear equation of the form 
14.1.2.172: x(ax + b)w!,, — (m+ 1)(ax + b)wi, + (c+ am? + am)w = 0. 
78. x(ax?+bx+c)y” + ay’, —2y =0. 
The substitution w = xy!, — 2y leads to a second-order linear equation of the form 


14.1.2.179: (ax? + be + c)wi, + w =0. 

79, geylt = = a(xy’, — 2y). 

x [Ci + Co exp(Va/z) + Czexp(—Va/z)] if a>0, 
x” [C1 + Cz cos(\V—a/zx) + C3sin(—a/x)] if a<0. 
80. «Sy + ax?y! + (b— 2ax)y = 0. 


The transformation « = t~!, y = wt~? leads to a constant coefficient linear equation of 
the form 15.1.2.82 with ag = 0: w#/, + aw; — bw = 0. 


Solution: y= 


> Equations of the form fa(«)y!”,,, + fa(w)y”, + fi(a)yl, + folw)y = 9(). 


81. yf" + Bay”, + 3a7y’, +a >y = 0. 


Yeox 


Solution: y = e~% (Cy + Cox + C322). 


82. Yorn + a2y%, + ay, + aoy = 0. 
A third-order constant coefficient linear equation. 
Denote P(A) = A? + apd? + aA 4+ ao. 
1°. Let the characteristic polynomial P(A) be factorizable: 
P(A) = (A= A1)(A — A2)(A — Ag), where A, Ag, and A3 are real numbers. 
Cye™® + Cye?* + Cze*8* if all the roots A, are different, 
Solution: y = 4 (Cy + Coxr)e™* + Cze*8* if Ay = Ao F As, 
(Ci + Cox + C3x7)e™* if Ay = Ao = Az. 
. Let P(A) = (A — Ax) (A? + 201A + b0), where b? < : 
Solution: y = Cye*!® + e'!* (Cy cos pa + C3 sin ux), where pp = s/bo — BF. 


83. Ye + ay”. + (ba + c)y’, + (abx + ac+ b)y = 0. 


Integrating yields a second-order linear equation: y””,, + (ba + c)y = Ce~™ (see 14.1.2.2 
for the solution of the corresponding homogeneous equation with C' = 0). 


84. yl 


LLL 


+ 3ay!), + 2(ba + a?)y’ + b(2ax + 1)y = 0. 
This is a special case of equation 15.1.2.113 with n = 0 and m = 1. 
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85. Ye + ay”, + (bax? + ca + d)y’, + a(ba” +cx+d)y=0. 
The substitution w = y/, + ay leads to a second-order linear equation of the form 14.1.2.6: 
wl, + (bx? + cx + d)w = 0. 
86. yw tay”, + bae"y! + abr"y = 0. 
The substitution w = y/, + ay leads to a second-order linear equation of the form 14.1.2.7: 
Wr + baw = 0. 
mt ” 2,,2,,/ 3,3 a 
87. Yoon + Bary, + 3a°a“y,, + (a°’x” + b)y = 0. 
The substitution y = w exp(— Zaz”) leads to a constant coefficient linear equation of the 


form 15.1.2.82 with ag =0: wi, — 3aw!, + bw =0. 


LLL 


88. yy” tary”, + (abe +a — b?)y’, + aby = 0. 


Particular solutions: y; = e~°", yo = e~ f exp (2b — sax") dx. 


89. Ye + Bary”, + (2a7x? +at+ b)y’, + abxry = 0. 


Solution: y = Ciw? + Cowyw2 + C3w. Here, w , and we are linearly independent 
solutions of a second-order equation of the form 14.1.2.28: w%,, + axw', + +bw = 0. 
90. ye + Bary”, + (2a7x? + 2bx + a)y’, + b(2ax” +1)y=0. 


This is a special case of equation 15.1.2.113 with n = 1 and m = 1. 


1. yl” + 38ary”, + 3(a?x? + a)y’, + (a®x? + br + c)y = 0. 

The substitution y = exp(—Sax*)w leads to a linear equation of the form 15.1.2.4: 
wi. + [(b — 3a*)x + clw = 0. 

92. yi + 8arye + [2(a? + b)a? + aly’, + 2ba (ax? + 1)y = 0. 


This is a special case of equation 15.1.2.113 with n = 1 and m = 2. 


93. Ye + (ax + b)y”, + (abz + a+ c)y’, + bey = 0. 


Integrating yields a second-order linear equation: y+ axry/,-+cy =Ce~™ (see 14.1.2.28 


Lx 
for the solution of the corresponding homogeneous equation with C’ = 0). 


94, yi, + (abe +a + b)ylt, + abay’, — ab?y = 0. 


Le 


Particular solutions: y; = x, y2 = ee, 


95. yi’, + (ax + b)y”, + [(ab+ c)x + aly’, + c(bx + 1)y = 0. 


Integrating yields a second-order linear equation: y!!,,+axy/,+cry =Ce—™ (see 14.1.2.28 


for the solution of the corresponding homogeneous equation with C’ = 0). 


96. Ye + (ax+b+ C)Y sn + (aca + be + s)y’, + s(ax + b)y = 0. 


Particular solutions: y, = ert, Yy2 = e*2 where A and A> are roots of the quadratic 
equation \7 ++ c\ +s =0. 
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97, yf” + (ax + by”, + (cx + 2a)y’ + al(c — ab)x” + bly = 0. 
Particular solution: yo = exp(— az’). The substitution y = exp(—4az’) / z(x) dz 
leads to a second-order linear equation of the form 14.1.2.31: 

zt. + (b— 2ax)z!, + [a2x? + (c — 2ab)x — alz = 0. 


98. Ye + (ax + b)y”., + (ca + d)y’, + [aca” + (ad + bc)x +c+ bdly = 0. 


Integrating yields a second-order linear equation: y”,,+ (ca+d)y=C exp(—sax? — bz) 
(see 14.1.2.2 for the solution of the corresponding homogeneous equation with C' = 0). 


99. yn + (aa + byl, + (ax* + Ba +)y’, 
= k[aa? + (ak+ B)x +k? + bk + y]y = 0. 


The substitution w = y/,—ky leads to a second-order linear equation of the form 14.1.2.31: 
wi + (az +b+ kul, + (ax? + (ak + B)a + kh? + bk + yw =0. 


100. y/” — xy” +(a+b—1)zy’, — aby = 0. 


LLL 


The following three series, converging for any x, make up a fundamental set of solutions: 


YWu= 1+ a (3n)! uu; 
= (@=1)(b 1)(e—4)(@—4)...(a—3n+ 2)(b—38n +9) 5, 
moat )(b= 1)(a— 4)( st )( ) 3 +1 
gw (a —2)(b— 2)(a —5)(6—5)...(2-3n+1)(b-—3n+1) 5, 
oe, )(b = 2)(a — 5)( — aK ) ant, 


101.” tax"y” 2ax”—7y = 0. 


Voow 
The substitution w = xy’, —2y leads to a second-order linear equation of the form 14.1.2.45: 


wi, taxwi, + ax” lw =0. 


102,” tax”y”, — by’, — abr"y = 0. 


1°. Particular solutions with b > 0: y, = exp(—2Vb), y2 = exp(av0). 
2°. Particular solutions with b < 0: y , = cos (t/—b), YQ = sin(xV/—d). 


103.” 


LLL 


tax"y”, —2ax" ly! + 2ax"~7y = 0. 


Particular solutions: y, = 2, y2 = x. 


104. y/” 


-1 —2,, 
ie Taxvy,, + ba ty’ — 2(a4+ ba” “y = 0. 
The substitution w = xy/, —2y leads to a second-order linear equation of the form 14.1.2.45: 
wi, tan"wi, + (a +b)2”-1w = 0. 
105.0!” 


LLL 


+ax"y”, +abze"y’, + b?(ax” — b)y = 0. 


Particular solutions: y, = exp(—4bz) cos(%bx), yo = exp(— bz) sin(Bbr). 
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106. yf” taxy”, — (ax"—* — ba?) y’ + ba(ax"*! + 3)y = 0. 


LLL 


Particular solutions: y, = cos($27 Vb), y= sin(¢a?Vb). 


107, yf” any’. + (abxz” + anx”—1 — b?)y’, + abna”—ty = 0. 


LLL 


Particular solutions: y, = e~°", yo = e~°* f exp (2be _ 40") ae. 


108. oy” tax ty”, + ba™y! — ba™ ty = 0. 
Particular solution: yo = x. 
109, oy” taxry”, + ba™y! + ba™—1(axz"t! + m)y = 0. 


The substitution w = y/,, + br”’y leads to a first-order linear equation: w’, + axr"w = 0. 


2 

110. yf" tax"y!, — b(2ax” + 3b)y’, + b*(ax” + 2b)y = 0. 
Particular solutions: y; = e°*, ya = xe?”. 
Wd. yf” + ax"y”, + (abx” — b? + c)y’, + c(ax” — b)y = 0. 
Particular solutions: yy = ere, y= e*2" where A; and 9 are roots of the quadratic 
equation \? + b\+c=0. 

2 
112, oy” tax” y” + (ba™ — c*)y’, — c(acxz” + bx™)y = 0. 


Particular solution: yo = e. 


113.” 


LLL 


+ 3axr"y” , + (2a?x?” + 2ba™ + anxz”—*)y’ 
+ b(2ax"t™ + mx™—!)y = 0. 


Solution: y = Ciw? + Cowyw2 + C3w. Here, w, and we form a fundamental set of 
solutions of the second-order linear equation: w’.,, + ax" w!, + sba™w = 0. 


114.0 oy!” = (a@” — a)y”, + (ax” — b)y’, + bay. 


Aix 
> 


Particular solutions: y,; = e y= er2e , where A; and 2 are roots of the quadratic 


equation \? + a\+b=0. 


115. Yn +(ax” + b)y”., + (acav” + be+ m)y., +(m+ c?) (ax” +b—c)y=0. 
Particular solutions: yy = ere y= er2r , where A; and Az are roots of the quadratic 
equation \2+c\+m-+c? =0. 

116. y/” 


LLL 


+ (ax” — b)y! + ca™y’, — b(abx” + cav™)y = 0. 


Bo 3 
Particular solution: yo = e”*. 
117, yf + (a + aly, + (ax” + ba™ )y’, + aba y = 0. 


Particular solution: yo =e. 


118. oy", + (av + c)y’, + [aca” + (an + bx” ]y’, 
+ blex”—1 + (n — 1)a"~2]y = 0. 


Integrating yields a second-order linear equation: y”,, + ax”y/, + ba”—l!y = Ce~™ (see 


14.1.2.45 for the solution of the corresponding homogeneous equation with C' = 0). 
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119. ye + (ax” + bx) y””, + b(ax"* + 2)y/, + abxe"y = 0. 
Particular solutions: y, = exp(—4bz”), y= exp(—4bz”) f exp($bx?) dx. 
120. Yn + (ax” + bx) y”” + (aba”t1 + bex + b-— c7)y’, 
+ c(aba" tt —acxz” + b)y = 0. 


Particular solutions: y; = e~“, yg =e ™ f exp(2cx — bx”) dx. 


121. y/”) + (abax” + aa —* b)y”, + ab?x"y’ —ab?a"ly = 0. 


Youn 
ba 


Particular solutions: y; = x, y2 = e~ 
122, yf + (ax” + ba™) yy” + cy), + c(ax” + br™)y = 0. 

1°. Particular solutions with c > 0: y, = cos (ae), y2 = sin(x/c). 

2°. Particular solutions with e <0: yy = exp(—a/—c), Yy2 = exp(z/—c). 


123,” 


LLL 


+ (ax” + ba™ )y”” + (aba”t™ + bex™ + bmax™-1 — c?)y’, 
+ c(aba"t™ — aca” + bma™—")y = 0. 


: ake = = batt 
Particular solutions: y; = e~°", yx =e“ f exp (2cx = ) da. 


124. ry. + By", +axy = 0. 

The substitution w= zy leads to a constant coefficient linear equation of the form 15.1.2.1: 
mr _ 

Wrer t aw = 0. 


125. ry. = 3ny”,, + ary = 0, n=0, 1, 2,... 


1 d\n 

Solution: y = zin?(——) (5). where w is the general solution of equation 
x* dx x 

15.1.2.1: wit, taw = 0. 


126. 2ry” + By", +axy = Db, a ~ 0. 


4 Av rz q 
Solution: y= > Cy i ae where 1, 2, and A3 are roots of the cubic equation 
fal 0 223 +a 


23 +a =0; Aq = —o0 for x > Oand A4 = +00 for x < 0. In addition, the constants C, 
are related by the constraint \/a (C1 + C2 + C3 + C4) +b = 0, and the integrals are taken 
along straight lines. 


127. avy” + 3y”, +ax7y = b. 


Ui 


ay nw =, 


The substitution w = xy leads to an equation of the form 15.1.2.3: w 


128. ry. + By", +anx*y = ba. 


ml 34), — 
ee Ww = On 


The substitution w = xy leads to an equation of the form 15.1.2.5: w 
129. xy” + ay”, + aby! + bexry = 0. 

The substitution w= y/.+by leads to a second-order linear equation of the form 14.1.2.108: 
cur, + (a — br)wi, + baw = 0. 
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130. xy” +(at+ by”, — xy’, —ay = 0, a>0, b>O0. 


Solution: 
3 By 
y= S> c, f ee = ee dt, 
v=1 sd 
where y, = —1, 6, = y2 =0, 82 = 1; for x > 0, y3 = 1 and $3 = +00; for x < 0, y3 = —0o 
and 63 = —1. 


131. avy” + ay”, + (b—c?)ay’, — c(ac + bx)y = 0. 
The substitution w= y!,—cy leads to a second-order linear equation of the form 14.1.2.108: 
rw, + (cx + a), + (bx + ac)w = 0. 


132, avy” + ay”, + [(c — b?)x + ably’, + c(a — bx)y = 0. 


Aix A2 


Particular solutions: y, = e *, where A; and 2 are roots of the quadratic 


equation \? +b’ +c=0. 


» Ya2a=e 


133. | Ai + ay”, + ba” y’, + b(a+n— 1)a”—1y = 0. 


The substitution w = y’,, +bx”~'y leads to a first-order linear equation: rw’, + aw = 0. 


134. xy?” + (ax+b)y”, — a”by = 0. 

The substitution w=y/.t+-ay leads to a second-order linear equation of the form 14.1.2.108: 
cw, + bw, — abw = 0. 

135. xy’”’ + (ax + by”, + cay’, — cy = 0. 

The substitution w=«y/,—y leads to a second-order linear equation of the form 14.1.2.108: 
rw, + (ax +b—1)wi, + crw = 0. 

136. xy?” + (ax+ 3)y”, + (bx + 2a)y’ + (ca + b)y = 0. 

The substitution w= zy leads to a constant coefficient linear equation of the form 15.1.2.82: 
Where + 2Wr, + bwi, + cw =0. 

137. vy?” + (ax+ 3)y”, + a(bx + 2)y’ + b[b(a — b)x + aly = 0. 
Solution: y=a! [jee Ce cos(“3bz) fie a2 sin(2b2)]. 


138. avy” + [a(b+1)x + bly”, + aby’, — a?by = 0. 


Le 


Particular solutions: y; = 7, yo=e %. 


139. xy!” — (a+ 2a)y”, — (w@ — 2a 1)y,, + (xa@—-1)y=0. 

Solution: y = Cye® + 27 [Cola4i (x) + C3Ka4i(x)|, where I,(x) and K(x) are 
modified Bessel functions. 

140. 2ay/”_,—4(a@ +a —1)y”, + (2x2 + 6a — 5)y’, + (1 — 2a)y = 0. 


Solution: y = Cie” + x%e*/?(CyIq(x/2) + C3Ka(x/2)], where I,(z) and K,(z) are 
modified Bessel functions. 
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141. 2ay/” +3(2ar+k)y”,+6(bx + ak)y’, + (2cx + 3bk)y = 0, k>0. 


Solution: 
4 Xe 
oe c, f e**[P(z)|*-)? dz,  Cs=—-Ci—Co—-Cs, 
v=1 0 


where P(z) = 2? + 3az* + 3bz +c; Az, Az, and 3 are roots of this polynomial, which 
are assumed to be different; 44 = —oo for x > 0 and Ay = +00 for x < 0. 


142. ay” + (art by”, +[(ac+ s—c*)x + bely’, + s[(a—c)a +bly =0. 


Aix Aqxr 
+ | 


Particular solutions: y,; = e 
equation A? +c\ +s =0. 


yo = e?", where A, and Ag are roots of the quadratic 


143. avy” + (az? +b+4+ 2)y”, —ab(b+ 1)y=0. 

This is a special case of equation 15.1.2.145 with n = 2. 

144, wy” + (ax? + b)y”, + dary’, + 2ay = 0. 

Integrating the equation twice, we arrive at a first-order linear equation: 
zy, + (ax* +b —2)y = Cy + Coz. 


145. avy” + (az +64 2)y”, — ab(b4+ 1)a" *y = 0. 

The substitution w= xy/,+by leads to a second-order linear equation of the form 14.1.2.45: 
wi, tan” wi, — a(b + 1)2"™-2w = 0. 

146. xy?” + (ax” + 3)y" + (Qaa"—* + bx)y’, + b(ax” + 1)y = 0. 
Particular solutions: y, = xt cos(rvb), Yy2 = x} sin(rvb). 


147, vy” +(ax"t1+3)y”" +a(brt2)x"y’ + b(abe"*!+ax"—b?x)y =0. 
Particular solutions: y, =~! exp(— bz) cos(be), y2 =x! exp(—5bz) sin(¥2b2). 


148. avy” +(ax"+3)y”,+(abe” + 2ax” 1 — b?x)y’ +b(ax”*—b)y =0. 


Particular solutions: y, = gt, y= glee, 


149. (ax +b)y” + [b(a+1)2 +6? 4 ly”, + bay’, — b’y =0. 


Particular solutions: y; = x, y2 = ee, 


150. (ax + by’ + k(ax + b)y”, + (ca + d)y’, + k(cx + d)y = 0. 
The substitution w=y/.+ky leads to a second-order linear equation of the form 14.1.2.108: 
(ax + b)w", + (cx + d)w = 0. 
151. (ax + b)y’’ + (ca + d)y”, + [(aA + cy) x + bBA + duly’, 

+ (A+ p7)[(c— ap)a + d— buly = 0. 
Particular solutions: y; = exp(s1z), y2 = exp(s2a), where s; and sz are roots of the 
quadratic equation s? + ps ++ pi? = 0. 
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152. (ax + by’ + (ca + d)y”,, — k[(3ak + 2c)x + 3bk + 2djy’, 
+ k?[(2ak + c)a + 2bk + dly = 0. 


Particular solutions: y,; = eke y= cer® 


153. (ax+b)y”’ +(ca+d)y” +sx(ax+b)y’ + s[cx?+(a+d)x+bly =0. 
The substitution w = y",, + say leads to a first-order linear equation: (ax + b)w', + 
(ce +d)w =0. 
154. (1—a)y”’ +a(ax—2a+1)y”, + (—ax?+2a—1)y/,+2a(x—-1)y=0. 
Particular solutions: y, = x”, yo = e”. 
155. (ax + by" + (ca + dy”, + sx” (ax + b)y’, 

+ sx” *[ca? + (an + d)x + bnjy = 0. 


The substitution w = y”” 
(cz +d)w =0. 


7, + sx”y leads to a first-order linear equation: (ax + b)w!, + 
156. (ax—1)y" + a(abe"t! — 2b2”" — a?)y” + (2bx” — a?bx"*? + a?)y’, 

+ 2ab(ax — 1)x"y = 0. 
Particular solutions: y, = 2”, yo = e™. 


157. gry + Bry", — 3y’, +ax*y+b=0. 


Solution: y = (w/x)!,, where the function w = w(x) satisfies a constant coefficient linear 


equation of the form 15.1.2.2: wi”. + aw = b. 


LLL 


158. xy + 6xy"., + 6y’, + ax7y = b. 
The substitution w = x7y leads to a constant coefficient linear equation of the form 
15.1.2.2: wi” +aw = b. 


159, x?y””_ —3(n+m)zy”+3n(3m+4+1)y,—22y=0, m,n=1, 2, 3,... 


Solution: 
n—-1 m-1 3 F 
= 6—3u-1 6—3v-—2 Che, 6=2—, 
y Ic p=) I Pp» ke Te 


where the wz are three roots of the cubic equation w? = 1. 
160. xy + 6xy"., + 6y’, + aay = b. 
The substitution w= xy leads to a linear equation of the form 15.1.2.3: w!”,,, tarw =b. 
161. x?y”” —2(n+1)ry”, — (ax? —6n)y’,+2ary=0, n=1, 2, 3,... 
Solution: 
Cyr + Cox* + Ca if a=0, 
y= 2 xJa —2/a : 
Cy (ax* — 4n + 2) + Coe*V¥* P(x) + C3e Om) ta, 


where P(x) and Q(x) are some polynomials of degree < 2n + 2. 
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162, 2? y’” + Say”, + (4a7x?* + 1 — 4a7b?)y’ + 4a3x?* ly = 0. 
Solution: y = Cy J?(x*) + CoJ,(x*)Y, (x7) + C3¥7 (x2), where Jy(z) and Y;,(z) are 
Bessel functions. 
163. gry + ax7y” + (ba + c)y’,, + a(bx + c)y = 0. 
The substitution w=y/.t+-ay leads to a second-order linear equation of the form 14.1.2.111: 
zw, + (bx +c)w =0. 
164. gry + ax7y” + (ba”™ + c)y’, + a(ba” + c)y = 0. 
The substitution w=y/.t+-ay leads to a second-order linear equation of the form 14.1.2.118: 
rw, + (b2” + c)w = 0. 
165. a2? yy” — (a+ a)cy”, +a(2x+1)y, —a(xt+1)y=0. 
Solution: y = Cye® + ¢@+))/2 [C2Fa41 (2\/ax ) + C3¥o41(2V/az)], where Jy(z) and 
Y,(z) are Bessel functions. 
166. xy! _ (a? _ 2x)y", _ (a? a +)y', + (a? — 2a +a? — +)y = 0. 
Solution: y = Cye* + /@ [C2I,(x) + C3Ka(x)], where I,(x) and Ka(x) are modified 
Bessel functions. 
167. xy” — 2a(a —1)y”, + (a? — 2a + + —a*)y! + (a? — S)y = 0. 
Solution: y = Cie? + /xe*/? [C2Iq (2/2) + C3Ka(x/2)|, where I,(z) and K,(z) are 
modified Bessel functions. 
168. 2? y’”_ — 3(a — a)ay””, + [227 + 4(b— a)x + a(2a — 1)]y/, 

— 2b(2a — 2a+1)y = 0. 
Solution: y= Cyw?+Cow wet C3u%3. Here, w , and we are a fundamental set of solutions 
of a second-order linear equation of the form 14.1.2.108: rw, + (a —x)w!, + bw = 0. 
169. x7y’”” + a[(a+c)x+ bly”, + [(act+ a)x? + (be + B)x +7] y%, 

+ c(aa? + Bxa+r7)y =0. 
The substitution w= y/,+cy leads to a second-order linear equation of the form 14.1.2.146 
withn =1: 2?w!!,, + a2(ax + b)ul, + (ax? + Bx +7)w = 0. 
170. 2? y’” + (ax"t*+bax)y” + [a(b—2)x"+cly, +a(c—b+2)a" 'y=0. 


Particular solutions: yy = 2”, yo = x", where m , and mz are roots of the quadratic 
equation m? + (b— 3)m+c—b+2=0. 


171. 2a(a—1)y" + 3(2a —1)y”, + (2ax 4+ b)y’ + ay = 0. 


Solution: y = Ciw? + Cow,we + C3w3. Here, w, and w2 form a fundamental set of 
solutions of the equation 2x(x — 1)w’, + (2x — 1)w!, + (Sax + $b — 4)w = 0, which 
is reduced, by means of the substitution x = cos? €, to the Mathieu equation 2.1.6.29: 


2wee = (a+ b— 2+ acos 2€)w. 
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172. (aga? + aya + ao) yi, + (bia + bo) yt, + (c1z + co)y!, — mery = 0. 
Here, cj # 0 and m is a positive integer. A solution of this equation is a polynomial of 
degree m that can represented as follows: 


m 
1\k 
y= (-=) {a™Ix—"—"[(ax? + ayx + ap) D? + (bx + b9)D? + coD] Va, 
1 
k=0 
d v+1 
where D = —, Ix” = with vy ~ —1. 
dx 1 


173. ay” + 6x7 y” + (ax? — 12)y + 2b =0. 


Solution: y = (w/x”),,, where w = w/(a) satisfies a constant coefficient linear equation 


of the form 15.1.2.2: wii, + aw = b. 


174. ey + ax*y” + bay’, + (a — 2)by = 0. 
This is a special case of equation 15.1.2.175. Solution: y = Cyx?~* + Cox”! + C32”, 
where n1 and 2 are roots of the quadratic equation n? — n +b = 0. 
3 2 
175. ay’! + ax*y”, + bry), + cy = 0. 


The Euler equation. The substitution t = In |z| leads to a constant coefficient linear equation 
of the form 15.1.2.82: yi, + (a — 3)y/, + (2-—at b)y, + cy =0. 


176. xy” + 3ax7y”, + 3a(a — 1)ay!, + [bx? + a(a — 1)(a — 2)]y = 0. 

The substitution w= x“y leads to a constant coefficient linear equation of the form 15.1.2.1: 
wm = 

Weer + bw = 0. 


177. ay” + 3ax7y”, + 3a(a — 1)ay!, + [bx” + a(a — 1)(a — 2)]y = 0. 
The substitution w = xy leads to an equation of the form 3.1.2.7: wi”, + ba” ~3w = 0. 
178. a? y’” 4.3(1 — a)x?y”, + 2[4b?c?a?¢ + 1 — 4c? + 3a(a — 1)]y’, 

+ [4b?c?(c — a)x?° + a(4v?c? — a?)]y = 0. 
Solution: y = Cyx*J?(bx°) + Cox* J, (br°)Y,(bx°) + C3x%Y,2(bar°), where J,(u) and 
Y,_(u) are Bessel functions. 
179. avy” + (ax? + b)y”, + 2(2a — 9)ay’ + 2(a — 6)y = 0. 
Integrating the equation twice, we arrive at a first-order linear equation: 


ay’, + [(a — 6)2? + bly = Cy + Cox. 


180. a? y’” + a2? (ax + by”, + cary! + c(ax +b—2)y=0. 

Particular solutions: yy, = #™, yo = x2”, where n, and ng are roots of the quadratic 
equation n?-—n+c=0. 

181. a? y’” +a?(2ax+b)y” +a2(a?x?+2abr+c)y’, +(a*bx?+be—2c)y =0. 


Particular solutions: y, = e %a2™, yo =e “x, where n1 and ng are roots of the 
quadratic equation n? —n+c¢=0. 
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3 —2 
182. w?y’’ + ax"y”, + bry’, + b(ax” * — 2)y = 0. 
Particular solutions: yy = 2"!, yg = x'”?, where m, and mz are roots of the quadratic 
equation m2 —m+b=0. 


183. a? y’” + 2? (ax" + b)y”, + a(ax" +b—1)y, + (ax" +b—3)y =0. 
Particular solutions: y; = cos(Inz), yo = sin(Inz). 
184. a? y’” + a7(ax" +b+ec4+1)y”, 

+ alan?" + (ac+ Ba” +y+ bey’, + (ec — 1)(ax?”" + Ba" + y)y = 0. 


The substitution w = xy/, + (c — 1)y leads to a second-order linear equation of the form 
14.1.2.146: 2?w", + 2(ax” + b)wl, + (ax?" + Ba” + y)w = 0. 


185. (ax+b)a°y"’ +(ca+d)x7y” +s(ax+b)xy! +s[(c—2a)a+d—2b]y =0. 
Particular solutions: yy = #™, yo = x”, where n, and ng are roots of the quadratic 
equation n?-—n+s=0. 


186. xy” + 6x°y” — ay + 2bx = 0. 
The substitution x = t~! leads to an equation of the form 15.1.2.62: 
ty, — Gy, + at?y — 2bt = 0. 
187. 2?(2" + a)y”, + 2(ba*t! 4 2ne” + cx)y’, 
+ [2bka**? + n(n — 1)a™]y’, + bk(k — 1)x*y = 0. 


Integrating the equation twice, we arrive at a first-order linear equation: (a” + a)y/, + 
(ba® + c)y = Cy + Cox. 


15.1.3 Equations Containing Exponential Functions 
> Equations with exponential functions. 


1 oy!’ — ae**(a7e?** + 3are*” + r7)y = 0. 


You 
Particular solution: yo = exp(Se™ The substitution y = exp (Se™ ) / z(x) dx leads 
to a second-order linear equation of the form 14.1.3.27: 
zt + 8ae**z!, + (3a7e” + Bare") z = 0. 
2 yf! t+ aer*y! + are**y = bet”. 


Integrating yields a second-order linear equation: y!”,,+-ae**y = bu be" +C (see 14.1.3.1 
for the solution of the corresponding homogeneous equation with b = C' = 0). 


3. yw t+ ae**y! + b(ae*” + b?)y = 0. 
The substitution w = y/, + by leads to a second-order linear equation of the form 14.1.3.10: 


wl, — bw', + (ae** + b?)w = 0. 


4. yl” +aer*y’ + [a(A — b)e*” — B® ]y = 0. 
Integrating yields a second-order linear equation: y",, + by!, + (ae*” + b?)y = Ce” (see 
14.1.3.10 for the solution of the corresponding homogeneous equation with C' = 0). 
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5. yl’ + (ae*” — b”)y’ + abe**y = 0. 
The substitution w = y/, + by leads to a second-order linear equation of the form 14.1.3.10: 


" t AB a 
Wre — OW, + ae”w = 0. 


6. yf! + (ae*” — b?)y’ + a(A — b)e**y = 0. 
Integrating yields a second-order linear equation: y!”,,+-by!,+-ae**y = Ce?” (see 14.1.3.10 


for the solution of the corresponding homogeneous equation with C' = 0). 


7. Une + (ae + b)y’, + c(ae*” + b+ c?)y = 0. 
The substitution w = y/, + cy leads to a second-order linear equation of the form 14.1.3.10: 
wit — cw, + (ae + b+ c*)w = 0. 


8. yl és (ae? a be>”)y’ = c(ae?»” A ber 7 c*)y = 0. 


LLL 
The substitution w = y/, — cy leads to a second-order linear equation of the form 14.1.3.27: 
wi, + cw, + (ae + ber” + c*)w = 0. 


9, Ul cs — 3ae**(ae*” + A)y!, + ae*”(2a7e?** — d)y _— 0. 


Particular solutions: y, = exp($e*"), yo= 2x exp( $e”). 


10. ye 


LLL 


— (3a7e?” + 3are*” + b)y’, + ae**(2a7e?** — 2b — r»?)y = 0. 
1°. Particular solutions with b > 0: 


Y1 = exp(Se* — avo), y= exp(Se” + 2vb). 
2°. Particular solutions with b < 0: 
y= exp (Se) cos (av —b ) , w= exp(Se™) sin (av —b ) 


11. Us i AY,» + be*?y’ + abe*”y = 0. 
The substitution w = y’, + ay leads to a second-order linear equation of the form 14.1.3.1: 


wl, + be**w = 0. 
12. ee + ay”, + (be*” + c)y’, + [b(a + Aye + acly = 0. 


Integrating yields a second-order linear equation: y’”,, + (be*” +c)y =Ce~™ (see 14.1.3.2 
for the solution of the corresponding homogeneous equation with C' = 0). 


13. yf”! +ay”, + (be + ce**)y’ + a(be?** + ce**)y = 0. 
The substitution w = y/, + ay leads to a second-order linear equation of the form 14.1.3.27: 
wi, + (be?** + ce**)w = 0. 


14. yf + aer*y” — b*(ae*” + b)y = 0. 
The substitution w = y/, — by leads to a second-order linear equation of the form 14.1.3.27: 


wi, + (ae + b)w!, + b(ae** + b)w = 0. 
15. ye + aer?y! — by’, — abe*”y = 0. 


1°. Particular solutions with b > 0: y, = exp(—avb), y= exp(rvb). 
2°. Particular solutions with b < 0: y , = cos (av —b), yo = sin (a/—b). 
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16. yf” + aer*y! + abe**y’ + by = 0. 


LLL 
The substitution w = y/, + by leads to a second-order linear equation of the form 14.1.3.27: 
wi, + (ae — b)w!, + bw = 0. 


17. yn 


LLL 


+ ae**y”, + aber*y’ + b?(ae*” — b)y = 0. 
Particular solutions: y, = exp(—3bz) cos(“Sbz), yo = exp(—3bz) sin(2b2). 
18. yl” + aer*y” — b(2ae*” + 3b)y’, + b?(ae*” + 2b)y = 0. 

ba 


Particular solutions: y, = e?”, yo = xe 


19. yl” + aer*y” + (bet® — c*)y’, — c(ace*” + be"”)y = 0. 


Particular solution: yo = e. 


20. yf” + aer*y”, + (abe — b? + c)y’, + c(ae*” — b)y = 0. 


LLL 
Particular solutions: y,; = e®!”, y2 = e?2%, where (3 and (» are roots of the quadratic 
equation 67 + b6+c=0. 
2. yf + aer*y”, + [a(b + A)e*” — b*]y’ + abre**”y = 0. 


Particular solutions: y; = e~°", yo = e~ J exp (2be — $e") dx. 


22. ye 


LLL 


+ (ae + by”, — ab?e”y = 0. 

The substitution w = y/, + by leads to a second-order linear equation of the form 14.1.3.27: 
wi, +ae*w!, — abe**w = 0. 

23. yi” + (ae** + b)y”, — c2(ae** +64 c)y=0. 

The substitution w = y/, — cy leads to a second-order linear equation of the form 14.1.3.27: 
wi, + (aer* +b+c)wi, + c(ae” +b4+c)w = 0. 

24. y+ (ae + b)y”, + c(ae*” + by! + c?y = 0. 

The substitution w = y/, + cy leads to a second-order linear equation of the form 14.1.3.27: 
wl + (ae +b-—c)wl,+ cw =0. 

25. yf! + (be™ + 2a)y”, — a(be™ + a)y’, — 2a°y = 0. 

Particular solutions: y; = e®”, yo =e % + b/a. 

26. yf = (r= a)y” + (ae** — b)y,, + be*” y. 

Particular solutions: y; = e®!*, yo = e%2*, where 3; and { are roots of the quadratic 
equation 6? +a8+b=0. 

27, oy! + (ae*® + by”, + (ce*” + dy’, — s[(as+c)e** +bs+d+4 s7]y =0. 
The substitution w= y/,—sy leads to a second-order linear equation of the form 14.1.3.27: 
wi, + (aer* +5+s)w!, + [(as+cle* + bs +d+s7]w =0. 

28. Ws + (ae*” +b)y" + (ce?*” +d)y’, — s(ce?** +ase**+bs+d+ s*)y =—0. 


The substitution w= y/,—sy leads to a second-order linear equation of the form 14.1.3.27: 
wi, + (ae +5+s)wl + (ce?* + ase + bs +d+s*)w =0. 
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29, yf + (ae*® + b)y”, + (ce*® + d)y’, — ke**[k(a + k)e?*” 
+ (ard + 3kA + bk + c)e®* +A? + BA + dly = 0. 
ae ae 
Particular solution: yo = exp(e™") . The substitution y = exp (se) / z(x) dx leads 
to a second-order linear equation of the form 14.1.3.27. 
30. Ye + (2ae*” + b)y””., + ae" (ae" + 2b+ 3A)y’, 
+ ae**[a(b + 2A)e*” + bA + A7]y = O. 


Particular solutions: y,; = exp(—Se**), yo = rexp(—<e™*). 
31. Uae Tr (ae*” = b)y’" a celty’ — b(abe*” + ce"”)y = 0. 
bx 


Particular solution: yo = e 


32. Tae + (er + a)y”, + (ae*” + bet”) y’ + abe"*y = 0. 


Particular solution: yo =e”. 


33, yf + (aer*” + bet™)y"" + cy, + c(ae>” + be”) y = 0. 


The substitution w = y”,, + cy leads to a first-order linear equation: 
wi, + (ae + be“*)w = 0. 
34 yn 


LLL 


+ (ae>” + be”®) y+ labe“'™)* 4: ble we — c7]y/, 
+ clabeQt+)® — ace** + bve”*]y = 0. 


o b 
Particular solutions: yy =e “, yo =e ™ [ele = —e"") Aa 
V 


35. yn 


LLL 


+ ae®* (bet” + 2p) y”, — plabeQtH@ + uly’, — 2ap?e**y = 0. 


Particular solutions: y; = e“”, yg =e" + b/s. 


36. (ae™+b)y” — ae*y = 0. 


LLL 


Particular solution: yo = ae” + b. 


37. (bee +a4+ cy” — (bc®e™ + 0° + c*)y! + ac(a? — c?)y = 0. 


LLL 


Particular solutions: yy =e“, yo=e “+0. 

38. (ae*” + b)y” + (ce*” + d)y”, + k(ae* + b)y! + k(ce*” + d)y = 0. 
1°. Particular solutions with k > 0: y , = cos (xVk), y= sin(rVk). 

2°. Particular solutions with k <0: y, = exp(—rv-k), yo = exp(zv-k). 


> Equations with power and exponential functions. 


39, yn 


LLL 


+ ae**y! + bx(ae*” + b?a? — 3b)y = 0. 


Particular solution: yo = exp (- bx”) . 


40. 


LLL 


+ (ax + b)e**y’ — ae**y = 0. 


Particular solution: yo = ax + b. 
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4. oy” + (ax + bey’, — 2ae**y = 0. 


Veaw 


Particular solution: yo = (ax + b)?. 


42, yf" + aer*y” + bay’, + ba”—1 (axe®” + n)y = 0. 


LLL 


The substitution w = y!,, + ba"y leads to a first-order linear equation: w’, + ae**w = 0. 


43. y+ axe *y” + (bx? — ae**)y’ + bx(ax7e** + 3)y = 0. 
1°. Particular solutions with b > 0: y, = cos(52?Vb), Yy2 = sin(za?Vb). 
2°. Particular solutions with b <0: yy = exp(—32?,/—d), yg = exp(—32?V/—D). 


2 Ax, 


44, yy” + arre ty” — 2are*”y 


, AZ, __ 
2 t 2ae™ y = 0. 
Particular solutions: y, = 2, y2 = x. 


45. Ye + (ax + be”) y” + a(bxe*” + 2)y', + abe*”y — 0. 


Particular solutions: y, = exp(—saz’), ya = exp(—saz”) f exp($az”) dx. 


46. yl” 


LLL 


+ (abre*” + be*” + a)y”, + a*bxe**y’, — a?be**y = 0. 


Le 


Particular solutions: y; = x7, y2=e %. 


47, yy’ + ax™(be®” + 2rA)y”, — A(abx"e*” + A)y’, — 2ar8a”y = 0. 


Particular solutions: y, = er, yo = eat 4 b/X. 


48. yf?” 


LLL 


+ (ax” — 2be**)y”, — be®* (2ax” — ber” + 3A)y/, 
+ be** ax” (be*” — r) + 2brA€*” — A7]y = 0. 


by, b 
Particular solutions: y, = exp(+e™"), yo= x exp(+e**). 


49. xy”  +ay”, + ax(be* + c)y) + [b(Ax + a)e*” + acly = 0. 
The substitution w =y",,+(be*” +c)y leads to a first-order linear equation: rw!,taw =0. 


50. avy” + axe**y’ — 2ae**y = 0. 


The substitution w = xy’, — 2y leads to a second-order linear equation of the form 14.1.3.1: 
wi, +ae"w = 0. 


a X " X / x 
51. 2Yyne = (Ce — ax)y,, + (ae*” — bx)y,, + be*”y. 
Particular solutions: y,; = e®'*, yo = e?2”, where (3, and (3 are roots of the quadratic 
equation 6? +a8+b=0. 


52. avy” +(are**+3)y” +a(br+2)e>y’ + b(abre*” + ae*” — b?x)y =0. 
Particular solutions: 
y=x exp(—4bz) cos(2be), y=x exp(—4bz) sin(Sbz). 


53. xy” +a(axre**+b)y” +[a(b—2)xe** +cly, +a(c—b+2)e**y =0. 
Particular solutions: y; = 2”!, yo = x£”?, where n, and ng are roots of the quadratic 
equation n? + (b—3)n+c—b+2=0. 
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54, x3 yy!” + ba%er*y” + avy’, + a(be*” — 2)y = 0. 

Particular solutions: y; = 2”!, yo = x”?, where n; and ng are roots of the quadratic 
equation n? —n+a=0. 

55. gey!’ + 27(ae** + b)y” + a(abe* +c — b)y’, + c(ae** — 2)y = 0. 
Particular solutions: y, = 2”, yg = x”, where n, and ng are roots of the quadratic 


equation n? + (b—1)n+c=0. 
56. (ae” + ba)y”’ — ae*y = 0. 


LULL 
Particular solution: yo = ae” + ba. 
57. (ae® + ba”) y”_ — ae*y = 0. 


LLL 


Particular solution: yo = ae® + ba. 


58. (axe” + b)y” + by = 0. 


LLL 


Particular solution: yo = ax + be”. 


59. (ax*e* + b)y’” + by = 0. 


LLL 


Particular solution: yo = ax” + be~*. 


15.1.4 Equations Containing Hyperbolic Functions 
> Equations with hyperbolic sine. 


1 yf” tay, + bsinh? x y’, + absinh? x y = 0. 
The substitution w = y’, + ay leads to a second-order linear equation of the form 14.1.4.1: 


wi, + bsinh? x w = 0. 


2. Ved = asinh” (Ax)y”, + by’, + absinh”(Ax)y = 0. 


1°. Particular solutions with b > 0: y , = cos (xvb), y2 = sin(xvb). 
2°. Particular solutions with b< 0: y, = exp(—r/—6), y2 = exp (a/b). 


3. Yree + asinh”(Ax)y?, + bey), + ba [aw sinh” (Ax) + my = 0. 


Yorn LL 


The substitution w = y",, + bay leads to a first-order linear equation: 
w,, + asinh”(Ar)w = 0. 


4, oy” + asinh” (Ax) y”, + absinh”(Ax)y’, + b?[a sinh” (Ax) — bly = 0. 


LLL 


Particular solutions: y, = exp(—4bz) cos(%be), yo = exp(—$bz) sin(Sbz). 
5. oy” +asinh” (Ax) y” —b[2a sinh” (Ax) +3b]y’, +b? [a sinh” (Ax) +2b]y =0. 
ba 


Particular solutions: y; = e°”, yo = xe 


6. yf” t+ asinh"z y”, + (absinh”x + c — b”)y’, + c(asinh”x — b)y = 0. 
Particular solutions: y; = exp(A12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation \? + bA + c = 0. 
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7 oy! t+ axsinh" xy”, + (bx? — asinh”x)y’, + bx (ax? sinh”x + 3)y = 0. 


LLL 
Particular solutions: y,; = cos(¢x?V/b), Yy2 = sin(¢az?Vb). 
8. oy” t+ ax? sinh” (Ax)y”, — 2ax sinh” (Ax) y’, + 2asinh”(Ax)y = 0. 
Particular solutions: y, =a, yo = 2”. 


mt 


9, yf! = (sinh’ax — a)y’”, + (asinh”a2 — b)y’, + bsinh” x y. 
Particular solutions: y; = exp(A12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation A? + aA +b = 0. 


10. yo 


LLL 


+ (asinh”x + bx) y””, + b(az sinh” x + 2)y/, + absinh”x y = 0. 


Particular solutions: y, = exp(—4bz’), y2 = exp(—4bz”) [ exv(422") dx. 


11. xy” + 2x(asinh? x + b)y’, — 2(asinh? x + b)y = 0. 
The substitution w = xy’, — 2y leads to a second-order linear equation of the form 14.1.4.1: 
wi, + (asinh? x + b)w = 0. 
12, 2?y”’ + (ax? sinh"x + bx)y”, + [a(b — 2)x sinh”x + cly’, 

+ a(c — 6+ 2) sinh” y = 0. 
Particular solutions: yy = z"”!, yo = x’, where m, and mz are roots of the quadratic 
equation m? + (b— 3)m+c—b+2=0. 


13. x? y” + x? (asinh"x + b)y”, + x(absinh”x + c — b)y’, 

+ c(asinh”x — 2)y = 0. 
Particular solutions: yy = z’”!, yo = x’, where m, and mz are roots of the quadratic 
equation m? + (b—1)m+c=0. 
14. sinh™ xy”, + ay”, + aby’, + b?(a — bsinh”x)y = 0. 


LLL 


Particular solutions: y, = exp(—3bz) cos(*2bz), y2 = exp(—3bz) sin(2b2). 


15. sinh"x y+ ay’, + bsinh” 2 y’, + aby = 0. 


LLL 


1°. Particular solutions with b > 0: yy , = cos (xvb), y= sin(zvb). 
2°. Particular solutions with b <0: yy, = exp(—x/—b), yg = exp (V6). 


16. sinh™ xy” + ay”, — b(2a + 3bsinh"x)y’, + b?(a + 2bsinh"x)y = 0. 


LLL 
Particular solutions: y, = a y= ze, 
17. sinh® xy” + yy”, + [(b — a?) sinh” x + aly’, + b(1 — asinh”x)y = 0. 


Aix Agxr 


Particular solutions: y,; = e 
equation \? + a\+b=0. 


» y2 = e*, where A, and Ag are roots of the quadratic 


18. sinh” (Ax) y?" + ax7y” — 2axy’, + 2ay = 0. 


Particular solutions: y, =a, y2 = 2”. 


19. sinh” xy?” + (asinh’x + ax + 1)y" + a*zy’, —a*y =0. 


Le 


Particular solutions: y; =z, yo=e ™. 
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20. sinh” x y/” + (axsinh”2 + 1)y”, + a(x + 2sinh"x)y’, + ay = 0. 
Particular solutions: y, = exp(—5ax’), YQ = exp(—3az”) [eGa?) dx. 

21. xsinh” xy” .+(3sinh"2+2x)y” +(ax sinh”x+2)y’ +a(sinh”x+2x)y =0. 
Particular solutions: y,; = x! cos (Ja), Yy2 = x! sin (c/a). 


22. a sinha y+ ax7y” — 2x sinh” 2 y’, + 2(2sinh"x — a)y = 0. 


Ler 
1 2 


Particular solutions: yy = 2% °, yo = 2x". 


23. a sinh” x Yon + ax7y” — 6x sinh” z y’, + 6(2sinh”x — a)y = 0. 


Particular solutions: y; = 2~, yo = 2°. 


24. a sinh™ xy” + ax*y”, + x(a — sinh”x)y’, + (a — 3sinh"x)y = 0. 


Particular solutions: y; =cos(Inz), yg = sin(In2z). 


25. x? sinh" xy” + 2? (sinh"x + a)y”, + x[a — (b+ 1) sinh” z]y’, 
+ b(2sinh”x — a)y = 0. 


Particular solutions: y,; = a Ve, Yy2 = av. 


> Equations with hyperbolic cosine. 


26. yi 


vm + AY, + beosh(2x)y’, + abcosh(2x)y = 0. 

The substitution w = y/, + ay leads to a second-order linear equation of the form 14.1.4.9: 
wy, + bcosh(2x)w = 0. 

27. Ye 
The substitution w = y/, + ay leads to a second-order linear equation of the form 14.1.4.10: 


w, + bcosh? x w = 0. 


+ ay”. + beosh? x y, + abcosh? x y= 0. 


28. Yee + acosh”(Ax)y’, + by’, + abcosh”(Ax)y = 0. 


1°. Particular solutions with b > 0: yy , = cos (vb), y= sin(xvb). 
2°. Particular solutions with b <0: y, = exp(—a/—6), y2 = exp (a/—b). 


29. Yene + acosh”(Ax)yZ, + bay, + bx™—* [ax cosh” (Ax) + my = 0. 


Yeon Le 


The substitution w = y',, + bay leads to a first-order linear equation: 
w,, + acosh”(Axr)w = 0. 


30. yn 


LLL 


+ acosh”(Ax)y”, + abcosh”(Ax)y’, + b?[a cosh” (Ax) — bly = 0. 
Particular solutions: y, = exp(—$bz) cos(3br), yo = exp(—$bz) sin(2br). 
31. oy”. + acosh” (Ax)y”,, — b[2a cosh” (Ax) + 3b]y’, 

+ b?[a cosh” (Ax) + 2b]y = 0. 


Particular solutions: y,; = em y= xe, 
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32. y” 


mM  tacoshx y”, + (abcosh"x + c — b?)y’ + c(acosh"x — b)y = 0. 
Particular solutions: y; = exp(A12), y2 = exp(A2x), where 1 and Az are roots of the 


quadratic equation \? + bA +c = 0. 


33. yy” + axcosh"« y”, + (bx? — acosh"x)y’ + bx (ax? cosh”x + 3)y = 0. 
Particular solutions: y,; = cos(527?V/b), Yy2 = sin(za?Vvb). 


34,” 


LLL 


+ ax? cosh”(Ax)y”, — 2ax cosh” (Ax)y! + 2acosh”(Ax)y = 0. 


Particular solutions: y; =a, yo = 2”. 


35. yf! 


LLL 
Particular solutions: y; = exp(A\12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation A? + aA + b = 0. 


= (cosh”x — a)y’’, + (acosh”x — b)y’, + beosh” az y. 


36. yn 


LLL 


+ (acosh”x + ba)y’”, + b(ax cosh”x + 2)y’, + abcosh”x y = 0. 


Particular solutions: y, = exp(—$b2”), y2 = exp(—4bz2”) [exo(}e2") dx. 


37. vy”, + x[acosh(2x) + bly’, — 2[a cosh(2z) + bly = 0. 
The substitution w = xy’, — 2y leads to a second-order linear equation of the form 14.1.4.9: 
Way + [acosh(2z) + blw = 0. 
2 2 

38. xy!’ + x(acosh* x + b)y’, — 2(acosh” x + b)y = 0. 
The substitution w = xy/, —2y leads to a second-order linear equation of the form 14.1.4.10: 
wi. + (acosh? x + b)w = 0. 
39. xy”, = (cosh”x — ax)y”, + (acosh”2 — bx)y’, + beosh” a y. 
Particular solutions: y; = exp(A12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation \? + a\ + b = 0. 
40. ay” + (ax? cosh"x + bx)y”, + [a(b — 2)x cosh”x + cly’, 

+ a(c— b+ 2) cosh”z y = O. 
Particular solutions: yy = 2”, yo = 2”, where m, and mz are roots of the quadratic 
equation m? + (b— 3)m+c—b+2=0. 


3 2 
4. ey!” + 2*(acosh”x + b)y”, + «(abcosh”x + c — b)y’, 
+ c(acosh”x — 2)y = 0. 
Particular solutions: yy = z’™!, yo = x"?, where m, and mz are roots of the quadratic 


equation m? + (b—1)m+c=0. 
42. cosh"x y” + ay”, + aby’, + b?(a — beosh”x)y = 0. 


LLL 
Particular solutions: y, = exp(—3bz) cos(*2bz), y2 = exp(—3bz) sin(2b2). 
43. cosh”x y’” + ay”, + beosh” x y’, + aby = 0. 
1°. Particular solutions with b > 0: yy , = cos (xvb), y2 = sin(zvb). 


2°. Particular solutions with b <0: y,; = exp(—rv/—b), yo = exp (a/—b). 
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44. cosh"x y” + ay”, — b(2a + 3bcosh"x)y’ + b?(a + 2bcosh"x)y = 0. 


LLL 
Particular solutions: y, = eet. YQ = xe? 


45. cosh"x y” + y”” + [(b — a) cosh”x + aly’, + b(1 — acosh”x)y = 0. 
Particular solutions: yy = ert, y= er2e where A, and Ag are roots of the quadratic 
equation \? +a\+b=0. 


mt 2,0 


46. cosh”(Ax)y””, + ax“y”, — 2axy’, + 2ay = 0. 


Particular solutions: y; =, yo = 2. 


47. cosh"x yy” + (acosh"x + az+1)y”, + aay’ — a?y =0. 


Le 


Particular solutions: y; =x, y2=e ™. 


48. cosh"z Tee + (ax cosh” ax + 1)y’, +a(x+2 cosh” x) y’, +ay = 0. 
Particular solutions: y, = exp(—yaz’), Yy2 = exp(—4az’) [exGa?) dx. 
49. xcosh"x y’” + (3cosh"x + x)y’’, + (ax cosh” x + 2)y’, 

+ a(cosh”x + x2)y = 0. 
Particular solutions: y,; = x! cos (cVJa), Yy2 = xt sin(vVa). 


50. x? cosh™a yy” + ax7y” — 2x cosh"x y’, + 2(2cosh”x — a)y = 0. 


Lex 
1 2 


Particular solutions: yy =x, yo=2°. 


51. x cosh" y+ ax?y” — 6x cosh"x y’, + 6(2cosh"x — a)y = 0. 
Particular solutions: y; =a, yo = 2°. 


mt 2,0 


3 = 
52. «x cosh”x y’” + ax*y”, + x(a — cosh"x)y’, + (a — 3cosh”x)y = 0. 


Particular solutions: y; = cos(In|a|), yo = sin(In|z\). 


53. a cosh"a y+ x? (cosh"x + a)y”, + xla — (b+ 1) cosh” ax] y’, 
+ b(2cosh"x — a)y = 0. 
vb vi 


Particular solutions: yy =a YY", yo=2 


> Equations with hyperbolic sine and cosine. 


54, yl!” 


LLL 


+ [asinh(2x) + bly’, + acosh(2x)y = 0. 
This is a special case of equation 15.1.9.26 with f(a) = s[a sinh(2x) + 0]. 


55. yn 


LLL 


+ [asinh(2x) + bly’, + 2a cosh(2z) y = 0. 


Integrating yields a second-order linear equation: y’,,, + [a sinh(2zx) + bly = C. 


56. ye 


LLL 


+ [a cosh(2x) + bly’, + asinh(2x)y = 0. 


Solution: y = Ciw? + Cowywe + C33. Here, w; and ws. form a fundamental set of 
solutions of the modified Mathieu equation 14.1.4.9: 4w!,, + [acosh(2x) + b]w = 0. 
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57. yn 


LLL 


+ [acosh(2a) + bly’, + 2asinh(2x) y = 0. 


Integrating yields a second-order linear equation: y””,+[acosh(2x)+b]y=C (see 14.1.4.9 
for the solution of the corresponding modified homogeneous Mathieu equation with C = 0). 


58. yl!” 


LLL 


+ (beosh x — a”)y’ + b(sinh x — acoshx)y = 0. 
This is a special case of equation 15.1.9.29 with f(a) = bcoshz. 


> Equations with hyperbolic tangent. 


59. yn 


LLL 


— a? tanh(ax)y = 0. 
Particular solution: yo = cosh(az). The substitution y = cosh(az) / z(x) dx leads to a 


second-order linear equation of the form 14.1.4.43: 2//,, + 3atanh(az)2!, + 3a?z = 0. 


60. y/” 


LLL 


= ay), + (1 — a) tanhz y. 
This is a special case of equation 15.1.9.30 with f(a) = a and g(x) = coshz. 


61. yf” — 3a7y! + 2a° tanh(ax)y = 0. 


Yeon 


Particular solutions: y,; = cosh(ax), y2 = xcosh(az). 


62. ye 


LLL 


= atanh” xy’, + tanh x(1 — atanh”2)y. 
This is a special case of equation 15.1.9.30 with f(a) = atanh”z and g(x) = cosh 2. 


63. yw’ tay”, + [btanh(Ax) + cly’, + a[btanh(Ax) + cly = 0. 
The substitution w = y/, + ay leads to a second-order linear equation of the form 14.1.4.22: 
wy. + [btanh(Az) + clw = 0. 
64. yy tay”, — A[2a tanh(Ax) + 3A]y/, 
+ \?[2a tanh? (Aa) + 2A tanh(Ax) — aly = 0. 


Particular solutions: y; = cosh(Az), yo = xcosh(Az). 


65. y/” — tanha y. _ ay’, +atanhz y = 0. 


Yeon 


1°. Solution fora > 0: y = C, exp(—a2v/a) + C2 exp(xV/a) + C3 cosh x. 
2°. Solution fora <0: y = Ci cos(4%/—a) + C2 sin(x,/—a) + C3 cosh x. 


66. yy, + atanh”(Aa)y”, + bay’, + ba” [ax tanh” (Ax) + my = 0. 


Yoox Le 


The substitution w = y/,,, + bay leads to a first-order linear equation: 
wi, + atanh”(Axr)w = 0. 


67. yl 


LLL 


+ atanh”(Axr)y”, + abtanh”(Ax)y/, + b?[a tanh” (Ax) — bly = 0. 
Particular solutions: y, = exp(—4bz) cos(“3br), y2 = exp(—4bz) sin(Sbz). 


68. ye 


LLL 


+ atanh”(Ax)y””, — b[2a tanh” (Ax) + 3b]y’, 
+ b?[a tanh” (Ax) + 2b]y = 0. 


Particular solutions: y,; = eft Yy2 = xe, 
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69. yt 


LLL 


+ atanh”(Ax)y”, + [abtanh” (Ax) + ¢ — b*]y/, 
+ cla tanh” (Ax) — bly = 0. 
Particular solutions: y, = exp((12), y2 = exp((2x), where (1 and (2 are roots of the 
quadratic equation 6? +b638+c¢=0. 
70. yf) tax”’y” , — (2ax” tanh x + 3)y/, 
+ [ax” (2 tanh? « — 1) + 2tanha]y = 0. 


Particular solutions: y,; =coshz, y2 = xcoshz. 


71. oy’ + atanh”2 y”, — (2a tanh” +? g + 3)y’, 
+ (2a tanh”+? ¢ — atanh”2 + 2 tanh x)y = 0. 


Particular solutions: y,; =coshz, y2 = xcoshz. 


72, yi! t+ axtanh"s y” + (bx? — atanh"x)y’! + bx(ax? tanh" + 3)y = 0. 


LLL 


Particular solutions: y,; = cos(sx?V/b), Yy2 = sin(za?Vb). 
73 ye 


LLL 


+ ax? tanh” (Ax)y”, — 2ax tanh” (Ax)y!, + 2a tanh” (Ax)y = 0. 


Particular solutions: y; = 2, yo = 2. 


74, yf” 


vm == (tanh — a)y”, + (atanh”x — b)y’, + btanh” a y. 
Particular solutions: y; = exp(A\12), y2 = exp(A2x), where 1 and Az are roots of the 


quadratic equation \? + a\ + b= 0. 
75. yn 


LLL 


+ (atanh”« + bx)y’’, + b(ax tanh”x + 2)y’, + abtanh”z y = 0. 


Particular solutions: y, = exp(—4bz’), yo = exp(—4bz’) [exv(}e2") dx. 


76. ye 


LLL 


+ [ax” (tanh x — b) — bly”, + [a(b? — 1)a” — 1]y/, 
+ blax”(1 — btanh x) + 1]y = 0. 


Particular solutions: y, = ar yo = cosh x. 


+ [A tanh(Ax)(ax”™ — 1) — aa” "]y”, —ada"y’ + ad?a"~ly = 0. 
Particular solutions: y; =x, y2 =cosh(Az). 


78. xy” + (atanh”*? x — abtanh"x — b)y”, 
+ [a(b? — 1) tanh” x — 1)y/, + b(—abtanh”*? & + atanh”x + 1)y = 0. 


Particular solutions: y, = ar yo = cosh 2. 


79, ay” + (ax? tanh"2 + br) y” + [a(b — 2)a tanh” x + cy’, 

+ a(c — b+ 2) tanh” zx y = 0. 
Particular solutions: yy = z’”!, yo = x""?, where m, and mz are roots of the quadratic 
equation m? + (b— 3)m+c—b+2=0. 
80. ay” + 27(atanh"2 + b)y”, + x(abtanh"x + c— b)y’, 

+ c(atanh"x — 2)y = 0. 

Particular solutions: yy = z”™!, yo = x’, where m, and mz are roots of the quadratic 
equation m? + (b—1)m+c=0. 


77. ye 


LLL 
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81. tanh”x y’” + ay, + aby’, + b?(a — btanh”x)y = 0. 


LLL 


Particular solutions: y, = exp(—3bz) cos(Bbz), y2 = exp(—3bz) sin(2b2). 


82. tanh’ry’”’ + ay”, + btanh"z y’, + aby = 0. 


LLL 
1°. Particular solutions with b > 0: y, = cos (xvb), yg = sin (xvb). 
2°. Particular solutions with b <0: yy = exp(—a/—6), yg = exp (cV/—b). 


83. tanh”a y’” + ay’, — b(2a + 3btanh”x)y’, + b7(a + 2btanh"x)y = 0. 


Lex 
ba 


Particular solutions: y; = e°”, yo = xe 


84. tanh®ry”’” +y” + [(b— a?) tanh” + aly’, + b(1 — atanh"x)y = 0. 
Particular solutions: yy = ere y= er2t where A; and Ag are roots of the quadratic 
equation A? + aA +b=0. 

85. tanh” (Ax)y7” + ax*y” — 2azxy’, + 2ay = 0. 


Particular solutions: y, =, yo = 2. 


86. tanh”xy”’ + (atanh"x +ax+1)y”,+a7xy! —a?y =0. 


Le 


Particular solutions: yj =z, yg=e ™. 


87. tanh"a y’”’ + (ax tanh”« + 1)y”, + a(x + 2tanh”x)y’, + ay = 0. 
Particular solutions: y, = exp(—Jaz’), YQ = exp(—$az”) [eGa?) dx. 
88. xtanh’xy’” + (3tanh”2 + x)y”, + (ax tanh”ax + 2)y’, 
+ a(tanh”x + x)y = 0. 

Particular solutions: y,; = x! cos (cVJa), Yy2 = gt sin(xV/a). 
89. a? tanh" xy” + ax7y”, — 2etanh"2 y’ + 2(2tanh"2 — a)y = 0. 
Particular solutions: yj =a !, yo = 2”. 
90. x? tanh"x yy” + ax7y”, — 6x tanh" 2 y’ + 6(2tanh"2 — a)y = 0. 

3 


Particular solutions: yj; =a, yo = 2°. 
91. a? tanh" xy” + ax2y”, + 2(a — tanh"2)y’ + (a — 3tanh"x)y = 0. 
Particular solutions: y; = cos(In|z|), y2 =sin(In|z/). 
92. a? tanh"x y” + a2?(tanh”2 + a)y”, 
+ ala — (b+ 1) tanh" z]y’, + b(2 tanh”x — a)y = 0. 
vb vb 


Particular solutions: yy =x ‘Y", yg=2”. 


> Equations with hyperbolic cotangent. 


93, ye 


” , — a coth(ax)y = 0. 
Particular solution: yo = sinh(az).The substitution y = sinh(az) i z(x) dx leads to a 


second-order linear equation of the form 14.1.4.52: 2”, + 3acoth(ax)z/, + 3a?z = 0. 
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94, y!” 


LLL 


= ay’, + (1 — a) cothz y. 
This is a special case of equation 15.1.9.30 with f(a) = a and g(x) = sinh. 


95. ye 


LLL 


— 3a7y’ + 2a* coth(ax)y = 0. 


Particular solutions: y, = sinh(ax), yo = xsinh(az). 


96. ye 


LLL 


= acoth”z y’, + cotha(1 — acoth”z)y. 
This is a special case of equation 15.1.9.30 with f(a) = acoth”sx and g(x) = sinha. 


97. Ye + ay”. + [bcoth(Ax) + cly’, + albcoth(Ax) + cly = 0. 


The substitution w = y/, + ay leads to a second-order linear equation of the form 14.1.4.44: 
Whe + [bcoth(Ar) + clw = 0. 


98. ye 


LLL 


+ ay’, — A[2Zacoth(Ax) + 3A]y’, 
+ \?[2a coth? (Ax) + 2A coth(Ax) — aly = 0. 
Particular solutions: y; = sinh(Ax), y2 = xsinh(Az). 


7 


99, » — ay), +acothzy = 0. 


LLL 


1°. Solution fora > 0: y = Cy exp(—2r\/a) + Co exp(xV/a) + C3 sinh x. 
2°. Solution fora <0: y = Ci cos(x/—a) + C2 sin(a/—a) + C3 sinh x. 


— coth x y’ 


xz 


100.” 


LLL 


+(acoth x—ab—b)y”, +(ab?—a—1)y’,+b(—ab coth x+a+1)y=0. 


Particular solutions: y, = em, yo = sinh. 


101. yf” + acoth"(Ax)y”, + ba™y! + ba" [ax coth”(Ax) + my = 0. 


Youn 4 


The substitution w = y,,, + bay leads to a first-order linear equation: 
w., + acoth”(Ar)w = 0. 


102. y’” 


LLL 


+ acoth”(Ax)y”, + abcoth”(Ax)y’, + b?[a coth” (Ax) — bly = 0. 
Particular solutions: y, = exp(—3bz) cos(2bz), y2 = exp(—4bz) sin(2b2). 


103.” 


LLL 


+ acoth”(Ax)y’”,, — b[2a coth” (Ax) + 3b]y’, 
+ b?[a coth”(Ax) + 2b]y = 0. 


Particular solutions: y,; = em y= xe, 


104. yy” + axcoth"s y”, + (bx? — acoth"x)y’, + bx (ax? coth"x + 3)y = 0. 
Particular solutions: y,; = cos(52?Vb), Yy2 = sin(za?Vb). 


105. y/” 


LLL 


+ ax” coth”(Ax)y”, — 2ax coth”(Ax)y’,, + 2a coth”(Ax)y = 0. 


Particular solutions: y; =a, yo = 2”. 


106.” 


LLL 


+ax"y” ,—(2ax” cothx+3)y’ +[ax” (2 coth? 2—1)+2 coth z]y=0. 


Particular solutions: y,; = sinhz, yo = xsinhz. 
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107.” 


LLL 


+ acoth"x y”, — (2acoth"**x + 3)y’, 
+ (2a coth"*?a — acoth"x + 2cothx)y = 0. 


Particular solutions: y,; = sinhxz, yo = xsinhx. 


108. y/” 


LLL 


+ (acoth”x + bxr)y’”, + b(ax coth”x + 2)y’ + abcoth”z y = 0. 


Particular solutions: y, = exp(—4bz”), y2 = exp(—4bx”) [ exo") dx. 


109. y” 


LLL 


+ [A coth(Ax)(ax” — 1) — ax" "]y”, — ad ay’, + ard2x2"—ty = 0. 
Particular solutions: y; =z, yo = sinh(Az). 

110. 2? y’” + (ax? coth"a + bx)y”, + [a(b — 2)x coth”x + cy’, 

+ a(c — b+ 2) coth”x y = 0. 


Particular solutions: yy = x™!, yo = x", where m, and mz are roots of the quadratic 
equation m? + (b— 3)m+c—b+2=0. 


3 2 
1. a2?y’’ + 2*(acoth"x + b)y”, + x(abcoth”x + c — b)y’, 
+ c(acoth”x — 2)y = 0. 
Particular solutions: yy = x1, yo = x2"?, where m, and mz are roots of the quadratic 


equation m? + (b—1)m+c=0. 


112. coth®x yy” + ay”... + aby’, + b7(a — beoth”x)y = 0. 


LLL 
Particular solutions: y, = exp(—4bz) cos(“br), y2 = exp(—4bz) sin(Sbz). 
113. coth"x y+ ay’, + beoth’z y’, + aby = 0. 
cos(rvb), Yy2 = sin(rvb). 
2°. Particular solutions with b <0: yy, = exp(—rV/—6), yg = exp (c/—0). 


1°. Particular solutions with b > 0: yy, 


114. coth"xy” + ay’, — b(2a + 3bcoth”x)y’ + b?(a + 2bcoth"x)y = 0. 


LLL 
Particular solutions: y, = gre yo = xe, 


115. coth"xy” + y”, + [(b— a?) coth”x + aly’, + b(1 — acoth”x)y = 0. 


Aix AQx 


Particular solutions: y,; = e 
equation \? + a\+b=0. 


» y2 = e?*, where A; and Ag are roots of the quadratic 


116. coth”(Ax)y7" + ax7y” — 2azy’, + 2ay = 0. 


Particular solutions: yj = 2, yo = x. 


117. coth"x y+ (acoth"x + ax + 1)y" + a*xy’, —a*y =0. 


Le 


Particular solutions: y; =2, yo=e ™. 


118. coth”z ee, + (ax coth”a + 1)y”, +a(x+2 coth” x) y’, +ay=0. 


Particular solutions: y, = exp(—3ax’), YQ = exp(—3ax”) [eGa?) dx. 
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119. xcoth"a yy”. + (3coth”x + x)y”, + (ax coth”x + 2)y’, 
+ a(coth”x + x)y = 0. 
Particular solutions: y,; = x! cos (cVJa), Yy2 = gt sin(«V/a). 


120. «x* coth”x Yon t ax7y” . — 2x coth"x y’, + 2(2coth”x — a)y = 0. 


Particular solutions: y; = 271, yo = 2”. 


121. x? coth"x yy” + ax?y”, — 6x coth"x y’, + 6(2coth"x — a)y = 0. 


Particular solutions: yj =a’, yo = 2°. 


122. a coth"x y” + ax7y”, + a(a —coth"x)y’, + (a — 3coth"x)y = 0. 


Particular solutions: y, = cos (In a) yg = sin (In ay 


123. a coth’x y”’ + 2? (coth"x + a)y”, + z[a — (b+ 1) coth"a]y’, 
+ b(2 coth”x — a)y = 0. 
vb vb 


Particular solutions: yy =x ‘", yg=2”. 


15.1.5 Equations Containing Logarithmic Functions 
> Equations with logarithmic functions. 


LY tain" (Ax)yy, + by, + abln”(Ax)y = 0. 


Yorn 


1°. Particular solutions with b > 0: y, = cos (xvb), y= sin(zvb). 
2°. Particular solutions with b <0: yy, = exp(—aV/—b), yg = exp (cV—b). 


2. x!” +aln"xy”,+abln” xy! + b?(aln" x — b)y = 0. 


Vaux 
Particular solutions: = (—3b V35 = dh in( 30 
> Yl = exp(—35 xr) cos ( 5 ce) yo = exp( 5 x) sin( 5 “ae 
3 yf” t+ aln"(Ax)y”, — b[2aln”(Ax) + 3b]y/, + b?[aln” (Ax) + 2b]y = 0. 


LLL 
Particular solutions: y, = et YQ = xe? 


4, oy” +aln"zy”, 4+ (abln® 2 +c—b?)y, + c(aln" x — b)y =0. 
Particular solutions: y; = exp(A\12), y2 = exp(A2x), where 1 and Az are roots of the 


quadratic equation \? + bA +c = 0. 

5. Ye + (aln” x2 + b)y”., + cy, + c(aln” «+ b)y = 0. 

1°. Particular solutions with c > 0: y; = cos (ax/e)s yo = sin(x/c). 

2°. Particular solutions with c < 0: y, = exp(—a/—c), yn = exp(zV/—c). 


6. yf”. = (In" a2 — a)y”, + (aln” az — b)y’,, + bln" zy. 
Particular solutions: y; = exp(A12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation A? + aA + b = 0. 

7 In® avy” tay, + aby’, + b2(a — bln” x)y = O. 


LLL 


Particular solutions: y, = exp(—$bz) cos(%br), y= exp(—4bz) sin(¥2bc). 
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8 In®ay” ty” + [(a— b?) In” x + bly, + a(1— bln" 2z)y = 0. 


LLL 


Particular solutions: y, = emt yo = er2e 


equation \? + b\+a=0. 


, where A; and Xz are roots of the quadratic 


9 In®ay”  +ay”, — b(2a+ 3bIn" z)y’, + b?(a + 2bIn” x)y = O. 


LULL 
ba 


Particular solutions: y; = e°”, yo = xe 


10. In°(Aw)y",. tay, + bln” (Ax)y’, + aby = 0. 


1°. Particular solutions with b > 0: yy , = cos (xvb), y2 = sin(rvb). 
2°. Particular solutions with b< 0: y, = exp(—r/—6), y2 = exp (c/—6). 


> Equations with power and logarithmic functions. 


11. mt 4 (ax a b) In” (Ax) y/, _ aln”(Ax)y = 0, 


Yeon 


Particular solution: yo = ax + b. 


12, yf! + (ax + b) In” (Aaz)y’, — 2aln”(Ax)y = 0. 


Particular solution: yo = (ax + b)?. 


13. Ws +aln”"z Yn + (ba + c) y’, + (abz ln” x + acln” « + b)y = 0. 
Integrating yields a second-order linear equation: y/,, + (br +c)y = C exp(—a f In” x dz) 
(see 14.1.2.2 for the solution of the corresponding homogeneous equation with C' = 0). 


14. y!” 


LLL 


+aln"(Ax)y”, + bay’, + ba™ 1 [ax In” (Ax) + my = 0. 


Le 

The substitution w = y”,, + bry leads to a first-order linear equation: 
w, +aln"(Ax)w = 0. 

15. oy” +aarln” xy”, + (bx? —aln" x)y’, + bx(ax7 In” x + 3)y = 0. 

Particular solutions: y,; = cos(z2?V/b), Yy2 = sin(za?Vb). 


16. y”” 


LLL 


+ (aln” x2 + bx) y”, + b(aaz In” x + 2)y/, +abln" xy = 0. 


Particular solutions: y, = exp(—4bz’), y2 = exp(—4bzx”) [exv(Ge2") dx. 


17. yo 


LLL 


+ (axvln” x + by”, + a(be —1) In" xy’, —abln” zy = 0. 
The substitution w = y/,+ by leads to a second-order linear equation of the form 14.1.5.13: 
we, tarin”xwi,—aln"xw =0. 


18. yy” + (abe ln” 2 + aln” x + b)y”, + ab?a In" zy’ — ab? In" xy = 0. 
Particular solutions: y; =2, y2 =e”. 
19. yf” + ax In" (Axr)y”, — 2ax In" (Ax)y’, + 2aln”(Ax)y = 0. 


Particular solutions: y, =a, yo = 2”. 


20. vy” + ary”, — b(br In? x +1)y! — ab(br In? x + 1)y = 0. 


The substitution w= y’, + ay leads to a second-order linear equation of the form 14.1.5.3: 
aw, — (ba ln? x + byw = 0. 
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21. vy” taln"(Ax)y”, + bry), + abln”(Axr)y = 0. 
1°. Particular solutions with b > 0: y, = cos (xvb), yo = sin (xvb). 
2°. Particular solutions with b <0: y, = exp(—r/—6), yo = exp (cV/—0). 


22. vy” tarlney”, + (abelna — ba + a)y,, + aby = 0. 
Particular solutions: y; =e °", yo = Ee as dx. 


mt 


23. wy”. = (In" az — ax)y”, + (aln” x — br)y’, + bln" zy. 
Particular solutions: y; = exp(A\12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation A? + aA + b = 0. 
24. wy” + (axln” «+ 3)y", + (2aln” x + br)y’, + b(ax In” x + 1)y = 0. 
Particular solutions: y,; = x! cos (xvb), Yy2 = x} sin(xvb). 
25. avy” + (arin x + 3)y”, + (abr ln” x + 2aln” x — b*x)y’, 

+ b(aln” « — b)y = 0. 
Particular solutions: y; =a~!, yo =a te7””. 


n—2 


26. vy” + [a(b—Inz)a” + Jy” +ax" ly! — ax 


y = 0. 
Particular solutions: yy =z, y2=nzx—b+1. 

27, ay” t+aln"(Ax)y”, + bax? y’, + abln”™(Ax)y = 0. 

1°. Particular solutions with b > 0: y, = cos (xvb), y= sin(zvb). 

2°. Particular solutions with b <0: yy = exp(—rV/—6), yg = exp (cV/—0). 


28. aryl! +27(alna + b)y”, + 2azry’, — ay = 0. 
Integrating the equation twice, we arrive at a first-order linear equation: y/,+(alna+b)y= 


Cy, + Cox. 
29, ay!” | — 3ax[ax In?(Ax) + 1Jy!, + a[2a?x? In?(Ax) + lly = 0. 
Particular solutions: y, = exp E fi In(Az) dx, y2 = exp E i: In(Az) da]. 
30. a?y’” +27(alna + br)y” + 2x(bx + a)y’, — ay = 0. 
Integrating the equation twice, we arrive at a first-order linear equation: 

y,, + (alng + bx)y = Cy + Coz. 


31. a? y’” + (ax? In” & + bx) y”, + [a(b — 2) In” x 4+ cy’, 

+a(c—b6+42)In"xzy=0. 
Particular solutions: y; = z"”!, yo = x""?, where m, and mz are roots of the quadratic 
equation m? + (b—3)m+c—b+2=0. 
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32, aby” +a7(alnae + b)y”, + 2ary’, — ay = 0. 


Integrating the equation twice, we obtain a first-order linear equation: 
ry, + (ang +b—2)y =C, 4+ Coz. 
33. aby” +aln"(Ax)y”, + ba*y’, + abln™(Ax)y = 0. 
1°. Particular solutions with b > 0: y, = cos (xvb), YQ = sin(zvb). 
2°. Particular solutions with b <0: y, = exp(—rV/—6), y2 = exp (a/—0). 


34. aby!” + ax7In xy”, — 2ry’ + 2(2—aln"2x)y =0. 


Particular solutions: y; = 271, yo = 2”. 


35. ay” +ax7 In" xy”, — 6ry’, + 6(2—aln"x)y =0. 


Particular solutions: yj =a, yo = 2°. 


36. aby” +a27(alne + br)y”, + 2x(br +a)y’ — ay =0. 


Integrating the equation twice, we obtain a first-order linear equation: 
zy), + (alnx + bx — 2)y = C+ Coz. 


37, wey” +a22(aln"x+b)y”,+2(abln" x+c—b)y) +c(aln” x—2)y=0. 


Particular solutions: yy = 2”, yo = x”, where m, and mz are roots of the quadratic 
equation m? + (b—1)m+c=0. 


38. In avy’ + (arin x + 1)y”,+a(x+2In" 2)y’ + ay = 0. 


LLL 


Particular solutions: y, = exp(—yaz’), yo = exp(—4az’) [eGa) dx. 


39. In® vy” + (aln"x+axr+1)y” +a?ry! —a*y=0. 


LLL Le 


Particular solutions: y; =z, yo=e ™. 


40. In" (Ax)y" + ax?y” — 2axy’, + 2ay = 0. 


Particular solutions: y; =, yo = 2”. 


15.1.6 Equations Containing Trigonometric Functions 
> Equations with sine. 


Loy” tasinaey’, — b(asina + b7)y = 0. 
The substitution w = e°*/? (yi, — by) leads to a second-order linear equation of the form 
14.1.6.2: wh, + (asinz + $b?)w =0. 


mt 


2 oy” t+asin? zy! — b(asin? x + b?)y = 0. 


The substitution w = e'*/?(y/, — by) leads to a second-order linear equation of the form 
14.1.6.3: wh, + (asin? « + $b*)w = 0. 
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3, oy” + [asin(Ax) + bly! — clasin(Ar) + b+ c?]y = 0. 
The substitution w = e°*/ ?(y’ — cy) leads to a second-order linear equation of the form 


14.1.6.2: wh, + [asin(Ax) + b+ $c?) w = 0. 


4, oy!” tay”, + [bsin(Az) + cly/, + a[bsin(Az) + cly = 0. 
The substitution w = y/,+ ay leads to a second-order linear equation of the form 14.1.6.2: 
wy, + [bsin(Ax) + clw = 0. 


5. oy tay”, + bsin?(Ax)y!, + absin?(Ax) y = 0. 
The substitution w= y/, + ay leads to a second-order linear equation of the form 14.1.6.3: 


wi, + bsin?(Ax) w = 0. 


6. mt ae asin” (Ax) y”” , = by’, —ab sin” (Az) y= 0. 


Yorn 


1°. Particular solutions with b > 0: y, = exp(—rvb), yQ = exp(xvb). 
2°. Particular solutions with b < 0: y , = cos (av —b), yo = sin (a/—b). 


7% oy tasin™(Axr)y”, + absin™(Ax)y!, + b?[asin" (Ax) — bly = 0. 


Youn 


Particular solutions: y, = exp(—3bz) cos(2bz), y2 = exp(—4bz) sin(2b2). 
8. oy” t+asin”(Ax)y”, — b[2asin” (Ax) +3b]y/, + b?[a sin” (Ax) + 2b]y = 0. 
ba 


Particular solutions: y, =e”, yo = xe 


9, yy” t+asin"s y”, + (absin"2 + c— b*)y’ + c(asin"«x — b)y = 0. 
Particular solutions: y; = exp(A\12), y2 = exp(A2x), where 1 and Az are roots of the 


quadratic equation \? + bA + ¢ = 0. 


10. ye 


LLL 


+ asin” (Ax)y”, + bay! + ba™— 1 [ax sin” (Ax) + m]y = 0. 


64 


The substitution w = y', + bay leads to a first-order linear equation: 
w, +asin”(Ar) w = 0. 
1. yf! + (asin"« + b)y”, + cy’, + c(asin"« + b)y = 0. 
1°. Particular solutions with c > 0: y, =cos(a/c), yo =sin(xyc). 
2°. Particular solutions with ec <0: yy, = exp(—2 —c), Yy2 = exp(xV =c). 


12, y”_, = (sin"x — a)y””, + (asin”x — b)y’, + bsin™z y. 
Particular solutions: y; = exp(A\12), y2 = exp(A2x), where 1 and Az are roots of the 


quadratic equation \? + a\ + b= 0. 


13. ye 


LLL 


+ (asin”x + bx) y””, + b(az sin”x + 2)y/, + absin"z y = 0. 


Particular solutions: y, = exp(—3bz’), y2 = exp(—4b2”) [exo(G02") dx. 


14. y!” 


mw taxsin™ sy”, + (bx? — asin™x)y’, + bx(ax? sin"x + 3)y = 0. 


Particular solutions: y,; = cos(s2?V/b), Yy2 = sin($27Vb). 
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15. yn 


van + (abe sin” x + asin” x + b)y".. + ab*x sin" x y’, — ab’ sin" x y = 0. 


Particular solutions: y; = 2, yo = eer 


16. yf” 


LLL 


+ ax’ sin" (Ax) y”, — 2axsin"(Ax)y’, + 2asin™ (Ax) y = 0. 


Particular solutions: y; =, yg = 2. 


17. vy’ + a[asin(Ax) + bly’, — 2[asin(Ax) + bly = 0. 
The substitution w = «y/,—2y leads to a second-order linear equation of the form 14.1.6.2: 
wy, + [asin(Ax) + bw = 0. 


18. xy!’ = (sin"x — ax)y”, + (asin"«x — ba)y’, + bsin”z y. 


Particular solutions: y; = exp(A\12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation A? + aA + b = 0. 


19. vy’ + (axsin™x + 3)y”, + (2asin”x + br)y’, + b(ax sin”x + 1)y = 0. 
Particular solutions: y, = x! cos (xvb), y2=ax sin(avb). 
20. xy” = (sin"x — ax”)y”, + (asin™x — bx”)y’ + bsin”z y. 


Particular solutions: y; = exp(\12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation \? + a\ +b = 0. 


2. aby” + ax sin” (Ax) y”, + bry’, + blasin™ (Ax) — 2]y = 0. 

Particular solutions: yy = z’™!, yo = x’, where m, and mz are roots of the quadratic 
equation m2 —m+b=0. 

22. sin? x Ye + asin? x y.. + by’, + aby = 0. 

The substitution w = y/, + ay leads to a second-order linear equation of the form 14.1.6.21: 
sin? « w",, + bw = 0. 


23. sin" ay!” + ay”, + aby’, + b?(a — bsin”x)y = 0. 


LLL 


Particular solutions: y, = exp(—3bz) cos(2bz), y2 = exp(—3bz) sin(2b2). 


24. sin"ay”” + ay, + bsin"z y’, + aby = 0. 


LLL 


1°. Particular solutions with b > 0: y , = cos (xvb), y2 = sin(zvb). 
2°. Particular solutions with b <0: yy, = exp(—x/—b), yg = exp (cV/—0). 


25. sina yy” + ay”, — b(2a+ 3bsin"x)y’, + b?(a + 2bsin"x)y = 0. 
Particular solutions: y,; =e", yo = xe”. 
26. sin®x yy” + y+ [(b — a?) sin” x + aly! + b(1 — asin"x)y = 0. 


Particular solutions: yy = ere, y= e*2" where A; and 2 are roots of the quadratic 
equation \? + a\+b=0. 


2,/1 


27. sin" (Ax)y’ + ax*y’, — 2ary’, + 2ay = 0. 


Particular solutions: y; =, y2 =x. 


15.1. Linear Equations 869 


28. sin"x yy” + (asin"2 +ax+1)y”, + a7xy! — a®y =0. 


LLL Le 


Particular solutions: y; =z, yo=e ™. 


29. sin’a y’” + (axsin"x + 1)y”, + a(a+2sin"x)y’, + ay = 0. 


Particular solutions: y, = exp(—3az’), yo = exp(—3ax”) [eGa?) dx. 


30. vsin"ry’”” +(3sin"x+a2)y”,+(axsin"x+2)y’ +a(sin"x+2)y = 0. 


LLL 
Particular solutions: y,; = x! cos (Ja), Yy2 = «sin (cVJa). 


31. a2 sin"ax Ye + ax7y” — 2x sin" x y), + 2(2sin"x —a)y = 0. 


Particular solutions: y, =a !, yo = 2. 


32. av sin™x Yon t ax7y” — 6x sin"x y’, + 6(2sin"x — a)y = 0. 
Particular solutions: y,; =x 7, yo = 2°. 


33. a®sin"a y” + any” +2(a—sin"x)y’ + (a —3sin"x)y = 0. 


Particular solutions: y; =cos(Inz), yg =sin(In2z). 


34. a? sin"a y” + 2?(sin"2 + a)y”, 


+ala— (b+1)sin"zly’, + b(2sin"x — a)y = 0. 
vb vb 


Particular solutions: yy =x Y", yg=2”. 


> Equations with cosine. 


35. yy” + acos(2x)y’, — bla cos(2x) + b*]y = 0. 


The substitution w = e%"/(y/, — by) leads to a Mathieu equation of the form 14.1.6.29: 
wr, + [acos(2x) + $b?) w = 0. 

36. oy” + [acos(Ax) + bly’, — clacos(Axv) + b+ c?]y = 0. 

The transformation € = 5Az, w = e&/2(y/, — cy) leads to the Mathieu equation 2.1.6.29: 
Wee + 4~? |acos(2€) + b+ $c?) w = 0. 

37. Ye + ay”... + (bcos 2x + c)y’, + a(bcos 2x +c)y = 0. 

The substitution w = y/, + ay leads to the Mathieu equation 2.1.6.29: 


Wy» + (bcos 2x + c)w = 0. 
38. yf’ tacos”(Ax)y”, + by’, + abcos” (Ax) y = 0. 


Veaw 


1°. Particular solutions with b > 0: yy , = cos (xvb), YQ = sin(zvb). 
2°. Particular solutions with b <0: yy = exp(—z/—b), yg = exp (a/—b). 


39, xy” + acos"(Ax)y”, + abcos”(Ax)y’, + b?[a cos” (Ax) — bly = 0. 


Yoox 


Particular solutions: y, = exp(—3bz) cos(*2bz), yo = exp(—3bz) sin(2b2). 


40. y”” +acos"(Ax)y” ,—b[2a cos” (Ax) +3b]y! +b? [a cos” (Ax) +2b]y =0. 


LULL 
ba 


Particular solutions: y; = e°”, yo = xe 
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41. oy” +acos"xy”, + (abcos”z + c — b?)y’, + c(acos”"x — b)y = 0. 


Youn 
Particular solutions: y; = exp(A\12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation \? + bA + ¢ = 0. 


42, yf” 


LLL 


+acos"(Ax)y”, + bay’, + bx™~* [ax cos”(Ax) + my = 0. 


The substitution w = y/,,, + bay leads to a first-order linear equation: 
w, + acos"(Ar) w = 0. 


43. y)’ + (acos”x + b)y’’, + cy’, + c(acos”ax + b)y = 0. 
1°. Particular solutions with c > 0: y , = cos (ae), yo = sin(xv/c). 


2°. Particular solutions with ce <0: yy = exp(—2 =c), yo = exp(z/—c). 

44, y= (cos"x — a)y”, + (acos”x — b)y’, + bcos” az y. 

Particular solutions: y; = exp(A12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation \? + aA + b = 0. 


45. y/” 


LLL 


+ (acos”x + bx)y”” + b(axz cos”x + 2)y', + abcos"x y = 0. 


Particular solutions: y, = exp(—4b2”), y2 = exp(—4bz”) [exv(}e2") dx. 


46. y’” 


LLL 


Particular solutions: y,; = cos(z2?Vb), Yy2 = sin(z2?Vb). 


+ axcos”x y.. + (ba? —a cos” x) y’, + ba: (aa? cos”az + 3)y = 0. 


47, yf” 


van + (20x Cos” x + a cos” x + by + ab*x cos" x y), —ab’* cos" y = 0. 


Lae 
ba 


Particular solutions: yj = 2, yg =e 


48. y’” 


LLL 


+ ax? cos”(Ax)y”, — 2axcos”(Ax)y! + 2acos”(Ax) y = 0. 


Particular solutions: y, =, yo = 2”. 


49, xy’” + x2(acos 2x + b)y’ — 2(acos 2x + b)y = 0. 
The substitution w = xy’, — 2y leads to the Mathieu equation 14.1.6.29: 
Whe + (acos 2x + b)w = 0. 


50. avy” + 2x(acos? x + b)y’, — 2(acos? x + b)y = 0. 


The substitution w = xy!, — 2y leads to a second-order linear equation of the form 
14.1.6.30: wt, + (acos? x + b)w = 0. 


51. zy’, = (cos"a — ax)y”, + (acos"x — br)y’, + bcos" az y. 


Particular solutions: y; = exp(A\12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation \? + a\ + b= 0. 


52. ry”, +(axcos"x+3)y",+(2acos”x + bax)y’, + b(ax cos"x +1)y = 0. 
Particular solutions: y,; = 2! cos (xvVb), y=a} sin(avb). 
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53. a7y’” = (cos"x — ax”)y”, + (acos”x — ba”)y’, + bcos" 2 y. 
Particular solutions: y; = exp(\12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation \? + aA + b = 0. 


54. aby” + ax cos”(Ax)y”, + bry’, + blacos”(Ax) — 2]y = 0. 
Particular solutions: yy = 2”, yo = 2", where m, and mz are roots of the quadratic 
equation m? —m+b=0. 


55. cos*ay”” + acos” ry”, + by’, + aby = 0. 


LLL 


The substitution x = € + 4 leads to an equation of the form 3.1.6.22: sin? € Yece + 


asin? Eee + byt + aby = 0. 


56. cos"x yl” + ay”. + aby’, + b7(a — bcos”x)y = 0. 


LLL 


Particular solutions: y, = exp(—4bz) cos(“br), y2 = exp(—4bz) sin(¥br). 


57. cos"xy”, + ay”, + bcos”z y’, + aby = 0. 


LLL 


1°. Particular solutions with b > 0: y , = cos (xvb), YQ = sin(zvb). 

2°. Particular solutions with b <0: yy, = exp(—xv—b), y= exp(zv—6). 

58. cos"x y+ ay”, — b(2a + 3bcos"x)y’, + b?(a + 2bcos"x)y = 0. 
Particular solutions: y, = ee y2 = ce, 

59. cosa y”” + y” + [(b — a”) cos"x + aly’, + b(1 — acos”x)y = 0. 


LLL 


Aix 


Particular solutions: y,; = e“!”, yo = enet. where A; and Ag are roots of the quadratic 


equation A? + a\+b=0. 


mt 2,0 


60. cos"(Ax)y’ + ax*y”, — 2ary’, + 2ay = 0. 
Particular solutions: y; = 2, y2 = 2. 


61. cos"x y+ (acos"x +ax+1)y”,+a7axy!, —a?y =0. 


LLL LL 


Particular solutions: y; =x, y2=e ™. 


62. cos"xy” + (ax cos" + 1)y’, +a(x+2 cos”x)y’, +ay=0. 


LLL 


Particular solutions: y, = exp(—Jaz’), YQ = exp(—4az”) [eGa’) dx. 


63. xcos’x y” +(3cos"x+a2)y”,+(ax cos" +2)y’,+a(cos"x+x)y = 0. 


LLL 
Particular solutions: y,; = x! cos (cVJa), Yy2 = «sin (Va). 


64. x? cos xy” + ax7y”, — 2x cos"x y! + 2(2cos"x — a)y = 0. 


Particular solutions: y,; = 271, yo = 2”. 


65. «x cos”x ees + ax7y” . — 6x cos” x y’, + 6(2cos”x — a)y = 0. 
Particular solutions: yj =a’, yo = 2°. 


66. x cos"xy” +ax7y” +2(a—cos"x)y’ + (a — 3cos"x)y = 0. 


Particular solutions: y; = cos(In|z|), yo = sin(In |z]). 
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67. «> cos"xy” + x27(cos"x + a)y”, + ala — (b+ 1) cosa] y’, 
+ b(2 cos"x — a)y = 0. 


Particular solutions: y; = |x|-V®, ‘3 = |a|v?. 


> Equations with sine and cosine. 


68. ye 


vm + (asin(Az) + bly’, + advcos(Ax) y = 0. 

Integrating yields a second-order linear equation: y/,+[asin(Ar) +b]y =C (see 14.1.6.2 
for the solution of the corresponding homogeneous equation with C' = 0). 

69. yn 


LLL 


+ [asin(Ax) — b?]y!, + a[Acos(Ax) — bsin(Ax)]y = 0. 


By integrating and substituting w = ye®"/?, we obtain a second-order nonhomogeneous 


linear equation: w,, + [asin(Ax) — +0?]w = Ce"/? (see 14.1.6.2 for the solution of 
the corresponding homogeneous equation). 


70. ye 


LLL 


+ [acos(2x) + bly’, — asin(2x) y = 0. 


Solution: y = Ciw? + Cowywo + C3. Here, w 1, wa is a fundamental set of solutions 
of the Mathieu equation 2.1.6.29: 4w’,, + [acos(2x) + b]w = 0. 


711. oy” + [acos(2x) + bly, — 2asin(2x) y = 0. 


Vern 


Integrating yields a nonhomogeneous Mathieu equation: y/,, + [acos(2x) + bly = C. 


72. yn 


LLL 


+ [acos(2x) — b?]y!, — a[bcos(2x) + 2sin(2x)]y = 0. 
By integrating and substituting w = yee*/2, we obtain a nonhomogeneous Mathieu equa- 


tion: w+ [acos(2a) — <0 |w = Cedsbt/2. 


73.0 yf 


LLL 


— 8a[a sin? (bx) + bcos(bz)]y’, + a sin(bz) [b? + 2a? sin? (bx) ]y = 0. 


Particular solutions: y, = exp -> cos(bir)| , Y2 = Lexp -> cos(bir)| . 


74. asin(Ax)y” + by”, + 3ad? sin(Ax)y), + 2ad? cos(Ax)y = 0. 


LLL 


This is a special case of equation 15.1.9.105 with f(z) = 0. 


75. sin(Ax)y”” + [a + (2A + 1) cos(Ax) Jy”, — (A? + 2A) sin(Ax)y’, 
— d* cos(Ax)y = 0. 


This is a special case of equation 15.1.9.106 with f(x) = 0. 


mt 
LLL 


+3sinzcoszy”, + [cos 2x + 4v(v + 1) sin?a]y’, 
+ 2v(v + 1) sin 2x y = 0. 


76. sin?x y 


Solution: y= Cyy? + Coy1ye+C3y3. Here, y1, yo form a fundamental set of solutions of 
the Legendre equation 2.1.2.154, with the argument x of the functions y; and ye substituted 
by cos x. 
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> Equations with tangent. 


7. yl! +a tan(az) y = 0. 


Integrating yields a second-order nonhomogeneous linear equation: Vee + tan € Ye -—y= 
C/ cos &, where € = ax (see 14.1.6.53 for the solution of the corresponding homogeneous 
equation). 


78. y”’  — a tan(az) y = 0. 


Particular solution: yo = cos(axz). The substitution y = cos(ax) | z(ax) dx leads to a 


second-order linear equation of the form 14.1.6.53: Zee — 3tan€& Ze — 3z = 0, where 
€ = ax. 


79, yo 


LLL 


+ 3a7y’, + 2a? tan(azx) y = 0. 
Particular solutions: y,; = cos(ax), y2 = xcos(az). 


80. yf”. tay! + (a—1)tanzy =0. 


Particular solution: yo = cosz. The substitution y = cos x i z(a) dx leads to a second- 
order linear equation: 2’, — 3tan x z/,+ (a —3)z =0. 


81. oy” + ay! + A(a — A?) tan(Az) y = 0. 


Yoon 
Particular solution: yo = cos(Ax). The substitution y = cos(Axz) | z(x) dx leads to a 


second-order linear equation of the form 14.1.6.53: zg, — 3 tan € zg + (ad—2 — 3)z = 0, 
where € = Ax. 


82. ye 


LLL 


+atan? xy’, — b(atan? x + b?)y = 0. 
The substitution w = e°*/? (yi), — by) leads to a second-order linear equation of the form 
14.1.6.51: wi, + (atan? x + $b") w =0. 


83. yn 


LLL 


+ [atan?(Ax) + bly’, — cla tan?(Axv) + b+ c7]y = 0. 
The transformation € = Aw, w = e**/*(y/, — cy) leads to an equation of the form 2.1.6.51: 


Wee + A (atan?€+b+ 3c?)w =0. 


84. 


ee + atan"sx y’, + tana(atan"x —1)y = 0. 

Particular solution: yo = cosz. The substitution y = cos x / z(a) dx leads to a second- 
order linear equation: z//,,— 3tanz z/,+ (atan"2x — 3)z = 0. 

85. ye” tay” +(b tan? 2 + c)y,, + a(b tan? x +c)y = 0. 

The substitution w= y',+ay leads to a second-order linear equation of the form 14.1.6.51: 
wi, + (btan? x + c)w = 0. 


86. yw tay”, + A[BA + 2a tan(Ax)]y’, 
+ dA {afl + 2tan?(Ax)] + 2Atan(Ax)}y = 0. 


Particular solutions: y; = cos(Az), yo = xcos(Az). 
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87. yw tAtan(Ax)y”, — ay), — aAtan(Ax) y = 0. 


1°. Solution for a > 0: y = Ci exp(—2V/a) + C2 exp(x/a) + C3 cos(Az). 
2°. Solution for a <0: y = Ci cos(xV—a) + C2 sin(«V—a) + C3 cos(Az). 


88. yf” + atan(Ax)y”, + by, + A(ad + b — A?) tan(Az) y = 0. 


Youn 
Particular solution: yo =cos(Az). The transformation «= ae y =cos(Ax) / w dx leads 


to a second-order linear equation of the form 14.1.6.131: w%, + (a\~* — 3) tan zw, + 
(bA~? — 3 — 2ad7} tan? z)w = 0. 


89. y’”, + atan”(Ax)y%, + byl, + abtan” (Ax) y = 0. 


Yoox 


1°. Particular solutions with b > 0: yy , = cos (xvb), y2 = sin (cvb). 
2°. Particular solutions with b< 0: y, = exp(—ar/—6), y2 = exp (c/—6). 


90. yf”. + atan”(Ax)y”, + abtan”(Ax)y!, + b?[a tan” (Ax) — bly = 0. 


Yoox 


Particular solutions: y, = exp(—4bz) cos(%3br), y2 = exp(—4bz) sin(Sbz). 


1. yy” +atan"(Axr)y”,—b[2a tan” (Axr)+3b]y/ +b? [a tan” (Ax) +2b]y =0. 
Particular solutions: y, = ef, y= ce, 


92, yn 


mw  tatan"sy” + (abtan"x + c— b?)y’ + c(atan"x — b)y = 0. 
Particular solutions: y; = exp(12), y2 = exp(A2x), where 1 and Az are roots of the 


quadratic equation \? + bA +c = 0. 
93, yn 


LLL 


The substitution w = y,,, + bay leads to a first-order linear equation: 


+atan"(Ax)y”, + bay’, + bx™—* [ax tan”(Ax) + my = 0. 


Le 


w, +atan”(Ar) w = 0. 


94. y+ (atan"ax + b)y” + cy’, + c(atan"x + b)y = 0. 
1°. Particular solutions with c > 0: y, =cos(z/c), yo =sin(zyc). 

2°. Particular solutions with e <0: yy, = exp(—2 —c), Yy2 = exp(x/—c). 

95. yf!” _. = (tan"x — a)y”’, + (atan”ax — b)y’, + btan"z y. 

Particular solutions: y; = exp(A12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation \? + a\ + b= 0. 


96. yn 


LLL 


+ (atan”x + bx) y”” + b(az tan” x + 2)y', +abtan"z y = 0. 


Particular solutions: y, = exp(—4bz’), y2 = exp(—4bz”) [exo(G22") dx. 


97, yf” +axtan"« y”, + (bx? —atan"x)y’, + br(ax” tan"x + 3)y = 0. 


Particular solutions: y,; = cos($2?V/b), Yy2 = sin(Za?Vb). 


98.” 


LLL 


+(abztan”x+atan"x2+ b)y”., +ab?x2 tan”x y), —ab* tan”"« y = 0. 


Particular solutions: y; =z, yo = em, 
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99, yn 


LLL 


+ ax” tan”(Ax)y”, — 2aztan”(Ax)y, + 2atan”(Ax) y = 0. 


Particular solutions: y, =a, y2 = 2”. 


100. yy” — [b(a + tanz)x” + aly”, + [b(a? + 1)x” + lly’, 
+ a[b(atana — 1)x” — lly = 0. 
Particular solutions: y, = e“”, yo = cosa. 
101. yy”, — (abtan"a + btan"*! & + a)y”, + [b(a? + 1) tan”x + 1]y/, 
+ a(abtan”*! x — btan"x — 1)y = 0. 


Particular solutions: y,; = e*”, yo = cosz. 


102. y” 


LLL 


+[Atan(Ax)(ax" +1) + ax" "yy", — ada"y! + ard2a"—ty = 0. 


Particular solutions: y; = 2, yo =cos(Az). 


103. vy” + a(atan? x + b)y’, — 2(atan? x + b)y = 0. 


The substitution w = xy’, — 2y leads to a second-order linear equation of the form 
14.1.6.51: wl, + (atan? x + b)w = 0. 


104. xy!” = (tan"x — ax)y”, + (atan”x — br)y’, + btan"z y. 
Particular solutions: y; = exp(A12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation \? + aA + b = 0. 


105. xy?” + (ax tan"x+3)y”,+(2atan"x+br)y’ +b(ax tan" +1)y =0. 
Particular solutions: y,; = x! cos (xvVb), Yy2 = x! sin (xvb). 


106. 2? y’” = (tan”x — ax”)y”, + (atan"x — ba?)y’ + btan"z y. 
Particular solutions: y; = exp(\12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation A? + aA + b = 0. 


3 2 
107. wy’ + ax“ tan” (Ax)y”, + bay’, + blatan” (Ax) — 2]y = 0. 
Particular solutions: yy = z"!, yo = x2"?, where m, and mz are roots of the quadratic 
equation m2 —m+b=0. 


108. tan”x yy” + ay”, + aby’, + b?(a — btan”x)y = 0. 


LLL 


Particular solutions: y, = exp(—3bz) cos(Sbz), y2 = exp(—4bz) sin(2bzr). 


109. tan" y/” tay”, + btan"az y’, + aby = 0. 


LLL 


1°. Particular solutions with b > 0: yy , = cos (xvb), yo = sin (xvb). 
2°. Particular solutions with b <0: yy = exp(—rv/—b), yg = exp (a/—b). 


110. tan”ry”” + ay”, — b(2a + 3b tan”x)y’, + b7(a + 2btan”x)y = 0. 


LULL 
ba 


ba 
° 


Particular solutions: y, = e yg = xe 


11. taney” + y” + [(b— a?) tan™2 + aly’, + b(1 — atan"x)y = 0. 
Particular solutions: y, = ere, y= e*2" where A; and 9 are roots of the quadratic 


equation \? +a\+b=0. 
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112. tan”(Ax)y" + ax7y” — 2axy’, + 2ay = 0. 


Particular solutions: y; =, yo = 2. 


113. tan"x y+ (atan"2 +ax+1)y”, 4+ a?axy! —a®y =0. 


LLL 64 


Particular solutions: y; =z, yo=e ™. 


114. tan”2x ae. + (ax tan”x + 1)y”, +a(a+ 2tan”x)y’, +ay = 0. 


Bo 
Particular solutions: y, = exp(—saz’), YQ = exp(—4az”) [exGa?) dx. 
115. xtan"xy”” +(3tan"2+a)y" +(axtan"2+2)y’ +a(tan"x+zx)y=0. 


Particular solutions: y,; = «cos (cVJa), Yy2 = «sin (t/a). 


116. a? tan"@ y+ ax7y” — 2x tan" y’, + 2(2tan"ax — a)y = 0. 


Lee 
2 


Particular solutions: yj; =a !, yo = 2”. 


117. 2? tan"ry” + ax7y”, — 6xrtan"z y’ + 6(2tan"x — a)y = 0. 


waa 
3 


Particular solutions: y; = 2°, yo = 2°. 


118. a? tan"ey” + ax7y” + 2(a—tan"«)y’ + (a —3tan"2x)y = 0. 
Particular solutions: y; =cos(Inz), yg =sin(In2z). 


119. 2? taney” + 27(tan"x + a)y”, 
+ ala —(b+1)tan”"a]y’, + b(2tan"x — a)y = 0. 
vb vb 


Particular solutions: yy =x Y", yg=2”. 


> Equations with cotangent. 


120.” + a cot(ax) y = 0. 


LLL 


The substitution x = ¢t + > leads to a linear equation of the form 15.1.6.78: 
a 


di 


yi, — @ tan(at) y = 0. 
121. y”_ — a> cot(ax) y = 0. 


Yoon 
The substitution « = t + = leads to a linear equation of the form 15.1.6.77: yi, + 
a 
a’ tan(at) y = 0. 
122. y!” 


LLL 


+ 3a7y’ — 2a* cot(ax) y = 0. 


Particular solutions: y; =sin(ax), yg = xsin(az). 


123, yy” tay, + (1—a)cotry =0. 
Particular solution: yo = sin x. 
124. y’” + acot? xy’, — b(acot? x + b?)y = 0. 


The substitution w = e'*/?(y/, — by) leads to a second-order linear equation of the form 
14.1.6.81: wi, + (acot? «+ $b") w =0. 
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125. y/”, tay, + (bcot? x + c)y’, + a(bcot? x + c)y =0. 
The substitution w= y/,+ay leads to a second-order linear equation of the form 14.1.6.81: 
wi, + (bcot? x +c)w =0. 


126. yy” t+ acot™x y’, + cot x(1 — acot”x)y = 0. 
Particular solution: yo = sin x. 
127, yf” tay, FA[BA — 2a cot(Ax)]y’, 


+ A {all + 2cot?(Ax)] — 2A cot(Ax)}y = 0. 


Particular solutions: y; = sin(Ax), yo = xsin(Az). 


128. y!”_, — Acot(Ax)y”, — ay’, + adrcot(Ax) y = 0. 


1°. Solution fora > 0: y = Cy exp(—2xV/a) + C2 exp(x Va) + C3 sin(Az). 
2°. Solution fora <0: y = Ci cos(xV/—a) + C2 sin(x/—a) + C3sin(Az). 


129,” 


LLL 


+acot™(Ax)y”, + abcot™(Ax)y’, + b?[a cot” (Ax) — bly = 0. 
Particular solutions: y, = exp(—3bz) cos(2bz), y2 = exp(—3bz) sin(2b2). 


130.” 


LLL 


+acot”(Ax)y” —b[2a cot” (Ax) +3b]y’, +b? [a cot” (Ax) +2b]y =0. 
Particular solutions: y, = a y= ze, 
131. yf” +acot™xy” + (abcot"x +c — b?)y’ + c(acot”x — b)y = 0. 


Particular solutions: y; = exp(A1x), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation \? + bA + ¢=0. 


132. y/” 


LLL 


+acot"(Ax)y”, + be™y’, + bx™~ 1 [ax cot”(Ax) + my = 0. 


Le 


The substitution w = y”,, + bay leads to a first-order linear equation: 
w,, + acot”(Ar) w = 0. 


133. yf!" + (acot’a” + b)y””, + cy’, + c(acot”«x + b)y = 0. 
1°. Particular solutions with c > 0: y, =cos(a/c), yo =sin(zyc). 
2°. Particular solutions with ce <0: yy = exp(—2 =c), Yy2 = exp(x/—c). 


134. y!” 


ae = (CoO eS a)y”, + (acot”x — b)y’, + beot"2z y. 
Particular solutions: y; = exp(A\12), y2 = exp(A2x), where 1 and Az are roots of the 


quadratic equation \? + a\ +b= 0. 


135. y”  +axcot™x y”, + (bx? — acot™x)y’, + bx(ax? cot” + 3)y = 0. 


Particular solutions: y, = cos ($2? vb) , y2=sin ( 5r°Vb) : 
136.” 


vax + (abe cot”x+acot"x+ b)y”., +ab?xz cot”x y’, —ab? cot"x y =0. 
Particular solutions: y; =z, y2 =e”. 


137. y!” 


LLL 


+ ax” cot” (Ax) y”, — 2ax cot”(Ax)y’, + 2acot”(Ax) y = 0. 


Particular solutions: y, =a, yo = 2”. 
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138. avy’ + [1—A(a+1)xcot(Ax)]y”, — A*ay!, + A2y = 0. 

Particular solutions: y; =z, y2 =sin(Az). 

139. xy” + 2(acot? x + b)y’, — 2(acot? x + b)y = 0. 

The substitution w = xy’. — 2y leads to a second-order linear equation of the form 
14.1.6.81: w+ (acot? x + b)w = 0. 

140. xy’”’.+(ax cot"x+3)y" + (2acot”x+ ba)y’, + b(ax cot"%+1)y =0. 
Particular solutions: y,; = x! cos (xvb), Yy2 = x} sin(zvb). 

141. 2? y’” = (cot"x — ax”)y”, + (acot”x — ba”)y’, + bcotz y. 
Particular solutions: y; = exp(\12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation \? + a\ +b = 0. 

142, a? y’” + ax cot” (Ax) y”, + bry’, + blacot™ (Ax) — 2]y = 0. 
Particular solutions: yy; = 2”, yo = x", where m, and mz are roots of the quadratic 


equation m? —m+b=0. 


143. cot”z ye + ay”, + aby’, + b?(a — bcot”x)y = 0. 


LLL 


Particular solutions: y, = exp(—$bz) cos(¥be), y= exp(—4bz) sin(Sbz). 


144. cot™xy/” + ay! + bcot"x y’, + aby = 0. 


LLL 


1°. Particular solutions with b > 0: y, = cos (xvb), y2 = sin (xvb). 
2°. Particular solutions with b <0: yy, = exp(—rV/—6), yg = exp (cV—b). 


145. cot™x yy” + ay”, — b(2a + 3bcot™x)y’, + b?(a + 2bcot"x)y = 0. 
Particular solutions: y, = ee y= ce, 
146. cot™x ye” + y+ [(b — a?) cot™x + aly’, + b(1 — acot”x)y = 0. 


Particular solutions: y,; = e 
equation \? + a\+b=0. 


Ayx Agu 


» y2 = e?”, where A; and Ag are roots of the quadratic 


147. cot™(Ax)y + ax7y” — 2axy’, + 2ay = 0. 
Particular solutions: y; =, yo = 2. 


148. cot™xy/” + (acot’e +ax+1)y + aay’, —a’*y=0. 


LL 


Particular solutions: yj =z, yg=e ™. 


149. cot™xy/” + (axcot’x + 1)y”, + a(x +2cot"x)y’ + ay = 0. 


Particular solutions: y,; = exp(—Jaz’), Yy2 = exp(—4az”) [ Ga) dx. 


150. xcot”xy!” +(3cot"x+x)y"+(ax cot”x+2)y’,+a(cot"r+x)y=0. 
Particular solutions: y,; = x! cos (Va), Yy2 = gt sin(xV/a). 
151. x cot"« Yoo t ax7y” — 2x cot”x y’, + 2(2cot"x — a)y = 0. 


Particular solutions: y,; = 271, yo = 2”. 
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mt 


152. a cot"ry” + axy” — 6x cot"x y’, + 6(2cot”x — a)y = 0. 
Particular solutions: y,; =a 7, yo = 2°. 


153. x? cot"« Yoo t ax7y” . + x(a — cot”x)y’, + (a — 3cot”x)y = 0. 
Particular solutions: y; =cos(Inz), yg =sin(In x). 


154. x? cot™r y+ 27(cot"x + aly”, 
+ ala — (b+ 1) cot”a]y’, + b(2cot"x — a)y = 0. 
vo vb 


Particular solutions: yy =x Y", yg=2”. 


15.1.7 Equations Containing Inverse Trigonometric Functions 


Lyf’, tay, + byl, + cy = arcsin’ 2. 


This is a special case of equation 17.1.6.26. 


m kw r ek _ 
2. Your + arcsin’& yy, + ay, + aarcsin’x y = 0. 


1°. Particular solutions with a > 0: y; =cos(a/a), yo =sin(xrV/a). 
2°. Particular solutions witha <0: y, = exp(—2 =a), yo = exp (a —a). 
The substitution w = y”,, + ay leads to a first-order linear equation: w!, + arcsin*a w = 0. 


mt 


- k ” n,/ n—-1 sik —= 
ven taresin’zy), taxr”y, + ax (x arcsin”z + n)y = 0. 


3. y 


k 


The substitution w = y/,,+ax"y leads to a first-order linear equation: w’,+arcsin"x w=0. 


mt k 


4. + arcsin® x: y”” + aarcsin® x y’ + a?(arcsin®x — a)y = 0. 
Yorn Vox Ue 


v3 


Particular solutions: y, = exp(—5az) cos(¥az), yn = exp(—$az) sin(¥Paz). 


5. yl”! +arcsin*’x y” — a(2arcsin*x + 3a)y’, + a?(arcsin*x + 2a)y = 0. 


Particular solutions: y,; =e”, yo = xe. 


m k 


6. y +arcsin’s y” + (aarcsin*« + b — a”)y’ + b(arcsin*x — a)y = 0. 
LLL 6 6 az 


Particular solutions: y, = ere, y= er2r , where A; and Xz are roots of the quadratic 
equation \? +a\+b=0. 
7. yl, = (aresin*x — a)y”, + (aarcsin*x — b)y’, + barcsin*z y. 


i 


“" +-ay!,+by leads to a first-order linear equation: w!, = arcsin*z w. 


The substitution w = y 


8. y”! +aarcsin’s y” + (ax? —arcsin’x)y’! + ax(x” arcsin*x +3)y = 0. 


Particular solutions: y, = cos($2’V/a), yo =sin($2°Va). 


9% yet (arcsin*a + ax)y”, + a(x arcsin*®« + 2)y/, + aarcsin*z y = 0. 


Particular solutions: y, = exp(—sax’), yo = exp(—3ax”) [eGa?) dx. 
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10. Ye + x? arcsin®« Yn — 2a arcsin*« y’, + 2arcsin*« y = 0. 


Solution: 


y = Cyx + Coz? + C3 (Ga / a 3yde—« / x 2a) dx), 


where ~ = exp(— fe arcsin* x dw). 


11. ae + (ax arcsin’s + arcsin*x + a)y”, 
2 : oko! 2 : ok = 

+ a*xarcsin”x y,, — a“ arcsin™x y = 0. 

Particular solutions: y; =x, y2=e ™. 


12. y” + arccos*x y”, + ay, + aarccos*x y = 0. 


1°. Particular solutions with a > 0: y; = cos (c/a), yo = sin(z/a). 


2°. Particular solutions witha <0: y, = exp(—2 =a), YQ = exp(x =a). 


k 


The substitution w = y’”,. + ay leads to a first-order linear equation: w’, + arccos”x w = 0. 


13. yy + arccos*a yn, taxn"y’, + axz”—1(x arccos*x + n)y = 0. 


The substitution w= y",,+ax"y leads to a first-order linear equation: w’, +arccos*x w=0. 
mt k ” k , 2 k =— 
14. yo + arccos’x y,,, + aarccos’x y, + a*(arccos"x — a)y = 0. 


v3 v3 


Particular solutions: y, = exp(—5az) cos (Faz), yn = exp(—$az) sin(Zaz). 


15. yn 


” ,tarccos*x y”, — a(2arccos*z + 3a)y’, + a?(arccos*x + 2a)y = 0. 


Particular solutions: y,; = e*”, yo = xe”. 


k 


16. y”” +arccos*x y”, + (aarccos*x + b—a?)y’, + b(arccos*x — a)y = 0. 


Particular solutions: y, = ene y= enee. where A, and Ag are roots of the quadratic 
equation \? + a\+b=0. 


k k 


17. yi”, = (arccos*x — a)y”, + (aarccos*x — b)y’, + barccos*z y. 


LLL 


The substitution w = y’”,.+- ay’, +by leads to a first-order linear equation: w/, = arccos*x w. 


18. y”’ +a arccos*x y” + (ax*—arccos*x)y’, + ax(x? arccos*2 +3)y =0. 


Particular solutions: y,; = cos(52"V/a), y= sin(z2*V/a). 


19. ee + (arccos* a + ax)y””, + a(x arccos*x + 2)y/, + aarccos*x y = 0. 


Particular solutions: y,; = exp(—gaz’), Yy2 = exp(—4az”) [exGa?) dx. 


20. Ye + «7 arccos*x Yn — 22 arccos* y’, + 2arccos*x y=—0. 


Solution: 


y = Cia + Coz? + C3 (2? / xz pdx—x / zw dx), 


where q = exp(- es arccos* x dw). 
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21. Ye + (ax arccos*x + arccos*x + ay”, 


+ a?x arccos*x y, — a” arccos*« y = 0. 


Particular solutions: yj =z, yo=e 


22, y+ aretan*s y”, + ay’, + aarctan’x y = 0. 


cos(x/a), yo = sin(«/a). 


2°. Particular solutions witha <0: y, = exp(—2 =a), YQ = exp(x =a). 


1°. Particular solutions witha > 0: yy 


The substitution w = y”,. + ay leads to a first-order linear equation: w/, + arctan’ w = 0. 


23. y+ arctan*s y” + ax"y’ + ax”—"(a# arctan*x + n)y = 0. 


The substitution w= y",,+ax"y leads to a first-order linear equation: w/,+arctan’x w =0. 


k ko, 2 k " 
24. y+ arctan’ ay”, + aarctan”2 y’, + a*(arctan*x — a)y = 0. 
Particular solutions: y, = exp(—3az) cos(“Sax), yn = exp(—3az) sin(az). 
25. y”” + arctan*s y”, — a(2arctan*x + 3a)y’, + a?(arctan*s + 2a)y = 0. 


LLL 


Particular solutions: y,; = e*”, yo = xe. 


26. y+ arctan*s y”, + (aarctan’s + b — a”)y’ + b(arctan*x — a)y = 0. 


LLL 


Particular solutions: y, = ew. y= er2t where A; and 2 are roots of the quadratic 
equation \? + a\+b=0. 
27. y= (aretan*a — a)y’”, + (aarctan*x — b)y’, + barctan” x y. 


/1 


" +-ay!,+by leads to a first-order linear equation: w/, =arctan*x w. 


The substitution w= y 


28. y+ warctan*s y”, + (ax? — arctan’x)y’ + aax(x? arctan’ + 3)y = 0. 


Particular solutions: y, = cos($27V/a), y= sin($2? Va). 


29. y+ (arctan’ a + ax)y”, + a(x arctan’ + 2)y’, + aarctan*« y = 0. 


LLL 


Particular solutions: y, = exp(—Jaz’), YQ = exp(—$az”) [exGa’) dx. 
30. yf” + @ arctan’ yy” — 2a arctan*« y’ + 2arctan*x y = 0. 


Solution: 


y = Cia + Coz? + C3 (2? i a pdx —« / zw dx), 


where ~ = exp( — ie arctan’ x dx). 


31. oy” + (avarctan*s + arctan*« + a)y”, 


+ a*x arctan’ x y’, — a” arctan“a y = 0. 


Particular solutions: yj =z, yg=e ™. 


32. y+ arccot*s y”, + ay’, + aarccot*x y = 0. 
1°. Particular solutions with a > 0: y, = cos (c/a), yo = sin (c/a). 
2°. Particular solutions witha <0: y, = exp(—2 =a), Yy2 = exp (x =a). 


The substitution w = y”,, + ay leads to a first-order linear equation: w/, + arccot*x w = 0. 
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33. y” + arccot*s y” + ax"y’ + ax”—*(x arccot*x + n)y = 0. 


The substitution w= y",,+ax"y leads to a first-order linear equation: w/,+arccot*x w =0. 


34. y+ arccot*s y”, + aarccot’x y’, + a?(arccot*2 — a)y = 0. 
Particular solutions: y, = exp(—5az) cos(Zaz), yn = exp(—$az) sin(Baz). 
k k 2 k 
35. oy”. + arccot’x y”,, — a(2arccot”x + 3a)y’, + a*(arccot”x + 2a)y = 0. 


LLL 


Particular solutions: y, = e*”, yo = xe™. 


36. yf” + arccot’x y+ (aarccot*x + b — a”)y’, + b(arccot*x — a)y = 0. 


LLL 
Particular solutions: y, = ee y= ener, where A; and Ag are roots of the quadratic 
equation A? + a\+b=0. 


37. y= (arecot*a — a)y’”, + (aarccot*a — b)y’, + barccot*x y. 


The substitution w = y",. + ay’, + by leads to a first-order linear equation: w/, =arccot*x w. 


38. yy” + axarccot*s y” + (ax? — arccot*x)y’ + ax(x? arccot*a + 3)y = 0. 


Particular solutions: y,; = cos(527V/a), y2 = sin(z2? Va). 


39. y+ (arccot*a + ax)y”, + a(xarccot*a + 2)y’ + aarccot*x y = 0. 


x 


Particular solutions: y, = exp(—Jaz’), YQ = exp(—$az”) [exGa’) dx. 


40. y” +2? arccot*s y”, — 2x arccot’x y’, + 2arccot*x y = 0. 


Solution: 


y = Cia + Coz? + C3 (2? / x pdx—x / zw dx), 


where ~ = exp(— ie arccot” x dx). 


4. yy” + (axarccot*x + arccot*’s + a)y’, 


+ a?x arccot*x y’, — a” arccot”a y = 0. 


Particular solutions: y; = 2, yo=e ™. 


42. wy” + (ax? + b)y”, + 4dazy’, + 2ay = arcsin* x. 


Integrating the equation twice, we arrive at a first-order linear equation: 


x 
ry, + (ax? + b—2)y=C, + Cox 4 i (a —t)arcsin* tdt, xo is any number. 
x 


43. xy” + (xarcsin*s + 3)y”, + (2arcsin*« + ax)y’, 

+ a(xarcsin*s + 1)y = 0. 
Particular solutions: y,; = x! cos (c/a), Yy2 = x} sin(vV/a). 
44. xy” + (xarccos*x + 3)y”, + (2arccos*x + ax)y’, 

+ a(a arccos*a + 1)y = 0. 
Particular solutions: y,; = x! cos (cVa), Yy2 = «sin (Ja). 
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45. xy” +(x arctan*x+3)y” +(2arctan*x+ax)y’+a(ax arctan*e+1)y=0. 
Particular solutions: y,; = x! cos (c/a), Yy2 = «sin (Ja). 


mt 


46. xy” +(aarccot*x+3)y” +(2arccot*e+ax)y’+a(x arccot*x+1)y =0. 
Particular solutions: y,; = x! cos (c/a), Yy2 = «sin (t/a). 


s 2 ok 
47, avy’ + [(a+ 6)a* + bly”, + 2(2a + 3)ary’, + 2ay = arcsin” a. 
Integrating the equation twice, we arrive at a first-order linear equation: 
x 
ay! + (aa? + b)y = C+ Cox + i (a —t)arcsin* tdt, x9 is any number. 
xo 
48. ay” + a7 arcsin* xy”, — 2ary’, + 2(2 — arcsin*’x)y = 0. 


Particular solutions: yj =a 1, yo = 2”. 


3, 2 -_k ” , -_k _ 
49. x°y ne + xv arcsin” xy), — 6xy,, + 6(2 — arcsin"x)y = 0. 
Particular solutions: y; =a, yo = 2°. 


50. x3 y” + a7 arcsin*s y” + x(arcsin*x — 1)y/, + (arcsin*x — 3)y = 0. 


Particular solutions: y; = cos(Inz), yg = sin(In 2). 
3,/ 2 -_k a” -_k / 
51. x°yn ig + x (aresin’«s + 1)y), + «(arcsin”x — a — 1)y, 
— a(arcsin*a — 2)y = 0. 
Particular solutions: y, = a V4, Yy2 = av", 
52. ay” +a (aresin*s + a)y”, + a(aarcsin*s + b — a)y!, 
+ b(arcsin’x — 2)y = 0. 
Particular solutions: y; = #”!, yg = x”, where n, and nz are roots of the quadratic 


equation n? + (a—1)n+b=0. 


53. x8 y”’ +27 arccos*a y”, — 2xy’, + 2(2 — arccos*x)y = 0. 


Particular solutions: y; = 271, yo = 2”. 


54. wey! + x? arccos*x y, — 6xy’, + 6(2 — arccos*x)y = 0. 


Particular solutions: y, =a, yo = 2°. 


55. a3y’” + x7 arccos*x y”, + a(arccos*x — 1)y’ + (arccos*x — 3)y = 0. 
Particular solutions: y; =cos(Inz), yg =sin(In 2). 
56. x? y+ a7 (arccos*e + 1)y”, + x(arccos*x — a — 1)y/, 
— a(arccos*x — 2)y = 0. 
Particular solutions: y,; = a V4, Yy2 = av", 
3 ”) k k 
57, avy” + 2*(arccos”x + a)y,, + x(aarccos”« + b— a)y’, 
+ b(arccos*x — 2)y = 0. 


Particular solutions: y; = 2”!, yo = x2”?, where n, and ng are roots of the quadratic 
equation n? + (a—1)n+b=0. 
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58. x3 y”’ + a7 arctan’ y”, — 2ay’, + 2(2 —arctan’x)y = 0. 


Particular solutions: y; =a~!, yo = 2. 


59, x? y”’ + a7 arctan’ y”, — Gry’, + 6(2 — arctan*x)y = 0. 


Particular solutions: y; =a’, yo = 2°. 


60. ay” + a7 arctan*e y”, + x(arctan*x — 1)y’ + (arctan*x — 3)y = 0. 
Particular solutions: y; =cos(Inz), yg =sin(In 2). 
61. xy” + x7 (arctan’a + 1)y”, + x(arctan’e — a — 1)y/, 

— a(arctan’x — 2)y = 0. 
Particular solutions: y,; = a V4, Yy2 = av", 

3 2 k k 

62. vy!” + x*(arctan*2 + a)y” , + x(aarctan"« + b—a)y’, 

+ b(arctan* a —2)y=0. 
Particular solutions: y; = #™!, yg = x”, where mn, and ng are roots of the quadratic 


equation n?+(a—1)n+b=0. 


63. x? y”’ +27 arccot*s y”, — 2xy’, + 2(2 — arccot*x)y = 0. 


Particular solutions: y; = 271, yo = 2”. 


64. x? y”’ + 2x7 arccot*s y”, — 6xy’, + 6(2 — arccot*x)y = 0. 
Particular solutions: y; =a, yo = 2°. 


65. xy” +27 arccot*x y” + x(arceot*x — 1)y! + (arccot*x — 3)y = 0. 


Particular solutions: y; =cos(Inz), yg =sin(In 2). 
3 2 k k 
66. xy!” + x*(arecot’x + 1)y’, + x(arccot"x — a — 1)y’, 
— a(arccot*x — 2)y = 0. 
Particular solutions: y,; = a V4, Yy2 = av", 
67. xy” +27 (arccot*s + a)y”, + «(aarccot*x + b—a)y’, 
+ b(arccot* a —2)y=0. 


Particular solutions: y; = 2”!, yo = £”?, where n, and ng are roots of the quadratic 
equation n? + (a—1)n+b=0. 


15.1.8 Equations Containing Combinations of Exponential, 
Logarithmic, Trigonometric, and Other Functions 


1 oy”) =tanrzyt+ ae** (y’ +tanzy). 


Youn 


Particular solution: yo = cos x. 


2. Tae +ae*?y” + (2ae*” tan x+3)y) + [ae>” (2 tan? 2+ 1)4+2tanzly=0. 


Particular solutions: y; = cosx%, yo = ©cos”. 
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3. ys +ae**y” +(3- 2ae*” cot x)y’, + [ae>” (2 cot? x#+ 1)—2cot z]y=0. 
Particular solutions: y; = sinz, yo = xsinx. 


mt 


4, y!” , tacosh"2 y” , + (2acosh”2 tan x + 3)y’, 
+ [a cosh” a (2tan? x + 1) + 2tana]y = 0. 
Particular solutions: y, = cos%, yo = ©cos%. 


mt 


5. oy! t acosh"a y"’, + (3 — 2acosh”« cot x)y’, 
+ [acosh"x (2 cot? x +1) — 2cot aly = 0. 


Particular solutions: y; = sinz, yo = xsinx. 


6. hae + asinh”z y.. + (2a sinh” x tan x + 3)y’, 
+ [asinh” x (2tan? x +1)+2tanaly = 0. 
Particular solutions: y; = cosx, yo = ©cos%. 


mt 


7 oy, tasinh”2 yy”, + (3 — 2asinh”z cot x)y’, 

+ [a sinh” x (2 cot? x + 1) — 2cot aly = 0. 
Particular solutions: y; = sinz, yo = xsinx. 
8. oy”, tatanh”2 y”, + (2atanh”2 tan x + 3)y’, 

+ [a tanh” x (2 tan? « + 1) + 2tana]y = 0. 


Particular solutions: y, = cos%, yo = ©cos%. 


9 oy”, tatanh”2 y”, + (3 — 2a tanh” 2 cot x)y’, 
+ [a tanh” (2 cot? x + 1) — 2cot aly = 0. 


Particular solutions: y; = sinz, yo = xsinx. 


10. yt 


LLL 


+ acoth’ y’”,, + (2acoth”x tan x + 3)y’, 
+ [a coth”x (2tan? « +1) + 2tana]y = 0. 


Particular solutions: y, = cosx, yo = ©cos%. 


We. yf’ + acoth’z y”, + (3 — 2acoth"x cot x)y’, 
+ [acoth”« (2 cot? x +1) — 2cot z]y = 0. 


Particular solutions: y; = sinz, yo = xsinx. 


12. yn 


LLL 


+aln"xy”, — (2aln"z tanh x + 3)y’, 
+ [a ln" x (2 tanh? x — 1) + 2tanh aly = 0. 


Particular solutions: y,; =coshz, y2 = xcoshz. 


13. ye 


LLL 


+aln"xy”, — (2aln”2 coth x + 3)y’, 
+ [aln”x (2 coth? x — 1) + 2cotha]y = 0. 


Particular solutions: y,; = sinhz, yo = xsinhz. 


14, yy!” 


LLL 


+aln”"z Yn + (2aln"z tan az + 3)y’, 
+ [aln"a (2 tan? « +1) + 2tana|y = 0. 


Particular solutions: y, = cos%, yo = ©cos%. 
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15. ye 


LLL 


+aln"x y+ (3 — 2aln”x cot x)y’, 
+ [aln” ax (2 cot? # + 1) — 2cot z]y = 0. 
Particular solutions: y; = sinz, yo = xsinx. 


16. ye 


vm + acos"x£y”, — (2acos”z tanh x + 3)y’, 


+ [a cos” x (2 tanh? « — 1) + 2tanha]y = 0. 


Particular solutions: y,; = coshz, y2 = xcoshz. 


17, yf!” 


vm + acos" xy”, — (2acos”x coth x + 3)y’, 


+ [a cos” (2 coth? x — 1) + 2cotha]y = 0. 


Particular solutions: y,; = sinha, yo = xsinhx. 


18. ye 


im + asin"s y”, — (2asin”« tanh x + 3)y/, 


+ [asin" 2 (2 tanh? 2 — 1) + 2tanha]y = 0. 
Particular solutions: y,; = coshz, y2 = xcoshz. 
19. yy”, tasin"2 y’, — (2asin”2 coth x + 3)y’/, 
+ [asin x (2 coth?a — 1) + 2cotha]y = 0. 
Particular solutions: y,; = sinhx, yo = xsinh2z. 


20. yi 


LLL 


+atan”"z y.. — (2atan”z tanh x + 3)y’, 
+ [a tan” «x (2 tanh? « — 1) + 2tanha]y = 0. 
Particular solutions: y,; =coshz, yg = xcoshz. 
21. oy” tatan"zy”, — (2atan”2 coth x + 3)y’, 
+ [atan” «x (2 coth? « — 1) + 2cotha]y = 0. 
Particular solutions: y,; = sinha, yo = xsinhx. 


22. y/” 


LLL 


+acot”x y’, — (2acot”z tanh x + 3)y’, 
+ [a cot" (2 tanh? 2 — 1) + 2tanha]y = 0. 


Particular solutions: y,; =coshz, y2 = xcoshz. 


23. yf” 


LLL 


+acot"s y”, — (2acot”z coth x + 3)y’, 
+ [a cot” x (2 coth? « — 1) + 2cotha]y = 0. 


Particular solutions: y,; = sinhz, yo = xsinhz. 


24. yl” + (be + 2a) cosh"x y”, — a(be* cosh” x +a)y’, — 2a? cosh"x y = 0. 
Particular solutions: y; =e, yg=e “ +b/a. 
25. yf” + (be + 2a) sinh” x y” , — a(be™ sinh” x + a)y’, — 2a? sinh” x y = 0. 


Particular solutions: y; =e, yg=e “ +b/a. 


26. ye 


LLL 


+(be** + 2a) tanh” x y’”, —a(be® tanh” +a)y’, — 2a? tanh" x y = 0. 


Particular solutions: y; =e”, yg=e “” +b/a. 


27. ye 


LLL 


+ (be + 2a) coth"« y”, —a(be coth"x +a)y’, —2a* coth” x y = 0. 


Particular solutions: y; =e, y2=e “ +b/a. 
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28. ye 


LLL 


+ (be + 2a) In®x y”, — a(be*” In"x + a)y’, — 2a? In"z y = 0. 
Particular solutions: y; =e, yg=e “ +b/a. 


29, ye 


LLL 


+ (aln"ax — 2be”)y’’, — be” (2a ln"x — be” + 3)y’, 
+ be” [a ln” x (be” — 1) + 2be” — 1]y = 0. 


Particular solutions: y, = exp(be”), y2 = xexp(be”). 


30. yn 


LLL 


+ (acos"x — 2be”)y’’, — be” (2a cos"x — be” + 3)y’, 
+ be*[acos"x (be® — 1) + 2be” — 1]jy = 0. 


Particular solutions: y, = exp(be”), yo = x exp(be”). 


31. yf” + (be% + 2a) cos"x y”, — a(be*” cos"x + a)y’, — 2a cos" y = 0. 


Particular solutions: y; =e, yg=e “ +b/a. 


32. yn 


LLL 


+ (asin”x — 2be”)y’’, — be (2asin”x — be” + 3)y’, 
+ be* [a sin” ax (be” — 1) + 2be” — lly = 0. 


Particular solutions: y, = exp(be”), yo = x exp(be”). 


33. ye 


mr + (be + 2a) sin" xy”, — a(be™ sin"x + a)y’, — 2a* sin"x y = 0. 


Particular solutions: y; =e, yg=e “ +b/a. 
34. y’”  — [e**(tanaz + a) + aly”, + [(a? + 1)e*” 4 1]y/, 
+ ale**(atan x — 1) — 1Jy = 0. 


Particular solutions: y, = e°”, yo = cos. 


38. yl”, + [tana (awe +1) + ae™]y!, — axe™y!, + acy = 0. 
Particular solutions: y; = 2x, yg = cosa. 
36. yf’ + (atan”«x — 2be”)y”” , — be* (2a tan”« — be® + 3)y’, 


+ be*[atan”ax (be” — 1) + 2be” — lly = 0. 


Particular solutions: y, = exp(be”), yo = x exp(be”). 


37. ye 


LLL 


+ (be*” + 2a) tan"x y”, — a(be™ tan"x +a)y’, — 2a tan"x y = 0. 
Particular solutions: y; =e, yg=e “ +)/a. 

38. yf + [e** (cot « + a) + aly”. + [(a7 + 1)e®” + ly’, 

+ ale*”(1 — acot x) + 1]Jy = 0. 


Particular solutions: y; =e “", y2 =sin2. 


39. y+ [ae®” — cot x (axe*” + 1)]y”, — axe” y’, + ae®*”y = 0. 
Particular solutions: y; = 7, yo = sing. 
40. yf’ + (acot’” — 2be*)y’” , — be* (2acot”«x — be® + 3)y’, 


+ be* [a cot” x (be” — 1) + 2be” — lly = 0. 


Particular solutions: y, = exp(be”), yo = x exp(be”). 
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aN. oy!” + (be* + 2a) cot”2 y”, — a(be™ cot"x + a)y!, — 2a* cot"x y = 0. 


Youn 


Particular solutions: y; =e, y2=e “ +b/a. 
42, y’”  — [cosh x (tanz + a) + aly”, + [(a? +1) cosh” + 1]y’, 

+ a[cosh”x (atanz — 1) —1Jy = 0. 
Particular solutions: y, =e”, yo = cos«. 
43. y’” + [cosh x (cot x + a) + aly”, + [(a? +1) cosh” x + 1]y’, 

+ a[cosh”x (1 — acotx)+1]y = 0. 
Particular solutions: y; =e “", y2 = sina. 
44, y”  — [sinh” x (tanz +a) + aly”, + [(a? + 1) sinh"x + 1]y/, 

+ a[sinh”x (atanz — 1) —1jy = 0. 
Particular solutions: y, = e“”, yo = cosa. 
45. y” + [sinh x (cot x + a) + aly”, + [(a? +1) sinh” + 1]y’, 

+ a[sinh”x (1 — acot x) + 1]Jy = 0. 
Particular solutions: y; =e “", y2 = sina. 
46. y”  — [tanh”x (tanz + a) + aly”, + [(a? + 1) tanh" + 1]y/, 

+ a[tanh”x (atanxz — 1) —1jy=0. 
Particular solutions: y, = e*”, yo = cos2. 
47, y’” + [tanh”x (cot z + a) + aly”, + [(a? + 1) tanh” x + 1]y’, 

+ a[tanh”x (1 — acotx)+1]y = 0. 
Particular solutions: y; =e “", y2 = sina. 
48. y”  — [coth"2 (tanz + a) + aly”, + [(a? + 1) coth”x + 1]y’, 

+ a[coth”az (tanz — 1) — 1ljy = 0. 

Particular solutions: y, =e”, yo = cosx. 
49, y’” + [coth”x (cot z + a) + aly”, + [(a? + 1) coth”x + 1]y’, 

+ a[coth”z (1 — acot zx) + 1]y = 0. 


Particular solutions: y, =e °” 


50. yi 


LLL 


» yg =sing. 


+ [atan”s (tanh x — b) — bly’, + [a(b? — 1) tan”x — 1]y/, 
+ blatan”x(1 — btanhz) + 1ljy = 0. 


Particular solutions: y, = ee. yo = cosh a. 


51. Ye + (atan”z + btanh™ x)y, + cy’, + c(atan”z + btanh™ x)y = 0. 


1°. Particular solutions with c > 0: yy, = cos (a/c), yo = sin(xv/c). 
2°. Particular solutions with ec <0: yy, = exp(—2 =e), yn = exp(z/—c). 


52. y” + [atan”x(coth x — b) — bly”, + [a(b? — 1) tan"x — 1]y/, 
+ blatan”x(1 — beothz) + 1jy = 0. 


Particular solutions: y, = ee yo = sinh x. 
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53. Ye + (atan”x + beoth™ x)y, + cy’, + c(atan”x + beoth™” x)y = 0. 


1°. Particular solutions with c > 0: y; =cos(a/c), yo =sin(xyc). 
2°. Particular solutions withe <0: yy = exp(—2 =e), Yy2 = exp(z/—c). 


54, y” + [acot”x(tanh x — b) — bly”, + [a(b? — 1) cot"x — 1]y’, 
+ bla cot”x(1 — btanhaz) + 1]y = 0. 


Particular solutions: y, = eee yo = cosh x. 


55. Ying + acot”s tanh™ xy, — by’, — abcot”x tanh” x y = 0. 


1°. Particular solutions with b > 0: y, = exp(—avb), yo = exp(xvb). 
2°. Particular solutions with b < 0: y , = cos (c/—b), YQ = sin(xV—b). 


56. yf” + [acot”x(coth x — b) — bly”, + [a(b? — 1) cot”x — 1]y/, 
+ bla cot”x(1 — beothaz) + 1]y = 0. 


Particular solutions: y, = ee. yo = sinh x. 


57. Ye + (acot”x + beoth™ x)y, + cy’, + c(acot”x + beoth™ x)y = 0. 


1°. Particular solutions with c > 0: yy, = cos Cael) yo = sin(x/c). 
2°. Particular solutions with c < 0: y, = exp(—2 =e), yn = exp(z/—c). 


58.” + [aln”a (tanh x — b) — bly”, + [a(b? — 1) In” x — ly’, 
+ bla ln”z (1 — btanhx) + 1jy = 0. 


Particular solutions: y, = ee. yo = cosh x. 


59. Yere + ain” « tanh” xy, — by, — abln”x tanh” x y = 0. 


1°. Particular solutions with b > 0: y, = exp(—avb), y2 = exp(xvb). 
2°. Particular solutions with b < 0: y , = cos (a/—6), YQ = sin(xV—b). 


60. yf” + [aln”a (coth z — b) — bly”, + [a(b? — 1) In“ x — ly’, 
+ bla ln”z (1 — beothx) + 1jy = 0. 


Particular solutions: y, = ee. yo = sinh x. 


61. yf”. + (aln”ax + beoth” x)y”, + cy’, + c(aln”x + beoth” x)y = 0. 
1°. Particular solutions with c > 0: yy, = cos (ase) y2 = sin(x/C). 
2°. Particular solutions with c < 0: y, = exp(—2 =e), yn = exp(z/—c). 
62. yf” — [In"a (tane +a) + aly”, + [(a? +1) nx 4 1]Jy/, 
+ al[ln"z (atanz —1)—1]y=0. 

Particular solutions: y, = e*”, yo = cos2. 
+ [In"x (cot x + a) + aly”, + [(a? +1) In"x + ly’, 

+ a[In"x (1 — acotzxz) + 1]y = 0. 


63. ye 


LLL 


Particular solutions: y; =e “", y2 =sin2. 
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64. yl” 


LLL 


+ [acos"x(tanh x — b) — bly”, + [a(b? — 1) cos™x — 1]y/, 
+ blacos”x(1 — btanhx) + 1jy = 0. 


Particular solutions: y,; =e", yo =cosha. 


65. yg + acos"2 tanh™ xy”, + by’, + abcos"« tanh™ x y = 0. 


1°. Particular solutions with b > 0: y, = cos (cvb), y= sin(rvb). 
2°. Particular solutions with b <0: y, = exp(—rV/—6), y2 = exp (cV/—0). 
66. y”” + [acos"x(coth x — b) — bly”, + [a(b? — 1) cos”x — 1]y/, 
+ blacos”x(1 — beothx) + lly = 0. 


Particular solutions: y; = e°", yo = sinhz. 


67. Us + (acos”x + bcoth™ x)y’. + cy, + c(acos”x + beoth™” x)y = 0. 
cos(xV/e), yo =sin(x/c). 
exp(—2 =e), yo = exp(r/—c). 


68. oy” + [asin” «(tanh x — b) — bly”, + [a(b? — 1) sin” x — 1]y/, 
+ blasin”x(1 — btanha) + 1]y = 0. 


1°. Particular solutions withe > 0: yy, 


2°. Particular solutions with ec <0: yy 


Particular solutions: y, = ge. yo = cosh zx. 


69. Yee + asin” tanh™ x y7, + by, + absin™« tanh” a y = 0. 


1°. Particular solutions with b > 0: y , = cos (xvb), y2 = sin(zvb). 
2°. Particular solutions with b <0: y, = exp(—rV/—6), y2 = exp (cb). 


70. yi” + [asin” 2 (coth x — b) — bly’, + [a(b? — 1) sin” x — 1]y’, 
+ blasin”z (1 — beothz) + lly = 0. 


Particular solutions: y,; = ge yo = sinh x. 


71. Ye + (asin”x + beoth™ x)y’., + cy, + c(asin”x + beoth™ x)y = 0. 


1°. Particular solutions with c > 0: yy, = cos (ave) yo = sin(x/c). 
2°. Particular solutions with c < 0: y, = exp(—2 =e), Yy2 = exp(z/—c). 


72, vy” + [ax?e**(b —Inx) + 2]y”, + axe**y’, — ae*”y = 0. 


xe 


Particular solutions: yy = 2, y2=Inzx—b+1. 


73. (e**—-1)y” _—(ae®**+tana)y” + (e**+a7)y’ +a(atan x—e*”)y =0. 


LLL 


Particular solutions: y,; = e*”, yo =cosz. 
ee! 


74. acosh"x y+ [tana (acosh"2 + x) + lly”, — ay’, t+y=0. 


Particular solutions: y; = 2x, yg = cos. 


75. acosh"x y+ [1 — cot x (acosh”x# + x)]y” zy, +y=0. 


ce 


Particular solutions: yy = 2%, yg = sina. 
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76. asinh"x yy”, + [tana (asinh”2 + x) + lly”, — ay, t+y=0. 
Particular solutions: y; = x, yg = cosa. 


mw 


77. asinh’a yy”, + [1 — cot x (asinh”x + x)]y”, — vy’, +y=0. 


Particular solutions: y; = 2, yo = sing. 


78. atanh’xy’” + [tana (atanh”2 + x) + lly”, — acy, ty =0. 


Particular solutions: y; = 2x, yg = cosa. 


79. atanh”"z Ye + [1 — cot x (a tanh” x + x)|y.. ~ xy’, +y=0. 


Particular solutions: yy = 2%, yo = sina. 


80. acoth"x y”” + [tanaz (acoth’x + x) + lly”, —ay, +y=0. 


Particular solutions: y; = x, yg = cosz. 


81. acoth”’z Uc + [1 — cot x (acoth”x + x)|y. — xy’, +y=0. 


Particular solutions: y; = 2%, yo = sing. 


82. aln”xy.” + [tanh 2 (x — aln”x) — ljy”, — ay), +y=0. 


LLL 


Particular solutions: y; = x, yg = cosh. 


83. aln”xy’” + [cotha (x — aln”x) — jy”, — ay, +y=0. 


LLL 


Particular solutions: y; = x, yo = sinha. 


84. aln”xy?” + [tana (aln"x + x) + 1Jy”,—ay,,+y=0. 
Particular solutions: y; = 2, yo = cosx. 


mt 
LLL 


85. aln”xy.” + [1—cota(aln"x+2)]y”,—ay,+y=0. 


Particular solutions: yy = 2, yo = sina. 

86. acos"’xy’” + [tanh x (2 — acos”x) — 1jy”, — ay’, +y=0. 
Particular solutions: y; = 2x, yg = cosh. 

87. acos"’xy’”’ + [coth x (x — acos”x) — lly”, — zy’, + y = 0. 
Particular solutions: y; =x, yg = sinha. 


88. axcos"’xy’”’ + (2acos"x — x 2 Ina + bx?)y” , +ay’,,—y=0. 


Particular solutions: yy = 2, y2=nx—b+1. 
89. asin”x y’” + [tanh x (2 — asin”x) — 1jy”,— ay, +y=0. 


Particular solutions: y; = 2, ya = cosh. 


90. asin"x y’” + [coth a (a — asin™x) — lly”, — ay), +y=0. 


LLL 


Particular solutions: y; = x, yg = sinha. 


91. axsin’x y’”’ + (2asin"2 — x 2 Ina + bx”)y”, +ay’,,—y=0. 


Particular solutions: yj =z, yg =nx—b+1. 
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92. atan"«ry’”’ + [tanha (2 —atan”2) — lly”, —«y’,,+y=0. 


cen i 


Particular solutions: y; = x, yg =coshz. 


mw 
LLL 


93. atan"xy’” + [cotha (a — atan”2) — lly”, —ay’,t+y=0. 


Particular solutions: y; = x, yg = sinha. 


94. axtan"xy” + (2atan"x — x7 Inwx + bx?)y”, + ay, —y=0. 


Le Le 


Particular solutions: yy =z, yg =nx—b+1. 


95. acot’ry’”’ + [tanh a (x — acot”x) — lly”, —a«y’,,ty=0. 


a 
Particular solutions: y; = x, yg =coshz. 

96. acot’xy’”’ + [cotha (x — acot”x) — lly”, — ay, ty =0. 
Particular solutions: y; = x, yg = sinha. 

97. axcot”’xry”’ + (2acot”x — x? Ina + bx?)y”, +ay’,,—y=0. 


Particular solutions: yy = 2, yg =naz—b+1. 


15.1.9 Equations Containing Arbitrary Functions 


@ Notation: f = f(x), g = g(x), and h = h(a) are arbitrary functions of x; a, b, c, n, 
and X are arbitrary parameters. 


> Equations of the form f3(a)y/". + fi(x)y, + fo(x)y = g(a). 


| 
1. Your = f(x)y. 
The transformation x = t~!, y = ut~? leads to an equation of the same form: wif, = 


—t-°f(1/t)u. 


b 
2. Wier = (SE) 


ca +d/ (cx + d)®° 
The transformation € = ams w = ——_~ leads to a simpler equation: wi, = 
— c@t+d’ (ca +d)? Pee ee aa 


A-3 f(€)w, where A = ad — be. 

3. FU nce — Fran = 0 

Particular solution: yo = f. The substitution y = f / z dx leads to a second-order linear 
equation: fz7,+3fiz,+3fi,z2 =0. 

4, fy t fore = 9 

Integrating yields a second-order linear equation: fy”. — fiy,,+ fy = i gdx+C. 

5. Yen + Sy, — (af +a*)y = 0. 


Particular solution: yo = e*”. The substitution w = y/, — ay leads to a second-order linear 
equation: wy, + aw!, + (f +a”)w =0. 
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6 yt fy, tax(f t+ a*x? — 3a)y = 0. 

Particular solution: yo = exp(—zaz’). The substitution y = exp (—Sax 2) f fa) 
leads to a second-order linear equation: 2”, — 3axz/, + (f + 3a°x? — 3a)z = 0. 
7. Veo +(f —a*)y, tafy = 0. 


Particular solution: yo =e “”. The substitution w = y/, + ay leads to a second-order linear 
equation: w’,,—aw', + fw =0. 


8. Yong + efy, — 2fy = 0. 
Particular solution: yo = x. The substitution w = xy’, — 2y leads to a second-order linear 
equation: wy, +afw=0. 


9 oy)” t(ax+b)fy!, —afy =0. 
Particular solution: yo = ax + b. 
10. yf’ + (ax + b) fy’, — 2afy = 0. 


Particular solution: yo = (ax + 6). The substitution w = (ax + b)y!, — 2ay leads to a 
second-order linear equation: w+ (ax + b) fw = 0. 


1. yf + (f — a?ax”)y’, + ax(f — 3a)y = 0. 


Particular solution: yo = exp(—Jaz’). The substitution y = ee) | 2(x) dx 


leads to a second-order linear equation: 2”, — 3aaz/, + (2a?x? — 3a + f)z= 


12. ye 


LLL 


+ (f —a?a")y!, — ala" f + 3ane?"™ + n(n — 1)a"~ Jy = 0. 


—“_,"*) Zn )\de 


Particular solution: yo = exp (——.""") . Substituting y=exp ( 
nm+1 n+1 


yields a second-order linear equation: 
7+ Bax"2! + (2a72" + 3anx™ + f)z =0. 
13. vy’ + a — [(ax + 1)f + a?x + 3a7ly = 0. 


Particular solution: yo = xe“ 
2 2 = 
14, ay", + (af —a* —a)y + (a-l1)fy =0. 
Particular solution: yo =2'~*. The substitution w= y!,+(a—1)y leads to a second-order 
linear equation: rw’, — (a+ 1)w), + fw =0. 
15. x?y’” + [w(ax +1)f — 6]y’, + fy =0. 


Particular solution: yo =a+a7t. 


16. a(x +1)yfl, + x(f —2@— 3)y!, —(a@+1)fy =0. 
Particular solution: yo = xe”. 
17, xy” +afy, +(a—-1)(ft+a?+a)y=0. 


Particular solution: yo =x!~®. The substitution w = xy/,+(a—1)y leads to a second-order 
linear equation: x?w",, — (a + l)rw’, + (f +a? +a)w = 0. 
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18. wy” +a7 fy, + (a? + af — 2xf)y = 0. 


Particular solution: yo = 27e%/*. 


19, oy” 4+(f- ae?) y! — ae**(f + 3are>” + A7)y = 0. 


LLL 
Particular solution: yo = exp (Se ) . The substitution y = exp (Se) / z(x) dx leads 


to a second-order linear equation: 2”, + 3ae** 2! + (f + 2a7e?* + 3are*”)z = 0. 


20. yf” + [(1 4+ be) f — aly, +afy =0. 
Particular solution: yo = e “” +b. 

21. oy” = fy, + tanh (1 — f)y. 

This is a special case of equation 15.1.9.30 with g(x) = cosh a. 
22. yf’ = fy, + cotha (1 — f)y. 

This is a special case of equation 15.1.9.30 with g(a) = sinh x. 


23, yf” + fy, ttane(f—1)y=0. 
Particular solution: yo = cosz. The substitution y = cos x i z(a) dx leads to a second- 
order linear equation: 2/.,,— 3tanz z/,+ (f —3)z=0. 


24. yy” + fy, tcotx(1— f)y=0. 


Particular solution: yo = sin x. 

25. ye t fu, + fy =9- 

Integrating yields a second-order linear equation: Yor + fy= Fi gdx+C. 
26. Verve + 2fy, + fry = 0. 


Solution: y = Ciw? + Cowyw2 + C3 . Here, w, and wy are linearly independent 
solutions of the second-order linear equation: 2w',, + fw = 0. 


2s. Wie Viale IL. Fs gO. 


Integrating yields a second-order linear equation: y!”, + fy!, + f 2y = Cexp ( / f dw) . 


28. Yin + (a —1)f?y’, — [fy — (2a t+ 1) ff, +af*ly = 0. 
Integrating yields a second-order equation: y””,, + fy’, + (af? — fy = C exp ( / rl dw) : 


29. oy! + (f —a*)y!, + (fi, —af)y = 0. 


i 


vn + ay, + fy leads to a first-order linear equation: w’, — aw = 0. 


The substitution w = y 
30. Yin = Sy + F(x)(y, — Sy). 


/ 
The substitution w = y/, — REY, leads to a second-order linear equation. 
g 


15.1. Linear Equations 895 


> Equations of the form f3(x)y/".. + fo(x)y, + fi(x) yl, + fo(x)y = g(a). 
31. Yine + Wow + by, + cy = f(z). 
This is a special case of equation 17.1.6.26 with n = 3. 


32, yn tay, + fy, tafy =0. 


The substitution w = y!, + ay leads to a second-order linear equation: w',, + fw = 0. 


2 

33. Yrre + SY¥ee — (Ff + a)y = 0. 

Particular solution: yo = e“”. The substitution w = y/, — ay leads to a second-order linear 
equation: w!,+(f +a)ui,+a(f+a)w=0. 


34. Ye + See + ay, +afy = 0. 

1°. Particular solutions witha > 0: y, = cos (Ja), y= sin(x/a). 

2°. Particular solutions witha <0: y, = exp(—2 —a), Yy2 = exp (x =a). 

The substitution w = y/.,, + ay leads to a first-order linear equation: w’, + fw = 0. 
35. Ye + Fn, taxy’, +ax""\(af +n)y =0. 

The substitution w = y', + ax”y leads to a first-order linear equation: w', + fw = 0. 
36. Yn + SUne + afy;, + a°y = 0. 


The substitution w= y/,+ ay leads to a second-order linear equation: w’,,, + (f —a)w!, + 


aw = 0. 


37. Yow + S¥ne + afy;, + a7(f —a)y = 0. 

Particular solutions: y, = exp(—5az) cos(¥az), Yy2 = exp(—$az) sin(Baz). 

38. Ye + Fee + GY, +h = 0. 

The substitution w = y/, leads to a second-order linear equation: w”,,+ fw!,+gw+h=0. 


39. Vara + fUre — A(2F + 3a)y, + a*(f + 2a)y = 0. 

Particular solutions: y, = e*”, yo = xe. 

40. rae + fee + IV, — Gy = 0. 

The substitution w = xy, — y leads to a second-order equation: «rw, + (af — 1)w!, + 
Diep sam 

xgu = 0. 

MN. Yee + Fee + (9 — @7)yy, — alaf +9)y = 0. 

Particular solution: yo =e“. The substitution w = y/, — ay leads to a second-order linear 

equation: wy.+(f+a)wi,+ (af +g)w =0. 

42. ytte + fen + (af +b—a*)y!, + O(f — a)y = 0. 


Particular solutions: y, = ee, y= e*2" where A; and 9 are roots of the quadratic 
equation \? +a\+b=0. 
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mt au” 2 —» 
43. Yoore t(f —a)¥p, — a fy = 90. 
Particular solution: yo = e“”. The substitution w = y/, — ay leads to a second-order linear 
equation: w+ fui, +afw =0. 


44. yi» = (fF —a)uy, + (af — b)yl, + bfy. 

Particular solutions: y; = exp(A12), y2 = exp(A2x), where 1 and Az are roots of the 
quadratic equation A? + a\ + b = 0. The substitution w = y””, + ay/, + by leads to a 
first-order linear equation: w/, = fw. 


45. yt, + (f — a)yy, + gy!, — a(af + 9)y = 0. 
Particular solution: yo = e*”. 


46. yy” +(ftajyy+(af+g)y,t+agy =0. 


Particular solution: yo =e”. 


47. Yorn + FY ee + (ax” — fyi, + ax(a*f + 3)y = 0. 
Particular solutions: y,; = cos($x"/a), y2 = sin($2* Va). 
48. Yin + (ax + b)fyy, + xfy,, — 2fy = 0. 

Particular solution: yo = x? + 2ax + b. 


49, oy + (f tax)yy, +a(af +2)y',+afy =0. 


Particular solutions: y,; = exp(—yaz’), Yy2 = exp(—4az”) [eGa’) dx. 


50. yf ta? fy, — 2efy!, + 2fy = 0. 


Particular solutions: y; =, y2 = 2x. 


Solution: 


y = Cia + Coz? + C3 (2? / a pdx —x i: aw dw), 
where q = exp(= ca dx). 


SL. oye + (f + ax)yy, + (g + 2a)y,, + alg + (1 — ax) fly = 0. 
Particular solution: yo = exp(— Zaz’). The substitution w = y/, + ary leads to a second- 


order linear equation: w+ fw!,+(g—axf)w =0. 


52. Ye +(arf+ft+ ay”, + ax fy’, — a’ fy = 0. 


Particular solutions: yj =z, yo=e 


53, yw + (ax? + ba + c) fy, — 2afy = 0. 


Particular solution: yo = ax” + bx +c. 


54. Yon + U(af + 9)¥Ze — GY, — 2fy = 0. 
Particular solution: yo =”. The substitution w = xy/, — 2y leads to a second-order linear 
equation: wi,,+2(¢f+g)w,,+afw =0. 
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55. Yin — v(ax +b) fy%, + (b— a) fyi, + 2afy = 0. 
Particular solution: yo = 2” + ax + 5(a? — 0). 


56. yi), — [(2e +.a)f + (x? + aw + b)gly”, + 2fy’, + 2gy = 0. 
Particular solution: yo = x7 + ax + b. 


57. LY + By", + x(ax” + 1) fy’, _ (ax? —1)fy=0. 


Particular solution: yo = ax +a 1. 


58. xy’ + (ax? + by”, + dary’, + 2ay = f(z). 
Integrating the equation twice, we arrive at a first-order linear equation: 


ay), + (ax” +b —2)y = Cy + Coa + i (x —t)f(t)dt, x is any number. 
xO 
59. ey’ + 2(f — 2a)yy, + 2(g + a*)y’, — [a(ax + 2)f + (ax + 1)gly = 0. 


Particular solution: yo = xe“. 


60. TY re + (af + 3)¥re + (2f + ax)y, + a(xf + 1)y = 0. 
Particular solutions: y,; = 2 !cos(2V/a), yo =a 'sin(xVa). 


61. ay” + (af +3)y”, + (ax +2)fy +a(axf + f—a’x)y =0. 


Particular solutions: 


Y= gt exp(—$az) cos(“Zaz), Yy2 = xt exp(—$az) sin(YZar 


62. xy” + (af +3)y", + (axf +2f —a’x)y’,+a(f —a)y=0. 


Particular solutions: yj =a !, yo =a be ®. 


63. Yi + (ef + 3)un, + (2f tax" )y) + ax"(af +n+ ly =0. 
The substitution w = «xy leads to an equation of the form 3.1.9.35: wi! + fw",+axr"wl,+ 
ax” (rf +n)w =0. 


64, xy?! + (wf tat+2)y",—a(at1)fy=0. 
Particular solution: yo = x °. The substitution w = xy’, + ay leads to a second-order 
linear equation: w’,, + xfw', —(a+1)fw =0. 


65. xy’, + [a?(ax? + 1)f + 3]y, — 2fy =0. 
Particular solution: yo =ax +a. 
66. xy’, + [x(aa? —1)f + 2?(aw? + 1)g + 3]yf, — 2fy!, — 29y = 0. 


Particular solution: yo =ax +a ?. 


67. (ax —1)y”,, + a[(aa — 2)f — a7]y’”, 
+ [(2 — a?x?)f + a? ly’, + 2a(ax —1)fy =0. 


Particular solutions: y, = 27, yo =e. 
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68. x7y”’ +afy”, + [x(ax+1)9 + 2f — 6ly, + gy =0. 


Particular solution: yg =a+a1t. 


69. «7y’"” + a[x(ax +1)f + 3]y”, —2fy = 0. 


Particular solution: yg =a+a7t. 


70. «y+ a(af +a)y”, + [(a—2)af + bly’, + (b—a+2)fy=0. 


By integrating, we obtain the second-order nonhomogeneous Euler equation 14.1.9.15: 


gy! + (a—2)2y,+(b—a+2)y= cexp(- f far). 


71. (ax + b)xyy,, + (ax + Byte + ey, ty = f. 

Integrating yields a second-order linear equation: (ax + b)ry’,,, + [((a—2a)x + 8 — bly! + 
(e+ 2a-aly= f fac+C. 

72. eeyl! + ax7y” + bay’, + cy = f(x). 

Nonhomogeneous Euler equation. The substitution t = In |x| leads to an equation of the 
form 15.1.9.31: yf, + (a — 3)y, + (b-— a +2)y,+ cy = f(te’). 

73. 2 yg + (a+ 2)e7yt, t+afy, +afy = 0. 


Particular solution: yo = x °. 


74, aby” + [(a+6)ax? + bly”, + 2(2a4+ 3)xy,, + 2ay = f(x). 
Integrating the equation twice, we arrive at a first-order linear equation: 
x 
ay! + (ax* + b)y = Cy + Cor + / (x —t)f(t)dt, xo is any number. 
xo 
75. ay’! + a2? (bx2*t! — 3a)y”, + 2a(a t+ 1)(2a+1)y = f(z). 
Integrating the equation twice, we arrive at a first-order linear equation: 


x 
gy! + (aa 24-1 + b)y = Cy + Coa + / (a — t)t-°2-3 f(t) dt, xo is any number. 


xO 


76. gy! + x fy”, — 2ay’, + 2(2— f)y = 0. 


Particular solutions: y; = 2~!, yo = 2”. 


77. ey. + x fy”, — 6xy’, + 6(2 — f)y = 0. 


Particular solutions: y; = 2-7, yo = 2°. 


3 2 
Particular solutions: y; = cos(In|z|), yo = sin(In|z]). 
79, wey + 2(Ff + 1)yy, + 2(f —a—1)y, — a(f — 2)y =0. 
Particular solutions: y, = a V4, Yy2 = av", 
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3 2 
80. vey ta(f +a)yy, +x(af +b—a)y, + W(f —2)y =0. 
Particular solutions: yy = 2", yo = x”, where n, and ng are roots of the quadratic 
equation n? + (a—1)n+b=0. 

3 2 
81. xy, ta(f +a)y%, + alg + (a —1) fly, + (a — 2)gy = 0. 
Particular solution: yo = x?~*. The substitution w = xy/, + (a — 2)y leads to a second- 


; ; . 2,,// / — 
order linear equation: x“wy, + ¢fw, + gw = 0. 


82. ay”! +a7(f+2ax)y” +x (2axf+a2x?+b)y! +(a2x? f+bf—2b)y =0. 


Particular solutions: y; = e ““2™, yo = e “x™, where n1 and ng are roots of the 


quadratic equation n? —n+b=0. 


83.0 yf + aerry” — 3A7y! + 2A8y = f(z). 


Integrating the equation twice, we arrive at a first-order linear equation: 


x 
ey! + (at 2rhe-**)y = C1 + Cox 4 (a —t)e-' f(t) dt, xo is any number. 


a0) 
84. yr, + (f+ a)yy, + laf + (1 + be®*) gly, + agy = 0. 
Particular solution: yo =e “ +b. 
85. yy’ + (be™ + 2a) fy”, — a(be™ f + a)y’, — 2a° fy = 0. 
Particular solutions: y; =e, yg=e “ +b/a. 
86. ye + (Ff - 2ae*”)y”” — ae**(2f — aer*” + 3A)y%, 
+ ae**|[(ae*” — A) f + 2arc?” — r7]y = 0. 


a a 
Particular solutions: y, = exp (Se ) » Y¥2=2x exp(Se™ ) : 


87. yl 


von + (f —ae*”)y’, + (g—2are*”)y’, —ae** [(ae*” +A) f tg +r7]y = 0. 
Particular solution: yo = exp(Se™"). The substitution y = exp(e™") ‘i z(x) dx 
leads to a second-order linear equation: 
zt e+ (f + 2ae**)z!, + (Qae f +9 + a%e”* + are**)z = 0. 

88. Urre — (a+ e+ be**)f — a+ clyr, 

+ [(c? — a? + bee") f — acly’,, + ac(a+ c)fy = 0. 
Particular solutions: y; =e, yg=e “” +)/c. 
89. erty!” +(2re*? + Bet*™+y)y" + (A7e*? +23 pe"”)y’ + By7e4*y = f (x). 
Integrating the equation twice, we arrive at a first-order linear equation: 


erty! + (Be + y)y = Ci + Cox 4 / (x —t)f(t)dt, xo is any number. 


vO 
9. Yere + fYee + IY — AIAF + tanh(Ax)(g + A*)]y = 0. 
Particular solution: yo = cosh(Az). The substitution y = cosh(Az) / z(x) dx leads toa 


second-order linear equation: 2”, +[f +3 tanh(Azx)|z, + [g+3\7 + 2Af tanh(Ax)]z =0. 
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9. yf” + fy, —A[2f tanh(Ax) + 3A]y/, 
+ ?{[2 tanh? (Ax) — 1] f + 2A tanh(Ax)}y = 0. 


Particular solutions: y; = cosh(Ax), yo = xcosh(Az). 


92. ye + fy, — A[2F coth(Ax) + 3A]y/, 
+ r7{[2 coth? (Ax) — 1] f + 2A coth(Ax)}y = 0. 


Particular solutions: y; = sinh(Ax), y2 = xsinh(Az). 


93, y+ [(tanhx — a)f — aly”, + [(a? — 1)f — 1]y’, 


+ a[(1 — atanha)f + 1]y = 0. 

Particular solutions: y, = e°”, yo =coshz. 
2 

94. yl”, +[(coth2—a) f—aly”,+[(a?—1) f—Iy),tal(1—acoth x) f+1]y =0. 
Particular solutions: y, = e*”, yo = sinhz. 

2 2 
95. yw’ + [Atanh(Ax) (af — 1) — fly”, —A*afy), +A“ fy = 0. 
Particular solutions: y; =x, y2 =cosh(Az). 

2 2 
96. yw’. + [Acoth(Ax) (af — 1) — fly”, — A*xfy!, + A*fy = 0. 
Particular solutions: y; =z, yo = sinh(Az). 
97. vy + [x?(a — Ina) f + 2)y” tafy,, — fy =0. 


Particular solutions: yy = 2, y2=mx-—a+l. 


98. oy” + fy tou, +APDS + tan(Ax)(g — A?)Jy = 0. 


Particular solution: yo = cos(Ax). The substitution y = cos(Az) / z(x) dx leads to a 
second-order linear equation: 2”, + [f — 3A tan(Ax)]2/, + [g — 3A? — 2A f tan(Ax)|z = 0. 
99. ye t FY ve + A[ZF tan(Ax) + 3Aly’, 

+ d7{[1 + 2tan?(Ax)] f + 2Atan(Ax)}y = 0. 


Particular solutions: y; = cos(Az), yo = xcos(Az). 


100. oy” + fy, ABA — 2f cot(Axr)]y’, 

+ d{[1 + 2cot?(Ax)] f — 2A cot(Ax)}y = 0. 
Particular solutions: y; =sin(Ax), yo = xsin(Az). 
101.” —[(at+tan x) ft+a]y”+[(a?+1)ft+1]y,+a[(atan 2-1) f—1jy=0. 


Particular solutions: y, =e”, yo = cos. 


102. yi”. +[(cot ata) f+taly”.t[(a?+1)ft+1]y,+a[(1—a cot x) f+1]y=0. 
Particular solutions: y; =e “", yo = sina. 
103. + [f +Atan(Ax) (af + 1)]y%, — Mafy’, +r’ fy = 0. 


Particular solutions: y; =x, ye =cos(Az). 
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104. yn + [f —Acot(Ax)(af + 1)]y”. — Mafy’, + M fy — 0. 


Particular solutions: y; =x, y2 =sin(Az). 


LLL 


105. asin(Ax)y”” + by”, + 3a? sin(Ax)y!, + 2aXr* cos(Ax)y = f(z). 


Integrating the equation twice, we arrive at a first-order linear equation: 


asin(Az)y), + [b— 2ad cos(Ax)]y = Cy + Cox 4 7 (a —t)f(t)dt, xo is any number. 


106. sin(Ar)y”,, + [a + (2A + 1) cos(Az)]y””, 
— (A? + 2A) sin(Aw)y!, — A? cos(Aw)y = f(a). 
Integrating the equation twice, we arrive at a first-order linear equation: 


sin(Ax)y!, + [a + cos(Ax)]y = Cy + Cox + , (x —t)f(t)dt, xo is any number. 


xO 


107. (f —1)¥ree — laf + Atan(Ax)|yz, 
+ (2? f +a7)y! + adlatan(Axr) — Afly = 0. 


Particular solutions: y; = e*”, yo =cos(Az). 
108. Yrte + FUce + 92 + (fg + 92)y = 9. 


Integrating yields a second-order linear equation: y/”,, + gy = C exp(— / f dx). 


109, Yn + BF Une + (fz + 27 + 2g)y’, + (2f9 + gi,)y = 0. 
Solution: y = Ciw? + Cowyw2 + C3w3. Here, w 1, w2 is a fundamental set of solutions 
of the second-order linear equation: w",, + fw’, + 5gw =0. 


110. yr t+ (Ff +9) une + (fi + f9 + h)yl, + (hi, + gh)y = 0. 


Integrating yields a second-order linear equation: y’,. + fy! + hy = C exp(— i g dx). 


1. oy” +(f +a)yy, + 29,4 fo thy, + (9%, + fol, +gh)y =0. 


The substitution w = y’, + gy leads to a second-order linear equation: w’,,,+ fw!,thw =0. 


15.2 Equations of the Form yy” = Ar%y®(y’)7(y”,)° 


“LL 
15.2.1 Classification Table 


Table 15.1 presents below all solvable equations whose solutions are outlined in Sections 
15.2.2-15.2.4. Two-parameter families (in the space of the parameters a, 3, 7, and 0), one- 
parameter families, and isolated points are represented in a consecutive fashion. Equations 
are arranged in accordance with the growth of 6, the growth of y (for identical 6), the 
growth of ( (for identical 6 and y), and the growth of a (for identical 6, y, and @). The 
number of the equation sought is indicated in the last column in this table. 
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TABLE 15.1 
Solvable equations of the form y/”",, = Ary? (y,)7 (yf)? 


Ton 


se fe [on 
a a ree 
ey [es] 4 [+ pe 
a 
2 ee 
ee | 
a 1 

ee 
= [ee 
re a ee 
Cee 
oes) 


| 15.2.4.186 | 2.4.186 
= 2.4.182 


a 
15.2.4.3 
ora ee 
ro 
a! a eee ale 


* Given are formulas of reduction to the generalized Emden—Fowler equation. 
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TABLE 15.1 (Continued) 
Solvable equations of the form y/,, = Ary? (yl,)7 (y%,)® 


a 
a 
a eS 
15.2.4.42 

SO 
a 
a 
a 
a 
a Oa 
a a 
a ee 
2 
a 
a 


13.2.3,7 


wd 


| 
Hitt Lh 
a) 


Hi Ze it wlN ee ae va Be shh 
ae ae bb 


| | | 
bh NIN ‘ses 


| 
i 
tht 


cops 


Hatt 
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TABLE 15.1 (Continued) 
Solvable equations of the form y/%,, = Ary? (y/,)7 (yl,)® 


A 


ee 
Ss 
a 
A 
a ae 


| 15.2.4.179 2.4.179 


arbitrary 
15.2.4.97 
po Pr 


| 15.24.94 


a 
Oe 
OO 
a 
ee 
ass 


+ 
a 


7 


F 
IR|~I 


| | 
lo Ss 


eal | | 


15.2.4.116 
15.24.1935 


arbitrary 
15.2.4.158 
Pope pop 
| S| 


| S| | 15.24.32 


ee a ee 
1 1 sis 15.2.4.14 
(8 #=1) 


1 nae 

2 5 

1 mee: 

2 7 

a _8 

2 5 
| zs | Oo 

1 15 
: 


- A] co] Colo 
oe 


es 


I 
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TABLE 15.1 (Continued) 
Solvable equations of the form y/,, = Ary? (yl) (y%.)® 


Oe 
lS a ee 
a 
ee 
ee 
Oe a 
Oe a 
Oe 
a 
15,2.4.72 
Se a 
ne a 
ee 
15.2.4.86 
On oes OO 
a 
Sc 
15.2.4.45 
a 
15.2.4.138 
a 
ne a CO 
ee 
15.2.4.43 
a 
ia ee 
ne Ce 


— 


; 


~I] 00 
w 
ies 


tit 


Is [co] No 


[o) 


a ton 
ow 
iu 


IWIN 
SIN 
ae 


ae 


15 
Tl 
4 ce 
13 2 


Z 

5 

& 

5 

f 

5 

5 3 

7 

a 

7 

es 
& 

5 

Z 

5 

Z 

5 
24 


| 
SE] icn “4 


nye 
wl 


oad Reed 
Is|>15 
nt 


a 
a 


[bo 
oynw 


re 
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TABLE 15.1 (Continued) 
Solvable equations of the form y/%,, = Ary? (yl) (yl,)® 


a 
SS 
Oe 
On 
Ss 
a 


15.2.4.106 
15.2.4.29 


| 8 

| 8 

a 

es 
| See 
re ee 
—o =| a = 
= a 
_ oO | 
a 
| ee 
a a 
po | ee 
| 8 
| 8 
| 9 
=a 
a 
= 
a 
| 8 
eee 
| 9 
a 


[Co | RO] Co | DY Co | DU Go | DO] Co 


iw) 


| 
hw 


wl 


| 
wl 


15.2.4.41 
15.2.4.51 
15.2.4.141 


15.2.4.148 


| pal i | 


15.2.4.75 


sas 
ee 
ee 


KH 
So 


bolt a= bol | po | 


BR 
w 


d+ oo 


Hy [ole] ole 


3 
2 
3 
2 
3 
2 
3 
2 
23 
15 
17 
TI 
i 
7 
27 
17 
8 
5 
8 
5 
8 
5 
8 
5 
8 
5 
8 
5 
8 
5 
8 
5 
8 
5 
21 
3 
18 
Tl 
33 
0 
17 
10 
iv 
0 
12 
7 
12 
7 
12 
7 
a 
4 


| 
: 
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TABLE 15.1 (Continued) 
Solvable equations of the form y/”, = Ary? (yl) (y%,)® 


a 
[of sz 


15.2.4.122 


oe 


ease 
15.2.4.12 
oe itt 
arbitrary 
15.24.1357 
a a 


| 15.2.4.194 | 2.4.194 


ee 
es 
es 
Oe 


15.2.4.150 


y | 
“) 


AlN] AIN 


me H]b9 
itr 


BR 
w 
a 


i) 


itt 


i) 


H 
e 


EN ce) 
a 


Oe 

[of 82876 
[oa 
a a 
2 


15.2.4.59 


ee 


H 


Nou wor 
fan 
he «| 


Jorprofor 


rt 


15.2.4.119 


15.2.4.152 


1 1 | 15.24.1153 | 
1 
= 


[oo] pofco 


bit 


1 
ne 
arbitrary 
15.2.4.98 
a 
ee 
| oO" | eee _| 
1 
ee 
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TABLE 15.1 (Continued) 
Solvable equations of the form y//,, = Ary? (y/.)7 (y%,)® 


a 
a 
15.2.4.37 
re 
ee 
ee 
es 
fo | 15.2.4.102 
es ee 
es 
es 
ee ee 
ee 
Fo 15.2.4.146 
ee ee 
ee 
[9 524101 | 
i ee | 
po 
ae 
he 
po 
Poe 
po 
po 
po 
po 
pe 
po 


; 


ow 


f 
1 i 


w 
oN 


tt 


15.2.4.136 
15.2.4.114 


| | | | | | | | 
etre eRe Re fRedle|R 
PETE TELE 
dO Joule 
te i Lie a ae He ie oe se he Us ae ae ae a a Ne 
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TABLE 15.1 (Continued) 
Solvable equations of the form y//,, = Ary? (yl.)7 (yl.)® 


a 


a 


In Sections 15.2.2—15.2.4, the value of the insignificant parameter A is in many cases 
defined in the form of a function of two (one) auxiliary coefficients a and }, 


| 
‘ tt 


hw 


A= y(a,b) (1) 
and the corresponding solutions are represented in parametric form, 
@ = f1(7,;C1, Co,C3, a), y = fo(r, C1, Co, Cs, b), (2) 


where 7 is the parameter, C',, C2, and C’3 are arbitrary constants, and f; and fo are some 
functions. 

Having fixed the auxiliary coefficient sign a > 0 (or b > 0), one should express the 
coefficient b in terms of both A and a with the help of 


b= (A, a). 


Substituting this formula into (2) yields a solution of the equation under consideration 
(where the specific numerical value of the coefficient a can be chosen arbitrarily). The case 
a <0 (or b < 0), which may lead to a branch of the solution or to a different domain of 
definition of the variables x and y in (2), should be considered in a similar manner. 


15.2.2 Equations of the Form 4’ = Ay® 
1; y= A. 


Voorn — 


Solution: y= + Ax? + Con? + Cyr + Cp. 
2. yl _ = Ay—7/2, 


LLL 


Solution in parametric form: 
r= aC? / [C1e2°7 + Coe °7 sin(V3 07) | rate dr +C3, 
y= 60? [C1e?°7 + Cye-°7 sin(V307) | - 


where A = —8a73)9/2G3, 
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3. yl = Ay—*/?, 


LLL 


Solution in parametric form: 
x = aC{ Jo —3r+C2) 9? dr+C3, y= bP (7? — 37 +Cy)t, 


where A = —6a~3b7/2, 


4. yl! = Ay—*/3, 


LLL 


Solution in parametric form: 


= act f Rar = RY dr£C3,. y=bC] Ori = Ry, 


where R = (473 _ 1), I= pre drt +Co, A= +18a~3p7/3, 


5. yl” = Ay~7/6, 


LLL 


Solution in parametric form: 


© = ac}? f R-ar1 +R) dr +C3, y= oC (271 = R)-3, 


where R= /+(4r° —1), I= [re dr + Co, A= F18a~%5'9/6, 
@ In the solutions of equations 6 and 7, the following notation is used: 


ies Ci J1/3(7) + C2¥1/3(7) for the upper sign, 

7 CI /3(7) + C2K1/3(7) for the lower sign, 
where J,/3(7) and Yj/3(7) are Bessel functions, and I, /3(7) and K/3(T) are modified 
Bessel functions. 


mt 


—2 
6. Yrrr — Ay“: 


Solution in parametric form: 


r=aC\ ae dr +C3, y= boa, where = +3a*p°. 


7, yl = Ay 1/2, 


LLL 


Solution in parametric form: 
x=aC; / Zdrt+C3, y= C7 PZ", where A= ga 3pF/2. 


8. yl! = Ay5/4, 


LLL 


This is a special case of equation 15.2.4.189 with y = 0. 


15.2. Equations of the Form yi", = Ary? (y!,)7 (yer)? 


15.2.3 Equations of the Form y’” = Aa*y? 
For a = 0, see Section 3.2.2. 
1. on = Ae, 


Solution: y = Af (x) + Cox? + Cx + Co, where 


gers 
ieee 
f(x) = 527 In || — $2? if a=-—1,; 
—x ln |x| +2 if a = —2; 
$In|z| if a = —3. 


2 yf! = Ary. 


LLL 


See equation 15.1.2.7. 
3. yf! = Ag®y 7/2, 


Solution in parametric form: 


o=ac}(f #9Par+c) y= ects (fs ar +s), 


where f = C6297 + Cye-°7 sin(V3or), A = 8a-889/2o3, 


mt 


4. Your = Aay*/?, 


Solution in parametric form: 
=1 
L= act f(r? — 3r +Cy)-9/? dr + C5! ; 
-2 
y = bO8 (7? — 87 + 0.) iG =B7 4605) 4 dr +C3| , 


where A = 6a~4b"/2, 


@ In the solutions of equations 5 and 6, the following notation is used: 


R=V/e(4r=1), r= pre drt + C4. 


5. yl = Ar 4*/3y—4/3, 


LLL 


Solution in parametric form: 


& 
I 


—1 
aCt [f R\(Qrl¢ RP dr +C3] 


—2 
y = b03(2r1 + RY? [/ Ro (271 $= RY dr + C3| 


where A = +18a7°/3p7/3, 
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6. yl = Ag 5/3y—7/6, 


LLL 


Solution in parametric form: 
-1 
c= acy [/ R-l(QrI = R)~9/? dr + C3| ; 


2 
y = bC8(27I + R)~? [/ Ro1(2rI = R)~5/? dr + C3| 
where A = +18a~4/3p!3/6, 


7, yl! = Ag 3/2y—5/4, 


LLL 


Solution in parametric form: 

—1 —2 
o=a09( f P21? 9/4 ar +-Cp) ; y= CRs ( f raf ar +c) 
where z = Cp + <7 +4Bri/?, f= exp(/ zg? dr), A= 4 Ba~9/249/4, 


8. yl = Ar 3y-V/?, 


LLL 


Solution in parametric form: 


o=6i(f Zar+e) y= brlz2( f Zar+Ce) 


where 


A= 


_443/2 om C1 Ji /3(7) + C2¥1/3(7) for the upper sign, 
pec. CyT/3(7) + C2K1/3(7) for the lower sign, 


J1/3(7) and Y1/3(7) are Bessel functions, and J; /3(7) and K1/3(7) are modified Bessel 
functions. 
9. yl = Ag 3/2y-1/2, 

LLL 


Solution in parametric form: 


x =aCyexp(2 [ Par), r= 0CyP?exp(2 f Par), 


Here, P = P(r, C), C2) is the general solution of the second Painlevé transcendent: Pi, = 
+t7P+ 2P3, and A = +4 —3/293/2 


15.2.4 Equations with || + |6| 40 
1. ae = A(y,)1(y%.)?s of # hy 6 # 2. 


Solution in parametric form: 


1 
yt1\ za yt+1y\ =a 
pact fv (itr?) ore dt+Cs, yascyt? (Ltr ) a dt+Co, 


pit 9 2 1+25—-3p 1-7-5. 


where A = 4 
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2, yl  =Ayy (yi), BA -1, 6A1. 
Solution in parametric form: 


el —1/2 
n= ace’ fT fa £7441) T5 dr+Cy] " dr+C3, y= 0CP*r 


Bp List oy 85 
- ———_2 : 
i_o a b 


@ In the solutions of equations 3-10, the following notation is used: 


ReVv1lte p= fate) ar 4 Gy F = RE-vrT. 


3. Uc >= A(y,)7; Y x =Ls 
Solution in parametric form: 


where A = 4 


L= a ae dr+C3, y= DCT re, 


—1 
where m=7—, A=d 
mw 


Solution in parametric form: 


ae nae g2m—2p-2m_ 


a= aCemtt | BR dCs, = oC? R; 


2 
5. yf! = Ay (yi) 78-4, 


Solution in parametric form: 


1 2a? 1/m 
where m = ——, A = —8ma?b~? |+—_| ; 
i 
B 


of, 


r—iCT ge eR de Oy, yb EB, 


where m= —68—3, A=+4(-1)-?"(m + 1)a?™25-™, 


6. Vere = Ay? (yO (yrn)?, BA —2. 
Solution in parametric form: 


cao / E??R-Fdr+03, y= bC?-E-1, 


where m= 8, A = #2(m+1)a~2™-2p™+8, 
Syrt 

7. Vowe = AY(Ya)” (Yau) ?2744, YA 2. 

Solution in parametric form: 


a= ac’ t+? / E-"/2R1¢r 403, y=bC'tF, 


(nt Yb) a, Aa? 


2(y+2) 2mb-! 7 
7 2a ~ (m+1)(m+2)b 


where m = ————, = ———_ [+ 
“rk m+2 


v] 


3|F 
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30+4 
8. yf = Ay? (yl) 28438, BA -3/2. 


LLL 


Solution in parametric form: 


fics re Ha ae aan ae dr+C3, y= polrt)? m+ po m—1 


where m = pe cae A=(m+ 3)a7lbm+T a m3 
B+1’ (m+ 1)2b 
3B+4 
9 oy. = Ay? (yh)? (ug,) 2848, = 6 # —3/2. 


Solution in parametric form: 


a acm tm-1 pertrer dr+C3, y= Bol Vm42) rm +2 


1 
2 3 — 2mt+1 1 2\bi = 
where m = — aa , A= Se ash m+1 [aint Dn +O i 
B+i1 (m + 2)8 Ape 
is Seat 
10. yf = Ay? (y(n) 4, #2. 


Solution in parametric form: 
-1 +3 
A acpetimt {7M REE F dr+C3, y=bC,°F?, 
2 1 
ae 2m +9) ra] a gare eas 
jb , 


where m = ——,, — + 
m+1 (m+1 2a? 


We re = ACYL) (Yee), = #2. 
Solution in parametric form: 


6 é6 
= acy fr exp(+77)dr+Co, y= sop fr exp(#21r7) dr + C3, 


Ab? a?\ 6 
here A=F—>——_ (+2). 
Maeve = Ueoonge Dh 
12. ee =A) Gre) YFo1- 
Solution in parametric form: 


pleat lanl 
x=aC; par exp(=r’?)dr+Co, y=0bC, por exp(+17) dr + C3, 


where A = +(7+ L)a?t1b-7-1, 


13. Ye =AY "YL (Yre)s AL 
Solution in parametric form: 


-1/2 
r= aC | rexp(r’) [fe exp(#1”) dr + c,| dr+C3, y= bCf exp(+r”), 


1 
where A = Tope ee 
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14. yf” = Ay’ yy, BA#A-1. 
Solution in parametric form: 
Ae oD 


ena ui 
C= Cy f fo exp(#77) dr + Co dr+C3, y=dbrité, 


where A = +(8+1)b71-%. 
Solution in parametric form: 


xX 
= EC Gn, y= LO ree porte dr + C3. 


Here, X = X(r), Y = Y(r) is the general solution of the generalized Emden—Fowler 
equation: 


Ye = Bx°y? (yi), where A = Batt25-o-3p1-7-6 


1-A 2-A 
AG, 1 + &) Pe Ca ab Al # 1, A # 2; 
Solution: y = ah exp(C1x) + C3 if A=1; 
1 
1 
1 


17. Yew = AY "YD Uire 
[ew +0) Pdy+C, if Ax = 


Solution: x = 
[(Crmy + 21? ay + Cs if A=-—1. 


18. yf” =A(y,) 1. 


Solution in parametric form: 
xr=aC; [oor dr+Cz, y=bC? fewer) dr+C3, where A= =+a~“‘b?. 


Solution in parametric form: 
x=aC; jar exp($7’?)dr+Co, y= bC, fewer) dr + C3, 


where A = +4a*b~4. 
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@ In the solutions of equations 20-25, the following notation is used: 


B= [ewter) dr+Co, F=2rE+exp(+r’). 


20. yf = Ay ty! (y%,)*. 


Solution in parametric form: 


x=aC [resrye? dr+C3, y=bC?exp(+r*), where A= +ga‘b. 


21.0 oy” = Ayyl yy. 


Veaw 


Solution in parametric form: 


r=C; few dr+C3, y=br, where A=+2b-?. 


22. Yorn = Ay 7(yi,)* 


Solution in parametric form: 


x= aC; few exp (#477) dr+C3, y=bC,E"', where A=-7a‘*0*. 


23. Yene = Ay *(y,) 9 (Yew)? 
Solution in parametric form: 


r=C pEr exp(+1r’) dr +C3, y=bE~lexp(+r7), where A= 8b. 


24. Ue = Ay(y’,) ey", 


Solution in parametric form: 


z=aC, / EV? dr+Cs3, y=bC?F, where A=-+8a~‘*b?. 


25. yl! = Ay 7*(y/,)3(y,)?. 


Solution in parametric form: 


x=acC; jer exp(+r’?)dr+C3, y=obC?E, where 


@ In the solutions of equations 26-33, the following notation is used: 


B= V/7r(r+)—-in(Vrt+v74+1) +O, R= : 


26. yl = A(yl) 3. 


Solution in parametric form: 


= 2a0?/7 +14+C3, y=bC3E, where A=— 


A= sy, 


mw 
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27. Ves = Ay~*y',(y%,)°. 


Solution in parametric form: 


x=aC, (ae dr+C3, y=bCi7, where A= 2a‘td7!. 


28. Vos = Ayy!,(yg,)*/?. 


Solution in parametric form: 


“z= aC? [ae dr+C3, y=bC?R, where A= 8a(=6). °F. 


29. ae = A(y’,)3(y%,,)3/2. 


Solution in parametric form: 


t= act [ R-8 dr+C3, y=bCSE, where A= FV 


30. yf” = Ay *(y,)-?. 


Solution in parametric form: 
¢= aC? [oer dr+C3, y=bCPE!, 


31. yf = Ay 7(y,)*(yit)*. 


Solution in parametric form: 


i 6 ee proce rar +03, y=bC?rE, 


32. Yn = Ay */?(y;,) Sure: 
Solution in parametric form: 
C= af [SAREE dr +C3, y= bC8F’, 


33. yl! = Ay 7(y”,)?. 


Solution in parametric form: 


2 =a0,* eae dr+C3, y=bCir 1B, 


34. Yovwa = Ay~*/?y! (y/7,)%. 


Solution in parametric form: 


where A= —+ —6p 5. 
where A = 2a7b. 
where A —a~‘*b"/2. 

where A = 2ab. 


a= taCF f rr? —1)(73 — 37 +n) dr +03, y= b08(7?2 — 1), 


where A = =qtaty 5/2. 
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35. ye 


LLL 


/ 
= Ayy,- 
Solution in parametric form: 
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£=2C; / (7? =37 + CG)? dr+C3, y=bC?r, where A=3a 7d". 


36. Yr = A(¥t)* (Yee): 

Solution in parametric form: 

w= +2aCpr'? (77-5) +03, y= bCf(r? — 3r +O), 
ae a a 79 al 00 


Solution in parametric form: 


v= ach f(r —1)(r? — 37 + Ca) 8/2 (74 


-1 


’ 


y= bC? (7? — 1)°(73 — 37 + C2) 


where A = + a 1p°/2. 


= Ay(yi,) 7. 
Solution in parametric form: 


38. yn 


LLL 


where 


— 67? + 4Cor — 3) dr + C3, 


bCi* (74 = 61? + AC oT = 3); 


w= acl f (19 —3r-+Cn) tar + Ca, = 


where A = +72a~°b?(4b/a)!/3, 


39. Yrre = Ay °/3(y2) (Yee)? 
Solution in parametric form: 


4 


-1/2 


: + ACT drt + Cs, 


x = +aC? [@ —1)(7? — 37+ Co)? [£(r 
y = bC?(r° — 87 + Cy)?”?, 

where A = +8 x 975a%b~ 10/3, 

40. yf, = Ay(yZ,)7/. 


LLL 
Solution in parametric form: 


i= act [(r8 —3T+ oy ig dr+C3, y= 
where A = ie 


2, 2/5 
—1,-1(@ 
ee (5) 
41. = Ay—V/?(y/)3(y/)8/. 


Solution in parametric form: 


E(r? = 1) 


r= tac} [ [+ 
6 


y = C7? (r* 


mt 
Youn 


— 37 + Cy)* (74 


2A By, 


3/5 
— 10 ,24-8/2 
where A= —15 x 2 b~ ee 


3)] 


bCi (7? — 1)(73 — 37 +)? 


— 67? + 4Co7 — 3) dr + C3, 


8 6-5 
A=— gab : 


’ 


15.2. Equations of the Form yi”, = Any? (y!,)7 (yee)? 


42, yf” 


LLL 


= Ay COG) 


Solution in parametric form: 


i act" f (73 —3r+ Co) (74 _ 6r? + 4CoTr — aor drt + C3, 


y= +oC}%(r4 = 677 + 4C 97 — at 


where A = +72a7°b!7/3(a/4)-¥V/3, 
43. yl _— Ay 5/2 (yi! err, 


LLL 
Solution in parametric form: 


a= sac} f (1-374 04) (r4 67? + 4Cor 3) 3 dr +Cs, 


y=Icr (ir ~3r+Cy) ‘(74 67? + 4Cor ay 


2 


where A = 34 b (=) . 


3b 
@ In the solutions of equations 44-47, the following notation is used: 


Ps(r) = +(7® — 1574 + 20Cor? — 457? + 12Co7 + 27 — 803). 
44, yl! = Ay Fy! 1/8 (y”_ 8. 


Solution in parametric form: 


pe? / (73 — 37 + Op)? [4(r4 — 67? + 4Cor — 3)] 2? B6(7) dr + Cs, 


y= +bC, (7° —3r+ Cy)? (74 — 67° 44057 — ie 


where A = eb" Qa)". 

45. Yn = Ay(¥s) (Yen). 

Solution in parametric form: 
z= aC} / (73 —3r+ Cy)? (74 — 67? + 4Cor — a dr + C3, 
y = BCP (13 — 87 + C2) P(r), 


— 405 3.7, b\ 1/27 a? \2/5 
where A= —"an*6(+5-) (soe) - 
46. yf = Ay /4(y/)3(y”)8/. 


Solution in parametric form: 
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g = +aC?" / sare Cy) (74 — 677 + 40 g7 — 3) 8 Ps(r) V2 dr + C3, 


y= as Ce 67? +t ACT ae 


2 \ 3/5 
where A = —45 x 28a? #/4( . 
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ai, af = Ay Gy Ag 


Solution in parametric form: 


z = +aC?? / ( 3rt Cy) 2? (74 67? + 4Cor 3)? P(r) drt + C3, 
y = bP (1 — 37 + C2) '[Pa(r)P, 


Ly 


where A = +28 x 37a °09/?( 35 


48. yy!” 


LLL 


= A(yi) 7, 


Solution in parametric form: 


£SaC? ‘ (e+ 1/4 dr+C3, y= bC8(r?+3r+ Co), 
where A = +8q~5}3(3b/a)!/3. 


49. Yen = AY Yi (Yorw) 
Solution in parametric form: 


oS ai ae + 1? (73 + 37+ aa dr +C3, y= bC8(r? + iar 


where A = Faqzath- 4/8. 
7/5 
Solution in parametric form: 


2 = ac? / (77+ 17? (73 + 37 + are dr +C3, y= bCyr(r? + poe 


where A = +5b-? es ae 


51. yree = A(¥e)? (Yee)? 


Youn 


Solution in parametric form: 


v= ac? fr +1) 4dr 403, y=bC8(r3 +3740), 
— _ 4 9, 3/20? \3/5 

where A = Fo74 b (=) : 

= Ay */3(y/)—7/3, 


Solution in parametric form: 


52. yn 


LLL 


c= act | (7+ 1)/4(73 +37 + a dr+C3, y=oC8(r?+3r4+ Go 


where A = + 81q-5p18/3 (3b/a)¥/3, 


15.2. Equations of the Form yi", = Any? (y!,)7 (yee)? 921 


53.0 y= Ay ®/3(y! 8/8 (yl )3. 


Solution in parametric form: 


a ote (+1? + Cot — 1)(7? les 1)? (73 +37 + Gi) dr+ C3, 


Y= bC (7? Se 1 iad Ca +37 + On) 


where A = + ¢0"b?/9(3b/a)?/. 
54. Ye = AY(Ye) (Yen). 
Solution in parametric form: 


2=aC{ / (7241)? (73437+Cy)°/® dtT+Cs3, y=bC9(£724+Cor—1)(7?2 £1)”, 


where A = +5a~°b°(2a?/b)?/°. 


55. 9, = Ay *(ul)* ws.) 
Solution in parametric form: 


R40. | iy tT 4 Cor — 1? (73 +37 + oye dr + Cs, 


y = bC8(73 + 37 + Co)'/*, 


where A = +5a7b(2a?/b)?/°, 
56, yg = Ay 9/(y!L)7/4 
Solution in parametric form: 


2/3 
yr 


(73437+C> : 


r=aC;" | (7241) °P(3 43740) 1? dr+C3, y=bC?(r?+1) 


2. 3/4 

— Ag—1p5/2 (2 
where A = 4a“ b (+5) ‘ 
57. 9 = Ay “PG we) 


Solution in parametric form: 


x = aC}" fer + Cor —1)(7? + 1)? (78 + 37 + Co)?/3 dr + Cs, 


y= bc} (+1? + Cort — ie = i mee 


where A = —64a~°p9/? Ce 
@ In the solutions of equations 58-63, the following notation is used: 
Py = 74 — 61? + 4Cor — 3, 
Ps = 78 — 1574 + 20Cor? — 457? + 12Cor — 8C2 + 27, 
Py = 7r° — 10877 + 84C27° + 3787° — 756C 274+ 
+ 84(4C% + 9)r? — 756Cor? + 5677 + 4(4C3 — 27)Cd. 
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58. 


LLL 


Ay ag) ra ye, 


Solution in parametric form: 
a =C3+ac™ i: PP/8py8? dr, -y = —0C84 Py), 


where A = —294- 639/7 \/6a727/7p29/14, 
= Ay 10/7 (y? )—15/7 (yy! wee 


Solution in parametric form: 


59. yn 


LLL 


t= C3 — a0? / PAI? p2 prs? dr, y = —bC2P, Pe}, 


8-7". 3/2 -1/7,29/14 


where A = 
1701 
60. ee = Ay? (y/,) 9/2 (y%_,) 13/20, 


Solution in parametric form: 
a = C3 — aC?? / Pepe dt, y= Cf P,/3 Py, 


80 - 29/10 . 31/5 749/10 p 11/5, 


here A = 
where 79 
6. yl, = Ay 4(y!)5 (yl) 17/0, 


Solution in parametric form: 
= 59 —13/6 p—-1/2 p-3/7 _ 771108 p4/7 
x= C3 - aC? P, Po Py’ dt, y=bCy Py’ , 


5. 93/5, 33/10 


where A = —————-——-a2"/5 59/20. 
1088391168 
—10/3 1/3 18/11 
62. yh, = Ay PB iy) 3 (yf et. 


Solution in parametric form: 
= 50 —3/2 1/2 p—4/7 = —1 p3/7 
& = C3 —- aC} Pe BG. Oe AS OGLE dag ns 


where A = 99a~2/33p100/33 | 


SA GOGO 


Solution in parametric form: 


63. yt 


LLL 


x = C3 — aC! / Pye? peo 4 ar, y = C88 Pr PR, 


where A = —3168 - 22/3q7196/339197/33 | 


15.2. Equations of the Form yi", = Any? (y!,)7 (yee)? 923 


@ In the solutions of equations 64—75, the following notation is used: 
iS Qe" +e" sinWwT), w= kvV/3, 
Sq = 2kCye7*7 + kCye~*" [V3 cos(wr) — sin(wr)], 
S3 = 4k?Cye7"? — 2k*Cye—** [V3 cos(wr) + sin(w7)], 
Sa = 8% —2853, Ss = 5554+ 32k? S?. 

64. yf, = Ay (yl) (ute)? 

Solution in parametric form: 


= act | 5,151 dr+C3, y=bCtS3?, where A= —a°b-9/2K3, 


65. Yon, = Ay /7(yl,)°(ul.,)°- 
Solution in parametric form: 


a= aC} / S77? 5584 dr+C3, y=bC?S;'S3, where A= 16a~3b9/2k3. 


66.’ = Ay(y’,) 9”. 


Solution in parametric form: 


a = aC? / Se! dr +C3, y=bC8S4, where A =—160a~*bk°(16bk? /a)*/°. 


67. Youn = Ay (yl)? (ul... 
Solution in parametric form: 


c= act | si!*5)5,'” dr+Cs, y=oC3S7?, where A= + x 55 q%p-18/5,-6, 


68. Tae = Ay(y,)°/". 
Solution in parametric form: 


2 


; - 2/7 
L= acy | §; 3? ap + C3, y= bC1S, "89, where A= say '(4 5) 


69, yf = Ay 2 (y!)3 (yl) 12/7, 


Solution in parametric form: 


z= aci® / Si, Sudr + Os, p= boPa?, 


az \5/7 
ue) 
= Ay 25 (yh “9/8, 


Solution in parametric form: 


where A = 7 X a ls aad | 


70. yn 


LLL 


x = aC? i Sg? dr+C3, y=bC8s;!, 


where A = —160a~*0?9/5k9 (160k? /a)4/°. 
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71. m = Ay (yl) ray). 


Yeon 


Solution in parametric form: 
x = aC? / Sg oe dr+C3, y=bC S797), 


= et 17/51.—6 pvt 
where A= 552 bk (—-) ; 


Tr. ison = AY(Yn) 9/4 (Yh)! 
Solution in parametric form: 
x = aC? / 6,37 58 dr+C3, y =bC%5,"/"5,, 
_ 85 4 f  Sb\/47 a? 42/7 
whew A= Bai(B)"" (Ge) 
= Ay-13/8(y! )3(y” 12/7, 


Solution in parametric form: 


73. yt 


LLL 


2 = a0} 7. SoS. are, waters”, 


2 \5/7 
_ —22_2,—11/8,-9/ _& 
where A = 175 x 2 a b / k (=) 


74, yf!" 


LLL 


Say eae 


Solution in parametric form: 
c= acy | ssi dr+ Cs, y= 00PSy 157", 
where A = — 208 g~ 197/23 (2a /b)°/18, 


= Ay V2 (yh) 8 (yy), 


Solution in parametric form: 


75. yo 


LLL 


a = aC! i 5, 7/759 S5dr+C3, y =bC%s/182, 


where A = 208 x 5°a~713/2k3 (2a? /b)8/13, 

@ In the solutions of equations 76—93, the following notation is used: 

T, = cosh(7 + C2) cos, T2 =tanh(7 +C2)+tan7, T3 = tanh(7 + C2) — tan, 

6, =coshr — sin(t + C2), 62 =sinhr+cos(r+C2), 03 = sinht — cos(7t + C2), 
T1 = 3T2T3—4, 04 = 36203 — 262. 

= Ay? (yi). 


1°. Solution in parametric form: 


76. yn 


LLL 


t= aC, ica dr+C3, y=bC#T{T>, where A= —3a~>b(2b/a)"/*. 
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2°. Solution in parametric form: 


t= aC\ Ce dr+C3, y=bC{@:, where A= 3a75b(b/a)¥°. 


77. Yerw = Ay °/3(y2)° (Yee)? 
. Solution in parametric form: 


2°. Solution in parametric form: 


x= aC} / 01/705 705 dr+C3, y= cze?”?, where A = —256 x 377a8p- 16/3, 


78. Yivew = AY(Yn) 3 (Ya). 
. Solution in parametric form: 


5 7 b \ 1/37 2aé\ 2/5 
any Na y=bCiT, Ts, where A=->~(>-) (=) : 
2ab 3b 
2°. Solution in parametric form: 


= = b \ 1/3 7 dq? \ 2/5 
v=acy? | 6,904? dr+ Cs, y=bC10, 76s, where A=55(5-) (=) : 


19; Ue =a) aa 
. Solution in parametric form: 


3/5 
L= connie t,? driC3, y=bC}?T2T3, where A=——a*b~ nea : 


a 3b 


2°. Solution in parametric form: 


a2b- vps (4a Ne 


3b 


g=aCy | 80!*0365;"” dr+C3, y=bC}*63, where A= a 


80. ye 


LLL 


_ = Ay~>/2(y"_ 3/2, 


1°. Solution in parametric form: 

x= ac} f 7; To? ares y=bC{T,', where A = 2a~20"/? (2/b)'/?. 
2°. Solution in parametric form: 

i= acs | 65°? dr+C3, y=bC76;', where A= Sa OBA (227 b)4 


81. m = Ay a Ce Ay”! Dies 


Veaw 


1°. Solution in parametric form: 


x= aC} [ 7)/?237, dr+C3, y=bC?T,T?, where A=—32a~?b"/2(b/2)-¥/?. 
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2°. Solution in parametric form: 
v=aC? i; 0,77 6203dr+C3, y=bC26;162, where A=16a~2b7/2(—b/2)-1/?. 


82. yl 


LLL 


ayy 


1°. Solution in parametric form: 
a =aC> : TTS? dr4+C3, y=bCtT Ty}, where A=—3a~5b?0/3(2/a)!/3. 
2°. Solution in parametric form: 

c=aC® i 01/4053" dr +03, y=bCt0z!, where A = 3a716/3420/3, 


83. yf! = Ay F/3(y! 17/3 (y_)3, 


1°. Solution in parametric form: 


= 2/3 
o=aCt f TT; ee ar dt+Cs, y=bCT, Tz}, where A= aa 7948(—) : 
2°. Solution in parametric form: 

= 2/3 
r=a0? i 01/703 °?0,dr-+C3, y=bC107/051, where A=—Sa948(-) . 
a 


84.” = Ay(yh 19/7 (y 7, 


1°. Solution in parametric form: 


a: 1/3-p11/6 aera? _ 5 _9/3b\8/7 2a” 2/5 
r=aC? | 7, TT,’ dt+C3, y=bCyT,'°T4, where A= me (=) (=) : 
2°. Solution in parametric form: 

= ao? faye /e ap AGH Te _ 5 97 3b)6/7 / da? \ 2/5 
r=aC} | 6; 6\°dr+Cs, y=bOP0; 64, where A=—a (=) (=) 
85. yee = Ay!" (yn)? (ute). 


1°. Solution in parametric form: 
z= a0} fr rgPr dr +05, y= scpa Ty”, 


a 


45 
ki es -32p-H/7 
where 16 x 7 "a ( 7 


2°. Solution in parametric form: 
x = aC}? / BO Oe are Cy: YS OCs, 


a 


45 —3,2)—11/7 
where A = a XT ab (= 


mw 


15.2. Equations of the Form yi", = Any? (y!,)7 (yee)? 


86. yl! = Ay ?/? (yl! y18/10, 


LLL 


1°. Solution in parametric form: 
e=aCy! | T7/’t 8 dr + Cs, 


where A = 2a~1b°/?(2a?/b)3/1, 


2°. Solution in parametric form: 
_ anil —3/2)-1/3 
x=aC} 0,°'°0, "dr +C3, 


where A = 10 g-195/2 (20? /b)3/20, 


87. yn 


LLL 


= Ay 1/2 (y!)4(y%, 17/9. 


1°. Solution in parametric form: 
x = acl? ‘4 TT Tide Om 


where A = —540a~5b9/?(2a/b)7/19. 


2°. Solution in parametric form: 
x = ac / 0, °° 08/3 04 dr + Cs, 


where A = —270a~5b9/?(—2a?/b)7/10, 


88. yl _— Ay 17/10 (y! 8/5 (y’ 3/2, 


LLL 


Solution in parametric form: 


2= 05-0} [Try (arp — Ty) (TF + Ty)? ar, 
y = —bCPT, 3 (37? — Ty)-1 (87? + Ti) 


where A = 200V/2 - 602/5q718/5p19/5, 


89. yl = Aya 18/10 (y! )— 12/5 (yt 5/2, 


LLL 


Solution in parametric form: 


o= Cy — ac} f ry/ry°19 (ty — 378) 9 (373 + 7)? ar, 


poe, CT 


y = octo; tas”, 


y = oCPT/TY, 


y = 0076; +64, 


1 
’ 


y = bORTy 7" (813 — Ts) 1813 + Ta), 


V/2 - 207/% . 33/5 a7 2/5ptt/5. 


where A = 
810 
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90. ye 


LLL 


2 —27/7 16/13 
= Ay? (yi) 77/7 (yg) O08. 
1°. Solution in parametric form: 
B= Cs+400" | UO TS a? <9) az, 
y = oCHMTP eT BT, 


13 —400/91 p148/91_ 


where A= — 9239/91 . 334/7 . 73/13" 


2°. Solution in parametric form: 
x = 03 + 0037 f [19/97 4/397 19/9 ay. 


y = bC}09;5 1/3 (262 — 30263), 


26 - 3358/91 
where A = ae 
-17/7 5 23/13 


1°. Solution in parametric form: 
£2 OUP (ee aT ea HoT ae 
y = vOpTy rp — TAY, 

13 q@2/134-304/91_ 


942/13 . 36 . 775/13 
2°. Solution in parametric form: 


where A = 


x = C3 + a038 | 63/1939/8 (262 — 3603)-/20, 9!" ar, 
—7/10,7/10 
y= bC7°6, / 6) ’ 


13-2708 q72/13p-304/91 


where A = 36. 775/13 
92. yl = Ay 18/3 (y! 1/3 (yt ie 
LLL az Le 


1°. Solution in parametric form: 
x = C3 — a0] ‘| Girt a (ee Or) gs 
—1/10-,— 
y = bORT, Ty (TP — 9T4)9™, 
where A = 51 - 23/17q~8/515208/51 
2°. Solution in parametric form: 
x= C3 +a07® i 019; °/? (262 — 36203)/20; 1" ar, 
—3/10 9-1 3/10 
y = 6030; 9/95 199/19, 


where A = —102 - 298/51q—8/51 208/51 


15.2. Equations of the Form yi", = Any? (y!,)7 (yee)? 929 


93, ye 


LLL 


—2/3 —23/3 24/17 
= Ay? (yi) 83 (yt a", 
1°. Solution in parametric form: 
p=, 5d a a Hor ae 
(SIC I Te 
where A = 102q~400/51 404/51, 
2°. Solution in parametric form: 
= C3 + 501% | 0,179, 9/ (267 — 36205)°0,"/ dr, 
y = bC} 6; | (20? — 36263)3, 
where A= 102. 2° get, 
@ In the solutions of equations 94—96, the following notation is used: 
Iy = Cir Oar. Ni = (L4+k)Cyr* +(1 — k)Cor—*, 
Ig = Ci Int +C, Ng =Cylnr7+C, + Co, 
D3 = Cisin(k Int) + C2 cos(kln7), N3 = (Ci — kC2) sin(k Int) 
+ (Co + kC;1) cos(k ln). 
94, yo!” = Ay *(y/)*. 
Solution in parametric form: 


1 if A>—-1/8, 
a= f rPL I? dr + Cs, y=", where k= ./|1+8A], m= 42 if A=—1/8, 
3 if A<—1/8. 
95. ye = AU(Y,) > (Yew)? 
Solution in parametric form: 
1 if A<1, 
LS [rr Nindr + Cs y=TLm, where k= V|A-1|, m=(¢2 if A=1, 
3 if A>1. 
96. yl, = Ay Y/?(yl,) 9/2 


Solution in parametric form: 


oa f PL, dr+C3, y=77L?, where k=V/1+8A-2. 
@ In the solutions of equations 97-112, the following notation is used: 


— | Cid(r) + C2¥,(7) for the upper sign, 
7 Ci I,(r) + CoK,(r) for the lower sign, 


Uj= TZ. +vZ, Ug=UP47°Z?, Us = 43772? — 2UyUd, 
where J,(T) and Y,(7) are Bessel functions, and I(T) and K,(r) are modified Bessel 
functions. 
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97. Viren = Ay"(y,)?, BA-2 
Solution in parametric form: 
3v-2 1 1 
2=Q; fr 2 YP Gra Ox. y=br”’, where v=——, A=z— FP”, 


98. Wee = AVY) (Yre)s yA —3. 
Solution in parametric form: 


1 
r=acy [Uy dr+C3, y=0bCi7T"Z, where v= A=t—sao-78, 
Vy 


me) 
+ 
w 


99. yf = Ay 7 (y%,)?, 6 #3 /2. 


Solution in parametric form: 
x=aC; [rose +C3, y= b0?r"’7Z’, 


h 1-0 da-3p3/2 7 a2 
Wet Sage tt gas ap) 
100. Uns _ As y(ue): 
Solution in parametric form: 
e= 60) [ea +03, y= bC27-¥8 (72? ach, [ea = C30), 


where v = 7 A= 2aSb-8. 


101.” = Ay 1/2 (y,)8. 


Youn 


Solution in parametric form: 
x=aC; [rz d7+C3, y= Ore ae a where v= Z, A= —ha3p3/?, 


102. yi), = Ay */7(yh) Fw). 


Solution in parametric form: 


o=O; f ?Z-*U\Uadr+Ca, y=br-*3Z-2U?2, where VSR A=+4$p3/?, 


103.” = Ay(y,,)—*. 


Solution in parametric form: 


x=alC, / Zdt+C3, y= bO27-2/3Ug, where v= 4, A= — Bab’. 


104. ye = AY? (YL)? (Yew)? 
Solution in parametric form: 


x=ac, jf e0w3"? dr+C3, y= bO2r Ze, where v= 4, A= ao. 


mw 


15.2. Equations of the Form yr22 = 


105. ee = Ay(y%,)°”?. 


Solution in parametric form: 


o=; fr Zdr40s, y=br 23 Z-1U,, where vs; A 


106. yf", = Ay V/2(y!)3(y,) 9/7. 


Solution in parametric form: 


v=aC\ j Bg Us dps, “y= be U8, 


where v= 3, A= $e ath °/?(-6/b) 2, 
1072 yf = Ay 7(y) *: 


Solution in parametric form: 


e= acy | rZU;* dr+Cs, y = bCr7/7U;!, — where Pea A 


108. yin = AY?" (Y) (Ye)? 
Solution in parametric form: 


o= 0, f 2U;*"Usdr + Cs, y = br*¥377U51, where v= 


109. yf. = Ay(y,,) 3 (ue,)°/?. 
Solution in parametric form: 


£=aC) premuy? dr+C3, y= bC0?7~4/9Z-1Us, 


where v = 4, A = —8a~3b?(+6/b)!/?. 


110. yf, = Ay 7(ui,)°(uZ.,)°. 
Solution in parametric form: 


z= aC; [eeu dr + C3, 


where v = x, A= +27 93p-1(46/b)1/?. 


mi. yf = Ay? (y”%,)3/. 


Youn 


Solution in parametric form: 
£= Cj sha? dr+C3, y=br~4Z-7Up, 


112. yf, = Ay */?(y) Fw)”. 


Solution in parametric form: 
£=aci [rezruyu; dr + C3, 


where v = x, A= + 286 9357/2 (2b)-1/2, 


Ary? (ye) (yee)? 


y = b0?7-73Up, 


931 


2b-!(+6/b)1/?. 


_ __ 16 676 
=— ga db. 


A= 180-3. 


where v= x, A= 


E452 (2b) 1/2, 


y= Ge AUS, 


932 


THIRD-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


@ In the solutions of equations 113-156, the following notation is used: 


+(403 — 1) 


The function 9 = (7) is defined implicitly by the above elliptic integral of the first kind. 
For the upper sign, the function ¢ coincides with the classical elliptic Weierstrass function 
9 = 0(T+Cd, 0, 1). In the solution given below, we can take ¢ to be the parameter instead 
of T and use the explicit dependence T = T(¢). 


113. yf” = A(y/)°. 


Solution in parametric form: 


= aC? | po? dr+C3, y=0bC iT, where A 


114. yf” = Ay?y’(y”,)%. 
Solution in parametric form: 


z= aC? me dr+C3, y=bCip, where 


Solution in parametric form: 


oS act f 64 dr + Cs, 


116. Ynre = ACYL)? (Yee). 
Solution in parametric form: 


o= ach f far + Os 


117, yf = Ay *(y/)°. 


Solution in parametric form: 


y = bC?f, 


y= bC?r, 


f= 


V +(463 = 1). 


3a7b- 4. 


A= #24a4b~. 


where A= —4a%b-3(+3b)-1/?. 


where 


A= +6ab~?(+3b)~'/?. 


£= aC,” [ree dr +C3, y= bC27—*, where = +3a’b. 


118.” 


Solution in parametric form: 


= Ay’ (yu) we): 


t= ac§ [9 (rf —g)dr+C3, y=bCfr-'p, where A= +24a~®d”. 


119.” 


Solution in parametric form: 


Mn = Ay(yl,) 9/7 (yt). 


i= ac? f 1-16? dr+C3, y=bCi(rf—), where A= + 4ab(+2/a)/?. 
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120. yh, = Ay */4(y) 3 (us) /?. 


Solution in parametric form: 


ab~3/4(+43b)-1/?. 


aa 
Sle 


o=aC} f %(rf—p)V ar $C y=bCir*, where A=4 


—2/3 6/5 
121, yf = Aya ?/3(y_ 8/5, 


Youn 


Solution in parametric form: 


2 \ 1/5 
a aC{ / tT 4g? dr+C3, y= bCiT *p%, where A= +5a7157/( ; 
122) y= Aya 1/2 (yl 1/3 (yl 9/5, 


Solution in parametric form: 


x = aCj" / PRN (rf—p)dr+C3, y=bCH(rf- 9), 
12b\ 1/37 a? \4/5 
— —1 1/2 parmie ee 
where A = +5a °b ( ; ) (=) ; 
123. vith, = Ay" (yL)®. 


Solution in parametric form: 


saad’ f Ap Lyrae LOy, y=bC}*r", where A=+3x7~4a2b-!8/7, 


124, yi, = Ay? (yi) 79/7 (y%,,)®. 
Solution in parametric form: 


x =aCy? tala, +379 Fl)dr+C3, y=bCir(r’ oF 1), 


where A = $aga fb 


125. Ye = Ay) a) 


Solution in parametric form: 


z= aC i, TAP? ps1) dr+Cs, y= bCfr (rf + 379 F 1), 


where A = +3(+6b/a)9/4(+6b)-1/?. 
126. yh, = Ay 8 (yu) )F(y7,) 1. 


Solution in parametric form: 
c=a4C; peer + 37° 9 + jo dr+C3, y=bC8r 8, 


where A = +Sab- 8 (=6b)-/?. 
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127, yf!” 


LLL 


— Ay 2/3 (y" ee a 
£9 69 
Solution in parametric form: 


“= aC? [Pee - 1) dr+C3, y=bCir3(r?oF hie 
where A = +15a~1/15p2/3(18b)-7/15, 
128; gi = Ag ay ean 
Solution in parametric form: 
eS acy ja + 3779 = 1)\(7? 9 + i dr + Cs, 
y = C81 (73 f + 87? 9 + De 


where A = +15a~!p!/? (=) cs ea‘ 


129. yg = Ay?! (yh) 


Solution in parametric form: 


o=act frp me dr+C3, y=bCir~", where A=4+3x7~4a7b-8/7, 


130. yl, = Ay? (y/,) 38/7 (yt,)%. 


Solution in parametric form: 


=a; ees —47*9+6)dr+C3, y= bCl?7 *(r*9 +1), 


24 —12/7)5/7 
ig ber, 


131. mw _ Ay (yi) 727/18 (yi )3/2, 


Youn 


where A = + 


Solution in parametric form: 


G=aCe" 72 (7264 iy dr+C3, y= bO?r(r?f — 4779 +6), 


where A = — 24 (6b/a)/13(439b)-V/?. 
= Ay~ 20/18 (y! )3(y’t_ 3/2, 


Solution in parametric form: 


132.” 


LLL 


x = aC? i 773/273 f — Ar? ot ae dr+C3, y= bC?er®, 
where A = +76, ab 9/13(439b)-1/2, 
= Ay-/¢yf,)277™. 


Solution in parametric form: 


133. y!” 


LLL 


r= ac} fr C% Fl) dr+C3, y= b0]8r8(?p #1)", 


2 \ 7/20 
h A=2 “1/3 (4) ; 
where Oa 18b 
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134,” 


LLL 


= Ay Vg) ae. 


Solution in parametric form: 


vac}! [18 f—4r2p6)(r?p #1)? dr Cr, y = bC?r?(r? f — 4729 £6), 


126 


where A = +20a~1b4/?(—) 1/3 (: az ye 


~18b 


135. yf” = A(y,) 4. 


Solution in parametric form: 


z= aC? 7 go 2dr+C3, y=bClo?(f+2r97), where A= 10018. 


136. Yee = Ay? Y, (Yee) 


LLL 


Solution in parametric form: 


£= aC frc5re as arp?) dr+C3, y=bC8o*, where = +3 Bb le 


137. ee = Ayy’,(y%,)°/*. 


Solution in parametric form: 


= 2, 3/5 
x = aC}* y (Ff +2re*) PF dr+Cs, y=bO8f, where A=+30°(5) 


6b 


138.” = Ay’, (y%,)7”. 


Solution in parametric form: 


v= aC}! / of Pdr +C3, y= bCitp (f+ 210"), 


2/5 
where A = +207b-*( 4) d 


139. y!” 


LLL 


= Ay (yi). 


Solution in parametric form: 


_ All gdr _ p44 # as ~7)11/2 
— aC; / Ff £2re 3 + C3, Y= bCy f tlre’ where A = 192a b ‘ 


140. ee = Aye /2 (gy 


Solution in parametric form: 


race i (ft 2re?) (rf +20)dr +05, y=dC$(f +27"), 


_ _ 3. 3p1/2 
where A= —4a3p/?, 
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141. ore = Au(Ye) (Yon). 


Youn 


Solution in parametric form: 


z= aCj" / oUF Ire) dr+Cs, y= oC (rf +29), 


_ 10 9, 4/20? \ 3/5 
where A= =-a'b (=) , 


142, Yee = Ay(¥s)* (Yen). 
Solution in parametric form: 


2=cC" | ‘Gie= ar?) 2? (rf +29)? dr +03, 


2a? \ 2/5 
_ _4,,2p-4 

where A = —10a*b (= ) : 

= Ay Vy, 


Solution in parametric form: 


143. y’” 


LLL 


ae Ore / (f+ are?) A (rf + 20)dr+Cs, 


where A = —648a~5b"/?(6b/a)!/3. 
144, ye = Ay (yt)? 


Solution in parametric form: 


-1/2 
2: 


y = bCie(f + 279”) 


y= OP (rf +29), 


raat, f off + 27)! dr + Cs, y= oCi(f + 27 07)3/2, 


where A = +57 a3b- V3, 
145, yh = Ay */8 (yl) 748, 


Solution in parametric form: 


a= aC? i (gf ae ore?) * (rf + 20)? dr + Cs, 


where A = —648a~°b?5/6(6b/a)!/°. 
146. yrs = AVF (yL) FA (ute)? 


Solution in parametric form: 


y = CP (rf +29), 


ea aly? {px 1) f Bro?) (rf + 2p) Pd +s, 


y = bCl(f £2rp*)? (rf +29)", 


where A = —gza°b-/3(6b/a)?’?. 
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147, yf, = Ay(y,) (yen). 
Solution in parametric form: 


o=act! fF + 2702) */? (7 f 4.20) 3/6 dr+Cs, y = 002" (72 91) (f + 279") : 


where A = —20a!p-!?(2a? /b)?/®. 


148, y/)., = Ay? (y,) (une). 
Solution in parametric form: 


x=ac'8 i; (PpF1) PO (ftorg?) “(rf $29) 4/3 dr + C3, y=bCl§(rf +29)", 


where A = 20a7b~8 (2a? /b)3/*. 
149. yf = Ay? (yh) 4, 47°. 


LLL 
Solution in parametric form: 


x=aCy" i: (Pez I(F £2767) (rf + 29) dr + Cs, 


2 —1 
y = bCP (7? £1) (f £279"), 


a2 \ 4/5 
D) 
150. Vics = Ay Py! ye, 


Solution in parametric form: 


where A = —320a~711/?( 


z=aCy! | (ft2rp?) 7 (rf +29) drt+Cs, y=bCH(ft2rg) "(rf +29), 


— 5 p3/2( 2) 
where A = hia (=) . 
151, ys Ay 4/5 (yl )~17/5 (yt 1/2, 


Solution in parametric form: 


x = C3 — aC" [ie + 20)/8 (2772 90! + po! + Bre? — 73)-3/? dr, 


y = 0CP4 (27? 9" + gp! + Bre? — 73)-1, 
where A = —1250 - 57/5q7?7/5p47/10, 
—11/5 —3/5 5/2 
152. yf" = Ay / (y’,) / (y”,) /2, 
Solution in parametric form: 
v= 05—acy f Pe Wer ey ze 
1 G =! 2729! — ou _ 87 92)3/2 ) 
y = —bCy (re! + 29)°/9(27? pp! + go! + Bre? — 73)}, 


2- 10%/ qi/5p13/10_ 


where A = 
125 
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1535. Gong = Ay (ue) Gig) 
Solution in parametric form: 
_ 0, - <f (73 — 27? pp! — g! — Bry?) 
(ro + 2p) | 
y = 2C} (7p — 1)(ro! + 2p), 


where A = —11- peed 


154, yf, = Ay*(yi,) (yen) o/. 
Solution in parametric form: 


C= C3 _ aCe (Te! a 20) 7/8 
i (729 — 1)1/2(272 09! + pl + 87 p2 — 73)6/5 


y = bP" (27? 9! + w! + Bry? — 79)-M, 
where A= 11 - 2716/11q54/11p—104/11. 


= Ay 8 iy!) 38 (yt). 


Solution in parametric form: 


dr, 


155. ye 


LLL 


(720 _ 1)1/2(272 9! ay gl a 87? _ yy 
(rT! + 29)? 
y = OCP (re + 2p)-?(27? pg! + w + Bre? — 79)9/, 


2 = C3+a0,;* dr, 


where A = 27/12 . 3-13/6 , 47/6p11/12 
156. aos = Ay 2/3 (yl = 8/3 (4 Ae 
Solution in parametric form: 
26 — 1)2(27?2 99! + oo! 2_ ~3)2/5 
x = C3 + a 
(T9! + 29) 


y= bC}9 (725 > 13 (re! ih 20)-2, 
where A = —108- 22/4. 31/6 . q~25/6p43/12 
@ In the solutions of equations 157 and 158, the following notation is used: 
1 
oe ee ee ee 
rR dr a ge Oe ae 
v-[—. z2=474+In|r| + Co if k =0: 
a) | 
In|7] == 40) if k =—1. 
i 
157. Yee = = Ay®(y!)- L(y” )?; BLO. 


Solution in parametric form: 


1-6 
r= fr B” exp(—3U) dr + C3, y=br/8, where k=1/8, A= —20-8. 


15.2. Equations of the Form yi", = Any? (y!,)7 (yee)? 939 


158. Ye = AY (YL) Yee VAI. 
Solution in parametric form: 


2% a: 
r=aC; oe ze dr+C3, y=eY, where k= Pee A=at—1p1-7, 
7 — 


@ In the solutions of equations 159-188, the following notation is used: 


R= J/+#(473-1), K=27I=R, b= (RE-1), 


I=477 =F, y= Ihla-—8F, Is =2RI—7’, 


where I = J mas + Cy is the incomplete elliptic integral of the second kind in the form 


of Weierstrass. 


159, yf” = Aly). 


Solution in parametric form: 
r= act f -5AR dr +C3, y=bC?r 1k, where A= +3a 108. 


160. Wee = Ay *y) (un) 
Solution in parametric form: 


L= ac; ‘as dr +C3, y=bCi7!, — where = +24a*d. 


161.” = Ayy! (y,) 7/4. 


Youn 


Solution in parametric form: 


u 2 7-1/2 p-1 6 2 ofa 4 
t= aC} [ri IR dr+C3, y=bC?R, where A= Fae (+5) . 
162. y%e = A(Yt)* (Yee) 
Solution in parametric form: 

1 2 2 ies 2 a*\ 1/4 
a= aC} fr R-3/ dr +C3, y= bC}°s- hh, where A=—4a (+2) ; 


163. yf” = Ay(yi,)~7. 


Solution in parametric form: 
eS act f 9?R dr +C3, y= BCP ri where A = =3a~!0", 


164. yn = AY *(Y,)? (Yew)? 
Solution in parametric form: 


z=aC; pera dr+C3, y= OLD Fier where = +24a°7!. 


940 THIRD-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


165. Vers Ay(yZ,)"*. 


Solution in parametric form: 


2. 3/4 
= act f RR dr +C3, y=bC?In, where A= —4a-"5-1 (4) : 
166. ore = Ay /?(y5) (Yee). 
Solution in parametric form: 
z i 2, 5/4 
exact} frt5%F; i ae dr+C3, y=bCj°r7I;*, where A= Fe (+5) : 


6% y= Ay7/2 (yf) 88 (yl )3, 


Solution in parametric form: 
e=aCy! f ri? hRo dr+C3, y=bC8I5, where A= Fgxe0"b-¥/?(12b/a)7/8. 


168. yf, = Ay? (yh) 44 (y%,)?. 


Solution in parametric form: 


v=aC\ i, T°? nIgR! dr+C3, y=bC}I, 323, with A=+180?b-/?(+3b/a)4 


169. y= Ay /?(y!)3(y)8/7. 


Solution in parametric form: 


t= aot f r/R dr+C3, y= bP 2, 


1/7 
where A = +7 x 2-19q2b-/? (4) : 


170. Veen = Ay(y/f,) 3/7. 
Solution in parametric form: 
2 is ‘4 2\ 6/7 
L= acts |r, 5/2 Rl dp 4 C3, y= CG 2h. where A= ze b (=) : 
171, Ytee = Au(yy) 
Solution in parametric form: 
r= acts | r/R dr+C3, y=bC{°ls3, where = +3 x 275716518, 


172. Yrre = AY" (YL)? (Yow)? 
Solution in parametric form: 


CS aCy! [ran re dr+C3, y= bO8 Tt! where A = +12a°b?. 


15.2. Equations of the Form yi", = Any? (y',)7 (yee)? 941 


173.” = Ay®(y,)—. 


Solution in parametric form: 


¢=aCp ag d7+C3, y= Gras ee where = +3 x 27g 16p), 


174. yee = Ay "(yt)" (Yen)? 
Solution in parametric form: 
r=aC eure a dt+C3, y= Gye Cae where A= +192a!°b-?. 


= Ay /9(yf,,)8. 


Solution in parametric form: 


175. yf!” 


LLL 


9 —5/2 75 p-1 10 7-3 76 3713/6 2a? \ 2/3 
r=act fr; ER dr+C3, y=oC! 1,318, where A=+54a~%b (=) 


176. ore = Ay (uy) AP (ute). 
Solution in parametric form: 


v=aC? / Te? is '4R dr +C3, y=bC2I7302, where A =8b'/?(2a/3)'/3. 


17. off = Ay lt). 


Solution in parametric form: 
a = ace ' iio OR a Oe. gtr. 


az \1/7 
oe 
178.’ = Ay(y,,) 1/2 (uy) 3/7. 


Solution in parametric form: 


where A = +7 x a 


2=a0}? i LOVER dr +O, yHoory 7 ly, 


where A = Tate (+") ee 


179. y’” = A(y/)?. 


Solution in parametric form: 


i aCe? / R1dr+C3, y=bC, pre dr+Co, where A=+6a'o7!. 


180. ere = Ay UL (Yre)s 


LLL 


Solution in parametric form: 


r= act f rv? dr+C3, y=bC8r?, where A= -24a4b-7/?, 
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181.” = Ayy’ (y,)*. 


Youn 


Solution in parametric form: 


a = aC? [errr dr+C3, y=bC°R, where A= —a°b. 


182. Ynre = ACY) (Yaw) 
Solution in parametric form: 


i ac? fue dr +C3, y= oc} f rR dr+Co, where A=Q9a~7b7!. 


= Ay~7/2(y!)?, 


Solution in parametric form: 


183. y/” 


LLL 


L= ach [rR dr+C3, y=bC7I-', where A= 6a *b??. 


184. yf, = Ay’/? (yi) 9 (en)? 
Solution in parametric form: 


CS ach f rr? dr+C3, y=bC’r*I, where A= F48a-3p7/?. 


185. y/v.. = Ay(y,) °/? (yt) *. 
Solution in parametric form: 


coat}! f IVER dr y=bC}°Is, where A=— z2,a'b-3(12b/a)4/*. 


186. ¥ie = AY (yn) (Yee) 
Solution in parametric form: 


x=acC, eee dr+C3, y= bC,1°/? , where A= 38g 2p2/6 


= Ay M5(yf,)°7. 


Solution in parametric form: 


187.” 


LLL 


2 


2/7 
pee er eS dr+C3, y=bCPrI-3/?, where A=tato's(<) 


= Ay ay ae) 


Solution in parametric form: 


188. y/” 


LLL 


e= ace f PTR dr+C3, y=bC22, 


where A = —fato?( 2) ese 


15.2. Equations of the Form yi", = Any? (y!,)7 (yur)? 943 


@ In the solutions of equations 189 and 190, the following notation is used: 
2B ky 


1 
Cyt =r? 4+ T if kA —1, 
p=exr( [S), pi 4 k+l 
rie +2Bln|r| if k=, 


_at5 


Solution in parametric form: 


189. y’” 


LLL 


fac] acc dr+C3, y=bCHf, 


where k= 3(y-1), A= 1 Bark-Vpz0-A), 
190. Yvan = Ay 7? (yi) (Yin)? 


Solution in parametric form: 


vaa f (re V?+2)dr+Cn, y=C,rf'/?, where k=—y-2, A=—23-Fal *B. 


191 m — Ay 1\Y(_,1 \3/2 


Youn 


Solution in parametric form: 


_/V2+4 
v= ac} | — dr+C3, y= bC?rV?u"/?, 


TU)3/4,/V2 + 4 
where 
B awl 
Vdr r2(Cy+ e2 ) if y4-1, 
U = exp aa Sp V= y+1 
py Vad 7 ¥2(Cy + 4B In|r|) if y=-1, 
fi 
A= 23/2ab—2 — 1 B(-2a/b)-1. 
744645 
192. vie = Ay? (ye) (Yen) t2FH8, = BA -1, YALL. 


Solution in parametric form: 


; _ 94-4645 ; 
x = aCitet [ru 20+1) z-ldr+C3, y= uC. U7 


a2 2(B+1) dt 
where A = a’1p-P-7 (=) ea B, U =exp ¢ —); z = 2(T) is the solution of 
TZ 
the transcendental equation 
an 2B ately 1 2(6+1) 
zt+k—-l1)(z+k rE =(C + ar), k = —-—__—. 
( a aN y+ 2B +3 y+1 


193. Yvee = AY (Yn) *(Yee)?, FAI, 6A 2. 
Solution in parametric form: 


2—k 
e=aC;* proms dr+C3, y= bCp>‘4k(kz — 7) Us, 
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6-1 1-k 2a 6 d 
where k = Ja0" A= a8 (-=) B,U= exp(/ =); Zz = 2(r) is the 
solution of the transcendental equation 


1 
In |kz — r| — = = ree 


194. yi, = Ay * (yi) * (Yen)? 
Solution in parametric form: 


r= £0, f eeu dr +C3, y= +5e7, 


d 
where z = =AT+e€7 + Co, U = exp (+4 | =). 


z 


195. Ynre = AY ' (Ya) "Yorn 


LLL 


Solution in parametric form: 


o=Q; fePUdr+Cs, y=tC,zU, where z=+ArT+e7+Co, u=exp(+/). 


15.2.5 Some Transformations 


Let us consider some transformations of the equation 
m ! nN Yd 
Veee = ALY GL) Gan) 


1°. In the special case y = 6 = 0, the transformation x = 1/t, y = w/t? reduces the 
equation 
MW = Ag® y? 


Yorn 


to an equation of similar form (with other parameters): 


wit, = At ety, 


dr 1 
2°. In the special case a = 6 = 0, the transformation + = — | ———.—~, y = —~ 
: ° i En 9 An) 


reduces the equation 
ree = Ay” (yp) 


to an equation of similar form (with other parameters): 


m Es 
z = Az 2 


TTT 


wy)”. 


s 
3°. In the special case 3 = 0, the substitution u(x) = y/, brings the equation 
6 
Vrwn = AX (Ys) (Yow) 
to the generalized Emden—Fowler equation: 


Uy = Anu (ul, 


which is discussed in Sections 14.3 and 14.5. 


15.3. Equations of the Form yi. = f(y)g(yt)h(ybe) 945 


4°. In the special case « = 0, the substitution v(y) = (y/,)? reduces the equation 
Yowe = Ay” (yh) (Yee)? 
to the generalized Emden—Fowler equation: 
y-1 
ie =Ax 2 SyBy > (vi)°, 

which is discussed in Sections 14.3 and 14.5. 

F / ” 
15.3 Equations of the Form y’" = f(y)g(y,)h(yi.. 
15.3.1 Equations Containing Power Functions 
1 yf! = (ay +b)-9/?, 


This is a special case of equation 15.3.1.2 with b? — 4ac = 0. Three autonomous first 
integrals two of which are functionally independent: 


1 
(ay +b)? (yfn)” — aay + b)(yi,)° uke + =a?(yl,)4 — 2(ay +b)? yl, = Ch, 


4 
(ay + b)?y (3ay + b)(ay + b) 
ee)” = Sa Wn) (We) + 
(Bay + 2b)a , 1.3 3y ron Once 
+ | Ab2 (Yr) — (ay + b)1/202 Yerx — ape Ye) ic 
9a? y? + 26a2by? + 25ab2y + 8b? wi)? 3 2abyt+b? | e 
6(ay + b)*/2b2 Ya 2 ab(ay+b)2  ~” 
(2ay — b)(ay + b)? 3ay(ay + b) 
eee 
3 [ a?(2ay +b) 2ay — b a 
B eee Wal + Gut ole Yoon + ap us) + 
Ohare Mary tA OG ie 8 BO as 
203 (ay +b)? Ye! ~ 9 ab(ayto2 > 


2 —5/4 
2. Yon = (ay + by + c) on 
This is a special case of equation 15.5.2.29 with f(w) = 1. Autonomous first integral: 

2 n\2_ 1 r\2 1 ay 44 2 -1/4,) 
(ay" + by +0) (Yee) — 5 (2ay + 5) (We) Yeo + Zr) — Alay" + by + 0) ye = C. 
3. Yrew = (Ay” + By™)y,. 

This is a special case of equation 15.5.2.1 with f(y) = Ay” + By™. 

4. yf, = (Ay” + By™)[a(yi,)? + by’,]. 

This is a special case of equation 15.5.2.3 in which f(y) = b(Ay” + By™) and g(y) = 
a(Ay” + By™). 
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5. yl =u? | — LPF) 34 A(yt)?™41], om #3, m#-L. 


(m + 3)? 
The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.4: 
_of 2(m+1) 
Mo 2 
ty =o [Gaye + Aw", 


6 Ure =) le Ue) +AG,) * |: 

The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.35: 
Wyy = y?(Bw + 2Aw-). 

7. Yio = ¥*[3(uz)? + A(yz)~‘]- 

The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.31: 
Why = y 7(6w + 2Aw™). 

8. Yore = ¥ [6(yL)* + A(yL) *]- 

The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.64: 
wy, = y ?(12w + 2Aw-*/?), 


9% Wne = 9" [(¥e)* + ACY)? ]- 
The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.6: 
Wyy = y 7 (2w + 2Aw-*). 


10. Yyee = VL - ax(y,)? + A(yi) ?).- 
The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.26: 


Whig a y ?(-sw + 2Aw 5/3), 


MW. yee = ¥[— seo (¥e)? + A(yL) 7]. 

The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.10: 
Why =Y(—qZBw + 2Aw */3), 

12. ne = 9 [S(¥,)? + AY) I. 

The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.12: 
why =y (fw + 2Aw 9/3), 

13. Yee = 9 "[F(yn)? + A(ye) 7). 

The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.66: 
Wyy = y?(Sw + 2Aw 9/3), 

1. Yee = YL — ey)? + ACY) "I. 

The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.29: 
Wyy = y?(-xw + 2Aw 7/5), 

15. Yee = ¥[— 5(Ue)” + A]. 

The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.14: 
wh, =y 7(-2w + 2Aw 1/?), 
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16. Yen = Y | — 35 (Uz)” + A]. 
The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.8: 
Why =Y(—sgw + 2Aw 1/2), 


17, yf” =y 7[10(y/,)> + Al. 
The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.33: 
why =y 7 (20w + 2Aw1/?), 


18. one = ¥[— ap (¥n)? + A(yz)”)- 
The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.37: 
why =y 7 (—Bw + 2Aw!"/?). 


9. gee =v AGL? >a, | 

The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.60: 
Why = y 2(2Aw? — sw). 

20. Yvon = ¥[A(Y)? + ax (¥y)*]- 

The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.62: 
Wyy = y*(2Aw? + $w). 

21. yf” = y 1/3 ( Ay’, + B). 


The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.40: 


wh, =y 43(24 + 2Bw 2), 


22. Yrre = (Ay* + By*)(y,)~™. 


Yeon 


The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.39: 
wit, = (2Ay* + 2By?)w-". 
23, yl, = (Ay? + BY(yi)®. 


Yeon 


The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.16: 
wi, = (2Ay? + 2B)w->. 


24. Ye = (Ay? + By) (y,,)*. 

The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.28: 
wi, = (2Ay—+ + 2By-*)w-?. 

25. mw (Ay—7/3 ae By~19/3)(y’)—7/3, 


Yeon 


The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.48: 
wl, = (2Ay~7/3 + 2By10/3) w-8/3, 
26. yl! = (Ay 4/3 + By 1/8) (y! 7/3, 


The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.49: 
Way = (2Ay—4/3 4+ 2By—19/3)y—5/3, 
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27. yn 


LLL 


= (Ay 48 + By) (yl), 
The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.24: 
Wyy = (2Ay—4/3 + 2By-7/3)w- 5/3, 


28. ye 


LLL 


= (Ay77/8 + By 4 )(y)—7”. 
The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.90: 
Wyy = (2Ay-2/3 + 2By—4/3)w 5/8, 


29. yn 


LLL 


= (A+ By) (yh). 
The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.89: 
Wyy = (2A + 2By~2/3)w9/8, 


30. Yin = (Ay? + B)(y’,)—™”. 
The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.47: 
Why = (2Ay? + 2B)w/8, 


31. yl, = (Ay? + By)(yl,) 7. 


Youn 
The substitution w(y) = (y/,)? leads to a second-order equation of the form 14.4.2.46: 
Wyy = (2Ay? + 2By)w- 5/3, 


32. yf, = (Ay” + By*)y (uZ,)”™: 
This is a special case of equation 15.5.4.12 with f(y) = Ay” + By*. 


15.3.2 Equations Containing Exponential Functions 
Tables 15.2—15.4 present the equations whose solutions are given in this subsection. 


@ In the solutions of equations 1—6, the following notation is used: 


f= [ext) dr+Cy, F =2rE-exp(r’), 


G= Jo ae yr +Co, H= feoent +a. 


ae 
Ly, = Aevyl(yy,)?, 5 #1. 
Solution in parametric form: 


x=aC; (er dr+C3, y=In(bCc? >), 


mt 


4 tt 
2. Yeux Aly Vow 
Solution in parametric form: 


o= 0, f tH dr + Cs, y =In(+ ). 
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TABLE 15.2 


Solvable equahons of the form 
my " ; 


Yarn = Ae’ (yz) (Yew 
arbitrary 
1 9.3.21 
(6 #1) pt | saan 


co 


a 
2 15.3.2.11 
p24 Clan) saa 


TABLE 15.3 


Solvable Sgn of the form 
Ww 


Yee = Ay”y’, exp[(y))7|(yen)° 


| iain 
arbitrary 
15.3.2.4 
(6 # 2) 8 ssza 
arbitrary 
1 e212 
p+ |e | aaa 
15.3.2.14 
1 


ass 


i) 


tt 


TABLE 15.4 
Other solvable equations of the type considered 


Form of | 


WW 


Voor = La = Aely) expl(ysyt,)> | exp[(y/,)7] 


ao = A(y}.)” exp(Yra)s 


VYrox = A(Yn) ' exp(Yex) 


WW 
WW 


wy 


3. yf! = Ae (y”)3/?. 


LLL 


Solution in parametric form: 


Yow = Ay? y’, exp(Y tn), 


Yore = Ay "yl, exp(y/te) 


 15.3.2.20 | 


y#—-1 | 15.3.2.15 
Bx-1 


Youn = Ae¥y’, exp[(yi)” + Yer] 15.3.2.19 


=, f E dr + C3, y=7?+In(V2A EB"). 


4, yl! = Ay’, exp [(y!,)7] (u%,)°s 


Solution in parametric form: 


pads f eye FInCr yy 


ae eo. 


6 #2. 


oe dr+C3, y=aC{G, 
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5. yg = Ay /?y!, exp [(y/,)7] (yyn)?/?. 

Solution in parametric form: 

g= AC; [ere + In(aB-})) 1? dr+C3, y=C,F?, where A=-V2a"1. 
6. ve = Ay;, exp [(wi.)7] CA 

Solution in parametric form: 


24 T\7-1/2 
r=C, Jr exp(+T) [n(+—)| dr+C3, y=CdH. 
@ In the solutions of equations 7 and 8, the following notation is used: 
T+1 
E= T(r +1) —In[Co(V7 + V7 +1)], R= =e 


P=1-4/**mlo(v7r+vrF1)]. 


7. yf, = Ae*(y’,)> (ye). 


LLL 


Solution in parametric form: 


2 = aC; | eae dr+C3, y=—In(bC;°E), where A = 23/203. 


8. yf. = Ayy’, exp [(y/,)7] (yy.)°/?. 
Solution in parametric form: 


a = —4bC\ / 7? RB [n(aCy eB) 2dr +03, y = OCLE, 
where A = —4a~1p-3/?, 
@ In the solutions of equations 9 and 10, the following notation is used: 


ae Ci Jo(T) + C2Yo(r) for the upper sign, 
| Cilo(r) + C2Ko(r) for the lower sign, 


where Jo(7) and Yo(7) are Bessel functions, and Io(7) and Ko(r) are modified Bessel 
functions. 


9. Yer = Ae¥(y,)°. 


Solution in parametric form: 
r= 2C\ | ce dr+C3, y= In(#zA7'7”). 


10. Yi, = Ayys, ex [(yi,)7] (Yen)*- 
Solution in parametric form: 


2=0, [Zi fin(25)] ar +05, y=C1Z. 
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Solution in parametric ae 


= —1/2 —1 —— « — 
x = f exp(—a) dr + Cs y =U, 


d 
where A = sant} k, U = / a +C\,; f = f(r) is the solution of the transcendental 
equation 
€ _ hey _ el 

INE ace = + C2, A= 
12. Yee = Ay’ ys, exp [(Y,)7|Yens BAI. 
Solution in parametric form: 

c=af f(s 7 )u-¥ exp(-——) dt + C3, y= arexp(-). 
~ Ga B+1 B+ 


d 
where A = a~°-'k, U = [F +C\1; f = f(r) is the solution of the transcendental 


equation 
- 


k 
In(Af —1)— spy = AT + Oey A=6+1. 


13.0 yf! = AeY(y’) 1 (y%,)?. 


Solution in parametric form: 


r=) f WPdr+ Cy, yY=T, where w =exp( { ——). 
= 2 


14. Yen = AY Ye EXP [(Y2)"] Yee 
Solution in parametric form: 


r=C; ‘aa + Ae™ + Co) 1Wdr+C3, y=C.W, 


d 
where W = exp(/ ae) 


@ In the solutions of equations 15—19, the following notation is used: 
1 1 
V=CQi— s(m+ (r+ lye, M=C,— (7 +27”, 
C2— fin(cr- a dr ifnA#-1, 
C2 - [ue — Aln|r|) dr if n=-—1, 


W= 


1 1 
=inM — = [PM dr +p 


IS. Yee = Aly)’ exP(Yte),  YA-1. 
Solution in parametric form: 


_ 2m+1 2 __m_ 
=> / e TV 2m+2 d7+C3, y= = ferv m+1 dr +Co, 


where m= 3(y—1), A=277). 


952 THIRD-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


16. eee — A(y’,)~* exp(y,,.)« 


Solution in parametric form: 
1 1 2 
CS 5. exp(—T — $V) dr+C3, y= 7 exp(—T - V) dt +Co, 
where m=0, A= 2A. 


17. yi”, = Ay®y’,exp(yy,), BA#-1. 


Solution in parametric form: 


a= [WP ar + Oy y=2r, where n=6, A=2-°). 


18. yf” = Ay ty’, exp(y"”,). 


Solution in parametric form: 


c= [WP ar + Cy y=2T, where n=-1, A= .. 


19. y’, = Aevy’, exp [(y,)? + yZa]- 


Solution in parametric form: 


oa fePM Ndr +5, y= sy fevPM dr +p, where A=. 


20. Urn = Ae¥y’, expl(y’,) 7] (Yza)”» 


Solution in parametric form: 


-1/2 
a= [5e1(n5-U-C) dr +C3, y=U, 


where 

1 

peo gi 5 bie 2Z, 0 1; 
dr are = 
v= [= 4 rtinil +e oe 

1 

In|r| - — + C2 if 6 = 2. 
T 


15.3.3 Other Equations 


1. Uere = Ayy,{cosh[A(y,)"]} 7 Uee- 
The substitution y/, = ,/w(y) leads to a second-order equation of the form 14.7.4.1: 


~ =9 
Wyy = Ay[cosh(Aw)|~*wi,. 


2. Yaw = Ayy;{sinh[A(y;,)*]} 7 Ura 
The substitution y/, = ,/w(y) leads to a second-order equation of the form 14.7.4.2: 
why = Ay[sinh(Aw)]~?wy,. 


15.3. Equations of the Form yf". = 


3. Yew = Ayy’, cosh[A(y;,)7] (Yin) ?/?- 

The substitution y/, = ,/w(y) leads to a second-order 
tie = v2 Ay cosh(Aw) (w Ne 

4. Uiee = Ayy;, sinh[A(y’,)7] (Yin)?! 

The substitution y/, = ,/w(y) leads to a second-order 
Wyy = v2 Ay sinh(Aw) (w ae 

5. y's, = Acosh(Ay) (y’,)?(y%.)?/?. 


The substitution y/, = 
uN 


Wyy = 


vA cosh(Ay)w(w 


Mg = Asinh(Ay) (y/,)3(y/7,)3/. 


LLL 


De 


6 Yy 
The substitution y/, = 
: =A sinh(Ay)w(w 


yy 
7. Vion = Aleosh(Ay)]~7(y1,)? (Yen)? 


The substitution y/, = 
Wyy = 5 Alcosh(Ay)]~ a me 


vow = Alsinh(Ay)]~7(y2,)° (Yen) 


LLL 


w aie 


8. y 


The substitution y/, = 
wy = 7Alsinh(Ay)|~ 


a 


= Acosh” (Ay) Y%, (Yu) + 


2w(w 


mt 
LLL 


%. y 


This is a special case of equation 15.5.4.12 with f(y) = 


10. yn 


LLL 


= Asinh” (Ay) 92, (Yon) 
This is a special case of equation 15.5.4.12 with f(y) 
11. = Atanh” (Ay) y/,(y7,)™. 
This is a special case of equation 15.5.4.12 with f(y) 
12, yf! = Acoth” (Ay) y’,(y/,)”™. 
This is a special case of equation 15.5.4.12 with f(y) 


13. Yee = AlN" (Ay) ¥.(Yen)” 
This is a special case of equation 15.5.4.12 with f(y) 


mt 
Yeux — 


2,00 


14. yee = Ayu, {cos[\(u,) 1} “Yew 
The substitution y/, = 

Why = Aylcos(Aw)]~7 wy, 

5. Yee = Ayye{sin[A(y,) 1} "Yee 


a substitution y/, = 
hy = Ay[sin(Aw)|~7u%,. 


\/w(y) leads to a second-order 


\/w(y) leads to a second-order 


\/w(y) leads to a second-order 


,/w(y) leads to a second-order 
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equation of the form 14.7.4.3: 


equation of the form 14.7.4.4: 


equation of the form 14.7.4.5: 


equation of the form 14.7.4.6: 


equation of the form 14.7.4.7: 


equation of the form 14.7.4.8: 


Acosh" (Ay). 


= Asinh”(2y). 


= Atanh” (Ay). 


= Acoth” (Ay). 


= Aln” (Ay). 


\/w(y) leads to a second-order equation of the form 14.7.5.1: 


\/w(y) leads to a second-order equation of the form 14.7.5.2: 
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16. yi”, = Alcos(Ay)]~7(y/,)3 (yi). 


The substitution y/, = ,/w(y) leads to a second-order equation of the form 


why = FAlcos(Ay)]~?w(wy)?. 


17, yi”, = Alsin(Ay)]~?(y/,)3(y,)?. 


The substitution y/, = ,/w(y) leads to a second-order equation of the form 


Wyy = 5 Alsin(Ay)]?w(w,)?. 


18.” = Ayyl, cos[A(y’,)7] (y%,)°/. 


The substitution y/, = ,/w(y) leads to a second-order equation of the form 


ity = v2 Ay cos(Aw)(w},)?/?. 


19. yf. = Ayy’, sin[A(y’,)7] (ysn)?/?. 


The substitution y/, = ,/w(y) leads to a second-order equation of the form 


wy, = % Aysin(Aw)(w,)°/?. 


20. Yin = Acos(rAy) (¥i,)* (yy). 


The substitution y/, = ,/w(y) leads to a second-order equation of the form 


it = vA cos(Ay)w(wt, )?/?, 


21. Ye = Asin(Ay) (yi)? (Yen) ?/?. 


Yeon 


The substitution y/, = ,/w(y) leads to a second-order equation of the form 


Wyy = vA sin(Ay)w(wi,)?/?. 


22. Verne = Acos™(AY) YL (You) 
This is a special case of equation 15.5.4.12 with f(y) = Acos”(Ay). 
23. Yire = Asin” (Ay) ¥en)” 
This is a special case of equation 15.5.4.12 with f(y) = Asin” (Ay). 
24. Yrte = Atan™(Ay) v2 (Yte)” 
This is a special case of equation 15.5.4.12 with f(y) = Atan”(Ay). 
25. Yree = Acot”(Ay) ¥Z (Yr) 
This is a special case of equation 15.5.4.12 with f(y) = Acot”(Ay). 


26. yi, = A(arcsin y)"y/ (y7,)™. 


n 


This is a special case of equation 15.5.4.12 with f(y) = A(arcsin y)”. 


27. ye 


LLL 


= A(arctan y)"y’, (yn) 


This is a special case of equation 15.5.4.12 with f(y) = A(arctan y)”. 


14.7.5.3: 


14.7.5.4: 


14.7.5.5: 


14.7.5.6: 


14.7.5.7: 


14.7.5.8: 
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15.4 Nonlinear Equations with Arbitrary Parameters 


15.4.1 Equations Containing Power Functions 


mt 


> Equations of the form f(x, y)y7".. = g(x,y). 


mt nm 


1. Yorr = OY: 
See Section 3.2.2. The substitution w(y) = (y/,)? leads to the Emden-Fowler equation 
wl, = +2ay"w-"/2, which is discussed in Section 2.3. 


This is a special case of equation 15.5.1.2 with f(a) = ax”. On integrating the equation, 


1 2 a 1 
we have yYr7 — 5 vx) = ani? +G, 
a yl = ary”. 


See Sections 15.2.3 and 15.2.5 (Item 1°). The transformation z= x2"*3y™—!, w= ayl./y 
leads to a second-order equation. 


4. y= ay °/? + by—7/?, 


Using the transformation given in 15.5.2.15 (Item 2°), we reduce this equation to a constant 
coefficient nonhomogeneous linear equation. 
Solution in parametric form (b # 0): 


dt 1 
v= f nee 8 oa 


—kr 


+ Coe" /? sin ~k =o, 


ktV/3 
where (7) = =a Cie oe 
b 2 
—5/2 3,,—7/2 
5. oy! = any 8/7 + bad y—7/?, 
The transformation x = 1/t, y = w/t? leads to an autonomous equation of the form 
15.4.1.4: wi, = -aw5/? — bw-7/2, 
2 —5/4 
6. Une = k(ay? + by +c) 9/4. 
This is a special case of equation 15.5.2.29 with f(u) = k. 
2 2 4)—5/4 
7. Youn = @(ay” + bay + cx*) e 
This is a special case of equation 15.5.2.30 with f(€) = 1. 


8. Uc =k(y+ ax? + ba + e)". 
I 


The substitution z = y+ ax? + br +c leads to an equation 21”. = kz", whose solvable 
cases are outlined in Section 15.2.2. 
9. yf! = ky"(ax? + bx +c)" *. 

n 


This is a special case of equation 15.5.1.13 with f(w) = kw”. 
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10. yf! = (ax + b)"(ca + a) ee 
b 
The transformation € = —. w= la+ar leads to a simpler equation: Weee a 
A-é"w™, where A = ad — bc (see Sections 15.2.2 and 15.2.3). 
1. yf! = ba?" 1 (2 — a) By”. 


This is a special case of equation 15.5.1.11 with f(€) = bé—”. 
12. (ytan?+br+c)y” = ka”. 


LLL 
wi 


The substitution w= y+azr?+bzx+c leads to an equation of the form 15.4.1.2: ww, = 
ka™. 


mt 


> Equations of the form y= f(x,y, y/,)- 


13. yf’ = ay”y,, + ba™. 
b 
Integrating yield d-ord tion: y/!, = ——y"t! + —_a™ 1 4.¢, 
ntegrating yields a second-order equation: y;,. = — re yer + = x + 
14. yf! =ar™ *y"y!, — ax 3y™"1" 
This is a special case of equation 15.5.2.5 with f(£) = agé”. 
15. Ye a ag 2M 4 yy! — 2ax—2P—Byrt1, 
This is a special case of equation 15.5.2.8 with f(£) = aé”. 
16. yf” =Ay By + ay—°/? 4 by—7/2, 
The transformation x = | [y(r)}~3/? dr, y = [y(r)]~! leads to a constant coefficient 


linear equation: y' — Ay, + bp +a=0. 


TTT 


17. yn 


LLL 


= —a?y! 4 2 8y t aal/2y-5/?, 
This is a special case of equation 15.5.2.31 with f(€) =a. 


18. yl = —a ty! + ey + aa 3/4y—5/4, 


LLL 


This is a special case of equation 15.5.2.32 with f(€) =a. 

19. yf, = ayy’, + by™ (y’,)°. 

This is a special case of equation 15.5.2.3 with f(y) = ay” and g(y) = by 
20. Yeon = by” (y’,)* + a(yy) > 

This is a special case of equation 15.5.2.4 with f(y) = by”. 


mm 


_ m+5 
2. = (ay? +by+c) 4 (y))™. 
This is a special case of equation 15.5.2.29 with f(€) = €™. 


22, y” = —a®y + W(y! + ay)”. 


The substitution w = y’,-+ay leads to a second-order autonomous equation: w”,, —aw!, + 


a2w = bw”. 


15.4. Nonlinear Equations with Arbitrary Parameters 957 


23, yf”. = ax(xy’, — y)”. 
This is a special case of equation 15.5.2.18 with f(€) = a&”. 


24. y/” 


een — ax"? (axy!, _ y)”. 


This is a special case of equation 15.5.2.23 with F'(€) = ag”. 

25. yf! = ax” (ary! — y)”™. 

The substitution w(a) = xy’, — y leads to a second-order generalized homogeneous equa- 
tion: (wi,/x)), = axz”w™. 


26. yf” 


k 
ee = ae" (xy, — y)™ 4+ ba”. 
The substitution w(x) = xy, — y leads to a second-order equation: (w’,/x)!,=ax"w™ + 
ba*. 
27 yn 


wee = at" Py" (ey, — y)*. 


This is a special case of equation 15.5.2.6 with f(€) = aé—". 


28. oy 


= ax” “*(ay! — 2y)”. 


This is a special case of equation 15.5.2.24 with f(€) = a&”. 
29. yn 


LLL 


= ax"(xy’, — 2y)™ + ba*. 


The substitution w(x) = xy/, — 2y leads to a second-order equation: w’,, = ax™t!w™ + 
ba kt1, 


30. yn 


LLL 


This is a special case of equation 15.5.2.9 with f(€) = a€—". 


= ax?"—Ty "(ay — 2y)*. 


31. yf = axy™ (ary! — 2y)!. 


Youn 
The transformation t = 1/2, z = y/x? leads to an equation discussed in Section 15.2: 
Af, = —a(—1)e-r ete (apy 


@ See also equations 15.3.1.2-15.3.1.30. 


mt 


> Equations of the form f(x,y, yy". +9(x,y,U,)un, + h(x, y, yi.) = 0. 


32, yy”  +ayy”, — a(y,,)? =0. 
1°. The substitution w(y) = (y/,)? leads to a second-order generalized homogeneous equa- 
tion: +/w wy, + ayw, — 2aw = 0. 


2°. Particular solutions: 
y = Cyexp(Cox) — a "C2, 


y = 6(ax + C,)~*. 


33. Yone + 2YYen + Onn — UY)” + CY, = 0. 
C2+bCr+¢ 


Particular solution: y = Cj exp(C2x) — 
aC» 
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34. ye + O2Uun2 + a1Yy,, + aoy = byyly, — b(y),)? +k. 
ay 
Particular solutions: y = Ce** + —, where C is an arbitrary constant and \ = Xp, are 
a 
bk 
roots of the cubic equation \° + (a2 — ~~) M+ aA + ag = 0. 
ao 


a5 m Yee d 


Yeon by +e (by + c)8/2 i 
Autonomous first integral: 


? Qbdyl, + dad _ . 
bjby te 


The equation in question is the only equation of the form y/”. = f(y)y/,, + g(y) that has 


LLL 
an autonomous first integral quadratic in the second derivative 1”... 


1 
Cc + c)yhy — 5h Wn)” ~ wv, 


36. yf” = any”, + ba™ (xy! — y)* + cx’. 


LLL 
The substitution w(x) =xy/,—y leads to a second-order equation: (w’,/a)!,=ax"~!wi, + 
ba™ wk + cx’. 
37. Une = WYVirw — UY)” + bY 
1°. Particular solution: 


y = Cy exp(C3x) + C2 exp(—C32), 


where the constants C,, C2, and C are related by the constraint Ge —4aC; CoC? —b=0. 


2°. Particular solution: 
y = C; cos(C3x) + C2 sin(C32), 
where the constants C;, C2, and C2 are related by the constraint Cc. —a(C?2+C3)C2+b =0. 


38. vy! + 3y", = ary”. 


Ui 


‘tee — ew", which is discussed in 


The substitution w(x) = zy leads to the equation w 
Section 15.2.2. 

39, ay” — yy” — 2axryy’,, +ay*?+b=0. 
Integrating yields a ee mee Yas = ay? + Cx + b. The transformation 
y = Ckh®w, zc = kz— rok where k = (—) , leads to the first Painlevé transcendent: 
w!, = w? + 6z (see Section 3.4.2). 

40. ry + (a+ 2)y7, = b(xy, + ay)”. 

The substitution w = xy’, + ay leads to a second-order autonomous equation of the form 
81,1: wi. = bw”. 

41. LY = —3Une + ax” ?y?" (2ay’, —y). 

This is a special case of equation 15.5.3.37 with f(€) = a€?2”. 
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42. vy!” = —3y" + ax” 3y?" (Qay’, — y)°. 
This is a special case of equation 15.5.3.39 with f(€) = a€?2”. 


mt 


43. cy” +y.= ax" 3 (xy! —y)”. 

This is a special case of equation 15.5.3.47 with f(€) = a&”. 
44, vy” +(1-—a)y, = bx?" (ay! —y)”. 

This is a special case of equation 15.5.3.42 with f(€) = b&”. 
45. xy! + 6ry"”, + 6y!, = ax?"y”. 


The substitution w(a) = xy leads to the equation w 
Section 15.2.2. 


wm 


a Bois 
tae = aw”, which is discussed in 


mt 


46. YUnee + Sy yn =—axr+b. 


The transformation « = x(t), y = (24)? leads to a fourth-order constant coefficient non- 
homogeneous linear equation of the form 16.1.2.2: 2a, = ax + b. 


mt 


47. YVnee SY Ue =az+b. 
1°. On integrating the equation, we obtain yy’, — S(yh,)? = Sax” + ba +C. The substi- 
tution y = w® leads to a solvable equation of the form 14.8.1.5: 
Whe = 4 (Sax? + ba + C)w™. 
2°. Particular solution: 
y = Cia? + Cox” + C3x + Ci, 
where the constants C1, Co, C3, and C’, are related by two constraints 
4C| C3 = $C3 =a, 
6C1C4 — 20203 =b. 


48. yy” + sy) yn = Ar 5/3, 


LLL 


The transformation x= x(t), y = (x)? leads to an equation of the form 16.2.1.1: 2x", = 


AxW5/3, 


mt 


49. YYrre = VeVew + OY 
Integrating yields a second-order constant coefficient linear equation: y!.,, = Cy — a. 


Solutions: 
y = C1 sinh(C3r) + Cz cosh(C3x) + aC”, 


y = Ci sin(C3x) + C2 cos(C3x) — aCz”, 
y= fax” + Cia + Co. 


mt 


50. yy’. — 2yy”, + 2axy’, — ay = 0. 
Integrating yields a second-order equation: 1”, = Cy? + ax. The transformation 


1 6 \1/5 
Y= GU x=kz, where k= (—) , 


leads to the first Painlevé transcendent: w", = w? + 6z (see Section 3.4.2). 
There is also the trivial solution y = 0. 
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51. yy” + 3yly”, + 4aryy! + ay”? = 0. 
Multiplying by y’, we arrive at an exact differential equation. Integrating it yields Yer- 
makov’s equation 14.9.1.2: y/,, + ary = Cy7?. 

There is also the trivial solution y = 0. 


52. yy + SU Uew = kVU Vie + my), +aV/yt be +e. 


The transformation « = x(t), y = (24) leads to a fourth-order constant coefficient non- 
homogeneous linear equation: 


my mW " / 


Here, the plus sign corresponds to x, > 0 and the minus sign to x} < 0. 


mt 


53. Wowe + 3Y,U ce ax” yy’, = bx”. 

This is a special case of equation 15.5.3.10 with f(a) = ax” and g(x) = bx 
54, yy!’ + 3yly” + alyy”, + (y’,)7] = bx”. 

This is a special case of equation 15.5.3.13 with f(a) = ba”. 


m 


mt 


55. YVice — YoVre = YY ee — (Yz)"] + be + © 

This is a special case of equation 15.5.3.16 with f(x) = a and g(x) = bx +c. The substi- 
tution w = yy". — (yl)? leads to a first-order linear equation: w!, = aw + br +c. 

56. Vere + (3y;, + 2ay)¥n, + 2a(y)” + a?yy,, = ba”. 

This is a special case of equation 15.5.3.29 with f(a) = e™ and g(x) = br"e™. 


57. YVine + (3y, + ax"y)yT, + axe” (yZ)? = 0. 
This is a special case of equation 15.5.3.17 with f(x) = ax”. 


58. (y+ @) Ute + OYLYee + cy" yy, = 9. 
This is a special case of equation 15.5.3.21 with f(y) = cy”. 


mt 


A solution of this equation is any function that solves the first-order linear equation y/, = 
Cry + (aC; + b)z. 


Particular solution: y = C2 exp(C 2) — 


60. (ytax)yrin = (Yi, + @)¥%y + bay’, — by. 
1°. Integrating yields a second-order constant coefficient linear equation: y’,, + Cy = 
—(aC + b)a. 


2°. Solutions: 
y = Ci sin(C3x) + Cocos(C3x) —(a+0C3*)x if C=CP>0, 
y = Ci sinh(C3r) + C2 cosh(C3x) —(a—bC3*)x if C= —CF <0, 
y = —gbe? + Cir + Cy if C=0. 
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61. (ytax+ by” — syly, + cy, = kx +s. 


Particular solution: 
Y= Cyx? + Coax* + C3x + C4, 


where the constants C1, Co, C3, and C4 are related by two constraints 


4C,C3 — $CZ + 6(a+c)C) =k, 
6C1 C4 — 2C2C3 + 6b0C1 + 2cCo = s. 


62. (ytaxr+ by’ + 3(y), +a)y, = ca”. 
This is a special case of equation 15.5.3.23 with f(a) = cx”. 


mt 


Integrating yields a second-order linear equation of the form 14.1.2.7: y//,, = Cx%y. 


64. xyy’”’ = (ay + bary’,)y”’ 

Integrating yields the Emden—Fowler equation: y!”,, = Cx%y? (see Section 15.3). 
65. L(Y ree + 3Y,Vee) + [YY re + (yi)*] = ba”. 

This is a special case of equation 15.5.3.25 with f(x) = bx”. 

66. x?yy”’ + a(3ay! + 2ay)y”, + 2ax(y’)? + a(a— 1)yy! = be”. 
This is a special case of equation 15.5.3.29 with f(x) = x and g(x) = ba” **-?, 


67. WY inn — 3YY Urn + 2( yi)? = aa”y®. 


n 


This is a special case of equation 15.5.3.26 with f(x) = ax”. 


68. y7 yi, + 3myy,Yy, + m(m — 1)(y),)? = aaky?—™. 
This is a special case of equation 15.5.3.27 with f(x) = az" andn =m +1. 


69. YUirne — (Yor)? = 2YYey — aly’)? +b. 
1°. Particular solution: 
y = Cy exp(C3x) + C2 exp(—C32), 
where the constants C',, Co, and C3 are related by the constraint 4C',C (C3 +aC2) +b=0. 
2°. Particular solution: 
y = Ci cos(C3x) + C2 sin(C32), 


where the constants C,, C2, and C3 are related by the constraint (C? + C3)(C} — a0?) + 
v= 1, 


3°. Particular solutions: y = +2,/b/a+C. 
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> Other equations. 


m Wy\2 OYew c 
70. Yeaa = ayn) a(ay + b) (ay + b)4 . 


Autonomous first integral: 


by 24 SS _|\ --2ov, — OF 
{[alay + Jute + ay,|~ + Gees” C 


Tl. YY tee — Yar)” = A(Yz)” + ay? + by +. 
Differentiating with respect to x and dividing by y/,, we arrive at a fourth-order constant 


coefficient linear equation: 27!" _. = 2Ay!!,, + 2ay + b. 


LLLLXL 


72. 2Y,Yree — 3(Yex)” = ay* "(yi)". 
This is a special case of equation 15.5.4.14 with f(€) = a&”. 


73. 2y’ mt 3(y” J = — re maa mia 1 ae 


Vere 


This is a special case of equation 15.5.4.16 with f(€) = a€”. 
74. 2y’, mt 3(y” y= _ ax” ty 2" (y/)”. 


Yoox 


This is a special case of equation 15.5.4.15 with f(€) = a&”. 


75. 2y) Vice — 3(Yee)” = ae” (y,)? + by™(y,)*. 

This is a special case of equation 15.5.4.7 with f(x) = ax” and g(y) = by”™. 
76. 2Y/, Yer — 3(Y'bn)” = ay (y’,)* + baby (y’,)/?. 

This is a special case of equation 15.5.4.9 with f(y) = ay” and g(y) = by”. 
77. 2Y, Yer — 3(Y%e)” = ae (yi)? + ba ™y~*(yi,)°/?. 

This is a special case of equation 15.5.4.8 with f(a) = ax” and g(x) = bx”. 
78. yf, Yece — (Yen)? = Aw" (yl)? + ay? + 2by +c. 

This is a special case of equation 15.5.4.5 with f(a) = —Aaz”. 


mt 


79. CYLY nnn — 3U(Yon)? + 3Y,,Uen = avy” (y,)* + by™(y’,)°. 
This is a special case of equation 15.5.4.11 with f(y) = ay” and g(y) = by”. 


80. Yree = ae *" (ay, — y)" (Yea) 
This is a special case of equation 15.5.4.18 with f(€) = a&”. 


81. mt = ar —4n— (ay, — y)” (y” ss 


Yoox 


This is a special case of equation 15.5.4.19 with f(€) = a&”. 


82. Yere = [ax ? + ba? (xy! — y)"] (Urn)? 

This is a special case of equation 15.5.4.17 with f(€) = b&”. 

83. Yrre = [ax(y’,)” + by(ys)™ + ey) "| (Yin)? + 8(Y)' (Yee)? 
a 


This is a special case of equation 15.5.4.20 with f(€) = a€”, g(€) = bE™, h(€) = c&*, and 
y(€) = sé. 
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84.” = aw" (y)™ + ba (xy’, — y)' + cx’. 
The substitution w(x) = «xy/, — y leads to a second-order equation. 


85. LY voee 1 Yon = — ax” (xy’, ~~ y)™ (yy a 
This is a special case of equation 15.5.5.5 with f(z) = az™ and g(£) = &”. 


86. yf, = Aw” (yl,)™(ay!, — 9) (yin). 
The psec transformation x = w}, y = tw; — w (y/, = t) leads to the equation w//, = 
—At™w! (w))” (wi,)?-*, which is discussed in Section 15.2. 


87. -¥', = ax(ay!, — y)" (gn)? + ba(ay!, — y)™(¥%,)*. 

This is a special case of equation 15.5.4.21 with f(€) = a€" and g(&) = bé™. 

88. YY ne = YrVew tay” (YL) (Yen) [YYicw — CY’)? ]- 

This is a special case of equation 15.5.5.7 with f(€) = aé” and g(€) = &™. 

89. (yr)? = a(x?y v— 2xy’ + 2y) + by” +e. 

Differentiating with respect to x, we obtain y!”.(2y/”, — az? — b) = 0. Equating the 


second factor to zero and integrating, we find the solution: 


y= sau? + qgbu* + C323 + Con? + Cia + Cp. 
The integration constants C; and the parameters a, b, and c are related by: 
36C? = 2aCy + 2bC2 +c. 


This constraint is obtained by substituting the above solution into the original equation. In 
addition, to the first factor there corresponds the solution y = Cox? + Cix + Co, where 
the constants C; are related by the constraint 2aCy + 2bC2 +c =0. 


15.4.2 Equations Containing Exponential Functions 


mt 


> Equations of the form y= f(x,y, y;,)- 


1, “Y= ae’, 

Autonomous equation. This is a special case of equation 15.5.1.1 with f(y) = ae*”. The 
substitution u(y) = (y/,)? leads to a second-order equation: Uy = +2aeu-'/?. The 
transformation z = e%u-3/?, w = by /u leads to a first-order equation: z(A = 3w) i, = 
+2az — w?. 

| acryt Be, 

The substitution w = y + (3/A)a leads to an autonomous equation of the form 15.4.2.1: 
i= ge, 


me Ar, .n 
3. Yourr = EY. 
Ax, n-1 


The transformation z = e**y"—*, w = y/,/y leads to a second-order equation. 
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a n oAY 

4. Your = axe. 

The transformation z = x"*e*¥, w = yl, leads to a second-order equation. 
xz n x 

5. Yaar = a(y + be® + c)” — be”. 

The substitution w= y+ be” +c leads to the equation w 

are outlined in Section 15.2.2. 


Ui 


tre — ew", whose solvable cases 


| Ay,,/ 
6. Yarr = ae"y,. 


-1/2 


Solution: C3 +2 = [lew +Cy+ 2adr~7e*) dy. 


eee’ 
7. oy, = ae ¥y’ + be”. 
This is a special case of equation 15.5.2.2 with f(y) = ae*” and g(a) = be". Integrating 


A 


a 
yields a second-order equation: y/!”,, = —e*” + —e“” +. 
Lb 


8 yf” = ae y’ + be¥(y’)?. 


LLL 


This is a special case of equation 15.5.2.3 with f(y) = ae*¥ and g(y) = be". 
a » 3 

9 Uirre = aevy’, + by" (y’,)”. 

This is a special case of equation 15.5.2.3 with f(y) = ae*¥ and g(y) = by”. 

d 3 

10. yf’ = ay”y!, + be (y’)”. 

This is a special case of equation 15.5.2.3 with f(y) = ay” and g(y) = ber. 

11. yf, = be (ys)? + a(y)) >. 


Yoon 
This is a special case of equation 15.5.2.4 with f(y) = be*¥. 
12. Yone = 2A*(y,)* + acer (ys). 
This is a special case of equation 15.5.2.34 with f(€) = a&™®, 


13. Ye _ a®y + be (y’, — ay)”. 


The substitution w= y/,—ay leads to a second-order equation: w”,,+aw!,+a?w=be**w". 


14,” 


LLL 


= ae* (xy, —y)”. 
The substitution w = xy/, — y leads to a second-order equation: (w’,/zx)!, = ae**w". 


15. yt 


LLL 


= ae** (xy! — 2y)”. 


The substitution w = xy!, — 2y leads to a second-order equation: w”,, = are**w". 


> Other equations. 


16. Ws = —3y"" + ae™*y™y’. +a y™ 4 24. 
This is a special case of equation 15.5.3.33 with f(€) = agé™. 


17. yn 


LLL 


+ BAY UT + A*(yZ)? = ae%P—™, 
This is a special case of equation 15.5.3.1 with f(x) = ae®”. 
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18. oy” + BAY, + A? (y!,)? = axe. 


This is a special case of equation 15.5.3.1 with f(x) = ax”. 


19. cy” + (1—az)y”, = be?** (xy! — y)”. 
This is a special case of equation 15.5.3.44 with f(€) = b&”. 


mt 


20. Wore oF: 3Y 0, Vive = oe 
Solution: y? = Cox? + Cyx + Cy + 2ad~%e**. 


Ax 


21. yy + 3yly”, = ae +b. 
This is a special case of equation 15.5.3.8 with f(y) = ae*¥ + b. 


mt 


22. YY rirw + 3Y%,Urn + ae? yy!, = be. 
This is a special case of equation 15.5.3.10 with f(x) = ae*” and g(x) = be”. 
23. yy + 3y,y%, + ae” yy! = be”. 

n 


This is a special case of equation 15.5.3.10 with f(a) = ae*” and g(x) = ba”. 


mt 


24. yy” + 3yl,y”, +ax™yy’, = be. 

This is a special case of equation 15.5.3.10 with f(2) = ax” and g(x) = be**. 

25. Yew + 3UnVee + O[YYire + (yi,)*] = be™. 

This is a special case of equation 15.5.3.13 with f(a) = be**. 

26. YYirne — YeVew = %[YYorr — (Yq)"] + be + ©. 

This is a special case of equation 15.4.3.16 with f(x) = a and g(x) = be*” + c. The 
substitution w = yy”, — (y/,)? leads to a first-order linear equation: w/, = aw + be** +c. 
27. YY + (3y!, + 2ay)y’, + 2a(yi,)? + a?yy!, = ber”. 

This is a special case of equation 15.5.3.29 with f(a) = e* and g(x) = beQt*, 

28. yylt, + (3y/, + aer*y)y”, + ae*(y!,)? = 0. 


This is a special case of equation 15.5.3.17 with f(x) = ae**. 


29. (y+ 4) Urea + bYyLY Te + coy, = 0. 

This is a special case of equation 15.5.3.21 with f(y) = ce. 

30. (y+ax + b)y, + 3(yi, + a)uy, = ke™. 

Solution: (y+ ax + 6)? = Cox? + Cia + Co + 2kA Fe”. 

31. yn — (yi)? + ay?y!, = ber. 

Integrating yields a second-order equation: yy”, — y(y/,)? + say? = b\"1e** + C. For 


C = 0, we have an equation of the form 14.8.3.57 with k = —1: yy’, — (y,)? + say? = 
bx ey, 
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32, y?y”  — (y,)? + ay?y!, = bx exp(Ax”). 


Youn 


Integrating yields a second-order equation: y*y”,—y(y/,)?+ say” - zb\! exp(Az”)+C. 


For C'=0, we have an equation of the form 14.8.3.5.7 withk=—1: yy! —(y/,)?+4ay? = 
zb\! exp(Aa”)y71. 

33. yh, — 3YY!, Une + 2(yi,)? = aer*y®, 

Solution: In |y| = Cpa? + Cia + Co + ad~3e™*. 


34, y?y’”” + 3myy,.y”, + m(m — 1)(y1)3 = aer**y?—™. 


Youn 


This is a special case of equation 15.5.3.27 with f(x) = ae** andn =m-+1. 


35. ayy’, + w(3xy!, + 2ay)y/, + 2ax(y’,)? + a(a— 1)yy!, = be. 
This is a special case of equation 15.5.3.29 with f(x) = x% and g(x) = br*~7e”, 


36. 2Y,.Yere — (Ura) = ke (y;,)* + ay” + 2by +c. 
This is a special case of equation 15.5.4.5 with f(x) = —ke>”. 


37. 2, Urn — 3(Ynn)” = ae™*(yi,)” + bel” (y;,)*. 
This is a special case of equation 15.5.4.7 with f(x) = ae*” and g(y) = be. 


38. 2Y, Ure — 3(Yre)” = ae (yi) + by™ (yi)? 
This is a special case of equation 15.5.4.7 with f(x) = ae** and g(y) = by™. 


39. 2Y, Yona — 3(Yra) = aw” (yi,)” + be (ys,)*. 
This is a special case of equation 15.5.4.7 with f(x) = ax” and g(y) = be". 


40. 2y/y en, — 3m)? = ae (y’,)? + bey" (yl,)°/?. 


Veaw 


This is a special case of equation 15.5.4.8 with f(x) = ae*” and g(x) = bet”. 
4. yy ree — 38(Y2n)” = ae™*(y’,)? + bay *(y’,)°/?. 


n 


This is a special case of equation 15.5.4.8 with f(x) = ae** and g(x) = ba”. 
42, Y/Y enn — 3m)? = ax (yl)? + bey *(yi,)°/?. 
This is a special case of equation 15.5.4.8 with f(a) = ax” and g(x) = be”. 
43. 2Y°Uere — 3(Yee)” = ae™¥(y,,)4 + ba Teh (ys, )™/?. 
This is a special case of equation 15.5.4.9 with f(y) = ae*¥ and g(y) = be". 
44, yl ine — 8(Yen)” = ae (yl,)* + ba ty(y!,)/?. 


LLL 


nr 


This is a special case of equation 15.5.4.9 with f(y) = ae*Y and g(y) = by”. 


45. yy, — B(Unn)? = ay” (yi,)* + bare (yl, )7/?, 


Youn 


This is a special case of equation 15.5.4.9 with f(y) = ay” and g(y) = be’. 
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15.4.3 Equations Containing Hyperbolic Functions 
> Equations with hyperbolic sine. 


Lyf’, = asinh(Ay)y’.. 


Youn 


Solution: C3 +a = [ice +C,+2a\~? sinh(Ay)| - dy. 


2. yl. = asinh(Ay)y,, + bsinh(pux). 


LLL 


967 


This is a special case of equation 15.5.2.2 with f(y) = asinh(Ay) and g(x) = bsinh(ux). 


X 
3. yl”, = asinh” (Ay)y’, + bsinh(jy)(y/,)°. 


Integrating yields a second-order equation: y!”,, = ial cosh(Ay) + —cosh(pa) +C. 
a 


This is a special case of equation 15.5.2.3 with f(y) = asinh” (Ay) and g(y) = bsinh(py). 


4. Une = 2" (y',)° + a(sinh Ay) 9 (y,)7F 2 


LLL 


This is a special case of equation 15.5.2.36 with f(€) = a€2”. 
5. yy + 38y. ye, = asinh(Az). 


LLL 


Solution: y? = Cox? + Cx + Cy + 20d? cosh(A2). 
6 yy’ + 3y,y, = asinh” (Ax) + 6. 


LLL 


This is a special case of equation 15.5.3.6 with f(x) = asinh” (Ax) + b. 


7 yy. + 3y,.y, = asinh” (Ay) + 6. 
This is a special case of equation 15.5.3.8 with f(y) = asinh” (Ay) + b. 


mt 


8. yy + 8y yy”, tax" yy’, = bsinh” (Az). 


This is a special case of equation 15.5.3.10 with f(x) = ax” and g(x) = bsinh™ (Az). 


9. YY ene + 3Y,Yrn + O[YY en + (y%)?] = bsinh” (Ax). 
This is a special case of equation 15.5.3.13 with f(x) = bsinh” (Az). 
10. yy”. + (8y), + aysinh” x)y”, + asinh” x (y’,)? = 0. 
This is a special case of equation 15.5.3.17 with f(x) = asinh” z. 
MW. (Y + @) Yeon + bY2Yen + csinh” (Ay) y;, = 0. 

This is a special case of equation 15.5.3.21 with f(y) = csinh” (Ay). 


12, y?y”” + 38myyly”, + m(m — 1)(y/,)? = asinh* (Ax) y?—™. 


Youn 


This is a special case of equation 15.5.3.27 with f(a) = asinh*(Ax) and n =m +1. 


> Equations with hyperbolic cosine. 


13. Yre = @cosh(Ay)y’,. 
Solution: C3 +a = [ice + Cy +2a\~? cosh(Ay)] —1/2 ai. 
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14. yy!” 


LLL 


= acosh(Ay)y’, + bcosh(pux). 
This is a special case of equation 15.5.2.2 with f(y) = acosh(Ay) and g(a) = bcosh(ux). 


Integrating yields a second-order equation: y/”,, = s sinh(Ay) + — sinh(ya) + C. 
bb 


15. y”” = acosh”(Ay)y/, + beosh(uy)(y/,)*. 
This is a special case of equation 15.5.2.3 with f(y) = acosh”(Ay) and g(y) = bcosh(py). 


16. Yone = ay" y, + beosh(uy)(yZ)°. 
This is a special case of equation 15.5.2.3 with f(y) = ay” and g(y) = bcosh(py). 


17. Yone = beosh(Ay) (yz) + a(y,)~”- 
This is a special case of equation 15.5.2.4 with f(y) = bcosh(Ay). 


18. yf!” = Sr? (y/,)° + a(cosh Ay)~™"—3(y/ 274, 


LLL 


This is a special case of equation 15.5.2.35 with f(€) = a€?”™. 
19. yy” + 38y).y%, = acosh(Ax). 


LLL 


Solution: y? = Cox? + Cia + Cp + 2ad~8 sinh(Az). 


20. yy’, + 38y,.y”, = acosh” (Ax). 


LLL 


This is a special case of equation 15.5.3.6 with f(x) = acosh"(Az). 


21. yy’ + 8y).y”, = acosh”(Ay) + b. 
This is a special case of equation 15.5.3.8 with f(y) = acosh"(Ay) + 0. 


22, yy, + 3y.y, + ax” yy’, = bcosh™ (Az). 


LLL 


This is a special case of equation 15.5.3.10 with f(x) = ax” and g(x) = bcosh"™ (Az). 


23. YY + 3Y,U re + [yy re + (y%,)?] = beosh” (Ax). 
This is a special case of equation 15.5.3.13 with f(x) = bcosh”(Az). 


24. yy, + (3y/, + ay cosh” x)y”, + acosh” x (y!,)? = 0. 
This is a special case of equation 15.5.3.17 with f(a) = acosh” x. 


25. (Y + @)Y ren + OY, Ure + cosh” (AY)Y;, = 0. 

This is a special case of equation 15.5.3.21 with f(y) = ccosh” (Ay). 

26. yry”” + 3myy)y”, + m(m — 1)(y/,)? = acosh*(Ax)y?—™. 

This is a special case of equation 15.5.3.27 with f(a) = acosh*(\x) andn =m +1. 
27. Yi Yree — 3(Yex)” = acosh”(Ax)(y,)* + by™ (yi)*- 


Yeon 
mm 


This is a special case of equation 15.5.4.7 with f(a) = acosh”(Azx) and g(y) = by™. 


28. 2y) yi — 3(y”,)? — ax” (y’,)? + bcosh™ (Ay) (y/,)*. 


Yeon 


This is a special case of equation 15.5.4.7 with f(a) = ax” and g(y) = bcosh™ (Ay). 
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29. 2y! yy” — 3(y””,)? = acosh” (Ax) (y/,)? + beosh™ (ux)y~*(y’,)°/?. 


Yeon 


This is a special case of equation 15.5.4.8 with f (x) =acosh"(Azx) and g(x) = bcosh" (wx). 
30. 2Y, Yer — 3(Y%n)” = aeosh”(Ax)(y’,)” + ba™y*(y',)°/?. 


Veaw 
m 


This is a special case of equation 15.5.4.8 with f(x) = acosh”(Azx) and g(x) = br™. 
31. 2y, yy” — 3(y”,)? = aa™(y,)? + bcosh™ (Ax)y—1(y’,)°/?. 


LLL 


This is a special case of equation 15.5.4.8 with f(x) = ax” and g(x) = bcosh”™ (Az). 
32. 2y yy” — 3(y”,)? = acosh”(Ay)(y,,)* + ba * cosh™ (py) (y)7/?. 


Yeon 


This is a special case of equation 15.5.4.9 with f(y) =acosh"(Ay) and g(y) =bcosh™ (yy). 
33. 2), irre — 3(Yirn)” = acosh” (Ay) (y’,)4 + ba ty” (yi,)7/?. 


Yeon 
m 


This is a special case of equation 15.5.4.9 with f(y) = acosh”(Ay) and g(y) = by”™. 
34, 2y, yy” — 3(y”,)? = ay" (y,,)* + ba cosh™ (Ay) (y/,)7/?. 


Veaw 


This is a special case of equation 15.5.4.9 with f(y) = ay” and g(y) = bcosh™ (Ay). 


> Equations with hyperbolic tangent. 

35. oy”. = atanh(Ay)y’. 

This is a special case of equation 15.5.2.1 with f(y) = atanh(Ay). 

36. yy”, = atanh(Ay)y,, + b tanh(px). 

This is a special case of equation 15.5.2.2 with f(y) = atanh(Ay) and g(x) = btanh(yx). 


37. yy’ + 8y,. yy”, = atanh” (Ax) + b. 


LLL 


This is a special case of equation 15.5.3.6 with f(x) = atanh”(Azx) + b. 


38. yy’ + 8y),.y” , = atanh”(Ay) + 6. 

This is a special case of equation 15.5.3.8 with f(y) = atanh”(Ay) + 0. 

39, yy’ + 38y. yy”, tax”yy’, = btanh™ (Az). 

This is a special case of equation 15.5.3.10 with f(x) = ax” and g(x) = btanh’(Az). 
40. yin + 3Y,Ynn + 2[YYirn + (y%)?] = btanh” (Ax). 

This is a special case of equation 15.5.3.13 with f(a) = btanh” (Az). 

41. yy’ + (3y!, + ay tanh” x)y”, + atanh” x (y’,)? = 0. 

This is a special case of equation 15.5.3.17 with f(x) = atanh” x. 


42. (yt+a)y”. + by’.y”, + ctanh”(Ay)y’, = 0. 
This is a special case of equation 15.5.3.21 with f(y) = ctanh” (Ay). 


43. y?y”” + 3myy)y”, + m(m — 1)(y/,)? = atanh* (Ax) y?—™. 


Yorn 


This is a special case of equation 15.5.3.27 with f(a) = atanh*(\x) andn =m +1. 
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44, 2y’ yy”  — 3(y”,)? = atanh”(Ax)(y/,)? + btanh™ (wy) (y/,)*. 


Veaw 


This is a special case of equation 15.5.4.7 with f(a) =a tanh” (Ax) and g(y) =b tanh” (wy). 
45. YY ree — 8(Yee)” = a tanh” (Ax)(y,)” + by” (y,)*- 


Yeon 
m 


This is a special case of equation 15.5.4.7 with f(a) = atanh”(Azx) and g(y) = by”. 
46. 2Y, Urn — 3(Ynn)” = ae" (y,,)” + btanh™ (Ay) (y;,)*. 


Veaw 


This is a special case of equation 15.5.4.7 with f(x) = ax” and g(y) = btanh”™ (Ay). 
47. 2y! yl” — 3(y””,)? = atanh”(Ax)(y/,)? + btanh™ (ua)y—*(y/,)°/?. 


Veaw 


This is a special case of equation 15.5.4.8 with f(a) =a tanh" (Ax) and g(x) =btanh™ (ux). 
48. 2), Yirrn — 3(Yen)” = a tanh” (Ax) (y/,)? + bay *(y!,)°/?. 


Yeon 
m 


This is a special case of equation 15.5.4.8 with f(a) = atanh”(Azx) and g(x) = br™. 
49, yy” — 3(y”,)? = aa" (y!,)? + btanh™ (Ax)y—1(y/,)°/?. 


Veaw 


This is a special case of equation 15.5.4.8 with f(x) = ax” and g(x) = btanh”™ (Az). 
50. 2Y Yree — 3(Yien)” = a tanh” (Ay) (y/,)* + ba? tanh™ (uy) (y’,)/?. 


Veaw 


This is a special case of equation 15.5.4.9 with f(y) =a tanh” (Ay) and g(y) =btanh”™ (jy). 


51. 2), irre — 3(Yirn)” = a tanh” (Ay) (yi,)* + baty™ (y’,)7/?, 
This is a special case of equation 15.5.4.9 with f(y) = atanh”(Ay) and g(y) = by”. 


52. 2y’, ier 3(y”)? = ay”(y’)4 + br~! tanh” (Ay) (y,)7/?. 


Veaw 


This is a special case of equation 15.5.4.9 with f(y) = ay” and g(y) = btanh” (Ay). 


> Equations with hyperbolic cotangent. 


53. yl 


LLL 


= acoth(Ay)y’. 
This is a special case of equation 15.5.2.1 with f(y) = acoth(Ay). 


54, yf!” 


LLL 


= acoth(Ay)y’, + bcoth(ux). 

This is a special case of equation 15.5.2.2 with f(y) = acoth(Ay) and g(x) = bcoth(yx). 
55. yy’ + 8y,y”, = acoth”(Ax) +b. 

This is a special case of equation 15.5.3.6 with f(x) = acoth”(Az) + b. 


56. yy’ + 8y,y”, = acoth”(Ay) + b. 
This is a special case of equation 15.5.3.8 with f(y) = acoth” (Ay) + 0. 


57. yy’ + By, yy”, + ax” yy’, = beoth”™ (Az). 


LLL 


This is a special case of equation 15.5.3.10 with f(x) = ax” and g(x) = bcoth™ (Az). 


58. yy + 3y),y%, + alyy, + (y/,)?| = beoth” (Az). 
This is a special case of equation 15.5.3.13 with f(x) = bcoth” (Az). 
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59. yy”, + (3y/, + aycoth” x)y”, + acoth” x (y’,)? = 0. 
This is a special case of equation 15.5.3.17 with f(x) = acoth” x. 


60. (yta)y” + by yy”, + ccoth”(Ay)y’, = 0. 
This is a special case of equation 15.5.3.21 with f(y) = ccoth” (Ay). 


2 3 k ae 

61. yey + 8myy, yn, + m(m — 1)(y/1,)? = acoth*(Ax)y*—™. 

This is a special case of equation 15.5.3.27 with f(a) = acoth*(Ax) andn =m +1. 
2 2 4 

62. 2Y.Yerne — 3(Yre)” = acoth”(Ax)(y,,)” + bcoth™ (uy) (y,,)*- 

This is a special case of equation 15.5.4.7 with f(a) =acoth” (Ax) and g(y) =bcoth”™ (wy). 
2 2 4 

63. YU ree — 3(Yre) = acoth”(Ax)(y,,)” + by™ (y,,)*- 

This is a special case of equation 15.5.4.7 with f(x) = acoth”(Azx) and g(y) = by”. 
2 2 4 

64. 2y/ yf” — 3(yl,)* = ax” (y!,)* + beoth™ (Ay) (y/,)*. 


Veaw 


This is a special case of equation 15.5.4.7 with f(x) = ax” and g(y) = bcoth” (Ay). 
65. 2y/y”” — 3(y”,)? = acoth” (Ax) (y’,)? + beoth™ (ux)y~*(y,)°/?. 


Yeux 


This is a special case of equation 15.5.4.8 with f(x) =acoth"(Ax) and g(x) =bcoth™ (ux). 
66. 2Y, ree — B(Yen)” = acoth”(Ax)(yi)? + bey *(y)°/?. 


Youn 
m 


This is a special case of equation 15.5.4.8 with f(x) = acoth”(Azx) and g(x) = br™. 
67. 2y/y”” — 3(y”,)? = ax™(y,,)? + beoth™ (Ax)y—*(y,)°/?. 


This is a special case of equation 15.5.4.8 with f(a) = ax” and g(x) = bcoth™ (Az). 
68. 2Y/ Yr ee — 3(Yen)” = acoth”(Ay)(y’,)* + ba—* coth” (wy) (y/,)"/?. 


Yoon 
This is a special case of equation 15.5.4.9 with f(y) =acoth” (Ay) and g(y) =bcoth”™ (py). 
69. 2), Yin — 3(Yirn)” = acoth” (Ay) (y/,)* + baby (yt,)7/?. 


Yeon 
m 


This is a special case of equation 15.5.4.9 with f(y) = acoth”(Ay) and g(y) = by”. 
0. 2Y/,Y tow — 3(Yien)? = ay” (y’,)* + bat coth™ (Ay) (y/,)7/?. 


Veaw 


This is a special case of equation 15.5.4.9 with f(y) = ay” and g(y) = bcoth™ (Ay). 


15.4.4 Equations Containing Logarithmic Functions 


mt 


> Equations of the form y’”. = f(x,y, y/,)- 
Loy! =ay(Ax+miny). 


Yoon 
This is a special case of equation 15.5.1.16 with f(z) = alnz. 


mt 


22 Og az 3(Ay + mina). 
This is a special case of equation 15.5.1.17 with f(z) = alnz. 


mt 


3. yf” =ax “(Iny—2Inz). 


This is a special case of equation 15.5.1.7 with f(z) = alnz. 
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4, yf”, = aln(Ay)yi,.. 
This is a special case of equation 15.5.2.1 with f(y) = aln(Ay). 


5. Vere = aln(Ay)y, + bIn(ux). 

This is a special case of equation 15.5.2.2 with f(y) = aln(Ay) and g(x) = bln(wa). 

6. Were = ain” (Ay)y, + bIn™ (uy) (yz)*- 

This is a special case of equation 15.5.2.3 with f(y) = aln”(Ay) and g(y) = bln"™ (py). 
7. Vine = ain" (Ay)yy, + by™ (yZ)°. 

This is a special case of equation 15.5.2.3 with f(y) = aln”(Ay) and g(y) = by”. 

8. ere = ayy, + bIn™(Ay)(y,)°- 

This is a special case of equation 15.5.2.3 with f(y) = ay” and g(y) = bln (Ay). 


mt 


. YC = az 3(Iny — In x)(xy’, — y). 
This is a special case of equation 15.5.2.5 with f(€) = aln€. 


10. yn 


LLL 


= az *(Iny — 2Inz)(xy!, — 2y). 

This is a special case of equation 15.5.2.8 with f(€) = aln€. 
—5/2 

1. yf’ = ay / (2Iny’, —Iny). 

This is a special case of equation 15.5.2.27 with f(€) = 2aln€. 

12. ye 


LLL 


— ay~°/4(4 Iny’, —Iny). 
This is a special case of equation 15.5.2.28 with f(€) = 4aln€. 
13. yf”  =a®y+blnz(y, — ay)”. 


This is a special case of equation 15.5.2.16 with f(z, w) = bw” Inz. 


14, y!” 


vm = alna (cy’, — y)”. 


This is a special case of equation 15.5.2.20 with f(x,w) = aw" Ina. 


15. yn 


LLL 


=alna (ay’, — 2y)”. 


This is a special case of equation 15.5.2.21 with f(x,w) = aw" Ina. 


> Other equations. 


16. Yere = —3Yp, + a(a + ny)" (yy, + y) + 2y. 
This is a special case of equation 15.5.3.33 with f(€) = aln” €. 


17. LY vee _ b(xy;, mae ag alnz)y?,- 
This is a special case of equation 15.5.3.45 with f(€) = b&. 


18. yy” + 38y), y= aln"(bz). 


LLL 


This is a special case of equation 15.5.3.6 with f(x) = aln” (bz). 


15.4. Nonlinear Equations with Arbitrary Parameters 973 


19. yy?” + 38y), y= aln” (by). 

This is a special case of equation 15.5.3.8 with f(y) = aln” (by). 

20. yy + 38y. yf, + ax”yy’,, = bin™ (Az). 

This is a special case of equation 15.5.3.10 with f(x) = ax” and g(x) = bln” (Az). 
21. YYitew + 3Y;,Yee + @[YUne + (Ye)°] = bln” (Az). 

This is a special case of equation 15.5.3.13 with f(x) = bln”(Az). 

22. (Y+4)Y rea + bYVrx + ln” (Ay)y;, = 0. 

This is a special case of equation 15.5.3.21 with f(y) = cln” (Ay). 


23, ay!" + 3myy,Y, + m(m — 1)(y/,)? = aln*(bx)y?—™. 


Yorn 


This is a special case of equation 15.5.3.27 with f(a) = aln*(bx) andn =m +1. 


24. 2y/ yl" — 3(y”.)? = ay*(In y,, —2Iny). 


LLL 


This is a special case of equation 15.5.4.14 with f(€) = aln€. 

25. 2y).Yice — 3(Yee)” = aln"(Ax)(y,)* + bIn™ (uy) (YZ)? 

This is a special case of equation 15.5.4.7 with f(a) = aln”(Az) and g(y) = bln™ (py). 
26. 2, Ure — 3(Yee) = aln"(Ax)(y,,)” + by (yi). 

This is a special case of equation 15.5.4.7 with f(a) = aln”(Az) and g(y) = by”. 

27. YU ree — 3(Yee) = aa” (y,,)” + bIn™(Ay)(y,)*. 

This is a special case of equation 15.5.4.7 with f(z) = ax” and g(y) = bln (Ay). 

28. 2), Y ne — 3(Yife)” = an” (Ax)(yi,)? + bIn™(wax)y*(y',)°/?. 

This is a special case of equation 15.5.4.8 with f(x) = aln”(Az) and g(x) = bln” (uz). 


29. 2y’, i 3(y”)? =aln"z (y!,)? + ba™ y—1 (yl )/?, 


Yeux 


This is a special case of equation 15.5.4.8 with f(x) = aln” x and g(x) = ba”. 


30. 2y/y/"_, — 3(y”,)? = ax” (y!,)? + bIn™ (Ax)y—*(y/,)°/?. 


Yeon 


This is a special case of equation 15.5.4.8 with f(x) = ax” and g(x) = bln”™ (Az). 


31. 2, Y ee — 3(Yife)” = an” (Ay)(y;,)* + ba" In™ (wy) (y/,)7/?. 
This is a special case of equation 15.5.4.9 with f(y) = aln”(Ay) and g(y) = bln™ (py). 
32. 2), irre — 3(Yien)” = ay” (yi,)* + bat In™ (Ay) (yi) 7/7. 

This is a special case of equation 15.5.4.9 with f(y) = ay” and g(y) = bIn™ (Ay). 

33. YU — 8(Yien)” = ain” (Ay) (y/,)* + baby (yi). 

This is a special case of equation 15.5.4.9 with f(y) = aln”(Ay) and g(y) = by”™. 


mt 7 


34. yy MY — YLVee NY Ze + OY,Yee = 0. 
a a,,C 


Integrating yields a second-order autonomous equation of the form 14.9.1.1: y,,. = e7y”. 
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15.4.5 Equations Containing Trigonometric Functions 
> Equations with sine. 


lL yf. = asin(Ay)y’,. 


Youn 


Solution: C3 +2 = [icw + Cy — 2ad~? sin(Ay)| me dy. 


mt 


2. Yo» = asin(Ay)y,, + bsin(px). 
This is a special case of equation 15.5.2.2 with f(y) = asin(Ay) and g(x) = bsin(uzx). 


b 
Integrating yields a second-order equation: y/,, = -+ cos(Ay) — — cos(uxr) + C. 
bl 


mt 


3. yf!’ = asin” (Ay)y), + bsin(py)(y/,)*. 
This is a special case of equation 15.5.2.3 with f(y) = asin”(Ay) and g(y) = bsin(y). 


4. Une = F»"(yQ)* + a(sindAy)~™ Fy)?" 


This is a special case of equation 15.5.2.36 with f(€) = a€2”. 


mt 


5. yy + 3y yf, = asin(Az). 

Solution: y? = Cox? + Cia + Co + 2ad~? cos(Az). 

6 yy + 3y yf, = asin” (Ax) + b. 

This is a special case of equation 15.5.3.6 with f(z) = asin”(Az) + b. 
7 yy + 38y,y,, = asin” (Ay) + b. 

This is a special case of equation 15.5.3.8 with f(y) = asin”(Ay) + b. 


mt 


8. yy + 8yy”, taxr"yy,, = bsin™ (Az). 

This is a special case of equation 15.5.3.10 with f(x) = ax” and g(x) = bsin”™ (Az). 
9%. Yin + 3Y, Yee + [YY ee + (y’,)?] = bsin” (Az). 

This is a special case of equation 15.5.3.13 with f(x) = bsin”(Az). 

10. yy”. + (8y/, + aysin” x)y”, + asin” x (y/,)? = 0. 

This is a special case of equation 15.5.3.17 with f(x) = asin” x. 


ll. (yta)y” + by, y”, + csin™(Ay)y’, = 0. 
This is a special case of equation 15.5.3.21 with f(y) = csin” (Ay). 


12. y” at 3myy!.y” + m(m — 1)(y%,)? = asin*(Ax)y?—™. 


Youn 


This is a special case of equation 15.5.3.27 with f(a) = asin*(Ar) andn =m +1. 


> Equations with cosine. 


13. yf’ = acos(Ay)y,,. 


Solution: C3 +a = [ice + Cy — 2ad~? cos(Ay)]/? di: 
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14. y” = acos(Ay)y’, + bcos(px). 
This is a special case of equation 15.5.2.2 with f(y) = acos(Ay) and g(x) = bcos(ux). 
BN 


Integrating, we obtain a second-order equation: y’”,, = a sin(Ay) + — sin(uar) + C. 
fl 


15. y= acos"(Ay)y!, + bcos(uy)(y’,)*. 
This is a special case of equation 15.5.2.3 with f(y) = acos"(Ay) and g(y) = bcos(py). 


16. yf, = ayy, + bcos(my)(y;,)°. 
This is a special case of equation 15.5.2.3 with f(y) = ay” and g(y) = bcos(py). 


17. Yone = beos(Ay)(y,)* + a(y,)”- 
This is a special case of equation 15.5.2.4 with f(y) = bcos(Ay). 


18. Yvan = 2" (y,)* + a(cosry)—™ (yi, Pr. 


This is a special case of equation 15.5.2.35 with f(€) = a€?”™. 


mt 


19. yYyre + 3Y,Yee = acos(Ax). 
Solution: y? = Cpa? + Cyx + Co — 2ad~8 sin(Az). 


mt 


20. yy... + 3y,.y., = acos”(Ax). 
This is a special case of equation 15.5.3.6 with f(x) = acos”(Az). 


21. yy’ + 38y,. yy”, = acos”(Ay) + b. 
This is a special case of equation 15.5.3.8 with f(y) = acos"(Ay) + b. 


22, yy” + By. yl”, + ax”yy’, = bcos™ (Ax). 
This is a special case of equation 15.5.3.10 with f(a) = ax” and g(x) = bcos” (Az). 


23. YY ene + 3Y,Yne + [YY ere + (Ye)”*] = bcos” (Ax). 
This is a special case of equation 15.5.3.13 with f(a) = bcos”(Az). 


mt 


24. yy” + (3y), + aycos” x)y”, + acos” x (y’,)? = 0. 


This is a special case of equation 15.5.3.17 with f(x) = acos” x. 


25. (yta)yi”. + by,.y.,, + ecos”(Ay)y;, = 0. 
This is a special case of equation 15.5.3.21 with f(y) = ccos”(Ay). 


26. yry”” + 3myy)y”, + m(m — 1)(y/,)? = acos*(Ax)y?—™. 
This is a special case of equation 15.5.3.27 with f(a) = acos*(Ax) andn =m +1. 
27. YY ree — 3(Yee)” = acos”(Ax)(y;,)” + by™(y;,)*. 


Yeon 
m 


This is a special case of equation 15.5.4.7 with f(a) = acos”(Az) and g(y) = by”. 


28. 2Y, are — 3(Yex)” = ae"(y;)” + bcos™(Ay)(y,)* 
This is a special case of equation 15.5.4.7 with f(x) = ax” and g(y) = bcos™ (Ay). 
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29. 2), Yirnw — 3(Yen)” = acos”(Ax)(y’,)? + bcos” (wx)y*(y/,)°/?, 


Yeon 


This is a special case of equation 15.5.4.8 with f(x) = acos”(Azx) and g(x) = bcos” (ux). 
30. 2y/,y"", — 3(y%,)? = acos”™(Aa)(yi,)? + bay *(y/,)°/?. 


Veaw 
m 


This is a special case of equation 15.5.4.8 with f(x) = acos”(Ax) and g(x) = bx™. 
31. yer — 3(Yrn)” = av” (y/,)” + bcos™(Ax)y~*(yi,)°/?, 


LLL 


This is a special case of equation 15.5.4.8 with f(x) = ax” and g(x) = bcos” (Az). 

32. 2), Yirrw — 3(Yen)” = acos”(Ay)(y’,)* + ba? cos™ (wy) (y/,)7/?. 

This is a special case of equation 15.5.4.9 with f(y) = acos”(Ay) and g(y) = bcos” (py). 
33. 2), Yin — 8(Yen)” = acos”(Ay)(y/,)* + ba ty™ (yl) 7, 

This is a special case of equation 15.5.4.9 with f(y) = acos”(Ay) and g(y) = by”. 


34, 2y! yy’ — 3(y”,)? = ay” (y/,)* + ba! cos™ (Ay) (y/,)7/. 


Veaw 


This is a special case of equation 15.5.4.9 with f(y) = ay” and g(y) = bcos” (Ay). 


> Equations with tangent. 


35. ye 


LLL 


This is a special case of equation 15.5.2.1 with f(y) = atan(Ay). 


= atan(Ay)y’,. 


36. yy”, = atan(Ay)y’, + btan(uz). 
This is a special case of equation 15.5.2.2 with f(y) = atan(Ay) and g(x) = btan(yx). 


37. yy’ + By, y”, = atan”(Ax) + b. 


LLL 
This is a special case of equation 15.5.3.6 with f(z) = atan”(Az) + b. 
38. yy’ + 38y. yy”, = atan”(Ay) + b. 
This is a special case of equation 15.5.3.8 with f(y) = atan”(Ay) + b. 


mt 


39, yy’ + 38y. yy”, t+ ax”yy’, = btan™ (Az). 

This is a special case of equation 15.5.3.10 with f(a) = ax” and g(x) = btan™ (Az). 
40. YYrew + 3Y;,Yrn + @[¥Yxe + (ye)”] = btan”(Az). 

This is a special case of equation 15.5.3.13 with f(a) = btan”(Az). 

aN. yy” + (3y, + aytan” z)y”, +atan” x (y/)? = 0. 

This is a special case of equation 15.5.3.17 with f(x) = atan” x. 


42. (yt+a)y”. + by).y”, + ctan”(Ay)y’/, = 0. 
This is a special case of equation 15.5.3.21 with f(y) = ctan” (Ay). 


43. y? a= 3myy!.y” + m(m — 1)(y/,)° _ atan*(Ax)y?2—™. 


Yorn 


This is a special case of equation 15.5.3.27 with f(a) = atan*(Ar) andn =m +1. 
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44. 2y) ice — 3(Yze)” = atan”(Ax)(y,)* + btan™(wy)(y,)* 

This is a special case of equation 15.5.4.7 with f(a) =atan”(A) and g(y) = btan"™ (py). 
45. 2y Ure — 3(Yee) = atan”(Ax)(y,)* + by™ (y,,)*. 

This is a special case of equation 15.5.4.7 with f(x) = atan”(Az) and g(y) = by”. 
46. yore — 3(Yze)” = ae (y’,)” + btan™(Ay)(y,)*. 

This is a special case of equation 15.5.4.7 with f(x) = ax” and g(y) = btan™ (Ay). 


47. 2y'y/", — 3(y%,)? = atan”(Ax)(y’,)? + btan™ (wx)y~"(y/,)°”?. 


Yeon 


This is a special case of equation 15.5.4.8 with f(x) =atan”(Azx) and g(x) = btan™ (ux). 
48. 2), irre — 3(Yen)” = atan”(Aa)(y/,)? + bay *(yi,)°/?. 


Yeon 
m 


This is a special case of equation 15.5.4.8 with f(a) = atan”(Az) and g(x) = ba”. 
49. yy” — 3(y”)? = aa” (y!,)? + btan™ (Ax) y—1(y)°/. 


Veaw 


This is a special case of equation 15.5.4.8 with f(x) = ax” and g(x) = btan’™ (Az). 

50. 2), Yr — 3(Ynn)” = atan”(Ay)(yi,)* + be" tan™ (wy) (y’,)/?. 

This is a special case of equation 15.5.4.9 with f(y) =atan”(Ay) and g(y) = btan"™ (py). 
51. 2), irre — 3(Ynn)” = atan”(Ay)(yi,)* + ba Ty™ (y/,)7/?. 

This is a special case of equation 15.5.4.9 with f(y) = atan”(Ay) and g(y) = by”. 


52, 2y/ yy’! — 3(y”,)? = ay™(y/,)* + ba? tan™ (Ay) (y/,)7/?. 


Veaw 


This is a special case of equation 15.5.4.9 with f(y) = ay” and g(y) = btan™ (Ay). 


> Equations with cotangent. 


53. yl 


LLL 


= acot(Ay)y’,. 

This is a special case of equation 15.5.2.1 with f(y) = acot(Ay). 

54. yy’, = acot(Ay)y,, + bcot (ux). 

This is a special case of equation 15.5.2.2 with f(y) = acot(Ay) and g(x) = bcot(puz). 
55. yy’ + 8y, yy”, = acot”(Ax) + b. 

This is a special case of equation 15.5.3.6 with f(a) = acot”(Az) + b. 

56. yy’ + By, yy”, = acot™(Ay) +b. 

This is a special case of equation 15.5.3.8 with f(y) = acot”(Ay) +b. 

57. yy’ + By, yy”, + ax”yy’, = bcot™ (Az). 

This is a special case of equation 15.5.3.10 with f(x) = ax” and g(x) = bcot™ (Az). 


58. WYrew + 3Y2Yee + [YY + (Ye)*] = beot” (Az). 
This is a special case of equation 15.5.3.13 with f(a) = bcot”(Az). 
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59. yy’ + (3y, + aycot” x)y”, + acot” x (y’)? =0. 
This is a special case of equation 15.5.3.17 with f(x) = acot” x. 


60. (y+ a)y”.. + by, y’., + ccot”(Ay)y’, = 0. 
This is a special case of equation 15.5.3.21 with f(y) = ccot”(Ay). 


61. y?Ynne + 8myy,Yn, + m(m — 1)(yi,)? = acot*(rAx)y?—™. 
This is a special case of equation 15.5.3.27 with f(x) = acot*(Ax) andn =m +1. 


62. 2Y). Ure — 3(Yze)” = acot”(Ax)(yi,)* + bcot™(uy)(y;,)*: 
This is a special case of equation 15.5.4.7 with f(a) = acot™(Ax) and g(y) = bcot’™ (py). 


63. 2, Yee — 3(Yex) = acot™(Ax)(y,)” + by™ (yi,)*. 
This is a special case of equation 15.5.4.7 with f(x) = acot”(Azx) and g(y) = by™. 


64. YY ree — 8(Yer)” = ae" (y,,)” + beot™(Ay)(y,,)*. 

This is a special case of equation 15.5.4.7 with f(x) = ax” and g(y) = bcot™ (Ay). 

65. 2Y Yr ee — 8(Yen)” = acot™(Ax)(y’,)” + bcot™ (ua)y*(y/,)?/?. 

This is a special case of equation 15.5.4.8 with f(x) = acot”"(Az) and g(x) = bcot™ (ux). 
66. 2y/y’” — 3(y”,)? = acot™(Ax)(y/,)? + bay} (y’ 5/7. 


Youn 
m 


This is a special case of equation 15.5.4.8 with f(x) = acot™(Ax) and g(x) = bx™. 


67. 2y, y7" . — 3(y”,)? = axz™(y!)? + bcot™ (Ax)y~1(y’,)>/. 


Yoox 


This is a special case of equation 15.5.4.8 with f(x) = ax” and g(x) = bcot™ (Az). 


68. 2y/,y/, — 3(y%,)? = acot”™(Ay)(y’,)* + br" cot™ (uy) (y/,)7/?. 
This is a special case of equation 15.5.4.9 with f(y) = acot™(Ay) and g(y) = bcot’™ (py). 


69. 2y/,y’ — 3(y”,.)? = acot”(Ay)(y,)4 + ba-ty™ (y/)7/?. 


Yoox 
mm 


This is a special case of equation 15.5.4.9 with f(y) = acot”(Ay) and g(y) = by”. 


70. 2y/,y"’, — 3(y!,)? = ay™(y/,)* + ba—! cot™ (Ay) (y,)7/. 


Yoox 


This is a special case of equation 15.5.4.9 with f(y) = ay” and g(y) = bcot™ (Ay). 


15.5 Nonlinear Equations Containing Arbitrary Functions 


15.5.1 Equations of the Form F(a, y)y’”” + G(a,y) = 0 


LLL 


> Arguments of the arbitrary functions are x or y. 


The substitution w(y) = (y/,)? leads to a second-order equation: Wyy = +2f (y)w V2, 


In particular, with f(y) = ay” the obtained equation is an Emden—Fowler equation; see 
Section 2.3. 
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2. Wine = F(x)y™. 
1°. On integrating the equation, we have yy",—3(y/,)° = / f(a) dx+C. The substitution 


y = w” reduces the latter equation to the form w',,, = [/ f(x)dz+Clw-. 


2°. The transformation x = 1/t, y = u/t? leads to an equation of the same form: w//, 


—t-?f(i/sut. 


3. Yene = @ f(y). 
The substitution t = In|z| leads to an autonomous equation of the form 15.5.5.9: yi, — 
8yi2 + 2 = f(y): 


4. (yt+ax? + br +c)yy, = f(a). 


The substitution w = y+az?+bzx +c leads to an equation of the form 15.5.1.2: ww”. = 


f (2). 
5. (ay + be”)y’’ + be*y = f(z). 


Integrating yields a second-order equation: 


(ay + be*)y"". — sa(y,)? — be*y’, + be? y = [t@ dz+C. 


> Arguments of the arbitrary functions depend on x and y. 


6. irre = @ "fF (yx). 
The transformation t = In|z|, w = yx! leads to an autonomous equation of the form 
15.5.5.9: wi, — w; = f(w). 


7. Venn = BF (ye—*). 


1 


The transformation ¢ = x~', w = yx~? leads to an autonomous equation of the form 


5.5.1.1: we, = —f lw). 


mo —k—3 k 
Generalized homogeneous equation. 
1°. The transformation t = Inz, z = x*y leads to an autonomous equation. 
2°. The transformation z = x*y, w = xy!,/y leads to a second-order equation. 

—3 
Generalized homogeneous equation. The transformation z = x"y™, w = xy/,/y leads to 
a second-order equation. 

mt —_ 3 2 

10. Your = f(yt+ax” + bx* + cx +k). 


The substitution w = y+ax?+ br? + cx +k leads to an autonomous equation of the form 
15.5.1.1: wy, = f(w) + 6a. 


LLL 
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ll. x(x — ary” = f(yx~”), a0. 


a 
; w= + leads to an autonomous equation of the form 
x 


The transformation € = In| = 
x 
15.5.5.9: wee — 8we, + 2uy = a~? f(w). 


es + by + 
12 Une = (aw + by +6) °F (SI). 


This is a special case of equation 17.2.6.19 with n = 3. 


2 2. _— y 
13. (ax + ba + c) Voorn — (4). 


dx y 


The transformation € = / $<, w = ——_ 
ax? + bx +e ax? + bx +e 
equation of the form 15.5.5.9: Weeg + (4ac — bw, = fw, 


m2 ¥y 
- Your ~ Y (4). 
Setting f(u) = u?fi(u), we have equation 15.5.1.13 with the function /; (instead of f). 
15. yf” =e f(ye*). 


This is a special case of equation 15.5.3.32 with a = b = c = 0. The substitution w(x) = 
ye” leads to an autonomous equation. 


16. Yin = us (ery). 
This is a special case of equation 15.5.5.21. The transformation z = e**y™, w(z) = y/,/y 
leads to a second-order equation. 


=a 3f(a™er), 


The transformation z = 2c”, w(z) = xy/, leads to a second-order equation. 


leads to an autonomous 


17. ye 


LLL 


18. yf’ = f(yt ae") ana: 


The substitution w = y + ae*” leads to an autonomous equation of the form 15.5.1.1: 
Mm = 


19. yf! = F(a, y). 
The transformation x = 1/t, y = w/t? leads to an equation of the same form: wf, = 
—t-4*F(1/t, w/t?). 


15.5.2 Equations of the Form F(z, y,y'/)y’” + G(z,y,y,,) =0 


LLL 
> Arguments of the arbitrary functions depend on z and y. 
Lyte = f(y)Un 
-1/2 
Solution: C342 = [leu +Cy+ 2 f FW) dy] dy, where F'(y) = [ro dy. 


2. Yorn = f(y), + 9(2). 


Integrating yields a second-order equation: y/”,, = / f(y) dy+ / g(x) dx +C. 
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3. Yana = S(y)ye + 9(y) (yz)? 

The substitution z(y) = (yi,)? leads to a second-order linear equation: z//,, = 2g(y)z + 
2f(y).- 

4. Urea = F(y)(ur)* + a(y,)”- 

The substitution z(y) = +(y/,)? leads to Yermakov’s equation 2.9.1.2: 2!” = 2f(y)z + 


yy 
2Qaz~3. 


5. Yoo = a*s(4) (xy’, —y). 


The transformation z = y/z, w = x 7(ay!, — y)? leads to a second-order linear equa- 
tion: w, = 2f(z) + 2. Integrating the latter equation twice, we arrive at a first-order 
Romercn ole equation for y(x): 


i 2 . a4 y 
i= 2 E +Coz+Ci +2} (z-t)f(t)dt}| , where t=, 


20 


and zo is an arbitrary number. 


= 3 
6. Vere = & (4) (eu!, —y)- 
The transformation z= y/z, w = x~?(zxy/, — y)? leads to a second-order linear equation: 
wy» = 2f(z)w +2. 
7. yi, = wf (4) (wyl, — y) + 2 %9(4) (wy! — y)”. 
This is a special case of equation 15.5.3.38 with k = —1. The transformation ¢ = Inz, 
z = y/x, followed by the substitution w(z) = (z/)?, leads to a second-order linear equa- 
tion: wi, = 2g(z)w + 2f(z) +2 
8. yf, = @ *f(4) (ay! — 2y). 


The transformation t = 1/2, z = y/x? leads to an autonomous equation: 2//, = f(z)z}. 
The substitution w(z) = (z{)? then yields the second-order linear equation w!, = 2f(z), 
whose solution is given by: 


w=Coz+Cy+ 2 | (z—&)f(€) dé, zis an arbitrary number. 


20 


. = af(4 ~) (wy!, — 2y)°. 


The transformation t = 1/z, z = y/x”, followed by the substitution w(z) = (z/)?, leads 
to a second-order linear equation: w'!, = 2f(z)w 


10. Yee = © “5¢(4 -) wy’, — 2y) + 2 ™9(4 -) (xy’, — 2y)°. 


The transformation t = 1/x, z = y/x?, followed by the substitution w(z) = (z{)?, leads 
to a second-order linear equation: w!!, = 29(z)w + 2f(z). 
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We Yee + fu, + gy = —38hy~“*(y;,)? — 3(hiy? + 2h7)y oy’, 
— h®y® — 8hhiy~? — (fh t+ hy,)y*. 
Here, f = f(x), g = g(x), and h = h(x) are arbitrary functions. 


h(a) o) 1/3 


Solution: y = w lc +3 i ——_ , where w = w(x) is the general solution of 
w 


the linear equation: wi’, + f(x)w!, + g(x)w = 0. 
12. [ay + f(@)]¥re + 9(y)¥ + free(@)y + h(x) = 0. 


The equation admits a first integral: 


lay + f(e)ler — Fale)? — flute + Petey + f atu) dy + f ha) de = c 


> Arguments of the arbitrary functions depend on z, y, and y’.. 
13. Yone = F(Yz)- 
Solution in parametric form: 


: = 1/2 
a) OE y= | oo where = [cr+2 f Fear] : 


Co p(T) C3 p(T) 


14. ye = Ff (@,y;,)- 

The substitution w(a) = y/, leads to a second-order equation: w”,, = f(x, w). 
15. ye = f(y, yt): 

Autonomous equation (this is a special case of equation 15.5.5.9). 


1°. The substitution u(y) = (y/,)? leads to a second-order equation: 


ho = +2u-"/? Fly, t+ul/?), 


2°. The transformation 
o= fie %ar, y= len (1) 


leads to an analogous equation with respect to y = y(r): 


gt, =—p tip, —p yl). 


Note two important cases of transforming equations of special form: 


m transformation (1) m —5/2 =1 
Yeaa = f(y) - Pree = TY / f(y iF 

m transformation (1) m —n—5/2 
Yorn = Ay” ? ne map i, 


16. Ye = a®y + f(a, y’, — ay). 


The substitution w—=y/,—ay leads to a second-order equation: w”,,taw!,ta?w = f(a, w). 
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17.. y= (3a7x — a®x?)y + f(a, y,, + axy). 
The substitution w = y/, + axy leads to a second-order equation: 


" 


Y  —axw, + (aa? — 2a)w = f(a,w). 


WwW 


18. yl”, = af (ay!, — y). 

The substitution z = xy/, — y leads to a second-order equation of the form 14.9.2.20 with 
n=1: 22 = 2, 4+2°f(2). 

19. yf” =a2 *f(xy!, —y). 

The transformation t = In |x|, z = xy!,—y leads to the second-order autonomous equation 


zi, — 22} = f(z), which is reduced, with the aid of the substitution w(z) = 42}, to the 


Abel equation ww, — w = + f(z) (for some functions f, solutions of this Abel equation 
are given in Section 13.3.1). 

20. Yroe = f(a, ey, — y)- 

The substitution w = xy!, — y leads to a second-order equation: (w’,/x)), = f(z, w). 
1. yf = F(a, vy, — 2y). 

The substitution w = xy’, — 2y leads to a second-order equation: w/t, = xf (x, w). 

22. ay’, = f(a, xy’, + ay) — a(a+1)(a + 2)y. 

The substitution w = xy!, + ay leads to a second-order equation: 


aw, — (a+ 2)cul, + (a +1)\(a+ 2)w = f(a,w). 


23, yf, =e 7F(yl — 2). 


The substitution z = xy/, — y leads to the second-order equation «2/1, = z!, + F(z/z), 
which is a special case of the equation 14.9.4.22 withn =—1, m=1,k=-—1, F(§)=€f(€). 


24. y= xf (y/, — 2). 


xz 


The transformation t = 1/2, z = y/x? yields z//, = —f(—z/). The substitution w = —2/ 


leads to a second-order autonomous equation of the form 14.9.1.1: w/, = f(w). 

1 y ¥ 
25. yi, = a f(4, ui, - 24). 
The transformation ¢ = 1/z, z = y/x? leads to an equation of the form 15.5.2.15: 
2, = —f(z,—z2}), which admits, with the aid of the substitution w(z) = (2/)?, reduc- 
tion of its order: w!, = +2w71/? f(z, +w'/?). 


26. Yen = yx *f(xyl,/y). 
The transformation z = xy/,/y, w = xy” /y leads to a first-order equation: 


(w+2—27)w) = 2w— zw f(z). 


27. Yee = y8/7¢( He), 


With the substitution w(y) = (y/,)?, one can reduce this equation to an equation of the form 
14.9.1.8: wi, = y 3 F(w/y), where F(€) = £2€-1/? f(4€1/2), 
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28. Yare =! ‘7(4), 


The substitution w(y) = (y/,)? leads to an equation of the form 14.9.1.9: 


Woy = y 3? F (wy V?), where F(€) = +é—'/? (tel/?), 


me 2 —5/4 Yo 
20 eee ON EE) a + by + =m )) 


The substitution w(y) = (y/,)? leads to an equation of the form 14.9.1.21: 


a8 es) where F(g) = +2¢°/? f(+€1/?). 


me 2 2 4)—5/4 ry, — 2y 
30. Yorn = L(ay* + ba~y + cx) (to) 
The transformation t = 1/2, z = y/x? leads to an equation of the form 15.5.2.29: 


—5/4 — 2} 
el, = (a2? + ba 0) (te), 


31. Yona = 8 7, + @ Sy + a/2yW9/? F (= a ). 


The transformation t = In, z = y/z, followed by the substitution w(z) = (z/)’, leads 
to a second-order equation of the form 14.9.1.8: w, = z-3F (w/z), where F(€) = 


ge MP fEVE), 


32, yl! = a ty! +a Sy + 2 3/4y 5/4 fF (= —# ). 


3/4y1/4 


The transformation t = Ina, z = y/zx, followed by the substitution w(z) = (z/)?, leads 
to a second-order equation of the form 14.9.1.9: w!, = 23/2 F(wz-/?), where F(€) = 


+2¢-1/? f(LVE). 
33. Yowe = Unf (Ye + ay). 


The substitution w(y) = (y/.)? + ay leads to a second-order autonomous equation of the 
form 14.9.1.1: wy, = 2f(w). 


34. yy” = 2d (y/)3 + CY F (ery! Jy’. 
This is a special case of equation 15.5.2.48 with ~(y) = e 


35. m _ 12,7 )3 h dy)72 Yor /. 


This is a special case of equation 15.5.2.48 with w(y) = cosh Ay. 


36. mt —1)2 1\3 inh X -—3 Ue - 


This is a special case of equation 15.5.2.48 with w(y) = sinh Ay. 
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37. yf” 


LLL 


= ytanhz + f(a, y’, — ytanhz). 
This is a special case of equation 15.5.2.47 with y(x) = cosh z. 


38. oy’, = (sinh y)~7(y/,)® + (tanh y)* f(y’, \/tamh y )y/,. 
This is a special case of equation 15.5.2.48 with a(y) = coth y. 


39.” 


LLL 


= ycotha + f(x,y’, — ycothz). 
This is a special case of equation 15.5.2.47 with y(x) = sinh x. 


40. yy’, = —(cosh y)~?(y/,)? + (coth y)* f (y/, /coth y )y’. 
This is a special case of equation 15.5.2.48 with a(y) = tanh y. 


41. m __ _1y2(,7)3 dy)-3 Vos a 
Yoon 2 (y,) + (cos y) f /cos Ay Ue 


This is a special case of equation 15.5.2.48 with ¢(y) = cos Ay. 


42. m _. _1y2(,7)3 in Ay)? Yor a 
Yeon = — 3% Ya)" + (sin dy)" F| TR ) Un 


This is a special case of equation 15.5.2.48 with ¢(y) = sin Ay. 


43. y” =ytane+ f(x,y), + ytanz). 


This is a special case of equation 15.5.2.47 with y(x) = cos x. 
44, yi’, = (siny) 7(y’,)° + (tany)* f(y’, /tany )y’,. 
This is a special case of equation 15.5.2.48 with ¢(y) = cot y. 


45. y= —ycotz+ f(x,y! — ycotz). 


LLL 


This is a special case of equation 15.5.2.47 with y(x) = sina. 
46. Yiv'.n = (cosy) *(y’,)? + (cot y)*f (yi, cot y )y4,. 
This is a special case of equation 15.5.2.48 with ¢(y) = tan y. 
a. Wg = f(a, yl, - fy), y = v(x). 


/ 
The substitution w = y/, — Pry leads to a second-order equation: 
p 


/ " 1\2 


x 


? ? 


8. y= 


LLL 


Vou 0, 1\3 -3¢( Ye \,7 = 
b (yi) +e (te) us, w= vy). 


The substitution z = (y/,)? leads to a second-order equation of the form 14.9.1.46: 


ce = a * + 20-87 (4 = ) F 
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49. Yvre = F(®,y, ¥2) 
Let F F v(x)y!, + W(x)y + x(2), ie., the equation is nonlinear. Then its order can be 
reduced by one if the right-hand side of the equation has the following form: 


Plo ysve) =F 2B{ Huw) + f [OFA w+ (FP + 2F Fe ftee) 


— (2ftind + £9tea)\E — (26 fo fene +f? ften — 2hf fern)V| dx}, 
where 


= dx _ f gdx iy fea fot 
E=ex(-k [ ), v= foo Ug See 


® = O(u,w), f = f(x), and g = g(x) are arbitrary functions; & is an arbitrary constant. 
In this case, the transformation t = i f-'dz, u= f-!E7ly + V, followed by the 


substitution z(u) = u;, leads to a second-order equation: 


22M 8 2(2,)° s 3kzzi, + 3k? x = keu = O(u, Bis ku). 


UU 


50. Wvee = f(y) 97 y,B(u) + ng OT (ui) + 
fu(ya(y) — 2f(y)gy(y) _, 
4f(y)? si 


The functions f(y), g(y), and ®(u) are arbitrary and u = fo tay)? -+ for dy. 


Autonomous first integral: 
1 
FU) re) + |-Z fy) 2) + aly) eet 


tO Hie) 94 
+p edt — ftw au HE at)? + 


2 1 
51. We = Ve lays) +F(yl9y) — Fy, (y) ye 
The autonomous first integral P = P(y,y/,, y”,.) satisfies the linear first-order partial dif- 
ferential equation 


aP 2ay;, + fy(y) 
—_ «= = er a ea 

a(y) + £(y) 
which is reduced to a Riccati equation. Therefore, in a large number of cases, the first 
integral can be expressed in terms of elementary or standard special functions. Its rep- 
resentation is essentially dependent on the function g(y). For example, if g(y) = y* or 
g(y) = e, the second differential invariant is expressible in terms of Bessel functions; fur- 
k4+3 


thermore, for the power-law function, we obtain a special Riccati equation and if 77> is 


half-integer, the first integral is an elementary function. For example, if k = 0, we get 


2ayre + fy(y) 
V2a [C(yt,)? + f(y] 


P =v 2ay — arctanh 
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15.5.3 Equations of the Form 
F(a, Y> Yo) Vcc 7 G(a, Y> Ys) U vcr oT A(a, Y> y’,) = 0 
> The arbitrary functions depend on z or y. 
1. Urea + BAY, Se + A*(yn)” = f(a)e™™. 
Solution: e*¥ = Cox? + Cla + Cy + >| (a — t)? f(t) dt, where xo is an arbitrary 


x0 
number. 


mt 


Integrating yields a second-order autonomous equation of the form 14.9.1.1: y= F(y), 


where F'(y) = Cexp [/ f(y) dy] : 


3. y= [Fy + 9(2)] yy. 


Integrating yields a second-order equation: y"”,, = C exp | f(y) dy+ / g(x) da ; 


4. xy", aay, + bry’, = f(y). 
The substitution ¢ = In |x| leads to an autonomous equation of the form 15.5.5.9: 
Vite + (@— 3)yh, + (b— a + 2)y, = f(y). 


5. Y(Yirrn + 30H, + 20°Y;,) = F(@). 
Integrating yields a second-order equation: 


yy, + 2ayy!, — (y/,)? =e" [2 i ce F(x) da +C}. 


6. YY ree + 3Y,Y re = f(x). 
x 
Solution: y* = Cpa? +Ca+Cy+ / (a —t)? f(t) dt, where zo is an arbitrary number. 


xo 
7. YVeww + WeVoe = f(x). 

Integrating yields a second-order equation: yy", + 5(a— 1)(y/,)? = / f(z)da+C. 

8. VY tee + 389, re = Fy): 

The substitution w = y? leads to an autonomous equation of the form 15.5.1.1: w/!.. = 


2f(tvw). 


mt 


Integrating yields a second-order linear equation: y/”, = / f(z)dx+Cly. 


mt 


10. YY ere + 38YLVee + f(x)yyy = g(x). 
The substitution w= yy/, leads to a second-order linear nonhomogeneous equation: w”,.+ 


f(x)w = g(2). 
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We YYrre + Suse + 4f(x)yy’, + fi(a)y? = 0. 
Multiplying by y?, we arrive at an exact differential equation. Integrating it yields Yer- 
makov’s equation 14.9.1.2: y+ f(x)y = Cy~?. 

There is also the trivial solution y = 0. 


12. YY ere + YY re = f(y)y, + 9(2)- 
Integrating yields a second-order equation: 


vy, + Ha—Wly r= [re )dy+ f glx)ae +c. 
13. yy” + 3y, y+ Tea. + (y/,)?] = f(2). 


Solution: 
x 


Y =C3e 4 Oe 4+ C+ 2 | (2 —t)e “ F(t) dt, where F(t) = petro dt 


na) 


xq is an arbitrary number. 


14. yYiene + (3y!, + 2ay)y%, + 2a(yi,)” + a?yyl, = f(z). 
Integrating the equation twice, we arrive at a first-order separable equation: 


x 
e* yy), = Cox + Cy + / (x — t)e™ f(t) dt 
xo 
15. YY re = VeVew + £(@)YY Ce 
Integrating yields a second-order linear equation: y/,,, = C exp i f(x) dx] y. 


mt 


The substitution w= yy",,—(y/,)? leads to a first-order linear equation: w!, = f(x)w+g(z). 


17, YY eee + By, + f(@)ulyte + F(x) (yZ)” = 0. 
Solution: y? = C32 + Cy +C} / (x —t)e-" dt, where F(t )= | reat 


A) 


18. yyin + [3y, + f(x) ule + F(x) (yi)? + 9(x)yy, + h(x) = 0. 
The substitution w = yy!, leads to a second-order linear nonhomogeneous equation: 
Wie + f(a)wy + g(a)w + h(a) = 0. 


19, yy” +(f —Dyy, + fouy, toy? =0, f=f(x), g=9(2). 
A solution of this equation is any function that solves the second-order linear equation 
Vw + 9(x)y = 0. 

20. (Y+ @)Yrre + bYLUen = f(z). 


Having integrated the equation, we obtain (y+ a)y", + $(b—1)(y',)? = [| #@ dx+C. 


a 
For b £4 —1, the substitution y = w+! — a leads to the equation: 


b-3 
wh = [f t@ar+e w ott 


LL 


(with C = 0 and f(x) = Ax”, see Section 14.3). 
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21. (yta)y”, +byy”, +fly)y,, = 0. 


Having integrated the equation, we obtain a second-order autonomous equation: 


(y+ a) ¥en + 5(b — 1) (yp)? + [tw dy = C, 
which is reduced with the aid of the substitution w(y) = (y/,)? toa first-order linear equa- 
tion: 


(y + a)w, + (b- 1)w +2 f FW) dy = 2C. 


22. (yt+a)yi., + byyn, + f(y), = g(a). 


Having integrated the equation, we obtain a second-order equation: 
G+ a)ite + 20=DG,) + [rw dy = [oe dx + C. 


23. (ytaa+ by” + 3(y, +a)y”, = f(a). 


x 
Solution: (y+ax+b)? = Co27+C2+Cp +f (a —t)? f(t) dt, where xo is an arbitrary 
x 
number. : 


24. [y+ f()l¥eoe = [Ye + f2(@) Ute + OF (@)u, — af, (@)y- 


Integrating yields a second-order constant coefficient linear equation of the form 14.1.9.1: 
yi, + Cy = —(a+ C)f (x). There is also the trivial solution y = 0. 


25. &(YUire + 3Y,Unn) + alyyr, + (yi)?] = f(a). 

Solution: 

y? = C3n°-* + Con + Ci + 2 f(s —t)t-*F(t) dt, where F(t) = ferro dt; 
xo 

xg is an arbitrary number. 

26. YY — BUY. + 2(y,)? = F(x)y?. 

Solution: In|y| = Cox? + Cha + Cy + tf — t)? f(t) dt, where 2g is an arbitrary 


xO 
number. 


27. ¥° Urea + 3( — 1)YYE Venn + (m — 1)(n — 2)(y,)* = F(e)y™. 
Solution for n 4 0: 
x 
y” = Cox? + Cha + Co + 5 / (a — t)? f(t) dt, where 2p is an arbitrary number. 
xo 


For the case n = 0, see equation 15.5.3.26. 
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28. y(fy. te feu +Sfhey,) =9(2), f=f(x). 


Having integrated the equation, we obtain a second-order equation: 
2f YY re + fe¥e — f (Yr)? = 2 i g(x) dx + C. 


29. fUY cow + (BF + 2F,Y) Yew + 262 (Ye)? + feeYYn =9(@), f=F(x). 
Integrating the equation twice, we arrive at a first-order separable equation: f(x)yy/, = 
x 


Cot + C1 + i (x — t)g(t) dt. 


xo 
30. Uere + fu, + gy = —(n + 2)hy"™ "ye, 
= (= 1)(m + 1hy" (yl)? = [Bn + 1)hy, + Brh2y" yy, 
— h3y®?? — Bhhiy??* — (fh+hy,)y™. 
Here, f = f(x), g = g(x), and h = h(x) are arbitrary functions. 


1 
Solution: y= w lc + (1—n) / h(x)w"* dx| "” where w = w(z) is the general 


solution of the linear equation: wi". + f(x)wl, + g(x)w = 0. 


31. oy + £(x)yly, + o(x)yy, + h(a)(yl,)? 
+ [91 (x) + f(x)g(x)]yyl, + 9?(x)y? = 0. 


The solution satisfies the second-order linear equation y’,.—z(x,C)y!.+g(x)y =0, where 
z= 2z(x,C) is the general solution of the Riccati equation 2/,+27+f(«)z—g(x)+h(x)=0. 


> Arguments of arbitrary functions depend on z and y. 


32. yi, tayt,, + by’, + cy =e” f(ye”). 


The substitution w(x) = ye~*” leads to an autonomous equation of the form 15.5.5.9: 


wi + (BA + a)wt,, + (BA? + 2ad 4+ dw), + (A? + od? + dA + 6)w = f(w). 


LLL 


33. yl! = —3y”, + 2y4+ f(e7y)(y, + y)- 


The transformation z = e*y, w = e7*(y/, + y)° leads to a second-order linear equation: 
wt, = 2f(z) +6. Integrating the latter, we find the solution: 


/ sewer where z=e"y, o(2)=/[f Fe dz| dz. 


The substitution w(x) =y leads to an autonomous equation of the form 15.5.1.1: wi! = 
f(w). 
35. ay, + 6ty,, + 6y, = f(27y). 


The substitution w(x) = x?y leads to an autonomous equation of the form 15.5.1.1: 
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36. zy! + ax7y” + bry’, = f(a™e), 
The transformation ¢ = Inz, Aw = Ay+met leads to an autonomous equation of the form 
15.5.5.9: wi, + (a—3)w", + (b—a+2)wi = f(e”) + ~(b ate), 


37. xy, = — 327 yl, + (SE =) (2ary, — y). 


1 
The transformation ¢ = a a= — (ay, — ty)’ leads to the second-order linear equation 
z xc 


221, = 8 f(t) + 1, whose solution is given by: 


t 
= <0 + Cot + Cy + if (t—€)f(€)dE€, to is an arbitrary number. 


to 


Passing on to the variables x, t = yal? 


38. aby!” = —3(k+1)a?y” + k(k+1)(2k4+1)y 
+ f(a*y)(ay’, + ky) + a**g(a*y)(xy!, + ky)”. 


The transformation t = Ina, z = «*y, followed by the substitution w(z) = (z/)?, leads 
to a second-order linear equation: w’/, = 29(z)w + 2f(z) + 6k? +6k+4+2 


, we obtain a separable equation. 


4 3 3 
39, tye = SEU ad Oe —) (2ey,, — y)". 


1 
The transformation t = a8 z= —(ryi, — sy) leads to a second-order linear equation: 
2 x 
22, = 16f(t)z + 4. 


40. yy ne = —3Y7 Ure + 2y° + 7 F(ePy)(u, + y) + o(e*y) (yz + y)*. 
The substitution z(7) = ey, followed by reduction of the equation order and the substitu- 
tion w(z) = (z/,)?, leads to a second-order linear equation: w’, =2z~29(z)w+2f(z)+6 


> Arguments of arbitrary functions depend on x, y, and y’,. 


4. tyre = F(@Y, — WY ce 

The substitution z = xy’, — y leads to a second-order equation of the form 14.9.2.21: 
Bre = f(z) + We 

42. wy’, + (1—a)yy, = «7 f(xy’, — y). 

The substitution z = ay’, — y leads to a second-order equation of the form 14.9.2.20: 
Gal Soe + oe F(a), 

43. tye + (at 2)y, = f(x, xy, + ay). 

The substitution w = xy!, + ay leads to a second-order equation: w’, = f(x,w). 

44. vying + (1 —ax)yy, = "f(xy, — y). 


The substitution z = xy’, — y leads to a second-order equation of the form 14.9.2.17: 
Cue — azi, =e F(z iF 
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45. 717 ae = f(xy’, —yt+aln xr)Yyr 


The substitution z = zry/, — y leads to a second-order equation of the form 14.9.2.39: 
az, = [f (In(x%e*)) + 1] 24. 


46. xy, + 27 yn = F(eyi, — y)- 

The transformation ¢ = In |x|, z = xy’, — y leads to an autonomous equation of the form 
14.9.6.2: 2, — z, = f(z), which is reduced, with the aid of the substitution w = z;, to the 
Abel equation ww’, — w = f(w) (see Section 13.3.1). 


4 3 y 
47, xy’! tay = f(y, — u). 
The substitution w(x) = xy’, — y leads to an equation of the form 14.9.1.8: wi, = 


a> f(w/z). 


15.5.4 Equations of the Form 
F(2,Y, Yi) Vrwn + 2) Ga(L, Ys Yi) (Yrn)* = 0 


> Arbitrary functions depend on x or y. 


mw 


1. YY roe + (Yeu)? — 3(¥,)? — Guys — F(x)y? = 0. 
This is a special case of equation 15.5.4.4. The solution satisfies the second-order linear 


equation y+ 5y/, — z(x,C)y = 0, where z = z(x,C) is the general solution of the 


Riccati equation 2/, + 2? — $2 = f(z). 


2. Weve + Yer)” — YeVne — f(x)y* = 0. 
The solution satisfies the second-order linear equation y”,, — z(a,C)y = 0, where z = 
z(a, C) is the general solution of the Riccati equation z/,+ 27 = f(z). 


3. VY ree + You)” + [2h(@) — lytuen + [Ff (@) + h(@)lyyce 
+ h(x)[h(w) — 1](y2)? + [hi (@) + f(a)h(w)lyy, = 0. 
This is a special case of equation 15.5.4.4 with g(x) = 0. The solution satisfies the second- 
order linear equation 
Yr + h(a) yy — 2(x, C)y = 0, 


where z2(x,C) = F(z) [e+ [ Fe) ae] Eig) =exp[- ff dx. 


4. YY cen + You)” + [2h(x) — lyLyen + (F(a) + R(a)lyyee 

+ h(«)[h(x) — 1] (y,)* + [ha (@) + f(x)h(x)lyy, = g(@)y?. 
The solution satisfies the second-order linear equation y+ h(x)y/, — z(x,C)y = 0, where 
z = 2(a, C) is the general solution of the Riccati equation z/, + 27 + f(x)z = g(z). 


5. Yi, Uere — (Yro)” + f(x) (yz)? = ay” + 2by +e. 
Differentiating both sides of the equation with respect to x and dividing by y/,, we arrive at 
a fourth-order linear equation: /””._. + fyn. + 7 1Y_ = ay +b. 
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6. 2y, yl” — (yl)? — Ay, + F(a) (y,,)? = &* (ay? + 2by + 0). 


—AL 


Multiplying both sides by e “”, we arrive at an equation of the form 15.5.4.13 with 
f(z) =e" and g(x) = e-** F(z). 


7. 2y yt”, — 3(y”,)? = f(x)(y,,)? + o(y)(yi,)*. 


Solution: 
dy | dx 
lag-lemt 


where u = u(y) and w = w() are the general solutions of the second-order linear equa- 
tions: 


4uy, —giyju=0 and 4w;,, + f(x)w = 


8. 2y/y", — 3(y%,)? = F(a)(y,)? + o(@)y* (ui,)?/?. 
The substitution w(x) = 
4wi, + f(x)w + g(x) = 0. 

9. 2y/)y, — 3(y%,)? = Fly) (u)* + @*9(y) (yh). 


Taking y to be the independent variable, we obtain an equation of the form 15.5.4.8 for 
= ay): 2eyryyy — 3(tyy)” = —F(y)(ay)? — g(y)a* (ay). 


10. 2ay/ yy” — a(y”,)? + ny”, + F(x) (yi)? = #17" (ay? + 2by +c). 


n-1 


y . 
; leads to a second-order nonhomogeneous linear equation: 
x 


Multiplying both sides by x” ~, we arrive at an equation of the form 15.5.4.13 with 
fla) =2" and g(z) = 2" 1 F(a). 


HW. wy/y, — 3@(Ynn)? + 3y;,¥%, = ef (y)(ys,)* + 9(y)(¥’,)”- 
Taking y to be the independent variable, we obtain an equation of the form 15.5.3.10 for 
B= Ay): BLyyy + 3xyey, = —9(y) — f(y)ery. 


12. ye = f(y) vee)” 
Solution form # 1: 


Cte = i {2 / [a-m)rey)+Ca] Payer}? dy, where F(y)= / fly) dy. 


Solution for m = 1: 


a 
Cz34+2= fle fee dy +C\| 2 dy, where F(y )= f tay 


13. 2fylye —S (Yee) +hiu yn, t9(@)(y,,)? =ay?+2by+c, f=f(x). 


Differentiating both sides of the equation with respect to x ma dividing by y/,, we arrive at 


a fourth-order linear equation: fy!” + 3f.yne + (9+ Ss hee)ue + Fy, = ay +b. 
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> Arguments of arbitrary functions depend on x, y, and y’,. 


2 4 - 
The substitution w(x) = y(y/,)~/? ae to a second-order autonomous equation of the 
form 14.9.1.1: wi, = F(w), where F(w) = —{w° f(w-). 
= Lys 
15. Quy, — S(us.)? =o 4y*s (2). 
The substitution w(a) = y(y/,)~1/? leads to a second-order equation of the form 14.9.1.9: 
Wee = 29? F(wa-"/?), where F(£) = —Z6°f(E-”). 
2,,/ 
16. 2y/,. Ye — 3(Yf)? = w*ytf (=). 
The substitution w(x) = y(y/,)~1/? leads to a second-order equation of the form 14.9.1.8: 
ti,.=7 Fave), whee Fé) =—2e fe). 
17, Yorve = [2° f (ey, — y) + ae °] (yZ,)°- 
The Legendre transformation « = w;, y = tw}; — w leads to an equation of the form 
15.5.2.4: wit, = —f(w)(w})> — a(wi)->. 
the = 2s (EY) 
The Legendre transformation x = w}, y = tw} — w leads to an equation of the form 
15.5.2.27: wil, = w5/2 F(wiw 1/7), where F(€) = —€-f (€-?). 
19, yl, = wf (THY) (yy? 
The Legendre transformation x = w}, y = tw} — w leads to an equation of the form 
15.5.2.28: wi!, = w5/4F (ww 1/4), where F(€) = —€-5f (€-4). 


20. Yowe = [ef (yz) + y9(ye) + h(Y) Yew)” + P(e) (Yea)? 
The Legendre transformation x = w}, y = tw}, — w leads to a linear equation: 
wee = —eltwe — [F) + tow; + g(t)w — A(t). 


2. oy! = af (xy, — y)(y%,)? + eg(xyl, — y)(y%,)*. 


With the Legendre transformation x = w;, y = tw} — w, one can reduce this equation to 


wi, = —f(w)whwt, — g(w)w(w,)-*. Further lowering the order with the substitution 


z(w) = wi, (2, = wit, /wt), one obtains a Bernoulli equation: z/,, = —f(w)z—g(w)z?-*. 
15.5.5 Other Equations 
> Equations of the form F(x, y, y/,, yy, + G(x, yu ye.) = 0. 


LLL 
mt 
1. Yeax f (Yeu) 
Solution in parametric form: 


_ ft dt ft dt) tedte 
hen FOLY v= fe F(t) [. Fi(ta) 
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mw 


Integrating the equation and substituting w(y) = $(y/,)*, we arrive at a first-order equation: 


dg ip / 
—=/ fliy)dy+C, where €=w’,. 
/ g(€) o - 
Solving this equation for w/,, we obtain a separable equation. 


3 yf = F(ya(y, hy) 


The substitution w(y) = $(y/,)? leads to a second-order equation: 


" j +/2w 
Vy = f(y)y(w)h(w,), where y(w) = se) 


whose solvable cases for some functions f, g, and h are outlined in Section 14.7. 


mt 


4. Yorn — xf (xy! = Y)I(V rw . 
The Legendre transformation x = w;, y=tw;—w, where w = w(t), leads to an equation 
of the form 15.5.5.2: wf, = —f (w)wig(1/w)(wi,)°. 


mt 


5. BYne + Ucn = S (ry, — y)o(eyy,)- 


The substitution w(x) = xy/, — y leads to an equation of the form 14.9.4.36: wil, = 


f(w)g(wr)- 


6. yf! = F(x)g(a?y”,, — 2xy’, + 2y). 


The substitution w(x) = x7y!,, — 2xy!, + 2y leads to a first-order separable equation: 


wi, = a” f (x)g(w). 


7 mM __ YoY a6 ” (yz)? Yo Yow 
* Veae = yt Yee My Fy IY) 


The transformation t = y/,/y, w = y’,,/y leads to a first-order separable equation: w} = 
f(t)g(w). 


mt 


8. Uece = F(® Yes Vow) 
The substitution u(x) = y/, leads to a second-order equation: u’,, = F(a, u,ul,). 


mt 


9 ye = FY Yes Uw): 


Autonomous equation. The substitution w(y) = (y/,)? leads to a second-order equation: 
2 
" of: L jel 
yy i (y, Vw, zwy). 


10. yf, = VF (UL/Ys Vew/Y): 


This is a special case of equation 15.5.5.9. The transformation t = y/,/y, w= y",,/y leads 
to a first-order equation: (w — t?)w} = —tw + F(t,w). 
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—k— k k k 
y= 2 SF(a®y, a tty’, oh tay”), 
Generalized homogeneous equation. The transformation t = Ina, z = x*y, followed by 


the substitution w(z) = (z{)?, leads to a second-order equation: 
wt, = 43(k +1) w/w! — 6k? — 12k — 4 + Qk(k + 1)(k + 2)zw 71? 
a 2w V2 F(z, tw'/? — kz, sw, F (2k + 1)wl/? + k(k + 1)z).. 


2. Yorn = ye °F (a*y™, ey!,/y, 27 yy,/Y)- 

Generalized homogeneous equation. The transformation t = a*y™, z = xy/,/y leads toa 
second-order equation. 

13. Wynn = ye °F (xy,/y, ©7y7,/Y)- 

This is a special case of equation 15.5.5.12. The transformation z = zy/./y, w= 27y",./y 
leads to a first-order equation: (w+ 2 — 2z7)w) = 2w — zw + F(z,w). 

14. ye = F(@, ey), — Ys Vee): 

The substitution z = xy’, —y leads to a second-order equation: 12”, =z/,+a7F (a, z, z/,/2). 
15. roe = f(@ Yn + UZ ty) +y¥- 

"2+ Yr +y leads to a first-order equation: w!, = f(a,w) + w. 


LL 


The substitution w = y 


au 


16. Yorn = f(®, Ute — Ye + Y) — ¥- 
The substitution w = y”,, — y!, + y leads to a first-order equation: w’, = f(x, w) — w. 
17. Woe = F(z, Ys Yor is 
The Legendre transformation « = w}, y = tw), — w leads to the equation 
win = —F (wy, tw; —w, t, 1/wh) (wh). 
18. ote = Vol (YYte — Ye): 
1°. Particular solution: 
y = Cy exp(C3xz) + C2 exp(—C3z), 
where the constants C1, C2, and C’3 are related by the constraint Ge =f (4C, C2 C3). 
2°. Particular solution: 
y = Ci cos(C3x) + C2 sin(C3z), 
where the constants C, C2, and C3 are related by the constraint C}+ f(—(C?+C03)C3) = 
0. 
19. YLU ree — Ura)” = f(YYee — Ue): 
1°. Particular solution: 
y = Cy exp(C3x) + C2 exp(—C32), 
where the three constants C,, Co, and C's are related by the constraint AC C2C3 + 
f(AC1C2C2) = 0. 
2°. Particular solution: 
y = Ci cos(C3x) + C2 sin(C32), 
with Cj, Cz, and C3 related by the constraint (C? + CZ)C3 + f(—(C? + C3)CF) = 0. 
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20. yl! = e** F(e>*y, erty! , ey) 


LLL 


The substitution z = e**y leads to an autonomous equation of the form 15.5.5.9: 


go Oe EB = Vea Pe 2 He SH ee: 


Senn 


mt Xr / 
2. We = UF (EY, ¥L/Y Yew! Y): 
ean invariant under “translation—dilatation” transformation. The transformation 
z=e%y, w= y,,/y leads to a second-order equation: 


2(w+rPwl+22(wta)(w,)?+2(w+A)(4w+rA)wi,4 w= F(z, w, z(wt+d)w)+w’). 


22. Ye — a3 F(a™e, xy’, xy”). 


Equation invariant under “dilatation-translation” transformation. The transformation 
z=2™e’, w= xy), +m leads to a second-order equation: 


2 ww, + 220 (w : 


7 4 eww! — 8zww!, +2w —2m = F(z, w—m, zww, — w +m). 


> Equations of the form F(x, y, y/,, 9/5 yi) = 0. 


Particular rs 
y= aC 0° - $C 22” + C3" + C4, 


where the constants C1, C2, C3, and Cy are related by two constraints 
2C1C3 — CZ = 3f (C1), 
3C1C4 — C2oC3 = 3g(C1). 
Here, C’3 and C4 are defined in terms of two arbitrary constants C'; and C’. 
24. YY oes — FYxVon = Yoo! (Yorn) + £9 (Yoon) + (Yr): 


Particular solution: 
y= aC 2" + $C 22” + C32 + C4, 


where the constants C1, C2, C3, and Cy are related by two constraints 


$0103 — 3C3 = Cif (C1) + (Ci), 
C1C4 — $C2C3 = Cof (C1) + h(Ci). 


Here, C3 and C4 are defined in terms of two arbitrary constants C'; and C’. 


25. F(X, Yin — Ue) Yeon — Venn) = O- 
The substitution w = yy”,, — (y/,)? leads to a first-order equation: F(x, w, w,) = 0. 


mt 


26. F(y%./Ys Wee — (Yi): Vora/Yer VLU roa — (Yen)?) = 0. 
1°. Particular solution: 


y = Cy exp(C3x) + C2 exp(—C32), 
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where the constants C1, C2, and C’3 are related by the constraint 
F (C3, 4C1C2C3, CZ, —4C\C2C3) = 0. 
2°. Particular solution: 
y = Ci cos(C3x) + C2 sin(C32), 
where the constants C1, C2, and C’3 are related by the constraint 
F(-—C3,—(Cf + C2)C3, -CZ, -(C7 + Cz)C3) = 


ur wt 
27. F (45, yi, - yee, Hee) = 0, 
Particular solution: 


y = Cyexp(Coxr) + C3, 


where C’ is an arbitrary constant and the constants C2 and C2 are related by the constraint 
F (C2, —C2Cs3, Cs) = 0. 


28, F(y% vere + gy! yott Hees ) =0. 
A solution of this equation is snp ues that solves the following second-order au- 
tonomous equation of the form 14.9.1.1: 
Vou = Ciy° + C2, 
where the constants C and C2 are related by the constraint F'(aC2,—aC)) = 0. 


a 


29, F (== + Uffn, e482) = 0, 


A solution of this equation is any function that solves the following second-order au- 
tonomous equation of the form 14.9.1.1: 


Your = Cie 4 = Co, 
where the constants C and C2 are related by the constraint F'(C2,—C,) = 0 
1 Yeon P Voww 
30. F(S 4, yt, — Be) <0 = o(y). 
ye ee oe a > g=vly) 
A solution of this equation is any function that solves the following second-order au- 


tonomous equation of the form 14.9.1.1: 
Yoo = Cip(y) + C2, 
where the constants C, and C2 are related by the constraint F'(C),C2) = 0. 


mt 


31. F(Yg: Lge — Yer 2YV oe — Yes Vown) = 0. 
Particular solution: 
y = Cyr? + Cox + C3, 
where the constants C1, C2, and C3 are related by F'(2C), —C2, 4C1C3 — Ge, 0) =0. 
a. BO oe 8 SHU Ue = oe ee, 
xy” — 3a7y” + Gry! — Gy) = 0. 
Solution: 


Y= Ce t Cox? t C3x t C4, 
where the constants C1, C2, C3, and C4 are related by F'(6C 1, —2C2, 2C'3, —6C4) = 0. 


Chapter 16 


Fourth-Order Ordinary 
Differential Equations 


16.1 Linear Equations 


16.1.1 Preliminary Remarks 


1°. A nonhomogeneous linear equation of the fourth order has the form 


Wt Uh 


TU enne PIU ree Fd ene He oe Hoe tr = f(a). (1) 


Let yo = yo(x) be a nontrivial particular solution of the corresponding homogeneous 
equation (with g = 0). Then the substitution 


y= wole) f 2a) dx (2) 


leads to a third-order linear equation: 


Uh 


fayor"” + (4 fayo+ fayo)z"+ (6 fayo +3 fayo+ foyo)2 + (4 fayo' +3 fsy9 +2 foyot fiyo)2 =9, 


where the prime denotes differentiation with respect to x. 


2°. Let yr = yi(x) and yo = yo(x) be two nontrivial linearly independent particular 
solutions of equation (1) with g = 0. Then the substitution 


y= [ ywde-w [ ywee 


leads to a second-order linear equation: 
fadiw" + (3 fade + faAi)w! + [fa(3Ag + 2e) + 2fsAo + fodilw = g, 
where 
Ai =yhy2—yiyh, Ae=yiy—mys, As =yt'ys—yiys', € = ylys — iy. 
See also Sections 4.1 and 4.2. 


999 
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16.1.2 Equations Containing Power Functions 


> Equations of the form f4(x)y?”,. + fo(x)y = g(a). 


LLLL 


1 we 


Veoun “—F ay = 0. 
1°. Solution for a = 0: 
y=C i+ Cor Cyn? t Cy2°. 
2°. Solution for a = 4k* > 0: 


y = Ci coshkx cos kx + Co coshkax sin kx + C3 sinh kx cos kx + C4 sinh kx sin kx. 
3°. Solution for a = —k* < 0: 
y = Ci coskx + Cosinkx + C3 coshkx + C4 sinh kx. 
2: ye. tAy = ax? 4+ be? + cx 4 8, A FH 0. 


Solution: y = —(ax? + ba? + cx + 8) + w(x), where w(x) is the general solution of 
equation 16.1.2.1: wit. + Aw =0. 
3. ieee =ary+ b. 


This is a special case of equation 17.1.2.3 with n = 4. 


mw 


4. Yoorrr = ax’ y, 
This is a special case of equation 17.1.2.4 with n = 4. For 6 = —2, —4, —6, —8, and —9, 
see equations 16.1.2.5, 16.1.2.6, 16.1.2.7, 16.1.2.8, and 16.1.2.12, respectively. 

The transformation « = ¢t~1, y= ut~? leads to an equation of the same form: wi, = 
at P-8y, 


2.0m 
5. £2°Y eer = OY 


This is a special case of equation 17.1.2.6 with n = 2. 


6. 40 


LY eee = OY: 
Solution: 
y= Cyr" + Conk? + C3ak8 + Cyn", 
ha=$4(S4+Var1)?, hyg= $4 (S—varl)?, 
7. coy = ay. 


This is a special case of equation 17.1.2.7 with n = 2. 


8. _ 
8. LY ere = OY 


The transformation x = t~!, y = wt~® leads to a constant coefficient linear equation of 
the form 16.1.2.1: wif}, = aw. 


9. (ax + b)*(ca + d)ty”"_. = ky. 


LLLL 
b 
The transformation € = In| = , w= — leads to a constant coefficient linear 
cx +d (cx + d)8 


equation. 
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10. (ax? + ba + c)ty”” = ky. 


LLLL 


dx y 
The transformation — ———__., w = ———__x_ leads to a constant 
é : ax? + br +¢ (ax? + ba + c)3/2 


coefficient linear equation: wegee — 3 Dw, + (4D? — k)w =0, where D = b? — 4ac. 
2 6 

11. (ax + b)*(ca + d)?y?t = ky. 

ax +b ee y 

ca+d’  —- (ex +. d)8 


Cwltee — kA~4w, where A = ad — be. 


The transformation € = leads to an equation of the form 16.1.2.5: 


12. ey = ay + bat. 


The transformation « = t~', y = wt~? leads to an equation of the form 16.1.2.3: 4wt = 
atw + b. 


13. (ax+b)9y" = (ca+d)y. 


LLLL 


d 
The transformation € = = , w= — 4 ___ feads to an equation of the form 16.1.2.3: 
ax +b (ax + b)8 
Weeee = A-*éw, where A = ad — be. 


> Equations of the form fa(x) yr". + fi(a)ys, + fo(x)y = g(a). 


14. Yon ew + ay’, + by = 0. 


This is a special case of equation 16.1.2.41 with ag = a3 = 0. 


15. yf! + 2ay’, —a’x*y = 0. 


LLLL 


This is a special case of equation 16.1.2.25 with n = 1. 


16.0 yf”. t+ dary’, + (2a — a*x*)y = 0. 


LLLL 


This is a special case of equation 16.1.2.25 with n = 2. 


17,0 yr”. + (aix + bi) y’, + (agx + be)y = 0. 


This is a special case of equation 17.1.2.35 with n = 4. 

18. yf, + ax(2b — 3a — a?x”)y’ + b(2a — b+ a?x”)y = 0. 

The substitution w = y”, — axy’, + by leads to a second-order equation of the form 
14.1.2.31: wi, + azw!, + (2a —b+a%x7)w = 0. 


19, yf" t+ axky’ — ax’—ly = ba”. 


For 6 = 0, a particular solution is: yo = x. The substitution z = ry’, — y leads to a 
third-order linear equation. 

wn kJ k-1,, _ n 
20. Yuen tax'y, — Zax" ~y = bx”. 
For b = 0, a particular solution is: yo = x?. The substitution z = xy/, — 2y leads to a 
third-order linear equation. 
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2. ye et ax*y’ — 3ax*—ly = ba”. 


For b = 0, a particular solution is: yo = x°. The substitution z = xy’, — 3y leads to a 


third-order linear equation: 2/”... + ax*z = bx"*+ (for b = 0, see 3.1.2.7). 


22. yr 


LLLL 


+ ax*y’ + aka*-ly = ba”. 


b 
Integrating yields a third-order linear equation: y/”.. + ax*y = a +C, 
n 


23. yf! tanky! +a(k+3)a*-ly = 0. 


LLLL 


The transformation 2 = t~!, y = wt~? leads to an equation of the form 16.1.2.22 with 
b=0: wit, +ct™w) + cmt™-!w = 0, where c= —a, m= —k —6. 


24, yl" + ba*y’ —a(a® + ba")y = 0. 


LLLL 


This is a special case of equation 16.1.6.4 with f = bx". 


25. yf! + 2ane”™ ty’ + a[n(n — 1)2"-? — ax?”"]y = 0. 


LLLL 
The substitution w = y/,, + ax”y leads to a second-order equation of the form 14.1.2.7: 


wr, —ax™w = 0. 


26. yf” + (ax t+ b)a*y’ — ax*y = 0. 


LLLL 


Particular solution: yo = ax + b. 


27. ye" 


LLLL 


+ (az + b)a*y’ — 2az*y = 0. 


Particular solution: yo = (ax + b)?. 


28. yl" + (axt+ b)a*y’, — 3aa*y = 0. 


LLLL 


Particular solution: yo = (ax + b)?. 


29, yl" t+ (ax* + b3)y’ + aba*y = 0. 


Particular solution: yo = e7°”. 


30. xy” t+aaktly’ — la(a+1)2* 4+ 2+ 4]y = 0. 


Particular solution: yo = xe”. 


> Equations of the form f4(@) yp rae + fa(@)Ure + fi(x)yy, + fo(x)y = g(a). 


31, yf!" + 2ay””, +a*y =0. 


Voorn 
(Cy + Cox) cos(ka) + (C3 + Cyx) sin(kx) if a=k* > 0, 


Solution: y = 
: ra + Cox) exp(kax) + (C3 + Car) exp(—kx) if a = —k? <0. 


32. eee oT (a r b)YUn + aby = 0. 
The case a = 0 is given in 16.1.2.31. Let a# b. 
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1°. Solution for a = a? > 0, b= 8? > 0: 
y = Ci cos(ax) + C2 sin(axr) + C3 cos(Gx) + Cysin(Gz). 

2°. Solution for a = a? > 0, b = —6? < 0: 

y = Ci cos(ax) + C2 sin(axr) + C3 exp(Gx) + Cy exp(—G2). 
3°. Solution for a = —a? < 0, b= 8? > 0: 

y = Cyexp(az) + C2 exp(—ax) + C3 cos(Gx) + Cysin(Gz). 
4°. Solution for a = —a? < 0, b= —6? < 0: 

y = Cy exp(az) + C2 exp(—az) + C3 exp(Gx) + Cy exp(—8z). 


33, yl” 4 ay”, ea bay’, aks bna”—ly = sa™. 


Leer 
s 


m+1 


Ui 


Integrating yields a third-order linear equation: yi”... + ay!, + br"y = grt ane. 


34, ye 


LLLL 


— 2a7y”, + a*y — X(ax — b)(y”, — a?y) = 0. 
This equation arises in the turbulence theory. Setting z(xz) = y//,, — a?y, one obtains a 


second-order linear equation of the form 14.1.2.12: 


gt, — az — (ax — b)z =0. (1) 


LX 


Let the following boundary conditions be given: 


y(0) = y,(0) =0, y(1) = ¥,(1) = 9, (2) 


The solution of the original equation satisfying the first two conditions in (2) can repre- 
sented as: 


a x 
2ay = ef e “zdx— an ez dx. 
0 0 
To meet the last two conditions in (2), one should take the solution of (1) that satisfies the 


1 
integral relations | e "2c = | e”zde = 0, 
0 0 


35. yl” 4 (ax? + b)y”,, — 2ay = 0. 


LLLLX 
Particular solution: yo = ax? + b. 
36. ye taxr"y”, + b(ax” — b)y = 0. 


1°. Particular solutions with 6 > 0: y, = cos (xvb), Yy2 = sin(rvb). 
2°. Particular solutions with b <0: y, = exp(—2z/-6), YyQ = exp(z/—b). 


The substitution w= y/,,+by leads to a second-order linear equation: w’,,+(ax"—b)w=0. 


37, yf tan tty” — 4ax"y’ + 6ax”™ ty = 0. 


LLLLX 
Particular solutions: y; = x”, yo =«x°. The substitution w = gy", — Ary’, + 6y leads 


to a second-order linear equation of the form 14.1.2.7: w",, +ax"*tw = 0. 
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38. yf" + 10axr"y”, + 10anx”"—"y’ + [3an(n — 1)a"~? 4 9a?x?"]y = 0. 


LLLL 


This is a special case of equation 16.1.6.25 with f = ax”. 

39, yf. t (ax” + by”, + abx”y = 0. 

1°. Particular solutions with 6 > 0: y, = cos (xvb), Yy2 = sin(rvb). 
exp(—rV/—6), y2 = exp(zV/—b). 


The substitution w = y!,,+by leads to a second-order linear equation of the form 14.1.2.7: 
wr, Fax™w = 0. 


2°. Particular solutions with b <0: yy, 


40. 2? y/"” — 2(ax? + 6)y”, + a(ax” + 4)y = 0. 
Particular solutions: y, = a? T 19 (a/a), y2 = a2 Ky j9 (v/a), where I, /2(z) and 
K1/2(z) are modified Bessel functions. 


> Other equations. 


4. Yo raw + 18Y cen + 12Yz_ + ary’, + aoy = 0. 

A fourth-order constant coefficient linear equation. For ap = 0, the substitution w(x) = y/, 
leads to a third-order equation. Let ag 4 0 and P(A) = A* +.a3A? + ad? + a1\ + ao be 
the characteristic polynomial. 


1°. Let P be factorizable, so that P(A) = (A — A1)(A — A2) (A — A3)(A — Aa), where A1, 
A2, Ag, and A, are real numbers. The following cases are possible: 


a) A, are all different, then 
y = Ce™ + Cye*?® + Cze*8* + Cye™?; 
b) Az = Ag; A3 and Ay are different and not equal to 1, then 
y = (Cy + Cox)e™® + Cze*8* + Cre; 
c) Ay = Ag = Az F Aa, then 
y = (Cy + Cox + Cza7)e™* + Cye™*; 
d) Ay = Ag = A3 = Aq, then 
y = (Cy + Cox + C3x? + Cyr? )e™*, 


2°. Let P(A) = (A— A1)(A — A2)(A2 + 201A + bo), where \1 and Ag are real numbers, 
and b? — by < 0. The following cases are possible: 


a) Ay # Ag, then 

y = Cre! + Coe®® + e"17 (C3 cos(ux) + Casin(ux)], p= Vb — bP; 
b) Ay = Ag, then 

y = (Cy + Cox)e™® + ce” [C3 cos(ux) + Casin(ux)], p= V bp — B2. 


3°. Let us assume that P(A) = (A? + 2b, + bo) (A? + 281 + Bo), where b? — by < 0 
and 6? — Go < 0. The following cases are possible: 
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a) (bi — 61)? + (bo — Bo)? # 0, then 
y =e ™*(C cos(uar) + C2 sin(uar)| + e~** [C3 cos(vx) + Cy sin(vx)], 
where px = V/bp — b3, v = v/Bo — BF: 
b) 6; = B1, bo = Bo, then 
y =e "!*[(C, + Cox) cos(ux) + (C3 + Cyx)sin(ua)], w= Vb — BF. 


42, yf" 4 t02V eee + 6a?x? ye + 4a? x3 y+ a‘aty = 0. 


LLLL 
Solution: y = > Cy exp(A\yx — sax? ), where the A; are roots of the biquadratic equation 
i=l 
A* — Gad? + 3a? = 0. 


43. Ge + (ax + b)y’.. + [b(a + c)a + cly’. + b?cxy’, — bey — 0. 


Particular solutions: y; = 2, y2 =e °”. 
we wt / 
44, Yoe = OEY ee + by, — aba”y. 


Particular solutions: y, = exp(A,x) (kK = 1, 2, 3), where the A; are roots of the cubic 
equation A? —b =0. 


45. yf" 4 ag tay! — 8ax"ty vet Gax"tly ’ — Gax"y = 0. 


LLLL 


Particular solutions: y; =2, yo =27, y3= 2 . The siescntee w= wy —8a7yl + 


6xy!, — 6y leads to a first-order linear equation: w!, + ax"*?w = 0. 


46. yf tay! tba tty” — 2ba™y! + 2ba™ ty = 0. 


Particular solutions: y; =, y2 = x7. The substitution w = xy". — Qry', + 2y leads 


to a second-order linear equation: ww’, + ai — 2), + baw = 0. 


4 oy!" tae yl! + bay" + acax"y), + c(bx™ — c)y = 0. 


LLLL Yoox 


1°. Particular solutions with c > 0: y, = cos nN yo = sin (n/a); 
2°. Particular solutions with c< 0: y, = exp(— rr/— @)s y2 = exp(x/— c). 
The substitution w = y"”,. + cy leads to a second-order linear equation: wi’, + ax”™w', + 
(ba — c)w = 0. 
mw mt / 
48.0 yf tay” + (be™ + c)y”, t+ acx”y’, + bex™y = 0. 
1°. Particular solutions with c > 0: y, = cos (a/c), y2 = sin(z/c). 
2°. Particular solutions with c< 0: y, = exp(— Vo c), y= exp(zV/— Oi 
The substitution w = y/,, + cy leads to a second-order linear equation: w%,, + ax” wi, + 
bap =O, 
49. LY ep + 4y’” +axy = 0. 


The substitution w(x) = xy leads to a constant coefficient linear equation of the form 
16.1.2.1: wit. taw = 0. 
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mt 


50. i) ae — ANY pre tary = 0, nm=1, 2, 3,... 

Solution: y = 24°*3(¢-3D)"(2-3w), where D = “A and w = w(x) is the general 

solution of a linear constant coefficient equation of the form 16.1.2.1: wi". + aw = 0. 
2,00 mt 


Sh. ty” + Gaye’ + by”, — a*y = 0. 
Equation of transverse vibrations of a pointed bar. 
a [CA (QV ax ) +CoY; (QV ax ) +C3h (QV ax ) +Cyky (2vV ax \ ; 
where Ji(z) and Yj(z) are Bessel functions, and [;(z) and Ky(z) are modified Bessel 
functions. 
2 4 

52. ty! + 2(at 2)ay’ + (a+1)(a+ 2)y”, — bey = 0. 
Solution: y = x~*/? [Cy Ja(2bVz) + C2¥a(2b/z) + C3la(2bVz) + CrKa(2bV/z)], 
where J,(z) and Y,(z) are Bessel functions, and J,(z) and K,(z) are modified Bessel 
functions. 
53. ey + Bay?” + 12y"", + ax7y = 0. 
The substitution w(x) = xy leads to a constant coefficient linear equation of the form 
16.1.2.1: wi. taw = 0. 
54. ety + Bay?” + 12y"" = ax*y + b. 
The substitution w(2) = xy leads to an equation of the form 16.1.2.3: w 
55. oy om + ALY ne ol (ba>t* + ey 

+ (a—4)ba"y’, + b(c — 2a4+ 6)x”"*y = 0. 
The substitution w(x) = xy", + (a — 4)xy/, + (c — 2a + 6)y leads to a second-order 
equation of the form 14.1.2.7: w!,, + br” tw = 0. 


Solution: y= 


dt 


ee OO. 


56. ey! ety!” — ay” +y! —ata®y =0. 


Solution: y = Ci Jo(ax) + C2Yo(axr) + C3lo(ax) + CyKo(ax), where Jo(z) and Yo(z) 
are Bessel functions, and Jo(z) and Ko(z) are modified Bessel functions. 


57, aot yl! + Agat yl!” + Agony” + Airy’ + Aoy = 0. 


Youn 
The Euler equation. The substitution t = In || leads to a constant coefficient linear equa- 
tion of the form 16.1.2.41: 
Yer + (As — 6) uit, + (11 — 3A3 + Aa)yy + (243 — Ar + Ai — 6)y; + Aoy = 0. 
4 3 2 2 
58. ty tay”. — (2a* + 1)a*y” 
+ (2a? + 1)ay!, — [b*a* — a?(a? — 4)|y = 0. 
This equation governs free transverse vibration modes of a thin round elastic plate. The 
equation arises from separation of variables in the two-dimensional equation 
AdAw — bw =0, 


where A is the Laplace operator written in the polar coordinate system, with x being the 
polar radius. 

Solution: y = Ci Ja (bx) + CoYa(br) + C3Iq (bx) + C4 K (bx), where Ja(z) and Ya(z) 
are Bessel functions, and [,(z) and K,(z) are modified Bessel functions. In applications, 
one usually sets a = n, where n = 0, 1, 2, ... 
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© The solution is specified by Popov (1998). 


59, xtyl!  — 2n(n+1)x?y", 
+ 4n(n + 1)xy’, + [ax* + n(n + 1)(n + 3)(n — 2)]y = 0. 
Here, 7 is a positive integer and a ¢ 0 (for a = 0, we have the Euler equation 16.1.2.57). 
Solution: y=ax” > C, exp(Av,x)P,(x), where the A, are four different roots of the 
v=1 


equation \*+ + a = 0, and P,(x) is some definite polynomial of degree < 4n. 


60. atyl”  4+2(2—n)aey”’ + (1—n)(2—n)x?y” — atay = 0. 


Yoon 
Solution: y = V@[CiJtn(€) + CoViyn(€) + Cslayn(€) + Cakiyn(€)], where € = 
2(a/n)a"/?; J,(€) and Y,(€) are Bessel functions, and I,(€) and K,,(€) are modified 
Bessel functions. 


61. vty! + 6a°y” + [4a44+ (7 — a? — b*) x7] y”, 

+ 2(16x? + 1— a? — b?)y’ + (8x? + a?b?)y = 0. 
Solution for ab 40: y=Cy J,,(@) Jp (x)+C2J,(x)Y_ (a) +C3Y,, (x) JL (a) +CrY (x) Y_ (a), 
where J,,(x) and Y,,() are Bessel functions; 4. = 5(a + b) and vy = $(a — b). 
62. ey + Ag’ yl = ay. 


The substitution w(x) = ay leads to an equation of the form 16.1.2.8: 2>w/”_. = aw. 


16.1.3 Equations Containing Exponential and Hyperbolic Functions 
> Equations with exponential functions. 


1 oy tay! + be (a? — be™)y = 0. 
The substitution w = y',, + ay}, + be*”y leads to a second-order linear equation of the 


form 14.1.3.10: w',, — aw!, + (a? — be*”)w = 0. 


2. Yee + ae*?y’ + are**y = be”, 


Integrating yields a third-order linear equation: y/”,,, + ae*”y = bu tet” +.C. 
3, yf" taer*y’, — (abe*” + b*)y = 0. 

Particular solution: yo =e”. 

4 fll + 2are**y! + a(rA2e** — ae?*)y = 0. 

The substitution w = y”, + ae**y leads to a second-order linear equation of the form 
14.1.3.1: wt, — ae*w = 0. 


S:. ae (aer? + b?)y’, + abe**y = 0. 
Particular solution: yo = e~°”. 
6 oY” + (axt+ b)er?y’, — ae**y = 0. 


LLLL 


Particular solution: yo = ax + b. 
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7. yf! , + (ax + bey! — 2ae**y = 0. 


LLLL 


Particular solution: yo = (ax + b)?. 


8. yf” + (ax + bey’, — 3ae**y = 0. 


LLLL 


Particular solution: yo = (ax + b)?. 


9. yf! +aer*y”, — b(ae*” + b)y = 0. 

1°. Particular siden with b>0: y= exp(—rvb), y2 = exp (xvVb). 

2°. Particular solutions with 6 <0: y , = cos (c/—6), Yy2 = sin(xV—d). 

The substitution w = y!,,—by leads to a second-order linear equation of the form 14.1.3.2: 


wit, + (ae + b)w = 0. 
10. yf” + (a + be*”)y”, + abe*”y = 0. 


LLLL 
1°. Particular solutions with a > 0: y, = cos(xrV/a), yo = sin(r/a). 
2°. Particular solutions with a <0: yy = exp(—2 —a), y2 = exp (x —a). 
The substitution w= y",,+-ay leads to a second-order linear equation of the form 14.1.3.1: 
wi, + be**w = 0. 


MW. af" + 10ae**y”” ne 10arc**y’, + (3ad7e%* + 9a7e?*)y = 0. 


Youne 
Ax 


This is a special case of caceiee 16.1.6.25 with f(x) = ae 
12. rT ie all ay!” Ae ber y U a abe**y = — 0. 


LLLL LLL 


Particular solution: yo =e”. 


13. yl! Ax, MM ae by’, a abe? 


vexne — F€  Yoow 
Particular solutions: y; = e°** (k =1, 2, 3), where the 6; are roots of the cubic equation 
6 —b=0. 
14,0 yf" + ae? y” ee tty” + ace**y’ 7 + c(be"” — c)y = 0. 
1°. Particular esiien ith c>0: yi = cos baie ie yo = sin (a/c ., 
2°. Particular solutions with c <0: y, = exp(— Vo c), y= exp(x/— ey 


The substitution w = y’”,, + cy leads to a second-order linear equation: w’,, + ae**w', + 
(be#* — c)w = 0. 


15.0 yf" + ery” + (be4*® + c)y” + ace**y’, + bee” y = 0. 
cos(rV/C), yo = sin(rv/c). 


2°. Particular solutions with c <0: y, = exp(— Vo e); yn = oa ey. 
The substitution w=y’,,+-cy leads to a second-order equation: w",.+ae**w!, be" w =0. 


1°. Particular solutions with c>0: yy 


16. yf tanker yl” — 3axz7e**y”, + Garey’ — 6ae*”y = 0. 


LLLL 
Particular solutions: y; =, yo =27, y3=x®. The substitution w =a? y, —3a7y",.+ 
6xy!, — 6y leads to a first-order fiber equation: w/, + ar%e**w = 0. 


mw 


17. vy"  tazre*y’ — [a(x +1)e%*+2+4]y =0. 


Particular solution: yo = xe”. 
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18. (ae” + by” = ae*y. 


LLLL 


Particular solution: yo = ae” + b. 


19. (ax™ + be® + c)y"_. = be*y, m = 1, 2, 3. 
Particular solution: yo = ax" + be” +c. 
20. (axe* + b)y" = by, m = 0, 1, 2, 3. 


LLLL 


Particular solution: yo = ax” + be”. 


21. ltl. + Bexp(Ax") yl, + albexp(Ae”) — aly = 0. 


Veore 


This is a special case of equation 16.1.6.20 with f(x) = bexp(Az"). 


22. ee = [a =F bexp(Ax”)]y", + ab exp(Az”) y= 0. 
This is a special case of equation 16.1.6.21 with f(a) = bexp(Az”). 


> Equations with hyperbolic functions. 


23. yf” =~ + asinh” (Ax) y’, + bla sinh” (Ax) — b?]y = 0. 


LLLL 


Particular solution: yo = e7°”. 


24, yl” + [asinh” (Ax) + b*]y’, + absinh” (Ax) y = 0. 


LLLL 


Particular solution: yo = e7°”. 


25.0 ye”. + (ax + b) sinh” (Ax)y’, — asinh”(Ax)y = 0. 
Particular solution: yo = ax + b. 

26. yf”. + (ax + b) sinh” (Ax)y’, — 2asinh”(Ax)y = 0. 
Particular solution: yo = (ax + b)?. 

27. oy” + (ax + b) sinh” (Ax)y’, — 3asinh”(Ax)y = 0. 
Particular solution: yo = (ax + b)°. 

28,0 oy”. t bsinh” (Ax) y”,, + albsinh” (Ax) — aly = 0. 
This is a special case of equation 16.1.6.20 with f(x) = bsinh” (Az). 
29, oy”. + [a + bsinh” (Ax)]y”, + absinh” (Ax) y = 0. 
This is a special case of equation 16.1.6.21 with f(a) = bsinh” (Az). 
30. (ax + bsinhz)y”””_. = bsinhz y, m = 1, 2, 3. 
Particular solution: yo = ax™ + bsinhz. 

31. yf” + acosh” (Az) y’, + b[a cosh” (Ax) — b®]y = 0. 


Verux 


Particular solution: yo = e~°”. 


32, yf" + [acosh” (Ax) + b*]y’, + abcosh” (Ax) y = 0. 


LLLL 
ba 


Particular solution: yo = e— 
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33. ye" 


LLLL 


+ (ax + b) cosh” (Ax)y’, — acosh”(Ax)y = 0. 


Particular solution: yo = ax + b. 


34,0 yf". + (ax + b) cosh” (Ax)y’, — 2acosh”(Ax)y = 0. 


LLLL 


Particular solution: yo = (ax + b)?. 
35.0 yf”. + (ax + b) cosh” (Ax)y’, — 3acosh”(Ax)y = 0. 


Particular solution: yo = (ax + b)°. 


36.0 yf”. + beosh” (Ax) y””, + a[bcosh” (Ax) — aly = 0. 


This is a special case of equation 16.1.6.20 with f(x) = bcosh”(Az). 
37. yr 


LLLL 


+ [a + beosh”(Ax)]y’,, + abcosh” (Ax) y = 0. 
This is a special case of equation 16.1.6.21 with f(x) = bcosh”(Az). 


38. (ax + beosha)y”” = beoshz y, m= 1, 2. 3: 


LLLL 


Particular solution: yo = ax” + bcosh x. 


39, oy” = yt aly’, cosh x — ysinh x). 


LLLL 


The substitution w = y/, cosh x — y sinh leads to a third-order linear equation. 


40. yr 


LLLL 


=y+a(y’, sinh x — ycoshz). 


The substitution w = y/, sinh x — ycoshz leads to a third-order linear equation. 


a. oy” 6+ atanh”(Ax) y’, + bla tanh” (Ax) — b®]y = 0. 


Veore 


Particular solution: yo = e7°”. 


3 
42.0 yt”. + [a tanh” (Ax) + b’]y’, + abtanh” (Ax) y = 0. 
Particular solution: yo = e7°”. 
43,0 yl". + (ax + b) tanh” (Ax)y’, — atanh”(Axr)y = 0. 
Particular solution: yo = ax + b. 
44, yr 


LLLL 


+ (ax + b) tanh” (Ax)y’, — 2a tanh” (Ax)y = 0. 


Particular solution: yo = (ax + b)?. 


45. ye 


LLLL 


+ (ax + b) tanh” (Ax)y’, — 3a tanh” (Ax)y = 0. 


Particular solution: yo = (ax + b)?. 


46. yt”. + btanh” (Ax) y”, + a[btanh” (Ax) — aly = 0. 


LLLL 


This is a special case of equation 16.1.6.20 with f(a) = btanh” (Az). 
47, oy”. + [a + btanh” (Ax)]y”, + abtanh” (Ax) y = 0. 


LLLL 


This is a special case of equation 16.1.6.21 with f(a) = btanh” (Az). 
48. yr 


LLLL 


+ acoth” (Ax) y, + bla coth” (Ax) — b?]y = 0. 


Particular solution: yo = e7°”. 
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49, ye" 


LLLL 


+ [acoth”(Ax) + b®]y’, + abcoth”(Ax) y = 0. 


Particular solution: yo = e7°”. 


50. ye”, t beoth” (Ax) y”, + a[bcoth” (Ax) — aly = 0. 


LLLL 


This is a special case of equation 16.1.6.20 with f(a) = bcoth” (Az). 
51. oy”. t [a+ beoth”(Ax)]y””, + abcoth” (Ax) y = 0. 


Youwx 


This is a special case of equation 16.1.6.21 with f(a) = bcoth”(Az). 


16.1.4 Equations Containing Logarithmic Functions 


1 oy! taln* xy! — (abln* x + b*)y = 0. 


Vourex 
ba 


Particular solution: yo = e 


2 yf 4 (ax + b) In’ (Ax)y/, _ aln*(Ax)y = 0. 


LLLL 


Particular solution: yo = ax + b. 


3. yl” co (ax 4s b) In* (Ax) y/, — 2a In* (Ax) y — 0. 


LLLLX 
Particular solution: yo = (ax + b)?. 
4, yl” + (ax +b) In*(Ax)y!, — 3aln*(Ax)y = 0. 


Particular solution: yo = (ax + b)?. 


5. oy!” + Qaxy’, — all + ax In?(bx)]y = 0. 


The substitution w = y”,, + aln(bx) y leads to a second-order linear equation: 


aln(br)w = 0. 


6. Yetoe + bin" (Ax) yf, + a[bIn*(Ax) — aly = 0. 


LLLL 


This is a special case of equation 16.1.6.20 with f(a) = bln*(Az). 


7 yl! + [at bln*(Ax)]y”, + abln*(Ax) y = 0. 
This is a special case of equation 16.1.6.21 with f(x) = bln* (Az). 


8 yl” + In*(Ax)(x?y”, — 2ay’, + 2y) = 0. 


Particular solutions: yj =, yo =. 


9. yf! + In* (Ax) (x2y”, — 4axy’, + Gy) = 0. 
Particular solutions: y; = 27, y2 = 2°. 
10. yf" tax? In*(Ax)y”, — 2aln*(Ax)y = 0. 


LLLL 
2 


Particular solution: yo = x*. 


11. Ws + ay”. + bin*(Ax)y/, + ab In*(Ax)y = 0. 


Particular solution: yo =e”. 


1011 


i 
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16.1.5 Equations Containing Trigonometric Functions 
> Equations with sine and cosine. 

1 oy” t+ asin" (Az) y! + blasin” (Ax) — b®]y = 0. 
Particular solution: yo = e7°”. 

2 yl! + [asin (Ax) + bly! + absin™ (Ax) y = 0. 
Particular solution: yo = e~°”. 

3. yf + (ax + b) sin” (Ax)y’, — asin” (Ax)y = 0. 
Particular solution: yo = ax + b. 

4, yf”. + (ax + b) sin” (Ax)y’, — 2asin”(Ax)y = 0. 
Particular solution: yo = (ax + b)?. 

5. oy a + (ax + b) sin” (Axr)y’, — 8asin”(Ax)y = 0. 


Particular solution: yo = (ax + b)?. 


6. ye t asin” (Ax) y+ blasin™ (Ax) — bly = 0. 


The substitution u=y",,+by leads to a second-order equation: u”.,,+[asin”(Ar)—b]u=0. 


7 ye» + (at bsin”(Ax)]y”,, + absin™ (Ax) y = 0. 
The substitution w = y”,, + ay leads to a second-order equation: w+ bsin” (Ax) w = 0. 


8. yf”, = asin” (Ax) y, + by’, — absin” (Ax) y. 


LLL 
Particular solutions: y, = e?** (k =1, 2, 3), where the (6; are roots of the cubic equation 
Be —b=0. 
9 oy eg + asin” (Az) (x3 yl” — 3a07y” + 6xy’, — 6y) = 0. 


This is a special case of equation 16.1.6.33 with f(a) = asin” (Az). 


10. x? y” + asin” (Ax) (x?y”, — 4ry’, + 6y) = 0. 


The substitution u = x?y",, — day’, + 6y leads to a second-order linear equation: wu”, + 


asin” (Ax)u = 0. 

11. (asina + b)y’" = asina y. 

Particular solution: yo = asinz + b. 

12. (ax+bsina)y/”", = bsinzy. 

Particular solution: yo = ax + bsin x. 

13. (ax™ + bsina)y””, = bsinzy, m = 2, 3. 


Particular solution: yo = ax” + bsinz. 


14. ye. 


LLLL 


+acos”"(Ax) y’, + blacos”(Ax) — b?]y = 0. 


Particular solution: yo = e7°”. 
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15. ye" 


LLLL 


+ [acos”(Ax) + b?]y!, + abcos”(Ax) y = 0. 
Particular solution: yo = e7°”. 


16.0 yr’. + (ax + b) cos” (Ax)y’, — acos”(Ax)y = 0. 


LLLL 


Particular solution: yo = ax + b. 


17, oy + (ax + b) cos” (Ax) y’, — 2acos”(Ax)y = 0. 


LLLL 


Particular solution: yo = (ax + b)?. 


18. yr 


LLLL 


+ (ax + b) cos” (Ax)y!, — 3acos”(Ax)y = 0. 


Particular solution: yo = (ax + b)?. 


19, yr”. tacos”(Ax) y” , + bla cos” (Ax) — bly = 0. 


LLLL 


The substitution u=y",,+by leads to a second-order equation: u”,,+[acos"(Ar)—b]u=0. 


20. ye" 


LLLL 


+ [a + bcos”(Ax)]y”,, + abcos”(Ax) y = 0. 


The substitution u = y",, + ay leads to a second-order equation: u’,, + bcos”(Ax) u = 0. 


21. WE ate cos” (Aa) yn + by’, —ab cos” (Az) y- 


Verux LLL 


Particular solutions: y; = e°*” (k = 1, 2, 3), where the 4; are roots of the cubic equation 
6 —b=0. 


22. yr 


LLLL 


+ acos"(Ax) (a3 yy” — 3a07y"" + 6xy!, — 6y) = 0. 


Youn 


This is a special case of equation 16.1.6.33 with f(a) = acos"(Az). 


23, y= + acos”(An) (a?y” — 4ry’, + 6y) = 0. 


The substitution u = xy", — day’, + 6y leads to a second-order linear equation: wu”, + 


acos”"(Axr)u = 0. 
24. (acosx+b)y"” =acosry. 


LLLL 


Particular solution: yo = acos x + b. 


25. (ax+bcosax)y”” = bcoszry. 


LLLL 


Particular solution: yo = ax + bcos. 


26. (ax™ + beosx)y”, = bcoszxy, m = 2, 3. 


LLLL 


Particular solution: yo = ax” + bcos x. 


27. yr 


LLLL 


+ 2abcos(bz) y’, — a[b? sin(bx) + asin?(bx)]y = 0. 


The substitution w = y+ asin(bx) y leads to a second-order linear equation of the form 


14.1.6.2: wi, — asin(br)w = 0. 
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mw 


mt 2sin? xcoszy” + sin? x (sin? x — 3) y”, 


+sinzcos x (2sin? 2 +3) y/,+ (a*sin* x — 3)y =0. 


28. sintxy 


Equation of a loaded rigid spherical shell. If a* = 1 — d?, the equation can be rewritten as 


2 


d d 
LL(y) — My = 0, where L= Te + cot am — cot? z. 


This equation falls into two second-order equations: 


L(y) + Ay = 0, L(y) — Ay = 9, 


which differ only in the sign of the parameter \. The transformation € = sin? xz, w = 


y/sin x reduces the latter equations to the hypergeometric equations 2.1.2.171: 
e(E= 1)wee ar (3€ = 2)we + +(1 = A)w = 0. 
29. Mee =yt aly’, sin xz — ycos xr). 


The substitution w = y/, sin x — ycos x leads to a third-order linear equation. 


30. Ye = y + aly! cosa + ysin a). 


The substitution w = y/,cos x + ysin x leads to a third-order linear equation. 


> Equations with tangent and cotangent. 


31. oy” tay, + (atanz —1)y=0. 


Verux 


Particular solution: yo = cos x. 


32. yf”. t (ax + b) tan” (Axr)y’, — atan”(Ax)y = 0. 

Particular solution: yo = ax + b. 

33,0 yf” + (ax + b) tan” (Az)y’, — 2atan”(Ax)y = 0. 

Particular solution: yo = (ax + b)?. 

34.0 yl” + (ax + b) tan” (Ax)y’, — 83atan”(Ax)y = 0. 

Particular solution: yo = (ax + b)?. 

35. yf” t+ atan”(Az) y’, + bla tan”(Ax) — b*]y = 0. 

Particular solution: yo = e7°”. 

36. yw”. + [atan” (Ax) + b*]y’, + abtan” (Az) y = 0. 
ba 


Particular solution: yo = e— 


37. ye 


LLLL 


+ btan” (Az) yy”, + a[btan” (Ax) — aly = 0. 
This is a special case of equation 16.1.6.20 with f(a) = btan” (Az). 
38. ye" 


LLLL 


+ [a+ btan"(Azx)]y”,, + abtan” (Ax) y = 0. 
This is a special case of equation 16.1.6.21 with f(a) = btan” (Az). 
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39, ye 


LLLL 


= atan” (Az) y/”_, + by), — abtan” (Az) y. 
Particular solutions: yj, = e?** (k = 1, 2, 3), where the 3; are roots of the cubic equation 
8? —b=0. 

40. yf”. tay, — (1+acotzx)y = 0. 


Particular solution: yo = sin x. 


AL yf!" (ax + b) cot” (Ax)y/, —acot”(Ax)y = 0. 


Verux 


Particular solution: yo = ax + b. 


42, yl”. + (ax + b) cot” (Ax)y’, — 2acot”(Ax)y = 0. 


LLLL 


Particular solution: yo = (ax + b)?. 


43, yl” + (ax + b) cot” (Ax)y’, — 3acot”(Ax)y = 0. 


LLLL 


Particular solution: yo = (ax + b)?. 


44, ye 


LLLL 


+acot”(Ax) y/, + bla cot”(Ax) — b?]y = 0. 


Particular solution: yo = e~°”. 


45. ye" 


LLLL 


+ [acot™(Ax) + b*]y/, + abcot”(Ax) y = 0. 


Particular solution: yo = e~°”. 


46. ye”. t bcot” (Ax) y”, + albcot” (Ax) — aly = 0. 


This is a special case of equation 16.1.6.20 with f(a) = bcot"(Az). 


47, oy”. t [a + beot™(Ax)] yy”, + abcot”(Ax) y = 0. 


This is a special case of equation 16.1.6.21 with f(a) = bcot” (Az). 
48,0 yl". = acot” (Ax) y+ by’, — abcot” (Az) y. 


LLL LLL 
Particular solutions: yj, = e?** (k = 1, 2, 3), where the 6; are roots of the cubic equation 
Pohb=0. 


16.1.6 Equations Containing Arbitrary Functions 
> Equations of the form fa(x) yr". + fi(x)ys, + fo(x)y = g(a). 


The transformation x = t~', y = ut~? leads to an equation of the same form: ui), 
t-8 f(1/t)u. 
Wi ax + 7) y 
2. Voxen = (< +d/ (ca +d)8" 
ar + b Y Wn 


, U = ——,~ leads t impl tion: = 
ae U (ca +a eads to a simpler equation: wu,,,, 


A-* f(z)u, where A = ad — be. 


3. 0g = Teest = 0, f= f(z). 
Particular solution: yo = f(x). 


The transformation z = 


1016 FOURTH-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


4 Ye + fy, af +a*)y=0, f=f(x). 
Particular solution: yo = e*”. 

5. ye t(ft+a*)y, +afy=0, f=f(x). 
Particular solution: yo =e“. 

6. Yoree + (ax + b)f(x)y, — af (x)y = 0. 
Particular solution: yo = ax + b. 

7. Urora + (aw + b)f(x)y,, — 2af(x)y = 0. 
Particular solution: yo = (ax + b)?. 

8. awn + (aw + b)f(x)y, — 3af(x)y = 0. 
Particular solution: yo = (ax + b)?. The substitution z = (ax + b)y/, — 3ay leads to a 
third-order linear equation: 2/". + (ax + b) f(x)z = 0. 


9 ye a t F(eyy, + fi (x)y = g(a). 


Integrating yields a third-order linear equation: y+ f(x)y = i g(x) dz +C. 


10. Yrree + 26¥e + (See -F*)y=0, f=fF(z). 
The substitution w = y”,, + f(a)y leads to a second-order equation: w’,, — f(x)w = 0. 
MW. tyrone + of (x)y, — [(@ +1) f(x) +2 + ly = 0. 
Particular solution: yo = xe”. 
12. Yrron + f(x)y, + 9(x)y + h(x) = 0. 
The transformation « = t~', y = wt~? leads to an equation of the same form: 
whine —t © f(1/t)w) + [Bt f(1/t) + t 8 9(1/t)] w +t PA(1/t) = 0. 
13,0 yf" =e =u t+ f(x) (y;, cosh x — ysinh 2). 


LLL 


The substitution w = y/, cosh x — y sinh x leads to a third-order linear equation. 


14,0 yf" =e =u t+ f(x)(y;, sinh x — ycosh 2). 


LLLL 


The substitution w = y,, sinh x — ycosh leads to a third-order linear equation. 
15. eee =U + f(x) (y’, sin x — y cos x). 

The substitution w = y/, sin — ycos x leads to a third-order linear equation. 
16. yf”, =y t+ f(a) (yi, cosa + ysinz). 


The substitution w = y/, cosx + ysin x leads to a third-order linear equation. 


7. Yeren t+ fy, + (ftanzg—1)y=0, f= f(z). 
Particular solution: yo = cos x. 


18. yf" 6+ fy, — (1+ fcotx)y = 0, fF =f(2): 
Particular solution: yo = sin x. 
19. Yer» = ty + f(e)(¥,-y), 9 = ¥(@). 


/ 
The substitution w = y/, — Pry leads to a third-order linear equation. 
~ 
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> Equations of the form f4(x)y7"". + fo(a)ye. + fila) yt, + fo(x)y = g(x). 
20. Vroer + f¥te t+a(f—a)y=0, f= f(x). 

1°. Particular solutions with a > 0: y, = cos (c/a), y2 = sin(a/a). 

2°. Particular solutions with a <0: y, = exp(—2 =a), Yy2 = exp (x =a). 

The substitution w= y’,,,+ay leads to a second-order linear equation: w’,,+(f—a)w =0. 
21. Yrree t(F +4)¥z, tafy=0, f=f(zx). 

1°. Particular solutions with a > 0: y; =cos(zVa), y2 =sin(aV/a). 

2°. Particular solutions with a <0: y, = exp(—2 =a), Yy2 = exp(x =a). 

The substitution w= y”,,+ay leads to a second-order linear equation: w",, + f(x)w = 0. 
22, yf! + f(x) (x?7y”, — 2ay’, + 2y) = 0. 


Particular solutions: y; =, y2 = x7. The substitution z = xy”, — 2ry/, + 2y leads 
to a second-order linear equation: x2”, — 2z/, + a3 f(x)z =0. 


23, ye + f (x) (x? yy”, — 4ry’, + 6y) = 0. 
Particular solutions: y,; = 27, yo = x°. The substitution w = xy". — Ary! + 6y leads 
to a second-order linear equation: w”,, + a? f(x)w = 0. 


24. Yvan + (ax? + ba +c) f(x)y%,, — 2af(x)y = 0. 


Particular solution: yo = ax” + bx +c. 


25. yg t1Of yy, + 10fiy,, + (3f%, +9f7)y=0, f=f(a). 
Solution: 
y = Cyw? + Cow} we + C3wiws + Cyw3, 


where wy, and wy are nontrivial linearly independent solutions of the second-order linear 
equation: w+ fw =0. 


26. ye et (FS +a) yu, t2fLy + (fe + f9)y = 9, f=f (2), g=9(2). 


The substitution w = y”,, + fy leads to a second-order linear equation: w’,,, + gw = 0. 


> Other equations. 


27. Yrwwe + f(@)Uze + eg(x)y!, — 29(x)y = 0. 


Particular solution: yo = x. 


28. ie +E f(x) yy <7 2a7y""., = «, a? f (x)y’, sb: aty = 0. 


ax ax 
» Y2=eE°."° 


29. Yrvee + fYcce + Ice tafy, +a(g—a)y=0, f=f(x), g=9(2). 
1°. Particular solutions with a > 0: y; =cos(zVa), y2 =sin(a/a). 


Particular solutions: y,; = e— 


2°. Particular solutions with a <0: yy = exp(—2 —a), Yy2 = exp(zx =a). 


The substitution w= y/,,,+ay leads to a second-order equation: w+ fw',+(g—a)w =0. 
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30. Virvoe + FY ere +(9+4)Uen tafy,tagy=0, f=f(x), g=g(z). 
1°. Particular solutions with a > 0: y; =cos(zVa), y2 =sin(aV/a). 
2°. Particular solutions with a <0: y, = exp(—2 =a), Yy2 = exp @ =a). 


The substitution w=y",,+ay leads to a second-order linear equation: w’.,,+fw!,tgw =0. 


3. tS (elyn + g(a)yy, + eh(a)y’, — h(a)y = 0. 


Particular solution: yo = x. 


32. Yreee + (©) Vice + 9(@)(@7 yg, — Bey, + 2y) = 0. 
Particular solutions: y,; = 2, yo = x’. The substitution z = gy", —2axy',+2y leads to 


a second-order linear equation: x2”, + [xf (x) — 2]z/, + 239(x)z =0. 


Particular solutions: y,; =, y2=27, y3=«?. The substitution w= a3 yl", —3a2y+ 


6xy', — 6y leads to a first-order linear equation: w’, + «3 f(x)w = 0. 


Particular solutions: yj, = e*** (k =1, 2, 3), where the A, are roots of the cubic equation 
M-—a=0. 


35. Yvan = (fF — 2) Yrve + (af — b)yZ, + (bf —c)y,+efy, f= f(x). 
Particular solutions: y, = e*** (k =1, 2, 3), where the , are roots of the cubic equation 
+ ad? +bA+c=0. 


36. yf tS tay, + (af +gt+axg)y”, + aaxgy’, — a?gy = 0, 
f=f(x), g=g9(#). 


Particular solutions: yj =z, yg =e ™. 


37, yl" +A (fst a)ye.. + (fot afs)yy, + (fi + afe)y, + afiy = 0, 
=] fe) GS 19 253). 


Particular solution: yo =e”. 


38. yt 4y tary = f(x). 


The substitution w(x) = xy leads to a constant coefficient nonhomogeneous linear equa- 


tion: wy", taw = f(z). 


2 2 
+ (a—4)afy, +(b—2a+6)fy=0, f= f(z). 
The substitution w = «7y”,, + (a — 4)ary/, + (b — 2a + 6)y leads to a second-order linear 
equation: w+ fw =0. 


40. vty” taney” +af(x)y, + (a—3)f(x)y = 0. 


Particular solution: yo = «>~*. 
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4. Wee + GF Urea + (4f, + Ff? + 109) y2, 
+ (few + THA, + 6f* + 30fg + 109,)y, 
+ 3(2f,9 + 5f91, + 6f79 + 97, + 3g")y = 0. 
Here f = f(x) and g = g(z). Solution: 


y = Cyw? + Cow} we + C3wiws + Cyw3, 


where wy, and wy are nontrivial linearly independent solutions of the second-order linear 
equation: w+ fw, + gw =0. 


Equation of transverse vibrations of a bar. Solution: 


ea—t 


y= Cy + Cox + 
ee dea EO 


(C3 + Cyt) dt. 


16.2 Nonlinear Equations 


16.2.1 Equations Containing Power Functions 


> Equations of the form y””” = f(ax,y). 


LLLL 
mw _ —5/3 
1. Yorn — AY is, 


Multiply both sides of the equation by y°/* and differentiate the resulting expression with 


respect to x to obtain 


3yy®) + Syl yer ig = 0. 


Integrating this equation three times, we arrive at the chain of equalities: 


yy ne + YY eee — (Yn)? = 2C2, (1) 
8YY ee — Veen = 2C2e+ Ci, (2) 
B3yyl, — 2(y/,)? = Con? + Ciz+Co, (3) 


where Co, C1, and C% are arbitrary constants. By eliminating the highest derivatives from 
(1)-(3) with the help of the original equation, we obtain a first-order equation: 


(2Py!, — 3P!y)? = 9(C? — 4CpC2)y? — 2P? + 54APy4/3, 


where P = Cyx?+C\2+Cp. The substitution y= (P/w)?/? leads to a separable equation, 
the integration of which finally yields: 


“ied 
[19(C? = 4C0Ce) + 544w - 20 eels a6, 


2. ye — Ay™. 


LLLL 


m 


This is a special case of equation 16.2.6.1 with f(w) = Ay”. 
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1°. By integrating, we obtain 
Jy Ved = Yee) =— + BG, 


where C' is an arbitrary constant (m 4 —1). The substitution w(y) = (y/,)?/? leads to a 
second-order equation: 


The value C = 0 corresponds to the Emden—Fowler equation, whose integrable cases 
are specified in Section 2.3 for some values of ™m (to those cases there correspond three- 
parameter families of particular solutions of the original equation). 


saa Naas Leet ee, 7 


2°. Particular solution: y = Atm —1)4 T—m , 


3. Woe = axe 8m Sy™, 
The transformation x = t~!, y = t-?w(t) leads to an equation of the form 16.2.1.2: 


WM _ m 
3m-+5 
we — az 2 y 


m 
LeveL ° 


4, y 
oe 


This is a special case of equation 16.2.6.5 with f(w) = aw 


we a n,,m 
5. Yerrs = OEY - 


Generalized homogeneous equation. 


1°. The transformation t = 2”t4y'~1!, u = zy/,/y leads to a third-order equation. 
2°. The transformation x = z~', y = z~3w(z) leads to an equation of the same form: 
wl = 7 n—3m—5 ym 

ZZLZ . 


6 yf” = (ay + ba*)™, k =0, 1, 2, 3. 


LLLL 


The substitution aw = ay+ba* leads to an equation of the form 16.2.1.2: wi”. =a™w"™. 


7. cet (ax au b) ty” cy™. 


LLLL _ 
This is a special case of equation 16.2.6.10 with f(w) = cw™. 
_ 3Bm+5 
8. yl” = = (az? + ba +c) 2 y™. 


LLLL 


m 


This is a special case of equation 16.2.6.12 with f(w) = w 


wy 


> Equations of the form y//"_.. = f(x,y, y/,)- 


mw 


9. yf! = ay”y’, + ba*, 


b 
a + a + a + C. For b = 0, the order of 


this equation can be reduced by one with the help of the substitution w(y) = y/,. 


By integrating, we find y”.. = 
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mw —A4 / 
10. Yearx — At (xy, > y)”. 
The transformation t = In|z|, w = xy’, — y leads to a third-order autonomous equation: 


Mr W / 
Wett = SW + bw; = aw”. 


Wy. = ax" (xy), — y)*. 

This is a special case of equation 16.2.6.23 with f(z, w) = ax”w*. The substitution w = 
xy, — y leads to a third-order generalized homogeneous equation: (w’,/x)". = ax”™w*. 
12,0 yr, = ae” (xy), — 2y)*. 

This is a special case of equation 16.2.6.24 with f(z, w) = ax” w*. The substitution w = 
xy’, — 2y leads to a third-order generalized homogeneous equation: rw”, — wi, = 
arty, 


This is a special case of equation 16.2.6.25 with f(z, w) = ax” w*. The substitution w = 


ry’, — 3y leads to a third-order generalized homogeneous equation: w!!”,, = axz"t1w*. 


14. yy!” =atyt ba” (y’, — ay)*. 


LLLL 


The substitution u = y/,—ay leads to a third-order equation: wu”. +au!,,+a?ul,+a3u= 


br” uk. 


> Equations of the form y’”", = f(@,Y5 Ys Ue): 


15.0 yf" tay, = by” +. 
This is a special case of equation 16.2.6.33 with f(y) = by” +c. 


16. Uxrme — 29ee + ety = by! 


The transformation € = e*V“, tie) = €°/2y leads to an autonomous equation of the form 
16.2.1.1: whee = a-*bw 5/8 
17, yr tay, + by = cyy”, — c(y’,)? +k. 
1°. Particular solution: 
y = Cy sinh(C4x) + C2 cosh(Cyx) + C3, 
where the constants C1, Co, C3, and C’, are related by two constraints 
Ci + (a — cC3)C? +b =0, 
o(O? —O7)C? =103, + k= 0. 
2°. Particular solution: 
y = Cisin(Cyx) + C2 cos(Cyx) + C3, 
where the constants C1, Co, C3, and C’, are related by two constraints 
Cr=@=1C)C] fbS 9, 
C7 + CFC? +b; =k S0. 
18. yf”. tayy,, + by”, — a(y’,)? +cy/,=0. 
C3 +bC2+¢ 


Particular solution: y = C) exp(C22) — 
aC» 
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9. yf! = ay?y” — ay(y’,)? + by. 
1°. Particular solution: 

y = Cy exp(C3x) + C2 exp(—C32), 
where the constants C,, Co, and C are related by the constraint Gs — 4aC; C203 —b=0. 
2°. Particular solution: 

y = Ci cos(C3x) + C2 sin(C32), 

where the constants C;, C2, and C2 are related by the constraint C{-+a(C?+C3)C2—b=0. 
3°. There are also solutions y = +2/b/a +C and y= 0. 
20. Yonex + (Yn) "Yon = by” +c. 
This is a special case of equation 16.2.6.34 with f(u) = au” and g(y) = by* + ¢. 


21. Worcs _ ax”? (xy’, = YY a 


n 


This is a special case of equation 16.2.6.35 with f(w) = aw”. 


wy 


22. YY ron — (Yow)? = 0. 
1°. Particular solutions: 
y=Cix+ Co, 
y = Ci(4 + C2) 3”, 
y = Cyexp(C3x) + C2 exp(—C32), 
y = Ci cos(C3x) + C2 sin(C3z). 
2°. Integrating the equation twice, we arrive at a second-order equation: 
Wow — Yu)? = Cie + Co. 
The substitution z = C,x + C2 leads to a generalized homogeneous equation. 
23. yy” — (yt)? +ayt+b=0. 
Particular solutions: 
y = Cy exp(Ar) + C2 exp(—Azx) — b/a, = (a?/b)*/4; 
y = Cisin(Az) + C2 cos(Ax) — b/a, d= (a? /b)/4. 
24. YY none — (You) + ayy, = 0. 
1°. Integrating the equation two times, we obtain a second-order equation: yy", —(y/.)? + 
ay = Cia + Co. 
2°. Particular solutions: 
y = Cy exp(C3x) + C2 exp(—C3x) — aCz”, 
y = Ci sin(C3x) + C2 cos(C3x) + aC;?, 
y =Cir+ Co. 
25. YY rane — (You) = UYYrn — (Yz)*] + ©. 


1°. The substitution w(x) = yy’, — (y/,)? leads to a second-order constant coefficient 
linear equation of the form 14.1.9.1: w/,, = aw + b. 
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2°. Particular solutions: 


b : 
y=C} exp(C22) - qaCC2 exp(—C2) if a#0, 

b : 
y= Crexp(2Va) — Faq (eva) + C2 if a>0, 
y=C} sin(Az) + C2 cos(Ax), = FERC if ab> 0, 
y= — sin(xV/—a + C1) + C2 ifa<0, b<0, 
y=tr/b/a+Cy if ab > 0. 


26. YY ova = Came = a [YY rar = (y%,)7] a ba* + ¢. 
The substitution w(x) = yy’, — (y/,)? leads to a second-order constant coefficient nonho- 
mogeneous linear equation of the form 14.1.9.1: w,, = aw + br* +c. 


27. Yona — @ Ven) = an” + br +c, 


Particular solution: 
y= wCix" + $O22° + 5032” + Cyr + Cs, 
where the constants C1, Co, C3, C4, and C's are related by three constraints 
$0103 = 403 =a, 
CC, — $02C3 = b, 
C1Cs — $C3 =c. 


28. oy = ay + b(y, + ay)*. 


The substitution w = y/,, + ay leads to a second-order autonomous equation of the form 
14.9.1.1: wy, = aw + bw*. 


29. Dee = ay [yur ~ (y,,)7] * 
This is a special case of equation 16.2.6.42 with f(w) = 0 and g(w) = aw”. 
> Equations of the form "= f(@. Ys Yoos Uns Uren )* 


mt 


30. Ye + 13 gee + 22Yn, + ay, + aoy = byyy, — b(y/,)? +k. 
Particular solutions: y= C exp(Anx)+kap 1 where C is an arbitrary constant and \ = An, 


k 
are roots of the algebraic equation \* + a3? + (a2 — **) M+ GA Sag = 0. 
ao 
mt 


31. yf. tayye., = bx”. 


; : 1 b 
Integrating, we arrive at a third-order equation: y/””.+ayy!,.— salu)? = ae +0. 
n 
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mw mt 


32. Vewre + 2Yree — AY) Yen = 0. 
This equation arises in hydrodynamics. 


1°. Particular solutions: 
y=Cyx+Co, 


y = Cy exp(Cox) — a~!Co, 
y = 6(ar + C,)?. 


2°. Integrating, we arrive at a third-order autonomous equation: 


mt " 1\2 
Yexa - QBYVer — aly) =C. 
© Literature: A. D. Polyanin and V. F. Zaitsev (2002). 


mw mt 


B36 Yin i OUU = ayy”. = by. 

Particular solutions: 
y = Cyexp(Ar) + Cp exp(—Azr), A= pi/4 
y = Cisin(Az) + C2 cos(Az), d= bY, 


34, yf” tayy, + (yl) yy, = ca® + d. 
This is a special case of equation 16.2.6.50 with f(u) = bu” and g(x) = cx* + d. 


we == n, t,t 
35. Verne — ay Va Vece* 
n 


This is a special case of equation 16.2.6.51 with f(y) = ay”. 
36. ys + 4y"” = ax /3y—5/3, 


LX 


The substitution w(2) = ay leads to an equation of the form 16.2.1.1: wi!” = aw /8, 
37. CU ae a AY covet = a(xy)*. 
The substitution w(x) = xy leads to an equation of the form 16.2.1.2: wit”. = aw*. 


38. LY eee ap 2Y cccoce = a(ry, = y)*. 
The substitution w(a)=«y!,—y leads to a third-order equation: w””,,=aw* (Section 15.2 


presents its solutions for k = Z, 3, 2, +, i, 5 0, and 1). 


39, ay” +(at3)y = be" (xy! + ay)*. 
The substitution w = xy’, + ay leads to a third-order generalized homogeneous equation: 


MW Np \k 
Wire = On w™. 


40. ey + 8ay" + 12y"" — ax 10/34—-5/3, 


LLL 


mn —5/3 


The substitution w(x) = x?y leads to an equation of the form 16.2.1.1: w/t”... = aw 


41. ety +603 y+ Tay” + ry’, = ay—°/3, 


"oun 


The substitution t = In |x| leads to an equation of the form 16.2.1.1: y/”., = ay. 


mw mt 


42. YVeanx — AY) Yovcrce* 
Having integrated this equation, we obtain the third-order equation y 
solvable cases are specified in Section 15.2.2. 


wn 
LLL 


= Cy", whose 
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we mt 


43. YWovee — VeVewa = = ax” y. 


Integrating yields a third-order linear equation: y/””. = (Se! + c) y. 
n 


wn mt 


44. Wearre i = ay’, 


Integrating yields a third-order nonhomogeneous linear equation with constant coefficients: 


Yeon = Cy — a. 


This is a special case of eae 16.2.6.58 with f(x) = ax”. 


46. Yes + Aug + Buse)? = ay 19! 
The substitution w = y? leads to an equation of the form 16.2.1.1: w/”,.,, = 2aw~*/®, 
The substitution w = a leads to an equation of the form 16.2.1.2: wll!”,., = 2aw"/?. 


48.0 yy ne + FULUeee — ¢ (Yen)? = 


This is a special case of equation 16.2.6.59 with a = 2 and f(x) = a. Integrating the 
equation twice, we arrive at a second-order equation of the form 14.8.1.54: 


3yyhe — 2(y,,)? = Sax? + Cyr + Cr. 


49, yy a + SU Vece + 5 (Yo)? = 


Integrating the equation twice, we arrive at a second-order equation of the form 14.8.1.53: 
Wow — TYo)” = pau? + Cia + Co. 


50. yy + oyun + 5 (ye ,)? = (ax + by" 


The transformation x = x(t), y = (z/,)” leads to a constant coefficient linear equation: 


2x) =r +0, 

51. YViven — Verne = OL” YY rn 

Integrating yields a third-order linear equation: y/””., = C exp(——e""") y. 
n 


52. LYY nn — (Yr = 


Integrating the equation twice, we arrive at a second-order equation: 


Vane — Yr)” = aa ln |x| + Cre + C2. 


we mt mt 


53. CUVerre = LY vce QYV ore 


Integrating yields a third-order linear equation of the form 15.1.2.7: y/”.. = Cx%y. 
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54, PY ne = AYU erne + 39? (Yen)? — 6(y',)*. 
This is a special case of equation 16.2.6.67 with f = 0. 
Solution in parametric form: 


a é dé 
= ——————— CO. — CJ — —————————— 7 
l=" aa ver lz —z) 


55. yl wy — a(y” i. 


Le Vourex LLL 


t=. 


3-24 
Co+ Cx (Cg + C32) l-a if aF 1, 
Co + Ciz + Co exp(C3z) i @.= 4, 


Solution: y = 


56. YonVeeee ~— 7 Youn)” = ary’, — y) + By, +7- 
Differentiating with respect to x yields 


Yan [YE — ox — 6] =0. (1) 
Equating the second factor in (1) with zero and integrating it, we find the solution: 


y= om + Be + Cye* + Coa? + Cox? + Che 4-05. 
The constants Ci, and parameters a, 3, and y are related by the constraint 
48 CoC, — 18C? = —aCy + BC, +74, 
obtained by means of substituting the solution into the original equation. 
The other solution, which corresponds to setting the first factor in (1) to zero, is given 
by: 7 i 7 
y=Cix+Co, where aCyp — BC, —y=0. 


mt le 


57. en = ay*y’! (ye 
This is a special case of equation 16.2.6.72 with f(y) = ay* and g(w) = w®. For k= —1 
and s = 1, see equation 16.2.1.42. 

The first integral has the form: 


(yt, 8 — 2 yi ifké-1, 8 #1; (1) 
Ls k+1 
In lotrel - gow =C if kA-1, 8=1; Q) 
1 
Tete) — aln|y| =C if k=—-1, sA1, (3) 


For C = 0, equality (1) is changing to the equation 


il 
— 1— k+1 
n= oS “) yles, 


k+1 
which is discussed in Section 15.2.2 (the solutions given there generate 3-parametric fami- 
lies of particular solutions of the original equation for k = (1 — s)G —1, where 6 = —f, 


3, 2, +, Z, 5, 0, and 1). 
58. ai (yer)? + (aay, tasy,, + Gary + asx +a6)y”. + bi(y.)? 
+ (boa + bs)y", — alu)? + bay, + bsx? + bex + by = 0. 


There are particular solutions of the form y = Cyx* + Cox? + C32? + Cyx + Cs, where 
the five constants C, C2, C3, C4, and Cs are related by three constraints. 
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16.2.2 Equations Containing Exponential Functions 


> Equations of the form yy” = f(x,y). 


LLL 


aw = Ay 
1. Yorre — ae" + OB. 


This is a special case of equation 16.2.6.1 with f(y) = ae*¥ +b. 
2. ee = acrytbe 4 b, 
The substitution w = y + (3/A)a leads to an autonomous equation of the form 16.2.6.1: 


Wn Aw 
Wrere = ae” +b. 


we 


4 AYy 
Leer c 


3 y =ax “e 
This is a special case of equation 16.2.6.2 with f(y) = ae*”. The substitution ¢ = In |z| 


leads to an autonomous equation. 


wn — k Ay 
4. Yoorr = ane. 


This is a special case of equation 16.2.6.15 with f(w) = aw andm =k + 4. 


mn a Axv,,n 
5. Yoorn = Ae Ys 


This is a special case of equation 16.2.6.14 with f(w) = aw andm=n-—1. 


6. yl”! = aexp(Ay + Ba?) +b. 
The substitution w = y + (G/A)x? leads to an autonomous equation of the form 16.2.6.1: 


mt __ dw 
a =e SO. 


TOY ie = AY + be) —5/3 — be®. 
mn —5/3 


The substitution w = y + be” leads to an equation of the form 16.2.1.1: Wri, = aw 


8.0 oy ie = a(y + be”)™ — be”. 
Wn m 


The substitution w = y + be” leads to an equation of the form 16.2.1.2: Woo, = aw 


> Other equations. 


9 yf" = ae y’ a hel, 


LLLL 


b 
Integrating yields a third-order equation: y= a + Be ee oe OF 


10. y”” == aty + be (y’, — ay)*. 


LLLLX 
This is a special case of equation 16.2.6.27 with f(x, w) = be**w*. 


11. yf = be**(xy’, — y)*. 


Veore 


This is a special case of equation 16.2.6.23 with f(x, w) = be**w*. 


12. yr 


LLLL 


= be” (xy’, — 2y)*. 
This is a special case of equation 16.2.6.24 with f(x, w) = be**w*. 


13. yf” = be** (xy’, — 3y)*. 


LLLL 


This is a special case of equation 16.2.6.25 with f(x, w) = be**w*. 
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mw 


mya __ 
14. Wyeaxe (Yaw) = ae 
1°. Integrating the equation twice, we arrive at a second-order equation: 


Ax 


Yen — (yy)? = ar 7e* + Cie + Co. 
For C, = Cy = 0, it is an equation of the form 14.8.3.47. 
a 
2°. Particul lution: y=C dr ee. 
icular solution: y exp(Ar) + ou 
15. os a Gy = ay’, + ber” = 0. 
Lh . ow 


1°. Integrating yields a third-order equation: yy”. — y/.yi, — ay + bDA~1e** = C. 


2°. Particular solutions: 


y = Cexp(Az) + a. 
b a 
i> exp(Az) + C exp(—Az) — cE 


16. yy”. — (yn)? — ay”, + be*” = 0. 
1°. Integrating the equation two times, we obtain a second-order equation: yy’, —(y/,)? — 
ay + Cir + Co + brA-e** = 0. 
aC? — b 
Crt 


17, YYerer — Yow)” = YY re — (Yz)"] + be**. 
1°. The substitution w(x) = yy", — (y/,)? leads to a second-order constant coefficient 
linear equation of the form 14.1.9.1: w’!,, = aw + be. 
b 
Cr? (A? — a) 


18. yy” — ay” — (yy)? + be*” = 0. 


LLLL 


2°. Particular solution: y = Cexp(Az) + 


2°. Particular solution: y = C exp(Az) + 


1°. Integrating the equation two times, we obtain a second-order equation: yy", —(y',)? — 
ay’, + Cyz + Cz + bdA~2e*” = 0. 


2°. Particular solutions: 


3 
y = Cexp(Az) + ain 
b a 
v= 5a exp(Az) + C exp(—Az) — x 
19. eee = wey Ue 


This is a special case of equation 16.2.6.51 with f(y) = ae”. 


20. yu _ (aer¥y’, + be?” ) yy!” 


LLULL Bo 6 


This is a special case of equation 17.2.6.58 with n = 4, f(y) = ae*Y, and g(x) = be®*. 
21 we _ Ary!” 


Yoana LLL oF Bry" 5 = Ady’ ig Ay = ESP ($Ax)y—°/*. 
mn —5/3 


The substitution w(x) = ye~*” leads to an equation of the form 16.2.1.1: w/t”... =aw 
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22,0 yn — 4Aye + 6r\2y" — AN y’ +My =e ey”, 
The substitution w(x) = ye~** leads to an equation of the form 16.2.1.2: w 
23. YU rvee + 4YVeee + 3(Yp2)” = ae. 

Solution: y? = C'3x° + Cox? + Cyr + Co + 2ad- 4e**. 

24. WVreen + YY nee + 3(Yern)” = ae” + b. 

This is a special case of equation 16.2.6.60 with f(y) = ae*# + b. 


Wn 


16.2.3 Equations Containing Hyperbolic Functions 
> Equations with hyperbolic sine. 


Loy”. = asinh™ (Ay) + b. 


Vourex 


This is a special case of equation 16.2.6.1 with f(y) = asinh™ (Ay) + b. 
2. Yong = asinh(Ay + Bx) + b. 


LLLeE 


1029 


The substitution w = y + (3/A)a leads to an autonomous equation of the form 16.2.6.1: 


Wr ng = asinh(Aw) + b. 


3. yl! _. =a(y + bsinh x)? — bsinh x. 


LLLL 


The substitution w = y + bsinh leads to an autonomous equation of the form 16.2.6.1: 


mn _ 2 
LLLL aw”. 


4, yl" ~~ = ax *sinh™ (Ay). 
This is a special case of equation 16.2.6.2 with f(y) = asinh”™ (Ay). 
5. oy ge = asinh(Ay)y’, + bsinh(Gz). 


b 
Integrating yields a third-order equation: y/... = = cosh(Ay) + B cosh(Gx) + C. 


A 
6 yl” = =atyt bsinh(Az) (y!, = ay)”. 


LLLL 


This is a special case of equation 16.2.6.27 with f(z, w) = bsinh(Ax)w*. 
7 yf, = bsinh(Ax)(xy’, — y)*. 


LLLL 


This is a special case of equation 16.2.6.23 with f(a, w) = bsinh(Ar)w*. 

8. yf” = bsinh(Ax)(xy’, — 2y)*. 

This is a special case of equation 16.2.6.24 with f(z, w) = bsinh(Ax)w*. 
, k 

9. yl” i = bsinh(Ax) (xy, — 3y)”. 

This is a special case of equation 16.2.6.25 with f(x, w) = bsinh(Ax)w*. 


wy 


10. yy”. — (yy)? = asinh(Az). 


1°. Integrating the equation twice, we arrive at a second-order equation: yy”, — (y/,)? = 


aX~? sinh(Ax) + Cyr + Co. 


a 
2°. Particul lution: = Csinh(\ —.. 
icular solution: y sinh(\x) + raat 
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We yy. — (ye,)? — ayl, + bsinh(Ax) = 0. 
1°. Integrating yields a third-order equation: yy’... — y/.y. — ay + bA~! cosh(Ax) = C. 


2°. Particular solution: y = [Cd? sinh(Ax) + acosh(Ax)] + C. 


b 

A(a? — C?°) 
12, yy”. — (yn,)? — ay”, + bsinh(Ax) = 0. 
1°. Integrating the equation two times, we obtain a second-order equation: yy’, — (y/,)? — 
ay + Cia + Cp + bA~? sinh(Ax) = 0. 
aC? — b 

Cr 
13. ee = ire) = alYY en > (y’,)7] =F bsinh(Ax) + ¢. 
The substitution w(x) = yy”, — (y/,) leads to a second-order constant coefficient nonho- 
mogeneous linear equation of the form 14.1.9.1: w',, = aw + bsinh(Az) +c. 


14. yy” — ay” — (ye)? + bsinh(Ax) = 0. 
1°. Integrating the equation two times, we obtain a second-order equation: yy", —(y/,)? — 
ay), + Cyx + Cp + bA~? sinh(Az) = 0. 
b 
15. y= asinh*(Ay) yy”... 


This is a special case of equation 16.2.6.51 with f(y) = asinh*(\y). 


2°. Particular solution: y = C sinh(Ax) + 


2°. Particular solution: y = [CA sinh(Ax) + acosh(Ax)] + C. 


wey mt 


16. yy” — Uy, = asinh(Ax)y?. 
This is a special case of equation 16.2.6.57 with f(a) = asinh(Ax). Integrating yields a 
third-order linear equation: y/”.. = F cosh(Ax) + c| y. 


LLL 


17. yy toy ye + 3(y,)? = asinh(Az). 
Solution: y? = C3x° + Cox? + Cia + Cp + 2ar~ 4 sinh(Az). 


18. yy” t+ 4y yl + 3(y",)? = asinh* (Ay) + b. 
This is a special case of equation 16.2.6.60 with f(y) = asinh*(Ay) + b. 


> Equations with hyperbolic cosine. 
19,0 yr. = acosh™ (Ay) + b. 


This is a special case of equation 16.2.6.1 with f(y) = acosh’” (Ay) + b. 


20.0 ye, = acosh(Ay + Bx) + b. 

The substitution w = y + (3/A)a leads to an autonomous equation of the form 16.2.6.1: 
Whe eg = acosh(Aw) + b. 

21. y= = a(y + beosh x)” — beosh x. 


Verux 


The substitution w= y+ bcosh2 leads to an autonomous equation of the form 16.2.6.1: 


mn _ 2 
HH aw”. 
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22. ye 


vn ge = ax *cosh™ (Ay). 


This is a special case of equation 16.2.6.2 with f(y) = acosh™ (Ay). 


23,0 yf”. = acosh(Ay)y’, + bcosh(Bz). 


LLLL 


b 
Integrating yields a third-order equation: y/,,.,, = x sinh(Ay) + 3 sinh(Bx) +C. 


24, yl" ~~ = a*y + beosh(Ax)(y!, — ay)*. 


LLLL 


This is a special case of equation 16.2.6.27 with f(x, w) = bcosh(A\x)w*. 
25. yl” = beosh(Ax) (xy, — y)*. 


LLLLX 
This is a special case of equation 16.2.6.23 with f(x, w) = bcosh(Ar)w*. 
26. yr 


LLLL 


= beosh(Ax)(xy’, — 2y)*. 
This is a special case of equation 16.2.6.24 with f(x, w) = bcosh(Ax)w*. 


27, yf. = beosh(Ax) (ey, — 3y)*. 
This is a special case of equation 16.2.6.25 with f(x, w) = bcosh(Ax)w*. 
28. yy. — (y%,)? = acosh(Az). 


1°. Integrating the equation twice, we arrive at a second-order equation: yy”, — (y/,)? = 
ad\~* cosh(Ar) + Cir + Co. 


fe} : ra : = a 
2°. Particular solution: y = Ccosh(Ax) + reat 
29. yy, — (yn)? — ay’, + beosh(Ax) = 0. 


1°. Integrating yields a third-order equation: yy.” ty, — ay + br! sinh(Ax) = C. 
& gy q 


eax YerUor 


2°. Particular solution: y = CX? cosh(Ax) +a sinh(Ax)| + C. 


b 
Me Oy | 


30. yy”. — (yy)? — ay, + beosh(Ax) = 0. 


LLLL 
1°. Integrating the equation two times, we obtain a second-order equation: yy’, — (y/,)? — 
ay + Cixz + Co + bA~? cosh(Azx) = 0. 
aCr2 — b 
Cr4 


31. YY ree — (Yaw)? = [YY ion — (yi,)7] + beosh(Aw) + ¢. 
The substitution w(x) = yy”, — (y/,)? leads to a second-order constant coefficient nonho- 
mogeneous linear equation of the form 14.1.9.1: w’%,, = aw + bcosh(Ax) + c¢. 


2°. Particular solution: y = C'cosh(A\x) + 


32. yy” m  — (y!)? + beosh(Ax) = 0. 


cance Moree 

1°. Integrating the equation two times, we obtain a second-order equation: yy’, —(y/,)? — 

ay’, + Cia + Cp + bA~? cosh(Az) = 0. 
b 


2°. Particular solution: y = (a2 — O72) 
a2 — 


[CAcosh(Azx) + asinh(Ax)] + C. 
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mw 
Vean* 


33. ye 


Mr ey = acosh*(Ay)y’, 
This is a special case of equation 16.2.6.51 with f(y) = acosh*(Ay). 


we mt 


34. yy” yy, = acosh(Ax)y?. 
This is a special case of equation 16.2.6.57 with f(a) = acosh(Azx). Integrating yields a 
third-order linear equation: y/". = F sinh(Ax) + Cy. 


LLL 
35. yy” + 4y ye” + 3(y”,)? = acosh(Az). 
Solution: y? = C323 + Cox? + Cia + Co + 2ar- * cosh(Az). 


36. yy” t4y ye + 3(y”,)? = acosh*(Ay) + b. 
This is a special case of equation 16.2.6.60 with f(y) = acosh*(Ay) + b. 


> Equations with hyperbolic tangent. 


37. yf" == atanh" (Ay) + b. 


LLLL 


This is a special case of equation 16.2.6.1 with f(y) = atanh”™ (Ay) + b. 


38. yl”. = atanh(Ay + Bx) + b. 


The substitution w = y + (3/A)a leads to an autonomous equation of the form 16.2.6.1: 
Weng = atanh(Aw) + b. 


LLLL 


39, yr 


LLLL 


= ax * tanh” (Ay). 
This is a special case of equation 16.2.6.2 with f(y) = a tanh” (Ay). 


40. yf". = atanh(Ay)y’, + btanh(Gz). 


LLLL 


This is a special case of equation 16.2.6.21 with f(y) = atanh(Ay) and g(x) = btanh(Gz). 
4. oy” ~~ = a*y + btanh(Ax)(y/, — ay)*. 


Vooen 
This is a special case of equation 16.2.6.27 with f(x, w) = btanh(Ar)w*. 
42, y= btanh(Ax)(xy/, — y)*. 


LLLL 


This is a special case of equation 16.2.6.23 with f(x, w) = btanh(A\x)w*. 
43. ye" 


LLLL 


= btanh(Ax)(ay/, — 2y)*. 
This is a special case of equation 16.2.6.24 with f(x, w) = btanh(Ar)w*. 


k 
44,0", = btanh(Ax) (xy, — 3y)”. 
This is a special case of equation 16.2.6.25 with f(x, w) = btanh(A\x)w*. 
45. yy!" =yta(y, — ytanha)*. 


LLLL 


This is a special case of equation 17.2.6.32 with f(z, u) = au® and y(x) = cosh. 


46. yl = a tanh’ (Ay) y/, did 


LLLL Vouw* 


This is a special case of equation 16.2.6.51 with f(y) = atanh*(Ay). 
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47, yy yy, = atanh(Ax)y?. 


LLL 


This is a special case of equation 16.2.6.57 with f(x) = atanh(Az). 


48. yy” + 4y ye! + 3(y”%,)? = atanh*(Ax) + b. 
This is a special case of equation 16.2.6.58 with f(a) = atanh*(\a) + b. 


49, yy” + 4y yl + 3(y”,)? = atanh*(Ay) + b. 
This is a special case of equation 16.2.6.60 with f(y) = atanh*(Ay) + b. 


> Equations with hyperbolic cotangent. 
50. yf” == acoth™ (Ay) +b. 


LLLL 


This is a special case of equation 16.2.6.1 with f(y) = acoth™ (Ay) + b. 
51. yf” =~ = acoth(Ay + Bx) +b. 


Voorn 
The substitution w = y + (3/A)a leads to an autonomous equation of the form 16.2.6.1: 
Wrenn = acoth(Aw) + b. 


cera 
52, yf", = ax *coth™ (Ay). 

This is a special case of equation 16.2.6.2 with f(y) = acoth” (Ay). 
53. yy”, = acoth(Ay)y’, + beoth(Gz). 


LLLL 


This is a special case of equation 16.2.6.21 with f(y) = acoth(Ay) and g(x) = bcoth(Gz). 
54. yl!” == a*ty + beoth(Az)(y’, — ay)*. 


LLLL 


This is a special case of equation 16.2.6.27 with f(x, w) = bcoth(Ax)w*. 
55. yi’ ~~ = beoth(Ax)(ay/, — y)*. 


LLLL 


This is a special case of equation 16.2.6.23 with f(x, w) = bcoth(Ax)w*. 
56. yf” = beoth(Ax)(xy’, — 2y)*. 


LLLL 


This is a special case of equation 16.2.6.24 with f(x, w) = bcoth(A\x)w*. 
57, yf! = beoth(Ax)(xy’, — 3y)*. 


LLLL 


This is a special case of equation 16.2.6.25 with f(x, w) = bcoth(Ax)w*. 


58. ye”. = y tay, — ycoth x)*, 
This is a special case of equation 17.2.6.32 with f(z, u) = au* and y(x) = sinh 2. 


59. yf = acoth® (Ay)y/,y/" 


This is a special case of equation 16.2.6.51 with f(y) = acoth*(Ay). 


we mt 


60. yy — yy, = acoth(Ax)y”. 

This is a special case of equation 16.2.6.57 with f(a) = acoth(Az). 

61. yy” + 4y ye + 3(y%,)? = acoth*(Ax) + b. 

This is a special case of equation 16.2.6.58 with f(a) = acoth*(\x) + b. 
62. yy + 4y ye + 3(y")? = acoth*(Xy) + b. 

This is a special case of equation 16.2.6.60 with f(y) = acoth*(Ay) + b. 


1034 FOURTH-ORDER ORDINARY DIFFERENTIAL EQUATIONS 


16.2.4 Equations Containing Logarithmic Functions 


> Equations of the form y/”",. = f(x,y). 


Loy! =aln™ (Ay) + 6. 


Vourex 


This is a special case of equation 16.2.6.1 with f(y) = aln™ (Ay) + b. 


2. ye ey = aln(Ay + Bx) + b. 

The substitution w = y + (3/A)a leads to an autonomous equation of the form 16.2.6.1: 
wil ee = aln(Aw) + b. 

3. yf”. = aln(Ay + Bx?) +b. 

The substitution w = y + (G/A)x? leads to an autonomous equation of the form 16.2.6.1: 
Wrenn = aln(Aw) + b. 


LLLLXL 


mw 


4 yl" = ax *In™ (Ay). 
This is a special case of equation 16.2.6.2 with f(y) = aln™ (Ay). 


we 


5. Yrore = ay(Ax + miny). 
This is a special case of equation 16.2.6.14 with f(w) = alnw. 


we 


6 yt” =ax *(Ay+minz). 
This is a special case of equation 16.2.6.15 with f(w) = alnw. 


7 yl, = ax A(Iny —Inz). 


This is a special case of equation 16.2.6.3 with f(w) = alnw. 


8. oy” == ax *(Iny — 3lnz). 


This is a special case of equation 16.2.6.4 with f(w) = alnw. 
9. yl! = ax*/2(2Iny — 3lnz). 


This is a special case of equation 16.2.6.5 with f(w) = 2alnw. 


10. yf” = ax” 4*(Iny—ninz). 
This is a special case of equation 16.2.6.6 with f(w) = alnw and k = —n. 


> Other equations. 


We yf” =a*y+bln(Az)(y’, — ay)*. 
This is a special case of equation 16.2.6.27 with f(x, w) = bln(Az)w*. 
12 ye 


LLLL 


= bin(Ax)(ay’, — y)*. 
This is a special case of equation 16.2.6.23 with f(x, w) = bln(Ax)w*. 


13. yr 


LLLL 


= bln(Ax)(xy’, — 2y)*. 
This is a special case of equation 16.2.6.24 with f(x, w) = bln(Ax)w*. 
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14, yy” = bln(Az)(xy/, — 3y)*. 


This is a special case of equation 16.2.6.25 with f(x, w) = bln(Az)w*. 
15. yy” — (yt)? = aln(Az). 


LLLL 


This is a special case of equation 16.2.6.36 with f(x) = aln(Az). 


16. cy” + 4y, = a(Inz + Iny). 
The substitution w(x) = xy leads to an equation of the form 16.2.6.1: w/”.. =alnw. 


mt 


17,0 yr. = aln(Ay)y ye. 
This is a special case of equation 16.2.6.51 with f(y) = aln(Ay). 


we 


18. yy — yy, = aln(Aaz)y?. 
Integrating yields a third-order linear equation: y/”. = [ax In(Az) — ax + Cl y. 


LLL 


19. Yemen + 4Y2Vnwe + 3(Yee)” = aln™ (Aa) + b. 
This is a special case of equation 16.2.6.58 with f(x) = aln™ (Az) + b. 


20. YU rere + 4Y,Y ene + 3(Yee)” = aln™ (Ay) + b. 
This is a special case of equation 16.2.6.60 with f(y) = aln™ (Ay) + 8. 


16.2.5 Equations Containing Trigonometric Functions 
> Equations with sine. 


Lyf!’ =asin™ (Ay) + 6. 


Voorex 


This is a special case of equation 16.2.6.1 with f(y) = asin” (Ay) + b. 


2. Yonge = asin(Ay + Bx) + b. 
The substitution w = y + (3/A)a leads to an autonomous equation of the form 16.2.6.1: 


wie ee = asin(Aw) + b. 


wy 


wean — a(y + bsin x)? — bsinz. 


3. y 
The substitution w = y + bsinx leads to an autonomous equation of the form 16.2.6.1: 
a: 
nde = aw’. 


4, oy" = ax *sin™ (Ay). 


This is a special case of equation 16.2.6.2 with f(y) = asin’ (Ay). 
5. oy eg = asin(Ay)y,, + bsin(Gx). 


b 
Integrating yields a third-order equation: y/.”.,. = -5 cos(Ay) — 3B cos(6x) + C. 


4 . k 
6. Uae =ayt bsin(Ax)(y;, = ay) ° 
This is a special case of equation 16.2.6.27 with f(z, w) = bsin(Ar)w*. 
7 yt, = bsin(Ax)(xy/, — y)*. 


LLLL 


This is a special case of equation 16.2.6.23 with f(x, w) = bsin(Ar)w*. 
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8. yf” = bsin(Ax)(xy’, — 2y)*. 


LLLL 


This is a special case of equation 16.2.6.24 with f(z, w) = bsin(Ar)w*. 
9, yl!” = bsin(Ax)(xy/, — 3y)*. 


LLLL 


This is a special case of equation 16.2.6.25 with f(a, w) = bsin(Ar)w*. 


mw 


10. yy”. — (yn,)? = asin(Az). 
1°. Integrating the equation twice, we arrive at a second-order equation: yy”, — (y/,)? = 
—ad~? sin(Az) + Cia + Co. 

a 
2°. Particular solution: y = C'sin(Ax) + ——. 
1. yy” — (yy)? — ay, + bsin(Ax) = 0. 
1°. Integrating yields a third-order equation: yy”. — y!.y!l,, — ay — bA~! cos(Ax) = C. 

b 

A(a? + C28) 
12, yy”. — (yn)? — ay”, + bsin(Ax) = 0. 
1°. Integrating the equation two times, we obtain a second-order equation: yy’, — (y/,)? — 
ay + Cyx + Cp — bA~* sin(Az) = 0. 


2°. Particular solution: y = — [acos(Ar) + CA? sin(Azx)] + C. 


baer 
CM 
13. Ce = (ye)? = alYY en 7 (y!,)7] a bsin(Az) + c. 


The substitution w(x) = yy”, — (y/,) leads to a second-order constant coefficient nonho- 
mogeneous linear equation of the form 14.1.9.1: wi, = aw + bsin(Az) + ¢. 


2°. Particular solution: y = C'sin(Ax) — 


14. yy” mw (yn)? + bsin(Ax) = 0. 


cance CWUorox 

1°. Integrating the equation two times, we obtain a second-order equation: yy", —(y!,)? — 
ay), + Cyx + C2 — bdA~* sin(Az) = 0. 
b 


2°. Particular solution: y = MS (a? + OP?) 
a 


[acos(Ar) — CAsin(Ax)] + C. 


mw 
Veun' 


15. ye 


conan — & sin* (Ay)y/, 
This is a special case of equation 16.2.6.51 with f(y) = asin* (Ay). 


we mt 


16. yy” — Uy, = asin(Ax)y?. 
This is a special case of equation 16.2.6.57 with f(x) = asin(Ax). Integrating yields a 


third-order linear equation: y/”.,. = lc — 5 cos( Ar) y. 
17. YU ewe + 4 Yorn + 3(Ype)” = asin(Az). 
Solution: y? = C3xr3 + Cox? + Cix + Co + 2ad7 *sin(Az). 


18. yy” + 4y yl! + 3(y”,)? = asin*® (Ay) +b. 
This is a special case of equation 16.2.6.60 with f(y) = asin®(Ay) + b. 
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> Equations with cosine. 


19. ye 


LLLL 


= acos™ (Ay) + 6. 
This is a special case of equation 16.2.6.1 with f(y) = acos™(Ay) + b. 


20. yf" ~=~==acos(Ay+ Bx) + 6. 


LLLL 
The substitution w = y + (3/A)a leads to an autonomous equation of the form 16.2.6.1: 
Weng = acos(Aw) + b. 


LLLL 


21. yl” ~~ = a(y + bcos)? — bcosa. 


Voorn 
The substitution w = y + bcos leads to an autonomous equation of the form 16.2.6.1: 
mn 2 


LLLXL = aw’. 


22. ye" 


ne = ax *cos™ (Ay). 


This is a special case of equation 16.2.6.2 with f(y) = acos™(Ay). 
23,0 yf, = acos(Ay)y’, + bcos(Bz). 


LLLL 


Ui 


b 
Integrating yields a third-order equation: y/.,.. = s sin(Ay) + 2 sin(Bz) +C. 
24, yl" = ay + bcos(Ax) (ys, — ay)*. 
This is a special case of equation 16.2.6.27 with f(x, w) = bcos(Ar)w*. 


25. yf” = beos(Ax)(xy’, — y)*. 


LLLL 


This is a special case of equation 16.2.6.23 with f(x, w) = bcos(Ax)w*. 


26. yl”. = bcos(Ax)(xy’, — 2y)*. 


LLL 


This is a special case of equation 16.2.6.24 with f(x, w) = bcos(Ax)w*. 
27, yf", = beos(Ax)(xy’, — 3y)*. 


LLLL 


This is a special case of equation 16.2.6.25 with f(x, w) = bcos(Axr)w*. 


wy 


28. Wearre (y”)? = acos(Azx). 
1°. Integrating the equation twice, we arrive at a second-order equation: yy”, — (y/,.)? = 
—ad~* cos(Axr) + Cir + Co. 


a 
2°. Particul lution: y=C mn —.. 
articular solution: y cos(Ax) + oy 
29, yy” — (y,)? — ay, + bceos(Ax) = 0. 
1°. Integrating yields a third-order equation: yy’ oie — ay + bA 1 sin(Ar) = C. 


eax YeUor 


2°. Particular solution: y = [asin(Ar) — CA? cos(Ax)] + C. 


b 
30. yy. — (yn)? — ayl,, + bcos(Ax) = 0. 
1°. Integrating the equation two times, we obtain a second-order equation: yy’... — (y/, ? _ 
ay + Cyx + Cy — bA~? cos(A\z) = 0. 
aC)? +b 


2°. Particular solution: y = C'cos(Ax) — oy 
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31. YY row — Yew)” = YYtn — (Y%)7] + beos(Ax) +c. 
The substitution w(x) = yy”, — (y/,)? leads to a second-order constant coefficient nonho- 
mogeneous linear equation of the form 14.1.9.1: w”,, = aw + bcos(Ax) + ¢. 


32, yy” — ay. — (yn)? + beos(Ax) = 0. 
1°. Integrating the equation two times, we obtain a second-order equation: yy”, — (y',)? _ 


ay, + Cyx + Co — bdA~? cos(Az) = 0. 


b : 
W8(a2 + C22) [Cr cos(A2) + asin(A2)| + C. 


mw 
Vean* 


2°. Particular solution: y = — 


33. yr 


eore — acos*(Ay)y’, 
This is a special case of equation 16.2.6.51 with f(y) = acos* (Ay). 


mw mt 


34. yy” yy”, = acos(Ax)y”. 

This is a special case of equation 16.2.6.57 with f(z) = acos(Ax). Integrating yields a 
third-order linear equation: yy", = F sin(Ar) + c| y. 

35. YY rnee + 4Y,Y ene + 3(Yen)” = @c0s(Az). 

Solution: y? = C3x? + Cox? + Cyx + Co + 2ad~ * cos(Azr). 


36. yy + 4y ye + 38(y r= acos*(Ay) + 6. 
This is a special case of equation 16.2.6.60 with f(y) = acos*(Ay) + b. 


> Equations with tangent. 

37. oy, = atan™ (Ay) +b. 

This is a special case of equation 16.2.6.1 with f(y) = atan’™ (Ay) + 6. 

38.0 oy”. = atan(Ay + Bx) +b. 

The substitution w = y + (3/A)a leads to an autonomous equation of the form 16.2.6.1: 
When = atan(Aw) + b. 


LLLL 


39, yf!” = aw *tan™ (Ay). 


LLLL 


This is a special case of equation 16.2.6.2 with f(y) = atan™ (Ay). 
40. yf”. = atan(Ay)y’, + btan(Gx). 


LLLLX 
This is a special case of equation 16.2.6.21 with f(y) = atan(Ay) and g(x) = btan(Gz). 
4. oy” = aty + btan(Ax)(y/, — ay)*. 
This is a special case of equation 16.2.6.27 with f(x, w) = btan(Ar)w*. 
42, y= = btan(Ax)(xy’, — y)*. 
This is a special case of equation 16.2.6.23 with f(x, w) = btan(Ar)w*. 
43, yf" ~~ = btan(Az) (xy, — 2y)*. 


This is a special case of equation 16.2.6.24 with f(x, w) = btan(Ar)w*. 
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44, yl 


LLLL 


= btan(Ax)(xy’, — 3y)*. 
This is a special case of equation 16.2.6.25 with f(x, w) = btan(Ar)w*. 


45. yl” = yta(y,+ytan x)*, 


This is a special case of equation 17.2.6.32 with f(x, u) = au and v(x) = cos 2. 


46. yf" = atan*(Ay)y,y” 


This is a special case of equation 16.2.6.51 with f(y) = atan* (Ay). 


mw mt 


47, yy — yy, = atan(Ax)y?. 
This is a special case of equation 16.2.6.57 with f(x) = atan(Az). 


48. yy” + 4y yl + 3(y”,)? = atan* (Ax) + b. 
This is a special case of equation 16.2.6.58 with f(x) = atan*(Azx) + b. 


49, yy” + 4y yl! + 3(y”,)? = atan*(Ay) +b. 
This is a special case of equation 16.2.6.60 with f(y) = atan*(Ay) + b. 


> Equations with cotangent. 


50. ye 


LLLL 


= acot™ (Ay) + b. 
This is a special case of equation 16.2.6.1 with f(y) = acot™ (Ay) + b. 


51. oy!” =~ =acot(Ay+ Bx) +b. 


Voorn 
The substitution w = y + (3/A)a leads to an autonomous equation of the form 16.2.6.1: 
Win ey = acot(Aw) +b. 


52, yf” == ax *cot™ (Ay). 


LLLL 


This is a special case of equation 16.2.6.2 with f(y) = acot’™ (Ay). 
53, yi”. = acot(Ay)y’, + bcot (Bx). 


LLLL 


This is a special case of equation 16.2.6.21 with f(y) = acot(Ay) and g(x) = bcot(Gzx). 
54, yf” = aty + beot(Ax)(y, — ay)*. 


LLLL 


This is a special case of equation 16.2.6.27 with f(x, w) = bcot(Ar)w*. 
55. ye 


LLLL 


= bcot(Ax)(xy’, — y)*. 
This is a special case of equation 16.2.6.23 with f(x, w) = bcot(Ar)w*. 
56. yr 


LLLL 


= bcot(Ax)(xy’, — 2y)*. 
This is a special case of equation 16.2.6.24 with f(x, w) = bcot(Ar)w*. 


57. ye" 


LLLL 


= bcot(Ax) (xy, — 3y)*. 
This is a special case of equation 16.2.6.25 with f(x, w) = bcot(Ar)w*. 


58.” = ytaly, — ycota)*. 
This is a special case of equation 17.2.6.32 with f(x, u) = au* and y(x) = sine. 
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59. yf. =O cot*(Ay) yy. 
This is a special case of equation 16.2.6.51 with f(y) = acot* (Ay). 


we mt 


60. yy — yy, = acot(Ax)y?. 
This is a special case of equation 16.2.6.57 with f(x) = acot(Az). 


61. yy” + 4y ye + 3(y")? = acot*(Aa) + b. 
This is a special case of equation 16.2.6.58 with f(x) = acot*(Ax) +b. 


62. YVaree + 4YeVere + 3(Ype)” = acot’(Ay) + b. 
This is a special case of equation 16.2.6.60 with f(y) = acot*(Ay) + b. 


16.2.6 Equations Containing Arbitrary Functions 


> Equations of the form y/’"" = f(x,y). 


Autonomous equation. By integrating, we obtain 2y/,1/”, — (y/,.)? = 2 / f(y) dy + 2C. 


eUearn 


The substitution w(y) = |y/,|3/? leads to a second-order equation: 


Qwy = a[[ tay + c]w8’, 


This is a special case of equation 16.2.6.55 with a, = ag = ag = 0. The substitution 
t = In|z| leads to an autonomous equation. 


3. Des = a? f(y/x). 
Homogeneous equation. The transformation t = Inz, w = y/ax leads to an autonomous 
equation of the form 16.2.6.79. 


4, yf! , =a f(yx*). 

The transformation x = t~', y = wt~® leads to an autonomous equation of the form 
6.2.61: wey, = i (w). 

5. yl! = ge 5/2 £(yx—3/), 


LLLLX 

The transformation x = e', y = x°/*w leads to an autonomous equation of the form 
: wnt 5 = 9 

16.2.6.33: wit, — 3WH = —qew t+ f(w). 


mt __,—k—4 k 
6 Yow =v” f(e"y). 
Generalized homogeneous equation. 

1°. The transformation t = Inx, z = x*y leads to an autonomous equation. 


2°. The transformation z = x*y, w = xy’,/y leads to a third-order equation. 
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mn a —A k,,m 
Generalized homogeneous equation. The transformation z = 2*y', w = xy|,/y leads to 
a third-order equation. 


8. ee a fly + a3x° + aga” +a,x+ ao). 
The substitution w = y+ a3x? + agx? + a,x + ag leads to an equation of the form 16.2.6.1: 


9. ee — f(y + azx*), 
The substitution w =y-+az2* leads to an equation of the form 16.2.6.1: wi”... = f(w)+24a. 


10. x(ax+ b)ty”” = f(yx*). 


b 
The transformation € = In| wake i w= + leads to an autonomous equation of the form 
x x 
16.2.6.79. 
wn _ -3 ax+by+c 
MW. Yooue = (ae + by +c) "fF (sete). 


This is a special case of equation 17.2.6.19 with n = 4. 

Wn 2 —5/2 y 
12. Yours = (ax* + bx + c) §(captcas): 
dx y 


——————_,, Ww => 
ax? + bx +c (ax? + bx + c)3/? 
tonomous equation of the form 16.2.6.33 with respect to w = w(€): 


1°. The transformation € = i: leads to an au- 
wetee — sAw Ee + A’w = f(w), where A = b? — dac. 


Therefore, having integrated the latter equation, we obtain 
2 2 
WeWeee — 5 (wee) - 7A(wt) = pw’? + fre dw +C. 


3/2 


The substitution z(w) = |we| leads to a second-order equation: 


—— A238 + $|-B4'u? + / f(w) dw + c| 28/8, 
2°. The first integral of the original equation has the form: 
(Py — 3 Pry )Veee — FP Uee)” + 5 PeYeYor + 30YYee — 2a(y,)? = [fo dw +C, 


where P = ax? +br+c, w= yP7?’?. 
13. id = ee f(ye-*). 


LLLL 


This is a special case of equation 16.2.6.47 with a = b = c = 0. The substitution w(x) = 
ye” leads to an autonomous equation. 


14. vs = yf (er"y™). 
The transformation z = e**y'", w(z) = y/,/y leads to a third-order equation. 
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15. yay =e *f(a™e™), 


The transformation z= xe”, w(z) = xyl, leads to a third-order equation. 


16. yf?” == f(y + ae”) — ae”. 


LLLL 


The substitution w = y + ae” leads to an equation of the form 16.2.6.1: wi", = f(w). 


17. yf” =~ = f(y + acoshz) — acoshz. 


LLLL 
The substitution w = y + acoshz leads to an autonomous equation of the form 16.2.6.1: 
wn _ 
18. yf”. = f(y + asinh z) — asinh a. 


The substitution w = y+ asinhz leads to an autonomous equation of the form 16.2.6.1: 
wy _ 


19, yy” == f(y+acosz) —acosz2. 


LLLL 


The substitution w = y+ acosz leads to an autonomous equation of the form 16.2.6.1: 
mn _ 


20. ye” = f(yt+asinz) — asing. 


LLLL 


The substitution w = y + asin leads to an autonomous equation of the form 16.2.6.1: 


Wear = f(w). 


wy 


> Equations of the form y/””, = f(x,y, y/,). 
2. yee = f(y)y’, + 9(2). 


By integrating, we find yi”. = io dy + [oe dx + C. For g(x) = 0, the order of 


LLL 
this equation can reduced by one with the help of the substitution w(y) = y/,. 
22, yf” = 2 “f(xy, — y). 
The transformation t = In|z|, w = xy’, — y leads to a third-order autonomous equation: 
were — Sw + Buy = f(w). 
The substitution w = xy!, — y leads to a third-order equation: (w,/x)",. = f(x, w). 
24,0 yl = f(a, xy), — 2y). 


The substitution w= xy!,—2y leads to a third-order equation: rw””,—w!,, = 2? f(a, w). 


25.0 ye = f(x, xy), — 3y). 

The substitution w = xy’, — 3y leads to a third-order equation: w',,, = «f(x,w). 
26. Yrnen = ye “f(xy;,/Y). 

The transformation z = ry/,/y, w = «?y",/y leads to a second-order equation. 


The substitution w= y/,—ay leads to a third-order equation: w 


f(z, w). 


wn 
LXLXL 


baw. +a*w!.+a 
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28,0 yl. = f(x,y), sinh x — ycosh x) + y. 


LLLL 


The substitution w = y/, sinh az — ycosh x leads to a third-order equation. 


29,0 oy. = f(x,y), cosh x — ysinh x) + y. 


LLLL 


The substitution w = y/, cosh x — ysinh x leads to a third-order equation. 


mn pia 
30. Voorn — Ft; Y, Sin x — ycos x) + y. 
The substitution w = y/, sin x — ycos x leads to a third-order equation. 


31. ae = f(x, y), cos @ + y sin x) + y. 
The substitution w = y/,cosx + ysin x leads to a third-order equation. 


we 


/ 
The substitution w = y/, — Poy leads to a third-order equation. 
~ 


> Equations of the form 9/7?" = f(@,Y5 Us Un) 


33. Wee “F AY yr = f(y). 
m 


Having integrated this equation, we obtain 2y/.4!”"_.—(y"”,.)? +a(y/,)? =2 i f(y) dy+2C, 


where C is an arbitrary constant. The substitution w(y) = |y/,|3/? leads to a second-order 
equation: 


why = Faw 5 + 3 / f(y) dy + C] w-9!*. 


34. Yrtee + f(Ye) Yee = 9(Y)- 
Having integrated this equation, we obtain a third-order autonomous equation: 


2yYree — Yer) + 2F (ye) = 2 f ov) dy+2C, where F(u) = pute du. 
The substitution w(y) = y’, leads to a second-order equation. 


mr ’ u" 
35. Yornn — ¥ f(xy, ~~ WV rw 
The transformation ¢t = In|z|, w = «y/, — y leads to a third-order equation: 
my Ni / / 
Whe — Swy, + 6w, = f(w)wy. 
Integrating it, we obtain a second-order autonomous equation: 


wy — Sw; + 6w = [twqwee. 


i 


z w}, leads to an Abel equation of the second kind: 


The substitution z(w) = 
2hy — 2 = 4[-ow+ f rw)aw+e 


(see Section 13.3.1). 
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we mW \2 
36. Woeaxe (Yaw) = f (x). 
Integrating the equation twice, we arrive at a second-order equation: 


“== | Cm Ot Macrae 
0 


37. YVreae — Yer)” = f(@)[yyte — (¥2)")] + 9(@). 
This is a special case of equation 16.2.6.93. The substitution w(x) = yy”, — (y/,)? leads 
to a second-order linear equation: w"”, = f(x)w + g(x). 


38. Vio = a’y = iW. + ay). 
The substitution w = y”,, + ay leads to a second-order autonomous equation of the form 
14.9.1.1: wh, = aw + f(w). 


39. Yoree = FY Yew): 
The substitution w(y) = +(y/,)? leads to a third-order equation: ww 
2f(y,z5u,). 


The substitution w = y”,, + ay leads to a second-order equation: w!,,, = aw + f(x, w). 


mm" lif, 
yyy + YWyWyy = 


41. ae = uf (Yea = Ya): 
This is a special case of equation 16.2.6.42. 


1°. Particular solution: 


y = Cy exp(C3x) + Co exp(—C32), 
where the constants C,, C2, and C3 are related by the constraint 
CE HCl fECiGaC?) =9AC, CoC: ) =0. 
2°. Particular solution: 
y = Ci cos(C3x) + C2 sin(C3z), 
where the constants C1, C2, and C3 are related by the constraint 
OPO CC GC) 4-7-0) = 0. 


43, y= a f(x2y”, — 2ay’ + 2y). 


The substitution w = xy", — 2ry/, + 2y leads to a second-order equation: zw”, —2w!, = 
a™*3 f(w). For m= —4, the substitution 2(w) = 4aw!, leads to an Abel equation of the 


second kind: z2z/,—z= 4 f(w) (see Section 13.3.1). 


The substitution w(x) = xy), — y leads to a third-order equation. 
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45. fe ss = f(a, x? y” = 2ry’, + 2y). 


The substitution w = 27y'",, — 2ry/, + 2y leads to a second-order equation: rw’, —2w!, = 


x° f(x, w). 

16. Villon = Vol (Ses ui, — utr). 

Particular solution: y = Cy exp(C2x) + C3, where C; is an arbitrary constant and the 
constants C2 and C7 are related by the constraint C$ = f (C2, —C2C3). 


> Equations of the form "0 = f(@. Ys Yoos Uns Uren )* 


wn m ” a —~A 
47. Youne he Wreooe oF bY ce ae cy, —€ “f (ye *). 
The substitution w(a) = ye~*” leads to an autonomous equation: 


Whew + (4A + a), + (6A7 + 30d + bw, 
+ (4\3 + 3ad? + 2bdA + c)w!, + (A* + aA? + dA? + CA)W = f(w), 


which can be reduced to a third-order equation by means of the substitution z(w) = w’,. 
For a = —4\ and c = 8\° — 20), the above equation coincides, up to notation, with 
equation 16.2.6.33 and can be reduced to a second-order equation. 


48. F AYY rcvce = f(x). 
Integrating, we arrive at a third-order equation: y+ ayy". — za(yl,)? = / f(z) dx+C. 


mt 


49. ee = QVeee AY, Vnrw — f (x). 


Integrating, we arrive at a third-order equation: y/””,,, + ayy”, —a(y/,)? = / f(x) dx+C. 


50. Urrer + WY roe + F(YL)Yoe = 9(@)- 
Integrating, we arrive at a third-order equation: 


yt + ayy, — ba(yl)? + Fly) = i. g(a)dz+C, where F(u)= / flu) du. 


Integrating, we arrive at a third-order autonomous equation of the form 15.5.1.1: y/., = 


cexp| [ ru)au]. 


The substitution w(x) = zy leads to an equation of the form 16.2.6.1: w/t”. = f(w). 
53. @Y tee + (@+ 3) Uren = f(a", ey, + ay). 
The substitution w = xy’, + ay leads to a third-order equation: w= f(x,w). 


2 2 
The substitution w(x) = x?y leads to an autonomous equation of the form 16.2.6.1: 
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3, 


55. ty, + age yi, tage y”, + aay! = f(y). 
The substitution ¢ = In|z| leads to an autonomous equation: 
Yiitr + (a3 — 6)yite + (11 — 343 + a2)yy, + (203 -—a2+a1—-6)y= fy), A 


the order of which can be lowered with the help of the substitution w(y) = y;. For a3 = 6 
and a, = a2 — 6, equation (1) coincides, up to notation, with equation 16.2.6.33 and can 
be reduced to a second-order equation. 


—k k 
56. ty ne + ax yl + bay, + cry! + sy = a" f(yx"). 
The transformation t = Inz, w = yx" leads to an autonomous equation of the form 
16.2.6.79. 


wn 


Uh 


Integrating yields a third-order linear equation: y,... = i f(x) dx+Cly. 


LLL 


58. YY evan + 4Y,Yere + 3(Yre)” = f(2). 
x 


Solution: y? = C323 + Cox? + Cir +Co4 if (a — t)? f(t) dé. 


xO 


mw 


59. YVevee + YZYene + (@—1)(Yee)” = F(#). 
Integrating the equation two times, we obtain a second-order equation: 


—2 x 
teat (ut)? = Cix+Co+ / (a — t)f (t) dt. 
x0 


60. YY rere + 4YVore + 3(Yee)” = F(y)- 
The substitution w = y? leads to an equation of the form 16.2.6.1: wi", = 2f (Vw). 


LLLXL 


Integrating yields a third-order linear equation: y/,.,, = C exp Fi f@) da y. 


mw mt mt 


62. WVenex a U Vows = F (©) UV cae 
Integrating yields a third-order equation of the form 15.5.1.2: yy/,,,,,=C exp / f(x) da ‘ 


63. yy” +(f-Dyye t+foyy.tgy?=0, f=f(x), g=9(2). 


The functions that solve the third-order linear equation y/"_. + g(x)y = 0 are solutions of 


the given equation. 


64. YY ere + (49, + FY) Yewe + 3(Y ee) +3FU-Ye2 + 9(e)=0, f=f(x). 
The substitution w = (yy!) leads to a first-order linear equation: w!, + fw+g = 0. 
Solution: 


y? = Cox? ++ Cha + Co + / (a — t)?w(t) dt, 


x0 
where w(x) = ef) ICs - [Pao) dx, Fig) = [to dx; Zo is an arbitrary 


number. 
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65. YY rine + (49% + FY) Yee + 3(Yien)? 
+ (3fY;, + 9Y)Yee + (Uz) + hyy, +s = 0. 
Here, f = f(x), g = g(x), h = h(x), s = s(x). The substitution w = yy’, leads to a 


third-order nonhomogeneous linear equation: wi", + fw%, + gui,+hwt+s=0. 


66. (ytax + b)y ree + 4(Ue + tee + 38(Yee)” = F(x). 
Solution: (y+ ax + b)? = C3x° + Cox? + Cia + Co + if (x — t)? f(t) dé. 
xO 


ve) 4 
C1 Vee = MMe + 8(Yen)? — 6X + [yull, — (uh)? 1 (), 


vs 


The transformation € = —, w= You _ (24) leads to a second-order linear equation 


with respect to w?: (w? \ee = 24¢? + 2f(€). Integrating it, we obtain 


g 
w? = C2 +C\ +2642 [ (=4)f@)ai. 
0 


Taking into account that £/, = w, y/, = fy, Ye = €y/w, we find the solution in parametric 


form: 
r= [240 y= Crexp( |), 


g 
where w = + [es Ae Oy + BE" 2 | (€—t)f(t) dt] i 


0 


68. Ure — 2YYeY cow + S(©)Y "Vere + 2(Ye) Yee — f(@) UYU ew 

+25 (@)Y Yara +2F (©) (Ye)? + LF? (@) —2F2 (©) (Ye)? + Fire (@)Y" Ye, = O- 
The solution satisfies the second-order linear equation y+ f(x)y', — 2(x, C1, C2)y = 
where z = z(x, C1, C2) is the Weierstrass elliptic function determined by the second-order 
autonomous equation 2”, + 27 = 0. 


69. ¥ Yirnese — 2YYV nwa + F(2)Y Vere + 2(Y) Vern 
— F(@) Yew + 22 (@)Y"Uee + 2F(#) (yt) 
+ [F7(@) — 26, (@)ly (ue)? + fire (@)¥? uy = a 
The solution satisfies the second-order linear equation y+ f(x)y!, — z(a, C1, Ca)y = 
where z = 2(x,C}, C2) is the solution of the first Painlevé transcendent 2, + 27 = a 


Wy Wier = Wye et Te) ee =) 
— [3a + f(a)lyynuit, + 2(y',)?¥%. + [af (aw) + I(@)19" Yorn 
+ 2a(y,)* — af(x)y(y’,)? + ag(a)y?y, = h(x)y”. 
The solution satisfies the second-order linear equation y’,, + ay!, — z(x,C1,C2)y = 0, 
where z = z(x, C), C2) is the solution of the second-order linear equation 2/,.+ f(ax)z),+ 


ae = a 
The Legendre transformation x =u}, y= =i —uU Teas to an equation of the form 16.2.6.1: 


utiis = —f(u). 
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72. Yon = F(Y)Y'.9 (Yeon) 
Integrating yields a third-order autonomous equation: 


dw 
—_—_ = dy + C h =a, 
the order of which can be lowered by means of the substitution z(y) = y/, 


. 
= LY vx 
73. ules + Bal, = (oul) -*t (Se). 


The substitution w(x) = xy/, — y leads to a third-order equation of the form 15.5.2.27: 


LLL 


w' = w82R(“2), where F(€) = e710) 


mt 


74, Py! + ay” = f(a? yl), — 2ry!, + 2y)g(x?y_,.). 


The substitution w(x) = xy”, — 2axy!, + 2y leads to a second-order equation of the form 


14.9.4.36: wi, = f(w)g(u',). 
75. ye = F(x) g(a? yt, — 3x7 y!, + bry’, — Gy). 


The substitution w(x) = xy”. — 3a7y", + 6xy!, — 6y leads to a first-order separable 


equation: wi, = a? f (x)g(w). 


> Other equations. 


we 1 7 mw we mw 


76. Woeeee _ 5(Yen)” = a fi.) F L2 (Yoana) be f3(Vrcnx): 
Particular solution: 
y= yqCiz’ + 4Co2° + C32" + Cyx + Cs, 
where the constants C1, Co, C3, C4, and C's are related by three constraints 
$01C3 — C3 = fi(Cr), 
C1C4 — $C2C3 = f2(C1), 
C1Cs — ¢C3 = f3(C1). 


mt 


+ 27 f3(Urnme) + Cfa(Yonne) + £5 (Yorn): 
Particular solution: 
= wCix" + $Co2° + 5 C32” + Cyx + Cs, 
where the constants C1, Co, C3, C4, and C's are related by three constraints 
$0103 — C3 = $Cif2(Ci) + f3(Cr), 
C1C4 — $C2C3 = Ci fi(Ci) + Cafe(C1) + fa(Cr), 
C1Cs — $C3 = Cofi(C1) + C3f2(C1) + fs(C1). 


we a / ” mw 
78. Veoun _ F(a, Ue Yea? Vone)* 
UA 


The substitution w(x) = y/, leads to a third-order equation: w!!,, = F(x, w, wi,, wy,). 
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mt 


79. ee = Fy, Un Us ee 
Autonomous equation. The substitution w(y) = (y/,)? leads to a third-order equation: 


Mm des Paglia ls Ash: site " 
Wry + TWyWyy = 2F(y, Er/w, gw, tg/w wy,y)- 


Pe ) - 


we —3 
Homogeneous equation. The transformation t = Inz, w = y/a leads to an autonomous 


equation of the form 16.2.6.79. 


mn —k—4 k k+1,7 ki2, k+3, 
81. Yorrr = & F(a"y, « oF 1 2 He Tae zy Weel? 


Generalized homogeneous equation. The transformation t = Inz, w = x*y leads to an 
autonomous equation of the form 16.2.6.79. 


82. Yrane = F(@, 2Y, — Ys Yew Yoon): 
This is a special case of equation 17.2.6.78 with n = 4. The substitution w = zry/, — y 
leads to a third-order equation. 


$3...) = Fl, vy, — 2y, ul.) 


LLLL Yoon 
The substitution w = xy’, — 2y leads to a third-order equation: ¢/, = F(x, w, ¢), where 


84. Tee = F(a, wy” oS ary’, + 2y, Vrwa)* 


The substitution w(x) =2?y",,—2ry/,+2y leads to a second-order equation: (2~?w/,)/ = 
F(a, w,2~*wi,). 
wn Yo Uno Vaow 
85. Youne — yF (, y 9 yy . 
yf! yo yf, 2 
The transformation € = —, w = —* — () leads to a second-order equation: 
7] oT] oT] 


w wee + w(we)? + 4Ewwe + 3y2 + 662 4 e = F¢é, wt 7, wwe ra 3éw as €3), 


, 2.0 3, 
mw —4 k LYa ZL Vow Le Yern 
86. Yerrn — YT F(# y™, y ’ ’ . 


y y 
/ 
Generalized homogeneous equation. The transformation t = x*y™, z = Ye leads to a 
third-order equation. 
/ 2, 3,0 
87. mw _ a 4B ( LYx Lv Vex Le Vere ): 
Vouun — YU ea ae Ge 
xy! gry" 
The transformation z = —=, w = ——* leads to a second-order equation. 
y y 


a“ Mw ws 
we — / Yau / Yau Youu 
88. a na Ye 7a Ue 9 Ye ye 
Autonomous equation. This is a special case of equation 16.2.6.79. 
Particular solution: 


y = Cyexp(Cox) + C3, 


where C’, is an arbitrary constant and the constants Cz and C2 are related by the constraint 
és = F(C2, —C2C3, Ce), 
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we _— ,—-ax ax ax, / ax, IM ax, / 
89. y =e F(e Y,€ "Yas Yous © Yorn) 


LLLL 
This equation is invariant under “translation—dilatation” transformation. The substitution 
u = e**y leads to an autonomous equation of the form 16.2.6.79. 


we — —4 m ay / 20 300 
0. Yo nce =e Fare. ey 2 Ue © Veron) 


The transformation z = 2™e%, w = xy’, leads to a third-order equation. 


/ wt aw 
we Ya Yau Yoon 
1. Vien = ¥F(emty™, Se, He, Hee), 
The transformation z = e®*y™, w = y/,/y leads to a third-order equation. 


mt 


Autonomous equation. This is a special case of equation 16.2.6.79. 


1°. Particular solution: 
y = Cy exp(C3x) + C2 exp(—C32), 
where C, C2, and C4 are related by the constraint F’ (C3, AC, CoC2, Ce. C3) = 0. 
2°. Particular solution: 
y = C, cos(C3x) + C2 sin(C32), 
with C1, C2, and C> related by the constraint F(-C3, —(C? + Cayce, —C?, C3) = 0. 


mt 


93. F (2, yen — (Ya)*s YY ren — Veen? YYrane — (You)”) = 0. 
The substitution w(x) = yy", — (y/,)? leads to a second-order equation of the form 
F(x, W, Wy, Wee) = 0. 


/ 
a 


wee we 
Veoun Varun mt — 
94. F( see, yee = yg) = 0. 


A solution of this equation is any function that solves the third-order linear equation: 


a= Cy + Co, 


Yorn 
where the constants C and C are related by the constraint F'(C,, —C2) = 0. 


95. F(a, Un + ay, ee _ a’y, ae a5 AY yn) = 0. 


The substitution u=y',,,+ay leads to a second-order equation: F(x, u, u,—au, ul.) =0. 


Chapter 17 


Higher-Order Ordinary 
Differential Equations 


17.1 Linear Equations 


17.1.1. Preliminary Remarks 
In this chapter, we denote higher derivatives by ys? to mean d"y/dx”. 


1°. The general solution of a homogeneous linear equation of the nth-order 


fra(x)y + frs(w)yhY + +--+ fala)yy + folx)y =0 (1) 
has the form: 
y = Cryi (x) + Coyo(x) +--+ + Cr¥n(2). (2) 
Here, yi(), yo(2),..-, Yn(x) make up a fundamental set of solutions (the y;, are linearly 
independent solutions; y, 4 0); C1, Co, ..., Cy, are arbitrary constants. 


2°. Let yo = yo(x) be anontrivial particular solution of equation (1). Then the substitution 


y= vol) f 2a) dx 


leads to a linear (rn — 1)st-order equation for z(x). 
Let yi = yi(a) and y2 = yo(x) be two nontrivial linearly independent particular 
solutions of equation (1) with g = 0. Then the substitution 


y= [ ywae- [ ywae 


leads to a linear (rn — 2)nd-order equation for w = w(x). 


3°. Further information about higher-order linear equations can be found in Chapter 4. 


17.1.2 Equations Containing Power Functions 
> Equations of the form f,(x)y(” + fo(x)y = g(a). 
1. y) +ay=0. 
1°. Solution for a = 0: 
y = C1 + Cox + Can? + Cyr? + Cort + Con. 
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2°. Solution for a = k® > 0: 


y = Ci coskx + Cogsin ka + cos($ka) (C3 cosh € + C4 sinh é) 
+ sin($kx)(C5cosh€ +Cgsinhé), where €= Whe. 


3°. Solution for a = —k® < 0: 


y = Ci coshkax + Co sinh ka + cosh ($k) (C3 cos € + Cy sin é) 
+ sinh (5k2) (Cs cos € + Césin é), where € = Whe. 


2. yr) = gry, 


Solution: : 
ne 
y=Cye" + Coe + > e?® (Ax cos 0, + By sin Og), 
k=1 
kr . kr 
where yr = axcos —, 0, = axsin —; Ci, Co, Ag, By (k = 1, 2, ..., n — 1) are 
n n 


arbitrary constants. 


3, y”) =ary +b, a> 0. 


Solution: 


n oe) n+1 2 
a 2TVt 
y 2 ver f a ol cas a(n + 1) as +1 


n 
b 
h —— Pe i 
where Soc A and 7 1 
v=0 
4. y”) = ary. 
For specific 8, see equations 17.1.2.2, 17.1.2.3 (with b = 0), 17.1.2.5 to 17.1.2.9, and 
17.1.2.10 (with 6 = 0). 


1°. Letn > 2, 6 > —n, and (n+ 6)(s +1) 41, 2,..., n—1, where s =0, 1, ... Then 
the equation has n solutions that can be represented as: 


yj (2) = a)" Fin14+6/n,(3+j—1)/n(ax?*”), § = 1g Ah seey (1) 


Here, Ey m1 (z) is a Mittag-Leffler type special function defined by: 


= = (2) 
: _T T(n(ms +1) +1) _-T 1 
PEL Tints t+) 41) 14 nGns +1) +1)... [nls $0) +a] 
where I'\() is the gamma function, / is an arbitrary number, and m > 0. 
If 8 > 0, solutions (1) are linearly independent. Series expansions of (1) are convenient 
for small x. 
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2°. Letn > 2, 8 < —n, and (n+ 6)(s+1) #—-1, —2,..., —(n—1), wheres =0, 1, ... 
Then the equation in question has n solutions that can be represented as: 


yj(@) = TE 1 p/n,1-(a4y)/n(a(-)"2™), f= 1,2,...,0, 3) 


where Ey, 1 (z) is the Mittag-Leffler type special function defined by (2). If 6 < —2n, 
solutions (3) are linearly independent. Series expansions of (3) are convenient for large zx. 


3°. The transformation x = t~', y = wt!” leads to an equation of similar form: 
wu”) = a(—1)"1¢- Fw. 
© Literature: M. Saigo and A. A. Kilbas (2000). 
2n,(n) _ 

5. 2 y! = ay. 
The transformation x = t~', y = wt!~” leads to a constant coefficient linear equation: 
wl” = (—1)"aw 

a , 


6. any (2n) = ay. 


Solution: 
nm 
y= 2"? S “(CeIn (28nV2) + CroKn(2BeV2))], 
k=1 
where I,,(z) and K,,(z) are modified Bessel functions; 61, 32, ..., 8, are roots of the 


equation 3” = \/a. 
7. git y2n) = ay. 


The transformation « = t~', y = wt'~?” leads to an equation of the form 17.1.2.6: 


tween) = aw. 


8. gr tt/2y(2n+1) — ay. 


Solution: 
2n 
aide > Ck [J—n—1/2(2PeV@) + tJn41/2(2hevz )], 
k=0 
where J,,,(z) are Bessel functions; 89, 61, ..., 32n are roots of the equation bent! — —ai: 
?=-1. 


9, gir B 2 ert) = ay. 


The transformation x = t~', y = wt~?” leads to a linear equation of the form 17.1.2.8: 


; Qn+1 
{nt1/2ay/ m1) _ _ ay, 


10. g2ntly(n) =ay+ ba”. 


The transformation x = t~', y = wt!~” leads to a linear equation of the form 17.1.2.3: 
wu”) = (—1)"(atw + 5). 
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ll. (ax + b)2rtty(m) = (ca + d)y. 
The transformation € = = a w = ——* leads to an equation of the form 
ax +b (ax + b)r-! 


19, 1.2,3° wi”) = A"€w, where A = bc — ad. 


12. (ax+b)"(ca + d)ry™ = ky. 


b 
1°. The transformation € = In aaa ,w= —_ leads to a constant coefficient 
ced (cx + d)r-1 
linear equation. 
; ax +b y : 
2°. The transformation ¢ = t——, w = ———~———_ leads to the Euler equation 
co+d (ce + d)r-1 


17.12.39: cr” =k "w, where A = ad — bc. 


13. (ax? + bx + c)" yl () — ky. 


dx me 


The transformation € = / = y(ax” + ba +c) 2 leads to a constant 
ax” + ba +c 


coefficient linear equation. 


14. (ax+b)"(cxa + d)iry2r) — = ky: 
b 
The transformation € = ae w= — leads to an equation of the form 
co+d (ca + d)?r-1 


17.1.2.6: €’wP”) = kA-?"w, where A = ad — be. 


15. (ax a b)"+1/2 (ca as drs a Onrt) _ ky. 


b 
The transformation € = a w= 4 __ Jeads to an equation of the form 
cx +d (cx + d)?" 


7128: iat ail =kA-?"-1!w, where A = ad — be. 


> Equations of the form f,(x)y%” + fi(ax)y!, + fo(x)y = g(2). 


16. y” + ax*y’ + aka*—ly = 0. 
(n-1) 


Integrating yields an (n — 1)st-order linear equation: yz t+aa*y = C. 


17, y™ + axkty’ — a(n —1)a*y =0. 

The substitution z= xy), — (n—1)y leads to an (n — 1)st-order linear equation: oY) a: 
FeAl sy oe 

ax"’'*z=0. 

18. y” + arktly f et a(k+ n)ak y = 0. 

The transformation x = t~', y = wt'~” leads to an equation of the form 17.1.2.16: 

uw”) + bt”’wi + bvt’-!w = 0, where b = a(—1)"*1, v=1—k—2n. 

19, y™ + (ax + b)a*y’, — aay = 0. 


Particular solution: yo = ax + b. 
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20. y” + (ax + b)a*y’, — 2ax*y = 0. 
Particular solution: yo = (ax + 6)?. 
21. y” + (ax + b)a*y’, — 3ax*%y = 0. 
Particular solution: yo = (ax + b)?. 
22, y(™ 4 (ax + b)aky’, — a(n — 1)a*y = 0. 
Particular solution: yo = (az +b)"~!. The substitution z = (ax + b)y/, — a(n —1)y leads 
to an (n — 1)st-order linear equation: Zr) + (ax + b)x*z = 0. 
23. yi) +azr**ty’ —amz*y = 0, m=1, 2,...,n—1. 
Particular solution: yo = x. The substitution z = xry!, — my leads to an (n — 1)st-order 
linear equation: 
(m) 


d 
prm1(=_) +azr*z = 0, where D=—. 
x dx 


> Other equations. 


24. yer) =a”yt+ ba* (y” — ay). 
This is a special case of equation 17.1.6.18 with f(a) =bx". The substitution w= y",,—ay 


leads to a (2n — 2)nd-order linear equation: wer) + awe?) +---+ta"-!w = bréw. 


-1 
25. y™ + any) +--+ + ary’, + acy = 0. 
Constant coefficient homogeneous linear equation. To solve this equation, determine the n 
roots of the characteristic equation: 


NY ct, See ee aa =O: 
If the roots Az, Ag, ..., An are all real and different, then the general solution of the original 
equation is: 
y = Cyexp(Ai2) + Co exp(A2x) +--+ Cy exp(Anz). 
The general case, which involves the cases of multiple and/or complex roots of the 


characteristic equation, is discussed in Section 4.1.1. 


26. y™ + axky™ — (ab™a* + b”)y = 0. 


Particular solution: yo = e?*. 


27. y™ + (aa* — pr—™)y(™) —ab™ax*y = 0. 


Particular solution: yo =e”. 


28. yi” + ay?) + ba™y’ + abr™y = 0. 
Particular solution: yo =e”. 
29. zy — nmy”-) 4+ ary = 0, n= 2,3,4,..., m=1, 2, 3,... 


Solution: 


where w is the general solution of the constant coefficient linear equation: wh t+aw =0. 
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30. ay ”) + ny?) =axy+ b. 


The substitution w = xy leads to a constant coefficient linear equation: wi) =aw-+ b. 


31. ay ”) + ny) = ax7y +b. 
The substitution w = xy leads to an equation of the form 17.1.2.3: wi”) =arwt+b. 


k-1 


32. ay ”) + (n-—m-— 1)y-)) + ax*y’ —amz”" “y= 0. 


Particular solution: yo = 2”. 
33. ay ”) + axky(™) — (ax* tama®t+at n)y = 0. 


Particular solution: yo = xe”. 


34, ay”) = 3 [aAves — A,)x+ Avsily™. 
Here, A, = 1, Ag = 0; a and A, are arbitrary numbers (v = 1, 2,...,n — 1). 

Denote f(A) = Ay4iAd”. Let the roots Ai, A2,..., An—1 of the algebraic equation 
f(A) = 0 beall different, and f(a) ¢ 0. Then the solution is as follows: 


fala) 
Fo! 


Y= Cye™* + Cue fe sscbee af C.400* +C,e™ E 


35. >> (ava + by yy = 0. 
v=0 


The Laplace equation. Particular solutions: 


w= f pyeoleet [Oa dt, 


k 


n n 
where P(t) = >> a,t”, Q(t) = >> bLt”; ax and 6, are found from the condition 
v=0 v=0 


exp (wt + / on dt) 


In many cases, the path of integration has to be chosen on the complex plane. 


Br 
= 0. 


Ok, 


36. a? y(”) + Qnaey"—VY + n(n — 1)y"-?) = ax*y +b. 


The substitution w = xy leads to a constant coefficient linear equation: wh =awtb. 


37. a2 y(”) + 2nay-Y + n(n — 1)y"-?) = ax®y + b. 


(re) =arw+t+b. 


The substitution w = x?y leads to an equation of the form 17.1.2.3: w 
38. «(a+ m)y” + a(ax*® — x — n)y™ —a(x+m)a*y = 0. 


Particular solution: yo = xe”. 


17.1. Linear Equations 1057 


39. an myn) + an ae tye) +-+--+a,xy), + aoy = 0. 
Euler equation. If all roots Ay, (kK = 1, 2,...,) of the algebraic equation 


Sawn A—1)...(A—v+1) =—ao 


are different, the general solution of the original differential equation is given by: 
y = Cy\a|™ + Colx|? +--+» + Ca]. 


In the general case, the substitution t = In|z| leads to a constant coefficient linear 
equation of the form 17.1.2.25: 


d 
1s ayD(D—1)...(D—v+1)y = —aoy, where D=—. 
dx 
40. Peer + narry(—1) = ary. 


The substitution w = zy leads to an equation of the form 17.1.2.5: ret y”) = aw. 


41. g2ntdy(n) ae narry—I) = ay. 


Qn-+Lay, Ke 


The substitution w = xy leads to an equation of the form 17.1.2.10: x = aw. 

42. x myn) +2na"—1 yon Y) = ay. 

The substitution w = xy leads to an equation of the form 17.1.2.6: x” ry?) = aw. 

43. gt y(2n) abe Qng8"—ly2n—1) = ay. 

The substitution w = xy leads to an equation of the form 17.1.2.7: ery”) = aw. 

44, gntiyQn+1) + (2n+ 1)a"y?”) =avVzx y. 

The substitution w= xy leads to an equation of the form 17.1.2.8: gent 2yen+1) = aw. 
3n+3/2, (2n41 3n+1/2,,(2n) _ 

45, 3"t3/ yort 4 (2n 4+ 1)a38rtl/ yer) = ay. 

The substitution w = xy leads to an equation of the form 17.1.2.9: «3"+3/ 2yonth) =aw. 


46. Pn—1(x)y6”+Pn—o(a)yQ” Y+-+ +P, (ax) y/f,+(are+b1)y/,—mary =0. 
Here, the P,(x) are polynomials of degree < v, m is a positive integer, a; 4 0. 

A particular solution of this equation is the polynomial of degree m that can be written 
as: 


m 

k 

yo=)> (-—) [2 Ia-™-1(P, 1D" +++. + PD? +6,D)]*a™ 
ay 


d gut 
where D = —, Ix” = with vy 4 —-1. 
dx v+1 


©) Literature: E. Kamke (1977). 
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47. [anx” + P,-1(«)|y™ +++++ [aye + Po(x)]y’, + aoy = 0. 
Here, the P,(x) are polynomials of degree < v. 
Assume that for some integer m > 0: 


n 
m! 
SC iy =O, where Cy, = 


v!(m—v)!’ 


and m is the least of the numbers satisfying this condition. Then there exists a solution in 
the form of a polynomial of degree m such that no polynomial of a smaller degree satisfies 
the original equation. 

©) Literature: E. Kamke (1977). 


48. [xP(6)—Q(6)]y=0, 6= ae. 

Here, P = P(z) and Q = Q(z) are arbitrary polynomials of degree p and q, respectively. 
Suppose Q(z + 1) = (2 + 1)Qi(z + 1), where the polynomial Q1(z + 1) is such that 

P(z) and Qi(z + 1) do not have common factors. Then the original equation admits a 


formal solution in the power series form: 


= An+1 
=) Ae h Ss 
Yo Z x where Ae O(n +1) 


© Literature: H. Bateman and A. Erdélyi (1953, Vol. 1). 


17.1.3. Equations Containing Exponential and Hyperbolic Functions 
> Equations with exponential functions. 

1. y”) + (ax + b)er”y’ — ae**y = 0. 

Particular solution: yo = ax + b. 

2, yo”) + (ax + b)e**y’, — 2ae**y = 0. 

Particular solution: yo = (ax + b)?. 

3. y”) + (ax + b)e**y’, — 3ae**y = 0. 

Particular solution: yo = (ax + b)?. 

4. y”) + (ax + b)e**y’, — (n — 1)ae*”y = 0. 

Particular solution: yo = (axz+b)"~!. The substitution z = (ax +b)y!, —a(n—1)y leads 
to an (n — 1)st-order linear equation: ge) (ax + b)e**z = 0. 

5. y™ + axe**y’ — ame**y = 0, m=1,2,...,n—1. 

Particular solution: yo = x™ 

6. y2 = ay + be®*(y””, — ay). 


This is a special case of equation 17.1.6.18 with f(a) = be*”. The substitution w = y’,, — 


ay leads to a (2n—2)nd-order linear equation: wer) 4 qwerY 4..-+a™-w=bew. 
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7. y”) + (ae** — br—™) ym) — ab™e**y = 0. 


Particular solution: yo =e”. 


8. yi”) + ay?) + ber*y’ + abe**y = 0. 


Particular solution: yo =e”. 


9. y”) + aery(™) — (ab™e*” + b”)y = 0. 


Particular solution: yo =e”. 


n—-1 
10. y(”) = » (Apyie*” + bAgy1 — Ax)y™. 
=0 


Here, A, = 1, Ag = 0; 6 and Ay, are arbitrary numbers (k = 1, 2,...,n — 1). 


Particular solutions: y,, = e“””, where the /1,, are roots of the polynomial equation 
n-1 


> Agsin® = 0. 
k=0 
11. ay ”) + axe®?y(™) — [a(a + mje? +a+njy = 0. 
Particular solution: yo = xe”. 

(n) (n—1) Ax, / __ An, 
12, xy’ + (n—m— 1)ys + axe" y,, — ame**y = 0. 
Particular solution: yo = x”. 
13. a(a+ m)y™ + 2(ae** — x — n)y™ —a(a+m)e**y = 0. 
Particular solution: yo = xe”. 
14. (axv™ + be” + c)yy™ = be*y, m=0,1,...,n-—1. 
Particular solution: yo = ax” + be” +c. 
15. (axv"™e” + b)y™ = (-1)"by, m=0,1,...,n—1. 


Particular solution: yo = ax" + be”. 


n-1 
16. (ae* +> by" )y(”) = ae”y. 
k=0 


n—-1 
Particular solution: yo = ae* + >> b,x". 
k=0 


> Equations with hyperbolic functions. 
17. yer) =a"y + bsinh*(Ax)(y”,, — ay). 
This is a special case of equation 17.1.6.18 with f(a) = bsinh*(Az). 


18. y® + asinh® x y’™ — (ab™ sinh® x + b”)y = 0. 
Particular solution: yo =e”. 
19. y” + (a sinh® x — br—™)yl™m) — ab™ sinh* x y = 0. 


Particular solution: yo =e”. 
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20. y” + (ax + b) sinh” (Ax)y’, — asinh™ (Ax)y = 0. 

Particular solution: yo = ax + b. 

21. ay(”) + ax sinh® a y™) — [a(a + m) sinh* x + & + ny = 0. 
Particular solution: yo = xe”. 

22. yen) =a"y + beosh*(Ax)(y/”, — ay). 

This is a special case of equation 17.1.6.18 with f(a) = bcosh* (Az). 


23. y™ + acosh* « y™) — (ab™ cosh® x + b”)y = 0. 


Particular solution: yo = ce”. 


24. y” + (a cosh* x — br—™)yl™) —ab™ cosh” x y = 0. 


Particular solution: yo =e”. 


25. y” + (ax + b) cosh™(Ax)y’, — acosh™(Ax)y = 0. 

Particular solution: yo = ax + b. 

26. ay(”) + ax cosh* a y™) — [a(a + m) cosh* x + & + n]y = 0. 
Particular solution: yo = xe”. 

27. ye = y+ a(y’, cosh x — ysinhz). 

The substitution w = y/, cosh x — ysinh x leads to a (2n — 1)st-order linear equation. 
28. yen) =y+a(y!, sinh x — ycoshz). 


The substitution w = y/, sinh z — ycoshz leads to a (2n — 1)st-order linear equation. 


29. y” + atanh* x yo™ — (ab™ tanh” x + b”)y = 0. 


x 


Particular solution: yo = e?”. 


30. y” + (a tanh’ x — Br—™) ym) — ab™ tanh* x y = 0. 


Particular solution: yo =e”. 


31. y(”) + (ax + b) tanh” (Ax)y’, — atanh™(Ax)y = 0. 
Particular solution: yo = ax + b. 


32. ay ”) + ax tanh? x y(™ — [a(a + m) tanh* x + 2 + njy = 0. 


x 


Particular solution: yo = xe”. 


33. y™ 4+ acoth® x y“™ — (ab™ coth” x + b”)y = 0. 


Particular solution: yo =e”. 


34. y” + (acoth® « — br—™) ym) — ab™ coth® x y = 0. 


Particular solution: yo = e?”. 


35. y™ + (ax + b) coth™ (Ax) y/, — acoth™ (Ax) y = 0. 
Particular solution: yo = ax + b. 
36. ay ”) + ax coth* x y™ — [a(a + m) coth® « + 2+ n]y = 0. 


Particular solution: yo = xe”. 
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17.1.4 Equations Containing Logarithmic Functions 


Ly? = ay + blna(y’, — ay). 
This is a special case of equation 17.1.6.18 with f(x) = blnz. 


2. y”) +aln* « y™ — (ab™ In® & + b”)y = 0. 


Particular solution: yo =e”. 


3. yi”) + (aln* « — Bra) ye) —ab™ In* xy = 0. 


Particular solution: yo = ce”. 


4, y”) + ay?) + bin*(Ax)y!, + abIn*(Ax)y = 0. 


Particular solution: yo =e”. 


5 yo” + (ax + b) In*(Ax)y’!, — aln*(Ax)y = 0. 

Particular solution: yo = ax + b. 

6. y”) + (ax + b) In*(Ax)y!, — 2aln*(Ax)y = 0. 

Particular solution: yo = (ax + b)?. 

7: yo”) + (ax + b) In*(Ax)y!, — 3aln*(Ax)y = 0. 

Particular solution: yo = (ax + b)?. 

8. yi”) + (ax + b) In*(Ax)y!, — a(n — 1) In*(Ax)y = 0. 

Particular solution: yo = (ax + b)"1. 

9. y”) + az In* (Ax) y/, —amIn*(Ax)y = 0, m=1,2,...,n—1. 
Particular solution: yo = x”. 

10. ay ”) + ax In¥ (Ax) yo™ — [a(a + m) In¥ (Ax) + «+ njy = 0. 


Particular solution: yo = xe”. 


17.1.5 Equations Containing Trigonometric Functions 
> Equations with sine and cosine. 


1. y” +asin® x y™) — (ab™ sin® x + b”)y = 0. 


Particular solution: yo = e?”. 


2. y”) + (asin* x — page) —ab™ sin’ xy = 0. 


Particular solution: yo =e”. 


3. yf + ay") + bsin™ (Ax)y!, + absin™ (Ax)y = 0. 
Particular solution: yo =e. 
4. y™ + (ax + b) sin™(Ax)y’, — asin™(Ax)y = 0. 


Particular solution: yo = ax + b. 
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5. y(™ 4+ (ax + b)sin™(Ax)y’, — 2asin™(Ax)y = 0. 

Particular solution: yo = (ax + b)?. 

6. y6™ + (ax + b)sin™(Ax)y’, — 3asin™(Ax)y = 0. 

Particular solution: yo = (ax + b)?. 

7. yr =a"y + bsin*(Ax) (yf, — ay). 

This is a special case of equation 17.1.6.18 with f(a) = bsin*(Az). 

8. ay ”) + ax sin® (Ax) yo” — [a(x +m) sin*® (Ax) + & + njy = 0. 
Particular solution: yo = xe”. 

9 (axv™ + bsin x) y” = bsin (x + smn)y, m=0,1,...,n-—1. 


Particular solution: yo = ax™ + bsin x. 


n-1 
10. (a sin a@ + 2s bya!) 4”) = asin (x + inn) Yy. 
n—1 
Particular solution: yg = asina + Sy bya*. 
k=0 
11. yi” +acos* x y™ — (ab™ cos* x + b”)y = 0. 


Particular solution: yo =e”. 


12. y”™ + (a cos* x — br—™)yl™) — ab™ cos* x y = 0. 


Particular solution: yo =e”. 


13. y™ + ay?) + bcos™ (Ax) y’, + abcos™(Ax)y = 0. 


Particular solution: yo =e”. 


14. y”) + (ax + b) cos™(Ax)y’, — acos™(Ax)y = 0. 

Particular solution: yo = ax + b. 

15. y” + (ax + b) cos™(Ax)y’, — 2a cos™(Ax)y = 0. 

Particular solution: yo = (ax + b)?. 

16. y” + (ax + b) cos™(Ax)y’, — 3acos™(Ax)y = 0. 

Particular solution: yo = (ax + b)°. 

17. yer) =a"y + bcos*(Ax)(y””, — ay). 

This is a special case of equation 17.1.6.18 with f(x) = bcos*(Az). 

18. ay(”) + ax cos* (Ax)y(™ — [a(a + m) cos*(Ax) + & + nJy = 0. 
Particular solution: yo = xe”. 

19. (axz™ + bcos a)y’”) = bcos (x + S7mN)y, m=0,1,...,n-—1. 


Particular solution: yo = ax” + bcos 2. 
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n—-1 
20. (a cosz+ >> bye" )y(”) = acos (z + sr) y. 
k=0 


n-1 
Particular solution: yo = acosx+ )> bpa®. 
k=0 
21. 2”) = (-1)"y + a(y/, sine — ycosz). 
The substitution w = y/, sinx — ycosx leads to a (2n — 1)st-order linear equation. 
22, y?”) = (-1)"y + a(y/, cosx + ysinz). 


The substitution w = y/, cosx + ysin x leads to a (2n — 1)st-order linear equation. 


> Equations with tangent and cotangent. 


23. y”) +atan* x y™) — (ab™ tan*® x + b”)y = 0. 


Particular solution: yo = e?”. 


24. yi”) + (atan*® x — br—™) ym) —ab™ tan* xy = 0. 


Particular solution: yo = e?”. 


25. y”) + ay?) + btan™ (Ax) y’, + abtan™(Ax)y = 0. 


Particular solution: yo =e ™. 


26. y” + (ax + b) tan™(Ax)y’, — atan™(Ax)y = 0. 

Particular solution: yo = ax + b. 

27, y” + (ax + b) tan™(Ax)y’, — 2atan™(Ax)y = 0. 

Particular solution: yo = (ax + b)?. 

28. y” + (ax + b) tan™(Ax)y’, — 3atan™(Ax)y = 0. 

Particular solution: yo = (ax + b)°. 

29, ay ”) + ax tan” (Ax) yo” — [a(a + m) tan* (Ax) + # + njy = 0. 


Particular solution: yo = xe”. 


30. y”) +acot* « y™ — (ab™ cot® x + b”)y = 0. 


Particular solution: yo = e””. 


31. yi) + (a cot* x — Er—™)y(™) — ab™ cot® x y = 0. 


Particular solution: yo = e?”. 


32. y” + ay») + bcot™ (Ax) y’, + abcot™(Ax)y = 0. 


Particular solution: yo =e”. 


33. y”) + (ax + b) cot™(Ax)y’, — acot™(Ax)y = 0. 


Particular solution: yo = ax + b. 
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34. yo” + (ax + b) cot™ (Ax)y’/, — 2acot™(Azx)y = 0. 
Particular solution: yo = (ax + b)?. 
35. y”) + (ax + b) cot” (Ax)y’, — 8acot™(Azx)y = 0. 


Particular solution: yo = (ax + b)°. 


36. ay ”) + ax cot® (Ax) yo™ — [a(x + m) cot® (Ax) + « + njy = 0. 


Particular solution: yo = xe”. 


17.1.6 Equations Containing Arbitrary Functions 
> Equations of the form f,(x)y” + fi(ax)y’!, + fo(x)y = g(a). 
1 y = f(a). 


n-1 


= pet 


x 
Solution: y= oS Cya” + i a f(t) dt, where xo is an arbitrary number. 
n—1)! 


v=0 x0 


2. yf = f(a)y. 


The transformation « = t~', y = wt!” leads to an equation of similar form: w 


Ely: 
3, y) = (ca + d)-*" ¢(= as +) ue 


ce +d 
The transformation € = ea w= u leads to a simpler equation: w 
~ catd (ca +d)r-1 Dore 


A" f(€)w, where A = ad — be. 


4. fy —fy=0, f= f(x). 
Particular solution: yo = f(z). 


5. fy2rt) 4 fOrtDy — g(x), f= f(x). 


2n 
First integral: So(-1)* (2m—k) yl) — [oe dx +C. 
k=0 


6. yf” + (aw + b)f(x)yi, — af(x)y =0. 
Particular solution: yo = ax + b. 

7. yf + (ax + b)f(x)yi, — 2af(x)y = 0. 
Particular solution: yo = (ax + b)?. 

8. yf” + (ax + b) f(«)yi, — 3af(x)y = 0. 
Particular solution: yo = (ax + b)°. 


9. y™ + (ax + b)f(x)yl, — (n— l)af(x)y = 0. 


Particular solution: yo = (axz+b)"~!. The substitution z = (ax +b)y!, —a(n—1)y leads 


to an (n — 1)st-order linear equation: Zod 4 (ax + b)f(x)z = 0. 
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10. y™ 4+ xf (x)y!, — mf(x)y = 0, m=1, 2,...,n-—1. 
Particular solution: yo = x™. The substitution z = xy’, — my leads to an (n — 1)st-order 
equation: 


prem-1( 2) +f(z)z=0, where D= ~. 


MW. y™ + f(x)y, + g(x)y + h(x) = 0. 


The transformation 2 = t~', y = wt!~” leads to an equation of similar form: 
wp”) + (-1yne-P"{ FL /tyw + [(n — Hef (1/t) + g(1/t)] w +e" 1ACL/t)$ = 0. 


12, y(™ + f(a)yl, + fh(x)y = g(2). 


Integrating yields an (n — 1)st-order linear equation: y{"~)) + f(x)y = [oe dz +C. 


13. yer) = y+ f(x)(y), cosh x — ysinh 2). 

The substitution w = y/, cosh x — ysinhz leads to a (2n — 1)st-order linear equation. 
14. yer) =y+ f(x)(y), sinh x — ycosh x). 

The substitution w = y/, sinh x — ycoshx leads to a (2n — 1)st-order linear equation. 
15. y2”) = (-1)"y + f(a) (y/, sina — ycosz). 

The substitution w = y/, sinx — ycos leads to a (2n — 1)st-order linear equation. 


16. yn) = (-1)"y + f(x) (y’, cosx + ysinz). 


The substitution w = y/, cosx + ysin x leads to a (2n — 1)st-order linear equation. 


(n) , 
17, ys) = Sy + F(a) (ut, - fy), y = v(x). 
yi, 


The substitution w = y/, — —y leads to an (n — 1)st-order linear equation. 
? 


> Other equations. 


18. y?” =a"y + f(x)(y%, — ay). 
The substitution w = y”,, — ay leads to a (2n — 2)nd-order linear equation: 


wen) i aw(?2n—4) fe we gael ata = f(x)w. 


19. yi”) + f (x) (x? yy”, — 2xy’, + 2y) = 0. 
Particular solutions: y; =x, y2 = x”. The substitution z = gy" — ay! + 2y leads to 
a linear equation of the (n — 2)nd-order. 


20. ylrr?) + f(x)[x?y”, — 2nay! + n(n+1)y] = 0. 
The substitution w(2) =2?y",,—2naxy!.+n(n+1)y leads to an nth-order linear equation: 


wo) 4 x’ f(x)w = 0. 
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21. yer) =a’? y+ f(x) [y™ + ay]. 


The substitution w = yr 4. ay leads to an nth-order linear equation: wh) = (f(x) +a]w. 


22, yf? + f(x)yl — [a + a™ f(x)]y = 0. 
Particular solution: yo = e°” 


23, y) + (f—a™ "ye —a™fy=0, f=f(2). 
Particular solution: yo = e* 


24. yMtayD4 fy +afy=0, f=f(x). 


Particular solution: yo =e”. 


25. yl + f(xy? + g(a)y?) + h(a) = 0. 


The substitution w(a) = yr ) 


g(a)w + h(x) = 


26. y™ + any) +--+ + ary’, + aoy = f(z). 
Constant coefficient nonhomogeneous linear equation. The general solution of this equa- 
tion is the sum of the general solution of the corresponding homogeneous equation (see 
5.1.2.25) and any particular solution of the nonhomogeneous equation. 

If the roots Aj, Ag, ..., An of the characteristic equation 


leads to a second-order linear equation: w+ f(x)w', 


N+ an1A™ 1 +--+ aA+a9 =0 


are all different, the original equation has the a solution: 


y= DG a4 oo) Pl.) yf 1) je" da: 


(with complex roots, the real part sheild be taken). 
Section 4.1.2 lists the forms of particular solutions corresponding to some special forms 
of the right-hand side function of the nonhomogeneous linear equation. 


n-1 
27. y™ + f(x) = (—1)*k! CR_, a —*-1y(n—k-)) — 9, 
=0 


! 
Here, our gaan are binomial coefficients. 
k! (m —k)! 
Particular solutions: y, = 2", wherem = 1, 2,...,n—1. 
n-1 
The substitution z = 57 (—1)*k!C®_ jx?’ 1y("-k-) Jeads to a first-order linear 


k=0 
equation: 2/ + 2”~!f(x)z =0. Having solved this equation, we obtain an (n — 1)st-order 
linear equation of the form 17.1.6.34 for y(). 


n—-1 
28. yy) = p> (axzif — ax)y. 
=0 


Here, f = f(x); an = 1, ap = 0; ay are arbitrary numbers (k = 1, 2,...,n — 1). 
Particular solutions: y, = e*** (k = 1, 2,..., m— 1), where the \, are roots of the 
n—-1 
polynomial equation 5° Agia” =O, 
k=0 
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29. ay + (a+n—1)y"—-) = f(x) (xy!, + ay). 

The substitution w=«y',t+-ay leads to an (n—1)st-order linear equation: werd =f (x)w. 
30. ay ”) + afy”™ —[(x+m)ft+tat+nly =0, f =f(a). 

Particular solution: yo = xe”. 


31. vy’) + ny) = 2-2 F(1/2)y + 2" 1g(1/z). 


1 (n) _ 


The transformation t = 2~', w = yx?” leads to an nth-order linear equation: w;"” = 


(—1)"[f(t)w + g(t). 

32. a?yi™*9) + acylt) + By” + f(x) [a?yZ, + (a —2n)ey, + (B—an+ 
n* + n)y] = 0. 

The substitution w(x) = 2? y",,+ (a—2n)ary!,+(8—an+n?+n)y leads to an nth-order 

linear equation: wh) + f(x)w = 0. 

33. (a+ m)y? + a(f —2—n)y™ —(@t+m)fy=0, f= f(x). 

Particular solution: yo = xe”. 

34, oy + bp_re” ty) 4... + bixy!, + boy = f(a). 


Nonhomogeneous Euler equation. The substitution x = ae’ (a 4 0) leads to a constant 
coefficient nonhomogeneous linear equation of the form 17.1.6.26. 


35. a?y™ + (n—m—A)a”™ ly") +afy,—mfy=0, f=f(z). 
Particular solution: yo = 2”. 
36. ary) + a” fyi) —(niIC? +m! Cm f)y = 0. 


I'(a+1) 


Here, f = f(x), C? = mtn 


function. 
Particular solution: yo = 2°. 


are binomial coefficients, and ['(a) is the gamma 


n—-1 


37. ay) = YX [a (anpif — an) + aepily. 


Here, f = f(x); an = 1, ap = 0; mand ax are arbitrary numbers (k = 1, 2,..., — 1). 
Particular solutions: y, = e*** (k = 1, 2,...,— 1), where the A, are roots of the 
n-1 
polynomial equation >> ag4,\*" = 0. 
k=0 


38. sing yo) +sin x f (x)yo — [sin (w+ inn) + f(a) sin (w+ +xm)| y=0. 
Particular solution: yo = sin x. 


39. cosxz y” + cos a f (ax)y’™ —|cos (c+37n) + f(a) cos (c+37m)| y=0. 
Particular solution: yo = cos x. 
an fr(a)yl? = g(x)(xyi, — y)- 

=2 


Particular solution: yo = x. The substitution w(x) = xy, — y leads to an (n — 1)st-order 
linear equation. 
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al k= - fie(x)y™ = = g(x) (xy, = my), m=1, 2,...,n—1. 
m+1 


Particular solution: yo = x”. The substitution w(x) = xy/, — my leads to an (n — 1)st- 
order linear equation. 


42. > fr(w)y = g(x) (a? y’t, — 2xy’, + 2y). 


Particular solutions: y, = 2, y=. The substitution w(x) = x?y"”, — 2ay!, + 2y 
leads to an (n — 2)nd-order linear equation. 


43. by fr(x)y = g(x) (a? yi", — 3a7y”, + Gry’, — 6y). 


Particular solutions: y, = x, y2 = 2, y3 = 2°. The substitution w(x) = xy". — 


3x7y", + 6ay!, — 6y leads to an (n — 3)rd-order ee equation. 


44, > f(x) y™ + g(x) >> (—1)*k! Ch git Gn) =p: 
k=0 


k=m-+1 
m! 
Here, CK = iia are binomial coefficients. 
Particular solutions: Ys = = 2°, where s = 1, 2, ,m. 
The substitution z = we 1)*h Clg key (mr my leads to an (n — m)th-order linear 
k=0 
nm 
equation: > Lope —™ 2!) + g(x)z =0, where D = d/dz. 
k=m+1 


45. = (fr — afnii)y™ = = 0. 


Here, i = f(x) (R=1, 2,...,7)3 fnti = fo =0. 
Particular solution: yo = e*” 


s 


46. 3? a* [fe + (k —m) fepaly® = 


Here, tr = fx(2) (k = iL 2, aaa n); ieee = fo =, 
Particular solution: yo = 2” 


17.2 Nonlinear Equations 


17.2.1 Equations Containing Power Functions 

> Fifth- and sixth-order equations. 

1. y?) = ayy, — Yen)” + bx +c. 

This is a special case of equation 17.2.6.1 with f(x) = ax + b. 

2. yy”) =axr+b. 

This is a special case of equation 17.2.6.17 with n = 2 and f(x) = ax + b. 
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5 LLL 
3. yy’ ) = OV Yerenx’ 
1°. For a £ —1, integrating the equation two times, we arrive at a third-order autonomous 
1 1 


equation: yf," — $(yh,)” = Cry**! + C2. The substitution w(y) = $(y/,)? leads to a 
second-order equation: 


WWap — + (wy)? = sCyy"t! + $02. 

For a = 1, this is a solvable equation of the form 2.8.1.53. 

2°. For a = —1, integrating the equation two times, we arrive at a third-order autonomous 
wea hg lll Lipa \2 

equation: Y2Yrrr — aes) = Ch In ly| + C2. 

3°. Particular solution: y = Cyx? + Cox? + C32 + Cy. 


4. 3yy) + By, yi” = 0. 


x LLLL 


This is a special case of equation 17.2.1.3 with a= —3. Integrating the equation three times, 


we arrive at a second-order equation: 3yy’”,,—2(y/.)? =C x? +C2r+C3. The substitution 
y = w” leads to a solvable equation of the form 14.8.1.5: w!!,, = $(Cyx? +Cor+C3)w-°. 


5. 2yy) + by ye + SU = 0. 


This is a special case of equation 17.2.6.4 witha= 5 and f(x) =0. Integrating the equation 


three times, we arrive at a second-order equation of the form 14.8.1.53: yy", — +(y',)? = 


Ci x? + Cox + C3. 

6 yy? + AYU ere + (34 — 5)¥reU ree = 0. 

Integrating the equation three times, we obtain a second-order nonlinear equation: yy". + 
$(a — 3)(y/,)? = C12? + Cox + C3. 

7. YUL? + OY, ewe + Ura Vrwre = 0 

Integrating yields a fourth-order equation: yy/"”..+(a—L)y/. yng +4 (1—a+b) (yt)? =C. 
8. yy?) a SY). Vrwee a 10Y 7 Vivwar = ax". 

This is a special case of equation 17.2.6.2 with f(x) = ax”. 

9. YS” + 5U,Yerne + OY Yrre = ay”. 

This is a special case of equation 17.2.6.3 with f(y) = ay”. 

10. y( = Ay~7/®, 

This is a special case of equation 17.2.1.12 with n = 3. 


Multiplying by yi! > and differentiating with respect to x, we obtain syys? + 7y,yo — 
0. Having integrated this equation three times, we arrive at the chain of equations: 
Syys + Qyy”) — yr. emne + (Yree)” = 2Co, () 
5yyy” — B¥nVaser + VreV eum = 2Caz+ Ch, (2) 
5YYeern ~ 8¥n¥ern + F Yar) = Cox” + Cix + Co, (3) 


where Co, C1, and C2 are arbitrary constants. Eliminating the highest derivatives from 
(1)-(3), with the aid of the original equation, we obtain a third-order equation that can be 
reduced to a second-order equation. 

I. yy?) + Gye + 15 up Vener + 10(URee)” = a2". 

This is a special case of equation 17.2.6.6 with f(x) = ax”. 
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> Equations of the form y() = f(x,y). 
142n 
12. yer) = Ay !—3n, 


2n+1 
Multiply both sides by y27—1 and differentiate with respect to x. As a result, we obtain 


(2n — Lyylr*) + (Qn + lyhy?”) =0. 


Three integrals containing arbitrary constants Co, C1, and C2 are presented in 5.2.6.62, 
where one should let f# = 0. Eliminating the highest derivatives from those integrals and 
the original equation, one can always obtain a (2n — 3)rd-order equation. With the aid of 
the transformation 


dx 1-2n 2 
i= [5 w=yP 2, where P= Cox" +Cyx+Co, 
this equation can be reduced to the autonomous form 17.2.6.77. Therefore, the substitution 
z(w) = w; finally leads to a (2n — 4)th-order equation with respect to z = z(w). 


13. yer) =ay" +5, kA-1. 


This is a special case of equation 17.2.6.8. Integrating yields a (2n — 1)st-order equation: 


n-1 
1 a 
__4\m, (m), (2n—m) =(_1)nf,,(n) 2 k+1 _ 
a Dae ies + 5(-1)"[ye”] ae by + C, 


where C is an arbitrary constant. Furthermore, the order of the obtained autonomous equa- 
tion can be reduced by one by the substitution w(y) = y/,. 


14. y™ =ar "y™. 

This is a special case of equation 17.2.6.11 with f(y) = ay™. 

15. y™ =aaky™, 

1°. The transformation x = t~', y = t'~"w/(t) leads to an equation of the same form: 
wl”) = (21) Ape 


2°. The transformation € = x”+*y™—1, z = zy!,/y leads to an (n — 1)st-order equation. 
16. yy2nrt)) =ax* +b. 

This is a special case of equation 17.2.6.17 with f(x) = ax* +b. 

17. yi” = gf nh ay tt hae" 1), 

This is a special case of equation 17.2.6.13 with f(w) = (aw + 6)”. 


m—2nm—2n—-—1 2n—1\m 
18. yr) =2 2 (ay + be 2 ) 


This is a special case of equation 17.2.6.14 with f(w) = (aw + b)™. 
19. y” = (ay + ba*)™,; k= 1, 2, ee n—1. 


The substitution aw = ay + ba* leads to an autonomous equation of the form 17.2.6.8: 
wh!” = aw" (see also 5.2.1.12 and 5.2.1.13 with b = 0). 
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m—nm—n—-1 


20. y” = (ax? + bz +c) 2 y™. 

This is a special case of equation 17.2.6.22 with f(w) = w™. 
Al. y”) = (ax + b)-"(cx + d)™—"™ 1y™, 

This is a special case of equation 17.2.6.21 with f(w) = w™. 


> Equations of the form y(”) = f(x,y, y/,, y”,)- 
22. y” = ayy’ + ba™. 
This is a special case of equation 17.2.6.34 with f(y) = ay* and g(x) = bx". Integrating 


yields an (n — 1)st-order equation: y(”—)) = aa oF ee +. 
m 


23. y() = a"y + b(y/, — ay)*. 
This is a special case of equation 17.2.6.38 with f(x,w) = bw*. The substitution w = 
y,, — ay leads to an (n — 1)st-order autonomous equation: 

wD + aw?) 4..-4+a"1w = bu*. 
A. yO Sa” ya)". 
This is a special case of equation 17.2.6.37 with f(w) = aw 


m 


25. y™ = az" (ry’, — y)*. 
k 


This is a special case of equation 17.2.6.39 with f(z,w) = axz'™w". The substitution 
w = «yl, — y leads to an (n — 1)st-order equation. 
26. ys” — ax* (xy, —my)!. 
Here, ™ is a positive integer and n > m+ 1. The substitution w = xy’, — my leads to an 
(n — 1)st-order equation: me =ax*w', where ¢ = wh” fee 
27. yO” + ay’, + by = cyy’y, — c(yl,)? +k. 
1°. Particular solution: 
y = C, sinh(C4x) + C2 cosh(Cyx) + C3, 
where the constants C1, Co, C3, and C’, are related by two constraints 
Ci" + (a= 0C,)C7 +b =0, 
e(O2 = C?)C? = tC, +k =0. 
2°. Particular solution: 
y = Ci sin(Cyx) + C2 cos(Cyx) + C3, 
where the constants C1, Co, C3, and Cy are related by two constraints 
Ci” — (a — cC3)C? +b =0, 
C7 +O )C? -bCx— bh 0. 
28. y{”) + ayyt,, — a(y’,)” + by%, + cy, = 0. 
Cy 1 + bC2+¢ 


Particular solution: y = C) exp(C2x) — 
aC» 
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29. yer) =a"yt+ b(y””., = ay)*. 


This is a special case of equation 17.2.6.50 with f(x,w) = bw*. The substitution w = 


y,, — ay leads to a (2n — 2)nd-order autonomous equation: wen?) + awn) Spee eee 
aw = bu*. 
30. yl = aa™ (xy, — y)* (yee) 
The substitution w(a) = xy/, — y leads to an (n — 1)st-order equation: 

d’-2 w pa I 

art og) Oe 

k 
31. yf” = ay(yyte — Ue) 
k 


This is a special case of equation 17.2.6.52 with f(w) = 0 and g(w) = aw". 


> Other equations. 


wy 


32. yo) = BV eaex a(Yien)”- 


1°. Integrating the equation two times, we obtain an (n — 2)nd-order equation: 


yf?) = ayer — a(Yz)” + Cia + Cd. 
2°. Particular solutions: 
y = Cy exp(C3x) + Cy exp(—C3z) + a CR + if n is an even number, 
y = Cy sin(C3x) + C2 cos(C3x”) + Cie tc if n is an even number, 
y = Crexp(Cor) +a tcp 4 if n is an odd number, 
y= Cyn + Co if nm > 2 is any number. 


33. y”™ = ayy", — a(yn,)? + br +k. 


This is a special case of equation 17.2.6.54 with f(x) = bx + k. Integrating the equation 
two times, we obtain an (n — 2)nd-order equation: go? = ayy’, — a(yl,)? + dba + 


tka? + Cia + Co. 


34. y?™) = ay + bly + ay]*. 
The substitution w = ys + ay leads to an nth-order autonomous equation: wi a 


aw + bw*. 

35. y” + ary) + 2byy’!, + abxy” + ca = 0. 

The functions that solve the (n — 1)st-order autonomous equation yr) = —by” — c/a 
are solutions of the original equation. 


36. y™ + ayy’) + by’, + aby? + cy = 0. 


The functions that solve the (n — 1)st-order constant coefficient nonhomogeneous linear 


equation yr) + by = —c/a are solutions of the original equation. 
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37. ay ”) + ny) =or"y"™ 
This is a special case of equation 17.2.6.59 with f(w) = aw™ 


38. xy”) + (at n—1)y—) = b(ayl, + ay)*. 
This is a special case of equation 17.2.6.60 with f(a,w) = bw*. The substitution w = 


xy’, + ay leads to an (n — 1)st-order autonomous equation: wr) = but, 
39. a2 y(n) + 2nay—Y + n(n — 1)y"-?) = ax?™y™, 
This is a special case of equation 17.2.6.61 with f(w) = aw™ 
40. yy") = ayy”), 
The equation admits two different (with a ¢ —1) first integrals: 
yer) = Cry’, 
n-1 P a 
yy” +(a+1) S0(- yor) 4 L(-1)"(at Ly]? = Ce, 
m=1 


where C and C2 are arbitrary constants. Eliminating the highest derivative from the first 
integrals, we arrive at a (2n — 1)st-order autonomous equation: 


2 
So (yy yPr-™ + F(-1)" [y]” = Cry*t + Ca, 
m=1 
Ci C2 . 
where Cy = —-———, Cy) = ——. The order of the obtained equation next can be lowered 
a+1 a+l1 


by the standard substitution w(y) = y/,. 


41. (2n — 1)yyert) + (2n+ 1)y,,y?” = az™ 
This is a special case of equation 17.2.6.62 with f(x) = ax™ 


42. yy” — yyir—D _ ay’. 


Integrating yields an (n — 1)st-order linear equation: yr) = (ax + C)y. The transfor- 
mation z = x + C/a brings it to an equation of the form 17.1.2.3 with b = 0. 


43. yy = yh yl) + ayl,. 

Integrating yields an (n — 1)st-order constant coefficient nonhomogeneous linear equation: 
(n—1) 

Ya =Cy-a 


>» any) = byyl,,, — b(y,)? +k. 


Particular solutions: y = Ce** + kag | where C is an arbitrary constant and are roots 


n 
of the algebraic equation ag S> az,A” = bkA?. 
k=0 


45. xyy’” = (xy, + ayy. 


(n—1) 


Integrating yields an (n — 1)st-order linear equation of the form 17.1.2.4: yz =Cxy. 
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46. (y+ ax™—*)y™ — yl™Myr—m) + ba™—ty(™) = 0, n>m. 
The functions that solve the (n — m)th-order linear equation 

yr—™ — Cyt (aC +b)a™1 
are solutions of the original equation. 


47. yr—Dy™ = aly]. 


el 
Cot+tCyx+---4 C,. ag"? + (Cao = Ca l-a if aF¥1, 
CotCyx +--+ + Cr_32”3 + Ch-2 exp(C;,_-12) ifa=1. 


Solution: y= 


48. yi) = ay*y’, gon 
This is a special case of equation 17.2.6.73 with f(y) = y*, g(w) = aw 
49, yy = aa™y™ (y+ (yD) mmta, 


Generalized homogeneous equation. The transformation € = xy", w = xy|./y, where 


m 


A=n+m — m3 —2m4—-++—(n-[may, b= mMeatmgts++ magi —1, 


leads to an (n — 1)st-order equation. 


d n—1 , 
50. (va =) (y.) = ax +b. 
The transformation x = x(t), y = («/,)” leads to a constant coefficient linear equation: 
(n+1) __ 
22; San 4:0. 


2 = (—1) yl y2r—™ 4 (—1)" [yO]? + A(y,)? = ay? + by +c. 


ieee both sides with respect to x and dividing by y/,, we arrive at a constant 


coefficient linear equation: ayer) — 2AYn, + 2Zay + b = 0. 


52, 2 iy (yy yPr—™ + (—1)"[y]* = aay, — y) + Bu, +7- 
iSiieeanaine both sides of the equation with respect to 7, we have 

yn, 2y¥2r-) — ax — B] = 0. (1) 
Equate the second factor to zero to obtain: 


Qn Qn-1 2n—2 
ax Ss 
= —— C 
Y= Jom * Samoa t d Pun 


The integration constants C;, and parameters a, (3, and 7¥ are related by 


n-1 


25° (-1)"ml (2n — m)!CmC2n—m + (-1)"(nl)?CR = BC1 — aC +7, 


which is obtained as a result of substituting the above solution into the original equation. 
In addition, there is a solution corresponding to equating the first factor in (1) to zero: 
y= Cir + Ci where BCy — aCy +7 = 0. 
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n—1 


53. 2S (-1)™ylPy2r—™ + (-1)" [py]? + (yf)? 


=a(ry,—y)+ hy, +7, n>3. 
For the case s = 0, see equation 17.2.1.52. Let now s ¢ 0. Differentiating the equation 
with respect to x, we have 


Uo [2yer- 2) =F 280 core — AL — 6] = 0. 


Equate the second factor to zero and integrate to obtain: 


3 
a9 Lc +Qe+Cy+ [ff wardede, 


where w = w(x) is the general solution of a linear constant coefficient linear equation 
of the form 17.1.2.2: wer) + sw = 0. The constants of integration are related by the 
constraint that results from substituting the obtained solution into the original equation. 

In addition, there is the solution y = Cir + Cy, where the constants of integration are 
related by BC, — aCo + 7y=0. 


n 


S> am {2 Se 1)’yy2m—) + (—1)™ [yl]? = ay? + 28y +7. 
m= X 


Differentiating oath act to x, we arrive at a constant coefficient linear equation: 


n 
Pa a me” t+ay+B=0. 


17.2.2 Equations Containing Exponential Functions 
> Fifth- and sixth-order equations. 


1. y) = ayy” —a(y” 7) + be. 


LLLLX 
1°. This is a special case of equation 17.2.6.1 with f(x )= = be’, Integrating the equation 


Uh 


two times, we obtain a third-order equation: y!”... = ayy!,,—a(y!,)? +Cix+C2+br2e. 


2°. Particular solutions: 


Cr —b 
ON) ae 
b 
t= Se exp(Ar) + C exp(—Ax) — — 
2. y®) = ae yma" 


Integrating yields a fourth-order autonomous equation of the form 17.2.6.8 with n = 4: 
We ary 
Yeran = C exp \G : 


3. yy) = ae" +b, 
This is a special case of equation 17.2.6.17 with n = 2 and f(x) = ae** + b. 
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4. yy) + 5y2 y+ 10y” y= ae. 
Solution: y? = Cyx* + C3x3 + Cox? + Cie + Cp + 2ad~Fe*. 
5. yy?) + Su, Uren + LOU. Y ene = ae. 


This is a special case of equation 17.2.6.3 with f(y) = ae. 


6. y 9) = ae’ +b. 
This is a special case of equation 17.2.6.8 with n = 6 and f(y) = ae*¥ +b. 


7 yy + 6y, y + 15y"! y+ 10(y.)? = ae. 


This is a special case of equation 17.2.6.6 with f(x) = ae**. 


p> Equations of the form y{”) = f(x,y). 


8. y”) = ae’ + b. 
This is a special case of equation 17.2.6.8 with f(y) = ae*¥ + b. 
9. yo”) = aervthe 1 bp, 


This is a special case of equation 17.2.6.9 with m = 1. The substitution w = y + (3/A)x 


leads to an autonomous equation of the form 17.2.6.8: wh”) = aer” +b, 


10. y” = are, 


This is a special case of equation 17.2.6.11 with f(y) = ae’. 


11. y”™ = are, 
This is a special case of equation 17.2.6.26 with f(w) = aw andm=k-+n. 


12. y™ = Aery™. 


This is a special case of equation 17.2.2.23 with m = m, and mz = m3 =-:-= Mp = 0. 


13. yy2rtt) =ae** +b. 
This is a special case of equation 17.2.6.17 with f(x) = ae** + b. 


14. yi = aexp(Ay + Ga") +b, m=1, 2,...,n—-—1. 


The substitution w = y+(G/A)x™ leads to an autonomous equation of the form 17.2.6.8: 
ws” = ger 4, 


> Other equations. 
15. y™ — ae y’ + be®®, 


b 35 
Integrating yields an (n — 1)st-order equation: y{”—~) = ll + rad en a oS 
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16. y” = ayy” _ a(y”. ea + be**, 


LLLL 


1°. This is a special case of equation 17.2.6.54 with f(a) = be*”. Integrating the equation 


two times, we obtain an (n — 2)nd-order equation: yr?) = ayy”, — aly)? + Cha + 
Co + b\~26e%*, 
2°. Particular solutions: 
CA” —b 
y = Cexp(Ax) + ace (n is any number), 


\r-4 
exp(Az) + Cexp(—Az) — 


b 
y= ae (n is an odd number). 
17. y” =a"y + be” (y’, — ay)*. 

This is a special case of equation 17.2.6.38 with f(x, w) 
18. y” = be” (xy’, —y)*. 


This is a special case of equation 17.2.6.39 with f(x, w) = be**w*. 


= be**w 


19. (2n — Lyy?rt) + (2n+ 1)y,yer = = ae, 
This is a special case of equation 17.2.6.62 with f(a) = ae>*. 
20. yo) = = acy! yr 1) 


This is a special case of equation 17.2.6.57 with f(y) = ae”. 


21, y” = (ae™y! + be) y(r—D, 
This is a special case of equation 17.2.6.58 with f(y) = ae*¥ and g(x) = be®*. 
22. y) = = acy! os (n— dee 

This is a special case of equation 17.2.6.73 with f(y) = ae*Y and g(w) = w™. 


23, yf) = AeMy™ (yh )™ «2. (yr D)™. 


The substitution w(x) = ye®*, where 8 = ee leads to an au- 
my +mg+s++ +My —-1 
tonomous equation of the form 17.2.6.77. 


24, yf?) = Aca (yn) (yen) «+ (Yr?) 


The transformation z = x7e°, w = xy',, where 0 =n +m 1— m2 —2m3—3m4 
(n — 1)mp, leads to an (n — 1)st-order equation. 


17.2.3 Equations Containing Hyperbolic Functions 
> Equations with hyperbolic sine. 
1 y®) = ayy”, — a(y”,)? + bsinh(Ax). 


LLLLX 
1°. This is a special case of equation 17.2.6.1 with f(x) = pein Ae) Integrating the 
equation two times, we obtain a third-order equation: y!””. = ayy", — a(y),)? + Cia + 
Cy + bA~? sinh(Az). 

b 


2°. Particular solution: y = [aC sinh(Ax) + A cosh(Azx)] + C. 
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2. yy) + By y+ 10y” yy”, = asinh(Ax). 


LLLL LLL 


Solution: y? = Cyx* + C3x3 + Cox? + Cia + Cy + 2ar-* cosh(Az). 


3. yy) 4 By yl” + 10y” yy”, = asinh™ (Ax) + b. 


LLLL LLL 


This is a special case of equation 17.2.6.2 with f(x) = asinh” (Az) + b. 


4. yy) + BY, Yer + LOY, Y yen = asinh™ (Ay) + b. 
This is a special case of equation 17.2.6.3 with f(y) = asinh™ (Ay) + b. 


== yy) - by! y) +15y7 yl” 4+10(y”)? = asinh™ (Ax). 


ave Vaeoen LLL 
This is a special case of equation 17.2.6.6 with f(x) = asinh”™ (Az). 
6. yo”) = asinh™ (Ay) + b. 
This is a special case of equation 17.2.6.8 with f(y) = asinh™ (Ay) + b. 


7: y”) = ax" sinh™ (Ay). 


This is a special case of equation 17.2.6.11 with f(y) = asinh” (Ay). 


8. yy2?t)) = asinh™ (Ax) +b. 
This is a special case of equation 17.2.6.17 with f(a) = asinh™ (Ax) + b. 


9. y™ = ayy”, — aly”)? + bsinh(Az). 


LLLLX 
1°. This is a special case of equation 17.2.6.54 with f(x) = bsinh(Azx). Integrating the 


equation two times, we obtain an (n — 2)nd-order equation: yur?) = ayy! — aly',)? + 


Cya+Co+ bx sinh(Ax). 
2°. Particular solutions: 


CA" —b 
aC 4 


aC sinh(Ax) + \"~4 cosh(Ar)] + C if n is an odd number. 


y = Csinh(\x) + if m is an even number, 


Y= \on—=4 — @2G2n4 
10. (2n — Lyy?r*) + (2n+ 1)y,y?” = asinh™ (Az) + b. 
This is a special case of equation 17.2.6.62 with f(x) = asinh’ (Ax) + b. 
11. y” = asinh*(Ay)y, yy". 

This is a special case of equation 17.2.6.57 with f(y) = asinh* (Ay). 


12. yy” — y yr) = asinh(Ax)y?. 


This is a special case of equation 17.2.6.64 with f(x) = asinh(Azx). Integrating yields an 
(n — 1)st-order linear equation: y{”~)) = IS cosh(Ax) + c| y. 


x 
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> Equations with hyperbolic cosine. 
13. y) = AYY on — a(y”)? + beosh(Azx). 


LLLL 
1°. This is a special case of equation 17.2.6.1 with f(x) = bcosh(Ax). Integrating the 
equation twice yields the third-order equation 


Yow = YY en — aly’)? + Cra + C2 + bA~? cosh(Az). 


2°. Particular solution: y = [aC cosh(Ax) + Asinh(Ax)] + C. 


b 
M02 — a2C?) 
14. yy + BY, Yiree + lOc Y ree = @cosh(Az). 
Solution: y? = Cyr* + C323 + Cox? + Cia + Co + 2ad- sinh(Az). 
15. yy) + By, yl + 10y” yy”, = acosh™ (Ax) + b. 
This is a special case of equation 17.2.6.2 with f(x) = acosh™ (Az) + b. 
16. yy) + 5y ye in + 10y” yi, = acosh™ (Ay) + b. 
This is a special case of equation 17.2.6.3 with f(y) = acosh™ (Ay) + b. 
17. yy + 6y,y) 4 15y”% yl” + 10(y”.)? = acosh™ (Ax). 
This is a special case of equation 17.2.6.6 with f(a) = acosh™ (Az). 
18. ys) = acosh™ (Ay) + b. 
This is a special case of equation 17.2.6.8 with f(y) = acosh™ (Ay) + b. 
19. y” = ax" cosh™ (Ay). 
This is a special case of equation 17.2.6.11 with f(y) = acosh™ (Ay). 
20. yy er) = acosh™ (Ax) + b. 
This is a special case of equation 17.2.6.17 with f(x) = acosh’™ (Az) + 6. 
2. y™ = ayy” — aly”)? + beosh(Az). 


LLLLX 
1°. This is a special case of equation 17.2.6.54 with f(x) = bcosh(Ax). Integrating the 
equation twice yields the (n — 2)nd-order equation 


ye?) = ayy! — alyl,)? + Cia + Cp + dA? cosh(Az). 
2°. Particular solutions: 


Cr” — b 
Y= C cosh(Ax) + “aon 


aC cosh(Ax) + A"~* sinh(Ax)| + Cif n is an odd number. 


if m is an even number, 


Y= \on-4 — g2O2\4 
22, (2n — Lyy?r*) + (2n+ 1)y,,y?r = acosh™ (Ax) + b. 
This is a special case of equation 17.2.6.62 with f(x) = acosh’™ (Az) + b. 
23. y™) = acosh*(Ay)y/,y"—. 
This is a special case of equation 17.2.6.57 with f(y) = acosh*(Ay). 

-1 2 

24. yy — yy) = acosh(Ax)y?. 
This is a special case of equation 17.2.6.64 with f(x) = acosh(Az). Integrating yields an 
(n — 1)st-order linear equation: y{”~)) = IS sinh(Ax) + c| y. 


x 
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> Equations with hyperbolic tangent. 
25. y®) = ayy”, — a(y”,)? + btanh(Ax) +c. 


LLLL 


This is a special case of equation 17.2.6.1 with f(a) = btanh(Az) + ¢. 
26. yy) + By, yl” + 10y” yy!” = atanh” (Ax) + b. 

This is a special case of equation 17.2.6.2 with f(a) = atanh” (Az) + 0. 
27. yy) + By yl" + 10y” yi”. = atanh™ (Ay) + b. 

This is a special case of equation 17.2.6.3 with f(y) = atanh’ (Ay) + b. 


28. yy) + 6y,y® 4 1By! yl” + :10(y”,)? = atanh™ (Ax). 


Le Vourex LLL 


This is a special case of equation 17.2.6.6 with f(a) = atanh” (Az). 

29. y™ = atanh™ (Ay) + b. 

This is a special case of equation 17.2.6.8 with f(y) = atanh” (Ay) + b. 

30. y”) = ax” tanh” (Ay). 

This is a special case of equation 17.2.6.11 with f(y) = atanh™ (Ay). 

31. yy ert) = atanh™ (Ax) + b. 

This is a special case of equation 17.2.6.17 with f(x) = atanh™ (Az) + b. 

32. yer) =y+a(y’, — ytanh x)*, 

This is a special case of equation 17.2.6.47 with f(x, u) = au® and y(x) = cosh. 
33. yOrt+) — ytanha + a(y!, — ytanha)’. 

This is a special case of equation 17.2.6.47 with f(a, u) = au* and y(x) = cosh a. 
34. (2n — 1)yy2"t) 4 (2n + 1)y,y2”™ = atanh”™ (Ax) + b. 

This is a special case of equation 17.2.6.62 with f(x) = atanh” (Ax) + b. 

35. y(™) = atanh®(Ay)y, yy". 

This is a special case of equation 17.2.6.57 with f(y) = atanh*(Ay). 

36. yy — yl y@-) = atanh(Ax)y?. 

This is a special case of equation 17.2.6.64 with f(x) = atanh(Az). 


> Equations with hyperbolic cotangent. 


37. y®) = ayy”, — aly”)? + beoth(Aw) +c. 


LLLL 


This is a special case of equation 17.2.6.1 with f(x) = bcoth(Azr) + ¢. 
38. yy) + By yl” 4+ 10y” yy!” = acoth™ (Ax) + b. 


LLLL LLL 


This is a special case of equation 17.2.6.2 with f(x) = acoth™ (Az) + b. 


39. yy) + By yl” 4+ 10y” yy!” = acoth™ (Ay) 4+ b. 
This is a special case of equation 17.2.6.3 with f(y) = acoth” (Ay) + b. 
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40. yy) + byl y® + 15y” yl" +:10(y".)? = acoth™ (Az). 

This is a special case of equation 17.2.6.6 with f(x) = acoth™ (Az). 

4. y™ = acoth™(Ay) + b. 

This is a special case of equation 17.2.6.8 with f(y) = acoth” (Ay) + b. 

42. y”™ = ax" coth™ (Ay). 

This is a special case of equation 17.2.6.11 with f(y) = acoth™ (Ay). 

43. yy arth) = acoth™ (Ax) + b. 

This is a special case of equation 17.2.6.17 with f(x) = acoth™ (Az) + b. 

44, yer) =yta(y’, — ycothz)*. 

This is a special case of equation 17.2.6.47 with f(a, u) = au* and y(x) = sinh. 
45. yontt) = ycothz + a(y’, — ycoth x)*, 

This is a special case of equation 17.2.6.47 with f(a, u) = au* and v(x) = sinh. 
46. (2n — Lyy?rt) + (2n+ 1)y,y?r = acoth™ (Ax) + b. 

This is a special case of equation 17.2.6.62 with f(x) = acoth™ (Az) + b. 

47. y”) = acoth’ (Ay)y, yD, 

This is a special case of equation 17.2.6.57 with f(y) = acoth*(Ay). 

48. yy — y’y@-) = acoth(Ax)y?. 

This is a special case of equation 17.2.6.64 with f(x) = acoth(Az). 


17.2.4 Equations Containing Logarithmic Functions 

> Equations of the form y(”) = f(x,y). 

1. y”) =aln™ (by) +c. 

This is a special case of equation 17.2.6.8 with f(y) = aln™ (by) +. 
2. yy2rt)) = aln"™ (bz). 

This is a special case of equation 17.2.6.17 with f(x) = aln™ (bz). 

3. y”) = y(ax+ miny+b). 

This is a special case of equation 17.2.6.25 with f(w) = Inw + b. 

4. yo) =a "(ay+tmlinag+ bd). 
This is a special case of equation 17.2.6.26 with f(w) = Inw + b. 

os y”) = ax" |In"™ (by). 

This is a special case of equation 17.2.6.11 with f(y) = aln™ (by). 


6. yo” =ax-"""[Iny + (1 — n) Ing]. 
This is a special case of equation 17.2.6.13 with f(w) = alnw. 
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ve y”) =ax-"-*(Iny+klnz). 

This is a special case of equation 17.2.6.15 with f(w) = alnw. 
8. y =ayx "(mIny+klnz). 

This is a special case of equation 17.2.6.16 with f(w) = alnw. 


_ 2n41 
9. yen) =ar 2 [2iIny+(1—2n)lnzj. 
This is a special case of equation 17.2.6.14 with f(w) = 2alnw. 
41 


10. y6™ = (ax? + ae [2lny + (1 — n) In(aa? + c)]. 

This is a special case of equation 17.2.6.22 with b = 0 and f(w) = 2Inw. 
11. y™ = be (Iny — az). 

This is a special case of equation 17.2.6.24 with f(w) = blnw. 


> Other equations. 

12. y” = ay, ny + blnz. 

This is a special case of equation 17.2.6.34 with f(y) = alny and g(x) = blnz. 
13. y” =a"y+blna(y,, — ay)*. 

This is a special case of equation 17.2.6.38 with f(x, w) = bw* Ina. 

14. y”™ =alnz (ay’, — y)*. 

This is a special case of equation 17.2.6.39 with f(x, w) = aw* Inz. 

15. y™ =alnz (ay’, — 2y)*. 

This is a special case of equation 17.2.6.40 with m = 2 and f(z, w) = aw* Inz. 


16. y™ = ayy”, — aly”)? +blnazt+e. 


LLLL 


This is a special case of equation 17.2.6.54 with f(x) = blnxa+c. 

17. ay ”) + ny) =alnx+alny. 

This is a special case of equation 17.2.6.59 with f(w) = alnw. 

18. a2 y() + 2nay"—?) + n(n — 1)y"-?) = 2alnz+alny. 
This is a special case of equation 17.2.6.61 with f(w) = alnw. 

19. yy” — y yr) = ay’ Ina. 

This is a special case of equation 17.2.6.64 with f(w) = alnz. 

20. (2n — 1)yy2@"*) 4 (2n + 1)yly2” = aln™ (br) +c. 
This is a special case of equation 17.2.6.62 with f(x) = aln” (br) +. 
21. yf = aln*(by) yy. 

This is a special case of equation 17.2.6.57 with f(y) = aln* (by). 

22. y” = ayy’, In yr, 

This is a special case of equation 17.2.6.73 with f(y) = ay™ and g(w) = Inw. 
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17.2.5 Equations Containing Trigonometric Functions 


> Equations with sine. 


we 


1. y) = ayy”, — a(yn,)? + bsin(Az). 
1°. This is a special case of equation 17.2.6.1 with f(z) = bsin(Ax). Integrating the 
equation twice, we obtain a third-order equation: 


Wr 


Vera = AYY nn _ a(y!,)? =F Cx = C2 — OS Na sin(Ax). 


b 


2°. Particular solution: Y= ~ 4 (a2O? + 02) 
a 


[aC sin(Ar) + Acos(Ax)] + C. 


2 yy?) + Sy, u en + LOY, Yi, = asin(Aa). 
Solution: y? = Cyar* + C3x3 + Cox? + Cyx + Co — 2aA—* cos(Az). 


3. yy) + By yl! + 10y” yy”, = asin™ (Ax) + b. 
This is a special case of equation 17.2.6.2 with f(x) = asin™ (Az) + b. 


4. wut? + 5Y,Uewee + 10Y Keen = asin™ (Ay) + b. 
This is a special case of equation 17.2.6.3 with f(y) = asin™ (Ay) + 0. 


a yy = by! y) +15y" yl” 4+10(y”)? = asin™ (Ax). 


ee Vaoon LLL 
This is a special case of equation 17.2.6.6 with f(x) = asin" (Az). 
6. y’™ = asin™(Ay) +b. 
This is a special case of equation 17.2.6.8 with f(y) = asin” (Ay) + 0. 


7. yo” =ax_"sin™ (Ay). 
This is a special case of equation 17.2.6.11 with f(y) = asin™ (Ay). 


8 yy2rt) — asin™ (Ax) + b. 
This is a special case of equation 17.2.6.17 with f(x) = asin™ (Az) + b. 


9 y™ = ayy”. — a(y”,)? + bsin(Az). 


LLLL 
1°. This is a special case of equation 17.2.6.54 with f(a) = bsin(Azx). Integrating the 
equation two times, we obtain an (n — 2)nd-order equation: yr?) = ayy", — alyl,)? + 


Cyr + Cy — bA~* sin(Az). 

2°. Particular solutions: 

(=12O" =p 
aC x4 

[aC sin(Ax) + (-1)"yn-4 cos(Az)|+C if nis odd. 


y =Csin(Ar) + if n is even, 


Y-— 27-44 2024 


10. (2n — 1)yy2"t) + (2n + 1)y, ye” = asin™ (Ax) +b. 
This is a special case of equation 17.2.6.62 with f(x) = asin™ (Az) + b. 
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11. y” =a sin®(Ay)y,, yr. 
This is a special case of equation 17.2.6.57 with f(y) = asin* (Ay). 


12. yy” — y yr) = asin(Ax)y?. 
This is a special case of equation 17.2.6.64 with f(x) = asin(Ax). Integrating yields an 


(n — 1)st-order linear equation: y{"~!) = lc — 5 cos(A) y. 


> Equations with cosine. 


13. y) = ayy”, — a(y”,)? + beos(Az). 


LLLL 


1°. This is a special case of equation 17.2.6.1 with f(x) = bcos(Az). Integrating the 
equation twice, we obtain a third-order equation: 
Yon = YYn, — alyl,)? + Cz + Co — bX? cos(Az). 


b 


Ce) [aC cos(Ar) — Asin(Ax)] + C. 


2°. Particular solution: y = 


14. yy) + by yen + 10y” yi, = acos(Ax). 


LLLLX LLL 
Solution: y? = Cyx* + C3x3 + Cox? + Cyx + Co + 2ad~5 sin(Az). 
15. yy) + By, yl" + 10y” yl” = acos™ (Ax) +b. 
This is a special case of equation 17.2.6.2 with f(x) = acos™ (Az) + b. 


16. yy) + By, yl" + 10y” yy”, = acos™ (Ay) + b. 
This is a special case of equation 17.2.6.3 with f(y) = acos’™(Ay) +b. 


17. yy + by! y) + 15y” we + 10(y” - — acos™ (Ax). 


va Yonnn LULL 
This is a special case of equation 17.2.6.6 with f(a) = acos™ (Az). 
18. y” = acos™ (Ay) + b. 
This is a special case of equation 17.2.6.8 with f(y) = acos™(Ay) +b. 


19. y) = ax" cos’ (Ay). 
This is a special case of equation 17.2.6.11 with f(y) = acos’™ (Ay). 


20. gyor) = acos’™ (Ax) + b. 


This is a special case of equation 17.2.6.17 with f(x) = acos™(Azx) + b. 
21. y™ = ayy”, — a(y”,)? + bcos(Az). 
1°. This is a special case of equation 17.2.6.54 with f(x) = bcos(Ax). Integrating the 


equation two times, we obtain an (n — 2)nd-order equation: ys?) = ayy", — a(yl,)? + 


Cx + C2 — bdA~? cos(Az). 
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2°. Particular solutions: 
(1)? OP 5 
aC 4 
n+1 
[aC cos(Ax) + (li 2 x" sin(Ax)|+C_ if nis odd. 


y = Ccos(Ax) + 


if n is even, 


Y= \an—4 4 g2C2\4 
22. (2n — 1)yy2@"*) 4 (2n + 1)y,y2” = acos™(Ax) + b. 

This is a special case of equation 17.2.6.62 with f(x) = acos™(Az) + b. 

23. y™ = acos*(Ay)y, yr), 

This is a special case of equation 17.2.6.57 with f(y) = acos* (Ay). 

24. yy” — y yor) = acos(An)y?. 

This is a special case of equation 17.2.6.64 with f(x) = acos(Ax). Integrating yields an 
(n — 1)st-order linear equation: y{”~)) = IS sin(Ax) + c| y. 


> Equations with tangent. 


25. y) = ayy”, — a(y”,)? + btan(Az) + c. 


LLLL 


This is a special case of equation 17.2.6.1 with f(x) = btan(Az) +c. 


26. yy) + Byl yl” + 10y” yy” = atan™(Ax) + 5. 

This is a special case of equation 17.2.6.2 with f(x) = atan™ (Az) + b. 
27. yy) + By, yl” + 10y” yy”, = atan™ (Ay) +b. 

This is a special case of equation 17.2.6.3 with f(y) = atan’™ (Ay) + 6. 
28. yy) + byl y®) + 15y"! yl" + :10(y”.)? = atan™ (Az). 


This is a special case of equation 17.2.6.6 with f(z) = atan™ (Az). 

29. y™ = atan™(Ay) +b. 

This is a special case of equation 17.2.6.8 with f(y) = atan™ (Ay) + 0. 

30. y” =ax "tan" (Ay). 

This is a special case of equation 17.2.6.11 with f(y) = atan™ (Ay). 

31. yy2@"t) = atan™(Az) +b. 

This is a special case of equation 17.2.6.17 with f(x) = atan”™ (Ax) + 0. 

32. yO) = (-1)"y + a(y!, + ytanz)*. 

This is a special case of equation 17.2.6.47 with f(a, u) = au* and y(x) = cos x. 
33. y@r+) — (-1)"+1ytanez + a(y’, + ytanz)*. 

This is a special case of equation 17.2.6.47 with f(a, u) = au* and y(x) = cos 2. 
34. (2n — Lyy?rt) + (2n+ 1)y,,y?r = atan™ (Ax) + b. 

This is a special case of equation 17.2.6.62 with f(x) = atan”™ (Ax) + b. 
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35. y™ = atan*(Ay)y,y. 

This is a special case of equation 17.2.6.57 with f(y) = atan* (Ay). 
36. yy — yy") = atan(Arx)y?. 

This is a special case of equation 17.2.6.64 with f(x) = atan(Az). 


> Equations with cotangent. 


37. y) = ayy", — a(yy,)? + beot (Ax) + ¢. 


LLLL 


This is a special case of equation 17.2.6.1 with f(x) = bcot(Az) +. 


38. yy) + By yl” + 10y” yy” = acot™ (Ax) + b. 

This is a special case of equation 17.2.6.2 with f(a) = acot™(Az) + b. 
39. yy) + By yl” 4+ 10y” yy!” = acot™ (Ay) +b. 

This is a special case of equation 17.2.6.3 with f(y) = acot™(Ay) 4+ b. 
40. yy’? + 6yy + 15y2,Yeree + 10(y%e2)” = acot™ (Ax). 
This is a special case of equation 17.2.6.6 with f(a) = acot™ (Az). 

41. y” = acot™ (Ay) + b. 

This is a special case of equation 17.2.6.8 with f(y) = acot™(Ay) + b. 
42. y” = ax" cot” (Ay). 

This is a special case of equation 17.2.6.11 with f(y) = acot™ (Ay). 

43. yy ort) = acot’’ (Ax) + b. 

This is a special case of equation 17.2.6.17 with f(x) = acot™ (Az) + b. 
44, y?”) — (-1)"y + a(y!, — ycot x)*. 

This is a special case of equation 17.2.6.47 with f(x, u) = au* and v(x) = sinz. 
45. yorty = (-1)"ycot x + a(y!, — ycot x)*. 

This is a special case of equation 17.2.6.47 with f(a, u) = au* and y(x) = sine. 
46. (2n — 1yy?rt) + (2n+ 1)y,,y2” = acot™ (Ax) + 6. 
This is a special case of equation 17.2.6.62 with f(x) = acot™ (Az) + b. 
47. y™ = acot*(Ay)y, ye. 

This is a special case of equation 17.2.6.57 with f(y) = acot* (Ay). 

48. yy) — yy") = acot(rAa)y?. 

This is a special case of equation 17.2.6.64 with f(x) = acot(Az). 
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17.2.6 Equations Containing Arbitrary Functions 


> Fifth- and sixth-order equations. 


Loy) = ayy, — aye)? + f(x). 


Integrating the equation two times, we obtain a third-order equation: 
x 


yn, = ayy, aly’)? ee (~—t) f(t) dt, where xo is an arbitrary number. 
xo 


Saindar 
x 


1 
y? = Cgx* + Cyan? + Coz? + Cin + Co + a/ (a — t)*f (t) dt, 
x0 
where %o is an i number. 


The substitution w = y? leads to an autonomous equation of the form 17.2.6.8: 


») — of (tw). 
4. yy? Te AY, Ynvve 2 (3a r= 5)UveV roe = — f(z). 


Integrating the equation three times, we obtain a second-order equation: 


ait, + 2S Wh? = Cnn? + Cn +O + 5 i: (x — t)?f(t) at, 


TO 


where 2g is an arbitrary number. 
5. (a+ y)yS? + by Y ieee + CUre¥ere = F(#). 


Integrating yields a fourth-order equation: 


1 
(Oy ee OC Da g(l-b +e) Cae = f Fo) )dz +C. 


6. yy + by, y® + 15 yu, + 10(Y yn)” = f(a). 
Solution: y? = =C;2° + Cuz + C32° + Cox? +Cix+Cot+ a [ (x = t)° f(t) dt. 


7. y) = (ax? + bx + c)~/* f (y(ax? + bx + c)~*/?), 
This is a special case of equation 17.2.6.22 with n = 6. 


> Equations of the form y(”) = f(x,y). 
8. yl” = f(y). 
Autonomous equation. This is a special case of equation 17.2.6.77. 


1°. The substitution w(y) = y/, leads to an (n — 1)st-order equation. 


2°. For even n = 2m, the first integral of the equation is: 


m-1 
S-(-Fyy 2 4 2(-1)™ [yo]? + [rw dy = 
k=1 


Furthermore, the order of the obtained equation can be reduced by one by the substitution 
wy) = vr 
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9. y™ = f(y+az™), m=0,1,...,n—-—1. 

The substitution w = y+ ax” leads to an autonomous equation of the form 17.2.6.8: 
wh) = f (w). 

10. yi”) — f(y ane” og ae et ao). 

The substitution w = y + anx" + ay_12"~! +--+ + ag leads to an autonomous equation 
of the form 17.2.6.8: w”) = ayn! + f(w). 

I. yy) = 2°" f(y). 

The substitution ¢ = In|z| leads to an autonomous equation of the form 17.2.6.77. 

12, y™ =a)" f(y/a). 


Homogeneous equation. This is a special case of equation 17.2.6.83. The transformation 
t =Inz, w = y/zx leads to an autonomous equation of the form 17.2.6.77. 


13. y™ =a "1 f(ai-"y). 
The transformation x = t-', y = t'-"w leads to an autonomous equation of the form 
17.2.6.8: w\” = (-1)"f(w). 


2n+1 1-—2n 
14. yr) = 2 t(w 2 y). 


2n—-1 
The transformation x = e', y= x 2 w(t) leads to an autonomous equation of the form 
17.2.6.68, whose order can be reduced by two. 


15. yi” =a" f(ya*), 
This is a special case of equation 17.2.6.86. 


1°. The transformation t = Inz, z = yx" leads to an autonomous equation of the form 
W207 7: 


2°. The transformation z = yx", w = xy/,/y leads to an (n — 1)st-order equation. 
16. yf) = ya" f(a*y™). 


This is a special case of equation 17.2.6.89. The transformation t = x*y™, w = ry'./y 
leads to an (n — 1)st-order equation. 


17. yy2@"+) = f(x). 


Integrating yields a 2nth-order equation: 


25> (-1y Py y2r-™ +. (- 1)" [yl]? = 2 f Fe) dx + C, 
m=0 
where the notation yo = y is used. 


18. y(” = f(x,y). 
The transformation « = z~-, 
wl = (—1)"z n LFiZ My gl 


1 


y = z'-"w(z) leads to an equation of the same form: 
n 


w). 
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(n) _ 1-—n (4-3) 
19, yh (ax+by+c) "f ee eS 


1°. For af — ba = 0, the substitution bw = ax + by +c leads to an autonomous equation 
of the form 17.2.6.8. 


2°. For a — ba # 0, the transformation 
&=X—~%XO, W=Y— Yo, 


where xo and yo are the constants which are determined by solving the linear algebraic 
system 


axo + byp +c = 0, 
axo + Byo + y = 0, 


leads to a homogeneous equation of the form 17.2.6.12: 


wo) =2'"F(=), where F(£) = (a+ 06)" f(S2E). 


(m) — tan gp ( a2e + bay + ce 
20. ys’ = (aya + bry + cr) p(getee te : 


at by C1 
Suppose the following condition holds: jaz bz ca] =0. 
az b3 ¢3 


For agb3 — a3b2 ¥ 0, the transformation 
&=kL—~%, W=Y— Yo 


where 2 and yo are the constants determined by the linear algebraic system 


agto + beyo + co = 0, 


a3t9 + b3yo + c3 = 0, 


leads to a homogeneous equation of the form 17.2.6.12: 


(n) _ ,1-n w _ l=n ¢({ 227 b2€ 
ws 2 F(=), where F'(£) = (a; + b1€) il Gera: ra a 
21. (ax + b)"(ca + d)y™ = (a=): 
# (ca + d)™—1 
; ax +b y : 
The transformation € = In| , Ww = ———— leads to an autonomous equation 
cx +d (ca + d)r—! 
of the form 17.2.6.77. 
= 1+n 1l-n 
22. y” =(ax?+br+c) 2 t(y(aa? +bxa+c) 2 ). 
1°. The transformation 
daz 2 = 
= = 1 
i= w = y(ax* + br +c) (1) 


leads to an autonomous equation with respect to w = w(t), which admits reduction of order 
by the substitution z(w) = wi}. 
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2°. Let n = 2m be an even integer (m = 1, 2, 3, ...). In this case, transformation (1) 
yields an equation of the form 17.2.6.68, whose order can be reduced by two. 


2m—1 
Setting P= az? +br+c, y= wP “3 and multiplying both sides of the original 


142m 1-2 
equation by wi, = P 2 (Pu, + ll 


Puy) , we obtain 


1-2 
(Pu, + Ply) yl = Fwywy, 


Integrating both sides of this equality with respect to x (the left-hand side is integrated by 
parts), we have 


m—2 
So (HI) y@m-2-9 4 (ay) / plr—D yl) dep = / flw)dw+C, 
k=0 

where 


dk 1—2m 1 
(k) _ / 1, \ — Da (k+L _ +) py, (k) _ (k-1) 
Vs ant (Pu, 5 Pry) Py + (« m+ =) Pus +ak(k —2m)ys 


(remember that n = 2m). It can be shown that the integrand on the left-hand side of (2) is 
a total differential. Finally, we arrive at the first integral 


m—2 


So (=1)* [Py + (e—m+4) Ply) + ak(e—2m)yl®-Y] y2m-1-9 
k=0 


~ (yf 2 P [yO]? — 2 Ply Dy) 4 a —m?)y ry 4 Lam? [ylr-Y] ; 


= | #0) Preto: 


itn ien 
23. y” = yi" f (y(ax? +bx+c) 2 )- 


ntl 
1°. Setting f(u) = u7—! fi (u), we have equation 17.2.6.22 with the function f; (instead 


of f). 


2°. The transformation x = z~!, y = 27 


iim ion 
w = (-1)"w Tn f(w(e2? +bz+a) 2 i 


"w(z) leads to an equation of similar form: 


24. y” =e" Fiye **), 

The substitution w(x) = ye~ leads to an autonomous equation of the form 17.2.6.77. 
25. yS”) = yf(e*y™). 

The transformation z = e®y™, w(z) = y',/y leads to an (n — 1)st-order equation. 

26. y”) = “ttre ), 

The transformation z = xe, w(z) = xy/, leads to an (n — 1)st-order equation. 

27. y”™ = f(y + ae*”) — adr”e™. 


The substitution w(x) = y + ae*” leads to an autonomous equation of the form 17.2.6.8: 


wh =f), 
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28. yer) = f(y + acosh x) — acoshz. 

The substitution w(x) =y+acosh x leads to an autonomous equation of the form 17.2.6.8: 
we”) = f(w). 

29. yer) = f(y + asinh x) — asinhz. 

The substitution w(x) =y+asinh x leads to an autonomous equation of the form 17.2.6.8: 
wer) = f(w). 

30. yonrtt) = f(y + acosh x) — asinhz. 

The substitution w(x) =y+acosh x leads to an autonomous equation of the form 17.2.6.8: 
wertD = f(w). 

31. yor") = f(y + asinh x) — acoshz. 

The substitution w(x) =y+asinh x leads to an autonomous equation of the form 17.2.6.8: 
wet) = Fw), 

32. y”) = f(y +acosz) — acos (a + smn). 

The substitution w(x) =y+acos leads to an autonomous equation of the form 17.2.6.8: 
wh”) = f(w). 

33. y”) = f(y+asinz) — asin (x + STN). 

oe w(x) =y+asin x leads to an autonomous equation of the form 17.2.6.8: 
wr’ = f(w). 


> Equations of the form y{”) = f(x,y, y',). 


34.” = f(y)y’, + g(a). 
Integrating yields an (n — 1)st-order equation: y{”~) = [rw dy + [oo dx+C. 


35. yl = f(x, 44). 
The substitution w(a) = y/, leads to an (n — 1)st-order equation: wh) = Fw). 
36. y™ = f(y, y',). 


Autonomous equation. This is a special case of equation 17.2.6.77. 
The substitution w(y) = y/, leads to an (n — 1)st-order equation. 


37. yf) = ya" f (xyt,/y)- 
The transformation z = ry/,/y, w = «y",/y leads to an (n — 2)nd-order equation. 
38. y” =a"yt+ f(x, y', — ay). 
The substitution w = y/, — ay leads to an (n — 1)st-order equation: 

we) + awh?) +...4+a"— lw = f(a,w). 
39. yl? = f(x, ay, — 9). 

q”-2 w! 

The substitution w = xy/, — y leads to an (n — 1)st-order equation: 3 (—) = 


f(z, w). i 
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40. y” = F(z, ry’, = my). 

Here, m is a positive integer and n > m + 1. The substitution w = xy’, — my leads to an 
(n — 1)st-order equation: ¢{"-""") = f(x,w), where ¢ = wh” /x. 

41. ay”) = f(x, ry, + ay) — (a)ny- 


Here, (a), = a(a+1)...(a+n-—1) is the Pochhammer symbol. The substitution w = 
xy’, + ay leads to an (n — 1)st-order equation. 


m m 
42. y” =f (2, Pmy,—P!y), Pm= S- a,c", Pi = S° azkx*®—t, n>m. 


The substitution w = Py’, — P, 


n¥ leads to an (n — 1)st-order equation. 


43. yr) =y+ f(x,y! cosha — ysinh x). 

The substitution w = y/, cosh x — y sinh x leads to a (2n — 1)st-order equation. 
44, yO) = y+ f(x,y’, sinh x — ycosh x). 

The substitution w = y/, sinh x — ycosh leads to a (2n — 1)st-order equation. 
45. yo") = (-1)"y+ f(a, y,, sinz — ycos 2). 

The substitution w = y/,sinx — ycos x leads to a (2n — 1)st-order equation. 
46. yO") = (-1)"y + f(x,y), cosa + ysinz). 


The substitution w = y/,cosx + ysin x leads to a (2n — 1)st-order equation. 


(n) , 
a1. ys = Sy + f(x,y) = fy), e = (a). 
/ 
The substitution w = y/, — Poy leads to an (n — 1)st-order equation. 
~ 


> Equations of the form y(”) = f(x,y, y’,, y”,)- 


48. y) = f(a, ay! — y, un.) 
This is a special case of equation 17.2.6.78. The substitution w(x) = xy/, — y leads to an 
(n — 1)st-order equation. 


49, y™ = f(a,x?y//, — 2xy!, + 2y). 
This is a special case of equation 17.2.6.81. The substitution w(x) = xy", — 2ry/, + 2y 
leads to an (n — 2)nd-order equation. 


50. y2@) = ay + f(x,y”, — ay). 
The substitution w = y',, — ay leads to a (2n — 2)nd-order equation: 
wer?) + aw?n—4) ewes grt _ f(z,w). 


Sl. oul”) = uf (uve — Ye) 
This is a special case of equation 17.2.6.52. 
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52. yO = 9" f(y, — ue) + u9 (Yue — Ue). 
1°. Particular solution: 

y = Cy exp(C3x) + Co exp(—C32), 
where the constants C’,, C2, and C’3 are related by the constraint 

C2” = C2 FAC C50.) = 940 iCC) =o 
2°. Particular solution: 
y = C, cos(C3x) + C2 sin(C3z), 
where the constants C,, C2, and C’3 are related by the constraint 
ne? He EGG 51 <0. 

53, y™ = vet (Se, ie ye). 
Particular solution: y = Cy exp(C2x) + C3, where C; is an arbitrary constant and the 
constants Cy and C2 are related by the constraint of = f (C2, —C2C3). 


> Equations of the form f (x, y)y™-+g9(2,y, yi, yr) = Cag) eee ye), 


54. = ayy, — Ufa)” + f(x). 
Integrating the equation two times, we obtain an (n — 2)nd-order equation: 
x 


yo) = ayy",,—aly,,)?+C1¢+Co4 i (x—t) f(t) dt, where xo is an arbitrary number. 


x0 
55. y?™) = a?y + f(a, y™ + ay). 

The substitution w = ys + ay leads to an nth-order equation: wh =aw + f(z,w). 
56. yi”) = f(y”). 

Having set u(x) = yr?) we obtain a second-order equation u/,, = f (wu), whose solution 


has the form: 


c= / on +Co, where y(u)=+ [cr + 2 f Fw) du! 


Expressing u in terms of x and integrating the resulting relation n — 2 times, we find y. 
Solution in parametric form: 


i: du [ du [ dug . dun—3 a Un—2 dUn—2 
i— —F a5 y — ee * 
Co (uw) cs Pla) Joy P(u2) Jon P(Un—3) Jon P(Un—2) 
57. yf) = F(uuy. 

Integrating yields an (n — 1)st-order autonomous equation of the form 17.2.6.8: 


yr) = Fy), where P(y) = Cexp| f f(v) au}. 


58. yl” = [F(y)y’, + 9(2) yf. 
Integrating yields an (n — 1)st-order equation: y{"~!) = C exp / f(y) dy+ ; g(x) dx . 


1/2 
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59, cyl”) + ny") = f(ay). 

The substitution w(x) = xy leads to an autonomous equation of the form 17.2.6.8: 
wh”) = f(w). 

60. xy) + (at+n—1)y"-) = f(a, ry’, + ay). 

The substitution w = xy/, + ay leads to an (n — 1)st-order equation: wr) = f(z, w). 
61. y” + 2nay D4 n(n — 1)y- 2) — f(xy). 

The siibeuniton w(x) = x’y leads to an autonomous equation of the form 17.2.6.8: 
wh”) = f(w). 

62. (2n — 1)yyPrt) + (2n + I)yyO” = f(a). 

Having integrated the equation, we obtain 


n-1 
(2m — yyy”) +257 (1H ty Myr + (aye yo? = f #(e) de + 20. 
k=1 
The second integration leads to a (2n — 1)st-order equation: 
n-1 x 
S(2n — 1 — 2k)(—1)*y*)y2P-1-®) = 2Cye + Cy + / (x —t)f (dt. 
k=0 xO 
The third integration leads to a (2n — 2)nd-order equation: 


n—2 1 


Yi +1) Qn — &—1)(—1)y My PrP) + (1) tn? [ye 9]? 


1 Aa 


xO 


63. (2n — 1)yy?rt) + (2n + 1yy?” = f(y)ul, + 9(a). 
Integrating yields an (n — 1)st-order equation: 


n-l 

(2n—1)yyP”r +2 S°(—1)P ry yn) 4-1)" Ly =f Fe day [aK x) da+C. 
k=1 

64. yy’ — yl y@—D = F(a)y?. 


Integrating yields an (n — 1)st-order linear equation: y{”~)) =[f © f(x) dx + Cly. 


65. yy = yy) + F(a)yy—?. 


Integrating yields an (n — 1)st-order linear equation: y{"~!) = C'exp / F(a) da y. 


66. yy +(f-—Dy,y + foyy, toy? =0, f=f(x), g=9(@). 
This equation is solved by the functions that are solutions of the (n — 1)st-order linear 
equation yor + g(x)y = 0. 

67. [y+ feu = lv, + fa(@)lyg? + af (w)y, — af, (@)y. 

Integrating yields an (n — 1)st-order constant coefficient nonhomogeneous linear equation: 
yr) — Cy = (C —a)f (x). There is also the trivial solution y = 0. 
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>> amy?” = f(y). 


The first integral has the form: 


n m—-1 
S- om So (-1)’yylr™ + spr} + / f(y)dy=C 


m=1 v=1 
where C' is an arbitrary constant. Furthermore, the order of the obtained equation can be 
reduced by one by the substitution w(y) = y/,. 


> ame yl”) = f(y). 


The cma t = In|a| leads to an autonomous equation of the form 17.2.6.77. 


70. y S ayer = f(@). 


nieeeating yields a 2nth-order equation: 


n m-1 
Y om{2 "vor + 1]? } =2 f seyae +e, 


m=0 v=0 


(0) 


where yz stands for y. 


>» “ my y© (2n+1—m) _ = f(x). 


The ae feel has the form: 


n-1 
255 Amy y2r—™ + An [yl yP=2 ft) )dz + C, 
m=0 
where a 
=V(- ay = Am — Gm—1 + Am-2—- "°° - 
k=0 


If the condition 


is satisfied, the obtained equation can be integrated two times more (in particular, see equa- 
tion 17.2.6.62). 


> Equations of the form y(”) = f(x,y, y/,,...,y(?—)). 
72. yi”) — f(y). 
Having set u(x) = yr), we obtain a first-order equation u/, = f(u). Further, find u 


d 
from the relation « = / Fis) + C. Then the (n — 1)-fold integration yields y. 
u 
Solution in parametric form: 
“ du es duy ud. dug [ dun—2 -_ Un—-1 dtun—1 
—, y= —— ——..... —$$—- — 
c, F(u) Co F(ur) Jos Flu2) — Jen_y Flumn—2) Jon (Un-1) 
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73. oy = f(y)y.g (uf). 
Integrating yields an (n — 1)st-order equation: 


dw / i 
—— =| f(y)dy+C, where w= yi?" 
; g(w) o 
Furthermore, the order of this equation can be reduced by one by the substitution z(y) = y 


74, y™ = [f(y)yl, + g(@)|h(y”). 
Integrating yields an (n — 1)st-order equation: 


fi [ tows faearre, een 


1S, BO SF (Bg gr). 


The substitution w(x) = yr?) leads to a second-order equation: w’,,, = f(x, w,w’,). 


/ 
fo 


> Equations of the general form F(x, y,y/,,...,y(™) =0. 


76. F(a, Us Ueno eas yi) = 0. 
The equation does not depend on y explicitly. Hence, the substitution w(x) = y/, leads to 
an (n — 1)st-order equation: 


F(a, 00 Weis eck wir-D) = 0. 


Te FG GF cay 195s y) ='0. 

Autonomous equation. It does not depend on x explicitly. The substitution w(y) =y/, leads 
to an (n — 1)st-order equation. The derivatives of the original equation and the transformed 
one are related by 


! m 2 (n-1) 


! 
Wee = WWy, Yarrx — W Wyy + w(w,,)?, ast yl) = w(yl ) : 


y 
78. Ela, xy’, -—Yy, oo eee ae y”) = 0. 
The substitution w(a) = xy/, — y leads to an (n — 1)st-order equation: 


F(a, w, ¢, ¢,...,¢2-) =0, where ¢= w/z. 
79. F(a, xy’, — 2y, yw FOES sc ees y”) = 0. 


Youn ’ Veuun? 


The substitution w = xy’, — 2y leads to an (n — 1)st-order equation: 
Fe, Ww, Gs ae FSS Sa: Eere?) = 0, where ¢ = oe) 
Ger), yore), a) yi) = 0, 


80. F(a, ry’, — my, Y> 
n>m+i1, m=1,...,n—-1. 
The substitution w = xy/, — my leads to an (n — 1)st-order equation: 
Faw. G Gao ))H0,. where ¢=w0l fo: 


81. F(a, xy” — Qay’? + 2y, yey ees y”) = 0. 
The substitution w(x) = x?y"”,, — 2xy/, + 2y leads to an (n — 2)nd-order equation: 
F(a, w, 6, ,..., @-?) =0, where €=27?wi,. 


? 3x 
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82. > (-1)*k! CF ge ce ®) = F(a, grr), Hae y™), 


k=0 
Here, C* il binomial coeffici 
ere, = ——— are binomial coefficients. 
m™ kl (m—k)! 
= (m—k) 

The substitution w(x) = >> (—1)¥k! CK 2™-*y; leads to an (n — m)th-order 
equation; the derivatives on the right-hand side are calculated in consecutive manner using 
the formula yt) = me 


¥y ” -1 
83. F(z, Dy wwny ee y)) = 0. 
Homogeneous equation. The transformation t = Inz, w = y/x leads to an autonomous 


equation of the form 17.2.6.77. 


ax + by+c 7 
(ee, Yes ..., (ax + by +c)” ty) = 0 
1°. For a6 — ba = 0, the substitution bw = ax + by +c leads to an autonomous equation 


of the form 17.2.6.77. 
2°. For a8 — ba # 0, the transformation 


84. 


Z=£-%, W=Y-Yo, 
where zg and yo are the constants determined by the linear algebraic system 
arty t+ byp+c=0, axry+Cbyt+y7=0, 
leads to a homogeneous equation of the form 17.2.6.83: 


at bw/z ! n-1,n—-1,,,(n)\ _ 
P( pape’ We (at bw/2) z W; ) =0. 


+ bry + 7 
85. r(seness, yi), ..+, (agx + bgy + cg)” ty) i 


ay by Ci 
Let the following condition hold: |a2 bg cg] = 
az 63 ¢3 


For a,b2 — ab; # 0, the transformation 
z=Z-%, wW=Y-Yo, 
where 2 and yo are the constants determined by the linear algebraic system 
ajr%o + byyo +c, =0, agrg + boyo + c2 = 0, 


leads to a homogeneous equation of the form 17.2.6.83: 


ajtbyw/z , Aen ie 
ee 4 wees (3 + ~ —(). 
f (= 7 ale’ W; , ( 3 bsw/z) z Ww, ) =0 


86. F(a*y, gk tty! mas ak try (7) = 0. 
Generalized homogeneous equation. The transformation t = Inz, w = x*y leads to an 
autonomous equation of the form 17.2.6.77. 
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, 2, n, (mn) 
TY © Yow Lv Ve 
87. F(a, SUE, .., ie 


y y 


Generalized homogeneous equation. The transformation z = xy/,/y, w = x7y",,/y leads 
to an (n — 2)nd-order equation. 


A Mw aw 
88. Fu, — ut, rok ye ee) )=0 


Ye Ye Ya 
Autonomous equation. Particular solution: y=C exp(C22)+C3, where C; is an arbitrary 
constant and the constants C2 and C3 are related by F(—C2C3, C2, C,... ico) = 0. 
89, F(2*y”. Ue Tee | ety” ) _ 
y y y 
Generalized homogeneous equation. The transformation t = a*y'™, z = xy!./y leads to 
an (2 — 1)st-order — 


ys? (n 
90. F(4 ye _ eo) =o, 
Yer 


A solution of this equation is any function that satisfies the (n — 1)st-order constant coef- 
ficient linear equation aia = Cy + Co, where the constants C, and C2 are related by 


the constraint F'(C,, —C2) = 0. 
(n) (n) 
91. F(4 a | ae) = 0, n>k. 
¥y 


A solution of this equation is any function that satisfies the (n — &)th-order linear equation 
yr-*) = Ciy + Cox*—1, where the constants C, and C2 are related by F(C,, —C2) = 0. 
92. F(a, yo” —Y, y™ — y) = 0. 

The substitution w = y/, — y reduces the order of the equation by one. 

93. F(y™ —y, yer) —y, yor) — yi) =i 


The substitution wu = yr ") 


F(a, ue) +u,ut ) =0. 
94. F(a, y” + ay, yor) — a?y, y2”) + ay”) = 0. 


The substitution w= ys tay leads to an nth-order equation F’ (x, U, ul) —au, us”) =0. 


/ ” 
95. F(e**y, CU ye Car ees er? y(”)) = 0. 
Equation invariant under “translation—dilatation” transformation. The substitution 
u = e“”y leads to an autonomous equation of the form 17.2.6.77. 
/ ut 
9. Fl ee y™, ee _ 
y y y 
Equation invariant under “translation—dilatation” transformation. The transformation 
z= e%*y™, w= y!,/y leads to an (n — 1)st-order equation. See also Section 5.2.4 (the 
first paragraph). 
/ 2, 
7. Flav e, ey Oo, ates ary”) = 0. 
Equation invariant under “dilatation-translation” transformation. The transformation 


z=a2™e%, w = xyl, leads to an (n — 1)st-order equation. See also Section 5.2.4 (the 
second paragraph). 


— y leads to an nth-order autonomous equation of the form 


Chapter 18 


Some Systems of Ordinary 
Differential Equations 


18.1 Linear Systems of Two Equations 


18.1.1 Systems of First-Order Equations 
1. x, = ax + by, y, = cx + dy. 


System of two constant-coefficient first-order linear homogeneous differential equations. 
Let us write out the characteristic equation 
M — (a+ d)A +ad— be =0 (1) 
and find its discriminant 
D = (a—d)* + 4be. (2) 
1°. Case ad — bc 4 0. The origin of coordinates x = y = 0 is the only one stationary point; 
it is 
anode if D = 0; 
anode if D>0 and ad— bc > 0; 
a saddle if D > 0 and ad-— bc < 0; 
afocus if D<0 and a+d40; 
acenterif D<0 and a+d=0. 
1.1. Suppose D > 0. The characteristic equation (1) has two distinct real roots, A4 
and A. The general solution of the original system of differential equations is expressed as 
x = C,be™! + Cyber", 
y = C1(A1 — a)e** + Co(A2 — ade’, 
where C’', and C2 are arbitrary constants. 
1.2. Suppose D < 0. The characteristic equation (1) has two complex conjugate roots, 


A1,2 = 0 +i. The general solution of the original system of differential equations is given 
by 


7 = be [Cy sin(Gt) + Cy cos(Bt)| ) 
y =e {[(o — a)C — BCa] sin(St) + [8C1 + (o — a)C3] cos(8t)}, 


where C’', and C2 are arbitrary constants. 
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1.3. Suppose D = 0 and a # d. The characteristic equation (1) has two equal real roots, 
A, = 22. The general solution of the original system of differential equations is 


x = 2b (<1 + om ++ cat) exp( 24), 
a—d 2 
d 
y=(d—aC, 46, 46 -OGH exp(“F"r) 


where C', and C2 are arbitrary constants. 
1.4. Suppose a = d # 0 and b = O. Solution: 
s=Cje", w= (eCit+ Cre. 
1.5. Suppose a = d ¥ 0 and c = 0. Solution: 
2=(Ctt je", g=—Cre™. 


2°. Case ad — bc = 0 and a? + b? > 0. The whole of the line az + by = 0 consists of 
singular points. The system in question may be rewritten in the form 


z,=art+by, y,=k(ax + by). 
2.1. Suppose a + bk # 0. Solution: 
w= 00, + Coe tht oy = —aCy + kC geet oh)? 


2.2. Suppose a + bk = 0. Solution: 
a= Cy(bkt —1)+bCot, = y = k?bCyt + (bk7t + 1)Co. 
2, a =ayrt+biytea, yy = ar + boy 4+ co. 


The general solution of this system is given by the sum of any one of its particular solutions 
and the general solution of the corresponding homogeneous system (see system 18.1.1.1). 


1°. Suppose a,b2 — agb; # 0. A particular solution: 
v= 2X0, Y= Vo; 


where the constants xr and yo are determined by solving the linear algebraic system of 
equations 
ato + biyo+c1 =0, agro + bayo + co = 0. 


2°. Suppose a1b2 — agb; = 0 and a? + b? > 0. Then the original system can be rewritten 
as 
a=ar+by+e, y= k(ax + by) +c. 


2.1. Ifo =a+ bk ¥ 0, the original system has a particular solution of the form 
x = bo (eyk — c2)t —o (acy + beg), y= ka + (cp — kt. 
2.2. Ifo =a+ bk = 0, the original system has a particular solution of the form 
t= $d(c2 —qk)P+eat, y=kxt+(ce— kt. 
3. w= f(t)et+g(t)y, wy=g(t)e+ f(t)y. 


Solution: 
a =e" (Cye? + Coe"), 39 y= ee” (Cie? — Coe~®), 
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where C’', and C2 are arbitrary constants, and 
F = fro) a. Ge [ow dt. 


4. c=f(t)e+g(t)y, y= get f(b)y. 
Solution: 
x=F(CicosG+CosinG), y= F(—CisinG+C2cosG), 


where C', and C2 are arbitrary constants, and 


F=exp| f feat], c= | gltyat 


5. x, =f(t)e+g(t)y, y, = ag(t)a + [f(t) + bg(t)]y. 


The transformation 


v= exp| [ p(tyat}u, y=exp| fs atlo, r= | gltyat 


leads to a system of constant coefficient linear differential equations of the form 18.1.1.1: 
=v, v,=aut+bv. 
6. 2, =f(Hjet+g(ty, my =alf(t) + ah(t)Ja + alg(t) — h(é)]y. 
Let us multiply the first equation by —a and add it to the second equation to obtain 
yj, — ax, = —ah(t)(y — aa). 


By setting U = y — az and then integrating, one obtains 
y — ax = Cl exp [-« / h(t) | ; (*) 


where C; is an arbitrary constant. On solving («) for y and on substituting the resulting 
expression into the first equation of the system, one arrives at a first-order linear differential 
equation for x. 


7. a= f(t)e+g(t)y, y,=h(t)x + p(t)y. 
1°. Let us express y from the first equation and substitute into the second one to obtain a 
second-order linear equation: 
gx —(f9 + 9p + 91)2, + (fop— 9° h + fn — fig)e = 0. (1) 
This equation is easy to integrate if, for example, the following conditions are met: 
1) fop—g’h+ fa fig =9; 
2) fop—g?h+fo—fig=a9, fotgp+g = bg. 


In the first case, equation (1) has a particular solution u = C' = const. In the second case, 
it is a constant-coefficient equation. 

A considerable number of other solvable cases of equation (1) can be found in Sec- 
tion 14.1. 
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2°. Suppose a particular solution of the system in question is known, 
c=xo(t), y= yolt). 


Then the general solution can be written out in the form 


x(t) = Cyx0(t) + Cox (t) / tt 
0 


where C’', and C2 are arbitrary constants, and 


F(t) = exp | i; f(t) at), P(t) = exp | / p(t) at) 


18.1.2 Systems of Second-Order Equations 
1 v,=ar+by, yy =cx+dy. 


System of two constant-coefficient second-order linear homogeneous differential equations. 
The characteristic equation has the form 


M = (at-Di + ad =be=0: 
1°. Case ad — bc # 0. 


1.1. Suppose (a — d)? + 4bc 4 0. The characteristic equation has four distinct roots 
A1,-+--,A4. The general solution of the system in question is written as 


x = Cybe™* + Cober2* + C'zbe*3* + Cybe™*, 
VE OOG= Oe" + OO3=ae +OOs=ae"+C(y=ae™, 


where C,,..., C4 are arbitrary constants. 
1.2. Solution with (a — d)? + 4bc = 0 and a F d: 


2bk 


z= 2C\ ( Ee =) ee 20, ( ze iene 4: DbOxte™? - Db te, 


y = Ci(d — a)te™/? + Ca(d — a)te“™/? + Ca[(d — a)t + 2k]e*/? 
HCal(d =a)t Dkle- he, 


where C1,..., C4 are arbitrary constants and k = ,/2(a +d). 
1.3. Solution with a = d # 0 and b = 0: 


CS W/aCyev"* + Q/aCre~V**, 

y= cCy tev" _ cCote- V4" + C3ev%* + Cue VE, 
1.4. Solution with a = d # 0 and c = 0: 

x= bCitev™ = bCytes V"" + Cae" 4 Che Vv, 

y= Jace -- DJ age VF". 


2°. Case ad — bc = 0 and a? + b? > 0. The original system can be rewritten in the form 


ry =axt+by, yy = k(ax + by). 
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2.1. Solution with a + bk # 0: 

zr=C\ exp(tVa + bk) + Co exp(—tva + bk ) + C3bt + C4b, 

y = Crk exp(tVa + bk) + Cok exp( tVa + bk ) C3at — Cya. 
2.2. Solution with a + bk = 0: 


z = C,bt® + Cobt? + C3t + Cu, 
y= ka + 6Cyt + 2Co. 


2. ty, =aetbyt+er, yyy, = a2e + boy + co. 
The general solution of this system is expressed as the sum of any one of its particular 


solutions and the general solution of the corresponding homogeneous system (see sys- 
tem 18.1.2.1). 


1°. Suppose ajb2 — agb; # 0. A particular solution: 
t= XO, Y= Yo; 


where the constants rq and yo are determined by solving the linear algebraic system of 
equations 


ayto + byyo ter =0, agro + boyp + co = 0. 
2°. Suppose a,b2 — agb; = 0 and a + bt > 0. Then the system can be rewritten as 
ry,=art+byt+ea, yy =k(art by) +c. 
2.1. Ifo =a+ bk ¥ 0, the original system has a particular solution 
t= ybo "(ek — c2)t? —o 7(acei + bea), y= kat 5(ceg— cake. 
2.2. Ifo =a+ bk = 0, the system has a particular solution 
L= 5 0(c2 — cyk)t* + seit’, y=kao+ $(c2 — cy k)t?. 
3. xvi, — ay, + bx = 0, yi, + ax, + by = 0. 
This system is used to describe the horizontal motion of a pendulum taking into account 
the rotation of the earth. 
Solution with a? + 4b > 0: 
x = Ci cos(at) + C2 sin(at) + C3 cos(Gt) + C4 sin(Zt), 
y = —C;sin(at) + C2 cos(at) — C3 sin(6t) + Cy cos(Gt), 


where C,..., C4 are arbitrary constants and 
a= fa+5gvVar+4b, B=ta-—$vVa? +4b. 


4. a + aya t by) +a t+ diy = ke, 

yi, + aga) + bey) + cox + day = kze™*. 
Systems of this type often arise in oscillation theory (e.g., oscillations of a ship and a 
ship gyroscope). The general solution of this constant-coefficient linear nonhomogeneous 
system of differential equations is expressed as the sum of any one of its particular solutions 
and the general solution of the corresponding homogeneous system (with k; = kz = 0). 
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1°. A particular solution is sought by the method of undetermined coefficients in the form 
t= Ave. y= Be 
On substituting these expressions into the system of differential equations in question, one 


arrives at a linear nonhomogeneous system of algebraic equations for the coefficients A,. 
and B,. 


2°. The general solution of a homogeneous system of differential equations is determined 
by a linear combination of its linearly independent particular solutions, which are sought 
using the method of undetermined coefficients in the form of exponential functions, 


z= Ae, y= Ber. 
On substituting these expressions into the system and on collecting the coefficients of the 
unknowns A and B, one obtains 
(P+ arA+ aq)At (A+ d))B= 
(aad + cg)A+t (A? + bod + do) B = 


For a nontrivial solution to exist, the determinant of this system must vanish. This require- 
ment results in the characteristic equation 


(dX? + ay + €1)(A? + bod + de) — (b1A + d1)(a2d + c2) = 0, 


which is used to determine . If the roots of this equation, k,...,k4, are all distinct, then 
the general solution of the original system of differential equations has the form 


r=-C; (bi Ay +d,)e™! —C(b,A_ +d; )e*2! —C3(b1A1 + d1)e* —C4(b) Aa + dy )e™®, 
y=Cy(At+ar1 +c,)e™* + C2(A2 +ayAq+c;)e*?! 
+ C3(AZ +.a1A3 +c1 )e>* + Cy(AZ tar Ag +e )e™", 


where C,..., C4 are arbitrary constants. 


5. x, =a(ty,—y), yy, = o(ta,— 2). 
The transformation 
u=tay%—2, v=ty,—y (1) 
leads to a first-order system: 
u = atv, v, = dtu. 


The general solution of this system is expressed as 


. u(t) = Ca exp(5Vabt?) + Cha exp(—4$-Vab t?), 
with ab > 0: 
u(t) = CiVab exp(4Vabt?) — CoVab exp(—3-Vabt?); 
with ab < 0: = eee V lab] #7) + Coasin(5 vlad] t?), 
v(t) = —C}y/|ab] sin(S / Jab] t?) + C2/|ab] cos(>/|ab] t?), 


(2) 
where C and C2 are arbitrary constants. On substituting (2) into (1) and integrating, one 
arrives at the general solution of the original system in the form 


u(t) v(t) 


where C3 and C4 are arbitrary constants. 


18.1. Linear Systems of Two Equations 1105 


6 «= f(t)(ae+biy), vi, = f(t)(a2x + boy). 
Let k, and kz be roots of the quadratic equation 
k? — (ay + b)k + aybz — agb; = 0. 
Then, on multiplying the equations of the system by appropriate constants and on adding 
them together, one can rewrite the system in the form of two independent equations: 
“i= f(t), 2 = aon + (ki — a1)y; 
zy =kof(t)z2, 2 = aga + (kp — ay)y. 
Here, a prime stands for a derivative with respect to t. 
7. wy = F(t)(arw, + diy), Yin = F(t)(a2m, + bay}). 
Let ky and kz be roots of the quadratic equation 
k? — (ay + b)k + aybz — ag; = 0. 
Then, on multiplying the equations of the system by appropriate constants and on adding 
them together, one can reduce the system to two independent equations: 
zi =k f(t), 21 = aor t (ki — a1)y; 
2 =kof(t)zg, 22 = aga + (ke — ar)y. 
Integrating these equations and returning to the original variables, one arrives at a linear 
algebraic system for the unknowns z and y: 


agx + (ky — ai)y = Cy [ew [ki F(t)] dt + Co, 


agx + (ko — ai)y = C3 [exw [koF(t)| dt+ C4, 
where C,..., C4 are arbitrary constants and F(t) = / fd. 


8. xy, =af(t)(tuy,—y), ve = OF (t)(tx, — x). 
The transformation 
u=tay—-2, v=ty—y (1) 
leads to a system of first-order equations: 
u, =atf(t)v, v, = btf(t)u. 
The general solution of this system is expressed as 


u(t) =Cracxp(vab [eft it) +Caaexn(—vab [ert it), 


if ab>0, 
v(t) = CV ab exp (vas [re it) — exp (<vab furte a); » 
anc, Yuen os( RH [tft ae) +Ceasin( aH [este ar) 


v(t) = —Cyx/Jab| sin( vant [ere au) +CaV Ta cos( Vie fer at), 


where C, and C2 are arbitrary constants. On substituting (2) into (1) and integrating, one 
obtains the general solution of the original system 


ult v(t 
v= cot rt f Dat y= case fat, 
where C3 and C4 are arbitrary constants. 
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9, txt tata, +bity/t+ertdiy =0, t? yl tagtax +bety)+cor+day = 0. 
Linear system homogeneous in the independent variable (an Euler-type system). 


1°. The general solution is determined by a linear combination of linearly independent 
particular solutions that are sought by the method of undetermined coefficients in the form 
of power-law functions 
z= Alt|*, y= Bitl*. 
On substituting these expressions into the system and on collecting the coefficients of the 
unknowns A and B, one obtains 
A+ (bik +d,)B=0, 
(agk + c2)A + [k? + (bo — 1)k + dy]B = 0. 


For a nontrivial solution to exist, the determinant of this system must vanish. This require- 
ment results in the characteristic equation 


[k? + (a1 — 1)k + e1][k* + (bo — 1) + da] — (bik + dh) (agk + c2) =0, 
which is used to determine k. If the roots of this equation, k,,...,k4, are all distinct, then 
the general solution of the system of differential equations in question has the form 
t= —C;(b1ky +d) |t|"* — Co(b1 ke + di) |t|*? — C3 (bi ki + di) ||" — Ca(bi ka + di) |t|*, 
y = Cy[kj + (a1 — 1) ky +e] |t| + Co[k5 + (a1 — 1) ko + ex) |” 
+ C3[k3 + (a1 —1)k3 +ex]|t|*9 + Calkg + (a1 — 1) ka +e] |¢|*4, 


where C,,..., C4 are arbitrary constants. 


2°. The substitution t = oe’ (o # 0) leads to a system of constant-coefficient linear dif- 
ferential equations: 


ap, + (a1 — 1), +biy, + art diy =0, 

Yer + agx, + (be — 1)y, + coz + dey = 0. 

10. (at? + Bt+ 7)? ai}, =ar+by, (at? + 6t+ 7)? yt = cx + dy. 
The transformation 


7 dt _ x _ y 
— | of + Btty ” AePadtan § floPadean 
Y / |at? + Bt+ | / |at? + Bt +7 


leads to a constant-coefficient linear system of equations of the form 18.1.2.1: 


" 


ul =(a—ay+ $8")u + bv, 
vt =cut (d—ay+ 487)v. 
ll. af, = f(t)(ta,—x)+g(t)(ty,—y), yy, = h(t) (ta, — x) + p(t) (ty; —y). 
The transformation 
u=tay—-2, v=ty,—y (1) 


leads to a linear system of first-order equations 
u, =tf(thuttg(ty, vy =th(t)u + tp(d)v. (2) 


In order to find the general solution of this system, it suffices to know any one of its partic- 
ular solutions (see system 18.1.1.7). 
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For solutions of some systems of the form (2), see systems 18.1.1.3—18.1.1.6. 
If all functions in (2) are proportional, that is, 


f(t) =ay(t), g(t) =bp(t), h(t) =cp(t), p(t) = det), 

then the introduction of the new independent variable 7 = / ti(t) dt leads to a constant- 
coefficient system of the form 18.1.1.1. 
2°. Suppose a solution of system (2) has been found in the form 

U= u(t, Ci, C2), v= u(t, C1, C2), (3) 
where C} and C2 are arbitrary constants. Then, on substituting (3) into (1) and integrating, 
one obtains a solution of the original system: 

ere &, t,C1,C: 
v= Cyt tt f EEE i, y= case f OE) yy, 

where C3 and C4 are arbitrary constants. 


18.2 Linear Systems of Three and More Equations 


1 a=ar, yr=ba+cy, z=dxr+ky+pz. 
Solution: 
LS oe”, 
bC; 


y= ae a ae 
a—c 


C bk kC. 
a (a + ea qa ee C3eP*, 
a—p a-—c c—p 
where C,, C2, and C3 are arbitrary constants. 


2. vi =cy—bz, y,=az—cx, 2 = be —ay. 
1°. First integrals: 
ax +by+cz=A, (1) 
ay! + = Be’, (2) 
where A and B are arbitrary constants. It follows that the integral curves are circles formed 
by the intersection of planes (1) and spheres (2). 


2°. Solution: 
x = aC + kC\ cos(kt) + (cC2 — bC3) sin(kt), 
y = bCp + kC2 cos(kt) + (aC3 — cC1) sin(kt), 
z = cCp + kC3 cos(kt) + (bC) — aC2) sin(kt), 
where k = Va? + b? + c? and the three of four constants of integration Co,...,C3 are 
related by the constraint 
aC) + C2 + cC3 = 0. 
3. ax, =bce(y—z), by,=ac(z—2), cz,=ab(a—y). 
1°. First integral: 
act bytcez=A, 


where A is an arbitrary constant. It follows that the integral curves are plane curves. 


1108 SOME SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS 


2°. Solution: 
a = Co + kC cos(kt) + a~*be(Cz — C3) sin(kt), 


y = Co + kC2 cos(kt) + ab~te(C3 — C1) sin(kt), 
z= Co + kC3cos(kt) + abe~'(Cy — Cz) sin(kt), 


where k = Va? + 6? + c? and three of the four constants of integration Co,...,C3 are 
related by the constraint 


a?C, + B°Co + C3 = 0. 
4. ce, =(aftg)xt+acfytasfz, 
y, =bifet+(bf+g)ytbsfz, z2=afet+cefy + (esf +g)z. 


Here, f = f(t) and g = g(t). 
The transformation 


v=exp| [ o(t) dtu y=exn| f oft) at] z= exp] [ a(t) at] r= [ (eat 


leads to the system of constant coefficient linear differential equations 
vu. =ayutagut+azw, vi =bjutbov+b3w, wl=cjuteut cu. 


5. 2, =h(t)y—g(t)z, y= f(t)z—h(t)a, 2 =g(t)e — f(t)y. 
1°. First integral: 
et+yt+2=C", 

where C is an arbitrary constant. 
2°. The system concerned can be reduced to a Riccati equation (see Kamke, 1977). 
6. Ly, = Ani L1 + AneX2 + +++ + Akn@n} k=" 1.23 aes 
System of n constant-coefficient first-order linear homogeneous differential equations. 

The general solution of a homogeneous system of differential equations is determined 
by a linear combination of linearly independent particular solutions, which are sought by 
the method of undetermined coefficients in the form of exponential functions, 

tp = Ane; eS 1 De oc mh 

On substituting these expressions into the system and on collecting the coefficients of the 


unknowns Aj,, one obtains a linear homogeneous system of algebraic equations: 


api Ay + apg Ag + +++ + (age — A)AR + +++ + GenAn = 0; k=1,2,...,n. 


For a nontrivial solution to exist, the determinant of this system must vanish. This require- 
ment results in a characteristic equation that serves to determine 4. 


18.3 Nonlinear Systems of Two Equations 


18.3.1 Systems of First-Order Equations 


1 vi =a"F(a,y), yL=g(y)F(a,y)- 


Solution: 
dy 


w= ply) | aancam ane, 
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where 


C, and C2 are arbitrary constants. 


2 af =e F(x,y), yf = 9(y) F(a, y). 


Solution: d 
Yy 
a : 4 — =1t+, 
o> | ayFeuLA : 
where ; d 
-+InfCy -a f+) if 240, 
(y) = r gy) 
PY dy . 
Cy + —— if \ = 0, 
g(y) 


C, and C2 are arbitrary constants. 
3. it, — F(a, Yy)s Yi = G(a, y). 


Autonomous system of general form. 
Suppose 


y= y(z, C1), 
where C; is an arbitrary constant, is the general solution of the first-order equation 
F(a,y)y', = G(z, y). 


Then the general solution of the system in question results in the following dependence for 


the variable x: 
/ Se ee 
F(x, y(x,C1)) 


4. v = filx)gi(y) &(@, y, t), yi; — fo(x)g2(y) ®(a, y,t). 


First integral: 
fol) a / MY) woe, (*) 
fi(z) 92(y) 
where C is an arbitrary constant. 
On solving («) for x (or y) and on substituting the resulting expression into one of the 
equations of the system concerned, one arrives at a first-order equation for y (or x). 


a ta}, + F(x, Yi)s y= ty; + G(ax1, Yi) 
Clairaut system. 


The following are solutions of the system: 
(i) straight lines 


x= Cit + F(C, C2), y = Cot + G(C1, C2), 


where C’'; and C’ are arbitrary constants; 
(ii) envelopes of these lines; 
(iii) continuously differentiable curves that are formed by segments of curves (i) and (11). 
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18.3.2 Systems of Second-Order Equations 


1. vi, = af(ax— by) + g(ax—by), yi = yf (ax — by) + h(az — by). 
Let us multiply the first equation by a and the second one by —b and add them together to 
obtain the autonomous equation 
zy = zf(z) +ag(z) — bh(z), z= ax — by. (1) 
We will consider this equation in conjunction with the first equation of the system, 
ry = wf (2) + 9(2). (2) 
Autonomous equation (1) can be treated separately; its general solution can be written out 
in implicit form (see Eq. 14.9.1.1). The function x = x(t) can be determined by solving 
the linear equation (2), and the function y = y(t) is found as y = (ax — z)/b. 
2. ty, =2f(y/e), Yn = yg(y/a). 
A periodic particular solution: 
x = C,sin(kt) + Cocos(kt), k=W—f(A), 
y = A[Ci sin(kt) + C2 cos(kt)], 
where C, and C2 are arbitrary constants and X is a root of the transcendental (algebraic) 
equation 
fA) = 90). (1) 
2°. Particular solution: 
x = Ciexp(kt) + Cyexp(—kt), k=/f(A), 
y = A[C, exp(kt) + C2 exp(—kt)], 
where C and C2 are arbitrary constants and X is a root of the transcendental (algebraic) 
equation (1). 
3. af =kar 3, yi =kyr *, where rv = \/x? + y?. 
Equation of motion of a point mass in the xy-plane under gravity. 
Passing to polar coordinates by the formulas 
C=O, v=Treny, r=—r), 6=— old), 
one may obtain the first integrals 
rt =C1, (a) = 7 (1)? = —2kr7 + Cg, (1) 
where C and C2 are arbitrary constants. Assuming that C, # 0 and integrating further, 
one finds that 
r[C cos(y — yo) —k] = C?, 3927 =CP?CL +k’. 
This is an equation of a conic section. The dependence y(t) may be found from the first 
equation in (1). 


4. vi=axf(r), yy =yf(r), where r= \/x? + y?. 
Equation of motion of a point mass in the xy-plane under a central force. 
Passing to polar coordinates by the formulas 


f=, verry, r=), w=), 
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one may obtain the first integrals 
rya=C, (ry? +r7(¢)* = 2 f rf(r) dr + Co, 


where C, and C2 are arbitrary constants. Integrating further, one finds that 
r dr dt 
ea [S44 (*) 


dt \/2r2F(r) + r2Cz — C?’ 
where C3 and C4 are arbitrary constants and 


F(r) = i rf (r) dr. 


It is assumed in the second relation in («) that the dependence r = r(t) is obtained by 
solving the first equation in («) for r(¢). 


5. a ta(t)he=a“f(y/x), yf ta(t)y=y °g(y/2). 
Generalized Ermakov system. 


t+C3=4 


1°. First integral: 


/x 
slo — yet)? + f° fuflw) —w8g(u)] du =, 


where C is an arbitrary constant. 


2°. Suppose y = y(t) is a nontrivial solution of the second-order linear differential equa- 
tion 


i + alt}yp = 0. (1) 
Then the transformation 
dt x y 
T= aaa U= Tn v= (2) 
/ y(t) y(t) v(t) 
leads to the autonomous system of equations 
Usp =U f(v/u),  v{, =v %g(v/u). (3) 


3°. Particular solution of system (3) is 

1/4 

ee eae ~ Aka (A Oe Le _ f(k) 
u=AVCoT*7 + Cyr +Co, v= AkVCoT*+Ci7+Co, A= meee 7 . 
CoC2 — 4CT 
where Co, C', and C2 are arbitrary constants, and k is a root of the algebraic (transcenden- 
tal) equation 
k* f(k) = g(k). 

6. a =F(y;/a4), vee = out /a}). 
1°. The transformation 


U=",, w=y¥ (1) 
leads to a system of the first-order equations 
uy = f(w/u), wy = g(w/u). (2) 
Eliminating ¢ yields a homogeneous first-order equation, whose solution is given by 
£(§) dg w 
Se ea eG, Se (3) 
/ g(f) — EF (€) u 


where C is an arbitrary constant. On solving (3) for w, one obtains w = w(u,C). On 
substituting this expression into the first equation of (2), one can find u = u(t) and then 
w =w/(t). Finally, one can determine x = x(t) and y = y(t) from (1) by simple integration. 
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2°. The Suslov problem. The problem of a point particle sliding down an inclined rough 
plane is described by the equations 


o,=1-— 4 _, = -—_ 
7] ’ 
(24)? + (yi)? (24)? + (yi)? 
which correspond to a special case of the system in question with 


fi) =1- es, 92) =- 
z)=1-———., z) = -———.. 
V1+2? ‘ Vv1+2 
The solution of the corresponding Cauchy problem under the initial conditions 
x(0) = y(0) =24(0) =0,  ¥(0)=1 
leads, for the case k = 1, to the following dependences x(t) and y(t) written in parametric 
form: 


o=—+ betting, y=3-He-48, t-4-2-}me OK E<)). 
7. ty = cP(x,y,t,2,,Y,), Ye = YO(x, y, t, Ty, Y}). 
1°. First integral: 


ry, — yx, = C, 
where C is an arbitrary constant. 


Remark 18.1. The function ® can also be dependent on the second and higher derivatives with 
respect to f. 


2°. Particular solution: y = Cx, where C; is an arbitrary constant and the function 7 = 
x(t) is determined by the ordinary differential equation 

wh = rO(x, C12, t, De, Cie). 
8. afta af(y/z)=cO(2,y,t, 01,4), uty o(y/x) =yP(a, y, t, 24, Y4)- 
First integral: 


/x 
slew — uel + [ [u-8g(u) — uf (w)] du =, 


where C is an arbitrary constant. 


Remark 18.2. The function ® can also be dependent on the second and higher derivatives with 
respect to f. 


9. vi, = F(t,ta,—2,ty,—y), yi, = G(t,ta, — x, ty, — y). 


1°. The transformation 


u=ty—2, v=ty-y (1) 
leads to a system of first-order equations 
u,=tF(t,u,v), v,=tG(t,u,v). (2) 
2°. Suppose a solution of system (2) has been found in the form 
w= ult,Cy,Co), v= v(tyCy,Co), (3) 


where C and Cy are arbitrary constants. Then, substituting (3) into (1) and integrating, 
one obtains a solution of the original system, 


y t 
v= cot tt f OS) a, y=cate fA , C1, C2) dt. 


3°. If the functions F and G are independent of t, then, on eliminating t from system (2), 
one arrives at a first-order equation 
g(u,v)ul, = F(u,v). 
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18.4 Nonlinear Systems of Three or More Equations 


18.4.1 Systems of Three Equations 


1. ax =(b—c)yz, by, =(c—a)za, cz, =(a—bd)zy. 
First integrals: 
ax + by? +.cz? = Ci, 
22? + by? +222 = Co, 
where C, and C> are arbitrary constants. On solving the first integrals for y and z and on 
substituting the resulting expressions into the first equation of the system, one arrives at a 
separable first-order equation. 
2. ax = (b—c)yzF (za, y, z,t), 
by; = (c— a)zxF (az, y, z,t), Cz; = (a — b)xyF (a2, y, z,t). 
First integrals: 
ax? + by? + cz? = Ch, 
azn? + by? + 22? = Cr, 
where C, and C» are arbitrary constants. On solving the first integrals for y and z and on 


substituting the resulting expressions into the first equation of the system, one arrives at a 
separable first-order equation; if F’ is independent of t, this equation will be separable. 
3. vi =cF,—bF3, y, =aF3—cF,, 2, = dF, — ak, 
where F,, = F,,(2, y, Z). 
First integral: 
ax + by+cz=C}, 

where C} is an arbitrary constant. On eliminating t and z from the first two equations of 
the system (using the above first integral), one arrives at the first-order equation 

d F — cF; 1 

OF) = a 3(£, Y, 2) Cc LC®, Ys 2) where 2 = —(C, — ax — by). 

dx cF3(z,y,z) — bF3(z, y, z) c 
4, xy = czF_ — byFs, Yi = axFs — czFy, cA = byF, — axFy. 
Here, F;,, = F;,(x, y, z) are arbitrary functions (n = 1, 2, 3). 

First integral: 
ax? + by? + cz? = Ch, 


where C} is an arbitrary constant. On eliminating t and z from the first two equations of 
the system (using the above first integral), one arrives at the first-order equation 


dy axF3(x,y,z) — czF\ (a, y, z) [1 

gt NE h = +,/—(C, — ax? — by?). 

dx czF a(x, y, z) a byF3 (x, y, 2) eo | : =n ) 
5. 2, = x(cF)—bF3), y, = y(aF3—cF\), 2 = 2(bF, — aF2). 


Here, F,, = F;,(x, y, z) are arbitrary functions (n = 1, 2, 3). 
First integral: 


b 
z/*lyPlzZI° = Ci, 
where C} is an arbitrary constant. On eliminating t and z from the first two equations of 
the system (using the above first integral), one may obtain a first-order equation. 


1114 SOME SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS 


6 2 =A(z)Fo-gy) Fs, w=f@)R-h2)A, “~=9WM- fe). 
Here, F;, = F;,(x, y, z) are arbitrary functions (n = 1, 2, 3). 


First integral: 
[teas foway+ fn(e\az =e, 


where C} is an arbitrary constant. On eliminating t and z from the first two equations of 
the system (using the above first integral), one may obtain a first-order equation. 


n _ OF n _ OF n _ OF 
Te 23> an? Yit= re 24 =p? where F=F(r), r= \/x? + y? 4+ 22. 
Equations of motion of a point particle under gravity. 
The system can be rewritten as a single vector equation: 


ry, = grad F or r= rw r, 
where r = (2, y, 2). 
1°. First integrals: 
(r,)? = 2F(r) + Cy, (law of conservation of energy), 
[rx rj]=C (law of conservation of areas), 
(r-C) = (all trajectories are plane curves). 


2°. Solution: 
r=arcosy+brsiny. 


Here, the constant vectors a and b must satisfy the conditions 
ja|=|b)=1, (a-b)= 
and the functions r = r(t) and y = y(t) are given by 
r dr dr 
SH COn, HO 1 =, C3=(C. 
2r?F(r Mars 2r2F(r)+ Cir? — C2 
8. «i = aF, yi =yF, 2,=2F, where F = F(x,y, 2, t,x}, Yj) 2)- 
First integrals (laws of conservation of areas): 
ZYi ~~ yz = Ch, 
Lz, — 22, = Co, 
ya, — ry, = C3, 
where C',, C2, and C’3 are arbitrary constants. 
Corollary of the conservation laws: 


Cie + Coy + C3z = 0. 
This implies that all integral curves are plane curves. 


Remark 18.3. The function F' can also be dependent on the second and higher derivatives with 
respect to t. 


9 c1=Fi, y=, 2,=Fs, where F,=F,(t,ta,—ax,ty,—y,tz,—z). 
1°. The transformation 


u=ty,—z, v=ty,-y, w=tz-—z (1) 
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leads to the system of first-order equations 
up =tFy(t,u,v,w), u,=tho(t,u,v,w), w= ths(t,u,v, w). (2) 
2°. Suppose a solution of system (2) has been found in the form 
u(t) = u(t, C1,C2,C3), u(t) = v(t,C1,C2,C3), w(t) = w(t,Ci,C2,C3), (3) 
where C,, C2, and C3 are arbitrary constants. Then, substituting (3) into (1) and integrating, 
one obtains a solution of the original system: 


: 
racrte f Dar y= cote fa, z= cot+t [Dat 


t? t? 
where C4, C's, and C¢ are arbitrary constants. 
18.4.2 Dynamics of a Rigid Body with a Fixed Point* 
> Kinematic and dynamic Euler equations. 


The motion (rotation) of a rigid about a fixed point under the action of external forces is 
governed by a system of six first-order coupled ODEs: 


Ap, + (C — B)gr = Mi, (1) 
Ba, + (A-C)pr = Mp, (2) 
Cr, + (B— A)pq = Ms, (3) 
p= w,sin sin y + 6) cos y, (4) 
q = sin 8 cos y — 6 sin y, (5) 
r = y,.cos@ + yi, (6) 


where p, qg, and r are the components of the body’s angular velocity in a moving orthonor- 
mal reference frame, €7¢, rigidly connected with the body and formed by the principal axes 
of inertia (the origin placed at the fixed point); xyz is a fixed orthonormal reference frame 
with origin at the same point; A, B, and C’ are the moments of inertia about the principal 
axes; and M/,, M2, and M3 are the components of the moment of external forces in the 
frame €n¢, which usually depend of the Euler angles ~, @, and y defining the position of 
the moving frame relative to the fixed one. The entries of the rotation matrix, |[a;;], are 
expressed in terms of the Euler angles as follows: 


a1, = cos pcos wy — sin pcos é sin y, (7) 
a11 = —sinycos Ww — cos pcos #sin y, (8) 
a3 = —sin@sin y, (9) 
a2, = cosysiny + sin pcos 8 cos W, (10) 
a22 = — sinysin ~ + cos ycos 6 cos w, (11) 
a3 = — sin é cosy, (12) 
a3, = singsin 6, (13) 
a32 = cos ypsin 8, (14) 
a33 = cos @. (15) 


“This section was written by Alexander Fomichev. 
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It is required to determine p, q, and r as functions of w, 0, and y and time ¢ from system 
(1)+(6). 

From now on, the following quantities will be used in this section: m is the mass of the 
body, r is the position vector of the center of mass, K = (K1, Ko, K3)' = (Ap, Bq, Cr)" 
is the angular momentum of the body (in the frame €n¢), y = (71,72, 73) is a vertical 
unit vector (y? + 72 + 73 = 1), which is introduced when the body is in a homogeneous 
gravitational field so that the direction of -y is opposite to the gravitational acceleration g, 
with g = |g]. 

Equations (1)—-(3) are known as Euler’s dynamic equations and (4)—(6) as Euler’s kine- 
matic equations. In general, system (1)—(6) cannot be solved by quadrature. However, there 
are three special cases where the system is reduced to quadratures for any initial conditions; 
this is due to the availability of first integrals, which do not exist in the general case. The 
three solvable cases are discussed below. 


> Euler’s case. 


Euler’s case takes place when the body has an arbitrary shape and the external moments are 
all zero: 


M, = Mz = M3 = 0. (16) 


With formulas (16), the dynamic equations (1)—(3) can be solved independently of the 
kinematic equations. 

To be specific, we assume that A > B > Cand A > C (the case A = B = C is trivial). 
System (1)-(3) with (16) has the following first integrals: 


Ap? + Bq? + Cr? = 27 (conservation of energy), 
A?p? + B2q? + C?r? = K? (conservation of angular momentum), 


where JT’ > 0 and & are arbitrary constants. In Euler’s case, the angular momentum K is 
constant in the fixed frame xyz. 
For A > C’,, p and r can always be expressed via q: 


page. Pea 17) 


with the constants a, b, c, and d expressible in terms of the initial parameters of the problem. 
Substituting (17) into the equation for q yields 


bq + (A — C)\/(a — bq?) (c — dq?) = 0. 


Integrating gives the solution in implicit form 


ee [ d 
ARC In (abe \e= aa?) 


Effectively, the problem is reduced to the inversion of an elliptic integral, resulting in 
expressions of p(t), g(t), and r(t) in terms of elliptic functions of time. 
To solve the kinematic equations, it is convenient to direct the z-axis of the fixed frame 
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along the constant angular momentum K, in which case we obtain 


ky = Ksin@siny, 


Ko=Ksin@cosy, = > cos@(t) = — => cosy(t)= at y’ 
K3 = K cos8, 

_ * p(t) sin p(t) + q(t) cos y(t) 
W(t) = vo +f ene. oe 


This solution is known to have geometric interpretations suggested by Poinsot and Mac- 
Cullagh (e.g., see Zhuravlev (1996), Borisov and Mamaev (2001), and Teodorescu (2009)). 


p> Lagrange’s case. 


The body, which is in a homogeneous gravitational field, is dynamically symmetric and its 
center of mass lies on the dynamic symmetry axis (the ¢-azis). Then, in equations (1)-(3), 
one should set 


A=B, M=(Mj,, Mo, M3)? = mg(r x 9). (18) 


The easiest way to integrate the equations is to use the Euler angles. System (1)-(6) 
with (18) admits the following three first integrals: 


K3 = const (conservation of the angular momentum projection onto the ¢-axis); 
(K- +) = Ayy1 + Ko72 + K373 = Ci (conservation of the angular momentum 
projection onto the direction of -y); 


h Kk2 (Ci — K3c0s 6)? 
“(92423 4 ees 
g 8)" + 9G + oa sin® 


The availability of these integrals reduces the problem to the equation 


+mglcos@=h=const (energy integral). 


k3 —K. 6)? 
(6,)? = 2h - 3 — sis yes): - a a 2cos 6, 
C sin 


which is obtained if one sets A = mgl = 1 (without loss of generality). With the change of 
variable u = cos @, this equation can be reduced to the elliptic quadrature 
uz = VR(u), 
K2 
R(u) = 2(hy u)(1 u’) (C1 K3u), hy =f ek 


To determine the full motion of the system, one has to integrate the following two 
equations: 


Cl = K3u 


; Cru / (+ 
1— wu? 


= =(4-1)K 
Vt i C 37 
Depending on the initial data and specific parameters of the problem, the solution de- 
fines four types of motion, in one of which the axis of the top asymptotically tends to a 
vertical positions. 
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> Sofia Kovalevskaya’s case. 


The body is dynamically symmetric with A = B and, in addition, the condition A = 2C 
holds. The center of mass lies in the equatorial plane of the inertia ellipsoid (its center 
at the fixed point) and its position in the frame €n¢ is r = (L,0,0)". The system is in a 
homogeneous gravitational field, so that M = mg(r x y). For simplicity, we assume that 
A=1,mg=1,andL=1. 

This case is much more complex than the previous two, both in the way how the equa- 
tions are integrated and from the viewpoint of the qualitative analysis of the motion. The 
Euler equations (1)—(6) admit the following three first integrals: 


(K- +) = Aiy + Ko7x2 + K37y3 = c= const (conservation of the 
angular momentum projection onto the vertical); 
5(K7 + K> + K3) — Ly, =h=const (energy integral); 


K24+ Kk? ; 
1 - 24 n=) + (Ky Ko + yo)? =k=const (integral having 


no clear physical meaning). 


The equations of motion are integrated using Kovalevskaya’s variables (51, s2), which 
are defined as follows: 


3 =v _R+VRik2 
2(z1 — Zz)?” 2(z1 — 22)?” 
m1=Ke+ik,, 2=Ke-ik,, ? =-1, 
R= Ri, 23) = 4223 — ghl2i + 22) + e(z1 + 22)4 ak? 1, 
Ry = Ri,21), BRe= R(zo, 2): 


In these variables, the equations of motion become 


ds, P(s1) dso P(s2) 
oes Sh NS NEE — = + 1 
dt S51 — $2 ; dt 52 — S1 , ( ” 


52 


where 
P(s) = [(2s + 5h)? — 7pk?] [48° + Qhs? + 4(4h? — k? + 4) + Hee’). 


By eliminating t, system (19) can be reduced to a separable equation, which is easy to 
integrate. As a results, equations (19) also convert into separable equations. 


© Literature for Section 18: C. G. J. Jacobi (1884), S. Kowalewsky (1889, 1890), J. L. Lagrange (1889), 
F. Klein and A. Sommerfeld (1965), E. Kamke (1977), J. R. Ray and J. L. Reid (1979), V. F. Zhuravlev (1996), 
A. V. Borisov and I. S. Mamaev (2001), A. P. Markeev (2001), V. Ph. Zhuravlev (2001), F. R. Gantmakher 
(2002), D. M. Klimov and V. Ph. Zhuravlev (2002), A. D. Polyanin (2006), A. D. Polyanin and A. V. Manzhirov 
(2007), P. P. Teodorescu (2009). 
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Symbolic and Numerical 
Solutions of ODEs with Maple 


19.1. Introduction 


19.1.1 Preliminary Remarks 


In recent years, with the development of computers, supercomputers, computer algebra sys- 
tems (such as Maple™ and Mathematica®), and interactive programming environments for 
scientific computing (such as MATLAB®), there has been an increasing trend in mathemati- 
cal research towards modern and powerful computational methods for analytical, symbolic, 
numerical, and graphical solution of ODEs. Moreover, the use of mathematical computer 
packages is now a standard part of the modern undergraduate and graduate curriculum and 
an important tool in the core curriculum in mathematics, science, and engineering. 

Maple is a general-purpose computer algebra system in which symbolic computation 
can readily be combined with exact and approximate (floating-point) numerical compu- 
tation as well as with arbitrary-precision numerical computation. Maple provides power- 
ful scientific graphics capabilities [for details, see Kreyszig (1994), Corless (1995), Heck 
(2003), Richards (2002), Abel (2005), Meade et al. (2009), Shingareva and Lizarraga- 
Celaya (2011), etc.]. 

In general, Maple offers the most comprehensive software support available for differ- 
ential equations. For example, in Maple (Ver. > 15) we can (in one step) obtain symbolic 
solutions of 97.5% of the 1345 solvable linear and nonlinear ODEs in the classical hand- 
book by Kamke (1977) [see Maplesoft (2012)] with the aid of the general ODE solver 
dsolve. Moreover, one can obtain solutions (of various types) to ODEs: in one step (au- 
tomatically), i.e., without all details of the mathematical methods applied, or step by step, 
i.e., with control of the choice of the solution strategy at each step, or by hand, i.e., by 
developing appropriate procedures and functions for solving ODEs. 

In this chapter, following the most important ideas and methods, we propose and de- 
velop new computer algebra ideas and methods to obtain analytical, symbolic, numerical, 
and graphical solutions for studying ordinary differential equations. We compute analytical 
and numerical solutions in terms of predefined functions (which are an implementation of 
known methods for solving ODEs) and develop new procedures for constructing new solu- 
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tions using Maple. We show a very helpful role that computer algebra systems play in the 
analytical derivation of numerical methods, computing numerical solutions, and comparing 
numerical and analytical solutions. 


Remark 19.1. The first concept of Maple and its initial versions were developed by the Sym- 
bolic Computation Group at the University of Waterloo in the early 1980s. The Maplesoft company 
was created in 1988. Maple was mainly developed in research labs at Waterloo University and at 
the University of Western Ontario [see Char et al. (1992) and Geddes, Czapor, and Labahn (1992)], 
with important contributions from research groups at other universities worldwide. 


19.1.2 Brief Introduction to Maple 
> Maple’s conventions and terminology. 


In this chapter, we use the following conventions introduced in Maple: 
e Cn(n=1,2,...), for arbitrary constants 
e n, for arbitrary functions 
e _c[n], for arbitrary constants arising in separation of variables 
e _s, for the parameter in the characteristic system 
e &where, for the solution structure 
e _c, for a Lie group parameter 


Also we introduce the following notation for the Maple solutions: 
e Egn, for equations (n = 1, 2,...) 
e ODEn, for ODEs 
e IVPn, for initial value problems 
e BVPn, for boundary value problems 
e Soln, for solutions 
e Trn, for transformations 
e Sysn, for systems 
e 1Cn, BCn, for initial and boundary conditions 
e Ln, for lists of expressions 
e Gn, for graphs of solutions 
e ops, for options (various optional arguments) in predefined functions 
e vars, for independent variables 
e funcs, for dependent variables (indeterminate functions) 


> Most important features. 


The most important features of Maple are as follows: fast symbolic and numerical com- 
putation and interactive visualization; simplicity of use; simplicity of incorporating new 
user-defined capabilities; understandability, open-source software development path; avail- 
ability for almost all operating systems; powerful programming language, intuitive syntax, 
and easy debugging; extensive library of mathematical functions and specialized packages; 
free resources and the collaborative character of development (for example, see Maple Web 
Site www.maplesoft.com (MWS), Maple Application Center MWS/applications, 
Maple Community MwS/community, Student Help Center MWS/studentcenter, 
and Teacher Resource Center MWS/TeacherResource). 
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> Basic parts. 


Maple consists of three parts: the interface, the kernel (basic computational engine), and 
the library. 

The interface and the kernel (written in C programming language) form a smaller part 
of the system (they are loaded when a Maple session is started). 

The interface handles the input of mathematical expressions, output display, plotting of 
functions, and support of other user communication with the system. The user interface is 
the Maple worksheet. 

The kernel interprets the user input, carries out basic algebraic operations, and deals 
with storage management. 

The library consists of two parts, the main library and additional packages. The main 
library (written in the Maple programming language) includes many functions in which 
most of the common mathematical knowledge of Maple resides. 


> Basic concepts. 


The prompt symbol (>) indicates where to type a Maple expression or function; pressing 
Enter after a semicolon (;) or colon (:) symbol” at the end of the expression tells Maple to 
evaluate the expression, display the result (no result is displayed after a colon), and insert a 
new prompt. 

Maple contains a complete online help system and a command line help system, which 
can be used, e.g., by typing ?7NameOfFunction or help (NameOfFunction) ; or 
?help; reference information can also be accessed by using the He 1p menu, by highlight- 
ing a function and then pressing Ctr1—-F1 or F1 or F2 (for Ver. > 9), and by pressing 
Ctrl=Fz2. 

Maple worksheets are files that keep track of the working process and organize it as a 
collection of expandable groups (see ?worksheet, ?shortcut). It is best to begin a 
new worksheet (or a new problem) with the statement rest art to clean Maple’s memory. 
All examples and problems in the book are assumed to begin with restart. 

Previous results (during a session) can be referenced with symbols % (the last result), 
%% (the next-to-last result), and %.. . % (k times) (the kth next-to-last result). 

Comments can be included with the sharp symbol # and all characters following it up 
to the right end of a line. Also text can be inserted with Insert — Text. 

Incorrect response. Vf you get no response or an incorrect response, you may have 
entered or executed a function incorrectly. Correct the function or interrupt the computation 
(click the stop button in the Tool Bar menu). 

Maple source code can be viewed for most of the functions, general and specialized 
(package functions); e.g., interface (verboseproc=2) ; print (factor); 

Palettes can be used for building or editing mathematical expressions without needing 
to remember the Maple syntax. 

The Maplet User Interface (for Ver. > 8) consists of Maplet applications that are col- 
lections of windows, dialogs, and actions (see 7Maplets). 


“In earlier versions of Maple and in Classic Worksheet Maple, we have to end an expression with a colon 
or semicolon. In these chapters, we follow this tradition in every example and problem. 
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A number of specialized functions are available in various specialized packages (sub- 
packages) (see ? index [package], with). 

Numerical approximations: numerical approximation of expr to 10 significant digits, 
evalf (expr); global change of precision Digits:=n (see ?environment); local 
change of precision, eval f (expr, n) ;numerical approximation to expr using a binary 
hardware floating-point system, evalhf (expr); performing numerical approximations 
using hardware or software floating-point systems, UseHardwareFloats:= value 
(for details, see ?USeHardwareFloats, ?environment). 


19.1.3 Maple Language 
> Basic elements of the Maple language. 


Maple language is a high-level programming language, which is well-structured and com- 
prehensible. It supports a large collection of data structures, or Maple objects (functions, 
sequences, sets, lists, arrays, tables, matrices, vectors, etc.), and operations on these objects 
(type-testing, selection, composition, etc.). Maple procedures in the library are available in 
readable form. The library can be supplemented with locally developed user programs and 


packages. 
Arithmetic operators: + — * / ~, logic operators: and, or, xor, implies, not, 
relation operators: <, <=, >, >=, =, <>. 


A variable name is a combination of letters, digits, and the underline symbol (_), start- 
ing from a letter; e.g., al 2_new. 

Abbreviations for longer Maple functions or any expressions: alias, for example, 
alias (H=Heaviside); diff (H(t),t); toremove this abbreviation, type the fol- 
lowing: alias (H=H) ; 

Maple is case sensitive; i.e., there is a difference between lowercase and uppercase 
letters; e.g., evalf (Pi) and evalf (pi) are different commands. 

Various reserved keywords, symbols, names, and functions: these words cannot be 
used as variable names; e.g., operator keywords, additional language keywords, and global 
names that start with (_) (see ?reserved, ?ininames, ?inifncs, ?names). 

The assignment/unassignment operators: a variable can be “free” (with no assigned 
value) or can be assigned any value (symbolic or numeric) by the assignment operators 
a:=b or assign (a=b). To unassign (clear) an assigned variable (see ?:= and ?'), 
type,e.g.,x:='x',evaln(x),orunassign('x'). 

The difference between the operators (:=) and (=) is as follows: the operator A: =B is 
used to assign B to the variable A, and the operator A=B is used to indicate equality (not 
assignment) between the left- and right-hand sides (see ?rhs), e.g., Equation: =A=B; 
Equation; rhs(Equation); lhs (Equation) ; 

The range operator (. .), an expression of type range exprl1..expr2; for example, 
a[i]$ i=1..9; plot (sin(x),x=-Pi..Pi); 


Statements are keyboard input instructions executed by Maple (e.g., break, by, do, 
end, for, function, if, proc, restart, return, save, and while). 

The statement separators are the semicolon (;) and colon (:). The result of a statement 
followed with a semicolon (;) will be displayed, and it will not be displayed if it is followed 
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by acolon (:); e.g., plot (Sin (x) ,x=0..Pi); plot (sin(x),x=0..Pi): 

An expression is a valid statement and is formed as a combination of constants, vari- 
ables, operators, and functions. Every expression is represented as a tree structure in which 
each node (and leaf) has a particular data type. For the analysis of any node and branch, the 
functions type, whatt ype, nops, and op can be used. A Boolean expression is formed 
with logical operators and relation operators. 

An equation is represented using the binary operator (=) and has two operands, the 
left-hand side, Lhs, and the right-hand side, rhs. 

Inequalities are represented using relation operators and have two operands, the left- 
hand side, 1hs, and the right-hand side, rhs. 

A string is a sequence of characters having no value other than itself; it cannot be 
assigned to, and will always evaluate to itself. For instance, x:="String"; sqrt (x); 
is an invalid function. Names and strings can be used with the convert and printf 
functions. 

Maple is sensitive to types of brackets and quotes. 

Types of brackets: parentheses for grouping expressions, (x+9) «3, and for delimiting 
the arguments of functions, sin (x); square brackets for constructing lists, [a,b,c], 
vectors, matrices, and arrays; curly brackets for constructing sets, {a,b,c}. 

Types of quotes: forward-quotes to delay the evaluation of expression, 'x+9+1', to 
clear variables, x:='x'; back-quotes to form a symbol or a name, *the name:=7°; 
k:=5; print (“the value of k is*,k); double quotes to create strings; and a 
single double quote " to delimit strings. 

Types of numbers: integer, rational, real, complex, root; e.g., -55,5/6,3.4,-2.3e4, 
Float (23,-45),3-4*«1I, Complex (2/3,3); RootOf (_42* 3-2, index=1); 

Predefined constants: symbols for commonly used mathematical constants, gamma, 


Pi, I,true, false, infinity, FAIL, exp(1) (see 7ininames, ?constants). 

Functions or function expressions have the form f (x) or expr (args) and represent 
a function call, or an application of a function (or procedure) to arguments (args). Active 
functions (beginning with a lowercase letter) are used for computing; e.g., diff, int, 
limit. Inert functions (beginning with a capital letter) are used for showing steps in the 
problem-solving process; e.g., Diff, Int, Limit. 


Library functions (or predefined functions) and user-defined functions. 

Predefined functions: most of the well-known functions are predefined by Maple, and 
they are known to some Maple functions (e.g., diff, evalc, evalf, expand, series, 
simplify). Numerous special functions are defined (see ?FunctionAdvisor)*. 


User-defined functions: the functional operator (—>) (see ?—>); for example, the func- 
tion f(x) = sin z is defined as £:=x->sin (x) ; 

Alternative definitions of functions: unapply converts an expression to a function, and 
a procedure is defined with proc. 

Evaluation of function f(x) atx = a, {x = a,y = b}; eg., f(a); subs (x=a, 
£(x)); eval (£ (x) ,x=a); 

In Maple language, there are two forms of modularity: procedures and modules. 


“The Funct ionAdvisor is the computer algebra handbook for mathematical functions. 


1126 SYMBOLIC AND NUMERICAL SOLUTIONS OF ODES WITH MAPLE 


A procedure (see ?procedure) is a block of statements which one needs to use re- 
peatedly. A procedure can be used to define a function (if the function is too complicated to 
be written with the use of the arrow operator) or to create a matrix, graph, or logical value. 

A module (see ?module) is a generalization of the procedure concept. While a pro- 
cedure groups a sequence of statements into a single statement (block of statements), a 
module groups related functions and data. 

In Maple language, there are essentially two control structures, the selection structure 
if and the repetition structure for. 

Maple objects, sequences, lists, sets, tables, arrays, vectors, and matrices are used for 
representing more complicated data. 

Sequences al,a2,a3, lists [al,a2,a3], and sets {al,a2,a3} are groups of ex- 
pressions. Maple preserves the order and repetitions in sequences and lists and does not 
preserve them in sets. The order in sets can change during a Maple session. 

A table is a group of expressions represented in tabular form. Each entry has an index 
(an integer or any arbitrary expression) and a value (see ?t able). 

An array is a table with an integer range of indices (see ?Array). In Maple, arrays 
can be of any dimension (depending of computer memory). 

A vector is a one-dimensional array with a positive integer range of indices (for details, 
see ?vector, ?Vector). 

A matrix is a two-dimensional array with a positive integer range of indices (for details, 
see ?matrix, ?7Matrix). 


> Different types of symbolic notation for derivatives. 


In Maple, it is possible to work with derivatives written in the Leibniz, Lagrange, and 
Arbogast notation. Maple has two different types of symbolic notation for derivatives [for 
details, see Shingareva and Lizarraga-Celaya (2015)], D and diff, which can be used for 
derivatives of single- and multivariable expressions and functions. 


e The functional derivative notation (or the differential operator notation): 


D(f), D[1$2] (f), seer DLisal (2), Dil (ee tery 
D[1$2] (£) (t), --., D[1$n] (£) (t) 

or 

D(f), (D@@2) (£), seer (D@Gn) (f);, D(f) (e), 
(DEEZ) CECE) yp easy (DeGnh).(t) Ce) 


The function f (t) can be defined explicitly; e.g., £:=x->sin(x). According to the 
defined Maple output, it is the Arbogast notation. The Arbogast notation can be converted 
to the Leibniz notation with the aid of convert; e.g., convert (D(f) (x),diff). 
The symbol f is the name of a function, the symbol D (f) is the name of the derivative 
function, and the symbol D (f) (t) is the value of the derivative function. 
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e The expression derivative notation: 
diff(y(x),x), diff (y(x),xS$2), seep diff (y(x),xS$Sn) 


The expression y (x) can be defined explicitly; e.g., y:=sin (x). According to the de- 
fined Maple output, it can be the Leibniz or Lagrange notation, depending on the settings 
in the statement interface (typesetting=A) , where, respectively, A=standard 
or A=ext ended. The symbol y is the name of an expression in x, and the symbolic no- 
tation diff (y(x),x) denotes the name of the expression for its derivative. Also, the 
Lagrange notation can be displayed in another way if we indicate the following statements: 
with (PDEtools),declare(y(x) , prime=x) ,* and for returning to the Leibniz no- 
tation, we indicate OFF. 


Remark 19.2. It should be noted that there is a function convert that permits switching 
between the functional and expression derivative notation; e.g., convert (D(y) (x) ,diff), 
convert (diff (y(x),x),D). 


© Literature for Section 18.1: E. Kamke (1977), J. A. van Hulzen and J. Calmet (1983), A. G. Akritas (1989), 
B. W Char, K. O. Geddes, G. H. Gonnet, M. B. Monagan, and S. M. Watt (1992), S. R. Czapor, K. O. Geddes, 
and G. Labahn (1992), J. H. Davenport, Y. Siret, and E. Tournier (1993), E. Kreyszig and E. J. Normington 
(1994), R. M. Corless (1995), D. Zwillinger (1997), M. J. Wester (1999), D. Richards (2002), A. Heck (2003), 
M. L. Abel and J. P. Braselton (2005), A. D. Polyanin and V. F. Zaitsev (2003), C.-K. Cheung, D. B. Meade, 
S.J. M. May, and G. E. Keough (2009), I. K. Shingareva and C. Lizarraga-Celaya (2009, 2011, 2015), Maple- 
soft (2012). 


19.2 Analytical Solutions and Their Visualizations 


19.2.1 Exact Analytical Solutions in Terms of Predefined Functions 


The computer algebra system Maple has various predefined functions based on symbolic 
algorithms for constructing analytical solutions of ODEs [see a more detailed description 
in Cheb-Terrab et al. (1997)]. Although predefined functions are an implementation of 
known methods for solving ODEs, this permits solving ordinary differential equations and 
obtaining solutions automatically (in terms of predefined functions) as well as developing 
new methods and procedures for constructing new solutions. 

Consider the most relevant related functions for finding all possible analytical solutions 
of a given ODE problem. 


dsolve (ODE) ; dsolve (ODE, y(x),Ops); dsolve (ODI 
dsolve({ODE,ICs},y(x),ops); dsolve[interactive] (ODI 
dsolve (ODE, y(x),’formal_series’,’coeffs’=CoeffType) ; 
dsolve (ODE, y(x),’formal_solution’,’ coeffs’ =Coe! 
dsolve (ODE, y(x),method=transform); odetest (Sol, ODE 


A 


with (DEtools); odeadvisor (ODE) ; particularsol (ODE 
dchange(rules,ODE); riccatisol(ODE,y(x)); intfactor (ODI 
infolevel [dsolve] :=L; with (PDI 
Solve (ODE, vars, ops); 


“We declare that y (x) will be displayed as y, and the derivatives of the expressions with respect to x will 
be displayed in the Lagrange notation. 
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Remark 19.3. infolevel [dsolve] :=L (Le N) prints useful information for solving 
ODEs in Maple (the default value is 1). One can set a value of L before working with the solver 
dsolve. Maple conventions are L = 2,3 for general information (including technique or algo- 
rithm being used) and L = 4, 5 for more detailed information (how the problem is being solved). 


e dsolve, solving ODEs of various types (the main general ODE solver); for more 


details see ?dsolve 
e dsolve can solve different types of ODE problems, e.g., find analytical solutions: 


dsolve, ODE, finding closed-form solutions for a single ODE or a system of 
ODEs* 


dsolve, ICs, solving ODEs or a system of ODEs with given initial or bound- 
ary conditions 


dsolve, formal series, finding formal power series solutions for a lin- 
ear ODE with polynomial coefficients 


dsolve, formal solution, finding formal solution for a linear ODE with 
polynomial coefficients 


dsolve, method, finding solutions using integral transforms 


dsolve, Lie, solving ODEs using the Lie method of symmetries 


dsolve, series, finding series solutions for ODE problems 


e dsolve [interactive], interactive symbolic and numeric solving of ODEs 
e odetest, verifying explicit and implicit solutions for ODEs 
e DEtools (package), a collection of functions for working with ODEs and their 
solutions; e.g., 
odeadvisor, classifying ODEs and suggesting solution methods 


riccatisol, finding solutions of a first-order Riccati ODE 


particularsol, finding a particular solution of a nonlinear ODE (or a lin- 
ear nonhomogeneous ODE) without computing its general solution 


int factor, looking for integrating factors for a given ODE 


e PDEtools (package), a collection of functions for working with PDEs and ODEs 
and their solutions; e.g., 


declare, prime, declaring a function for the prime notation 
dchange, performing change of variables in ODEs 


Solve, finding exact, series, or numerical solutions of equations or systems (of 
algebraic or differential equations, including inequalities and initial and bound- 
ary conditions) 


*See Section 19.2.4 for systems of ODEs. 
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> Verification of exact solutions. 
Assume that we have obtained exact solutions and wish to verify whether these solutions 
are exact solutions of given ODEs. 


Example 19.1. First-order nonlinear ODE. Special Riccati equation. Verification of solutions. 
For the first-order nonlinear ODE, the special Riccati equation 


y), = ay? + ba”, 


we can verify that the solutions 


1 wi, 
ule) = 2“, 
aw 
where 
w(r) = fx oun ( | Ba), k= 5(n+2), ven 


are exact solutions of the special Riccati equation as follows: 


with (PDEtools): declare(y(x),w(x),prime=x) ; 

k:=(nt+2)/2; vi=1/ (2*k); q:=1/kxsqrt (axb); 

w(x) :=sqrt (x) * (Cl*BesselJd(v,q*x7k) +C2*BesselY (v,q«x*k)); 
ODE1:=diff (y(x),x) =ax* (y (x) ) 72+b*x7n; 

Soll:=y (x)=-1/axdiff (w(x) ,x)/w(x); Testl:=odetest (Soll, ODE1) ; 


Here a, b, and n are real parameters (ab 4 0, n 4 —2), Jy(x) and Y,,(a) are the Bessel functions, 
and C, and C4 are arbitrary constants. 


> Finding and verification of exact solutions. 
Let us find exact solutions and verify whether these solutions are exact solutions of given 


ODEs. 


Example 19.2. First-order linear ODE. Finding and verification of the general solution. 
For the first-order linear ODE of the general form, 


g(x)y, = filx)y + fo(z), 


we can find and verify that the solution 


y(a) = Ce + oF fer? aoa dz, where F = Ae) dx, 


is the general solution of the first-order linear ODE as follows: 


with (PDEtools): declare(y(x),prime=x) ; 
ODE1:=g (x) «diff (y(x),x) =f1 (x) «y (x) +f£0 (x); 
Soll:=subs (_C1=C, expand (dsolve (ODE1,y (x) )) 
Test1l:=odetest (Soll,ODE1); 


F:= int (£1(x)/g(x),x); 
) 


, 


where fo(x), fi(x), and g(x) are arbitrary functions, C’ is an arbitrary constant, and the Maple 
result reads: 


fl (2) fl (2) 
Solin rae g (x) ie [/-_S— # ae g (2) 22 
jooe 

g(x)et 9) 
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Example 19.3. Clairaut’s equation. Finding and verification of solutions. 
For Clairaut’s equation 


y= xy, + f(Yr), 
we can find and verify that 


y(x)=Cx+f(C) and 2(t)=—fy, y(t) = -th + f@ 


are, respectively, the general solution and a parametric solution (which is a singular solution) of this 
equation as follows: 


with (PDEtools): with(DEtools): declare(y(x),prime=x) ; 

ODE1 :=y (x) =x*diff(y(x),x)+f (diff (y(x),x)); 

Soll:=y(x)=Cx*x +f£(C); Sol2:=subs ({_C1l=C,_T=t}, [dsolve (ODE1,y(x))]); 
Testl:=odetest (Soll,ODE1); Test2:=odetest (Sol2[2],ODE1); 


clairautsol(ODE1, y(x)); parametricsol(ODE1); 
eliminate ({op(Sol2[2])}, t); 


Here f (a) is an arbitrary function and C is an arbitrary constant. 


Example 19.4. Nonlinear ODE of the first order. Particular solutions. 


The particular solutions y(x) = +23 4/ x\/ax of the nonlinear first-order ODE 


y*(y,)? -ar=0 (a>0) 


can be found and tested as follows: 


with (PDEtools): with(DEtools): declare(y(x),prime=x) ; 
ODE1:=y (x) “2*diff (y (x) ,x) ~2-a*x=0; 

Soll:=[particularsol (ODE1,y(x))]; n:=nops(Soll); 

for i from 1 to n do Test[i]:=odetest (Soll[i],ODE1); od; 


> Graphical solutions. 


Consider the most relevant related functions for plotting solutions of ordinary differential 
equations. 


, 


ol:=rhs (dsolve (ODE, y(x),ops)); S:=unapply(Soll,x,pars) 

lot (S,xR,yR,ops); SolN:=dsolve (ODE, numeric, vars, Ops); 

ith(plots): odeplot (SolN, vars,tR,ops); 
) 
) 


lA 


lot ([x(t),y(t),tR],xR,ops); implicitplot (f(x, y)=c,xR,yR 


la 


ith (DETools); DEplot (ODES, vars, tR, IC, xR, yR, ops 
Eplot3d(ODEs,vars,tR,IC,xR, yR, ZR, Ops) ; 

fieldplot (ODEs,vars,tR, xR, yR,ops) ; 

phaseportrait (ODEs,vars,tR,IC,ops); 


Remark 19.4. Here tR, xR, and yR are the ranges of the independent and dependent variables, 
t=t1l..t2,x=xl..x2,and y=yl..y2. 


e plots, odeplot, constructing graphs or animations of 2D and 3D solution curves 
obtained from the numerical solution (dsolve, numeric; see Section 19.4) 
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— cl 
* C=2 
=< Cl 
wail \ 
Figure 19.1: Graphical solutions of the Bernoulli equation y/, — ay S97". 


e DEtools, DEplot, DEplot 3d, constructing graphs or animations of 2D and 3D 
solutions of a single ODE (of any order) or a system of first-order ODEs using nu- 
merical methods 


e DEtools, dfieldplot, plotting direction field to a system of first-order ODEs 

e DEtools, phaseportrait, constructing phase portraits (solutions curves) for a 
single higher-order ODE or a system of first-order ODEs with initial conditions by 
numerical methods 


Example 19.5. Nonlinear ODE of the first order. The Bernoulli equation. Graphical solutions. 
For the Bernoulli equation 
Yr + f(x)y = g(a)y", 
where a # 0, 1, we can find the general solution (So11), and the Maple result reads: 


a 
a—1 


Soll :=e7 Jf(@) de (-« [one oe de+-C1+ f g(a)e SI) cet) az) 


We generate graphical solutions of the Bernoulli equation (presented in Fig. 19.1) for a particular 
case, for example, f(x) = —5/z, g(x) = —x°, a = 2, as follows: 


with (DEtools): declare(y(x),prime=x); with(plots): 
ODE1:=diff (y(x),x) +f (x) *y (x) =g (x) *y (x) “a; 
Soll:=simplify (rhs (dsolve (ODE1,y(x)))); 
Solll:=simplify (value (subs (f (x)=-5/x, g(x)=-x*5,a=2,Sol11))); 
Sl:=unapply(Solll,x,_Cl); xR:=x=-1..1; yR:=-1..1; 
ops:=color=[red,blue, magenta] ; 

plot ([S1(x,1),S1(x,2),S1(x,-1)],xR,yR,ops) ; 


Remark 19.5. Throughout the book, graphical solutions cannot be presented in color for tech- 
nical reasons: this would result in an essential increase in the book price. 
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> ODE classification and solution methods suggestion. 


In Maple, there is a variety of functions for solving various classes of ODEs. The func- 
tion odeadvisor of the DEtools package permits classifying a given ODE according 
to standard reference books [e.g., see Boyce and DiPrima (2004), Ince (1956), El’sgol’ts 
(1961), Murphy (1960), Kamke (1977), Zwillinger (1997), Polyanin and Zaitsev (2003)] 
and suggests methods for solving it (for more detail, see 7?DEtools, ?0deadvisor). 


Example 19.6. ODE of the first order. Classification and method suggestion. 
The separable first-order ODE 
y’, = sin? os ) 
I-y 


can be classified and analyzed and follows: 


with (PDEtools): declare(y(x),prime=x); with(DEtools): 
infolevel[dsolve]:=3; ODE1:=diff(y(x),x)=y(x) *sin(x) *2/(1-y(x)); 
odeadvisor(ODE1); odeadvisor(ODE1, [Abel]); odeadvisor(ODE1, [separable] ); 
Soll1l:=dsolve (ODE1,y(x)); Sol1l2:=separablesol (ODE1,y(x)); 


Here infolevel [dsolve] :=3 prints useful information for solving an ODE (the technique 
or algorithm being used). 


Example 19.7. ODE of the first order. Classification and method suggestion. 
The homogeneous first-order ODE 


(x? — xy)y, +y? =0 


can be classified and analyzed as follows: 


with (PDEtools): declare(y(x),prime=x); with(DEtools): 
infolevel[dsolve]:=3; ODE1:=(x*2-y (x) *x) «diff (y(x),x)+y(x) ~2=0; 
odeadvisor(ODE1); Soll:=dsolve(ODE1,y(x)); 

Sol2:=genhomosol (ODE1,y(x)); Sol3:=particularsol (ODE1,y(x)); 


Here the predefined function genhomoso1 determines whether the given ODE is a general ho- 
mogeneous ODE of the first order, and if so, a solution is obtained. 


> Order reduction as a result of dsolve. 


For some second-order and higher-order ODEs, the order of the ODE can be reduced (with- 
out obtaining a final solution) with the aid of the predefined function dsolve. In this case, 
the result can be expressed using ODESolStruc. Then we can obtain a solution for 
the reduced ODE in various forms (e.g., as an exact solution using predefined functions 
available in DEtools package or as a series or numerical solution). If we have obtained 
a solution of the reduced ODE, then a solution of the original problem can be built us- 
ing DEtools, buildsol or constructed numerically or by using analytical approximate 
methods. 


Example 19.8. Second-order nonlinear ODE. The van der Pol equation. Order reduction. 
Order reduction for the van der Pol equation 


Yio ta(y? —1)y,+by=0 (a,bER), 


can be found and tested as follows: 
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with(PDEtools): declare(y(x),prime=x) ; 
ODE1:=diff (y(x),x$2) tax (y (x) °2-1) «diff (y (x) ,x) toxy (x)=0; 
Soll:=dsolve (ODE1,y(x)); 


where the Maple result reads: 


Soll := y(a) = -aswhere { (= (.2)) _b (a) + _b (a) 02a — a_b (_a) + ba = of “ 


{a= y(2),-(.0) = Sy (o)} fo [C6 (a)? dat -Ct,y(2) =a} 


This result (in general, the function ODESO1St ruc) has two arguments. 

The first argument is the structure (written in terms of new variables) introduced by dsolve 
during the solving process. It can be selected using Strucl:=op([2,1],Sol11). 

The second argumentis a list with three sets: the reduced ODE written in terms of new variables, 
the transformation of variables used in the reduction process, and the inverse transformation. 

The notation of the function ODESo1St ruc uses the symbols ‘&where * for displaying the 
first operand and the second operand with the list including the reduced ODE and the transformation 
equations. 

The structure can be verified using odet est; the reduced ODE and the transformation equa- 
tions can be selected as follows: 


Test1l:=odetest (Sol1,ODE1); ODERed:=op([2,2,1,1],Sol1); 
TR:=o0p ([2,2,2],Sol11); TRInv:=op([2,2,3],Sol11); 
varsNew:=map(lhs,TR); varsOld:=map(lhs,TRInv) ; 


The van der Pol equation is reduced to a first-order ODE of Abel type. This can be verified 
using DEtools [odeadvisor] (ODERed). 

The original ODE can be obtained by performing a change of variables (with the function 
PDEtools, dchange) in the reduced equation (ODERed) using the transformation (TR) and, 
vice versa, the reduced equation (ODERed) can be obtained from the original ODE (ODE1) by 
changing variables using the inverse transformation (TRInv) as follows: 


vdPol:=collect (PDEtools[dchange] (TR, ODERed), [diff,a]); 
vdPolRed:=expand (PDEtools[dchange] (TRInv,vanderPol, [_a,_b(_a)])); 


> Constructing exact explicit and implicit solutions. 


If an exact solution is given as a function of the independent variable, then the solution 
is said to be explicit. For some differential equations, explicit solutions cannot be deter- 
mined, but we can obtain an implicit form of the solution, i.e., an equation that involves no 
derivatives and relates the dependent and independent variables. 


lve (ODE1,y(x),explicit); dsolve(ODE1,y(x),implicit); 


icitplot (f(x, y)=c, x=x1l..x2,y=yl..y2,ops); 


Example 19.9. First-order separable ODE. Exact implicit solutions. Graphical solutions. 
For the first-order separable ODE 


2 
av 
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we can construct the explicit (So11) and implicit (So12) solutions 


1 2 
y= tov—62* + 9C1, y+ za" — C1 =0 


and plot the graph of the implicit solution as follows: 


with (PDEtools): declare(y(x),prime=x); with(plots): 
ODE1:=diff (y (x) ,x)+x*2/y(x)=0; Soll:=dsolve (ODE1,y(x)); 
Sol2:=dsolve (ODE1,y(x),implicit); 

G:=subs ({y(x)=y},lhs(Sol2)); Gs:=seq(subs (_Cl=i,G),i=-5..5); 
contourplot ({Gs},x=-5..5,y=-10..10, color=blue) ; 


Here C; is an arbitrary constant. 


Example 19.10. Second-order nonlinear ODE. Exact implicit solutions. 
For the second-order nonlinear ODE 


1\3 12 
We) _ ee) 
y y 

we can construct and simplify the implicit (So1 4) solution 


(A-—1)a—-Ciy+Coxy4=0 (A#¥1) 


Veo = AX 


? 


as follows: 


with (PDEtools): declare(y(x),prime=x); with(plots): 

ODE1:=diff (y (x) ,x$2) =A*x/y (x) “2«diff (y (x) ,x) ~3-A/y (x) «diff (y (x) ,x) 72; 
Soll:=dsolve(ODE1,y(x),implicit); Sol2:=expand(lhs (Soll) )=0; 
Sol3:=expand(Sol2x*y(x)); Sol4:=collect (Sol3,x); odetest (Sol4,O0DE1) ; 


> Constructing exact parametric solutions. 


Frequently, differential equations can be solved for the independent variable x in terms 
of the parameter t, and then x(t) can be used to obtain an equation for the dependent 
variable y(t). For example, the general solution of the equation y/, = f(x, y) can be found 
in implicit form, ®(x, y, C) = 0, or in parametric form, x = x(t, C), y= y(t, C). In Maple, 
we can construct and visualize exact parametric solutions with the aid of the following 
predefined functions: 


dsolve (ODE, y(x),parametric,implicit); 


with (DEtools): parametricsol (ODE,y(x),ops); 
plot ([x(t),y(t),t=t1l..t2],x1l..x2,yl..y2,ops); 


Example 19.11. First-order nonlinear ODE. Exact parametric solutions. Graphical solutions. 
For the first-order nonlinear ODE 


(y,)” + ay, + by = 0, 
we can construct and visualize exact parametric solutions (Sol 1-So15), e.g., 


ney sa y(t) = 9) 


as follows: 
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with (PDEtools): with(DEtools): declare(y(x),prime=x); with(plots): 
ODE1:=(diff (y(x),x))°2 ta*xdiff (y(x),x)+b*y(x)=0; 
Soll:=parametricsol (ODE1,y(x)); 

Sol2:=dsolve (ODE1,y(x),implicit,parametric) ; 
Sol3:=simplify (subs (_C1=C,_T=t,Sol1),symbolic); 

Sol4:=simplify (parametricsol (ODE1,y(x),explicit), symbolic) ; 
Sol5:=combine (parametricsol (ODE1,y(x),Lie),symbolic) ; 
tR:=t=0.1..40; trl:={a=20,b=10}; Pl:=subs(trl,op(Sol3)); 
P2:=[rhs(P1[1]),rhs(P1[2]),tR]; valG:={seq(subs (C=i,P2),i=-5..5)}: 
plot (valG, view=[-10..10,-10..10],axes=boxed) ; 


> Constructing exact solutions of higher-order ODEs. 


Consider the most relevant related functions for constructing exact solutions of higher-order 
ordinary differential equations. 


dsolve (ODE, y(x),ops); dsolve (ODE, y (x) ,output=basis, ops); 


with (DEtools); constcoeffsols (ODE,y(x));ratsols (ODE,y(x)); 
expsols(ODE,y(x)); polysols (ODE,y(x));eulersols (ODE, y(x)); 


e dsolve, output=basis, finding a fundamental set of solutions of linear ODEs 
(homogeneous and nonhomogeneous, with constant and variable coefficients) 

e DEtools, constcoeffsols, finding a fundamental set of solutions of linear 
ODEs with constant coefficients 

e DEtools, eulersols,expsols,polysols,ratsols, finding linearly in- 
dependent solutions of an appropriate form (Eulerian, exponential, polynomial, or 
rational) 


Example 19.12. Higher-order linear homogeneous ODEs with constant coefficients. 
For the fourth-order linear homogeneous ODE with constant coefficients 


vr 


yn” + ary,’ + aryy + agy’ + aay = 0, 


where the constant coefficients are aj = 1, ag = —1, a3 = 5, ag = —2 and all solutions are of 
exponential form, we can determine a fundamental set of solutions (So12) 


poe e WVEtDe els cos( Es) err sin(2) 


as follows: 


with (PDEtools): with(DEtools): with(LinearAlgebra): with(VectorCalculus): 
declare (y(x),prime=x); with(plots): ODE1:=diff(y(x),x$4) 

ta[l] «diff (y(x),x$3)+a[2]*diff(y(x),x$2)+a[3] «diff (y(x),x)t+a[4]*«y(x)=0; 
ODE2:=subs ({a[1]=1,a[2]=-1,a[3]=5,a[4]=-2},0ODE1); 

Soll:=dsolve (ODE2,y(x)); Sol2:=dsolve (ODE2,y(x),output=basis) ; 
Sol3:=expsols (ODE2,y(x)); Sol4:=constcoeffsols (ODE2,y(x)); 


Also, we can verify that these functions are solutions of the given ODE (Test 1) and that these 
functions are linearly independent (Test 2)*: 


“Verifying that the Wronskian (the determinant of the Wronskian matrix) has the nonzero value. 
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Testl:=seq(odetest (y (x) =Y, ODE2) , Y=So12) ; 
A:=Wronskian(Sol2,x); Test2:=simplify (Determinant (A)); 


The superposition principle can be applied for constructing a general solution, since any linear 
combination of solutions of a homogeneous linear ODE is again a solution of the ODE. The general 
solution of the nth-order linear ODE is 


y(x) = > Ciyi(z), 


where y;(x) (¢ = 1,...,m) is a fundamental set of solutions and C; are arbitrary constants. By 
applying the superposition principle to the fourth-order linear homogeneous ODE with constant 
coefficients, we obtain the general solution as follows: 


SolGen:=y (x) =add(C[i]*Sol2[i],i=1..nops(Sol2)); 
odetest (SolGen, ODE2) ; 


Example 19.13. Higher-order linear equation with variable coefficients. The Euler equation. 
For the fourth-order linear homogeneous ODE with variable coefficients, the Euler equation 


4A WH 3,1" 


aye yn” + aga? yl” + aga7y” + agzy’ + asy = 0, 


where a; = 1, a2 = 14, a3 = 55, a4 = 65, as = 16, we can determine a fundamental set of solutions 


(So12) 1 In(x) n(x)? In(z)3 


xv?’ 


as follows: 


with (PDEtools): with(DEtools): with(LinearAlgebra): with(VectorCalculus): 
declare (y(x),prime=x); with(plots): ODE1:=a[1]«*x*4«diff (y (x) ,x$4) 
ta[2]*x*3xdiff (y(x),x$3)+ta[3]*x*2«diff (y(x),x$2)+a[4]*xxdiff (y (x) ,x) 
ta[5]*y(x)=0; ODE2:=subs ({a[1]=1,a[2]=14,a[3]=55,a[4]=65,a[5]=16},0DE1); 
Soll:=dsolve (ODE2,y(x)); Sol2:=dsolve (ODE2,y(x),output=basis) ; 
Sol3:=eulersols (ODE2,y(x)); Sol4:=ratsols (ODE2,y(x)); 

Testl:=seq(odetest (y (x) =Y, ODE2),Y=So12); 

A:=Wronskian(Sol2,x); Test2:=simplify (Determinant (A)); 


As in the previous example, we verify that these functions are solutions of the given ODE 
(Test1) and that these functions are linearly independent (Test 2). Since the Wronskian has 
the nonzero value 122~‘* for x # 0, it follows that these four functions are a fundamental set of 
solutions for this Euler equation on any interval that does not contain the origin. 


Example 19.14. Higher-order linear nonhomogeneous ODEs. General solution. 

The general solution y(x) of a nonhomogeneous linear ODE can be written as the sum of a 
particular solution y,(x) of the nonhomogeneous equation and the general solution of the corre- 
sponding homogeneous equation. The general solution of the homogeneous equation is a linear 
combination of the solutions in a fundamental set of solutions. The general solution of the nth- 
order nonhomogeneous linear ODE has the form: 


y(x) = yp(x) + 5 Ciyi(2), (19.2.1.1) 
i=1 


where y;(x) (i = 1,...,) is a fundamental set of solutions and C; are arbitrary constants. 
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Consider the fourth-order linear nonhomogeneous ODE with constant coefficients 


Yp +ay, +a2y, +asy’ + aay = sing, 
where the constant coefficients are ay = 1, ag = —1, a3 = 5, ag = —2. First, we determine 


a fundamental set of solutions (FundSet 1) of the corresponding homogeneous ODE and form 
the general solution of the homogeneous ODE (So1GenHom). Then we obtain a particular solu- 
tion of the nonhomogeneous equation (So1PartNonHom) and form the general solution of the 
nonhomogeneous ODE (SolGenNonHom) according to Eq.(19.2.1.1), 


t 7 1 
y(x2) = Ce? sin(2) A C5e/" cos(“z) + Cae¥2-De + Oye Ve a COs 2, 


as follows: 


with (PDEtools): with(DEtools): with(LinearAlgebra): with(VectorCalculus): 
declare (y(x),prime=x); with(plots): 

ODE1:=diff (y(x),x$4)+a[1l] «diff (y(x),x$3)+a[2]*diff(y(x),x$2) 

ta[3] «diff (y(x),x)+a[4] *y (x) =sin(x); 

ODE2:=subs ({a[1]=1,a[2] 1,a[3]=5,a[4]=-2},ODE1); 
FundSet1:=dsolve (eval (ODE2, rhs (ODE2) =0),y(x),output=basis) ; 
SolGenHom:=dsolve (eval (ODE2, rhs (ODE2) =0),y(x)); 
SolPartNonHom:=particularsol (ODE2,y(x)); 
SolGenNonHom:=y (x) =rhs (SolGenHom) +rhs (SolPartNonHom) ; 


Then we verify that this function is a solution of the given ODE (Test1) and compare the 
solution SolGenNonHom (as the result of our construction procedure) with the solution Soll 
(which is a 2-element list, where the first element is a fundamental set of solutions and the second 
element is a particular solution) and the general solution So12 (as the result from dsolve). It 
should be noted that these solutions are the same: 


Test1l:=odetest (SolGenNonHom, ODE2) ; 
Soll:=dsolve (ODE2,y(x),output=basis); Sol2:=dsolve (ODE2,y(x)); 


19.2.2 Exact Analytical Solutions of Mathematical Problems 
> Initial value problems. 


In many applications it is required to solve an initial value problem or a Cauchy problem, 
ie., a problem consisting of a differential equation supplemented by one or more initial 
conditions (which must be satisfied by the solutions). The number of conditions coincides 
with the order of the equation. Therefore, we have to determine a particular solution that 
satisfies the given initial conditions. 
Consider some initial value problems modeling various processes and phenomena. 
Example 19.15. Malthus model. Cauchy problem. Analytical and graphical solutions. 


A basic model for population growth consists of a first-order linear ODE and an initial condition. 
It has the form 
y=ky, y(0)=yo (k>0) 
and was proposed in 1798 by the English economist Thomas Malthus. Here k > 0 is a constant 
representing the rate of growth (the difference between the birth rate and the death rate). The 
increase in the population is proportional to the total number of people. 
We can obtain the solution of this mathematical problem, 


y(t) = yor, 
which predicts exponential growth of the population, as follows: 
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Figure 19.2: Exact solution (solid line) and numerical solution (points) of the Cauchy prob- 
lem (19.2.2.1). 


with(PDEtools): declare(y(t),prime=t) ; 
ODE1:=diff (y(t),t)=k*y(t); ICl:=y(0)=y[0]; 
Soll:=dsolve({ODE1,IC1l},y(t)); Testl:=odetest (Soll1,ODE1) ; 


Example 19.16. Linear ODE. Cauchy problem. Analytical, numerical, and graphical solutions. 
Consider the following second-order linear nonhomogeneous ODE with variable coefficients 
and with initial conditions: 


Yen + Ty, +y = cosa, y(0)=0, y/,(0) =0. (19.2.2.1) 


Exact analytical and numerical solutions can be constructed as follows: 


FunctionAdvisor(erf): 

Digits:=15: with(PDEtools): declare(y(x),prime=x) ; 
ODE1:=diff (y(x),x$2)+xx«diff (y(x),x) +y (x) =cos (x); 
IC1l:=y(0)=0,D(y) (0)=0; Soll:=dsolve({ODE1,IC1l},y(x)); 
Test1l:=odetest (Soll, ODE1); 

SolN:=dsolve ({ODE1,1IC1},y(x),type=numeric) : 


The analytical solution has the following form: 


y(a)=— PE ereeern/e pes (7) +erf (Ag+) sows (Au x) ) 


where erf is a special function (for more details, see Funct ionAdvisor (erf) )and J is the 
imaginary unit.* 

To obtain real graphical solutions, we make the following additional manipulations with the 
analytical solution obtained (see the Maple script below, the variable s [k] ): 


1. eval (rhs (So11) , x=i), evaluating y() ona set of points of the interval [—10, 10] (with 
the predefined function eval); e.g., the result at the point x = —10 reads: 


-ie® Rez /2erf (4) -¢ Tez J/2 (—erf (51v24 2) erf ( 51V24 ))e™. 


“The letter J is Maple’s notation for the imaginary unit 7. 
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Figure 19.3: Exact solution and the 2-D vector field of the Cauchy problem (19.2.2.2). 


2. evalf (eval (rhs (Sol11) ,x=i) ), approximating the resulting complex numbers using 
floating-point arithmetic (with the predefined function eval f); e.g., the result at the point z = —10 
reads: —0.0458265478887548 — 0.0. 

3. fnormal (evalf (eval (rhs (Soll) ,x=i) ) ), carrying out floating-point normal- 
ization (with the predefined function fnormal). 

4. simplify (fnormal (evalf (eval (rhs (Soll1),x=i))),zero) ,removing a zero 
imaginary part of the complex floating-point numbers (with the predefined function simplify, the 
option zero); e.g., the result at the point x = —10 reads: —0.0458265478887548. 


Finally, we compare the analytical and numerical solutions as follows: 


with(plots): k:=0: xR:=x=-10..10; 

for i from -10 to 10 by 0.1 do 

k:=k+1: X[k] :=i: 

s[k]:=simplify (fnormal (evalf (eval (rhs (Soll),x=i))),zero); 
od: 
N:=k; Seql:=seq([X[i],s[i]],i=1..N): 
Gl:=plot ([Seql],style=line, color="MidnightBlue"): 
G2:=odeplot (So1N, xR, style=point, color=red, symbolsize=15): 
display ({G1,G2}); 


As we see in Fig. 19.2, the analytical and numerical solutions are in good agreement. 


Example 19.17. First-order linear ODE. Cauchy problem. Analytical and graphical solutions. 
For the first-order linear ODE, with the initial condition, 


y,, — 2y = 32, y(0) =n, (19.2.2.2) 


we can determine the exact solution (So11) 


and construct the direction field (see Fig. 19.3) as follows: 
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with(plots): N:=7; Sols:=Vector(N,0): Gr:=NULL: 

setoptions (grid=[30,30]); 
IVP1:={D(y) (x) -2*y (x) =3*x,y(0)=n}; Soll:=dsolve (IVP1,y(x)); 
for i from 1 to N do Sols[i]:=subs (n=—-3+(i-1),So011); od: 
Sols; SList:=['rhs(Sols[i])' $ 'i'=1..N]; 

for i from 1 to N do 

G| |i:=plot (SList [i],x=0..2.5,color=blue): Gr:= Gr,G||i: od: 
VField:=fieldplot ([1,3*x+2*y],x=0..2.5,y=-600..600): 
display ({Gr, VField},axes=boxed) ; 


> Boundary value problems. 


Consider two-point linear boundary value problems that consist of a second-order ODE 
and boundary conditions at the two endpoints of an interval [a, b]. Some (simple) boundary 
value problems can be solved (with the aid of Maple) analytically as initial value problems 
except that the value of the function and its derivatives are given at two values of x (the 
independent variable) instead of one. 

We note that an initial value problem has a unique solution, while a boundary value 
problem may have more than one solution or no solutions at all. 

Boundary conditions can be divided into three classes: 

(i) the Dirichlet conditions (or first-type boundary conditions), 

y(a) = gi. y(b) = ge 

(ii) the Neumann boundary conditions (or second-type boundary conditions), 

yi (a) = gr, yi,(b) = ge 

(iii) the Robin boundary conditions (or third-type boundary conditions), 

aiy(a) + Bry, (a) = 91, a2y(b) + Boyi.(b) = go 

Boundary conditions can be homogeneous (if g; = gz = 0) and nonhomogeneous (oth- 
erwise). 


Example 19.18. Boundary value problem. Analytical and graphical solutions. 
For a second-order linear homogeneous ODE with constant coefficients and with boundary 
conditions (the nonhomogeneous Dirichlet conditions), 


yy, tay=0, yla=m, y(b) = 9, (19.2.2.3) 


where aj = 2,a=0,b=7, 91 1, g2 = 0, we can determine the particular analytical solution 


(Soll) 
y(x) = wens + cos(V22) 


and construct the graphical solution as follows: 


BVP1:={diff (y(x),x 
BVP2:=subs ({a[1]=2, 
Soll:=dsolve (BVP2, 

plot (rhs (Soll),x=0..Pi, eee nddre ie ee Oiamessays 


$ xy (x) =0,y(a 
gl 


] glll,y(b)=g[2]}; 
ce = 


2 j= 
a 2]=0},BVP1); 
y (x 


Modifying the boundary conditions (the nonhomogeneous Neumann conditions), we obtain the 
following: 
Yeo t aiy=0, yp(@)=91, Yp(b) = 92, (19.2.2.4) 
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where a, = 2,a = 0,b=7, 9; = 1, g2 = 0, and the particular analytical solution (So12) 


y(x) = 5 Visin(VEn) + Ses 


can be constructed as follows: 


BVP3:={diff(y(x), a 
BVP4:=subs ({a[1]=2,a 
Sol2:=dsolve (BVP4, ee 
plot (rhs (Sol2),x=0. Voi; ota Weuee. Bee eas, ee ; 


(a)=g[1],D(y) (b)=g[2]}; 


Dy) 
[2]=0},BVP3); 


For solving more complicated boundary value problems, we can follow a numerical 
approach (see Section 19.4.5). 


> Eigenvalue problems. 


Consider eigenvalue problems, i.e., boundary value problems that include a parameter 4. 
The parameter values for which the problem is solvable are called eigenvalues of the prob- 
lem, and for each eigenvalue, the solution y = y(x) (y # 0) that satisfies the problem is 
called the corresponding eigenfunction. We will find eigenvalues and eigenfunctions for 
some eigenvalue problems. 

The sufficiently general form of eigenvalue problems reads: 


a2(r)Yn, + ai1(x)y;, + [ao(x) + Aly = 0, ie ep, 


and the boundary conditions at the endpoints x = a and x = b (see the previous paragraph). 
The transformation 


nla) =exn | f By ae] aCe) = Seppe), se) = Ee 


reduces this equation to the differential equation 


[p(x)y' |. + [a(@) + As(a)]y = 0. 


This form of the equation is called the self-adjoint form. 


Example 19.19. Eigenvalue problem. Dirichlet boundary conditions. Analytical solution. 
Consider a Sturm—Liouville eigenvalue problem consisting of a second-order linear homoge- 
neous ODE with constant coefficients and a parameter \ with homogeneous Dirichlet boundary 
conditions, 
You + Ay =0, y(0) =0, y(m) =0. (19.2.2.5) 


If we apply the predefined function dsolve, 


ODE1:=diff (y (x) ,x$2) +lambdaxy (x) =0 
dsolve ({ODE1,y (0)=0,y (Pi) =0},y(x)) 


we obtain the trivial solution, y(2) = 0, and cannot solve the eigenvalue problem. 

However, we can solve such problems step by step with the aid of Maple as follows. 

1. We find the characteristic equation (EqChar) for the given ODE, m? + \ = 0; the charac- 
teristic roots are m = +/—X (Root sChar): 
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ExpSol:=exp (m*x) ; 
EqChar:=collect (eval (ODE1,y (x) =ExpSol) ,exp) /ExpSol; 
Root sChar:=solve (EqChar,m) ; 


2. There are two cases (A = 0 and A # 0). Consider the first case: \ = 0. The differential equa- 
tion is y”_, = 0 (Eq1), and the solution (So11) of this equation with the first boundary condition is 
y(x) = Cla. By applying the second boundary condition to this solution, we obtain the equation 
-Clr = 0 (Eq2), so Cl = 0 and we obtain the trivial solution y(x) = 0. Thus, \ = 0 is not an 
eigenvalue: 


Eql:= eval (ODE1, lambda=0) ; 
Soll:=dsolve ({Eql,y(0)=0},y(x)); 
Eq2:=eval (rhs (Soll1),x=Pi)=0; 


3. Consider the case of \ # 0 and apply the first boundary condition. The resulting solution 
(So13) is y(x) = Csin(VAx). By applying the second boundary condition, we obtain the tran- 
scendental equation C’ sin(V/Ar) = 0 (Sol14). For solving this equation correctly, we add the 
environment variable EnvA1L1Solutions:=true and finally obtain the eigenvalues 


Nese CORSA a) 


and the eigenfunctions 
Yn(x) = Csin(nz) 


as follows: 


So012:=rhs (dsolve ({ODE1,y(0)=0},y(x))); 
param:=remove (has, indets(Sol2), {lambda,x}) [1]; 
Sol3:=eval (Sol2,param=C) ; 

Sol4:=eval (So1l3,x=Pi)=0; 

_EnvAllSolutions := true; 
Sol5:=solve(Sol4,lambda); var:=indets(Sol15) [1]; 
EVals:=eval (So1l5,var=n) ; 
EFun:=simplify (eval (Sol3, lambda=EVals),symbolic) ; 


19.2.3 Different Types of Analytical Solutions 


By applying Maple predefined functions, we find exact solutions (general, explicit, implicit, 
parametric, particular, separable, and symmetric) of various types of ODEs. The results are 
presented in Table 19.1 below, where 


p(t) = V2t—2t+1, q(t) =arctan(2t — 1), 

2 2 
R(x, y) = Ve —y?+2y—-1, w(x) = (e+e) =v? : 
ri(t) =t7(t-n—1)- AT, r9(t) = EF (t-n—-1)- 


JacobiSN(u, k) is the Jacobi elliptic function sn(u, k). The ordinary differential equations 
and various types of analytical solutions are defined in Maple as follows: 


with (PDEtools): with(DEtools): declare(y(x),prime=x, quiet) ; 
alias (y=y(x)); Eql:=xxdiff(y,x)+y=x; dsolve(Eql,y); 
Eq2:=diff(y,x)+y=exp(x); dsolve(Eq2,y, [linear]); linearsol (Eq2,y); 
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Table 19.1. 


Maple predefined functions and exact solutions of various types of ODEs 


eo | 
pales ets 
ae any gia ere 


Ce) (¢-1) 
9 Ge 1) 
p(t) 


parametricsol (Eq3,y) 


dsolve (Eq4,y,implicit) 


zx 
ao : = - 
y 
on ——— a = — 3 separablesol (Eq5,y) 
oF 2 ; : : 


genhomosol (Eq6,y) 


7 exactsol (Eq7,y) 


Aas ade Me oi 


JVe*/2_C1 —42—8 CT —Ae=—8 bernoullisol (Eq9,y) 


riccatisol (Eql0,y) 


particularsol (Eqll,y) 


ry, — | mo =a | {y=1/42", =e Solve (Eql4, y) 
x 


. 


:y) + 
x y, fe + 2Y, +Y = > y= sin (In x) -C2+ cos (In x) Cl+e5 liesol (Eql2,y) 


-1 
arctan abelsol (Eq13,y) 
(GE =) ‘ 


Yon=YYn + 5M y= 9 - particularsol (Eq16) 


Yow = 2yyh arcté —a#—Co= dsolve(Eql7,y,implicit) 
dsolve (Eq18,y,useint) 


1 
Yr = sin(y? yt, 7 = dsolve (Eql9,y,uselInt) 


So 
m 


y(t)=r1 (te 


ape aa ak PEN ee cas prema ree 


= — a parametricsol (Eq20,y) 
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Eq3:=y*diff (y,x) -y+x/2=0; Soll:=dsolve (Eq3,y,parametric) ; 
Sol2:=subs (_T=t,_Cl=C,Soll); parametricsol (Eq3,y); 

Eq4:=diff (y,x)=(y*2+xx*y)/x°2; dsolve(Eq4,y,implicit); isolate(Sol41,_Cl); 

Eq5:=diff (y,x)=(l+exp(y))/ (exp (y) *x*1n(x)); dsolve (Eq5,y, [separable] ) 
separablesol (Eq5,y); 

Eq6:=diff(y,x) *(x-y)+y=0; dsolve(Eq6,y, [homogeneous]); genhomosol (Eq6,y) ; 

Eq7:=ln (x*y)+(x/y) «diff (y,x)=0; simplify (dsolve(Eq7,y, [exact]),symbolic); 
exactsol (Eq7,y); 

Eq8:=yt+ (2*x-yxexp (y)) *«diff(y,x)=0; odeadvisor(Eq8); mu:=intfactor(Eq8); 
odeadvisor (muxEq8); dsolve(muxEq8,y, [exact]); exactsol (mu*xEq8,y); 
firint (muxEq8) ; 

Eq9:=diff (y,x)-y/4=x/y; dsolve(Eq9,y, [Bernoulli]); bernoullisol (Eq9,y); 

Eql0:=diff (y,x) -x*2*y*2-1/xxy-x* 4=0; 

Soll:=subs (_C1=C, riccatisol(Eql0,y)); dsolve(Eql0,y, [Riccati]); 

Eqll:=y°2«diff(y,x) “2-x=0; particularsol (Eql1l,y); 

Eql2:=x*diff(y,x)-diff(y,x)“2=y; Solve(Eql4,y); clairautsol (Eql4,y)j; 

Eql3:=yx«diff (y,x) -y=exp(2*x)-1; simplify (dsolve(Eq13,y, [Abel]),symbolic) ; 

abelsol (Eql3,y); 

Eql4:=x°2«diff (y,x$2)+x«diff(y,x) +ty=x* (-2); odeadvisor (Eq12) ; 

dsolve(Eql2,y,Lie); liesol(Eql2,y); 

Eql5:=diff (y,x$2)+y-y*3=0; subs (_C1=C[1],_C2=C[2],dsolve(Eql5,y)); 

Eql6:=diff (y,x$2)=y«xdiff (y,x)+y*3/2; subs (_C1=C[1], [particularsol (Eq16) ]); 

Eql7:=diff (y,x$2)=2«yx*diff(y,x); 

subs (_C1=C[1],_C2=C[2],dsolve(Eql7,y, implicit) ); 

Eql8:=diff (y,x$2)=exp(-y) * (diff (y,x)); 

Soll:=subs (_C1=C[1],_C2=C[2],dsolve(Eq18,y,useint) ); 

Eql9:=diff (y,x$2)=sin(y*2) «(diff (y,x)); 

Soll:=[dsolve (Eq19,y,useInt)]; Sol2:=subs (_C1=C[1],_C2=C[2],Sol11[2]); 

Eq20:=diff (y,x$2)=y"nx« (diff (y,x)); 

Soll:=simplify (subs (_T=t,_Cl=C[1],_C2=C[2],parametricsol (Eq20,y))); 


19.2.4 Analytical Solutions of Systems of ODEs 


The computer algebra system Maple has various predefined functions based on symbolic 
algorithms for constructing analytical solutions of systems of ODEs [see a more detailed 
description in Cheb-Terrab et al. (1997)]. 

Consider the most relevant related functions for finding analytical solutions of a given 
ODE system. 


dsolve({ODEs}, {funcs}); dsolve({ODEs, ICs}, {funcs},ops) ; 
dsolve({ODEs}, {funcs},method=transform) ; 


dsolve({ODEs}, {funcs},’series’,ops); 


odetest ({Sols}, {OD 
dsolve[interactive 
autonomous (ODEs, {f 
convertsys (OD 


Es}, {funcs}); 
] ({ODEs}); 


uncs},xX); 


Es, ICs, {funcs},x,ops); 


with (DEtools); 
rtaylor(ODES,ops); 
rifsimp (ODES, ops) ; 


e DEtools, autonomous, determining if a set of ODEs is strictly autonomous 
e DEtools, convert sys, converting a system of one or more ODEs to a system of 
first-order ODEs 
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e DEtools, rifsimp, simplifying overdetermined polynomially nonlinear systems 
of ODEs 

e DEtools, rtaylor, obtaining local Taylor series expansions for all dependent 
variables in the system of ODEs 


> Linear systems of ODEs. 


For first-order linear systems of ODEs, it is possible to find the general solution and the par- 
ticular solution for any initial condition (with the aid of the predefined function dsolve). 
Higher-order linear ODEs or systems can be converted into systems of first-order ODEs 
(with the aid of the predefined function convert sys) and then solved. 


Example 19.20. First-order liner system of two ODEs. Analytical solution. 
Consider the general first-order linear system of two ODEs with constant coefficients 


ul, =d9 +a,ut+ aor, Uv, = bo + bhut bov, 


where u(x) and v(x) are the unknown functions and the values of the coefficients are ag =1, a, = 1, 
a2 —1, bo 1, by 1, and be =A: 
By applying the predefined function dsolve, we find the general solution 


u(x) = —1 +e” (_Clcos(x) + -C2sin(z)) , 
vu (a) = —e” (—_C1sin(x) + -C2 cos(x)) 


of this linear system and verify it as follows: 


ODE1:=diff (u(x) ,x)=a[0O]+a[1l]*u(x)+a[2]*v(x): 

ODE2 :=diff (v(x),x)=b[0]+b[1] «u(x)+b[2]*«v(x): Sysl:={ODE1, ODE2}; 
Coeffs:={a[0]=1,a[1] [2]=-1,b[0]=1,b[1]=1,b[2]=1}; 
Sys2:=eval (Sys1,Coeffs); 

SolGenl:=dsolve (Sys2, {u(x),v(x)}); odetest (SolGenl,Sys2) ; 
u_x=eval (u(x),SolGenl); v_x=eval(v(x),SolGenl); 


Example 19.21. First-order linear system of two ODEs. Cauchy problem. Analytical solution. 
Consider the following first-order linear system of two ODEs with initial conditions: 


ul, =aotayutagu, vi, =bo +biu Ft bau, u(xzo) = Uo, v(2o) = vo, 


where u = u(x) and v = v(x) are the unknown functions and the values of the coefficients are 
ao = —1, a; = 1, ag = —1, bp = 1, b} = —1, and bp = 1. For a first-order two-dimensional system 
in u(a) and v(x), each initial condition can be specified in the form IC= {u(ap) = uo, v(%o0) = vo} 
(e.g., u(0) = 0, v(0) = 1). One solution curve is generated for each initial condition. The solution 
of the initial value problem (IVP 1) can be found as follows: 


Sees oe am ae a[O]t+a[1l]*u(x)t+ta[2]*v(x): 

ODE2:=diff (v(x), b[0]+b[1]*u(x)+b[2]*«v (x): Sysl:={ODE1, ODE2}; 
Coeffs:={a[0]=-1, ar j=1,a[2]=-1,b[0]=1,b[1]=-1,b[2]=1}; 
Sys2:=eval (Sys1,Coeffs); SolGenl:=dsolve (Sys2, {u(x),v(x)}); 
u_x=eval (u(x),SolGenl); v_x=eval (v(x),SolGenl); 


odetest (SolGenl,Sys2); IC:={u(0)=0,v(0)=1}; IVP1:=Sys2 union IC; 
SolPart1l:=dsolve (IVP1, {u(x),v(x)}); odetest (SolPart1,IVP1); 


Alternatively, the solution of this initial value problem can be found step by step as follows: 
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Eql:=eval (eval (SolGenl, x=0),1IC); Eq2:=solve(Eql, {_C1l,_C2}); 
SolPart2:=eval (SolGenl,Eq2); odetest (SolPart2,IVP1); 
u_xP=eval (u(x),SolPart2); v_xP=eval (v(x),SolPart2); 


We substitute the initial condition (IC) into the general solution (So1Gen1) and obtain equa- 
tions (Eq1) for the unknowns _C1 and _C2, which can be solved for these constants of integration 
(Eq2). The particular solution (SolPart 2) of this initial value problem reads: 


a(z)=1—e*, v(x) =e" 


This particular solution SolPart2 coincides with the solution SolPartl. 


> Nonlinear systems of ODEs. 


For more complicated first-order or higher-order nonlinear systems of ODEs, a straight- 
forward application of the predefined function dsolve may give no solutions (general or 
particular). Therefore, one can introduce some transformations, make some manipulations 
with the original Cauchy problem, reduce it to a modified Cauchy problem, and finally 
obtain analytical solutions in terms of the new variables and the original variables. Let us 
show this in the following example. 


Example 19.22. System of ODEs. Cauchy problem. Analytical and graphical solutions. 
Consider the following second-order nonlinear system of two ODEs with initial conditions: 


re = au, (u!,)? a (v,)?, He — —av,, (ul,)? oF (Cae 


u(0) =0, v(0)=0, w/,(0) =Upsing, vi,(0) = Up cos, 


x 


where u = u(z) and v = v(a) are the unknown functions and the parameter values are a = 5, 
Uo = 10, and ¢ = 7/10. The solution of the initial value problem (IVP 1) can be found step by 
step as follows: 


with (PDEtools): declare (u(x),v(x),U(x),prime=x) : 
xR:=0..20; IC_U:=U(0)=U[0]; Sysl:= 
{diff (u(x) ,x$2)=—-axdiff (u(x),x)*sqrt (diff (u 
diff (v(x) ,x$2)=-axdiff (v(x),x)*sqrt (diff (u 
Vv 


( tdiff (v(x),x)7* 

( v 
IC:={u(0)=0, 0)=0, D(u) (0)=U[0]*sin(phi), D(v) 

) 

) 


tdiff (v(x) ,x)7* 
U[0]*cos (phi) }; 


dy 
\he 


) 724 2 
) 724 2 
0)= 
IVP1:=Sysl union IC; dsolve(IVP1, {u(x),v(x) } 
trl:=U (x) =sqrt (diff (u(x) ,x) 7“2+diff (v(x) ,x) 72 
Eq2:=simplify (eval (Eql,Sysl),symbolic); 
ODE1:=subs (rhs (trl) “2=U (x) *2,Eq2); Soll:=dsolve({ODE1, IC_U},U(x)); 
Sys2:=subs (rhs (tr1)=rhs(Soll),Sys1); 

IVP2:=Sys2 union IC; Sol2:=simplify(dsolve (IVP2),symbolic) ; 

simplify (odetest (Sol2,IVP1),symbolic); SolG:=[op(Sol2)]; 

plot (eval ([rhs(SolG[1]),rhs(SolG[2])], {U[0]=10,a=5, phi=Pi/10}),x=xR); 


; Eql:=diff(trl1,x); 


In this problem, a straightforward application of the predefined function dsolve does not 
give a solution. Therefore, we introduce the transformation (t r1), U(x) = V/(u/,)? + (v/,)?. Then 
Qui. + Qui. 

2/ (uy)? + (vp)? 
vl_, of the original system into the expression for U/.,, we obtain the differential equation (ODE1), 
U!, = —aU?. Solving this simple differential equation with the initial condition U(0) = Uo, we 


obtain the solution (So11), U(x) = 


“LX? 


we find the derivative (Eq1), Ui, = . Substituting the second derivatives u 


qa a ae Substituting this expression for U(x), which is 
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equal to y/(u/,)? + (v/,)? (according to t r1), into the original system (Sys 1) and considering the 
initial conditions, we obtain the modified Cauchy problem (IVP 2) 


/ / 
i aa aU u, , aU vi, 
i aUpx +1? ** aUpx + 1’ 


u(0)=0, v(0)=0, wi,(0) =Uosing, v1,(0) = Up cos¢. 


x 


Solving this Cauchy problem, we obtain the analytical particular solution (So12) 
it 1 
u(x) = —singln(aUp +1), v(x) = — cos ¢In(arUp + 1) 
a a 


and then verify that it is an exact particular solution (So 12) of the original Cauchy problem (IVP 1) 
and plot the graphs of u(x) and v(z). 


19.2.5 Integral Transform Methods for ODEs 


In Maple, integral transforms (e.g., Fourier, Hilbert, Laplace, and Mellin integral trans- 
forms) can be studied with the aid of the intt rans package. Methods of integral trans- 
forms can be applied to the solution of many initial value problems. The most important 
predefined functions for finding analytical solutions of a given Cauchy problem are the 
following: 


dsolve({ODE, IC},y(x),method=transform, ops) ; 


dsolve({ODEs,1C}, {funcs},method=transform, ops) . 


Here transformcan be laplace, fourier, fouriercos, or fouriersin. 


DEtools,method, finding analytical solutions using integral transforms (Laplace 
or Fourier) 


> Linear ODEs and systems of ODEs with constant coefficients. 


Methods of integral transforms can be applied for solving the nth-order linear ODE with 
constant coefficients and with initial conditions, 


anys”) + dn!) +... + ary, + aoy = f(x), 2 >0, 

WO=H, ZO=ny a4 0" O =e, 
and systems of linear ODEs with constant coefficients coupled by initial conditions. Con- 
sider some examples. 


Example 19.23. First-order linear ODE. Initial value problem. Laplace transform. 
For the first-order linear ODE with the initial condition 


y, tay=e"*, = yy (0) = 1, 


the exact solution 
y(z) =(x+1je™ 


of the initial value problem can be obtained (with the aid of the predefined function dsolve) and 
verified as follows: 
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with (PDEtools): declare(y(x),prime=x): with(inttrans) ; 
ODE1:=diff (y(x),x) +tax*xy (x) =exp(-a*x); IC:=y(0)=1; IVP1:={ODE1,I1C}; 
SolPartl:=dsolve(IVP1,y(x)); SolPart2:=dsolve(IVP1,y(x),method=laplace) ; 
odetest (SolPartl,IVP1); odetest (SolPart2,IVP1); 


Alternatively, the exact solution of this initial value problem can be found step by step and 
verified as follows: 


with (PDEtools): declare(y(x),prime=x): with(inttrans) ; 
ODE1:=diff (y(x),x) ta*xy (x) =exp(-a*x); IC:=y(0)=1; IVP1:={ODE1,I1C}; 
Eql:=laplace(ODE1,x,p); Eq2:=subs(IC,Eql1l); 
Eq3:=solve (Eq2, laplace(y(x),x,p)); SolPartl:=invlaplace (Eq3,p,x)j; 


The graphical solution can be obtained for some value of the parameter a (e.g., a = 7) as follows: 
SolPart2:=subs (a=7,SolPartl); plot (SolPart2, x=0..1,color=blue) ; 


Example 19.24. First-order linear system of ODEs. Initial value problem. Laplace transform. 
By applying the Laplace transform, we solve the initial value problem 


u,-2v=2, 4u+v,=0, u(0)=1, v(0)=0 
and verify the exact solution 
u(x) = 4+ Zcos(2V2zx), v(x) = —ZV2sin(2V2z) — $2, 


as follows: 


with (PDEtools): declare (u(x),v(x),prime=x): with(inttrans): 
IC:={u(0)=1,v(0)=0}; ODESysl:={D(u) (x) -2«*v (x) =x, 4*u(x)+D(v) (x) =0}; 
IVP1:=ODESysl union IC; Soll:=dsolve (IVP1, {u(x),v(x)}); 
Sol2:=dsolve (IVP1, {u(x),v(x)},method=laplace); odetest(Soll,IVP1); 


Alternatively, the exact and graphical solutions of this initial value problem can be found step 
by step and verified as follows: 


Eql:=laplace (ODESys1,x,s); Eq2:=subs (IC,Eq1); 

Eq3:=solve (Eq2, {laplace(u(x),x,s),laplace(v(x),x,s)}); 
Sol3:=invlaplace (Eq3,s,x); assign(Sol3): 
plot ([u(x),v(x),x=0..Pi],color=blue, thickness=3) ; 


Example 19.25. First-order linear systems of ODEs. Initial value problem. Laplace transform. 
Generalizing the procedure, consider the system of first-order linear ODEs 


(yi), = Qiyi + Qi2y2t-:-+aingn+filz), x>0 (i=1,...,n) 
with the initial conditions 
yi(0) = Yio (i=1,...,n), 
where a;; (@ = 1,...,n; 7 = 1,...,m) are constants, fi(x) are given functions, and the unknown 
functions y1(x),...,Yn(x) are defined on x € [0, oo]. 
Let n = 2. We find the exact solution of the Cauchy problem 
(yi)c = Ye, (Y2)r=—Yr—2y2t+a, «>, 
yi(0)=1, yo(0)=1 


by applying the integral transform method. Also, we verify and plot this solution on some interval 
[a, b] as follows: 
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with (PDEtools): declare (u(x),v(x),prime=x): with(inttrans): 
with(plots): a:=0: b:=2: 

ODESys1l:=diff (u(x),x)=v(x),diff (v(x) ,x)=x-u (x) -2*v (x); 
IC:=u(0)=1,v(0)=1; IVP1:={ODESys1,IC}; 

Soll:=sort (dsolve (IVP1, {u(x),v(x)},method=laplace) ); 
uExX:=unapply (rhs (Soll[1]),x); vEx:=unapply(rhs(Soll1[2]),x); 
uG1l:=plot (uEXxX (x) ,x=a..b,color=red): 

vG1l:=plot (vEx(x),x=a..b,color=blue): display ({uGl,vG1}); 


Remark 19.6. If we consider an nth-order ODE (n > 1) with n initial conditions, 


anys” + any) +... + ary, + aoy = f(z), 2>0, 
y0)=yo, y20)=m, 5 90) =on-1, 
then we can find exact solutions of this higher-order ODE by transforming it into an equivalent 


system of n first-order equations (with the predefined function DEtools, convertsys) and 
by applying integral transform methods to this system of ODEs. 


> Linear ODEs with variable coefficients. 


Some initial value problems consisting of linear ODEs with variable coefficients can be 
solved (in a similar way) by the method of integral transforms. However, integral trans- 
forms do not provide a general method for solving ODEs with variable coefficients. 


Example 19.26. Linear ODE with variable coefficients. Cauchy problem. Laplace transform. 
For the second-order linear ODE with variable coefficients and initial conditions 


yt, + 2ay!,—4y=2, y(0)=0, y/,(0) =0, 


the exact solution 
2 


y(2) =« 
of the initial value problem can be obtained (with the aid of the predefined function dsolve) and 
verified as follows: 


with(PDEtools): declare(y(x),prime=x): with(inttrans): 
with(plots): ODE1:=diff(y(x),x,x)+2*xxdiff (y (x) ,x)—-4*y (x) =2; 
IC:=y(0)=0,D(y) (0)=0; IVP1:={ODE1, IC}; 

Soll:=dsolve(IVP1, {y(x)},method=laplace); odetest (Soll,IVP1); 


19.2.6 Constructing Solutions via Transformations 


Transformation methods are the most powerful analytic tools for studying differential equa- 
tions. Nowadays, transformations of different types can be computed with the aid of com- 
puter algebra systems, such as Maple or Mathematica. 

In general, transformations can be divided into two groups: (i) transformations of the 
independent and dependent variables and (ii) transformations of the independent variables 
as well as the dependent variables and their derivatives. We will consider various types of 
transformations relating ODEs, e.g., point and contact transformations. 

Transformation methods permit finding transformations under which an ODE is invari- 
ant and new variables (independent and dependent) with respect to which the differential 
equations become simpler, e.g., linear. 
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Consider the most important functions for performing transformations of ODEs: 


with (PDEtools): dchange (trl,exprl,ops); 


with (DEtools): convert (ODE1, ODEtype, y (x) ,OpSs); 


e PDEtools, dchange, performing transformations (changes of variables) in math- 
ematical expressions (ODEs, PDEs, multiple integrals, integro-differential equations, 
limits, etc.) or procedures 

e DEtools, convert, converting ODEs to other ODEs of different type. The pa- 
rameter ODEt ype can be one of the following conversion types: y_x, Riccati, 
linearODE, NormalForm, Abel, Abel_RNF, FirstKind, SecondKind, 
DESol, MobiusX, MobiusyY, and MobiusR 


> Point transformations. 


Now consider the most important transformations of ODEs, namely, point transformations 
(transformations of independent and dependent variables). Point transformations can be 
linear transformations (translation transformations, scaling transformations, rotation trans- 
formations, etc.) and nonlinear transformations of independent and dependent variables. 
These transformations and their combinations can be applied to simplify nonlinear ODEs, 
linearize them, and reduce them to normal, canonical, or invariant forms. 


Example 19.27. The Bernoulli equation. Transformation and general integral. 
Consider the first-order nonlinear ODE, the Bernoulli equation 


g(x)y, — filx)y — fn(x)y” = 9, 


where n 40, 1. By applying the transformation of the dependent variable X =x, Y(X)=[y(x)|*~™, 
we obtain the linear equation (Eq8) 


(1 —n) fa(X) ¥ + (1—n) fa(X) - 9(X)¥& =0. 


Then we obtain the general integral with respect to Y(X) (So11) and test it (Test1). 
Finally, we find the general integral of the original equation (with respect to y(x)) (So12) and 
test it (Test 2): 


with (PDETools): declare(y(x),Y(X),prime=x, prime=X) ; 
trl:={X=x,Y(X)=y(x)*(1-n)}; tr2:=simplify (solve (trl, {x,y(x)}),symbolic); 
Eql:=g (x) «diff (y(x),x)-f[1] (x) *y(x)-f[n] (x) *y (x) “n=0; 

Eq2:=dchange (tr2,Eql, [X,Y(X)]); Eq3:=expand(simplify (Eq2,symbolic)); 
Eq4:=map (simplify, lhs(Eq3),symbolic); Eq5:=map(*>**,Eq4, (n-1)); 

Eq6:=map (***,Eq5,Y(X)*(n/(n-1))); Eq7:=map (simplify, Eq6, symbolic); 
Eq8:=collect (Eq7, [£[1] (X),f[n] (X),Y(X)]); Soll:=dsolve (Eq8=0, Y (X) ); 
Testl:=odetest (Soll,Eq8); Sol2:=subs(tr1l,Soll); Test2:=odetest (Sol2,Eql1); 


Example 19.28. First-order ODE reducible to a homogeneous ODE. A linear transformation. 
Consider the first-order equation 


1 aqyxt + biy + cy 
Ve = Sees 9 


agx + boy + C2 
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where a;, b;, c; (« = 1,2) are real constants. This equation can be reduced to a homogeneous 
equation and integrated. Consider the case where 


ay 
D — 
a2 


By applying the transformation* 


by 
be 


= a bo = ab x 0. 


r=X+2%, y(t)=Y(X)+y0 


(19.2.6.1) 


of the independent and dependent variables, where xg and yo are constants, which can be uniquely 
determined (since D ¥ 0) by solving the linear algebraic system 


aj%o + byyo +e, =0, agro + boyo + co = 0,7 


we obtain the differential equation (Eq2) 


bY le a) 


We es 
Yx ey (4 =r aX 


for Y = Y(X), which can be reduced to the homogeneous equation 


b,Y/X 
Vy = (Bete 
boY/X + ag 
and then integrated: 
with (PDEtools): declare(y(x),Y(X),prime=x, prime=X) ; 


Sol0:=solve ({al*x0+bl*y0+c1=0,a2*x0+b2*y0+c2=0}, {x0,y0} 
ODE1:=diff (y (x) ,x)=f ((al*xtblxy(x)+c1) / (a2«x+b2x«y (x) +c2 


trl:={x=X+x0,y (x) =Y 


Eq3:=subs (tr2,Eq2) ; 


tr2:=Exl=expand (numer (1 


) 
) 
(X)+y0}: Eql:=dchange(trl1,ODE1, [X,Y (X 


Eq2:=simplify (subs (Sol0,Eq1l)); Exl:=op(1,rhs(Eq2)); 
Ex1)/X) /expand (denom(Ex1) /X) ; 


de 
1); 


Now consider a particular case of point transformations, the hodograph transformation, 
ie., a transformation interchanging the roles of the dependent and independent variables 
in an ODE. The hodograph transformation is used for simplifying nonlinear differential 
equations and nonlinear systems or converting them into linear ones. 


Example 19.29. First-order nonlinear ODE. Hodograph transformation. 


Consider the nonlinear first-order ODE 


y + (2x — ye”)y!, = 0. 


By applying the hodograph transformation y(x) = X, « = Y(X) (tr1), we reduce this nonlinear 
ODE to the linear equation XY{ — Xe* + 2Y = 0 (Eq2): 


with(PDEtools): wit 
ODE1:=y (x) + (2*x-y (x 
Eql:=dchange (trl, OD! 


E1, [X,Y (X)]); 


h(DEtools): declare (y(x),Y(X),prime=x, prime=X) ; 
) exp (y (x) )) *diff(y(x),x)=0; trl:={y 
Eq2:=numer (lhs (factor (1 


(X) =X, x=Y¥ (X) }; 
Eql)))=0; 


“Equations (19.2.6.1) can be interpreted as a translation of orthogonal coordinate axes to the new origin 
(xo, yo) that is the point of intersection of the lines aia + biy + ci = 0 and agx + bey + c2 = 0 (for the case 
in which the lines are not parallel). 
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The original nonlinear equation can be solved in implicit form, and the reduced equation, in 
explicit form. In Maple’s notation (Sol1, S012), we have 


era’), 2)e%+_Cl 
Fie Sel ees ae Ea | [yx = 
y 


Alternatively, we can perform the hodograph transformation by applying the predefined function 
DEtools, convert, y_x and rewrite the resulting equation in the same notation (Eq3, Eq4). 
Finally, we verify all the solutions obtained: 


Soll:=dsolve (ODE1,y(x)); Sol2:=[dsolve(Eq2,Y(X))]; 
Eq3:=numer (lhs (normal (convert (ODE1, y_x, implicit) )))=0; 
Eq4:=subs ({y=X,x(y) =Y (X) }, Eq3) ; 

odetest (Sol1l,ODE1); odetest (So12,Eq2); 


> Contact transformations. 


For an ODE of general form with the independent variable x and the dependent variable 
y = y(x), a contact transformation can be represented in the form 


t= F(X,Y,Y)), y=G(X,Y,Y2), yp = H(X,Y,Yx), 


where the functions F'(X, Y, Y,) and G(X, Y, Y,) are chosen so that the derivative y/, does 
not depend on Y/”. 

Consider some examples of contact transformations that reduce complicated nonlinear 
ODEs to equations of a simpler form. 


Example 19.30. Nonlinear first-order equation. Contact transformation. 
Consider the nonlinear first-order ODE 


y,(yl, + ax)” + b((y/,)? + 2ay)™” +e=0. 
By applying the contact transformation (t r3) 
e=1(xX-y), y= L(v-(¥%))), vw =1Y;, 


we reduce this nonlinear ODE to the separable ODE (Eq2) 


5X"Yxy + DY" +c=0 


and obtain the exact solution as follows: 


with (PDEtools): with(DEtools): declare(y(x),Y(X),prime=x, prime=X) ; 
Dl:=diff(y(x),x); ODE1:=D1* (Dl+ax*x) “ntb* (D1*°2+2*axy (x) ) “m+c=0; 
trl:={x=(X-diff (y(x),x))/a,y(x)=(¥ (X) - (diff (y (x),x))°2)/(2*a) }; 
tr2:=diff (y(x),x)=diff(Y(X),X)/2; tr3:=subs(tr2,tr1); 

Eql:=dchange (tr3,ODE1, [X,Y(X)]); Eq2:=simplify (Eql,symbolic) ; 
odeadvisor(Eq2); Soll:=dsolve(Eq2,Y(X)); odetest (Soll,Eq2) ; 


] 
(I 


Example 19.31. Nonlinear first-order equation. Legendre transformation. 
Consider the nonlinear first-order ODE 


rf (y.) + y9(yz) + h(ye) = 9, 
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where f(y’), g(yj,) and h(y/,) are arbitrary functions. By applying the Legendre transformation 
a Vo YS AY Se Yo Sau, 


we reduce this nonlinear ODE to the linear ODE (Eq2) 


(Xg(X) + f(X))¥x — Yo(X) + h(X) =0 


and obtain the exact solution as follows: 


with (PDEtools): with(DEtools): declare(y(x),Y(X),prime=x, prime=X) ; 
D1l:=diff(y(x),x); ODE1:=xxf (D1) +y(x) «g(D1)+h(D1)=0; 
trl:={x=diff (Y(X),X),y(x)=-Y (X) +X*«diff (Y (X),X)}; 
Eql:=dchange (trl1,ODE1, [X,Y(X)]); Eq2:=collect (Eql, diff); 
odeadvisor(Eq2); Soll:=dsolve(Eq2,Y(X)); odetest (Soll,Eq2) ; 


© Literature for Section 18.2: E. L. Ince (1956), G. M. Murphy (1960), L. E. El’sgol’ts (1961), E. Kamke 
(1977), E. S. Cheb-Terrab, L. G. S. Duarte, and L. A. C. P. da Mota (1997), D. Zwillinger (1997), A. D. Polyanin 
and V. F. Zaitsev (2003), W. E. Boyce and R. C. DiPrima (2004). 


19.3 Group Analysis of ODEs 


19.3.1 Solution Strategies and Predefined Functions 


It is well known that there exist many theoretical methods for solving ODEs. Moreover, 
nowadays there exist many computational methods for solving ODEs. Among computa- 
tional methods, there are various computer algebra methods for solving ODEs; an overview 
of such methods can be found in [MacCallum (1995)]. Some of these methods have been 
implemented in Maple, and all the methods are provided by the general solver dsolve. 

The main idea of the Lie symmetry approach is to transform differential equations to 
standard equations that we know how to solve. 

In Maple, one can solve ODEs without specifying a method or specifying one of the 
embedded methods. In the first case, the system has a proper strategy for testing and an- 
alyzing a given ODE and can select an appropriate method depending on some options in 
dsolve. For example, these options include t ype=numeric for numerical solutions, 
type=series for Taylor series solutions, type=formal_series for formal power 
series solutions of linear ODEs with polynomial coefficients, type=formal_solution 
for formal solutions of homogeneous linear differential equations with polynomial coeffi- 
cients, and method=integral+transform for solutions by integral transform meth- 
ods. 

If it is necessary to find an analytical solution of an ODE, Maple’s strategy is as follows: 


e Solve the ODE by applying classification methods, i.e., by verifying whether the 
ODE matches a recognizable pattern for which a solution method is implemented 
(e.g., quadrature, linear, separable, Bernoulli, Riccati, etc.). If there is a matching 
pattern, then the corresponding method is applied. 

e If the classification methods fail, then apply Lie symmetry methods (which suggest 
finding generators of symmetry groups, integrating the ODE, or reducing its order). 
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In Maple, it is possible to change this strategy by introducing the option class (only 
classification methods) or Lie (only Lie symmetry methods). 


Example 19.32. The Emden—Fowler equation. Exact solutions by the Lie symmetry method. 
By applying the two Maple strategies, i.e., classification methods and Lie symmetry methods, 
to the Emden—Fowler equation 
You = Aay™ 


where n = —6 and m = 3, we obtain distinct forms of exact solutions (SolLie, SolClass): 


d—f——C2=0, y=--C2 JacobiSN ((-5 id +01) 0), 1) x 
ah 


+2 iy 
DAf Dol 


BlR 


with (DEtools): with(PDEtools): declare(y(x),prime=x, quiet) ; 

alias (y=y(x)); ODE1l:=diff(y,x$2)=A*x"n*y°m; ODE6:=subs (n=—6,m=3,O0DE1) ; 
infolevel[symgen]:=1; odeadvisor (ODE6) ; 

SolLie:=dsolve (ODE6,Lie,implicit); SolClass:=dsolve (ODE6,class); 


Group analysis of ODEs can be performed in Maple: in one step (with dsolve), or 
step by step (by applying a specific predefined function to each of the symmetry steps), or 
by hand (by developing appropriate procedures and functions). 

In Maple, ODEs can be studied with the aid of the predefined function dsolve (which 
includes symmetry methods for all differential orders) and a collection of predefined func- 
tions that implement symmetry methods [for details, see Olver (1986), Bluman and Kumei 
(1989), Stephani (1989)] in the packages DEtools and PDEtools. In this section, we 
study the main symmetry methods with the aid of predefined functions and packages [see 
Cheb-Terrab, Duarte, and da Mota (1997, 1998), Cheb-Terrab and Roche (1998), and Cheb- 
Terrab and Kolokolnikov (2003)]. 

The most relevant predefined functions for performing group analysis of ODEs and 
finding exact solutions by the Lie symmetry approach are the following: 


dsolve (ODE, y (x) ); dsolve (ODE, y(x),Lie); 
dsolve (ODE, y (x) ,way=val, HINT=[val],method) ; 

with (DEtools): Syml:=symgen (ODE, y (x) ,way=val, HINT=[val]); 
symtest (Sym, OD! xX) ); transinv([Sym],y(x),Y(X)); 
invariants ([S rk,y(X),OpS); buildsym(Sol,y(x),ops); 
ee E, [Sym],y(xX),0OpS); equinv([Sym],y(x), 
uildsol (ODESo1Struc, SolRedODE); canoni([Sym],y(x),s(r 


’ 


, 


n); 
i Ud 
i 
i 


ith (PDEtools): InfinitesimalGenerator (Sym, y (x 
nfinitesimalGenerator (Sym, y(x),prolongation=k,ops); 
DeterminingPDE (ODE, typeofsymmetry=val,notation=val,ops) ; 


y 


r 
b ) 
infgen([Sym],k,y(x),ODE) ; eta_k([Sym],k,y(x),ODE 
Ww ) 
r 


Here Sym is a symmetry (or symmetries), ODESol1Structure is an analytical solu- 
tion obtained by dsolve and expressed in terms of ODESo1St ruc (for details, see Sec- 
tion 19.2.1), and SolReducedODE is a solution of the reduced ODE (which is a part of 
ODESolStruc). 
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e dsolve, Lie, computing an analytical solution by applying the Lie method of sym- 
metries 
e DEtools (package), several functions for performing Lie group analysis; e.g., 
symgen, looking for a symmetry generator for a given ODE 


symtest, testing a given symmetry 


transinv, looking for the set of transformations of variables that leave the 
ODE invariant, i.e., the one-parameter Lie invariance group of the ODE 


reduce_order, reducing the order of an ODE using symmetries (or solu- 
tions) 


equinv, looking for the most general ODE invariant under a symmetry group 
(or different symmetry groups) 


buildsol, finding a solution of an ODE using order reduction and a solution 
of the reduced ODE 


canoni, determining a pair of canonical coordinates for a given Lie symmetry 
group 


invriants, calculating differential invariants of a given one-parameter Lie 
group 


buildsym, building the symmetry generator given a solution of an ODE 


infgen, finding the infinitesimal generator of a one-parameter Lie group (with 
k-prolongation) 


eta_k, determining the k-prolongation of the infinitesimals of a one-parameter 
Lie group 


e PDEtools (package), some functions for performing Lie group analysis; e.g., 


InfinitesimalGenerator, finding the infinitesimal generator (default is 
a differential operator procedure) 


DeterminingPDE, computing the symmetry determining equation (admitted 
by a given ODE) that splits into a PDE system 
19.3.2 Constructing Point Groups 


Consider symmetries that are point transformations, that is, diffeomorphisms of the plane. 


Example 19.33. Simplest ODE. Symmetries. One-parameter Lie group. Infinitesimal generator. 
For the first-order ODE 


with an arbitrary function F'(x): 
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e We obtain the symmetries (Sym1) [_€ =0, --7 = 1], i.e., the infinitesimals €(ax, y) and n(a, y) 
of a one-parameter Lie point transformation group that leaves the given ODE invariant, and 
verify these symmetries (Test 1). 


e We obtain the one-parameter (__a) Lie point transformation group (in this case, the transla- 
tion group) {X = 2, Y = y+ - a} (tr1) and verify the invariance of the given ODE under 
this one-parameter Lie group, Y; = F(X). 


e We obtain the infinitesimal generator (or infinitesimal operator) (G) of the group, G= f——. 


Oy 


with (DEtools): with(PDEtools): declare(Y(X),prime=xX) ; 
ODE1:=diff (y(x),x)=F (x); odeadvisor (ODE1) ; 
Syml:=symgen(ODE1); Testl:=symtest (Syml1,ODE1,y(x)); 
trl:=transinv(Syml,y(x),Y(X)); itrl:=solve(trl, {x,y(x)}); 
ODE1Inv:=dchange (itrl,ODE1, [X,Y (X)]); 
G:=InfinitesimalGenerator (Syml,y(x)); G(f(x,y)); 


Example 19.34. The Blasius equation. One-parameter point transformation group. 
Consider a third-order nonlinear ODE, e.g., the Blasius equation 


wr 


By applying the predefined function symgen with the option way=formal, we compute only all 
point symmetries (Sym1) [_€ = 1, 7 = OJ, [.€ = 2,7 = —y], ie., the infinitesimals €(z, y) 
and n(x, y) of a one-parameter Lie point transformation group that leaves the given ODE invariant. 
Then we obtain the characteristic functions @; and the infinitesimal generators G; (¢ = 1, 2), 


Qi =—p, Q2=—-y- px, G1 =0z, G2 = 20z — yOy, 


of these point symmetries as follows: 


with (DEtools): with(PDEtools): declare(y(x),prime=x) ; 
ODE1:=diff (y (x) ,x$3)=—-y (x) «diff (y(x),x$2); 
Sym1l:=[symgen (ODE1,y(x),way=formal)]; Nl:=nops (Syml1); 
for i from 1 to Nl do 

Q||i:=subs (Syml1[i],_eta-diff (y(x),x)*_xi); 

G| |i:=infgen(Syml[i],0,y(x)); 

ods 


19.3.3 Constructing Exact Solutions 


Following the Lie symmetry approach, we can construct exact solutions of ODEs (in one 
step) by applying the predefined function dsolve, Lie with various options. For exam- 
ple, the option method in dsolve (ODE, y (x) , way=val, HINT=[val],method) 
can be one of the types: fat, can, can2, gon, gon2, dif, where 


e fat, building an integrating factor 

e can, reducing the order of the ODE by one (canonical coordinates of the invariance 
group) 

e can2, reducing a second-order ODE to a quadrature (two pairs of infinitesimals, a 
2-D subalgebra) 
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e gon, reducing a second-order ODE to a quadrature (a normal form of the symmetry 
generator in the space of first integrals) 

e gon2, reducing a second-order ODE to a quadrature (two pairs of infinitesimals and 
normal forms of the symmetry generators in the space of first integrals) 


e dif, applying differential invariants 


Remark 19.7. Two methods (fat, can) can be applied to first-order ODEs; six methods 
(can—di f) can be applied to second-order ODEs; one method (can) can be applied to higher- 
order ODEs. The methods gon, gon2, and dif can work with point and dynamical symmetries. 


Example 19.35. First-order nonlinear ODE. The Riccati equation. General solution. 
For the Riccati equation 


1 
yi, = ay? —24 — — (19.3.3.1) 
yn 
which is a first-order nonlinear ODE, we construct the general solution (Sol1, Sol2) 
x?+_Cl C12? +1 


7= x2(—a22 + _C1)’ = x?(_Cl1la? — 1) 


by applying different methods (integration factor and canonical coordinates) as follows: 


with (DEtools): with(PDEtools): declare(y(x),Y(X),prime=x, prime=X) ; 
ODE1:=diff (y (x) ,x)=xx*y (x) “2-2*y (x) /x-1/x°3; odeadvisor(ODE1); 
Soll:=dsolve(ODE1,'fat'); Sol2:=dsolve(ODE1,'can'); 

Test1l:=odetest (Soll,ODE1); Test2:=odetest (Sol2,ODE1); 


Alternatively, for constructing (step by step) exact solutions of ODEs it is possible to apply 
various predefined functions (contained in the packages DEtools and PDEtools) at 
each step of the solution process. 


Example 19.36. The Riccati equation. Canonical coordinates. General solution. 
For the Riccati equation (19.3.3.1), we construct the general solution as follows: 


(i) We determine all the symmetries (Sym1) 
i _ 1 _ a 1\? _ ee ee 
[= 51-25], [a= 09 (+=) ee ey) - 5] ’ 


Ls 


x 1 3 _ 2, 1 
al u| [-< Zt ons ye" 4 =| 
of the one-parameter Lie point transformation group that leaves this ODE invariant and verify these 
symmetries (Test 1). 

(ii) We select the simplest symmetry Sym1[4], find the corresponding one-parameter Lie 
point transformation group (t r1) 


{x = ge? VY = ety (x)} : 


and verify the invariance of the ODE under this one-parameter Lie group (ODE1 Inv), Yy = XY?— 
2Y/X —1/X3. 
1/0 3) 
(111) We find the infinitesimal generator (G) of the group, G = f> — 52(= f ) + (> f ) : 
w 7] 
(iv) We determine the canonical coordinates (t rCan) {r = yz?, s(r) = —2 In(z)}. 


(v) We reduce the original Riccati equation to the simpler equation (ODE3) s,. = ——~—— and 
re — 


obtain its general solution. 
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(vi) We rewrite the canonical coordinates r and s in terms of x and y and find the general 


i 
solution (GenSo13) of the Riccati equation, y = ——> tanh (In(z) + +_C1), which coincides 
x 


1 
with the result obtained with dsolve, y = — tanh(—In(2) + C1). 
x 


with (DEtools): with(PDEtools): declare(y(x),Y(X),prime=x,prime=X) ; 
ODE1:=diff (y(x),x)=xx*y (x) “2-2*y (x) /x-1/x*3; odeadvisor(ODE1) ; 
Sym1l:=[symgen (ODE1,way=all)]; Testl:=map(symtest,Syml, ODE1,y(x)); 
Sym:=Sym1[4]; trl:=simplify(transinv (Sym, y(x),Y(X))); 
itrl:=simplify (solve (trl, {x,y(x)})); 
ODE1Invl:=dchange (itrl1,ODE1, [X,Y (X)],simplify); 

ODE1Inv:=expand (ODE1Inv1l/exp (-3/2* (_alpha) )); 
G:=InfinitesimalGenerator (Sym,y(x)); G(f(x,y)); 

trCan:=canoni (Sym, y(x),s(r));itrCan:=op (1, [solve (trCan, {x,y(x)})]); 
ODE2:=dchange (itrCan, ODE1, [r,s(r)],simplify) ; 

ODE3:=op (Solve (ODE2, {diff(s(r Ae GenSoll:=dsolve (ODE3,s(r)); 
GenSol2:=dchange (trCan, GenSoll, {x, y(x) },simplify) ; 
GenSol3:=y(x)=solve(GenSol2,y(x)); T meen test (GenSol3,ODE1); 
GenSol0:=dsolve (ODE1,y(x)); 


19.3.4 Order Reduction of ODE 


It is well known that an nth-order ODE 


yl = fla,y,ye,--- yf) = (n> 2) 


invariant under a one-parameter Lie transformation group (with infinitesimal generator) can 
be reduced to an (n — 1)st-order ODE [see Bluman and Kumei (1989)]. This can be done 
by two methods, order reduction by canonical coordinates or order reduction by differential 
invariants. 


Example 19.37. Second-order nonlinear ODE. Emden—Fowler equation. Order reduction. 
Consider a second-order nonlinear ODE, e.g., the Emden—Fowler equation 


fia re (m = 3, n= —6). 


First, we determine all the symmetries (Sym1) of the one-parameter Lie point transformation groups 
(trl, tr2) 


x 
X =axe%, Y =e?y; xX = —————_, Yeates = : 
ar — 1 ax — 1 
that leave this ODE invariant and verify these symmetries: 
with (DEtools): with(PDEtools): declare(y(x),Y(X),prime=x, prime=X) ; 


ODE:=diff (y (x) ,«x$2) =A*x*nx« (y(x)) “m; ODE1l:=subs (m=3,n=—6, ODE) ; 
odeadvisor(ODE1); Syml:=[symgen(ODE1)]; map(symtest,Syml,ODE1,y(x)); 
trl:=transinv(Syml[1],y(x),Y(X)); itrl:=solve(trl, {x,y(x)}); 
ODE1I:=dchange(itrl, ODE1, [X,Y(X)]); 
simplify (isolate (ODE1I, atte (X),X)),symbolic); 
X)); 
Y (X 


tr2:=transinv(Syml1[2],y(x), , itr2:=solve(tr2, {x,y (x)}); 
ODE21I:=dchange(itr2, ODE1, . )]); isolate (ODE2T, diff (Y¥(X),X)); 
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Then, for each symmetry (Sym1 [1], Sym1 [2]) 


[£=2, n=2y], ([£=27, _n=ay), 


we obtain the differential invariants (Inv11, Inv12, Inv21, Inv22)* 


2 
yl 
_1=4, m=——~, mw=4, n=-—, 
x _yla—2y x? x 
ae ee: _y 7 
ie? feo te] 4, cS sie (193401 
z —-ylz—y z 


and the reduced ODEs (ODE11, ODE12, ODE21, ODE22) by applying the two methods, reduction 
of order by canonical coordinates (can) and order reduction by differential invariants (dif): 


AX3—Y 

Yi = (-AX? 4+ 2X)¥°+3Y"?, Yi = ——_ 
x3 
¥, =-Y°AX?, Y= A 


The second-order Emden—Fowler equation is reduced to first-order ODEs of various types (Abel- 
type equations and separable equations): 


for i from 1 to 2 do 
Inv||i||1l:=invariants (Syml[i],y(x),can); 
Inv||il|2:=invariants (Syml[i],y(x),dif); 
RedOr||i||1:=reduce_order (ODE1,Syml1l[i],Y(X),can); 
RedOr||i||2:=reduce_order (ODE1,Syml[i],Y(X),dif); 
ODE||/i||1:=op([2,1,1],xrhs(RedOr||i||1)); odeadvisor (OD 
ODE||/i|l|2:=op([2,1,1],xrhs(RedOr||i||2)); odeadvisor (OD 
od; 


Moreover, it is possible to find the most general ODE (in our case, of the second order, ODE13) 


2 3 

yo ’ v ¥y 
that is simultaneously invariant under this set of symmetries (Sym1 [1], Sym1[2]). Here _F'1 is 
an arbitrary function of its argument. Then we obtain the reduced equations (ODE1331, ODE1332, 
ODE2331, ODE2332) by applying the two methods, order reduction by canonical coordinates 
(can) and order reduction by differential invariants (dif): 


1 
Yi, =P Fi | ——— | xP Y2 = —-——___________ 
(YU) x1 (sar) ’ X2(X2?_F1(1/X2) — 2)’ 
Y1\ x _F1(—X2) 
¥1),4 =F 1(-—> |) = y2= —.— *." 
(1x1 ( =) Y1’ X2 


The most general second-order ODE can be reduced to first-order homogeneous ODEs and algebraic 
equations: 


ODE13:=equinv(Syml,y(x),2); odeadvisor (ODE13); 
Red131:=reduce_order (ODE13,Sym1[1],Y(X),can) ; 
Red132:=reduce_order (ODE13,Sym1[1],Y(X),can) ; 
Red133:=reduce_order (ODE13,Sym1, Y1(X1),Y2(X2),can, in_sequence) ; 
ODE1331:=op([2,1,1],rhs (Red133[1]) ) 
ODE1332:=o0p ([2,1,1],rhs (Red133[2]) ) 


D 
D 


v 
’ 


*In Maple’s notation, _-y1 stands for y/,. 
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Red231:=reduce_order (ODE13,Sym1[2],Y(X),dif); 
Red232:=reduce_order (ODE13,Sym1[2],Y(X),dif); 
Red233:=reduce_order (ODE13, Sym1, Y1 (X1),Y2(X2),dif, in_sequence) ; 
ODE2331:=op([2,1,1],rhs (Red233[1])); 

ODE2332:=op([2,1,1],rhs (Red233[2])); 

odeadvisor(ODE1331); odeadvisor (ODE2331); 


© Literature for Section 18.3: P. J. Olver (1986), G. W. Bluman and S. Kumei (1989), H. Stephani (1989), 
M. A. H. MacCallum (1995), E. S. Cheb-Terrab, L. G. S. Duarte, and L. A. C. P da Mota (1997, 1998), 
E. S. Cheb-Terrab and A. D. Roche (1998), E. S. Cheb-Terrab and T. Kolokolnikov (2003). 


19.4 Numerical Solutions and Their Visualizations 


Although there exist various exact methods for special classes of differential equations, 
in general one cannot obtain an exact solution of a differential equation in closed form. 
Moreover, the functions and data in differential equation problems are frequently defined 
at discrete points. Therefore, we have to study numerical approximation methods for dif- 
ferential equations. 

Consider various numerical and approximate analytical methods for initial value prob- 
lems, boundary value problems, and eigenvalue problems for ordinary differential equa- 
tions. 


19.4.1 Numerical Solutions in Terms of Predefined Functions 


Consider the most important functions for finding numerical solutions of a given ODE 
problem. 


dsolve (ODES, numeric,vars,ops);dsolve (numeric, procops, ops) ; 
with (DEtools); dsolve (ODES, numeric,method=m, ops) ; 


with (plots): dsolve (ODES, numeric, output=n, ops); 
dsolve[interactive] (ODEs,ops); 
NS:=dsolve (ODE, numeric,vars) ; odeplot (NS,vars,tR,ops) ; 


e dsolve, numeric, finding numerical solutions of ODE problems 


e dsolve, method, finding numerical solutions of ODE problems using one of the 
numerical methods rk £45, ck45, rosenbrock, bvp, rk £45_dae, ck45_dae, 
rosenbrock.dae, dverk78, lsode, gear, taylorseries, mebdfi, or 
classical 


e dsolve, procops, for specifying the input system in procedure form (instead of 
specifying ODEs) 


e dsolve, output, for obtaining the output from dsolve in various formats, e.g., 
as a procedure (with the default keyword procedurelist), as a list of equations 
of the form variable=procedure (with the keyword 1istprocedure), and 
as a list of equations of the form operator=procedure (with operator) 
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Figure 19.4: Numerical solutions of the Cauchy problem (19.4.1.1). 


e dsolve [interactive], interactive numerical solution of ODEs 


e odeplot (the plots package), constructing graphs or animations of two-dimen- 
sional and three-dimensional solution curves obtained from the numerical solution 


e DETool1s package, for working with graphical presentation of solutions of ODEs, 
where numerical methods are used for computing trajectories (e.g., dfieldplot, 
phaseportrait, DEplot, DEplot3d) 


Remark 19.8. For more comprehensive details on numerical methods embedded in Maple (for 
solving ODEs) and graphical representation of solutions, we refer to Sections 19.4.2 and 19.2.1. 


Example 19.38. Cauchy problem. Numerical and graphical solutions. 
For the Cauchy problem (with several initial conditions) 


y, =py™+qe", (0) =yo (19.4.1.1) 


on the interval [a,b] (a = 0, b = 9) with parameters p = 1, gq = —1, m = 2, n = 1, and 
yo = {0, 0.2, 0.5, 0.729, 0.75, 0.8 — 4}, we find numerical and graphical solutions (see Fig. 19.4) as 
follows: 


with(plots): setoptions (scaling=constrained); N:=7; 
ODE:=diff (y (x) ,x)=px* (y (x) ) “m+q«x*n; 

Ic:=[y (0) =0,y(0)=0.2,y(0)=0.5,y (0) =0.729,y (0) =0.75,y(0)=0.8,y (0) =-4]; 
a:=0; b:=9; p:=1; q: 1; n:=1; m:=2; 

Tn:=type=numeric; Op:=output=operator; 

for i from 1 to N do 
Sol||i:=dsolve([ODE,IC[i]],Tn,Op): 

G||i:=plot(rhs(Sol||/i[2] (t)),t=a..b,axes=boxed, gridlines=true): 
od: 
display ([seq(G||i,i=1..N)],view=[a..b,-5..5]); 
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19.4.2 Numerical Methods Embedded in Maple 


In Maple, one can obtain numerical solutions of ODEs and systems of ODEs 


e without specifying a method (automatically), 
e specifying one of the predefined methods (described in Tables 19.2—19.6), 


e specifying various other options in dsolve, numeric. 


In Maple, it is possible to solve different types of problems: 


e initial value problems (nonstiff, stiff, and complex-valued with a real-valued inde- 
pendent variable), 


e boundary value problems (linear and nonlinear), 
e initial value problems for differential algebraic equations (nonstiff and stiff), 


e initial value problems for delay differential equations (nonstiff and stiff). 


The default result of dsolve, numeric is a procedure (which can be used to obtain 
numerical values and visualizations). 


The default methods are: 


e rk£45, the Runge—Kutta—Fehlberg method (for nonstiff initial value problems), and 
rosenbrock, the Rosenbrock method (for stiff initial value problems); 


e bvp, the finite difference method with Richardson extrapolation (for linear and non- 
linear boundary value problems); 


e rkf£45_dae, the modified Runge—Kutta—Fehlberg method (nonstiff initial value 
problems for differential algebraic equations), and rosenbrock-_dae, the modified 
Rosenbrock method (stiff initial value problems for differential algebraic equations); 


e +k£45, the Runge—Kutta—Fehlberg method (nonstiff initial value problems for delay 
differential equations), and rosenbrock, the Rosenbrock method (stiff initial value 
problems for delay differential equations). 


The numerical methods for initial value problems embedded in Maple (except for the 
classical methods*) control the discretization error (for more details, see options abserr, 
relerr,minstep,maxstep, and initstep). 

The classical methods do not estimate the discretization error, and the step size is fixed. 
However, there is no best numerical method for initial value problems. 

The efficiency depends on various parameters (e.g., the order, the step size, the dis- 
cretization error, tolerances, and accuracy). 

For example, for greater accuracy, a higher-order method (dverk78) is more appro- 
priate. 


*See Table 19.6 for details. 
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However, rk £45 is more efficient than the higher-order method dverk78 for modest 


tolerances, and dverk78 is more efficient for stringent tolerances. 


The 1sode method adapts the order and the step size; therefore, it is efficient over a 


wide range of tolerances. 


More detailed information about numerical methods for initial value problems embed- 


ded in Maple is presented in Table 19.2. 


Remark 19.9. The following abbreviations in Tables 19.2—-19.6 are adopted: IVP, initial value 
problem; BDF’, backward differentiation formula; IVP—DAE, initial value problem for differential 
algebraic equations, IVP—DDE, initial value problem for delay differential equations. 


Table 19.2. 


Numerical methods for initial value problems embedded in Maple 


with brief description and some references 


Numerical method Brief description 


The Runge—Kutta—Fehlberg method 
with 4-degree interpolant. Order: 4-5. 

rkf£45 Explicit default method for nonstiff IVP without singularities. 
Adaptive method with a control of the discretization error. 
The Cash—Karp Runge-Kutta method 
with 4-degree interpolant. Order: 4—5. 

ck45 Explicit method for nonstiff IVP. 
Adaptive method with a control of the discretization error. 
The Rosenbrock Runge-Kutta method 
with 3-degree interpolant. Order: 3-4. 

rosenbrock Implicit default method for stiff IVP. 
Adaptive method with a control of the discretization error. 
The continuous Runge-Kutta method. 
Order: 7-8. Explicit method for nonstiff IVP. 
dverk78 High-accuracy solutions can be obtained. 

Adaptive method with a control of the discretization error. 


The Livermore method for stiff IVP. 8 submethods: 
adamsfunc, adamsfull, adamsdiag, adamsband, 
backfunc, backfull, backdiag, backband. 
lsode Adaptive method (order, step size), 
high-accuracy, a wide range of tolerances. 
The Gear single-step extrapolation method for stiff IVP. 
2 submethods: bst oer (Burlirsch—Stoer rational 
gear extrapolation), polyextr (polynomial extrapolation). 
Adaptive method (order, step size), high-accuracy solutions. 
Taylor series method for nonstiff IVP. High-accuracy solutions 
(takes more time). 2 submethods: lazyseries 
: (lazy series expansion), series (local series expansion). 

tay lorseries Adaptive method with a control of the discretization error. 
The order can be specified. 
Classical numerical methods (for education). 8 submethods: 
foreuler, heunform, impoly, rk2, rk3, 

classical rk4, adambash, abmoulton. 

Fixed step size, without error estimation or correction. 


Enright et al. (1986) 
Fehlberg (1970) 
Shampine and Corless (2000) 


Enright et al. (1986) 
Cash and Karp (1990) 
Forsythe et al. (1977) 


Hairer and Wanner (1996) 
Shampine and Corless (2000) 
Forsythe et al. (1977) 


Enright (1991) 
Verner (1978) 
Forsythe et al. (1977) 


Hindmarsh (1983) 
Forsythe et al. (1977) 
Shampine and Corless (2000) 


Gear (1971) 
Shampine and Gear (1979) 
Shampine and Corless (2000) 


Barton et al. (1972) 
Forsythe et al. (1977) 
Shampine and Corless (2000) 


Boyce and DiPrima (2004) 
Conte and de Boor (1980) 
Fox and Mayers (1987) 


There are two forms of introducing numerical methods for solving boundary value prob- 
lems, met hod=bvp and met hod=bvp [submethod] (a specific submethod for solving 
boundary value problems). 
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The available methods are quite general and work on a variety of boundary value prob- 
lems: 


linear and nonlinear (with fixed, periodic, and nonlinear boundary conditions), 


nonstiff boundary value problems, 


boundary value problems without singularities in higher-order derivatives, 


boundary value problems with undetermined parameters. 


The submethods for boundary value problems embedded in Maple are presented in 
Table 19.3. 


Table 19.3. 
Numerical methods for boundary value problems embedded in Maple 
with brief description and some references 


Numerical method Brief description 


Trapezoid method with Richardson extrapolation enhancement. 
traprich More efficient for typical problems. 
Richardson extrapolation is generally faster. 


Trapezoid method with deferred correction enhancement. 
a : Ascher et al. (1995) 
trapdefer More efficient for typical problems. Ascher and Petzold (1998) 
Deferred corrections uses less memory on difficult problems. sehen end Bazole t 


Ascher et al. (1995) 
Ascher and Petzold (1998) 


Midpoint method with Richardson extrapolation enhancement. 
' : : Soha - Ascher et al. (1995) 
midrich Can work with end-point singularities. 
: ae Ascher and Petzold (1998) 
Richardson extrapolation is generally faster. 
Midpoint method with deferred correction enhancement. Ascher et al, (1995) 
middefer Can work with end-point singularities. Asch d Petzold (1998 
Deferred corrections uses less memory on difficult problems. sehen antl Revolt ) 


In general, the extension methods for solving initial value problems for differential alge- 
braic equations are very similar to the standard methods for initial value problems (see 
Table 19.2). 

More detailed information about numerical methods for solving initial value problems 
for differential algebraic equations embedded in Maple is presented in Table 19.4. 

More detailed information about numerical methods for solving initial value problems 
for delay differential equations embedded in Maple is presented in Table 19.5. 


> Classical numerical methods embedded in Maple. 

The classical numerical methods embedded in Maple for solving ODEs are 
e the forward Euler method, 
e the Heun method (the improved Euler method), 
e the improved polygon method (the modified Euler method), 


e the second-order classical Runge-Kutta method, the third-order classical Runge— 
Kutta method, 
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Table 19.4. 
Numerical methods for initial value problems for differential-algebraic 
equations embedded in Maple with description and references 


Numerical method Brief description 


The modified Runge—Kutta—Fehlberg method 


with 4-degree interpolant. Order: 4-5. Enright et al. (1986) 


rkf45_dae An extension of rk £45 method Fehlberg (1970) 
for nonstiff real-valued IVP-DAE. Shampine and Corless (2000) 


The modified Cash—Karp Runge—Kutta method Enrich 1 (1986 
with 4-degree interpolant. Order: 4-5. nH ae ene 


An extension of ck 45 method Cash and Karp (1990) 
for nonstiff real-valued [VP-DAE. Forsythe et al. (1977) 


ck45_dae 


The modified Rosenbrock Runge-Kutta method 

with 3-degree interpolant. Order: 3-4. Hairer and Wanner (1996) 
rosenbrock.dae An extension of an implicit rosenbrock method Shampine and Corless (2000) 

for stiff real-valued [VP-DAE. Forsythe et al. (1977) 


The modified extended BDF implicit method. Cash (1983) 
For real-valued stiff [VP-DAE Cash (1992) 
and for DAE of index 2 and lower. Forsythe et al. (1977) 


Table 19.5. 
Numerical methods for initial value problems for delay differential equations 
embedded in Maple with description and references 


Numerical method Brief description 


The Runge—Kutta—Fehlberg method with 4-degree interpolant. Enright et al. (1986) 
Order: 4-5. For nonstiff real-valued [VP-DDE Fehlberg (1970) 
with constant and variable delays. Shampine and Corless (2000) 


The Cash—Karp Runge-Kutta method with 4-degree interpolant. Enright et al. (1986) 


Order: 4-5. For nonstiff real-valued [VP-DDE Cash and Karp (1990) 
with constant and variable delays. Forsythe et al. (1977) 


The Rosenbrock Runge-Kutta method with 3-degree interpolant. | Hairer and Wanner (1996) 
rosenbrock Order: 3-4. The implicit method. Shampine and Corless (2000) 
For stiff real-valued IVP-DDE with constant and variable delays. | Forsythe et al. (1977) 


e the fourth-order classical Runge-Kutta method, the Adams—Bashforth method (a 
predictor method), 


e the Adams—Bashforth—Moulton method (a predictor-corrector method). 


However, there are some restrictions associated with these classical methods: they use 
a Static (fixed) step size and provide no error estimation or correction. 

The default classical method is the forward Euler method. 

More detailed information about the classical numerical methods embedded in Maple 
is presented in Table 19.6. 

Let us describe the classical methods for the first-order ODE y/, = f (x, y). We introduce 
the following notation: Y; is the value of the solution at point X;, h is the fixed step size 
X;, — Xj-1, and the value Y,,,, of the solution at X,,41 is being computed. 
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Table 19.6. 
Classical numerical methods embedded in Maple 
with brief description and some references 


Numerical method Brief description References 
foreuler The forward Euler method (the default submethod). Boyce and DiPrima (2004) 
Order: 1. Single-step explicit method for nonstiff IVP. Conte and de Boor (1980) 
heunform The Heun method (the improved Euler method). Boyce and DiPrima (2004) 
Order: 2. Single-step explicit method for nonstiff IVP. Conte and de Boor (1980) 


The improved polygon method (the modified Euler method). Boyce and DiPrima (2004) 
Order: 2. Single-step explicit method for nonstiff IVP. Conte and de Boor (1980) 


The second-order classical Runge-Kutta method. Boyce and DiPrima (2004) 


Order: 2. Single-step explicit method for nonstiff IVP. Conte and de Boor (1980) 


The third-order classical Runge-Kutta method. Boyce and DiPrima (2004) 
Order: 3. Single-step explicit method for nonstiff IVP. Conte and de Boor (1980) 


The fourth-order classical Runge-Kutta method. Boyce and DiPrima (2004) 
Order: 4. Single-step explicit method for nonstiff IVP. Conte and de Boor (1980) 


adambash The Adams-Bashforth method (or a predictor method). Boyce and DiPrima (2004) 
Order: 4. Explicit 4-step method for nonstiff IVP. Lambert (1973) 
abmoulton The Adams-Bashforth—Moulton method. Order: 4. Boyce and DiPrima (2004) 
Implicit 3-step predictor-corrector method for nonstiff IVP. Fox and Mayers (1987) 


The forward Euler method foreuler is specified by the equation 


pe ee ee or, oer Ne 


The Heun method (or the improved Euler method) heunform applies the forward Eu- 
ler method (as a predictor) and the trapezoid rule (as a corrector); it is specified by the 
equations 


Yo = Vn hi ea a Yna1 =Ynat sh (f (Xn Yu) +f Xn Yo) 


The improved polygon method (or the modified Euler method) impoly is specified by the 
equation 
Yntt = Yn +hf (Xn + 5h, ¥n + Shf(Xn, Yn)) - 


The second-order classical Runge-Kutta method rk2 is specified by the equations 
ky = rae.ee Yas ko = Aen +h, hky + Vins Ynti = Yn + sh(ky + k). 
The third-order classical Runge-Kutta method v3 is specified by the equations 


ki =f(Xn,Yn), ke = f(Xn+ 5h, Yn + ghk), 
kg = f (Xn +h, Yn+h(—-kl1 + 2k2)), Ynti = Yn + ¢h(ki + 4k + ks). 


The fourth-order classical Runge-Kutta method rk 4 is specified by the equations 


ky _ f (Xn, Yn) kg = f (Xn + sh, Yn + $hki), k3 = f(Xn + 5h, Yn =e thkg), 
ka = f(Xn+h,hk3+Yn)  Yng1 =Yn + gh(ki + 2ko + 2kg + ka). 
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The Adams—Bashforth method (a predictor method) adambash is specified by the equa- 
tion 


Ynti=Ynt 24 (55f(Xn, Y,)—59f (Xn-1, Yp-1)+37f (Xn_a, Yn—2)—9f (Xn-a; Ya): 


The Adams—Bashforth—Moulton method (a predictor-corrector method) abmoulton is 
specified by the equations 


Ynti=Ynty (Of (Xn, Yica 197 (Xn; Yn)—5f(Xn-1, Ae ecm V3) ’ 


where f(Xn+1, Yn+1) is found by applying the Adams—Bashforth method (the predictor) 
and then the Adams—Bashforth—Moulton method (the corrector). 

The adambash and abmoulton are multistep methods, which require the initial con- 
dition and three other starting values (equally spaced). These starting values can be ob- 
tained by computing the first 3 steps with the rk4 method. The final step values (for fixed 
spacing) use the rk4 method as well. 


Example 19.39. Cauchy problem. Exact solution. Classical numerical methods. 
For the Cauchy problem 


y, = py™ +42”, y(0) = yo (19.4.2.1) 


on the interval [a, b] (a = 0, b = 9) with parameters p = 1, ¢g = —1, m = 2,n = 1, and yo = 0.729, 
we find the exact solution (So1Ex) and numerical solutions using the Euler method, the improved 
Euler method (the Heun method), and the Runge-Kutta method and compare the graphical solutions 
as follows: 


with(plots): IVP1:={diff(y(x),x)=p* (y(x)) “mtq*x7*n, y(0)=0.729}; 
Tn:=type=numeric; S:=stepsize=0.17; a:=0; b:=9; p:=1; gq:=-1; 
n:=1l; m:=2; C:=[color=magenta, color=red, color=green, color=blue]: 
SolEx:=unapply (rhs (dsolve (IVP1,y(x))),X); 

EulM:=dsolve (IVP1,y(x),Tn,method=classical[foreuler],S); 
HeunM:=dsolve (IVP1,y(x),Tn,method=classical[heunform],S); 

RK4M:=dsolve (IVP1,y(x),Tn,method=classical[rk4],S); 

Gl:=plot (SolEx(x),x=a..b,C[1]): G2:=odeplot (EulM, [x,y(x)],C[2]): 
G3:=odeplot (HeunM, [x,y (x) ],C[3]) :G4:=odeplot (RK4M, [x,y(x)],C[4]): 
display ({G1,G2,G3,G4},view=[a..b,0..3]); 


The exact solution (So1Ex) of this nonlinear Cauchy problem reads: 


(r/q)Ai™ (w) + Bi (x) 
Me) = Gi) Bie)” 
where r = 243 3°/®7 +500 (P (2)) g2/5. q= 500 V3 (c (2))? — 2437 V3, the special functions 
Ai(«) and Bi() are the Airy functions, and Ai (x) and Bi“ (a) are their first derivatives. 

We can see (Fig. 19.5) that the numerical solution obtained by the Runge-Kutta method is in 
good agreement with the exact solution. To get a good approximation to the solution, we can modify 
the step size for the Euler method (e.g., S1:=stepsize=0.0001) and the Heun method (e.g., 
S2:=stepsize=0.01) and introduce a new parameter MF : =maxfun=500000 for increasing 
the total number of evaluations of the right-hand side of the ODE for any single call to the procedure 
returned by dsolve. For example, we write out the modified version: 
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gee Euler 
—'— Runge-Kutta 
—-— Heun 
— Exact 


Figure 19.5: Exact solution of the Cauchy problem (19.4.2.1) and numerical approxima- 
tions (obtained by the Euler, Heun, and Runge-Kutta methods). 


with(plots): IVP1:={diff(y(x),x)=px* (y(x)) “mtq*x7n, y(0)=0.729}; 
Tn:=type=numeric; S:=stepsize=0.17; Sl:=stepsize=0.0001; 
S2:=stepsize=0.01; MF:=maxfun=500000; a:=0; b:=9; p:=1; q: dg 
n:=1l; m:=2; C:=[color=magenta, color=red, color=green, color=blue]: 
SolEx:=unapply (rhs (dsolve (IVP1,y(x))),x); 

EulM:=dsolve (IVP1,y(x),Tn,method=classical[foreuler],S1,MF); 
HeunM:=dsolve (IVP1,y(x),Tn,method=classical[heunform],S2,MF); 

RK4M:=dsolve (IVP1,y(x),Tn,method=classical[rk4],S,MF)j; 

G1l:=plot (SolEx(x),x=a..b,C[1]): G2:=odeplot (EulM, [x,y(x)],C[2]): 
G3:=odeplot (HeunM, [x,y (x) ],C[3]) :G4:=odeplot (RK4M, [x,y(x)],C[4]): 
display ({G1,G2,G3,G4},view=[a..b,0..3]); 


19.4.3 Initial Value Problems: Examples of Numerical Solutions 
> Preliminary remarks. 


In general, the ordinary differential equation y/, = f(x,y) admits infinitely many solu- 
tions y = y(x). To find one of them, we have to add a condition of the form y(2o) = yo 
(%9 = a), where yo is a given value called the initial data. 

Consider some examples of initial value problems. 


> Linear initial value problems. 


Example 19.40. First-order linear ODE. Analytical, numerical, and graphical solutions. 
For the first-order linear initial value problem 


y, =—ycos(z”), y(0)=1 (19.4.3.1) 
on the interval [a, b] (4 = 0, b = 10), we find infinitely many exact solutions 


Vin 


W=Ge FresnelC(V2 «/./7) 
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Figure 19.6: Exact solution of the Cauchy problem (19.4.2.1) and numerical approxima- 
tions (obtained by the Euler, the Heun, and the Runge-Kutta methods). 


admitted by this ordinary differential equation and plot some of them (Sols). Here the special 
function FresnelC(a) is the Fresnel cosine integral. Then we plot the unique exact solution of 
the Cauchy problem with the vector field (DEplot). Finally, we compute the numerical solution 
(So1N) of the Cauchy problem, plot it together with the exact solution (G1, G2), and compare the 
results as follows: 


with (DETools) :with(plots) :setoptions (axes=boxed, numpoints=200) ; 
ODE1:=D(y) (x) =-y (x) *cos(x°2); IC:=y(0)=1; IVP1:={ODE1,IC}; 

a:=0; b:=10; SolExl:=dsolve (ODE1,y(x)); 
Sols:={seq(subs (_Cl=i, rhs (SolEx1)),i=—-b..b)}; plot (Sols, x=a..b); 
DEplot (ODE1,y(x),x=a..b, [[0,1]],y=0..3); 
SolEx2:=dsolve(IVP1,y(x)); SolN:=dsolve (IVP1,numeric, y(x)); 
G:=array(1..2); G[1]:=odeplot (Sol1N, [x,y(x)],a..b,color=blue) : 
G[2]:=plot (rhs (SolEx2) ,x=a..b,color=red): display(G); 


We can see (Fig. 19.6) that the numerical solution is in good agreement with the exact solution. 


Example 19.41. Second-order linear ODE. Analytical, numerical, and graphical solutions. 
For the second-order linear initial value problem 


Yon —Y¥, +(e@-1)y=0, y(O)=1, yi(0)=0 


on the interval [a, b] (a = 0, b = 10), we find the exact solution (So11) 
er? (Bi(w) Ai(c) — Ai(x1)Bi(c) — 2 Bi(x,) Ai (c) + 2 Ai(ay)Bi© (0)) 


W@=5 Bi (c)Ai(c) — Bic) A (c) 


‘) 


where x1 = +—2, c= 4, the special functions Ai(«) and Bi(z) are the Airy functions, and Ai (x) 


and Bi) (x) are their first derivatives. The numerical solution (So12) and the graphical solutions 
(array G) can be obtained as follows: 


with(plots): setoptions (axes=boxed, scaling=unconstrained, numpoints=200) ; 
G:=Array(1..3); ODE1:=diff (y(x),x$2)-diff (y(x),x)+(x-1) *y (x) =0; 
IC1:=D(y) (0)=0,y(0)=1; a:=0; b:=10; C:=[blue, red,magenta]; 
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Soll:=dsolve({ODE1,1IC1},y(x)); Sol2:=dsolve({ODE1,1IC1},y(x),numeric) ; 
G[1]:=odeplot (Sol12, [x,y(x)],a..b,color=C[1]): 

G[2]:=plot (rhs (Soll1),x=a..b,color=C[2]): 

G[3]:=odeplot (Sol12, [y(x),diff(y(x),x)],0..10,color=C[3]): display (G) ; 


’ 


> Nonlinear initial value problems. 


Example 19.42. First-order nonlinear ODE. Numerical and graphical solutions. 
For the nonlinear initial value problem 


Yr =e cos(x*), —-y (0) =p 
on the interval [a, b] (a = 0, b = 10), we find the numerical and graphical solutions for various initial 
conditions y(0) = p, where p = 0.17 (¢ = 1, 2,..., 5), as follows: 


with(plots): R:=0..10; 
Ops :=numpoints=100, color=blue, thickness=2, axes=boxed; 
SolNG:=proc(IC) local Eq,EqIC,L1,So1N, ICN, i; 
Eq:=D (y) (x) =-exp (y (x) *x) *cos(x°2); L1l:=NULL; ICN:=nops (IC); 
for i from 1 to ICN do 
EqiC:=evalf(y(0)=IC[i]); SolN:=dsolve({Eq,EqIC},y(x),type=numeric) ; 
L1:=L1,odeplot (Sol1N, [x,y (x)],R,Ops) : 

od; display([L1]); 
end: 
List1l:=[seq(0.1*i,i=1..5)]; SolNG(Listl); 


Example 19.43. First-order nonlinear Cauchy problem. Numerical and graphical solutions. 
Consider the initial value problem for the nonlinear differential equation 


Ye =1—V1—qzr7y?, —-y (0) =p, (19.4.3.2) 


where p € Rand q > 0. 

The existence domain of solutions of this differential equation with g > 0 is given by the in- 
equality x7y? < 1/q. 

The differential equation in the Cauchy problem (19.4.3.2) has the equilibrium point y = 0. 
The solutions of the Cauchy problem for this equation with the initial conditions y(0) = p behave 
differently depending on the sign of p. 

If p < 0, then the solutions are infinitely extendible to the right. If p > 0, then the solutions 
approach the boundary of the existence domain at some zx (that is, they are not infinitely extendible 
to the right). Therefore, the equilibrium position y = 0 is unstable, because, in any neighborhood 
of y = 0, there exist solutions that are not infinitely extendible. 

For g = 1, several numerical solutions of the Cauchy problem (19.4.3.2) for various values of p 
are presented in Fig. 19.7 (left) for p > 0 and in Fig. 19.7 (right) for p < 0. 

For example, for p > 0 we take the values 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, and for p < 0 we take the 
values —0.2, —0.4, —0.6, —0.8, —1.0, —1.2. The solutions are valid for x > O and are presented on 
the interval [a,b], where a = 0 and b = 3 or b = 9. Also in these figures we draw the boundary of 
the existence domain of solutions, cy = +1. 

To generate Fig. 19.7 (left), where g = 1 and p = 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, we can write the 
following program: 


with(plots): R1:=0..3; R2:=0..9; Q1:=0..3; Q2:=-2..0.1; 
Ops :=numpoints=100, color=blue, thickness=2, axes=boxed; 
SolNG:=proc(IC,q,R) local Eq,EqIC,L1,So1N,ICN,i; 
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Figure 19.7: Numerical solutions of the Cauchy problem (19.4.3.2) for gq = 1, p > 0 (left) 
and p < 0 (right). 


Egq:=D(y) (x) =1l-sqrt (1l-q*«x*2x*y(x)°2); L1l:=NULL; ICN:=nops (IC); 
for i from 1 to ICN do 
EqiC:=evalf (y(0)=IC[i]); SolN:=dsolve({Eq,EqIC},y(x),type=numeric) ; 
L1:=L1,odeplot (Sol1N, [x,y (x)],R,Ops) : 

od; display([L1]); 


end: 

List1l:=[seq(0.2*i,i=1..6)]; List2:=[seq(-0.2*i,i=1..6)]; 
G1l:=SolNG(List1,1,R1): G2:=plot(1/x,x=R1,Q1): display({G1,G2}); 
G3:=SolNG(List2,1,R2): G4:=plot (-1/x,x=R2,Q2): display ({G3,G4}); 


19.4.4 Initial Value Problems: Constructing Numerical Methods and 
Solutions 


Alternatively, numerical methods and solutions of initial value problems can be constructed 
(step by step) and analyzed as follows. 


> Single-step methods. 


First, consider one of the classical methods, the forward Euler method, or the explicit Eu- 
ler method. This method belongs to a family of single-step methods, which compute the 
numerical solution Y;+1 at the node X;,, knowing the information related only to the pre- 
vious node X;. 

The strategy of these methods is to divide the integration interval [a, b] into N subinter- 
vals of length h = (b — a)/N, which is called the discretization step. Then at the nodes X; 
(0 <i < N) we compute the unknown value Y;, which approximates the exact value y(X;); 
ie., Y; & y(X;). The set of values {Yo = yo, Y1,..., Yn} is the numerical solution. The 
formula for the explicit Euler method reads: 


Youd = HEAP), Yo = y(Xo), (= Vedtg iV =, 


Example 19.44. The Euler method. Analytical, numerical, and graphical solutions. 
For the Cauchy problem 


y, =py” +qe", —-y(0) = 0.5 (19.4.4.1) 
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Figure 19.8: Exact solution (solid line) and numerical solution (points, the solution is ob- 
tained by the explicit Euler method) of the Cauchy problem (19.4.4.1). 


on the interval [a, b] (a = 0, b = 2) with parameters p = 1, ¢q = —1, m = 2, and n = 1, we find 
the exact solution (SolEx) and a numerical solution (F1) using the explicit Euler method, com- 
pare the results, plot the exact and numerical solutions (see Fig. 19.8), and determine the absolute 
computational error at each step as follows: 


with(plots): ODE1:=diff(y(x),x)=p* (y(x)) “mtq*«x*n; IC:=y(0)=0.5; 
a:=0; b:=2; p:=1; q:=-1l; n:=1; m:=2; N:=40; 

IVP1:={ODE1,1IC}; SolEx:=unapply (rhs (dsolve(IVP1,y(x))),x); 
F:=(x,y)—>p*y mtq*x*n; h:=evalf((b-a)/N); X:=x->atxx«h; 
Y:=proc(n) option remember; Y(n-1)+h+*F(X(n-1),Y(n-1)) end; 
Y(0):=0.5; Fl:=[seq([X(i),Y(i)],i=0..N)]; Array(F1l); 

for i from 0 to N do 

print (i,X(i),Y(i),evalf (SolEx(X(i))),evalf (abs (Y(i)-SolEx(X(i))))); 
od; 

Gl:=plot (SolEx(x),x=a..b): G2:=plot (F1,style=point, color=red) : 
display ({G1,G2})j; 


There is a general way to determine the order of convergence of a numerical method. 
If we know the errors F; (¢ = 1,...,N) depending on the values h,; of the discretization 
parameter (in our case, h,; is the discretization step of the Euler method) and assume that 
By = Che and By = Che_,: then 


= log(E;/E;_1) 
log (hi /hi_1) ’ 


Example 19.45. The Euler method. The order of convergence. 
For the same Cauchy problem 


$y cag Ne (19.4.4.2) 


y, = py™ + qx”, y(0) = 0.5 


(as in the previous example) on the interval [a, b] (a = 0, b = 2) with parameters p = 1, g = —1, 
m = 2, and n = 1, we obtain a numerical solution by applying the explicit Euler method for various 
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values of the discretization step h and, according to formula (19.4.4.2), verify that the order of 
convergence of the explicit Euler method is 1: 


ODE1:=diff (y(x),x)=p* (y (x) ) “m+q*x7n; IC:=y(0)=0.5; 

a:=0; b:=2; p:=1; q:=-1l; n:=1; m:=2; N:=40; 

IVP1:={ODE1, IC}; 

Euler:=proc(IVP::set,a,b,p,q,n,m,N) local h,xL,X,Y,F,F1,So1Ex, EN; 
h:=(b-a) /N; X:=xL->a+xLeh; F:=(x,y)->p*xy mtqex*n; 
SolEx:=unapply (rhs (dsolve (IVP,y(x))),X); 
Y:=proc(xL) option remember; Y(xL-1)+h*F(X(xL-1),Y(xL-1)) end; 
Y(0) :=0.5; EN:=[seq(abs (Y (i) -evalf (SolEx (X(i))) L= ;: 

RETURN(EN); end: 

L1:=NULL: N1:=4: 

k 
k 


from 1 to 12 do 

:=Euler(IVP1,0,2,1,-1,1,2,N1): print (E||k[N1+1]) 
1,E||k[N1+1]; N1:=N1*2; 

od: Ers:=[L1]; NErs:=nops(Ers) ; 

p:=[seq(evalf (abs (log(Ers[i]/Ers[i-1])/log(2))),i=2..NErs) ]; 


Runge-Kutta methods are single-step methods that involve several evaluations of the 
function f(x, y) and none of its derivatives on every interval [X;, Xj+1]. 

In general, explicit or implicit Runge-Kutta methods can be constructed in arbitrary 
order according to the formulas. Consider the s-stage explicit Runge-Kutta method 


ky = Fitactin)s ko = f (an + coh, yn + a2rkih), a) 


s—l 
ks = f (an + Csh, Yn + S> as 5 hy), 


i=1 
8 
Ynti = Yn +h >) biki, Yo=yo, n=O0,...N—-1. 
i=1 


Example 19.46. Higher-order methods. Derivation of explicit Runge-Kutta methods. 
Let us perform analytical derivation of the best-known Runge-Kutta methods. 


h0:=h=0; oe ] (£) (x, y(x)), 

Fy=D[2] (f) (x, y(x)),Fxx=D[1,1] (£) (x,y (x)),Fxy=D[1,2] (£) (x,y(x)), 
Fyy=D[2, ae ) (x,y (x)),Fyyy=D[2,2, 21 (£) (X,Y 2 x)), 

Fxxx=D[1,1,1] (f£) (x,y (x)),Fxyy= ed 2,2) (£) (x,y (x)), 
Fxxy=D[1,1,2] (£) (x,y(x))); Dy) :=x->f£ (x,y (x a 


For s = 1, we obtain the Euler method (Sol), where 6; = 1: 


s:=1l; Pl:=convert (taylor (y(xth),h0,s+1),polynom) ; 


P2:=expand((Pl-y(x))/h); kl:=taylor(f(x,y(x)),h0,s); 
P3:=expand (convert (taylor (add(b[i]*k||i,i=1..s),h0,s), ge ae i 
Eql:=P2-P3; Eq2:={coeffs(Eql, [h,F]) };Sol:=solve(Eq2, indets (Eq2) ); 


For s = 2, we obtain the 2-stage modified Euler method (So11), where 
Q21 = 5) b) =0, bg =1, a=, 
the 2-stage improved Euler method (So12), where 
a21 = 1, b) =b2 = 4, c= 1, 
and the 2-stage Heun method (So13), where 


2 1 3 Die, 
a2,1 = 3) bi = 7; bo= 4, c2= 3: 
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s:=2; Pl:=convert (taylor (y(xth),h0,s+1),polynom) ; 
P2:=expand((Pl-y(x))/h); kl:=taylor(f(x,y(x)),h0,s) 
k2:=taylor(f(x+tc[2]«*h,y(x)thxadd(a[2,i]*«k||]i,i=1..2-1)),h0,s); 
P3:=expand (convert (taylor (add(b[i]*k||i,i=1..s),h0,s),polynom) ); 
Eql:=P2-P3; Eq2:={coeffs(Eql, [h,F,Fx,Fy])}; Eq3:={}: 

for i from 2 to s do Eq3:=Eq3 union{c[i]=add(a[i,j],j=1..i-1)}; od; 
Soll:=solve(Eq2 union Eq3 union {c[2]=1/2},indets (Eq2)); 
Sol2:=solve(Eq2 union Eq3 union {b[2]=1/2},indets (Eq2) ); 
Sol3:=solve(Eq2 union Eq3 union {b[2]=3/4},indets (Eq2) ) 


For s = 3, we obtain the 3-stage Heun method (So1), where 


a21= 5, 431 =0, a32=4, b= 4, bo =0, b3 = 4, 2 =F, 3 =F: 
s:=3; Pl:=taylor(y(xth),h0,s+1); 
P2:=expand (convert (expand ( (P1l-y(x))/h),polynom) ) ; 
kl:=taylor(f(x,y(x)),h0,s): 
k2:=taylor(f(x+c[2]*h,y(x) +h (a a (a[2,i]*k||i,i=1..2-1))),h0,s); 
kK3:=taylor (f (xt+tc[3]*h,y(x) ths (add(a[3,i]*k||i,i=1..3-1))),h0,s); 
P3:=expand (convert (taylor (add (b one i=1l..s),h0,s),polynom) ): 
Eql:=P2-P3: Eq2:={coeffs (Eql, [h,F,Fx,Fy,Fxx, Pxy,Fyyl) )}; Eq3:={}: 
for i from 2 to s do Eq3:=Eq3 union {c[i]=add(a[i,j],j=1..i-1) }; od; 
Sol:=solve(Eq2 union Eq3 union {b[1]=1/4,c[2]=1/3},indets (Eq2) ); 


For s = 4, we obtain the fourth-order Runge-Kutta method (So1), where 
a21= 5, 431 =0, a32= 5, G41 =0, d42=0, a4g = 1, 


by 


fon ta 
J 
bo 

we 
Oo: 
w 

we 
So 
aS 

alr 
LS) Ta 


1 : 
C2 5x, C3 a, C4 1: 


s:=4; Pl:=taylor(y(xth),h0,s+1); 
P2:=expand (convert (expand ((P1-y(x))/h),polynom) ); 


kl:=taylor(f(x,y(x)),h0,s): 

k2:=taylor(f(x+tc[2]x*h,y(x)+h* (add(a[2,i]*k||i,i=1..2-1))),h0,s); 
k3:=taylor(f(x+c[3]*h,y(x)4 sia (a[3,i]*k||i,i=1..3-1))) eS) 4 
k4:=taylor(f(xt+c[4 bat, y (x) the (add(a[4,i]*k||i,i=1..4-1))) 0,s); 
P3:=expand (convert (taylor (add(b[i]*k||i,i=1..s),h0,s), tae 
Eql:=P2-P3: 

Eq2:={coeffs(Eql, [h,F,Fx,Fy,Fxx,Fxy,Fyy,Fxxx,Fxxy,Fxyy,Fyyy]) }; 
Eq3:={}: 

for i from 2 to s do Eq3:=Eq3 union {c[i]=add(a[i,j],j=1..i-1)}; od; 


Sol:=solve(Eq2 union Eq3 union 
{b[1]=1/6,c[2]=1/2,a[3,2]=1/2},indets (Eq2) ); 


> Multistep methods. 


There are more sophisticated methods that achieve a high order of accuracy by considering 
several values (Y;, Yi-1,...) to determine Y;,;. One of the most notable methods is the 
explicit four-step fourth-order Adams—Bashforth method 


j 
Yiri=¥it 5> (55F (Ni, ¥;)—89F (1-1, Yi- 1)+87F (Ti-2, Yi-2)-9F (Tis, Yi-s)). 


Example 19.47. Cauchy problem. The explicit Adams—Bashforth method. 
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AbsErr 
0.0000251 


0.000020, 


0.000015, 


0.000010; 


0.000005, 


Figure 19.9: (Left) Exact solution (solid line) and numerical solution (points; the solution 
is obtained by the Adams—Bashforth method) of the Cauchy problem (19.4.4.3). (Right) 
The absolute computational error (at each step). 


For the Cauchy problem 
yp =py™ +q2", = -y (0) = 0.5 (19.4.4.3) 


on the interval [a, b] (4 = 0, b = 2) with parameters p = 1, q = —1, m = 2, and n = 1, we find the 
exact solution (SolEx) and a numerical solution (F'1) by the explicit Adams—Bashforth method 
and plot them (see Fig. 19.8). Finally, we compute the absolute computational error on [a, 6] (at 
each step) and plot it (F2) as follows: 


with(plots): a:=0; b:=2; p:=1; q: 1; n:=1; m:=2; N:=40; 
ODE1:=diff (y(x),x)=p* (y (x)) “m+q*x*n; ICs:=y(0)=0.5; IVP1:={ODE1,ICs}; 
SolEx:=unapply (rhs (dsolve (IVP1,y(x))),x); F:=(x%,y) -—>px*y°mtgq*x7n; 


h:=evalf((b-a)/N); X:=x->atx*h; 
Y_AB:= proc(n) option remember; Y_AB(n-1)+h/24x« (55*F(X(n-1),Y_AB(n-1)) 
—59*F (X(n-2), Y_AB(n-2) )+37*F (X (n-3) , Y_AB(n-3) )-9*F (X(n-4) , Y_AB(n-4))); 
end: 
Y_AB(0):=0.5: Y_AB(1) :=evalf (SolEx(X(1))); Y_AB(2) :=evalf (SolEx(X(2))); 
Y_AB (3) :=evalf (SolEx(X(3))); Fl:=[seq([X(i),Y_AB(i)],1i=0..N)]; 

for i from 0 to N do 

print (X(i),evalf (SolEx(X(i))),Y_AB(i),evalf (abs (Y_AB(i)-SolEx(X(i))))): 
od: 
Gl:=plot (SolEx(x),x=a..b): G2:=plot (F1,style=point, color=red) : 
F2:=[seq([X(i),abs (Y_AB(i)-evalf (SolEx(X(i))))],i=0..N)]; 
display({G1,G2}); plot(F2); 


We can see (Fig. 19.9) that the numerical solution is in good agreement with the exact solution. 


Another important example of multistep methods is the implicit three-step fourth-order 
Adams—Bashforth—Moulton method 
h 


Yier = Yi t+ $2 (9F (Tiss, Vier) + 19F (Ti, Yi) — 5F(Ti-1, Yi-a) + F(i-2, ¥i-2)). 
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0.00003; AbsErr 
0.000021 
0.00001; 
x 
04 
0 0.5 1 1.5 2 


Figure 19.10: (Left) Exact solution (solid line) and numerical solution (points; the solution 
is obtained by the Adams—Bashforth-Moulton method) of the Cauchy problem (19.4.4.4). 
(Right) The absolute computational error (at each step). 


Example 19.48. Cauchy problem. The implicit Adams—Bashforth-Moulton method. 
For the Cauchy problem 


y, = py” + qx”, y(0) = 0.5 (19.4.4.4) 
on the interval |a, b] (a = 0, b = 2) with parameters p= 1, g= —1, m = 2, and n = 1, we find the exact 
solution (So1Ex) and numerical solutions (F'1) by applying the implicit Adams—Moulton method, 


compare the results and the graphical solutions, find the absolute computational error on [a, b] (at 
each step), and plot it (F2) as follows: 


with(plots): with(codegen): a:=0; b:=2; p:=1 
ODE1:=diff (y(x),x) =p (y (x) ) “mtq«x*n; ICs:=y ( 
SolEx:=unapply (rhs (dsolve (IVP1,y(x))),x); F 
h:=evalf((b-a)/N); X:=x->at+xxh; 
Eql :=Y_ABM (i) -Y_ABM(i-1) -h/24* (9*F (X(i),Y_ABM(i))+19«F(X(i-1), 
Y_ABM(i-1))-5*F(X(i-2),Y_ABM(i-2))+F(X(i-3),Y_ABM(i-3))); 
Eq2:=[solve (Eql, Y_ABM(i))]; Y_ABM:=makeproc(Eq2[2],i); Y_ABM(0) :=0.5; 
Y_ABM (1) :=evalf (SolEx(X(1))); Y_ABM(2) :=evalf (SolLEx(X (2) ) 
Y_ABM (3) :=evalf (SolEx(X(3))); Fl:=[seq([X(i),Y_ABM(i)],i= 

for i from 0 to N do 

print (X(i),evalf (SolEx(X(i))),Y_ABM(i), 

evalf (abs (Y_ABM(i)-SolEx(X(i))))): od: 

Gl:=plot (SolEx(x),x=a..b): G2:=plot (F1,style=point, color=red) : 
display ({G1,G2}); 
F2:=[seq([X(i),abs (Y_ABM(i)-evalf (SolEx(X(i))))],i=0..N)]; plot (F2); 


qQ:=-1; n:=1; m:=2; N:=20; 
)=0.5; IVP1:={ODE1,I1Cs}; 
(x,y) —>p*y*m+q*x*n; 


| on 


, 


) 
0..N) )% 


19.4.5 Boundary Value Problems: Examples of Numerical Solutions 


A two-point boundary value problem includes an ODE (of order > 2) and the value of the 
solution at two distinct points. Note a difference between initial value problems and bound- 
ary value problems: initial value problems (with well-behaved functions) have unique so- 
lutions; i.e., they are “well posed”; but boundary value problems (with well-behaved func- 
tions) may have more than one solution or no solution (see Example 19.50). 
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Consider some examples of boundary value problems applying embedded numerical 
methods and constructing step-by-step solutions. 


> Linear boundary value problems. 


Example 19.49. Boundary value problem. Analytical, numerical, and graphical solutions. 
Consider the following second-order linear nonhomogeneous ODE with variable coefficients 
and with boundary conditions: 


Yoo + ty, ty =cos(x), y(a)=0, y(b) = 1, (19.4.5.1) 


where a = 0 and b = 2. Analytical, numerical, and graphical solutions (So11, S012, G1, G2) can 
be constructed as follows: 


Digits:=15: with(PDEtools): declare(y(x),prime=x) ; 
a:=0; b:=2; ODE1L:=diff (y(x),x$2)+xxdiff (y (x) ,x)+y (x) =cos (x); 
BC1:=y(a)=0,y(b)=1; Soll:=dsolve({ODE1,BC1},y(x)); 
Test1:=odetest (Soll,ODE1); 

Sol2:=dsolve ({ODE1,BC1},y(x),type=numeric) ; 
with(plots): k:=0: xR:=x=a..b; 

for i from a to b by 0.1 do 

k:=k+1: X[k]:=i: 

s[k]:=simplify (fnormal (evalf (eval (rhs (Soll),x=i))),zero); 
od: 
N:=k; Seql:=seq([X[i],s[i]],i=1..N): 
Gl:=plot ([Seql],style=line, color="MidnightBlue"): 
G2:=odeplot (Sol2,xR, style=point, color=red, symbolsize=15): 
display ({G1,G2}); 


By comparing the results, we can conclude that the analytical and numerical solutions are in 
good agreement. 


Example 19.50. Two-point boundary value problem for a linear ODE. No solution. 
Solving a boundary value problem for the second-order linear homogeneous ODE with constant 
coefficients 
Yoo tmy=0, y(a)=a, y(b)=8, (19.4.5.2) 


where a = 0, b = 1, a= 1, and 6 = 1, we can find the general solution of the equation. However, 
the boundary conditions cannot be satisfied (for any choice of the arbitrary constants occurring in 
the solution). Therefore, there is no solution of this problem: 


with (PDEtools): declare(y(x),prime=x) ; 

a:=0; b:=1; alpha:=1; beta:=1; ODE1:=diff(y(x),x$2)+Pi*2x«y(x)=0; 
BC1:=y(a)=alpha,y(b)=beta; Soll:=dsolve({ODE1,BC1},y(x)); 
SolGen:=dsolve (ODE1,y(x)); Eql:=eval (SolGen, x=a) ; 

Eq2:=eval (SolGen, x=b); sysl:={rhs (Eql) =alpha, rhs (Eq2) =beta}; 
solve (sysil1, {_Cl,_C2}); 


Consider the boundary value problem for the second-order ODE 


Ura foggy, ye) =o. 7) Ss. 


We assume that the functions f(x,y, u), fy(a,y,u), and fy (x,y, u) are continuous in 
the open domain D = {a < x < b, -c~0 < y < ~w, —00 < u< oo}. Tf fy(x,y,u) > 0 
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and there exist constants M and K such that | fy(a, y,u)| < M and |f,(x,y,u)| < K for 
all (2, y, wu) € D, then the boundary value problem has a unique solution. 
For the special case in which the function f(x, y, wu) is linear, i.e., 


f(2,Y, Ye) = p(x)yy + a(a)y + r(a), 


the boundary value problem has a unique solution if p(x), g(a), and r(a) are continuous 
in [a, b] and q(x) > 0. 

Linear shooting methods employ the numerical methods (discussed above) for solving 
initial value problems; e.g., 


" 


Ure = P(x)u, +q(x)u+r(2), u(a)=a, w,(a) = 0; 
1 


i" 


Ura = P(@)U, + g(x)u, v(a) =0, v,(a) = 


where x € [a,b], and the solution of the original boundary value problem is 


Bulb) 


y(a) = u(x) + o(a) mb) 


Example 19.51. Boundary value problems. Linear shooting methods. 
For the linear boundary value problem 


2 2 
Yoo =—=Vet—y+e, yl) =1, 92) =2, (19.4.5.3) 


we can find the exact solution (SolEx), a numerical solution (F1) by applying the linear shooting 
method, compare the results, and plot the exact and numerical solutions (G1, G2) as follows: 


with(plots): Ful:=(x,ul,u2)->u2: Fu2:=(x,ul,u2)->-2/x*u2+2/x*2*ul+x"3: 
Fvl:=(x,vl,v2)->v2: Fv2:=(x,vl1,v2)->-2/x*v2+2/x°2x*vl1: 


N:=10: a:=1: b:=2: h:=evalf((b-a)/N); X:=i->ath+*i; alpha:=1; beta:=2; 
ODE1:=(D@@2) (y) (x) +2/x*D (y) (x)-2/x*2+*y (x)-x°3; BCs:=y(a)=alpha, y (b) =beta; 
BVP1:={ODE1,BCs}; SolEx:=unapply (rhs (dsolve (BVP1,y(x))),xX); 
RK41:=proc(i,Fl,F2,K) local k1,k2,k3,k4,m1,m2,m3,m4; option remember; 
k1l:=h*F1 (X(i-1),RK41(i-1,F1,F2,RK41),RK41(i-1,F1,F2,RK42)); 
ml:=h*F2 (X(i-1),RK41(i-1,F1,F2,RK41),RK41(i-1,F1,F2,RK42) ); 

k2:=h«*F1 (X(i-1)+h/2,RK41 (i-1,F1,F2,RK41)+k1/2,RK41 (i-1,F1,F2,RK42)+m1/2); 
m2:=h«*F2 (X(i-1)+h/2,RK41 (i-1,F1,F2,RK41)+k1/2,RK41 (i-1,F1,F2,RK42)+m1/2); 
k3:=h*F1 (X(i-1)+h/2,RK41 (i-1,F1,F2,RK41)+k2/2,RK41 (i-1,F1,F2,RK42)+m2/2); 
m3:=h*F2 (X(i-1) +h/2,RK41 (i-1,F1,F2,RK41)+k2/2,RK41(i-1,F1,F2,RK42)+m2/2); 
k4:=h*F1 (X(i-1)+h,RK41 (i-1,F1,F2,RK41)+k3,RK41 (i-1,F1,F2,RK42) +m3) ; 
m4:=h*F2 (X(i-1) +h, RK41 (i-1,F1,F2,RK41)+k3,RK41 (i-1,F1,F2,RK42) +m3) ; 

if K=RK41 then evalf(RK41(i-1,F1,F2,RK41)+1/6* (kK1+2*k2+2*k3+k4) ); 

else evalf (RK41 (i-1,F1,F2,RK42)+1/6* (m1+2*m2+2*m3+m4)); fi; end; 
RK41(0,Ful,Fu2,RK41) :=alpha; RK41(0,Ful,Fu2,RK42) :=0; 
RK41(0,Fv1,Fv2,RK41):=0; RK41(0,Fvl,Fv2,RK42) :=1; 


C:=(beta-RK41 (N, Ful, Fu2, RK41) ) /RK41 (N, Fvl, Fv2, RK41); 
Y:=proc(i) option remember; 
evalf (RK41 (i,Ful,Fu2,RK41)+C*RK41 (i,Fvl,Fv2,RK41)); 


end: 
array ([seq([RK41 (i, Ful, Fu2,RK41),RK41(i,Fvl,Fv2,RK41),Y(i), 
evalf (SolEx(X(i))),abs (Y¥(i)-evalf (SolEx(X(i))))],1=0..N)]); 


Fl:=[seq([X(i),Y(i)],1=0..N)]; Gl:=plot (SolEx(x),x=a..b,color=red): 
G2:=plot (Fl, style=point, color=blue): display ({G1,G2}); 
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Let us apply the finite difference method for approximating the solution of the linear 
boundary value problem 


You = P(t)y, +a(z)ytr(xz), yla)=a, y(b)=8. 


The basic idea of finite difference methods is to replace the derivatives in differential 
equations by appropriate finite differences. We choose an equidistant grid X; = a+ ih 
(i =0,...,N+1) on [a, b] with step size h = (b—a)/(N +1) (N EN), where Xo = a and 
Xy+41=b. The differential equation must be satisfied at any internal node X; (¢=1,...,”), 
and by approximating this set of N equations and by replacing the derivatives with appro- 
priate finite differences, we obtain the system of equations 


Vier — 2¥; + Yi 
h2 


Yo = Yat 


= p(Xi) Dh 


+ Q(Xi)¥itr(Xi), Yo=a, Yny1 =6 
for the approximate values Y; of the exact solution y(X;). This linear system admits a 
unique solution, because the matrix of the system is an NV x N symmetric positive definite 
tridiagonal matrix. 


Example 19.52. Approximations by finite differences. 

For the linear boundary value problem (19.4.5.1), we can find the exact solution (SolEx) anda 
numerical solution (F 1) by the finite difference method, compare the results, and plot the exact and 
numerical solutions (G1, G2) as follows: 


with(plots): a:=1; b:=2; alpha:=1; beta:=2; N:=10; h:=(b-a)/(N+1); 
ODE1:=(D@@2) (y) (x) =-2/x«diff (y (x) ,x)+2/x*2«y (x)+x*3; 
BCs:=y(a)=alpha,y(b)=beta; BVP1:={ODE1,BCs}; 
SolEx:=unapply (rhs (dsolve (BVP1,y(x))),xX); X:=i->atixh; 

Pri=x->-2/xK; gQ:=xK->2/x°2; r:=x->x*3; SEq:={}: 

for i from 1 to N do 

SEq:=SEq union {-(1+th/2*p(X(i))) *«¥(i-1)+(2+h*2*q(X(i))) *Y (i) 
—(1-h/2*p(X(i))) *Y (it1)=-h*2*r(X(4i)) 4}; 

od: SEq; 
Y_DF:=convert (solve (SEq, {'Y(i)'S'i'=1..N}),list); 
Y_DFBC:=evalf (subs ({Y(0)=alpha, Y (N+1)=beta},Y_DF) ); 


array ([seq([rhs (Y_DFBC[i]),evalf (SolEx(X(i))), 
rhs (Y_DFBC[i]) -evalf (SolEx(X(i)))],i=1..N)]); 
Fl:=[seq([X(i),rhs(Y_DFBC[i])],i=1..N), [X(0),alpha], [X(N+1),beta]]; 


Gl:=plot (SolEx(x),x=a..b,color=red): 
G2:=plot (Fl, style=point, color=blue): display ({G1,G2}); 


> Nonlinear boundary value problems. 


In addition to the nonlinear boundary value problem 


Vee FEI): yvO=a, yb) =2, (19.4.5.4) 


consider the initial value problem 


Vee Wal=ay. vias, (19.4.5.5) 


where x € [a, b|. The real parameter s describes the initial slope of the solution curve. 
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Let f(x,y, u) be a continuous function satisfying the Lipschitz condition with respect 
to y and u. Then, by the Picard—Lindelof theorem, for each s there exists a unique solution 
y(x, s) of the above initial value problem. 

To find a solution of the nonlinear boundary value problem, we choose a value of the 
parameter s such that y(b,s) = (3; i.e., we have to solve the nonlinear equation F'(s) = 
y(b, s) — 6 = 0 by applying one of the known numerical methods. 


Example 19.53. Nonlinear boundary value problem. Nonlinear shooting methods. 
For the nonlinear boundary value problem 


yin =—y’,  y(0)=0, y(2)=1, (19.4.5.6) 


we find a numerical solution by applying the nonlinear shooting method (Shoot NL) and plot the 
numerical results obtained with (Shoot NL) for various values of the parameter s and the numerical 
solution obtained with the predefined function (dsolve, numeric) as follows: 


with(plots): a:=0.; b:=2.; alpha:=0.; beta:=1.; sR:=0.5..1; 
ODE1:=diff (y(x),x$2)+y(x)*2=0; BCs:=y(a)=alpha, y (b) =beta; 
Op:=output=listprocedure; Opt:=thickness=2; 
Ic:=[0.6,0.5,1,0.8,0.85,R]; k:=nops (IC); 
ShootNL:=proc(x,s) local yN, ICs; 
ICs:=y(0)=0,D(y) (0)=s; yN:=rhs (dsolve({ODE1,ICs},numeric, Op) [2]); 
RETURN (evalf (yN(x))); end; ShootNL(b,0.1); ShootNL(b,0.5); 
plot (['ShootNL(b,s)',beta],'s'=sR); 
R:=fsolve('ShootNL(2,s)=1','s'=sR); ShootNL(b,R) =beta; 
plot ('ShootNL(x,R)','x'=a..b,color=red, Opt) ; 

for i from 1 to k do 

G||i:=plot ('ShootNL(x,IC[i])', 'x'=a..b,axes=boxed, Opt, 

color=COLOR (RGB, rand()/10°12, rand()/10°12,rand()/10712)): 

od: display ({seq(G||i,i=1..k)}); 
plot (rhs (dsolve ({ODE1,BCs},y(x),numeric,Op) [2]),a..b); 


Let us apply the finite difference method for approximating the solution of the nonlinear 
boundary value problem (19.4.5.4). We choose an equidistant grid X; =a+ih (= 
0,...,N +1) on [a, }] with step size h = (b— a)/(N +1), where Xp = a and Xy41 =b 
(N €N). By approximating the nonlinear boundary value problem, we arrive at the system 
of nonlinear equations 


Vie — 2¥i + Yi 
h2 


Tt = pei 


=f Am oh, Yo =a, Ynui = 8 


for the approximate values Y; of the exact solution y(X;). To solve this system of nonlinear 
equations, we can apply the Newton method. 


Example 19.54. Nonlinear boundary value problem. Approximations by finite differences. 
For the nonlinear boundary value problem (19.4.5.6), we find the numerical solution by applying 
the predefined function (Sol): 


with(plots): with(LinearAlgebra): with(codegen): Nmax:=100: 
epsilon:=107 (-4); f:=(x,y,dy)->y(x)72; a:=0: b:=2: N:=20: 
h:=evalf((b-a)/(N+1)); alpha:=0: beta:=1: Op:=output=listprocedure; 
ODE1:=diff (y (x) ,x$2)=-y(x)*2; BCs:=y(a)=alpha, y (b) =beta; 
BVP1:={ODE1,BCs}; Sol:=rhs (dsolve (BVP1,y(x),numeric, Op) [2]); 
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We find a numerical solution by applying the finite difference method (F 1): 


FNewton:=W->W-convert (J (seq(W[i],i=1..N)),Matrix)*(-1).< 
seq(F[k] (seq(W[i],i=1..N)),k=1..N)>; Y[0]:=<seq(0,i=1..N)>: 
Z||O:=alpha; Z| | (N+1) :=beta; 
for i from 1 to N do 
X||i:satixh; Eq| |i:=(Z| | (i+1)-2*Z|/itZ| | (i-1))/(h*2) 
+£(X|]i,2/] |i, (Z| | (i+1)-Z| | (4-1))/(2*h)); od: 
SeqEq:=seq(Eq||/i,i=1..N): SeqVar:=seq(Z||i,i=1..N): 
for i from 1 to N do F[i]:=unapply(Eq||i, [SeqVar]): od: 
J:=JACOBIAN ([seq(F[i],i=1..N)],result_type=array): 
for i from 1 to Nmax do 
Y[i]:=FNewton(Y[i-1]); 
if max(seq(abs(F[m] (seq(Y[i] [k],k=1..N))),m=1..N))>=epsilon 
then print (i,seq(Y[i][k],k=1..N)): 
else Iend:=i: lprint(° the results is’); print (lend); 
for k from 1 to N do 
X:=k—->atkx*h; print (X(k),Y[i] [k],Sol(X(k)), 
evalf (abs (Y[i] [k]-Sol (X(k))))): od: break: fi: 


od: 
Fl:=[seq([X(k),Y[Iend] [k]],k=1..N),[X(0),alpha], [X(N+1),beta]]: 


We compare the results and plot the numerical solutions (G1 and G2) as follows: 


Gl:=plot (Sol (x) ,x=a..b,color=red): 
G2:=plot (Fl, style=point, color=blue): display({G1,G2}); 


19.4.6 Eigenvalue Problems: Examples of Numerical Solutions 


An eigenvalue problem is a linear boundary value problem with homogeneous boundary 
conditions where the differential equation depends on a parameter. The homogeneous 
boundary conditions imply that there exists a trivial solution of the problem. However, 
there exist nontrivial solutions called eigenfunctions (or sometimes eigenmodes). The cor- 
responding special values of the parameter are called eigenvalues (or sometimes eigenfre- 
quencies). 

Eigenvalue problems play an important role in the solution of linear PDEs. When exact 
solutions of difficult eigenvalue problems are unavailable, various approximation meth- 
ods (e.g., the Rayleigh—Ritz method, the finite element method, the shooting method, the 
Galerkin method, difference methods, and iteration methods) can be applied for approxi- 
mating the leading and most significant eigenvalues and eigenfunctions. 

In this section, we consider an approximation method, i.e., an iteration method (which 
is based on applying the Maple predefined function dsolve, numeric for solving [VPs 
for differential equations) for determining the first few eigenvalues and eigenfunctions. In 
the following examples, we apply the iteration method to the Sturm—Liouville eigenvalue 
problem (previously considered in Section 19.2.2) for approximating the lowest eigenval- 
ues. 


Example 19.55. Sturm—Liouville eigenvalue problem. Neumann boundary conditions. 
For the Sturm—Liouville eigenvalue problem 


You tAY=0, —-y-(a) =0, (0) = 0, (19.4.6.1) 


1182 SYMBOLIC AND NUMERICAL SOLUTIONS OF ODES WITH MAPLE 


i.e., a homogeneous linear two-point boundary value problem with the parameter and with the 
homogeneous Neumann boundary conditions, where a = 0 and b = 7, we obtain a numerical 
approximation (with the aid of dsolve, numeric) to the first eigenvalue as follows: 


a:=0; b:=Pi; c:=1; IC:=y(a)=c,D(y) (a)=0; 

for i from 1 to 10 do 

m[i]:=0.9+i/60; ODE[i] :=diff (y(x),x$2)+m[i] «y (x) =0; 
IVP[iJ:={ODE[i],IC}; solN[i]:=dsolve(IVP[i],numeric, range=a..b): 
print (i,evalf(m[i]),solN[i] (b)); 
od: 
yl:=rhs (solN[6] (a) [3]); y2:=rhs(solN[6] (b) [3]); lambda[1]:=m[6]; 


Note that, setting the initial conditions y(a) =c, y/,(a) =0 (IC), where c is a constant (guessing 
value) for the additional initial condition y(a) = c, we make several iterations guessing the values 
of m,; and compute numerical values of y/, at x = b. 

The idea of this approach is to find a value of m,; at which y/,(b) = 0; we denote such a value 
by m6 = 1, 


i=6, \1=1.000000000, [x=3.14159265358979, y(x)=—1.00000032552861, y/,=—4.15500041790299e— 8]. 


Finally, we determine the subsequent eigenvalues as follows: 


for i from 1 to 10 do 
lambda[i]:=1i°2; ODE[i]:=diff(y(x),x$2)+lambda[i] «y (x) =0; 
IVP [iJ:={ODE[i],IC}; solN[i]:=dsolve(IVP[i],numeric, range=a..b): 
print (i,evalf(lambda[i]),solN[i] (b)); 

od: 


One can improve numerical results by applying linear interpolation, which we consider 
in the next example. 


Example 19.56. Sturm—Liouville eigenvalue problem. Mixed boundary conditions. 
For the Sturm—Liouville eigenvalue problem 


yn +My =0, y(a)=0, y/,(b) =0, (19.4.6.2) 


i.e., a homogeneous linear two-point boundary value problem with the parameter and with the ho- 
mogeneous mixed boundary conditions, where a = 0 and b= 1, we obtain numerical approximations 
(with the aid of dsolve, numeric) to the first eigenvalue as in the previous example: 


a:=0; b:=1; c:=1; IC:=y(a)=0,D(y) (a)=c; 

for i from 1 to 10 do 

m[{i]:=1+i/10; ODE[i]:=diff(y(x),x$2)+m[i]*2«y(x)=0; 
IVP[iJ:={ODE[i],IC}; solN[i]:=dsolve(IVP[i],numeric, range=a..b): 
print (i,evalf(m[i]),solN[i] (b)); 

od: 


Note that c is a constant (guessing value) for the additional initial condition y/,(a) = c (see the 
previous eigenvalue problem). 

The idea of this approach is to find a value of m; for which y/.(b) = 0. 
Then, by carrying out linear interpolation for ms and me, 


i=5, m5=1.500000000, [x=1., y(x)=.664996771484993, y!, =0.707372139709869e— 1] 
i=6, mg=1.000000000, [z=1., y(x)=.624733611966352, y/,= — 0.291995039651808e— 1] 


we obtain the first eigenvalue A; = 1.56978798301350, 


i=1, \1=1.56978798301350, [v=1., y(2)=.637028489521006, y/,=0.100836279208973e— 2] 
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yl:=rhs (solN[5] (1) [3]); y2:=rhs(solN[6] (1) [31); 
Y:=[yl,y2]; L:=[m[5],m[6]]; 
lambda[1]:=CurveFitting:-ArrayInterpolation(L,Y,0); 


Finally, we determine the subsequent eigenvalues as follows: 
for i from 1 to 10 do 


lambda [i]:=lambda[1]+Pix(i-1); 
ODE [i] :=diff (y(x),x$2)+lambda[i]*2«y(x)=0; IVP[i]:={ODE[i],IC}; 


solN[i]:=dsolve (IVP [i],numeric, range=a..b): 
print (i,evalf(lambda[i]),solN[i] (b)); 
od: 


Also, changing the values of a and b, we can find a numerical approximation to the first eigenvalue 
as in the previous example (without linear interpolation): 


i=5, A1=1.500000000, [x=3.14159265358979, y(x)=—.666667014283704, y!,=—5.28423594247093e— 8]. 


a:=0; b:=Pi; c:=1; IC:=y(0)=0,D(y) (0)=c; 

for i from 1 to 10 do 

m[i]:=1+i/10; ODE[i]:=diff(y (x) ,x$2)+m[i]*2*y (x) =0; 

IVP [iJ:={ODE[i],IC}; solN[i]:=dsolve(IVP[i],numeric, range=a..b): 
print (i,evalf(m[i]),solN[i] (b)); 
od: 
lambda:=m[5]; 


19.4.7 First-Order Systems of ODEs. Higher-Order ODEs. Numerical 
Solutions 


> First-order systems of ODEs. 


Consider a system of first-order ordinary differential equations with the initial conditions 


Ge =f lawns yi(a) = Yio (= 155m) 


The unknown functions are y1(x),...,Yn(), and x € |a, b]. 

To obtain numerical solutions, we can apply a predefined function or, alternatively, con- 
struct solutions step by step by applying one of the known numerical methods (developed 
for a single equation) to each equation in the system. 

Let us numerically solve some first-order linear and nonlinear systems of ODEs. 


Example 19.57. Linear system. Cauchy problem. Exact, numerical, and graphical solutions. 
For the first-order linear system with the initial conditions 


vi, =x —u-—2v, u(a) =a, v(a)=8, (19.4.7.1) 


axa ? 


where a = 0, b = 2, a = 1, and 6 = 1, we find the exact solution (So1LEx) for x € {a, 6] as follows: 


with(plots): C:=[color=red, color=blue]; N:=10: a:=0: b:=2: 
alpha:=1; beta:=1; h:=evalf((b-a)/N); X:=x->atxxh; 
Fl:=(x,u,v)—>v; F2:=(x,uU,V)-—>x-U-2*V; 

ODEsys:=diff (u(x),x)=v(x),diff (v(x) ,x)=x-u (x) -2*v (x); 
IC:=u(a)=alpha,v(a)=beta; IVP1:={ODEsys,IC}; 

SolEx:=sort (dsolve (IVP1, {u(x),v(x) },method=laplace) ); 
uEX:=unapply (rhs (SolEx[1]),x); vEx:=unapply (rhs (SolEx[2]),x); 
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Then we find a numerical solution (uF1, vF1) by applying the explicit fourth-order Runge—Kutta 
method: 


RK41:=proc(i,F1l,F2,K) local k1,k2,k3,k4,m1,m2,m3,m4; option remember; 
k1l:=h*F1 (X(i-1),RK41(i-1,F1,F2,RK41),RK41(i-1,F1,F2,RK42)); 
ml:=h*F2 (X(i-1),RK41(i-1,F1,F2,RK41),RK41(i-1,F1,F2,RK42) ); 

k2:=h*F1 (X(i-1)+h/2,RK41 (i-1,F1,F2,RK41)+k1/2,RK41 (i-1,F1,F2,RK42)+m1/2); 
m2:=h«*F2 (X(i-1)+h/2,RK41 (i-1,F1,F2,RK41)+k1/2,RK41 (i-1,F1,F2,RK42)+m1/2); 
k3:=h*F1 (X(i-1)+h/2,RK41 (i-1,F1,F2,RK41)+k2/2,RK41 (i-1,F1,F2,RK42)+m2/2); 
m3:=h*F2 (X(i-1) +h/2,RK41 (i-1,F1,F2,RK41)+k2/2,RK41 (i-1,F1,F2,RK42)+m2/2); 
k4:=h*F1 (X(i-1)+h,RK41 (i-1,F1,F2,RK41)+k3,RK41 (i-1,F1,F2,RK42) +m3) ; 
m4:=hx*F2 (X(i-1) +h, RK41 (i-1,F1,F2,RK41)+k3,RK41 (i-1,F1,F2,RK42) +m3) ; 

if K=RK41 then evalf(RK41(i-1,F1,F2,RK41)+1/6*% (kK1+2*k2+2*k3+k4) ); 

else evalf (RK41 (i-1,F1,F2,RK42)+1/6* (m1+2*m2+2*m3+m4)); fi; 

end; 
RK41(0,F1,F2,RK41) :=1: RK41(0,F1,F2,RK42) :=1: 


RK41 (i,F1,F2,RK42),evalf (vEx(X(i))) 
uF1l:=[seq([X(i),RK41(1i,F1,F2,RK41)],1=0..N 
vFl:=[seq([X(i),RK41(1i,F1,F2,RK42)],1=0..N 


Finally, we compare the results and plot the exact and numerical solutions (uG1, vG1, uG2, and 
vG2) as follows: 


uGl:=plot (uEXxX(x),x=a..b,C[1]): vGl:=plot (vEx(x),x=a..b,C[2]): 
uG2:=plot (uF1,style=point,C[1]): vG2:=plot (vF1,style=point,C[2]): 
display ({uGl,uG2,vG1l,vG2}); 


Example 19.58. Nonlinear system. Cauchy problem. Numerical and graphical solutions. 
For the first-order nonlinear system with the initial conditions 


u,=uv, Vv, =uUty, u(a)=a, v(a)=f8, (19.4.7.2) 


where a = 0, b = 1, a= 1, and @ = 1, we obtain numerical and graphical solutions as follows: 


with(plots): setoptions (scaling=unconstrained); A:=Array(1..3); 
a:=0; b:=1; alpha:=1; beta:=1; IC:={u(a)=alpha,v(a)=beta}; 
ODE:={D(u) (x) =u (x) *v(x),D(v) (x) =u (x) +v (x) }; 


Sol:=dsolve (ODE union IC,numeric, output=operator) ; 
A[1]:=plot (rhs (Sol[2] (x)),x=a..b): A[2]:=plot (rhs (Sol[3] (x)),x=a..b): 
A[3]:=plot ({rhs(Sol[2] (x)),rhs(Sol[3] (x))},x=a..b): display (A); 


> Higher-order ODEs. 


If we consider an ordinary differential equation of order n (n > 1) with n initial conditions 


y™ = f(z,y, yes. yo), 


y(a) = 0, y',(a) = Yl, sees ae (a) = YUn-1; 
then we can always obtain solutions of this higher-order differential equation by transform- 


ing it into an equivalent system of 7 first-order differential equations and by applying an 
appropriate numerical method to this system of differential equations. 
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Figure 19.11: Graphical solutions of the van der Pol equation y”,, + p(y? — ly’, + y =0 
(the equivalent system of two first-order ODEs). 


Example 19.59. Van der Pol equation. Cauchy problem. Numerical and graphical solutions. 
For the van der Pol equation with the initial conditions 


yf, t+u(y? - Dy, +y=0, y(a)=a, yi(a)=8, (19.4.7.3) 


where x € [a, b], a=0, b=60, a= 1, and 3 =0, by applying the function DEtools, convertsys, 
we transform the second-order ODE into an equivalent system of two first-order differential equa- 
tions (Sys1). In Maple’s notation, we have 


d 
[lvPi=Y2, YP2=-n(¥i?-1)%-Ni], M=9@), Y= eo ol]. 
The first component of this list is a system of first-order equations, and the second is the defini- 
tions of new variables; then the initial point and the initial conditions are presented. Changing the 


notation, we write 


[ee =e, vw =—we? -1o—u], [w= le), v=95], 20 =0, [ul@o) = 1, v(eo) = Ol]. 


Then, applying a classical numerical method (e.g., Euler’s method, by default) to this system 
of differential equations, we obtain a numerical solution (SolEuler) and graphical solutions, a 
phase portrait of the solution, and a plot of u(x), u(a) (see Fig. 19.11) as follows: 


with(DEtools): with(plots); a:=0; b:=60; mu:=evalf (1/8); 

alpha:=1; beta:=0; 

ODE1:=((D@@2) (y)) (x) +mux ((y (x) ) 72-1) * (D(y) ) (x) ty (x) =0; 
IC1l:=y(a)=alpha, (D(y)) (a) =beta; 

Sysl:=convertsys (ODE1, [IC1],y(x),x); Sysl[1]; 

Sys2:=diff (u(x) ,x)=v(x),diff (v(x) ,x)=—-mux ( (u(x) ) ~2-1) «v (x) -u (x) ; 
IC2:=u(a)=alpha,v(a)=beta; IVP2:={Sys2,1C2}; 

SolEuler:=dsolve (IVP2, [u(x),v(x)],numeric,method=classical); 

SolEuler(0); SolEuler(1); 

odeplot (SolEuler, [u(x),v(x)],a..b,numpoints=500); 

odeplot (SolEuler, [[x,u(x)], [x,v(x)]],a..b,labels=[*x*,°°], 
legend=[*u(x)*,°v(x)°]); 


© Literature for Section 18.4: E. Fehlberg (1970), C. W. Gear (1971), J. R. Ockendon and A. B. Taylor 
(1971), D. Barton, I. M. Willers and R. V. M. Zahar (1972), J. D. Lambert (1973), G. E. Forsythe, M. A. Mal- 
colm and C. B. Moler (1977), J. H. Verner (1978), L. F. Shampine and C. W. Gear (1979), S. D. Conte and C. de 
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Boor (1980), J. R. Cash (1983, 1992), A. C. Hindmarsh (1983), W. H. Enright, K. R. Jackson, S. P. N@grsett 
and P. G. Thomsen (1986), L. Fox and D. F. Mayers (1987), J. R. Cash and A. H. Karp (1990), W. H. Enright 
(1991), U. Ascher, R. Mattheij and R. Russell (1995), I. K. Shingareva (1995), E. Hairer and G. Wanner (1996), 
U. Ascher and L. Petzold (1998), L. F. Shampine and R. M. Corless (2000), W. E. Boyce and R. C. DiPrima 
(2004), D. J. Evans and K. R. Raslan (2005). 


Chapter 20 


Symbolic and Numerical 
Solutions of ODEs with 
Mathematica 


20.1 Introduction 


20.1.1 Brief Introduction to Mathematica 
> Preliminary remarks. 


Mathematica® is a general-purpose computer algebra system in which symbolic compu- 
tation can readily be combined with exact, approximate (floating-point), and arbitrary- 
precision numerical computation. Mathematica provides powerful scientific graphics capa- 
bilities [for details, see Bahder (1994), Getz and Helmstedt (2004), Gray (1994), Gray and 
Glynn (1991), Green, Evans, and Johnson (1994), Ross (1995), Shingareva and Lizarraga- 
Celaya (2009), Vvedensky (1993), Zimmerman and Olness (1995), etc.]. 

The first concept of Mathematica and its first versions were developed by Stephen Wol- 
fram in 1979-1988. The Wolfram Research company, which continues to develop Mathe- 
matica, was founded in 1987 [Wolfram (2002, 2003)]. 

In Mathematica, as in Maple, one can find symbolic, numerical, and graphical solutions 
of ordinary differential equations. 


> Mathematica’s conventions and terminology. 


In this chapter, we use the following conventions introduced in Mathematica: 

eC[n] (n=1,2,...), for arbitrary constants or arbitrary functions 

In general, arbitrary parameters can be specified, e.g., F\, Fo, ..., by applying the 
option GeneratedParameters-—> (Subscript [F, #] &) of the predefined function 
DSolve. 

Also we introduce the following notation for the Mathematica solutions: 

e egn, for equations (n = 1, 2,...) 

e oden, for ODEs 

e ivpn, for initial value problems 
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e bvpn, for boundary value problems 

e soln, for solutions 

e trn, for transformations 

e sysn, for systems 

e icn, bcn, for initial and boundary conditions 

e listn, ln, for lists of expressions 

e gn, for graphs of solutions 

© ops, options (various optional arguments) in predefined functions 
e vars, independent variables 

e funcs, dependent variables (indeterminate functions) 


> Most important features. 


The most important features of Mathematica are fast symbolic, numerical, acoustic, and 
parallel computation; static and dynamic computation, and interactive visualization; it can 
incorporate new user-defined capabilities; it is available for almost all operating systems; 
it has a powerful and logical programming language; there is an extensive library of math- 
ematical functions and specialized packages; an interactive mathematical typesetting sys- 
tem is available; and there are numerous free resources (e.g., see the Mathematica Learn- 
ing Center, www.wolfram.com/support/learn; Wolfram Demonstrations Project, 
demonstrations.wolfram.com; Wolfram Library Archive, Library.wolfram. 
com; Wolfram Information Center, library.wolfram.com/infocenter; Wolfram 
Community, community.wolfram.com, etc.). 


> Basic parts. 


Mathematica consists of two basic parts: the kernel, computational engine, and the inter- 
face, front end. These two parts are separate but communicate with each other via the 
MathLink protocol. 

The kernel interprets the user input and performs all computations. The kernel assigns 
the labels In [number] to the input expression and Out [number] to the output. These 
labels can be used for keeping the computation order. In this chapter, we do not include 
these labels in the examples. 

The result of the kernel’s work can be viewed with the function InputForm. The 
interface between the user and the kernel is called the front end and is used to display 
the input and the output generated by the kernel. The medium of the front end is the 
Mathematica notebook. 

There are significant changes to numerous Mathematica functions incorporated in the 
new versions of the system. The description of important differences for Ver. < 6 and 
Ver. > 6 is reported in the literature [e.g., see Shingareva and Lizarraga-Celaya (2009)].* 

Mathematica Ver. 10 (launched in 2014) is the first version based on the complete 
Wolfram Language and has more than 700 new functions (e.g., finite element analysis, en- 
hanced PDEs, symbolic delay differential equations, hybrid differential equations, highly 


“A complete list of all changes can be found in the Documentation Center and on the Wolfram Web Site 
www.wolfram.com. 
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automated machine learning, integrated geometric computation, advanced geographic com- 
putation, and expanded random process framework); it integrates with the Wolfram Cloud, 
introduces the Mathematica Online version, and provides access to the expanded Wolfram 
Knowledgebase. 


> Basic concepts. 


If we type a Mathematica command and press the RightEnter key or Shift+ Enter 
(or Enter to continue the command on the next line), Mathematica evaluates the com- 
mand, displays the result, and inserts a horizontal line (for the next input). 

Mathematica contains many sources of online help, e.g., the Wolfram Documentation 
Center, Wolfram Demonstrations Project (for Ver. > 6), Mathematica Virtual Book (for 
Ver. > 7), and the Help menu; one can mark a function and press F1; to type ?func, 
??func, Options [func]; to use the symbols (?) and («); e.g., ?Invx«, ?*Plot, or 
2*Our*. 

Mathematica notebooks are electronic documents that may contain Mathematica out- 
put, text, and graphics (see ?Notebook). One can work with many notebooks simulta- 
neously. A Mathematica notebook consists of a list of cells. Cells are indicated along the 
right edge of the notebook by brackets. Cells can contain subcells, and so on. The kernel 
evaluates a notebook cell by cell. There are various types of cells: input cells (for evalua- 
tion) and text cells (for comments); Title, Subtitle, Section, Subsection, etc., can be found 
in the menu Format — Style. 

Previous results (during a session) can be referred to with symbols % (the last result), 
%% (the next-to-last result), and so on. 

Comments can be included within the characters (*comments*). 

Incorrect response: if some functions take an “infinite” computation time, you may 
have entered or executed the command incorrectly. To terminate a computation, you can 
use Evaluation— Quit Kernel — Local. 

Palettes can be used for building or editing mathematical expressions, texts, and graph- 
ics, and allow one to access the most common mathematical symbols by mouse clicks. 

In Mathematica, there exist many specialized functions and modules that are not loaded 
initially. They must be loaded separately from files in the Mathematica directory. These 
files are of the form filename.m. The full name of a package consists of a context 
and a short name, and it is written as context short. To load a package correspond- 
ing to a context, type <<context >. To get a list of the functions in a package, type 
Names["context’> «"]. 


Numerical approximations: N[ expr], expr//N (numerical approximation of expr 
to 6 significant digits); N[expr,n], NumberForm[expr,n] (numerical approxima- 
tion of the expression to n significant digits); ScientificForm[expr,n], scientific 
notation of numerical approximation of expr to n significant digits. 


20.1.2 Mathematica Language 


Mathematica language is a very powerful programming language based on systems of 
transformation rules and on functional, procedural, and object-oriented programming tech- 
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niques [see Maeder (1996)]. This distinguishes it from traditional programming languages. 
It supports a large collection of data structures, or Mathematica objects (functions, se- 
quences, sets, lists, arrays, tables, matrices, vectors, etc.), and operations on these objects 
(type-testing, selection, composition, etc.). The library can be extended with custom pro- 
grams and packages. 

In Mathematica Version 10, a new concept is introduced, namely, the complete Wol- 
fram Language. It has a vast depth of built-in algorithms and knowledge, all accessible 
automatically through unified symbolic language. The main idea of the Wolfram Language 
is to build as much knowledge (about algorithms and the world) as possible into the lan- 
guage. 

Symbol refers to a token with a specified name, e.g., an expression, function, object, 
optional value, result, or argument name. The name of symbol is a combination of letters, 
digits, or certain special characters not beginning with a digit; e.g., al 2new. Once defined, 
a symbol retains its value until it is changed or removed. 

Expression is a symbol that represents an ordinary Mathematica expression expr in 
readable form. The head of expr can be obtained with Head[expr]. The structure 
and various forms of an expression expr can be analyzed with the predefined functions: 
TreeForm, FullForm[expr], InputForm[expr]. 


A Boolean expression is formed with logical operators and relation operators. 
Basic arithmetic operators and the corresponding functions: 
+ - *« / *,Plus, Subtract,Minus, Times, Divide, Power. 

Logic and relation operators and their equivalent functions: &&, ||, !, =>, ==, != 
<, >, <= >=, And, Or, Xor, Not, Implies, Equal, Unequal, Less, Greater, 
LessEqual, GreaterEqual. 

Mathematica is case sensitive, i.e., distinguishes lowercase and uppercase letters; e.g., 
Sin[Pi] and sin[Pi] are different. All Mathematica functions begin with a capital 
letter. Some functions (e.g., Plot Points) use more than one capital. To avoid conflicts, 
it is best to begin with a lower-case letter for all user-defined symbols. 

The result of each calculation is displayed, but it can be suppressed by using a semicolon 
(;);eg.,Plot[Sin[x],x,0,2*Pi]; a=9; b=3; c=axb. 

Patterns: Mathematica language is based on pattern matching. A pattern is an ex- 
pression that contains an underscore character (_). The pattern can stand for any expres- 
sion. Patterns can be constructed from templates; e.g., x_, x_/; cond, pattern?test, 
x_:IniValue, x°n_, x_*n_, f [x_], f_[x_]. 

Basic transformation rules: —>, :>, =, t=, “:!=, 7 

The rule 1hs—>rhs transforms lhs to rhs. Mathematica regards the left-hand side as 
a pattern. The rule 1hs:>rhs transforms lhs to rhs evaluating rhs only after the rule 
is actually used. The assignment 1hs=rhs (or Set) specifies that the rule lhs—>rhs 
should be used whenever it applies. The assignment 1hs :=rhs (or SetDelayed) spec- 
ifies that 1hs:>rhs should be used whenever it applies; i.e., Lhs:=rhs does not eval- 
uate chs immediately but leaves it unevaluated until the rule is actually called. The rule 
lhs*:=rhs assigns rhs to be the delayed value of 1hs and associates the assignment 
with symbols that occur at level one in Lhs. The rule lhs*=rhs assigns rhs to be the 
value of Lhs and associates the assignment with symbols that occur at level one in Lhs. 
Transformation rules are useful for making substitutions without making the definitions 
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permanent and are applied to an expression using the operator /. (ReplaceAll)or//. 
(ReplaceRepeated). 

The difference between the operators (=) and (==) is as follows: the operator Lhs=rhs 
is used to assign rhs to Lhs, and the equality operator 1hs==rhs indicates equality (not 
assignment) between Lhs and rhs. 


Unassignment of definitions: 
Clear[symb],ClearAll[symb],Remove[symb], symb=.; 
Clear["Global*«*«"]; ClearAll["Global**"]; Remove["*>«"]; 
(to clear all global symbols defined in a Mathematica session) 

?symb, ?~ * (to recall a symbol’s definition) 


ClearAll["Global ‘«"]; Remove ["Global *«"]; is a useful initialization to 
start working on a problem. 

An equation is represented using the binary operator == and has two operands, the 
left-hand side 1hs and the right-hand side rhs. 


Inequalities are represented using relational operators and have two operands, the left- 
hand side Lhs and the right-hand side rhs. 

A string is a sequence of characters having no value other than itself and can be used as 
labels for graphs, tables, and other displays. The strings are enclosed within double-quotes; 
e.g., "abc". 

Data types: every expression is represented as a tree structure in which each node (and 
leaf) has a particular data type. A variety of functions can be used for the analysis of any 
node and branch; e.g., Length, Part, and a group of functions ending in the letter 
(DigitQO, Integerd, etc.). 

Types of brackets: parentheses for grouping, (x+9) *3; square brackets for function 
arguments, Sin [x]; curly brackets for lists, {a,b,c}. 

Types of quotes: back-quotes for context mark, format string character, number mark, 
precision mark, and accuracy mark; double quotes for strings. 

Types of numbers: integer, rational, real, complex, and root; e.g., -5, 5/6, -2.3°-4, 
ScientificForm[-2.3°-4],3-4+*I, Root [#7 2+#4+1&,2]. 

Mathematical constants: symbols for definitions of selected mathematical constants; 
e.g., Catalan, Degree, E, EulerGamma, I, Pi, Infinity, GoldenRatio; for 
example, {60Degree//N, N[E, 30] }. 

Two classes of functions: pure functions and functions defined in terms of a variable 
(predefined and user-defined functions). 

Pure functions are defined without a reference to any specific variable. The arguments 
are labeled #1, #2, ..., and an ampersand (&) is used at the end of the definition. Most 
of the mathematical functions are predefined. Mathematica includes all common special 
functions of mathematical physics. 

The names of mathematical functions are complete English words (e.g., Conjugate) 
or, for a few very common functions, the traditional abbreviations (e.g., Mod). The names 
of functions associated with a person’s name have the form PersonSymbo1; for example, 
the Legendre polynomials P,,(x) is denoted LegendreP [n, x]. 

User-defined functions are defined using the pattern x_; e.g., the function f(a”) =expr 
of one variable is defined as f [x_] :=expr; 
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Evaluation of a function or an expression without assigning a value can be performed 
using the replacement operator / .; e.g., f [a], expr/.x->a. 

Function application: expr //func is equivalent to fun[expr]. 

A module is a local object that consists of several functions which one needs to use 
repeatedly (see ?Module). A module can be used to define a function (if the function 
is too complicated to write by using the notation f [x_] :=expr), to create a matrix, a 
graph, a logical value, etc. Block is similar to Module; the main difference between 
them is that Block treats the values assigned to symbols as local but the names as global, 
whereas Module treats the names of local variables as local. With is similar to Module; 
the important difference between them is that With uses local constants that are evaluated 
only once, but Module uses local variables whose values may change many times. 

The Mathematica language includes the following two types control structures: the se- 
lection structures (If, Which, Switch) and the repetition structures (Do, While, For). 

Mathematica objects: lists are the fundamental objects in Mathematica. The other 
objects (for example, sets, matrices, tables, vectors, arrays, tensors, and objects contain- 
ing data of mixed type) are represented as lists. A list is an ordered set of objects sepa- 
rated by commas and enclosed in curly braces, {elements}, or defined with the func- 
tion List [elements]. Nested lists are lists that contain other lists. There are many 
functions which manipulate lists, and here we review some of the most basic ones. Sets 
are represented as lists. Vectors are represented as lists; vectors are simple lists. Vectors 
can be expressed as single columns with ColumnForm[list,horiz, vert]. Tables, 
matrices, and tensors are represented as nested lists. There is no difference between the 
way they are stored: they can be generated using the functions MatrixForm[list], 
TableForm[1list], or using the nested list functions. Matrices and tables can also be 
conveniently generated using the Palettes or Insert menu. A matrix is a list of vectors. 
A tensor is a list of matrices with the same dimension. 


> Various types of symbolic notation for derivatives. 


Mathematica differentiates between functions and expressions. Therefore, the differen- 
tial operator notation was introduced to denote the derivatives of functions. There exist 
three forms of representation of derivatives in Mathematica [for details, see Shingareva 
and Lizarraga (2015)]: 


1. The brief form in terms of pure functions: 
£5: cos 
2. The brief form in terms of variables of functions: 
f'[x], f(x], ..., £@ [x]. 
3. The respective full forms of the two previous kinds of derivative notation: 
Derivative|1]|f] 


Derivative|2]|f] ., Derivative[n]|f], 


Derivative|1][f][x], Derivative|[2][f][x], ..., Derivative[n|]/f]|x]. 


According to Mathematica output, this notation corresponds to the Lagrange notation. 
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20.2 Analytical Solutions and Their Visualizations 


20.2.1 Exact Analytical Solutions in Terms of Predefined Functions 
> The predefined function DSolve. 


The computer algebra system Mathematica has the unique function DSolve that permits 
obtaining analytical (symbolic) solutions for most classes of ODEs whose solutions are 
given in standard textbooks and reference books [see Murphy (1960), El’sgol’ts (1961), 
Hartman (1964), Ince (1956), Matveev (1967), Petrovskii (1970), Simmons (1972), Kamke 
(1977), Birkhoff and Rota (1978)]. Although the predefined function is an implementation 
of known methods for solving ODEs [e.g., see. Zwillinger (1997), Polyanin and Zaitsev 
(2003), Boyce and DiPrima (2004), Polyanin and Manzhirov (2007)], it permits solving 
ODEs and obtaining solutions automatically as well as developing new methods and pro- 
cedures for constructing new solutions. 

The predefined function DSolve is a general analytical differential equation solver. 
DSolve can solve the following types of differential equations: ODEs (ordinary differ- 
ential equations), PDEs (partial differential equations), and DAEs (differential-algebraic 
equations). 


E,y[x],x] DSolve[{ODE1,...},{yl[x] 
E,y[x],x,GeneratedParameters-—>(Subscript[c, # 


E,y,X] DSolve[{ODEl,...},{yl 


DEs, ICs},y[x],x] DSolve[{ODEs,I 


e DSolve, finding the general solution y [x] or y (expressed as a “pure” function) 
for a single ODE or a system of ODEs 

e DSolve, ICs, solving an ordinary differential equation or system with given initial 
or boundary conditions 


Remark 20.1. When solving some ODEs, Mathematica generates warning messages. These 
warning messages can be ignored or suppressed with the Off function, or some other alternative 
methods can be applied. 


Example 20.1. First-order separable and homogeneous ODEs. Analytical solutions. 

The DSolve function can use the Solve function (for obtaining an analytical solution) that 
can use inverse functions (when solving transcendental equations). For example, for the separable 
and homogeneous first-order ODEs 


a) 
ysin® x 
Ve= Tay (x* —ay)y, + y* =0, 
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the warning messages 


Solve::ifun: Inverse functions are being used by Solve, so some 
solutions may not be found; use Reduce for complete solution 
ILIMUEOWANMNe TOA, SS 


can be ignored or suppressed as follows: 


ClearAll["Global**"]; Remove["Global* *"]; 
Ooff[InverseFunction::ifun]; Off[General::stop]; Off[Solve::ifun]; 
ODE1=D [y[x],x]==y[x]*Sin[x]*2/ (1-y[x]) 

ODE2= (x* 2-y[x]*x) *D[y[x],x]+y[x]*2== 

{DSolve [DSolve[ODE1, y[x],x],DSolve [ODE2,y[x],x]} 


Alternatively, we can obtain the solution of ODE1 (sol1) by applying the function Reduce 
through the function Solve with the option Met hod—>Reduce and by suppressing another long 
message via Of f [Solve: :useq], or we can obtain the solution of ODE2 (so12) by transform- 
ing the original ODE into an ODE in terms of the inverse function x [y] as follows: 


ClearAll["Global**"]; Remove["Global**"]; Off [Solve::useq]; 
ops=Options[Solve]; SetOptions[Solve, Method->Reduce] ; 

ODE1=D [y[x],x*]==y[x]*Sin[x]*2/ (1-y[x]);s011=DSolve[ODE1, y[x],x] 
SetOptions[Solve,ops]; 

sol2=DSolve[{ (x[y]*2-y[x] *x[y])*D[y[x],x]+y[x]°2==0}/.{y[x]->y, 
y'[x]->1/x'[y]},xlyl_yl 


where the Mathematica result for sol 2 reads: 


Ul caret J 


> Verification of exact solutions. 


Let us assume that we have obtained exact solutions and we wish to verify whether these 
solutions are exact solutions of given ODEs. 


Example 20.2. First-order nonlinear ODE. Special Riccati equation. Verification of solutions. 
For a first-order nonlinear ODE, the special Riccati equation 


Yp = ay? + ba”, 


we can verify that the solutions 


lw, 
ple) = 2%, 
aw 
where 
w(x) = Je ck ( | alt k= 542), ven, 


are exact solutions of the special Riccati equation as follows: 


{k=(n+2)/2, v=1/(2*k), q=1/k*Sqrt[axb] } 

w[X_] :=Sqrt [X]* (c[1]*BesselJ[v,q*X*k]+c[2]*BesselY[v,q*X*k]); w[x] 
odel1l=D [y[x],x]==a* (y[x]) *~2+b*x7n 
soll=(y->Function[x,-1/a*D[W,x]/W])/.W->w[x] 
test1l=(odel/.soll)/.{n->1,a->1,b->1}//FullSimplify 
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Here a, b,n € R (ab £0 and n ¥ —2) are real parameters, J,,(x) and Y, (x) are the Bessel functions, 
and C, and C4 are arbitrary constants. 


Example 20.3. First-order linear ODE. Finding and verification of the general solution. 
For the first-order linear ODE 


g(x)yt, = filx)y + fo(2), 


we can find and verify that the solution 


y(x) =e +e? fe? oe dle, -whete r= [ fil) ae 


is the general solution of the first-order linear ODE as follows: 
{odel=g[x]*D[y[x],x]==f1[x]*y[x]+f£0[x]} 


{soll=DSolve[odel,y[x],x]/.C[1]->C//Flatten, trD=D[soll,x]} 
testl=(odel/.soll/.trD)//FullSimplify 


Here fo(x), fi(x), and g(a) are arbitrary functions, and C is an arbitrary constant. 
The Mathematica result reads: 


; ; Kl] f1[K[1]] 
f1[K[1]] ax f f1[K [IJ] ee ae 


i dK(1] pro 
Kil Kl 
ylz) > Celt OKT ol (1) | a dk [2] 


Example 20.4. Clairaut’s equation. Finding and verification of solutions. 
For Clairaut’s equation 


y = xy, + fYr), 
we can find and verify that 
y(x) = Ca + f(C) 


is the general solution of this equation as follows: 


odel=y[x]==x*D[y[x],x]+f[D[yI[x],x]] 

{soll=y[x]->c*x+f[c], trD1l=D[soll,x] } 
{sol2=DSolve[odel,y[x],x]/.C[1]->c//Flatten, trD2=D[sol2,x] } 
{testl=odel/.soll/.trDl, test2=odel/.sol2/.trD2} 


Here f («) is an arbitrary function and C is an arbitrary constant. 


Alternatively, finding and verifying the exact solution can be performed in terms of a pure 
function as follows: 


{odel=y[x]==x*«D[y[x],x]+f[D[y[x],x]], soll=y->Function[x,c*x+f[c]]} 
{sol2=DSolve[odel,y,x]/.C[1]->c//Flatten} 
{testl=odel/.soll, test2=odel/.sol2} 
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> Graphical solutions. 


Consider the most relevant related functions for plotting solutions of ordinary differential 
equations. 


SetOptions [plotFun, ops] Plot[soll, {x,x1l 
Plot [Evaluate[{soll[x],sol2[x],...}/.sol 
ParametricPlot[{soll[x],sol2[x]},{x,xl 
ContourPlot [Evaluate[soll,sol2], {x,x1,x2},{y,yl 
VectorPlot[{vx,vy},{x,x1l,x2},{y,yl 

StreamPlot [{vx,vy},{x,x1,x2},{y,yl 
GraphicsGrid[{{gl,g2,... 


Here soll, sol2, solSys are solutions of ODEs and systems of ODEs, and g1, ..., 
gn are 2D graphics of solutions constructed by using various predefined functions (e.g., 
Plot). 


e SetOptions, setting various options for a predefined plot function plotFun 

e Plot, ParametricPlot, ContourP1lot, constructing various types of graphs 
of solutions of ODEs 

e GraphicsGrid, aligning various plots (constructed by using various predefined 
functions plot Fun) 

e VectorP lot, generating a vector plot of the vector field {vz, vy } 

e StreamP lot, generating a stream plot of the vector field {v,, vy} 


Example 20.5. Nonlinear ODE of the first order. The Bernoulli equation. Graphical solutions. 
Graphical solutions of the Bernoulli equation 


yi, + f(a)y = g(x)y", 


where a # 0, 1, can be generated for a particular case (e.g., f(x) = —5/ax, g(x) = —x°, and a = 2) 
as follows: 


SetOPtions[Plot, PlotStyle->{Thickness[0.01]},PlotRange->Al1l1] 

{f=-5/x, g=-x75, a=2, odel=D[y[x],x]+f«y[x]==g*y[x] a} 
soll=DSolve[odel,y[x],x]/.C[1]->c 
S1[X_,C_]:=sol1[[1,1,2]]/.{x->X,c->C}; S1[x,c] 

Plot [Evaluate[{S1[x,1],S1[x,2],S1[x,-1]}],{x,-1,1},PlotRange->{-1,1}, 
PlotStyle->{Blue, Purple, Orange} ] 


In Mathematica, there are many options available for plotting graphs, which can de- 
termine the final picture (in more detail, see Options [Plot], Options [Plot3D]); 
e.g., light modeling, legends, axis control, titles, gridlines, colors, etc. The general rule for 
defining options is 


Plot [f[x], {x,x1l,x2},opName->value,...] 
Plot3D[f[x,y],{x,x1,x2},{y,yl,y2},opName->value,...] 


Here opName is the option name. 
There are many predefined functions for color graphs. For example, the functions: 
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Figure 20.1: Exact solutions together with the direction field associated with sys- 
tem (20.2.1.1). 


RGBColor, Hue, GrayLevel, for defining color models 

Lighter, Darker, Blend, ColorNegate, for derived colors 
ColorData, for color schemes 

Red, Blue, Purple, Green, for named colors 

ColorSetter, ColorSlider, for interactive color controls 

Opacity, Directive, Glow, for graphics directives 

Lighting, FrameStyle, GridLinesStyle, for graphics options 
ColorFunction, PlotStyle, ColorRules, for plotting options 
RandomColor, ColorReplace, ColorConvert, for color operations 


The list of all colors can be obtained by typing ColorData["Legacy"] ["Names"] 
(193 predefined named colors), and the RGB formula of a particular color, e.g., Coral, 
by typing ColorData["Legacy"] ["Coral"] . Additionally, all predefined color 
schemes can be inserted by using Palettes-—>ColorSchemes, and the RGB formula 
for color graphs can be computed by using Insert—>Color. 

However, throughout the book, graphical solutions cannot be presented in color for 
technical reasons: this would result in an essential increase in the book price. 


Example 20.6. First-order constant-coefficients linear system of ODEs. Graphical solutions. 
For the first-order linear system of differential equations with constant coefficients 


ul, =ut+3v, vi, =—2u+y, (20.2.1.1) 


we plot the solutions together with the direction field associated with the system as follows (see 
Fig. 20.1): 


sys3={u' [x] ==u[x]+3*«v[x],v' [x]==-2*u[x]+v[x]}; 

sol=Table[DSolve[sys3, {u[x],v[x]},x]/.{C[1]->i,C[2]->j}, {4,1,5},{3,1,5}]; 

gl=Table[ParametricPlot [Evaluate[{sol[[i,j,1,1,2]],sol[[i,j,1,2,2]]}, 
{x,-3,3}],PlotStyle->Hue[0.7],Frame->True, Background->LightBlue], 
fipdy Shei te ty or ls 

g2=VectorPlot[{ut3«v,-2«utv}, {u,-10,10}, {v,-10,10}, 

ColorFunction->Function[{x},Hue[x]]]; 

Show[gl1,g2,AspectRatio-—>1,Frame—>True, PlotRange->{{-10,10}, {-10,10}}] 
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> Dynamic computation and visualization. 


In Mathematica (for Ver. > 6), a new kind of manipulation of Mathematica expressions, 
dynamic computation and visualization, has been introduced allowing to create dynamic 
and control interfaces of various types. Numerous new functions for producing interac- 
tive elements (or various dynamic and control interfaces) have been developed within a 
Mathematica notebook (for more details, see the Documentation Center, “Introduction to 
Manipulate,” “Introduction to Dynamic,” “Dynamic and Control,” “Interactive Manipula- 
tion,” “How to: Build an Interactive Application,” etc.). 
Let us mention the most important of them: 


Dynamic [expr] DynamicModule[{x=x0,...},expr] 
Slider [Dynamic[x]] Slider[x, {x1,x2,xStep} ] Pane [expr 


] 
Manipulate[expr, {x,x1,x2,xStep} ] TabView[{exprl,...}] 
Manipulator[expr, {x,xl,x2}] Animator[x, {x1,x2,dx}] 
SlideView[{exprl,expr2,...}] 


e Dynamic, DynamicModule, representing an object that displays as the dynam- 
ically updated current value of expr; the object can be interactively changed or 
edited 


e Slider, Slider, Dynamic, representing sliders of various configurations 


e Manipulate, Manipulator generating a version of expr with controls added 
to allow interactive manipulations of the value of x etc. 


Example 20.7. The Airy equation. Cauchy problem. Dynamic and control objects. 
Let us create various dynamic and control objects, for example, for the exact solution of the 
Cauchy problem 


1 
Yorn — ty =0, y(0) = oe ‘(0) = = qER, 

for the Airy equation as follows: 

r=10; SetOptions[Plot,PlotRange->{{-r,r},{-r,r}},ImageSize->500]; 
{ODE=y'' [x]-x*y[x]==0,ic={y[0]==1/Sqrt[2*Pi], 
y'[0]==q/Sqrt[2*Pi]}, ivp={ODE,ic}//Flatten} 
sol=DSolve[ivp, y[x],x] 
F[X_,Q_]:=sol[[1,1,2]]/.{x->X,q->Q}; FI[x,q] 

{Slider [Dynamic[ql]], Dynamic[Plot[F[x1l,ql],{xl,-r,r}]]} 
TabView[Table [Plot [F[x2,q2],{x2,-r,r}],{q2,0,r}]] 
SlideView[Table [Plot [F[x3,q3],{x3,-r,r}],{q3,0,r}]] 


Manipulate [N[F[x4,q4]],{q4,3,10,1},{x4,-r,r}] 
where ivp is the abbreviation for initial value problems (see Section 20.1.1). 


Example 20.8. The Lorenz system. Cauchy problem. Dynamic and control objects. 
Let us create dynamic and control objects, for example, for the numerical solution of the Cauchy 
problem for the nonlinear system of first-order ODEs, e.g., the Lorenz system 


t,=o(y-2), y=pr-—y—zz, z%=xry- Bz, 
2(0)=1, y(0)=15, (0) =10, (20.2.1.2) 
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Figure 20.2: Dynamic and control objects for the Lorenz system (20.2.1.2). 


where o, p, and £ are the system parameters. The Lorenz system is an example of a dissipative 
chaotic system with a strange attractor. These features can be observed for certain values of the 
system parameters and initial conditions. This system models an unstable thermally convecting 
fluid (heated from below) and also arises in other simplified models. 

One can study the behavior of the system by varying the system parameters o, p, and 8 and 
observe the strange attractor (see Figure 20.2) as follows: 


Manipulate [ 
tN=10; sysl={x'[t]==\[Sigma]*(y[t]-x[t]), 
y'[t]==\[Rho]*x[t]-y[t]-x[t]*z[t], z'[t]==x[t]*y[t]-\[Beta]*z[t]}; 
ic={x[0]==1,y[0]==15,z[0]==10}; ivp={sysl,ic}//Flatten; 
solN=NDSolve[ivp, {x,y,z},{t,0,tN},MaxSteps—>2000]; 
gr={x[t],y[t],z[t]}/.solN; 
ParametricPlot3D[Evaluate[gr], {t,0,tN},PlotRange->All,PlotPoints-—>500], 
{{\[Sigma],15},1,20},{{\[Beta],3},1,10},{{\[Rho],28},10,30}] 


Example 20.9. The Legendre equation. Cauchy problem. Dynamic object without controls. 
Let us create a dynamic object without controls and the animation frame, for example, for the 
exact solution of the boundary value problem 


(l—a*)y", —2ry),+n(n+1)y=0, y(—0.9)=-1, y(0.9) =1 (20.2.1.3) 


for the Legendre equation, where —0.9 < x < 0.9andn = 0,1, 2,... 


r=0.9; {ODE=(1-x*2) *xy'' [x]-2«xxy' [x] +n* (n+1) *y[x]==0, 


ic={y[-r] 1,y[r]==1}, ivp={ODE,ic}//Flatten} 
sol=DSolve[ivp, y[x],x] 
F[X_,N_]:=sol[[1,1,2]]/.{x->X,n->N}; F[x1,n1] 


Row[{Pane [Animator [Dynamic[n1],{0,7}],{0,20,0.1}], 
Dynamic[Plot [Evaluate [F[xl,n1]],{xl,-r,r}, 
PlotRange->{{-1,1}, {-20,20}}, ImageSize->500]]}] 
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Figure 20.3: Exact implicit solutions for the first-order separable ODE (20.2.1.4). 


> Constructing exact explicit and implicit solutions. 


In Mathematica, exact solutions of ODEs can be obtained (in one step) with the aid of the 
predefined function DSolve only in explicit or implicit form. The system will display only 
one of these forms. If an ODE has an implicit form of a solution, the result can contain an 
unevaluated Solve object or InverseFunction object. 

The design of DSolve is modular (i.e., the algorithms for various classes of problems 
work independently) and internal (i.e., the solution process performs internally). 


lve [ODE, y[x],x] DSolve[{ODE1,ODE2,...},{yl[x],...},x] 
lve [ODE,y,x] DSolve[{ODE1,ODE2,...},{yl,...},x] 


tourPl [£(x,y]==c, {x,x1,x2},{y,yl,y2},ops] 
tourPlot[{f1[x,y]==cl,...},{x,x1,x2},{y,yl,y2},ops] 


Example 20.10. First-order separable ODE. Exact implicit solutions. Graphical solutions. 
For the first-order separable ODE 


yt =O, (20.2.1.4) 


we can construct the explicit one-step solution (So11) and implicit step-by-step solution (So12) 
and plot graphics of the implicit solution (see Fig. 20.3) as follows: 


{odel=D [y[x],x]+x*2/y[x]==0, soll=DSolve[odel,y[x],x]} 
eql=soll1[[1,1]]/.Rule->Equal 

{sol20=Thread[eql*2,Equal]//Simplify, sol2=sol20/.{6*C[1]->c}} 
{g=sol2/.y[x]->Y, gs=Table[g/.c->i, {i,-5, 5}]} 

ContourPlot [Evaluate[gs], {x,-5,5}, {Y,-10,10},PlotRange->Automatic] 


The Mathematica results (for sol1 and so12) read: 


{ {ta = - [2-8 vc} 5 {ut > (2V vacti}} » Oe? Spi? == 


Here C[1] is an arbitrary constant. 
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Example 20.11. Second-order nonlinear ODE. Exact implicit solutions. 
For the second-order nonlinear ODE 


1\3 1\2 
fia ds (We) _ We) 
y y 


we can construct the implicit (So13) solution 
(4-A)z-—Ciy+Coy*=0 (A#¥1) 


as follows: 


odel=D[y[x], {x,2}]==A*x/y[x]*2*D[y[x],x]*3-A/y[x]*D[y[x], x]*2 
{soll=DSolve[odel,y[x],x], sol2=sol1[[1]]} 
eql=Assuming[x>0,FullSimplify[sol2]] 
eq2=FullSimplify[Thread[eql* (A-1) ,Equal] ] 
eq3=eq2[[1,1]]==eq2[[2]]-eq2[[1,2]] 
{eq4=Thread [Exp [eq3],Equal], eq5=eq4/.eq4[[1]]->c20/.C[1]->C1} 
q6=Thread[eq5/eq5[[2,2]],Equal]//Expand 

{eq7=Collect [Thread[eq6/c20,Equal]//Expand,x], sol3=eq7/.c20->1/C2} 


> Constructing exact solutions of higher-order ODEs. 


Exact solutions of higher-order ODEs can be constructed with the aid of the predefined 
function DSolve. The design of DSolve has a hierarchical structure, and the solution 
of complicated problems is reduced to the solution of simpler problems (for which various 
methods are implemented). For example, higher-order ODEs are solved by reducing their 
order. 


Example 20.12. Higher-order linear homogeneous ODEs with constant coefficients. 
For the fourth-order linear homogeneous ODE with constant coefficients 


wr wy 


yn" + ary + azy? + azy’ + aay = 0, 


where the constant coefficients are a; = 1, ag = —1, a3 = 5, and ag = —2 and all solutions are of 
exponential form, we can determine the fundamental set of solutions (So12) 


7 7 
{em Ee Wae et cos( Es) eer sin( 2) 
as follows: 
{odel=D[y[x],{x,4}]+a[1]*Dly[x],{x,3}]+al[2]*Dly[x],{x,2}]+a[3]*D[y[x],x] 
ta[4]*y[x]==0, ode2=odel/.{a[1]->1,a[2]->-1,a[3]->5,a[4]->-2}} 


{soll=DSolve[ode2,y[x],x], sol2=DeleteCases [CoefficientList [ 
soll[[{1,1,2]],Table[C[i], {i,1,4}]]//Flatten, 0] } 


Also, we can verify that these functions are solutions of the given ODE (test 1) and that these 
functions are linearly independent (test 2):* 


trD[y_,s_,x_,n_]:=D[y[x],{x,n}]->D[s,{x,n}]; 
test1[i_]:=ode2/.y[x]->sol2[[i]]/.Table[trD[y,sol2[[i]],x,jl, 

{3,1,4}]//Simplify; Table[test1[i],{i,1,4}] 
test2=Wronskian[sol2, x] 


“By verifying that the Wronskian (the determinant of the Wronskian matrix) has a nonzero value. 
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The superposition principle can be applied for constructing a general solution, because any 
linear combination of solutions of a homogeneous linear ODE is again a solution of the ODE. The 
general solution of the nth-order linear ODE is 


y(x) = SS Ciyi(z), 


where y;(z) (¢ = 1,...,n) is a fundamental set of solutions and C; are arbitrary constants. By 
applying the superposition principle to the fourth-order linear homogeneous ODE with constant 
coefficients, we obtain the general solution as follows: 


solGen=y[x]->Sum[C[i]*sol2[[i]],{i,1,4}] 
test3=ode2/.solGen/.Table[trD[y,solGen[[2]],x,j3],{3,1,4}]//Simplify 


Example 20.13. Higher-order linear ODEs with variable coefficients. The Euler equation. 
For a fourth-order linear homogeneous ODE with variable coefficients, the Euler equation 


A Wn 3,1" 


aya yn” + aga? yl” + aga7y” + agzy’ + asy = 0, 


where a, = 1, a2 = 14, a3 = 55, ay = 65, and as = 16, we can determine the fundamental set of 


solutions (So12) 
{= In(x) In(a)? a“ 


a nn rn 


as follows: 


odel=a[1]«x*4«D[y[x], {x,4}]+a[2]*x°3«D[y[x], {x,3}]+a[3]«x*2*«D[y[x], 

{x,2}]t+ta[l4]*x*Dl[y[x],x]+a[5]*y[x]== 
ode2=odel/.{a[1]->1,a[2]->14,a[3]->55,a[4]->65,a[5]->16} 
{soll=DSolve[ode2,y[x],x], sol2=DeleteCases [CoefficientList [ 
soll[[1,1,2]],Table[C[i], {i,1,4}]]//Flatten, 0] } 
trD[y_,s_,x_,n_]:=D[y[x],{x,n}]->D[s,{x, n}]; 
test1[i_]:=ode2/.y[x]->sol2[[i]]/.Table[trD[y,sol2[[i]],x,jl, 

{j,1,4}]//Simplify; Table[test1[i],{i,1,4}] 
test2=Wronskian[sol2, x] 


As in the previous example, we verify that these functions are solutions of the given ODE 
(test1) and that these functions are linearly independent (test 2). Since the Wronskian has the 
nonzero value 12x~'4 if 2 4 0, it follows that these four functions are a fundamental set of solutions 
for this Euler equation on any interval that does not contain the origin. 


Example 20.14. Constant-coefficient linear nonhomogeneous ODEs. General solution. 

The general solution y(x) of a nonhomogeneous linear ODE can be written as the sum of a 
particular solution y,(x) of the nonhomogeneous equation and the general solution of the cor- 
responding homogeneous equation. The general solution of the homogeneous equation is a linear 
combination of the solutions in a fundamental set of solutions. The general solution of the nth-order 
nonhomogeneous linear ODE has the form 


y(2) = yp(x) + >> Ciys(2), (20.2.1.5) 
i=l 
where y;(z) (i = 1,...,) is a fundamental set of solutions and C; are arbitrary constants. 


Consider the fourth-order linear nonhomogeneous ODE with constant coefficients 


wy 


Yn +aryy + a2y, + agy’ + aay = sin(a), 
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where the constant coefficients are aj = 1, ag = —1, ag = 5, and ay = —2. First, we determine 
a fundamental set of solutions (FundSet 1) of the corresponding homogeneous ODE and form 
the general solution of the homogeneous ODE (Sol1GenHom). Then we obtain a particular solu- 
tion of the nonhomogeneous equation (Sol PartNonHom) and form the general solution of the 
nonhomogeneous ODE (solGenNonHom) according to Eq. (20.2.1.5), 


7 ic 1 
y(x) = Cye?/? sin(2) AGaerl* cos(“2e) POV? DP ee Wao a cos(z), 
as follows: 
odel=D[y[x],{x,4}]+a[1]*Dly[x],{x,3}]+al2]*Dly[x],{x,2}]+a[3]*D[y[x], 


x] +a[4]*y[x]==Sin[x] 
ode2=odel/.{a[1]->1,a[2]->-1,a[3]->5,a[4]->-2} 


{soll=DSolve[ode2[[1]]==0,y[x],x], fundSetl=DeleteCases [CoefficientList [ 
soll[[{1,1,2]],Table[C[i], {i,1,4}]]//Flatten, 0] } 
{solGenHom=DSolve [ode2[[1]]==0,y[x],x], solPartNonHom=y[x]->-Cos[x]/4} 


solGenNonHom=y [x]->solGenHom[[1,1,2]]+solPartNonHom|[ [2] 


Then we verify that this function is a solution of the given ODE (test1) and compare the 
solution solGenNonHom (as a result of our construction procedure) with the solution sol 1 (5- 
element list) and the general solution so12 (as the result from DSolve). It should be noted that 
these solutions are the same: 


trD[y_,s_,x_,n_]:=D[y[x],{x,n}]->D[s,{x, n}]; 

testl=ode2/.solGenNonHom/.Table[trD[y,solGenNonHom[[2]],x,j], 
{j,1,4}]//Simplify 

sol2=DSolve[ode2,y[x],x]//FullSimplify 

soll=DeleteCases [CoefficientList[sol2[[1,1,2]],Table[C[il, 
{i,1,4}]]//Flatten, 0] 


20.2.2 Analytical Solutions of Mathematical Problems 
> Initial value problems (Cauchy problems). 


In many applications it is required to solve an initial value problem or a Cauchy problem, 
i.e., a problem consisting of the differential equation supplemented by one or more initial 
conditions (which must be satisfied by the solutions). The number of the conditions equals 
the order of the equation. Therefore, we have to determine a particular solution that satisfies 
the given initial conditions. 
Consider some initial value problems that model various processes and phenomena. 
Example 20.15. Malthus model. Cauchy problem. Analytical and graphical solutions. 


A basic model for population growth, the Malthus model, consists of a first-order linear ODE 
and an initial condition, 


vi=ky, y(0)=yo (k> 0). 
Here k (k& > 0) is a constant representing the rate of growth (the difference between the birth rate 
and the death rate). The increase in the population is proportional to the total number of people. 
We can obtain the particular solution 


y(t) = yoe™ 


of this mathematical problem, which predicts exponential growth of the population, as follows: 
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trD[y_,s_,x_,n_]:=D[y[x],{x,n}]->D[s,{x,n}]; 
{odel=D[y[t],t]==kx*y[t], itcl=y[0]==y0} 
soll=DSolve[{odel,icl},y[t],t] 
testl=odel/.soll/.trD[y,soll[[1,1,2]],t,1] 


Example 20.16. Linear ODE. Cauchy problem. Analytical, numerical, and graphical solutions. 
Consider a second-order linear nonhomogeneous ODE with variable coefficients and with the 

initial conditions 
yi, try, +y=cos(x), (0) =0, (0) = 0. (20.2.2.1) 


Analytical and numerical solutions can be constructed as follows: 


trD[y_,s_,x_,n_]:=D[y[x],{x,n}]->D[s,{x,n}]; 
{odel=D[y[x],{x,2}]+x*D[y[x],x]t+y[x]==Cos[x], icl={y[0]==0,y' [0]==0}} 
soll=DSolve[{odel,icl},y[x],x] 
testl=odel/.soll/.Table[trD[y,soll[[1,1,2]],x,3],{3,1,2}]//Simplify 
sol2=NDSolve[{odel,icl},y[x],{x,-10,10}]; solN=sol2[[1,1,2]]; 


The analytical solution (so11) has the following form in the Mathematica notation: 
{( bom] =H] $2) 


where i is the imaginary unit, Erf is the error function erf(z) (special function), and Erfi is the 
imaginary error function erf(iz) /¢. 

To obtain real graphical solutions, we make the following additional manipulations with the 
analytical solution obtained (see the Mathematica script below, the variable s [k] ): 


1. We evaluate y(a) on a set of points of the interval [—10, 10] and approximate the resulting 
complex numbers using floating-point arithmetic (with the predefined function N); e.g., the result at 
the point x = —10 reads —0.0458265 + 0.2. 

2. We remove the zero imaginary part of the complex floating point numbers (with the prede- 
fined function Chop); e.g., the result at the point x = —10 reads: —0.0458265. 


Finally, we compare the analytical and numerical solutions as follows: 


k=0; Do[{k=k+1; X[k]=m; s[k]=N[sol1[[1,1,2]]/.x->m]},{m,-10,10,0.1}]; n=k 
segl=Table[{X[m], (s[m]//Chop) }, {m,1,n}] 

gl=ListLinePlot [seql, PlotStyle->{Blue, Thickness[0.01]}]; 

g2=Plot[solN, {x,-10,10},PlotStyle->{Red, Dashed, Thickness[0.007]}]; 
Show[{g1,g92}] 


Example 20.17. First-order linear ODE. Cauchy problem. Analytical and graphical solutions. 
For the first-order linear ODE with the initial condition 


y,, — 2y = 32, y(0) =n, (20.2.2.2) 


we can determine the particular analytical solution (so11) 


and construct the direction field as follows: 


nN=7; SetOptions[Plot, GridLines-—>{Automatic, Automatic}]; 
ivpl={y'[x]-2*y[x]==3*x,y[0]==n} 
soll=DSolve[ivpl,y[x],x]//Expand 
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sols=Table[soll/.n->-3+(i-1),{i,1,nN}]//Flatten 
sList=Table[sols[[i,2]],{i,1,nN}] 
Do[g[i]=Plot[sList[[i]],{x,0,2.5},PlotStyle->Blue], {i,1,nN}]; 
gr=Table[g[i],{i,1,nN}]; 
vField=VectorPlot[{1,3*x+2*y},{x,0,2.5}, {y,—-600, 600}, 
VectorScale->0.00015,VectorColorFunction->"Rainbow"]; 
Show[{gr, vField},PlotRange->All,Frame->True, AspectRatio-—>1] 


> Boundary value problems. 


Consider two-point boundary value problems that consist of a second-order ODE and 
boundary conditions at the two endpoints of an interval [a,b]. Some (simple) boundary 
value problems can be solved (with the aid of Mathematica) analytically just as initial value 
problems except that the value of the function and its derivatives are given at two values 
of x (the independent variable) rather than one. 


Example 20.18. Two-point boundary value problem. Analytical and graphical solutions. 
For the second-order linear homogeneous ODE with constant coefficients with the boundary 
conditions (the nonhomogeneous Dirichlet conditions) 


Yoo Fay=0, y(a)=gi, y(b) = 92, (20.2.2.3) 


where a, = 2,a = 0,b=7, g; = 1, and gz = 0, we can determine the particular analytical solution 
(soll) 
y(x) = cos(V2x) — cot(V27) sin(V22) 


and construct a graphical solution as follows: 


bvp1={D[y[x],{x,2}]+al[1]*y[x]==0,yla]==g[1],ylb]==g[2] } 

bvp2=bvp1/.{a[1]->2,a->0,b->Pi,g[1]->1,g[2]->0} 

soll=DSolve[bvp2,y[x],x] 

Plot[soll[[1,1,2]],{x,0,Pi},Frame->True, 
PlotStyle->{Blue, Thickness[0.01]}] 


where bvp1 and bvp2 are the abbreviations for boundary value problems (see Section 20.1.1). 
By modifying the boundary conditions (the nonhomogeneous Neumann conditions), we obtain 
the following: 
Yro tay=0, Yp(a)= 91, Yp(b) = ge, (2.2.2.4) 


where a, = 2,a = 0,b =7, g; = 1, and gz = 0, and the particular analytical solution (So12) 


y(x) = 5 (v2 cos(V2 x) cot(v2 7) + v2sin(v22)) 


can be constructed as follows: 


bvp3={Dly [x], {x,2}]+al1]*y[x]==0,y' [a]l==g[1],y' [b]==g[2]} 
bvp4=bvp3/.{a[1]->2,a->0,b->Pi,g[1]->1,g[2]->0} 

sol2=DSolve[bvp4,y[x],x] 

Plot[sol2[[1,1,2]], {x,0,Pi},Frame—>True, PlotStyle->{Blue, Thickness[0.01]}] 


For solving more complicated boundary value problems, we can follow a numerical 
approach (see Section 20.3.5). 
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> Eigenvalue problems. 


Consider eigenvalue problems, i.e., boundary value problems that include a parameter 4. 
The parameter values that satisfy the differential equation are called eigenvalues of the 
problem, and for each eigenvalue, the solution y(x) (y(a) 4 0) that satisfies the problem 
is called the corresponding eigenfunction. We will find eigenvalues and eigenfunctions for 
some eigenvalue problems. 

A sufficiently general form of linear eigenvalue problems reads: 


a2()Yre + a1(a)y, + [ao(z)+A]y=0, ax<aK<d, 


and boundary conditions must be posed at the endpoints x = a and x = b (see the previous 
paragraph). 
Example 20.19. Eigenvalue problem. Dirichlet boundary conditions. Analytical solution. 
Consider a Sturm—Liouville eigenvalue problem consisting of a second-order linear homoge- 
neous ODE with constant coefficients and a parameter \ with the homogeneous Dirichlet boundary 
conditions, 


Yoo +t Ay =0, y(0) =0, y(n) =0. (20.2.2.5) 
If we apply the predefined function DSolve, 
{odel=D[y[x], {x,2}]+lambdax«y[x]==0, 
DSolve[{odel, y[0]==0, y[Pi]l==0},y[x],x]} 


then we obtain the trivial solution y(2) = 0 and cannot solve the eigenvalue problem. 

However, we can solve such problems step by step with the aid of Mathematica as follows. 

1° We find the characteristic equation (eqChar) m? + A = 0 for the given ODE; the charac- 
teristic roots are m = +i (root sChar): 


trD[y_,s_,x_,n_]:=D[y[x],{x,n}]->D[s,{x,n}]; expSol=Exp [m*x] 
eqChar0=odel/.y[x]->expSol/.Table[trD[y,expSol, x, j],{j,1,2}]//Simplify 
{eqChar=Thread[eqChar0/expSol,Equal], rootsChar=Solve[eqChar,m] } 


2° There are two cases (A = 0 and \ 40). Consider the first case, \=0. The differential equation 
is y,, = 0 (eq1), and the solution ($011) of this equation with the first boundary condition is 
y(x) = C[2]x. By applying the second boundary condition to this solution, we obtain the equation 
C[2]z = 0 (eq2), so C[2] = 0 and we arrive at the trivial solution y(x) = 0. Thus, A = 0 is not an 
eigenvalue: 


{eql=odel/.lambda->0, soll=DSolve[{eql,y[0]==0},y[x],x]} 
eq2=(soll[[1,1,2]]/.x->Pi) == 


3° Consider the case of \ # 0 and apply the first boundary condition. The resulting solution 
(so13) is y(x) =csin(VAzx). By applying the second boundary condition, we obtain the transcen- 
dental equation csin(V Ar) = 0(sol1 4). By solving this equation (using Reduce), we determine 
the eigenvalues \,, = n? (n = 1,2,...) and the eigenfunctions y,,(a) = csin(nz): 


{sol20=DSolve[{odel, y[0]==0},y[x],x], sol2=sol20[[1,1,2]]} 
{param=Select [sol2,FreeQ[#, lambda]&], sol3=sol2/.param->c} 
sol4=(sol3/.x->Pi)==0, 

sol50=Reduce[sol4 && lambda>0 && c!=0, lambda, Reals] 
{sol51=Thread[sol50[[2,1,3]]/4,Equal], sol5=so151[[2]]} 
{var=Variables[sol5], eVals=sol5/.var[[1]]->n} 
eFun=Assuming[n>=1, Simplify[sol3/.lambda->eVals] ] 
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20.2.3 Analytical Solutions of Systems of ODEs 


The predefined function DSolve can be used for finding analytical solutions of a given 
ODE system (linear or nonlinear; linear with constant or variable coefficients; homoge- 
neous or nonhomogeneous). 


DSolve[{odeSys}, {yl[x],...},x] DSolve[{odeSys},{yl,...},x] 
DSolve[{odeSys, ICs}, {yl[x],...},x] 


DSolve[{odeSys, ICs}, {yl,...},x] 
LaplaceTransform[odeSys,x,p]/.{ICs} 
ParametricPlot[{xSol,ySol}, {x,x1l,x2},ops] 


e DSolve, finding the general solution y1 [x], y2[x],...oryl, y2, ... (expressed 
as a “pure” function) for a system of ODEs 
e DSolve, ICs, solving a system of ODEs with given initial or boundary conditions 


> Linear systems of ODEs. 


For first-order linear systems of ODEs, one can find the general solution and the particular 
solution for any initial condition (with the aid of the predefined function DSolve). For 
higher-order linear ODEs or systems of ODEs, one can convert them to a system of first- 
order ODEs and then solve them. 


Example 20.20. First-order linear system of two ODEs. Analytical solution. 
Consider the general first-order two-dimensional linear system of ODEs with constant coeffi- 
cients 
ul, =ao tayutagu, vi, = bo + but bar, 


where u(x) and v(x) are unknown functions and the coefficients are ag = 1, ay = 1, ag = —1, 
bo = 1, by = 1, and by = 1, 
By applying the predefined function DSolve, we find the general solution 


u(x) = —1+ e” (C\ cos(x#) + C2 sin(x)) , 
vu (a) = —e” (C2 cos(x) — Ci sin(2)) 


of this linear system and verify it as follows: 


odel=D[u[x],x]==a[0]+a[1]*u[x]+a[2]*«v[x] 

ode2=D[v[x],x]==b[0]+b[1]*«u[x]+b[2]«v[x] 

coeffs={a[0]->1,a[1]->1,a[2]->-1,b[0]->1,b[1]->1,b[2]->1} 

{sysl={odel,ode2}, sys2=sys1/.coeffs} 

{solGenl=DSolve[sys2, {u,v},x], testl=sys2/.solGenl1//Simplify} 

Map [FullSimplify, 
{uX=u[x]->solGenl[[1,1,2,2]],vX=v[x]->solGenl[[1,2,2,2]]}] 


Example 20.21. First-order linear system of two ODEs. Cauchy problem. Analytical solution. 
Consider the following first-order two-dimensional linear system of ODEs with initial condi- 
tions: 


/ / 
U, =Gotajutagv, v, =bo + biut bev, u(xzo) = Uo, v(2o) = vo, 


1208 SYMBOLIC AND NUMERICAL SOLUTIONS OF ODES WITH MATHEMATICA 


where u(a) and v(a) are unknown functions and the coefficients are ag = —1, a; = 1, ag = —1, 
bo = 1, b; = —1, and bg = 1. For a first-order two-dimensional system in u(x) and v(x), each initial 
condition can be specified in the form ic= {u(xo) = uo, v(%o) = vo} (e.g., u(O) = 0, v(0) = 1). 
One solution curve is generated for each initial condition. The solution of the initial value problem 
(ivp1) can be found as follows: 


odel=D[u[x],x]==a[O]+a[1l]*u[x]+a[2]*«v[x] 

ode2=D [v[x],x]==b[0]+b[1]*«u[x]+b[2]«v[x] 

coeffs={a[0]->-1,a[1]->1,a[2]->-1,b[0]->1,b[1]->-1,b[2]->1} 
{sysl={odel,ode2}, sys2=sys1/.coeffs} 

{solGenl=DSolve[sys2, {u,v},x], testl=sys2/.solGenl//Simplify} 

Map [FullSimplify, 
{uX=u[x]->solGenl[[1,1,2,2]],vX=v[x]->solGenl[[1,2,2,2]]}] 

{ic={u[0] 0,v[0] 1}, ivpl=Union[sys2,ic]} 

{solPart1=DSolve[ivpl, {u,v},x], test2=ivpl/.solPart1//Simplify} 


Alternatively, the solution of this initial value problem can be found step by step as follows: 


icl=ic/.Equal->Rule 
eql={u[x]==uX[[2]],v[x]==vX[[2]]}/.x->0/.icl//Simplify 
{eq2=Solve[eql, {C[1],C[2]}], solPart2=Map[Simplify, {uxX, vX}/.eq2] } 
test21=Map[FullSimplify,sys2/.solPart2/.D[solPart2,x]] 
test22=(Flatten[solPart2/.x->0])===icl 
{uXP==solPart2[[1,1,2]],vXP==solPart2[[1,2,2]]} 


We substitute the initial condition (ic) into the general solution (So1Gen1) and obtain equa- 
tions (eq1) for the unknowns C [1] and C [2], which can be solved for these constants of inte- 
gration (eq2). The particular solution (SolPart 2) of this initial value problem reads: 


u(z)=1-—e?", v(x) =e?". 


This particular solution solPart 2 is equal to the solution solPartl. 


> Nonlinear systems of ODEs. 


For more complicated first-order or higher-order nonlinear systems of ODEs, a straight- 
forward application of the predefined function dsolve may give no solutions (general or 
particular). Therefore, one can introduce some transformations, make some manipulations 
with the original Cauchy problem, reduce it to a modified Cauchy problem, and finally ob- 
tain analytical solutions in terms of new variables and the original variables. Let us show 
this in the following example. 


Example 20.22. Second-order nonlinear system of ODEs. Analytical and graphical solutions. 
Consider the following second-order two-dimensional nonlinear system of ODEs subject to 
initial conditions: 


where u(x) and u(x) are unknown functions and the parameter values are a = 5, Up = 10, and 
@ = 7/10. The solution of the initial value problem (ivp1) can be found step by step as follows: 
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sysl={D[u[x], {x,2}]==-a*D[u[x],x]*Sqrt [D[u[x],x]*2+D[v[x],x]°2], 
D[v[x],{x,2}]==-a*D[v[x],x]*Sqrt [D[u[x],x]°2+D[v[x],x]°2]} 

ic={u[0]==0,v[0]==0,u' [0] ==U0«Sin[phi],v'[0]==U0*Cos [phi] } 

{ivpl=Union[sysl,ic], DSolve[ivpl, {u[x],v[x]},x]} 


trl=U[x]->Sqrt [D[u[x],x]°2+D[v[x],x]°2] 
{eql=D[tr1l,x], eq2=eql/. (sysl/.Equal->Rule) //Simplify} 


odel=eq2/.tr1[[2]]°2->U[x]*2 
soll=DSolve[{(odel/.Rule->Equal) ,U[0]==U0},U[x],x] 
{sys2=sysl1/.trl1[[2]]->soll[[1,1, 211, ivp2=Union[sys2,ic] } 


sol2=DSolve[ivp2, {u,v},x] 
test1l=Assuming[{U0>0,x>0,a>0},ivpl/.sol2//FullSimplify] 
solG={sol2[[1,1,2,2]],sol2[[1,2,2,2]]} 
Plot [Evaluate[solG/.{U0->10,a->5, phi->Pi/10}],{x,0,20}] 


In this problem, a straightforward application of the predefined ay, DSolve does not give 


a solution. Therefore, we introduce the transformation (tr1), U(x) = \/(u/,)? + (v/,)?. Then we 
a? p _ 2Up Wee + 2 View 
find the derivative (eq1), U,, = ~~ . By substituting the second derivatives u/”,, and 
Ca Ca 
vu, from the original system into the expression for U/, we obtain the differential equation (ode1), 
U!, = —aU”. By solving this simple differential equation with the initial condition U(0) = Uo, we 
Uo 

1 + auUox 
equal to \/ (u/,)? + (v/,)? (according to t r1), into the original system (sys1) and by taking into 
account the initial conditions, we obtain the modified Cauchy problem (ivp2) 


obtain the solution (so11) U(x) = . By substituting this expression for U(x), which is 


/ / 
Wl! = aU u, ie es aU vi, 
x aUpx +1? 7 aUpx +1” 


u(0)=0, v(0)=0, wi,(0) =Upsing, vi,(0) = Up cosé. 

By solving this Cauchy problem, we obtain the analytical particular solution (So12) 

1 1 

u(x) = —sindln(azUp +1), v(x) = —cos dln(axUp + 1) 

a a 
and then verify that it is an exact particular solution (so 12) of the original Cauchy problem (ivp1) 
and plot the graphs of u(x), v(x). 
20.2.4 Integral Transform Methods for ODEs 


In Mathematica, integral transforms (Laplace, Fourier, and Z-transforms) can be studied 
with the aid of several predefined functions. 

For example, the Laplace integral transforms are defined by the two predefined func- 
tions LaplaceTransform, InverseLaplaceTransform. 

Integral transform methods can be applied to many initial value problems. 


> Linear ODEs and systems of ODEs with constant coefficients. 


Integral transform methods can be applied for solving the nth-order linear ODE with con- 
stant coefficients and with initial conditions 


any n) eee eee iy 1) Se ary, + agy = f(z); 
y(0) = a0, Yin(0) FSA, sees yr (0) = One 
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Figure 20.4: Analytical solution of the nonhomogeneous Cauchy problem for the second- 
order linear ODE (20.2.4.1). 


and to systems of linear ODEs with constant coefficients and with initial conditions. Con- 
sider some examples. 


Example 20.23. First-order linear ODE. Initial value problem. Laplace transform. 
For the first-order linear ODE with the initial condition 


Y,tay=e, y(0)=1, 
the analytical particular solution 
y(a) =(@+De™ 


of the initial value problem can be obtained and verified as follows: 


ode={y' [x] +axy[x]==Exp [-axx] } 
eql=LaplaceTransform[ode,x,s]/.{y[0]->1} 
eq2=Solve[eql, LaplaceTransform[y[x],x,s]] 
soll=Map[InverseLaplaceTransform[#,s,x]&,eq2, {3}] 
trD=D[soll1,x]//Flatten 

sol2=DSolve[{ode, y[0]==1},y,x] 

{testl=ode/.sol2, test2=ode/.soll/.trD} 


The graphical solution can be obtained for some value of the parameter a (e.g., a = 7) as follows: 


Plot [Evaluate[y[x]/.soll/.{a->7}],{x,0,1}, 
PlotStyle->{Hue[0.7],Thickness[0.01]}] 


Example 20.24. Second-order linear ODE. Cauchy problem. Laplace transform. 
For the second-order linear ODE with the initial conditions 


ay, +by = f(x),  y(0)=0, y/,(0) =9, (20.2.4.1) 


where f(a) = H(x) — H(a — 7) is a given function representing a source term,* the analytical 


particular solution 
5) neo 


(x) 1 l Vox 
=— — cos 
ae: Ja 

and graphical solutions (see Figure 20.4) of the nonhomogeneous Cauchy problem can be obtained 
and verified as follows: 


++ (-. + cos 


“Here H(:) is the Heaviside step function. 


20.2. Analytical Solutions and Their Visualizations 1211 


SetOptions[Plot, PlotStyle->{Hue[0.8],Thickness[0.01]}]; 

f[x_] :=HeavisideTheta[x]-HeavisideTheta[x-Pi]; trl={a->5,b->10} 
ode={axy'' [x] +bx*y[x]==f [x] } 
eql=LaplaceTransform[ode,x,s]/.{y[0]->0,y' [0]->0} 
eq2=Solve[eql, LaplaceTransform[y[x],x,s]] 

eq3=eq2[[1,1,2]] 

soll=InverseLaplaceTransform[eq3,s,x] 

trD=D[soll, {x,2}]//Flatten//FullSimplify 
sol2={y[x]->PiecewiseExpand[soll/.HeavisideTheta->UnitStep] } 
sol3=DSolve[{ode, y[0]==0,y'[0]==0},y[x],x]//Simplify//Flatten 
{soll1//FullSimplify, f1=soll/.tr1} 

Plot [f1,{x,0,10*Pi}] 

Plot [Evaluate[sol3[[1,2]]/.tr1],{x,0,10*Pi}] 
test1l=Assuming[x>0,Simplify[ode/.y[x]->soll/.y''[x]->trD]] 


Example 20.25. Constant-coefficient linear system. Cauchy problem. Laplace transform. 
By applying the Laplace transform, we solve the initial value problem 


uw, —-2v=2, 4utv,=0, u(0)=1, v(0)=0 
and verify the analytical solution 
u(z) = $+ Z cos(2V2 2), v(z) = —Fa- 2,/2sin(2v2 2) 


as follows: 


odeSys={u' [x] -2*«v[x]==x, 4*u[x]+v' [x] ==0} 
eql=LaplaceTransform[odeSys,x,s] 

eq2=Solve[eql, {LaplaceTransform[u[x],x,s],LaplaceTransform[v[x],x,s]}] 
soll=Map[InverseLaplaceTransform[#,s,x]&,eq2, {3}]/.{u[0]->1,v[0]->0} 
sol2=DSolve[{odeSys,u[0]==1,v[0]==0}, {u[x],v[x]},x]//Simplify 

ParametricPlot [Evaluate[{u[x],v[x]}/.soll],{x,0,Pi}, 
PlotStyle->{Hue[0.5],Thickness[0.01]},AspectRatio->1] 


Example 20.26. First-order linear systems of ODEs. Initial value problem. Laplace transform. 
Generalizing this procedure, consider the system of first-order linear ODEs 


(Yi) = Gay + aizyat+---+aingnt fi(x), 2>0 (¢=1,...,n) 
with the initial conditions 
yi(0) = yio (= Ty o.251), 
where aj; (2 = 1,...,n; 7 = 1,...,m) are constants, fi(x) are given functions, and the unknown 


functions y1(x),...,Yn() are defined on x € [0, ov]. 
Let n = 2. We find the exact solution of the Cauchy problem 


(Wie =Y2, (Yale =—y1—-2yo+a, £>0, 
yi(0)=1, ye2(0)=1 


by applying the integral transform method. Also, we verify and plot this solution on some interval 
[a, b] as follows: 


{a=0,b=2, odeSys={D[u[x],x]==v[x],D[v[x],x]==x-u[x]-2*v[x]}, 
ICs={u[0]==1,v[0]==1}, IVP1=Flatten[{odeSys,ICs}] } 

eql=LaplaceTransform[odeSys,x,s] 

eq2=Solve[eql, {LaplaceTransform[u[x],x,s],LaplaceTransform[v[x],x,s]}] 
soll=Map[InverseLaplaceTransform[#,s,x]&,eq2, {3}]/.{u[0]->1,v[0]->1} 
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sol2=Sort [DSolve[IVP1, {u[x],v[x]},x]] 

{soll,sol2}//Simplify 

Ext [xl_]:=sol2[[1,1,2]]/.{x->xl}; vExt[xl_]:=sol2[[1,2,2]]/.{x->x1}; 
uG1=Plot [uExt [x], {x,a,b},PlotStyle->Red, PlotRange->All]; 

vG1=Plot [vExt [x], {x,a,b},PlotStyle->Blue, PlotRange->Al1]; 
Show[{uGl1,vG1}] 


S 


Remark 20.2. If we consider an nth-order ODE (n > 1) with n initial conditions 
anys + any) +... + ary, + aoy = f(x), 2 >0, 
yO) +90, 9:10) Sai vey 9 0) = oa, 
then we can find exact solutions of this higher-order ODE by transforming it into an equivalent 


system of n first-order equations (with the predefined function DEtools, convertsys) and 
by applying integral transform methods to this system of ODEs. 


20.2.5 Constructing Solutions via Transformations 


Transformation methods are the most powerful analytic tools for studying differential equa- 
tions. In general, transformations can be divided into two parts: transformations of the in- 
dependent variables and dependent variables; transformations of the independent variables, 
dependent variables, and their derivatives. We will consider various types of transforma- 
tions, e.g., point and contact transformations, relating ODEs. 

Transformation methods permit finding transformations under which an ODE is in- 
variant and new variables (independent and dependent) with respect to which differential 
equations become simpler, e.g., linear. 

In Mathematica, transformations of various types can be computed by defining new 
functions (a predefined function does not exist). 

For example, if f(a) is some function, the transformation of the independent variable, 
fi(x) > fi(g(2)), i-e., the chain rule, can be computed as follows: 


D[f[x],x]/.f->(f[gl#]1&) 


> Point transformations. 


Now consider the most important transformations of ODEs, namely, point transformations 
(transformations of independent and dependent variables). Point transformations can be 
linear point transformations (translation transformations, scaling transformations, and ro- 
tation transformations) and nonlinear transformations of the dependent variables. These 
transformations and their combinations can be applied to simplify nonlinear ODEs, lin- 
earize them, and reduce them to normal, canonical, or invariant form. 


Example 20.27. The Bernoulli equation. Transformation and general integral. 
Consider the first-order nonlinear ODE, the Bernoulli equation 


G(x)ye — filx)y — fr(x)y” = 0, 
where n 4 0, 1. By applying the transformation X = 2, Y(X) =[y(zx)]+~” (seq2) of the dependent 
variable, we obtain the linear equation (eq4) 
(1—n) fi(X)¥ + (1-1) fr(X) — g(X) ¥x = 0 
and the general integral with respect to Y(X) (sol1). Finally, we find the general integral of the 
original equation (with respect to y(x)) (so12) as follows: 
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Off[Solve::ifun]; SAssumptions={n\[Element]Integers, n!=1, Y[X]!=0} 


{trl={X==x,Y[X]==y[x]* (1-n)}, tr2=Solve[trl, {x,y[x]}]} 
eql=g[x]*D[y[x],x]-fl[x]*«y[x]-fn[x]*«y[x] “n== 
eq2=eql/. {y->((1/y[#])* (1/7 (n-1) ) &) }/.x->X/.y->Y 


eq3=eq2//PowerExpand 

q4=Thread[eq2« (n-1) , Equal] //PowerExpand//FullSimplify 
soll=DSolve[eq4, Y[X],X] 
{trll=trl/.Equal->Rule, sol2=soll/.tr11//FullSimplify} 


Example 20.28. First-order ODE reducible to a homogeneous ODE. A linear transformation. 
Consider the first-order equation 


pi aye + byte 
Ya =~ agz + boy +e. )’ 


where a,, b;, and c; (i = 1, 2) are real constants. These equations can be reduced to a homogeneous 
equation and integrated. Consider the case in which 


ay by 


D = det = ayb2 = ab; x 0. 


a2 2 


By applying the transformations of the independent and dependent variables* (ode1T) 
r=X+4+240, y(t) =Y(X)+y0, (20.2.5.1) 


where Xo and yo are constants and can be uniquely determined (since D ¥ 0) by solving the linear 
algebraic system 


a1%9 + biyo ter =0, a2% + beyo + co =D, 
we obtain the differential equation (eq2) 
bY + ayX 
Yy = ——— 
x= ( boY + a | 
for Y = Y(X), which can be reduced to the homogeneous equation (eq3) 


bi Y/X +r ay, 
—— 
Saal) oan ae “) 


and integrated: 


sol0=Solve[{al*x0+bl*y0+cl==0,a2*x0+b2*y0+c2==0}, {x0,y0}] 
{trl={x->X+x0,y[x]->Y[X]+y0},trll=trl1/.Rule->Equal, 
tr2=Solve[trl1l1, {X, Y[X]}]} 
odel [X_] :=D[y[X],X]==f[ (al*Xt+blxy[X]+cl) / (a2«*X+b2«y[X]+c2) ]; 
odelT[Y_]:=((odel[x]/.y->Function[{x},y[x-x0]+y0])/.tr1)/.{y->Y}; 
{odel[x], eql=odelT[Y]//PowerExpand, eq2=eql/.sol0//Simplify} 
exl=eq2[[1,1,1]] 
tr2=exl->(Numerator[exl1]/X // Expand) / (Denominator[exl]/X // Expand) 
eq3=eq2/.tr2 


“Equations (20.2.5.1) can be interpreted as a translation of orthogonal coordinate axes to the new origin 
(xo, yo) that is the point of intersection of the lines aia + biy + ci = 0 and agx + bey + co = 0 (for the case 
in which the lines are not parallel). 
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> Contact transformations. 


A contact transformation is a transformation that acts on the space of the independent vari- 
able, the dependent variable, and its first derivative. For an ODE of general form with the 
independent variable x and the dependent variable y = y(x), a contact transformation can 
be represented in the form 


t= F(X,Y,Yz), y=G(X,Y,Y,), yp = H(X,Y,Yx), 


where the functions F'(X, Y, Y{) and G(X, Y, Y,) are chosen so that the derivative y', does 
not depend on Y/”.. 

Consider some examples of contact transformations reducing complicated nonlinear 
ODEs to equations of a simpler form. 


Example 20.29. Nonlinear first-order equation. Contact transformation. 
Consider the nonlinear first-order ODE 


yf,(ys, + aa)” + b((yi,)? + 2ay)”™ +c =0, 
where a, b,c, m, and n are arbitrary parameters. By applying the contact transformation (t rF) 
e=7(X-y)), y=aa(¥ -(%x)?), v= 2x, 

we reduce this nonlinear ODE to the separable ODE (eq2) 

X"Yx + 2bY™ 4+ 2c =0 
and obtain the exact solution as follows: 
{dl=D[y[x],x], odel=d1l« (dl+ax*x) “ntbx« (d1°2+2xaxy[x]) “m+c==0} 
{trl={x->(X-dl)/a, y[x]->(Y[X]-(d1)°2)/(2*a) }, 


tr2=D[y[x],x]->D[Y[X],X]/2,tr3=trl/.tr2, trF={tr3,tr2}//Flatten} 
{eq2=odel/.trF//FullSimplify, soll=DSolve[eq2,Y[X],X]} 


Example 20.30. Nonlinear first-order equation. Legendre transformation. 
Consider the nonlinear first-order ODE 


f(y) + y9 Ye) + hye) = 9, 
where f(z), g(z), and h(z) are arbitrary functions. By applying the Legendre transformation 
we reduce nonlinear ODE to the linear ODE (eq2) 

(Xg(X) + f(X))¥x — Yo(X) + h(X) =0 

and obtain the exact solution as follows: 
{dl=D[y[x],x], odel=x«f[dl]+y[x]*g[dl]+h[dl]==0} 
{legTr={x->D[Y[X],X], y[x]->-Y[X]+X*D[Y[X],X]}, legdl={Dly[x],x]->X}} 
legendreTr={legTr, legd1}//Flatten 


q2=odel/.legendreTr//FullSimplify 
soll=DSolve[eq2,Y[X],X] 


© Literature for Section .2: G. M. Murphy (1960), L. E. El’sgol’ts (1961), P. Hartman (1964), E. L. Ince 
(1956), N. M. Matveev (1967), I. G. Petrovskii (1970), G. F. Simmons (1972), E. Kamke (1977), G. Birkhoff 
and G. C. Rota (1978), D. Zwillinger (1997), A. D. Polyanin and V. F. Zaitsev (2003), W. E. Boyce and 
R. C. DiPrima (2004), A. D. Polyanin and A. V. Manzhirov (2007). 
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20.3 Numerical Solutions and Their Visualizations 


It is well known that there exist many differential equations for which one cannot find exact 
solutions in terms of elementary or special functions. For example, Maple and Mathematica 
cannot find an analytic solution for the first-order nonlinear ODE 


Yr = arly +2), 


where a € Randn€ N, 


infolevel[dsolve]:=3; a:=1; n:=-2; 
dsolve (diff (y (x) , x) =ax*xxx (y (x) +x) 7 (-n),y(x)); 
{a=1, n=2}; DSolve[y' [x]==ax«x« (y[x]+x)* (-n),y[x],x] 


We can study this ODE following other approaches, e.g., the geometric-qualitative ap- 
proach (performing phase plane analysis to find the qualitative behavior of solutions), the 
approximate analytical approach (finding approximate analytical solutions), or the numer- 
ical approach (finding numerical solutions). 

In this section, we follow the numerical approach and consider various numerical ap- 
proximation methods for initial value problems, boundary value problems, and eigenvalue 
problems for ordinary differential equations. 


20.3.1 Numerical Solutions in Terms of Predefined Functions 


The predefined function NDSolve is a general numerical differential equation solver. 
DSolve can solve the following types of differential equations: ordinary differential equa- 
tions, partial differential equations, and differential-algebraic equations. 


NDSolve[{edol,edo2,...,edoN},y,{x,x1l,x2},ops] 
NDSolve[{edol,edo2,...,edoN},{yl,...,yN}, {x,x1,x2},ops] 
s=NDSolve[{ODEs,ICs},y,{x,xl,x2},ops] sl=Evaluate[y[x]/.s] 
NDSolve[{ODEs,ICs},y[x],{x,x1l,x2},ops] Plot[s1l,{x,x1,x2}] 
N 
N 


DSolve[{ODEs,1Cs},y,{x,x1,x2},Method->m] 
DSolve[{ODEs,ICs},y,{t,t1,t2},Method->{m,Method->sub™} ] 
VectorPlot[{vx,vy},{x,xl,x2},{y,yl,y2},ops] 


e NDSolve, finding numerical solutions of ODE problems 

e NDSolve, Method, finding numerical solutions of ODE problems using one of the 
numerical methods embedded in Mathematica 

e VectorFieldPlot, constructing vector fields 


Remark 20.3. For more comprehensive details on numerical methods embedded in Mathe- 
matica (for solving ODEs) and graphical representation of solutions, we refer to Sections 20.3.2 
and 20.2.1. 


Note that the predefined function NDSolve represents solutions for the function y(x) 
(or the functions y;(x)) as InterpolatingFunction objects; i.e., the solution is rep- 
resented as a list of possible solutions for y(x), where the function y(x) is determined 
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Figure 20.5: Numerical solutions of the Cauchy problem (20.3.1.1). 


numerically via InterpolatingFunction. NDSolve finds numerical solutions iter- 


atively and computes numerical values for y(z) only at specific values of x between x, and 
[nterpolatingFunction to interpolate between these values of x. 


x2, and then uses 1] 
Example 20.31. First-order ODE. Cauchy problem. Numerical and graphical solutions. 
For the Cauchy problem (with several initial conditions) 

Yr =py™ + qx", —-y(0) = yo 
on the interval [a,b] (a = 0, b = 9) with parameters p = 1, gq = —1, m = 2, n = 1, and yo = 

{0, 0.729, 0.5, 0.2, —4, 0.69, 0.72}, we find numerical and graphical solutions (see Fig. 20.5) as 


(20.3.1.1) 


follows: 


SetOptions [Plot, ImageSize->500,AspectRatio—>1,Frame->True, 
Axes->False]; 
{nD=50, nN=7, a=0, b=9, p=1, q=-1, n=1,m=2 } 
ODE={y' [x]==p*y[x] “mtq*x*n} 
Ic={y[0]==0, y[0]==729/1000, y[0]==1/2, y[0]==1/5, y[0]==-4, 
y [0]==69/100, y[0]==72/100} 
IVP=Union [ODE, IC] 
Do[eq[i]=NDSolve[{ODE, IC[[iJ]},y,{x,a,b},Method-> 
{"StiffnessSwitching",Method->{"ExplicitRungeKutta",Automatic}}, 
WorkingPrecision-—>nD, MaxSteps—>500000,AccuracyGoal->15, 
PrecisionGoal->15]; sol[iJ=eq[i][[1,1,2]]; 
Print [Table[{x,sol[i] [x]},{x,a,b,1}]//TableForm] ; 
g[i]=Plot [Evaluate[sol[i] [x]],{x,a,b},PlotStyle->Hue[0.25+0.1*i]J, 
PlotRange->{{a,b},A11},GridLines—>{Automatic, Automatic}],{i,1,nN}]; 


Show[Table[g[i]l, {i,1,nN} 


Note that in the process of computing numerical solutions for nonlinear ODEs (and systems of 
ODEs), various complicated phenomena can appear (e.g., round-off errors, singularities, and stiff- 
ness properties). In these cases, we can include additional options (for NDSolve), e.g., Method, 


WorkingPrecision, MaxSteps, AccuracyGoal, and PrecisionGoal. 
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20.3.2 Numerical Methods Embedded in Mathematica 


In Mathematica, one can numerically solve various types of problems: 


e Initial value problems (nonstiff, stiff, and complex-valued with a real-valued inde- 
pendent variable) 


e Boundary value problems (linear and nonlinear) 
e Initial value problems for differential algebraic equations (nonstiff and stiff) 


e Initial value problems for delay differential equations (nonstiff and stiff) 


Mathematica has a large collection of numerical methods for solving differential equa- 
tions. These methods permit obtaining numerical solutions for a single differential equation 
(or a system of ODEs): 


e without specifying a method; 

e specifying one of the embedded methods (described in Tables 20.1—20.3) and various 
appropriate options for the selected embedded method, i.e., configuring a method via 
various options; 

e constructing a new special-purpose class of methods by using predefined numerical 
methods as building blocks; 


e adding new additional numerical methods into NDSolve. 


One can do this owing to a special modular design and unification of the collection of 
methods. 

The methods are hierarchical (i.e., one method can call another). 

There exist classes of methods (e.g., ExplicitRungeKutta class). For a given 
class of methods, we can specify numerical schemes, orders, the coefficients of the method, 
etc. Each class of methods has appropriate options that can be obtained, e.g., for the class 
ExplicitRungeKutta methods, as follows: 


Options [NDSolve*‘ExplicitRungeKutta] 


Also there exists an automatic step size selection and a method order selection. For 
example, we can select the class ExplicitRungeKutta methods, and Mathematica 
will automatically select (depending on a given problem) an appropriate order, relative and 
absolute local error tolerances, and an initial step size estimate. 


e NDSolve,Method->Automatic, finding numerical solutions of ODE problems 
without specification of a method (automatically); NDSolve will choose a method 
that should be appropriate for a given differential equation 


e NDSolve, Method-—>m, finding numerical solutions of ODE problems specifying 
one of the basic numerical methods (see Table 20.1) 


e NDSolve, Method->{c, Method->subMeth}, finding numerical solutions of 
ODE problems using one of the controller numerical methods (see Table 20.2) and 
submethods (see Table 20.3) 
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Figure 20.6: Numerical solution of the Cauchy problem (20.3.2.1) calculated by embedding 
the classical explicit fourth-order Runge-Kutta method. 


Moreover, there exist mechanisms for constructing and embedding a new method (or 
a special-purpose class of methods) by using predefined numerical methods and various 
options as building blocks and for adding new additional methods. 


Example 20.32. First-order nonlinear ODE. Cauchy problem. Embedding new methods. 
The classical explicit fourth-order Runge-Kutta method can be embedded in Mathematica to 
obtain numerical solutions of the nonlinear Cauchy problem 


Yin = =a sin(x?), y(0) =.=] (20.3.2.1) 


as follows: 


{odel=y' [x]==-y[x]72*Sin[x°2], ics=y[0]==-1, 
ivpl={odel,ics}//Flatten} 
ClassicalRungeKutta/:NDSolve* InitializeMethod[ 
ClassicalRungeKutta,___] :=ClassicalRungeKutta[]; 
ClassicalRungeKutta[___] ["Step"[f_,x_,h_,y_,yp_]]:= 
Block[{ySol,k1,k2,k3,k4}, 
kl=yp; k2=f[x+1/2«h,y+1/2«h*k1]; 
k3=f£ [x+1/2«h,y+1/2*h*k2]; k4=f[xth,yt+h+*k3]; 
ySol=h« (1/6*k1+1/3*«k2+1/3*k3+1/6*k4); {h,ySol}]; 
sol=NDSolve[ivpl,y, {x,0,10},Method->ClassicalRungeKutta, 
StartingStepSize->0.1] 
Plot [y[x]/.sol, {x,0,10},PlotRange->All1] 


Also, the implicit second-order Runge-Kutta method can be embedded in Mathematica by using 
predefined numerical methods and various options as building blocks) to obtain numerical solutions 
of the same nonlinear Cauchy problem as follows: 


implicitMidpoint={"FixedStep", 
Method->{"ImplicitRungeKutta", 
"Coefficients"->"ImplicitRungeKuttaGaussCoefficients", 
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"DifferenceOrder"->2, 
"ImplicitSolver"->{"FixedPoint", 
"AccuracyGoal"->MachinePrecision, 
"PrecisionGoal"->MachinePrecision, 
"IterationSafetyFactor"—->1}}}; 

{odel=y' [x]==-y[x]*2*Sin[x°2],ics=y[0]==-1, 
ivpl={odel,ics}//Flatten} 

eql=NDSolve[ivpl,y,{x,0,10},Method->implicitMidpoint, 
StartingStepSize->0.01]; solN=eql[[1,1,2]] 

Table[{x,solN[x]}, {x,0,10}]//TableForm 

Plot [solN[x],{x,0,10},PlotStyle->Blue, PlotRange->Al1] 


The default methods are: 


e LSODA approach, switching between a nonstiff Adams (multistep Adams-Moulton) 
method and a stiff Gear BDF (Backward Difference Formula) method 


e Chasing method, the Gelfand—Lokutsiyevskii for linear boundary value problems 


e IDA, general purpose solver based on repeated BDF and Newton iteration methods 
for initial value problems for differential algebraic equations 


e LSODA approach and the step method for initial value problems for delay differential 
equations 


Remark 20.4. LSODA is a version of the LSODE (the Livermore Solver for Ordinary Differ- 
ential Equations). Since the 1980s, LSODE has been part of the solver collection ODEPACK. 


More detailed information about numerical methods embedded in Mathematica is pre- 
sented in Table 20.1 (basic numerical methods), Table 20.2 (controller methods), and Ta- 
ble 20.3 (submethods). 


Table 20.1. 
Basic numerical methods embedded in Mathematica 


Numerical method Brief description 
The predictor-corrector Adams method. Order: 1-12. Boyce and DiPrima (1992) 


The implicit BDF (backward differentiation formulas) 
BDF methods. Order: 1-5. Conte and de Boor (1980) 


The explicit pairs of Runge-Kutta methods Gustafsson (1991) 

Order: 2(1)-9(8). Features: adaptive, FSAL strategy | Shampine (1994) 
ExplicitRungeKutta local extrapolation mode, with stiffness detection, Sofroniou & Spaletta (2004) 

proportional-integral step-size controller (stiff ODEs). | Bogacki & Shampine (1989) 


Families of implicit Runge-Kutta methods. Golub & Van Loan (1996) 

The Gauss—Legendre methods. Order: arbitrary. Shampine (1994) 
ImplicitRungekutta Features: self-adjoint, with generic framework, Sofroniou & Spaletta (2004) 

arbitrary order, arbitrary precision. Bogacki & Shampine (1989) 


; Oak Families of explicit symplectic partitioned Sanz-Serna & Calvo (1994) 
SymplecticPartitioned Runge-Kutta methods for separable Hamiltonian McLachlan & Atela (1992) 


R Kutt 
oa ae systems. Order: 1-10. Sofroniou & Spaletta (2005) 
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Table 20.2. 
Controller methods embedded in Mathematica 


Numerical method Brief description 
Composition Composing a list of submethods. Hairer, Lubich, Wanner (2002) 
Features: an arbitrary number of submethods. Sofroniou & Spaletta (2005,2006). 


Splitting equations and applying submethods. 
Splitting Features: an arbitrary number of submethods, Strang (1968), Marchuk (1968) 
a generalization of the composition method. Trotter (1959) 


A single application of Richardson’s Deuflhard (1985) 
DoubleStep extrapolation. Features: adaptive (step size), Gragg (1965), Shampine (1987) 
a special case of extrapolation. Hairer & Lubich (1988) 
ae | Methods that respond to specified events. 
EventLocator Features: event location Brent (2002), Dekker (1969) 
for detecting discontinuities, periods, etc. 


Gragg—Bulirsch—Stoer extrapolation method. Bulirsch & Stoer (1964) 
Extrapolation Features: polynomial extrapolation, Hairer, Ngrsett, Wanner (1993) 
adaptive (order and step size). Hairer & Wanner (1996) 


Carrying out numerical integration 
FixedStep using a constant step size. Deufihard, Hairer, Zugck (1987) 
Features: for any one-step integration method. 


Projecting solutions Dieci, Russel, Van Vleck (1994) 
OrthogonalProjection| to fulfill orthogonal constraints. Dieci & Van Vleck (1999) 
Features: preserving orthonormality of solutions. | Del Buono & Lopez (2001) 


Projecting solutions Ascher & Petzold (1991) 
Projection to fulfill general constraints. Hairer (2000) 
Features: invariant-preserving method. Hairer, Lubich, Wanner (2002) 


; ; ; Switching from explicit to implicit methods Petzold (1983) 
StiffnessSwitching if stiffness is detected Butcher (1990) 


(in the middle of the integration). Cohen & Hindmarsh (1996) 


Table 20.3. 
Submethods embedded in Mathematica 


Numerical method Brief description 


Explicit forward Euler method. Boyce & DiPrima (2004) 
One-step explicit midpoint rule method. Conte & de Boor (1980) 


ExplicitModified 
Midpoint Midpoint rule method with Gragg smoothing. Gragg (1965) 


Numerical approximation to locally exact symbolic solution. Murphy (1960) 
LinearlyImplicit 
Euler Linearly implicit Euler method. Lubich (1989) 
LinearlyImplicit 
Midpoint Linearly implicit midpoint rule method. Bader & Deuflhard (1983) 
LinearlyImplicit 
ModifiedMidpoint Linearly implicit Bader-smoothed midpoint rule method. Shampine & Baca (1983) 
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Figure 20.7: Numerical solution in the coordinate plane (left) and in the phase plane (right) 
for equation (20.3.3.1). 


20.3.3 Initial Value Problems: Examples of Numerical Solutions 
In general, an ordinary differential equation 


7, =F (a,y) 


can admit infinitely many solutions y = y(a). To find one of them, we have to add a 
condition of the form y(xo) = yo, where yo is a given value called the initial data. Thus, 
consider the Cauchy problem 


V=FOUe);, woe a0: 
y(xo) = Yo. 


According to the fundamental Picard—Lindel6éf existence and uniqueness theorem for ini- 
tial value problems (with the assumptions that f(z, y) is a given continuous function with 
respect to (x,y) Lipschitz continuous with respect to y), the initial value problem has a 
unique solution. 

Consider some examples of initial value problems. 


> Linear initial value problems. 


Example 20.33. Linear initial value problem. Analytical, numerical, and graphical solutions. 
For the first-order linear initial value problem 


Yr = —ycos(z?), (0) = 1 
on the interval [a,b] (a = 0, b = 10), we find infinitely many solutions (exSo11) admitted by 
this ordinary differential equation and plot some of them (sols); then we obtain the unique exact 
solution (exSo12) of the Cauchy problem with the vector field (VectorPlot). 
In the Mathematica notation, these solutions (exSol1 and exSo12) read: 


=) = FresnelC 4/ ae —4/ 7 FresnelC 4/ ee 
2 T s 2 T 


y[x] > e Ci] 
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where FresnelC is the Fresnel integral C(z) = | cos(47t”) dt. Finally, we plot the exact and 


numerical solutions (exSo1l2, so1N) of the Cauchy problem and compare the results as follows: 


SetOptions [Plot, PlotRange->All1,PlotStyle->Thickness[0.01], 
ImageSize->300]; a=0; b=10; 
{ODE1=y' [x] ==-y[x]*Cos[x*2],1C=y[0] 1, IVP1={ODE1,I1C}} 
exSoll=DSolve [ODE1,y[x],x 
sols=Table[exSoll1[[1,1,2]]/.{C[1]->i}, {i,-b,b}] 
Plot[sols, {x,a,b},PlotRange->Automatic] 
eq2=DSolve[IVP1,y[x],x]; exSol2=eq2[[1,1,2 
eq3=NDSolve[IVP1l,y,{x,a,b}]; solN=eq3[[1,1,2]] 
Table[{x,solN[x]},{x,a,b}]//TableForm 
g1=Plot [exSol2, {x,a,b},PlotStyle->Hue[0. 6] 
g2=Plot [solN[x],{x,a,b},PlotStyle->Hue[0.8 
GraphicsRow[{gl,g2}] 
g3=VectorPlot[{1,-Y*Cos[T*2]},{T,a,b},{Y,0,1},Axes—>Automatic, 
AspectRatio->1]; Show[g2,g3,PlotRange->{All, {0.3,1}}] 


oo. 


~ 


~ 


Example 20.34. Second-order linear ODE. Numerical and graphical solutions. 
For the second-order linear initial value problem 


Yoo —Ypt+(@—-ly=0, y(0)=1, yi(0) =0 (20.3.3.1) 


on the interval [a,b] (a = 0, b = 10), we find the numerical solution (so11) and the graphical 
solutions (presented in Fig. 20.7) as follows: 


SetOptions [ParametricPlot,AspectRatio-—>1,PlotRange->All, 
PlotStyle->Thickness[0.01],Frame->True]; 

SetOptions[Plot, PlotRange->All1,PlotStyle->Thickness[0.01], 
ImageSize—>300,Frame->True]; a=0; b=10; 

{Icl={y' [0 0,y[0]==1},ODE1=D[y[x],{x,2}]-Dly[x],x]+(x-1) *y[x]==0, 
IVP1={ODE1, IC1}, 1Col={Blue, Red} } 

eql=NDSolve[IVP1l,y,{x,a,b}]; soll=eql[[1,1,2]] 

g1l=Plot[soll[x],{x,a,b},PlotStyle->1Col[[1]]]; 

g2=ParametricPlot [Evaluate[{soll[x],D[soll[x],x]}],{x,a,b}, 
PlotStyle->1Col[[2]]]; GraphicsGrid[{{gl1,g2}}] 


> Nonlinear initial value problems. 


Example 20.35. Nonlinear initial value problem. Numerical and graphical solutions. 
For the initial value problem 


y!, = —e™” cos(x”), y(0) =p (20.3.3.2) 
for a first-order nonlinear ODE on the interval [a,b] (a = 0, b = 10), we find the numerical and 
graphical solutions (see Figure 20.8) of the problem for various initial conditions y(0) = p, where 
p=0.17(@ =1,2,..., 5), as follows: 


eq=y' [x] ==-Exp[y[x]*x]*Cos[x*2]; a=0; b=4«Pi; 
Do[{IC={y[0]==0.1*i}; sN=NDSolve[{eq,IC},y[x],{x,a,b}, 
MaxSteps-—>1000]; solN[x_]:=sN[[1,1,2]]; 
g[i]=Plot[solN[x],{x,a,b},PlotStyle->Hue[0.5+1i*0.07]];},{i,1,5}] 
Show[Table[g[i], {i,1,5}],Axes—>False, PlotRange->Al1] 
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Figure 20.8: Numerical solutions of the nonlinear initial value problem (20.3.3.2). 


20.3.4 Initial Value Problems: Constructing Numerical Methods 
and Solutions 


Alternatively, numerical methods and solutions of initial value problems can be constructed 
(step by step) and analyzed as follows. 


> Single-step methods. 


First, consider one of the classical methods, the forward Euler method, or explicit Eu- 
ler method. This method belongs to a family of single-step methods, which compute the 
numerical solution Y;;; at the node X;,1 knowing information related to the previous 
node X; alone. 

The strategy of these methods is to divide the integration interval [a,b] into N subin- 
tervals of length h = (b — a)/N called the discretization step. Then at the nodes X; 
(0 <i < N) we compute the unknown values Y; which approximate the exact values y(X;); 
ie., Y; © y(X;). The set of values {Yo = yo, Y1,.-., Yn} is the numerical solution. The 
formula for the explicit Euler method reads: 


Yio1 = ¥i+ hF(XG, Vi), Yo = y(Xo), el) eee) tad 


Example 20.36. The Euler method. Analytical, numerical, and graphical solutions. 
For the Cauchy problem 


on the interval [a,b] (a = 0, b = 2) with parameters p = 1, gq = —1, m = 2, and n = 1, we 
find the exact solution (ext So1) and the numerical solution (F'1) using the explicit Euler method, 
compare the results, plot the exact and numerical solutions (g1, g2), see Fig. 20.9, and determine 
the absolute computational error at each step as follows: 
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Figure 20.9: Exact solution (solid line) and numerical solution (points; the solution is 
obtained by the explicit Euler method) of the Cauchy problem (20.3.4.1). 


SetOptions[Plot, PlotRange->All1,PlotStyle->Thickness[0.02], 
ImageSize->300,Frame->True]; nD=10; 
{a=0,b=2,p=1, q=-1,n=1,m=2,nN=40,h=N[(b-a)/nN,nD], 
Y=Table[0, {i,1,nN+1}]} 
{ODE1=D [y[x],x]==p*y [x] “m+q*x*n, IC=y[0]==1/2, IVP1={ODE1, IC} } 
extSol[xl_]:=DSolve[IVP1,y[x],x][[1,1,2]]/.{x->x1}//Simplify; 
extSol[x 
F[x_,y_] :=p*y*mtq*x*n; X=Table[ati*h, {i,0,nN}]; Y[[1]]=N[1/2,nD]; 
Do[Y[[it1]]=N[Y[[i]]+h+*F[X[[i]],Y{[i]]],nD], {i,1,nN}]; 
Fl=Table[{X[[i+1]],Y[[it+1]]},{i,0,nN}] 
Do[Print [PaddedForm[k,3]," ",PaddedForm[X[[k]],{15,10}]," ", 
PaddedForm[Y[[k]],{15,10}]," ", 
PaddedForm[N[extSol [X[[k]]]]//Chop, {15,10}]," ", 
PaddedForm[N [Abs [Y[[k]]-extSol[X[[k]]]],nD],{15,10}]], {k,2,nN+1}]; 
g1l=Plot [extSol [x1], {x1l,a,b},PlotStyle->Blue]; 
g2=ListPlot[F1,PlotStyle->{PointSize[.02],Hue[0.9]}]; Show[{gl,g2}] 


There is a general way to determine the order of convergence of a numerical method. If 
we know the errors £; (¢ = 1,...,N) corresponding to the values h,; of the discretization 
parameter (in our case, h,; is the discretization step of the Euler method) and assume that 
i Che and £1 = Chess then 


ge log (£i/Ei-1) 
log(hi/hi_1) ’ 
Example 20.37. The Euler method. The order of convergence. 
For the same Cauchy problem 
Y, =py™ +qe", —-y(0) = 0.5 
(as in the previous example) on the interval [a, b] (a = 0, b = 2) with parameters p = 1, g = —1, 
m = 2, and n = 1, we obtain a numerical solution by applying the explicit Euler method for various 


values of the discretization step h and, according to formula (20.3.4.2), verify that the order of 
convergence of the explicit Euler method is 1: 


= ee 6 (20.3.4.2) 
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SRecursionLimit=Infinity; $HistoryLength=0; nD=10; 
F[x_,y_]:=px*y°mtgq«*x7n; a=0; b=2; p=1l; q=-1; n=1; m=2; nN=40; 
{ODE1=D [y[x],x]==p*y[x] “m+q*x*n, IC=y[0]==1/2, IVP1={ODE1,IC}} 
extSol[xl_]:=DSolve[IVP1,y[x],x][[1,1,2]]/.{x->x1l}; extSol[x] 


Euler [a_,b_,n_]:=Module[{h,x,Y,EN}, h=N[(b-a) /n,nD]; 
Y[(O]=N[1/2,nD]; X[x_]:=atxxh; 
Do[Y[i_] :=Y[i]=N[Y[i-1]+h*F[X[i-1],Y[i-1]],nD],{i,1,n}]; 
EN=Table[N[Abs [Y[i]-N[extSol[X[i]],nD]],nD],{i,1,n}];EN]; 


L1i={}; nl=4; 
Do[Er[k]=Euler[a,b,nl]; Print[Last[Er[k]]]; Ll=Append[L1, Last [Er[k]]]; 

nl=n1+*2,{k,1,12}]; {Ers=L1, NErs=Length[Ers] } 
p=Table[N[Abs[Log[Ers[[i]]/Ers[[i-1]]]/Log[2]],nD],{i,2,NErs}] 


Runge-Kutta methods are single-step methods that involve several evaluations of the 
function f(x, y) and none of its derivatives on every interval [X;, Xi+1]. 

In general, explicit or implicit Runge-Kutta methods can be constructed with arbitrary 
order according to the formulas. Consider the s-stage explicit Runge-Kutta method 


ky = Fast: ko = f(a + coh, yn + a2,1k1h), a) 
s—1l 


ks = ies +¢sh,jnt+ >. as,j i), 
i=1 


s 
Yati = ¥a +h >) biki, Yo=y0, n=O0,...N—-1. 
we 1 


Example 20.38. Higher-order methods. Derivation of explicit Runge-Kutta methods. 
Let us perform analytical derivation of the best-known Runge-Kutta methods. 


subsF={Dt[F]->Dt[f[x,y[x]]]}; 
subs1={D[y[x],x]->F}; 
subs2={D[y[x],{x,2}]->Dt[f 
subs3={D[y[x],{x,3}]->Dt[D 
subs4={D[y[x], {x,4}]->Dt[D 


x,Y[x]]]}; 
f[x,y[x]]] 
Dt({f[lx,y[x 


sD={f[x,y[x]]->F,Dt[x]->1, (D[f[x,x1],x]/.{x1->y[x] }) ->Fx, 
(D[£[x,x1l],x1]/.{xl->y[x]})->Fy, (D[£f[x,x1], {x,2}]/.{x1->y[x] }) ->Fxx, 
(D[£[x,x1l],x1l,x]/.{xl->y[x]})->Fxy, (D[f[x,x1],{x1,2}]/.{x1l->y[x]})->Fyy, 
(D[£[x,x1],{xl,3}]/.{xl->y[x]})->Fyyy, 
(D[£[x,x1],{x,3}]/.{xl->y[x]})->Fxxx, 
(D[£[x,x1l],x,x1,x1]/.{x1l->y[x]})->Fxyy, 
(D[£[x,x1l],x,x,x1]/.{xl->y[x]})->Fxxy}; 


For s = 1, we obtain the Euler method (sol), where 6, = 1: 


{s=1, 11={h,F}, 

pl=Normal [Series[y[xth], {h,0,s}]]/.subs1, 

p2=Expand[(pl-y[x])/h], k[1]=Series[f[x,y[x]],{h,0,s}]/.sD, 

p3=Expand[Normal [Series[Sum[b[i]*k[i],{i,1,s}],{h,0,s}]]]/.sD, 
ql=p2-p3, eq2=DeleteCases[Flatten[CoefficientList [eql,11]],_0]} 

sol=Solve [eq2==0, Variables [eq2] ] 


For s = 2, we obtain the 2-stage modified Euler method (so11), where 


i) i) 
a2,1 = 5 bh) =0, bo =1, = 
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the 2-stage improved Euler method (so12), where 
1 
a2 =1, heh=s5) @=1, 


or the 2-stage Heun method (so13), where 


{s=2, 12={h,F,Fx,Fy}, 
pl=Normal [Series [y[xth], {h,0,s}]]/.subs2/.subs1/.sD, 


p2=Expand|[ (pl-y[x]) /h] } 
{k[1]=Series[f[x,y[x]],{h,0,s}]/.sD, 
k[2]=Series[f[xtc[2]«h,y[x]+h*Sum[a[2,i]*k[i],{i,1,1}]],{h,0,s-1}]/.sD} 


{p3=Expand [Normal [Series [Sum[b[i]*k[i],{i,1,s}],{h,0,s}]]]/.sD, 
ql=p2-p3, eq21=DeleteCases [Flatten[CoefficientList[eql,12]],_0], 
eq2=Map [Thread[#1==0, Equal] &,eq21] } 
eq3={}; Doleq3=Append[eq3, {c[i]==Sum[a[i,j],{j,1,i-1}]}],{i,2,s}]; 
{sl=Flatten[{eq2,eq3, {c[2]==1/2}}], s2=Flatten[{eq2,eq3, {b[2]==1/2}}], 
s3=Flatten[{eq2,eq3, {b[2]==3/4}}]} 
{soll=Solve[sl1,Variables[eq2]], sol2=Solve[s2,Variables[eq2]], 
sol3=Solve[s3,Variables[eq2]] } 


For s = 3, we obtain the 3-stage Heun method (so1), where 


2 1 3 1 2 
2 ay Pa eee ey 
g? b1 = G be 0, bg 7 2=3 B=3 


a3,1 = 0, 3,2 = 


a21 = 


1 
3? 


{s=3, 13={h,F,Fx,Fy,Fxx,Fxy,Fyy}, 
pl=Normal [Series[y[xth], {h,0,s}]]/.subs3/.subs2/.subs1/.sD, 
p2=Expand [Normal [Expand[ (pl-y[x])/h]]]} 
{k[1]=Series[f[x,y[x]],{h,0,s}]/.sD, k[2]=Series[f[xtc[2]*h, 
y[x]t+h* (Sum[a[2,i]*k[i],{i,1,1}])],{h,0,s-1}]/.sD, 
k[3]=Series[f[xt+c[3] xh, 
y[x]+h« (Sum[a[3,i]*k[i],{i,1,2}])],{h,0,s-1}]/.sD} 
{p3=Expand [Normal [Series[Sum[b[i]*k[i],{i,1,s}],{h,0,s}]]ll, 
ql=p2-p3, eq21=DeleteCases [Flatten[CoefficientList [eql,13]],_0], 
eq2=Map [Thread [#1==0, Equal] &,eq21] } 
eq3={}; Dofeq3=Append[eq3, {c[i]==Sum[a[i,j],{j,1,1-1}]}],{1,2,s}]; 
sl=Flatten[{eq2,eq3, {b[1]==1/4}, {c[2]==1/3}}] 
soll=Solve[sl,Variables[eq2] 


For s = 4, we obtain the fourth-order Runge-Kutta method* (So1), where 


a2,1 = 5 a3,1 = 0, 03,2 = 55 a4. =0, da2=0, a43=1, 
1 1 1 1 a 1 
1 6° 2 3” 3 3” A 6° C2 2” C3 2? C4 


{s=4, 14={h,F,Fx,Fy,Fxx,Fxy,Fyy,Fxxx,Fxxy,Fxyy,Fyyy}, 

pl=Normal [Series[y[xth], {h,0,s}]]/.subs4/.subs3/.subs2/.subs1/.sD, 
p2=Expand [Normal [Expand[ (pl-y[x])/h]]]} 
{k[1]=Series[f[x,y[x]],{h,0,s}]/.sD, k[2]=Series[f[x+c[2]x*h, 
y[x]+h* (Sum[a[2,i]*k[i],{i,1,1}])],{h,0,s-1}]/.sD, 
k[3]=Series[f[xt+c[3]x*h, 


“This method was introduced by Runge in 1895. 
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Figure 20.10: The absolute computational error (at each step) for the exact solution and 
a numerical solution (obtained by the Adams—Bashforth method) of the Cauchy prob- 
lem (20.3.4.3). 


x]th* (Sum[a[3, ij*xk[i] , {i,1,2}]) , {h, 0, s-1}]/.sD, 


[x] +h* (Sum[a[4,i]*k[i],{i,1,3}])],{h,0,s-1}]/.sD} 
{p3=Expand [Normal [Series[Sum[b[i]*k[i],{1i,1,s}],{h,0,s}]]]/.sD, 
ql=p2-p3, egq21=DeleteCases [Flatten[CoefficientList [eql,14]],_0], 
eq2=Map [Thread [#1==0, Equal] &,eq21] } 
eq3={}; Doleq3=Append[eq3, {c[i]==Sum[a[i,j],{j,1,i-1}]}],{1,2,s}]; 
sl=Flatten[{eq2,eq3, {b[1]==1/6}, {c[2]==1/2}, {a[3,2]==1/2}}]; 
soll=Solve[sl,Variables[eq2] 


> Multistep methods. 


There are more sophisticated methods that achieve a high order of accuracy by considering 
several values (Y;, Yi-1,...) to determine Y;,;. One of the most notable methods is the 
explicit four-step fourth-order Adams—Bashforth method 


h 
Yini=Nitoy (S5F (Xi, Y;)—59F (Xj_1, Yi-1)+87F (Xi_2, Yi-2)-9F (Xi-s, ¥i-)). 


Example 20.39. Cauchy problem. The explicit Adams—Bashforth method. 
For the Cauchy problem 


¥,=py"+an”, y(0)=0.5 (20.3.4.3) 


on the interval [a, b] (a = 0, b = 2) with parameters p = 1, g = —1, m = 2, and n = 1, we find the 
exact solution (ext So1) and the numerical solution (F'1) by the explicit Adams—Bashforth method 
and plot them. Finally, we compute the absolute computational error on [a, b] at each step (F2), and 
plot it (see Fig. 20.10) as follows: 


nD=20; {a=0,b=2,p=1, q=-1,n=1,m=2,nN=40,h=N[ (b-a) /nN, nD], 
YAB=Table[0, {i,1,nN+1}]} 
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r , | : | 
iis 0.5 1.0 1.5 2.0 


Figure 20.11: The absolute computational error (at each step) for the exact solution and 
a numerical solution (obtained by the Adams—Bashforth—Moulton method) of the Cauchy 
problem (20.3.4.4). 


ODE1=D[y[x],x]==p*y[x] “m+tq«*x7n 

{IC=y[0]==1/2, IVP1={ODE1,IC}} 

extSol[xl_] :=DSolve[IVP1,y[x],x][[1,1,2]]/.{x->x1l}; extSol[x] 

F[x_, y_]:=p*y°mtq+*x*n; 

X=Table[atixh, {i,0,nN}]; 

YAB[ [1 =N[1/2,nD]; YAB[[2]]=N[extSol[X[[2]]],nD]; 

YAB[[3]]=N[extSol[X[[3]]],nD]; YAB[[4]]=N[extSol[X[[4]]],nD]; 

Do[YAB[[it1]]=N[YAB[[i]]+h/24« (55+*F[X[[i]],YAB[[i]]]-59*F[X[[i-1]], 
YAB[[i-1 +37*F [X[[i-2]],YAB[[i-2]]]-9*F[X[[i-3]],YAB[[i-3]]]),nDl, 
{i,4;0N}]13 


Fl=Table[{X[[it+1l]],YAB[[it+1]]//Chop}, {i,0,nN} 
Do[Print [PaddedForm[i,3]," ",PaddedForm[X[[i]],{15,10}]," ", 
PaddedForm[YAB[[i]]//Chop, {15,10}]," ", 

PaddedForm[N[extSol[X[[i]]],nD]//Chop, {15,10}]," ", 

PaddedForm[N [Abs [YAB[[i]]-extSol[X[[iJ]]]],nD],{15,10}]],{i,2,nN+1}]; 
gO=Plot [extSol [x1], {x1l,a,b},PlotStyle->Blue]; 
gl=ListPlot[F1,PlotStyle->{PointSize[.02],Hue[0.9]}]; Show[{g0,g1}] 
F2=Table[{X[[it+1]],Abs[YAB[[i+1]]-N[extSol [X[[i+1]]],nD]]},{i,1,nN}]; 
ListPlot [F2, Joined->True, PlotStyle->Hue[0.99],PlotRange->All1] 


Another important example of multistep methods is the implicit three-step fourth-order 
Adams-—Bashforth—Moulton method 


h 
Yin1r = ¥i+ 57 (9F (Kit, Yes) + TOF (XG, Ye) = OF (Aga Ye) + G9, ¥i-2)). 


Example 20.40. Cauchy problem. The implicit Adams—Bashforth-Moulton method. 
For the Cauchy problem 
y, = py” + qx”, y(0) = 0.5 (20.3.4.4) 


on the interval [a, b] (a = 0, b = 2) with parameters p = 1, gq = —1, m = 2, and n = 1, we find the 
exact solution (ext So1) and a numerical solutions (F 1) by the implicit Adams—Moulton method, 
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compare the results and the graphical solutions, find the absolute computational error on [a, b] at 
each step (F2), and plot it (see Fig. 20.11) as follows: 


nD=20; {a=0,b=2,p=1,q=-1,n=1,m=2,nN=40, h=(b-a) /nN} 
YAM=Table[0, {i,1,nN+1}] 
{ODE1=D [y[x],x]==p*y[x] “mtq*x*n, IC=y [0] ==1/2, IVP1={ODE1, IC}} 
extSol[xl1_]:=DSolve[IVP1,y[x],x][[1,1,2]]/.{x->xl}; extSol [x] 
F[x_,y_] :=px*y°mtq*x*n; X[x_] :=a+xxh; 
X1l=Table[atixh, {i,0,nN}]; 
{eql=Y[i]-Y[i-1]-h/24« (9*F[X[i],Y[i]]+19*F[X[i-1],Y[i-1]] 
—5*F([X[i-2],Y[i-2]]+F[X[i-3],Y[i-3]]), 
q21=Solv ql==0,Y[i] [1,1,2]],eq2=Expand[eq21] } 
YAM[[1]]=N[1/2,nD]; YAM[[2]]=N[extSol[X1[[2]]],nD]; 
YAM[[3]]=N[extSol[X1[[3]]],nD]; YAM[[4]]=N[extSol[X1[[4]]],nD]; 
Do[YAM[[it1]]=N[eq2/.{Y[i-1]->YAM[[i]],Y[i-2]->YAM[[i-1]], 
Y[i-3]->YAM[[i-2]]},nD],{i,4,nN}]; 
Fl=Table[{N[X1[[it+1]],nD],YAM[[i+1]]//Chop}, {i,0,nN} 
Do [Print [PaddedForm[i,3]," ",PaddedForm[N[X1[[i]],nD],{15,10}]," ", 
PaddedForm[YAM[[i]]//Chop, {15,10}]," ", 
PaddedForm[N[extSol[X1[[i]]],nD]//Chop, {15,10}]," ", 
PaddedForm[N [Abs [YAM[ [i] ]-extSol[X1[[i]]]],nD],{15,10}]],{i,2,nN+1}]; 
gO=Plot [extSol [x1], {x1l,a,b},PlotStyle->Blue]; 
gl=ListPlot[F1,PlotStyle->{PointSize[.02],Hue[0.9]}]; Show[{g0,g1}] 
F2=Table[{X1[[it+1]],Abs[YAM[[i+1]]-N[extSol[X1[[i+1]]],nD]]},{i,1,nN}]; 
ListPlot [F2, Joined->True, PlotStyle->Hue[0.99],PlotRange->All] 


20.3.5 Boundary Value Problems: Examples of Numerical Solutions 


> Preliminary remarks. 


Let us numerically solve two-point boundary value problems. A two-point boundary value 
problem includes an ODE (of order > 2) and the value of the solution at two distinct 
points. Note a difference between initial value problems and boundary value problems: 
initial value problems (with well-behaved functions) have unique solutions; i.e., they are 
“well-posed”’; but boundary value problems (with well-behaved functions) may have more 
than one solution or no solution at all (see Example 20.42). 

Consider some examples of boundary value problems applying embedded methods and 
constructing step-by-step solutions. 


> Linear boundary value problems. 


Example 20.41. Boundary value problem. Analytical, numerical, and graphical solutions. 
Consider the following second-order linear nonhomogeneous ODE with variable coefficients 
(see the initial value problem for this ODE in Example 20.16) and with boundary conditions: 


yi, + ry, +y = cos(x), y(a)=0, y(b)=1, (20.3.5.1) 


where a = 0, b = 2. Analytical, numerical, and graphical solutions (so11, sol2, solN, gl, g2) 
can be constructed as follows: 


{a=0, b=2, h=0.1, ODE1=D[y[x], {x,2}]+x*D[y[x],x]+y[x]==Cos[x], 
BC={y[a]==0, y[b]==1}, BVP1={ODE1,BC}//Flatten} 
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Figure 20.12: Exact and numerical solutions of the boundary value problem (20.3.5.1). 


{soll=DSolve[BVP1,y,x], test1l=ODE1/.sol1//FullSimplify} 
{sol2=DSolve[BVP1,y[x],x], sSolN=NDSolve[BVP1,y,{x,a,b}][[1,1,2]]} 
k=0; Do[{k=k+1; X[k]=m; s[k]=N[sol2[[1,1,2]]/.x->m]},{m,a,b,h}]; n=k 
seql=Table[{X[m], (s[m]//Chop) }, {m,1,n}] 
gl=ListLinePlot [seql, PlotStyle->{Blue, Thickness[0.01]}]; 

g2=Plot [solN[x], {x,a,b},PlotStyle->{Red, Dashed, Thickness[0.03]}]; 
Show[{gl1,g2} 


Comparing the results, we conclude that the analytical and numerical solutions (see Fig. 20.12) are 
in good agreement. 


Example 20.42. Two-point linear boundary value problem. No solution. 
Solving a boundary value problem for the second-order linear homogeneous ODE with constant 
coefficients 


yi, tmy=0, y(a)=a, y(b) =8, (20.3.5.2) 


where a = 0,b = 1, a = 1, and § = 1, we can find the general solution of the equation. However, 
the boundary conditions cannot be satisfied (for any choice of the constants occurring in the general 
solution). Therefore, there is no solution of this problem: 


{a=0, b=1, alpha=1, beta=1, ODE1=D[y[x],{x,2}]+Pi*2*y[x]==0, 
BC={y[a]==alpha, y[b]==beta}, BVP1={ODE1,BC}//Flatten} 
{soll=Dsolve[BVP1,y,x], sol2=Dsolve[BVP1,y[x],x]} 
{solGen=DSolve[ODE1,y[x],x], eql=solGen/.x->a, eq2=solGen/.x->b} 
sysl={eql[[1,1,2]]==alpha, eq2[[1,1,2]]==beta} 

Solve[sysl, {C[1], C[2]}] 


Consider the boundary value problem for the second-order linear ODE 


You = P(x)y, t+ a(@)yt+r(z), yla)=a, y(b) =8, (20.3.5.3) 


where a < x < b. This problem has a unique solution if p(x), g(a), and r(a) are continuous 
and q(x) > 0. 
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Linear shooting methods employ numerical methods (discussed above) for solving two 
initial value problems 


Ure = P(e)u, +q(x)ut+r(2), ula)=a, u 
Ven = P(w)vy, + q(x)0, v(a)=0, v 
and the solution of the original boundary value problem is 


6 —u(d) 


<a2<o0. 
0) a<xa<b 


y(a) = u(x) + o(a) 


Example 20.43. Boundary value problems. Linear shooting methods. 
For the linear boundary value problem 


2 2 


can be obtained as follows: 


nD=10; Ful[x_,ul_,u2_]:=u2; Fu2[x_,ul_,u2_] :=-2/x«u2+2/x*2*ul+x*3; 

Fv1l[(x_,vl_,v2_]:=v2; Fv2[x_,vl_,v2_] :=-2/x«*v2+2/x*2x«vl; 

{n=10, a=1, b=2, h=N[(b-a)/n,nD], X=Table[ath*i,{i,0,n}], 

alpha=1, beta=2, RK4lu=Table[0,{i,0,n}], RK42u=Table[0, {i,0,n}], 
RK41v=Table[0,{i,0,n}], RK42v=Table[0,{i,0,n}], Y=Table[0, {i,0,n}]} 
{ODE1=D[y[x], {x,2}]+2/x*D[y[x],x]-2/x*2*y[x]-x*3==0, 
BC={y[a]==alpha, y[b]==beta}, BVP1={ODE1,BC}} 

extSol[x1_] :=Expand[DSolve[BVP1,y[x],x][[1,1,2]]]/.{x->x1}; 

extSol [x] 


Then we find the numerical solution (F1) by applying the linear shooting method, compare the 
results, and plot the exact and numerical solutions (g1, g2) as follows: 


{RK4lu[[1]]=alpha, RK42u[[1]]=0, RK4lv[[1]]=0, RK42v[[1]]=1} 
Do[kl=h*Ful[X[[i]], RK4lu[[i]], RK42u[[i]]]; 
ml=h*Fu2[X[[i]], RK4lu[[i]], RK42u[[i]]]; 

k2=h*Ful [X[[i]]+h/2, RK4lu[[i]]+k1/2, RK42u[[i]]+m1/2]; 
m2=h«Fu2[X[[i]]+h/2, RK4lu[[i]]+k1/2, RK42u[[i]]+m1/2]; 
k3=h*Ful [X[[i]]+h/2, RK4lu[[i]]+k2/2, RK42u[[i]]+m2/2]; 
m3=h*Fu2[X[[i]]+h/2, RK4lu[[i]]+k2/2, RK42u[[i]]+m2/2]; 
k4=h*Ful [X[[iJ]+h, RK4lu[[i]]+k3, RK42u[[i]]+m3]; 
m4=h*Fu2[X[[i]]+h, RK4lu[[i]]+k3, RK42u[[i]]+m3]; 

RK41u[ [i+1]]=N[RK41u[ [i] ]+1/6* (k1+2*k2+2*k3+k4),nD]; 

RK42u[ [it+1]]=N[RK42u[ [i] ]+1/6* (m1+2*m2+2*m3+m4),nD],{i,1,n}]; 
Do[kl=h*Fv1[X[[i]], RK4lv[[i]], RK42v[[i]]]; 
ml=h*Fv2[X[[i]], RK4lv[[i]], RK42v[[i]]]; 
k2=h+*Fv1l[X[[i]]+h/2, RK41v[[i]]+k1/2, RK42v[[i]]+m1/2]; 
m2=h*Fv2[X[[i]]+h/2, RK4lv[[i]]+k1/2, RK42v[[i]]+m1/2]; 
k3=h*Fv1l[X[[i]]+h/2, RK41lv[[i]]+k2/2, RK42v[[i]]+m2/2]; 
m3=h*Fv2[X[[i]]+h/2, RK4lv[[i]]+k2/2, RK42v[[i]]+m2/2]; 
k4=h*eFvl1l[X[[i]]+h, RK4lv[[i]]+k3, RK42v[[i]]+m3]; 
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m4=h*Fv2[X[[i]]+h, RK4lv[[i]]+k3, RK42v[[i]]+m3]; 

RK41v[[i+1]]=N[RK41v[ [i] ]+1/6* (k14+2*k2+2*k3+k4),nD]; 

RK42v[[i+1]]=N[RK42v[[i]]+1/6* (m1+2*m2+2*m3+m4),nD],{i,1,n}]; 

C1=(beta-RK41u[[nt+1]]) /RK41v[[n+1] 

Do[Y[[i]]=N[RK4lu[[i]]+Cl*RK41lv[[i]],nD],{i,1,n+1}]; 

Do[Print [PaddedForm[i,3]," ",PaddedForm[RK4lu[[it1]],{12,10}]," ", 
PaddedForm[RK41v[[it1]],{12,10}]," ", 
PaddedForm[Y[[it1]],{12,10}]," ", 
PaddedForm[N[extSol[X[[it+1]]],nD],{12,10}]," ", 

PaddedForm[Abs [Y[[i+1]]-N[extSol[X[[i+1]]],nD]],{12,10}]],{i,0,n}]; 
Fl=Table[{X[[i+1]],Y[[i+1]]},{1,0,n}] 
g1=Plot [extSol [x1], {x1l,a,b},PlotStyle->Hue[0.99]]; 
g2=ListPlot[F1,PlotStyle->{PointSize[.02],Hue[0.7]}]; Show[{gl,g2}] 


Let us apply the finite difference method for approximating the solution of the linear 
boundary value problem (20.3.5.3) 


Yoo = P(t)¥p +a(z)ytr(z), yla)=a, y(b)=8. 


The basic idea of finite difference methods is to replace the derivatives in the differential 
equations by appropriate finite differences. We choose an equidistant grid X; = a+ ih 
(¢ =0,...,N +1) on [a, }] with step size h = (b—a)/(N +1) WN €N), where Xp = a 
and Xy41 = 0. 

The differential equation must be satisfied at any internal node X; (¢@ = 1,...,n), and 
by approximating this set of N’ equations and by replacing the derivatives with appropriate 
finite differences, we obtain the system of equations 


Vg OV 
h2 


Yuaa — Ysi 


= p(Xi) Dh 


+ q(Xi)¥itr(Xi), Yo=a, Ynyi=8 
for the approximate values Y; of the exact solution y(X;). This linear system admits a 
unique solution, because the matrix of the system is an NV x N symmetric positive definite 
tridiagonal matrix. 


Example 20.44. Approximations by finite differences. 

For the linear boundary value problem (20.3.5.1), we can find the exact solution (ext Sol) and 
a numerical solution (F1) by the finite difference method, compare the results, and plot the exact 
and numerical solutions (g1, g2) as follows: 


sEg={}; {nD=10, a=1, b=2, alpha=1, beta=2, n=10, 
h=(b-a)/(n+1), X=Table[atixh, {1,0,n}]} 
{ODE1=D[y[x],{x,2}]==-2/x*D[y[x],x]+2/x*2*y[x]+x73, 


BC={y[a]==alpha, y[b]==beta}, BVP1={ODE1,BC}} 
extSol[xl_] :=Expand[ (DSolve[BVP1,y[x],x]/.{x->x1}) [[1,1,2]]]; 
p[x_]:=-2/x; q[x_]:=2/x°2; r[x_]:=x*3; extSol[x] 
Do[sEq=Append[sEq, {-(1+th/2*p[X[[i+1]]])*Y[i-1] 

+(2+h*2*q[X[[i+1]]])*Y[i]-(1-h/2+*p[X[[it1]]]) *«Y[it1l]== 

-h*2«r[X[[itl]]]}1, 
{i,1,n}]; sEqs=Flatten[sEq] 
{Yvars=Table[Y[i],{i,1,n}], YDF=Solve[sEqs,Yvars], 

YDF1=Yvars/.YDF, YDFN=N[YDF1/.{Y[0]->alpha, Y[n+1]->beta},nD] } 
Do [Print [PaddedForm[YDFN[[1,i]],{12,10}]," ", 

PaddedForm[N[extSol[X[[i+1]]],nD],{12,10}]," ", 
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PaddedForm[YDFN[[1,i]]-N[extSol[X[[it+1]]],nD],{12,10}]], 
{i,1,n}]; Fl=Table[{X[[i+1]],YDFN[[1,i]]},{1i,1,n}] 
F11=Append[Append[F1, {a,alpha}], {b,beta}] 
g1l=Plot [Evaluate [extSol[x1]],{x1l,a,b},PlotStyle->Hue[0.99]]; 
g2=ListPlot[F11,PlotStyle->{PointSize[.02],Hue[0.7]}]; 
Show[{gl,g2}] 


> Nonlinear boundary value problems. 


In addition to the nonlinear boundary value problem 


Vex =F(@,9Hr), — yla)=a,  y(b) = 8, (20.3.5.5) 
consider the initial value problem 
Yeo = f(r),  -yla)=a, yp(a) = s, (20.3.5.6) 


where a < x < b. The real parameter s describes the initial slope of the solution curve. 
Let f(x,y, u) be a continuous function satisfying the Lipschitz condition with respect 
to y and u. Then, by the Picard—Lindelof theorem, for each s there exists a unique solution 
y(x, s) of the above initial value problem. 
To find a solution of the nonlinear boundary value problem, we choose the parameter s 
such that y(b, s) = (3 i.e., we have to solve the nonlinear equation F'(s) = y(b, s) — 6 =0 
by applying one of the known numerical methods. 


Example 20.45. Nonlinear boundary value problem. Nonlinear shooting methods. 
For the nonlinear boundary value problem 


yp =—y, —-y(0) = 0, (2) = 1, (20.3.5.7) 


we find a numerical solution by applying the nonlinear shooting method (Shoot NL) and plot the 
numerical results obtained with (Shoot NL): 


{a=0, b=2, alpha=0, beta=1, epsilon=N[1/50000,10], h1=1/10000} 
{ODE1={Dly[x], {x,2}]+y[x]*2==0}, BC={y[a]==alpha, y[b]==beta}} 

shootNL[s_]:=Module[{IC}, IC={y[0]==0, (D[y[x],x]/.{x->0})==s}; 
IVP1=Flatten[{ODE1,IC}]; yN1l=NDSolve[IVP1,y,{x,a,b}]; 
yN=y[x]/.yN1]; 
{N[shootNL[1/10]/.{x->b}],N[shootNL[1/2]/.{x->b}]} 

gl=Plot [beta, {x,1/2,1},PlotStyle->Green]; 

g2=Plot [N[shootNL[s]/.{x->b}],{s,1/2,1},PlotStyle->Red] ; 

Show[{gl1,g2},PlotRange->{0.,1.05}] 


For various values of the parameter s, we have: 


Do[R=N[shootNL[s]/.{x->b}]; If [Abs[N[R[[1]]-beta]]<epsilon, 
{sN=s, RN=R[[1]],Break[]}],{s,1/2,1,h1}]; 
Print["\n", PaddedForm[N[sN], {12,9}]," ",PaddedForm[RN, {12,9}]]; 
N[shootNL[sSN]/.{x->b}]==N[beta] 
Plot [Evaluate [N[shootNL[RN]]], {x,a,b},PlotStyle->{Red, Thickness[0.01]}] 
{ICs={6/10,5/10,1,8/10,85/100,RN}, k=Length[ICs] } 
Do[g[i]=Plot [Evaluate [N[shootNL[ICs[[i]]]]],{x,a,b},Frame->True, 
PlotStyle->{Hue[0.15*i],Thickness—>0.01},PlotRange->{0.,1.2}],{i,1,k}]; 
Show[Table[g[i], {i,1,k}]] 
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Alternatively, we present the numerical solution obtained with the predefined function (NDSolve) 
as follows: 


{yNB1=NDSolve[Flatten[{ODE1,BC}],y,{x,a,b}], yNB=Evaluate[y[x]/.yNB1] } 
Plot [yNB, {x,a,b},PlotStyle->Red] 


Let us apply the finite difference method for approximating the solution of the nonlinear 
boundary value problem (20.3.5.5). Just as in the linear case, we choose an equidistant grid 
X;=at+ih(Gi=0,1,...,N +1) on [a,}] with step size h = (b—a)/(N +1), where 
Xo =aand X y+; =). By approximating the nonlinear boundary value problem, we arrive 
at the system of nonlinear equations 


Aree ee ae 
h2 


Ye = 


i Bm oh i Yo =a, Yni1 = 8 


for the approximate values Y; of the exact solution y(X;). To solve this system of nonlinear 
equations, we can apply the Newton method. 


Example 20.46. Nonlinear boundary value problem. Approximations by finite differences. 
For the nonlinear boundary value problem (considered in Example 20.45) 


ye=-y, yO)=0, y(2)=1, (20.3.5.8) 


we find the numerical solution (so1) by applying the predefined function (NDSolve): 


nD=20; JacobianMatrix[f_List?VectorQ, x_List]:= 
Outer[D,f£,x]/;Equal@@ (Dimensions/@{f,x}); 

{a=0, b=2, n=8, h=N[(b-a)/(n+1),nD], alpha=0, beta=1, nMax=100, 
psilon=N[10* (-4),nD], X=N[Table[atixh, {i,0,n+1}],nD] } 

ODE1=D[y[x], {x,2}]==-y[x]72 

{BC={y[a]==alpha, y[b]==beta}, BVP1={ODE1, BC} } 

sol=NDSolve[BVP1,y, {x,a,b} 

{solN=Evaluate[y[x]/.sol][[1]], N[solN/. {x->2},nD]} 

subs0O={y[X[[1]]]->alpha, y[X[[n+2]]]->beta} 

seqEq1=Expand [Table [ (y[X[[it1]]]-2*y([X[[i]]]+y(X[[i-1]]])/(h*2) 
+(y[X[fi]]])*2, {1,2,n+1}] 

{seqEq=seqEql/.subs0, seqVar=Variables[seqEq], nV=Length[seqVar], 
seqVarl=Table[Subscript [Z,i],{1i,1,nV}]} 

subs=Table[seqVar[[i]]->seqVarl[[i]],{i,1,nV}] 

F[seqVarl_List]:=Table[seqEq[[i]]/.Table[seqVar[[i]]->seqVarl[[i]], 
{i,1,nV}],{i,1,nV}]; F[seqvar] 

J=JacobianMatrix[F[seqVar],seqVar] 

JInv[seqVarl_List?VectorQ] :=(Inverse[JacobianMatrix[F[seqVar], 
seqVar]])/.Table[seqVvar[[i]]->seqVarl[[i]],{i,1,nV}]; 

FNewton[W_List?VectorQ] :=W-JInv[Table[W[[i]],{i,1,nV}]].Table[ 
F[Table[W[[i]],{i,1,nV}]][(k]],{k,1,nV}]; 

Y=Table[Table[0, {k,1,nV}],{i1,1,nMax}]; 

Y[[1]]=Table[N[107* (-10),nD], {i,1,nV}]; 


We find the numerical solution (F 1) by applying the finite difference method: 


Do[Y[[i]]=FNewton[Y[[i-1 
If [Max [N[Abs[Table[F[Y[[ 
{iEnd=i,Break[]}],{i,2, 


J]]; Print[i," ",Y([il]]]; 
i}J]][[m]], {m,1,nV}]],nD]]<epsilon, 
The 
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{Print [iEnd],Print["\n The result is"] } 

Do[Print [X[[k+1]]," ",Y[[iEnd]][[k]]," ", 
N[solN/.{x->X[[k+1]]},nD]," ", 

N [Abs [Y[[iEnd]][[k]]-N[solN/. {x->X[[k+1]]},nD]],nD]], {k,1,nV}]; 
Fl=Table[{X[[k+1]],Y[[iEnd]] [[(k]]},{k,1,n}] 
F11=Append[Append[F1, {a,alpha}], {b,beta}] 


We compare the results and plot the numerical solutions (g1, g2) as follows: 


g1=Plot [Evaluate[solN], {x,a,b},PlotStyle->Hue [0.99] 
g2=ListPlot[F11,PlotStyle->{PointSize[.02],Hue[0.7] 


li 
}]; Show[{g1,92}] 
Note that the above numerical solution obtained with the aid of symbolic-numerical computa- 


tions in Mathematica can be produced for small values of the partition parameter n; e.g.,n = 8. For 
n > 10, we have written another version of the solution: 


nD=20; {a=0, b=2, n=20, h=N[ (b-a) / ( 
] Y x 
[ 


1),nD], alpha=0, beta=1, 
[ 


nMax=100, epsilon=N[107 (-4),nD N[Table[at+tixh, {i,0,n+1}],nD]} 
{ODE1=D[y[x], {x,2}]==-y[x]°2,BC={y[a]==alpha, y[b]==beta}, BVP1={ODE1,BC}} 
{sol=NDSolve[BVP1,y,{x,a,b}], solN=Evaluate[y[x]/.sol][[1]], 
N[solN/.{x->2},nD] } 
subs0O={y[X[[1]]]->alpha, y[X[[n+2]]]->beta} 
seqEq1=Expand [Table [ (y[X[[it1]]]-2*y([X[[i]]]+y(X[[i-1]]])/(h*2) 
+(y[X[fi]]])*2, {1,2,n+1}]] 

{seqEq=seqEql/.subs0, seqVar=Variables[seqEq], 
subsInitial=Table[{seqVar[[i]],0.},{i,1,n}]} 


eqs=Map [Thread [#1==0, Equal] &, seqEq] 

soll=FindRoot [eqs, subsInitial,WorkingPrecision-—>nD] 
Fl=Table[{soll[[k,1,1]], soll[[k,2]]},{k,1,n}] 
F11=Append[Append[F1, {a,alpha}], {b,beta}] 

g1=Plot [Evaluate[solN], {x,a,b},PlotStyle->Hue [0.99] 
g2=ListPlot[F1l1,PlotStyle->{PointSize[.02],Hue[0.7] 


lg 
}]; Show[{gl,g92}] 


20.3.6 Eigenvalue Problems: Examples of Numerical Solutions 


It is well known that eigenvalue problems play an important role in various methods for 
solving linear problems for PDEs (e.g., the method of separation of variables for PDEs). 
When we cannot find exact solutions of difficult eigenvalue problems, various approxi- 
mation methods (e.g., the Rayleigh—Ritz method, the finite element method, the shooting 
method, the Galerkin method, difference methods, and iteration methods) can be applied 
for approximating the leading and most significant eigenvalues and eigenfunctions [see 
Akulenko and Nesterov (2005)]. 

In this section, we consider an elegant and useful approximation method, namely the 
Rayleigh—Ritz method (which is based on the variational approach) for determining the 
first few eigenvalues and eigenfunctions. 

In particular, for a specific problem (in a given region) it is important to approximate 
the first (lowest) eigenvalue as accurately as possible. 

In the following example, we apply the Rayleigh—Ritz method to the Sturm—Liouville 
eigenvalue problem (previously considered in Section 20.2.2) for approximating two lowest 
eigenvalues. 
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Example 20.47. Eigenvalue problem. Rayleigh—Ritz method. Dirichlet boundary conditions. 
For the Sturm—Liouville eigenvalue problem 


Yoo tAY=0, y(a)=0, yb) =0, (20.3.6.1) 


i.e., a homogeneous linear two-point boundary value problem with parameter \ and with the ho- 
mogeneous Dirichlet boundary conditions, where a < x < b,a =0,b=7, p(x) = 1, w(x) = 1, 
and q(x) = 0, we apply the Rayleigh—Ritz method for finding approximations to eigenvalues and 
eigenfunctions. 

First, we define trial functions (f1, £2, £3), the Rayleigh quotients for trial functions (appr1, 
appr2), and the exact and approximate eigenfunctions with normalization (eEF, aEF1, aEF2, 
aEF3) as follows: 


{a=0, b=Pi, n= 4 
ig ] :=x* (b-x) 
2[x_] :=x* (b-x) tee (x (b= x)) 72; 
3 [x_]t ee x) « (e+e); I[x]; f2cx]3 £3 [x]; 
ae ae a ee f£[x]*D[f[x],{x,2}],{x,a,b}]/Integrate[ 
(f£[x])* ae eee 
appr2[f1l_,f2_,x_]:=Integrate[fl[x]*f2[x],{x,a,b}]; 
eEF [x_,n_]:=Sin[n+*x]/Sqrt [Integrate[(Sin[n*x])°*2,{x,a,b}]]; 
aEF1[x_]:=f1[x]/Sqrt [Integrate[ (f1[x])°2,{x,a,b}]]; 
aEF2[x_]:=(f2[x]/.so0l12)/Sqrt [Integrate[(f2[x]/.sol2)*2,{x,a,b}]]; 
aEF3[x_]:=(f3[x]/.s013)/Sqrt [Integrate[(f3[x]/.sol3)°2,{x,a,b}]]; 


Then we estimate the first eigenvalue and find the first and second approximations to the first eigen- 
value (EV11, EV12) and to the second eigenvalue (EV2): 


EV11=N[appri[f1,x],15] 

sol2=FindRoot [D[appr1[f2,x],c]==0//FullSimplify, {c,0}] 
EV12=N[apprl1[f2,x]/.sol2,15] 
sol3=Solve[appr2[f1,£3,x]==0,c] 

EV2=N [apprl1[f£3,x]/.so013,15] 


Finally, we compare the exact eigenfunction (eEF) and the corresponding approximations aEF 1, 
aEF2, aEF3 to eigenfunctions (see Figure 20.13): 


SetOptions [Plot,AxesLabel->{"x","EF"}, PlotStyle->{Hue[0.8], 
Dashing[{0.02,0.03}],Thickness[0.01]}, 
PlotLegends->{"exactEF", "approxEF"}]; 

Plot [Evaluate[{eEF[x,1],aEF1[x]}],{x,a,b}] 

Plot [Evaluate[{eEF[x,1],aEF2[x]}],{x,a,b}] 

Plot [Evaluate [{eEF[x,2],-aEF3[x]}],{x,a,b}] 


20.3.7 First-Order Systems of ODEs. Higher-Order ODEs. Numerical 
Solutions 


> First-order systems of ODEs. 


Consider the system of first-order ordinary differential equations with the initial conditions 


We Se Wis as yila) = Yio (C= ace). 
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exactEF — — - approxEF 


exactEF — — - approxEF exactEF — — - approxEF 


Figure 20.13: The first two eigenfunctions (exact) and their approximations (first, second, 
and first) for the Sturm—Liouville problem (20.3.6.1). 


The unknown functions are y;(x),...,Yn(z), anda<a <b. 

To obtain numerical solutions, we can apply predefined functions or, alternatively, con- 
struct solutions step by step by applying one of the known numerical methods (developed 
for a single equation) to each equation in the system. 

Let us numerically solve some first-order linear and nonlinear systems of ODEs. 


Example 20.48. Linear system. Cauchy problem. Exact, numerical, and graphical solutions. 
For the first-order linear nonhomogeneous system with the initial conditions 
U, =U, Vp =xL—-u— 2, u(a) =a, v(a)=8, (20.3.7.1) 


where a <2 <b,a=0,b=2,a= 1, and 6 = 1, the exact solution (ext Sol) 


{{ulz] + e~* (8 — 2e" + 3a + e*a), v[z] > e~” (e* — 3x)}} 


can be obtained as follows: 


F1i[x_,u_,v_]:=v; F2[x_,u_,v_]:=x-u-2*v; nD=10; 

{n=10, a=0, b=2, h=N[(b-a)/n,nD], X=Table[atixh, {i,0,n}], 
RK41=Table[0, {i,0,n}], RK42=Table[0, {i,0,n}] } 
{ODEsys={D[u[x],x]==v[x], D[v[x],x]==x-u[x]-2*v[x]}, 
IC={u[0] 1,v[0] 1}, IVP1=Flatten[{ODEsys,IC}] } 

extSol=Sort [DSolve[IVP1, {u[x],v[x]},x]] 

uExt [xl_]:=extSol[[1,1,2]]/.{x->xl}; 

vExt [xl_] :=extSol[[1,2,2]]/.{x->xl}; 


Then we find a numerical solution (uF 1, vF1) by applying the explicit fourth-order Runge-Kutta 
method: 


{RK41[[1]]=1, RK42[[1]]=1 
Do[kl=h*F1[X[[i]],RK41[[1]],RK42[[1]]]; 
ml=h*F2[X[[i]],RK41[[i]],RK42[[i]]]; k2=h*F1[X[[i]]+h/2, 
RK41[[i]]+k1/2,RK42[[i]]+m1/2]; m2=h*F2[X[[i]]+h/2, 
RK41[[i]]+k1/2,RK42[[i]]+m1/2]; k3=h*F1[X[[i]]+h/2, 
RK41[[i]]+k2/2,RK42[[i]]+m2/2]; m3=h*F2[X[[i]]+h/2, 
RK41[[i]]+k2/2,RK42[[i]]+m2/2]; k4=h*F1[X[[i]]+h, 
RK41[[i]]+k3, RK42[[i]]+m3]; m4=h*F2[X[[i]]+h, 
RK41[[i]]+k3, RK42[[i]]+m3]; 
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— u Exact 
tian v Exact 
e@ uNum 
o v Num 


Figure 20.14: Exact and numerical solutions of the Cauchy problem (20.3.7.1) for the first- 
order linear system. 


RK41[[i+1]]=N[RK41[[i]]+1/6* (k14+2*k2+2*k3+k4) ,nD]; 

RK42[[it+1]]=N[RK42[[i]]+1/6* (m1+2*m2+2*m3+m4),nD], {i,1,n}]; 
Do[Print [PaddedForm[i,3]," ",PaddedForm[X[[it1]],{12,10}]," " 

PaddedForm[RK41[[i+1]],{12,10}]," ", 

PaddedForm[N[uExt [X[[it+1]]],nD],{12,10}]," ", 

PaddedForm[RK42[[i+1]],{12,10}]," ", 

PaddedForm[N[vExt [X[[it1]]],nD],{12,10}]], {i,0,n}]; 
uFl=Table[{X[[i+1]],RK41[[i+1]]},{i,0,n}] 
vFl=Table[{X[[it+1]],RK42[[i+1]]},{i,0,n}] 


, 


Finally, we compare the results and plot the exact and numerical solutions (uG1, vG1, uG2, vG2) 
as follows: 


uG1=Plot [uExt [xl], {xl,a,b},PlotStyle->Red, PlotRange->Al1l]j; 
vG1l=Plot [vExt [xl], {x1l,a,b},PlotStyle->Blue, PlotRange->All1]; 
uG2=ListPlot [uFl1,PlotStyle->{PointSize[.02],Hue[0.99]}]; 
vG2=ListPlot [vF1,PlotStyle->{PointSize[.02],Hue[0.7]}]; 
Show[{uG1l, uG2,vG1,vG2}] 


Example 20.49. Nonlinear system. Cauchy problem. Numerical and graphical solutions. 
For the first-order nonlinear system with the initial conditions 


u,=uv, Vv, =uUty, u(a)=a, v(a)=8, (20.3.7.2) 


wherea < x < b,a=0,b=1,a=1, and @ = 1, we obtain numerical and graphical solutions as 
follows: 


SetOptions [Plot, ImageSize—->300,AspectRatio-—>1,Frame->True, Axes—>False]; 
ODE={u! [x] ==u[x]*«v[x],v' [x]==u[x]+v[x]},IC={u[0] 1,v[0] 1}} 
eql=NDSolve[{ODE,IC}, {u,v},{x,0,1}]; 
solNu=eqgl1[[1,1,2]],solNv=eql1[[1,2,2]]} 
Table[{x,solNu[x]},{x,0,1,0.1}]//TableForm 
Table[{x,solNv[x]},{x,0,1,0.1}]//TableForm 

g1=Plot [solNu[x],{x,0,1},PlotStyle->{Hue[0.8],Thickness[0.01] 
g2=Plot [solNv[x],{x,0,1},PlotStyle->{Hue[0.9],Thickness[0.01] 
g12=Show[gl1,g2,AspectRatio-—>1,Frame—>True, ImageSize->300]; 
GraphicsGrid[{{gl,g2},{g12}}] 


] 
] 


} 
} 


’ 
’ 
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> Higher-order ODEs. 
For the ordinary differential equation of order n (n > 1) with n initial conditions 


a 
SFOs), 
-1 
VG)=o). UG)=ois asx Bl a) waa 
we can always obtain solutions by transforming the equation to an equivalent system of n 
first-order differential equations and by applying an appropriate numerical method to this 
system of differential equations. 
Example 20.50. Van der Pol equation. Cauchy problem. Numerical and graphical solutions. 
For the van der Pol equation with the initial conditions 
Yon + wy? — ly, +y=0, yla)=a, y,(a) = 8, (20.3.7.3) 
where a < x < b,a = 0, b = 60, a = 1, and 6 = 0, we transform the second-order ODE to the 
equivalent system of two first-order differential equations (sys2) 


[up =v, vp =—H(u?—1jv—uj, — u(ao) =1, v(x) = 0, 
where u = y(x), v = y/,, and zo = 0. Then, by applying a classical numerical method (e.g., Euler’s 
method) to this system of differential equations, we obtain a numerical solution (SolEuler), and 


a graphical solution, a phase portrait of the solution, and a plot of u(a) and v() as follows: 


SetOptions [ParametricPlot, PlotRange->All,AspectRatio->1]; 


[ 
{nD=10, a=0, b=60, mu=N[1/8,nD], alpha=1, beta=0} 
{ODE1=D[y[x], {x,2}]+mux (y[x]*2-1) *«D[y[x],x]+y[x]==0, 
ICc1={y[a]==alpha,y'[a]==beta}, IVP1={ODE1,1IC1}//Flatten} 
{sys2={D[u[x],x]==v[x], D[v[x],x]==—-mus (u[x]°*2-1)*«v[x]-u[x]}, 
IC2={u[a]==alpha,v[a]==beta}, IVP2={sys2,1IC2}//Flatten} 


solEuler=NDSolve[IVP2, {u,v},{x,a,b},StartingStepSize->0.01, 
Method->{"FixedStep",Method->"ExplicitEuler"}]; 
{solNu=solEuler[[1,1,2]], solNv=solEuler[[1,2,2]]} 
Table[{x,solNu[x]},{x,a,b}]//TableForm; 
Table[{x,solNv[x]},{x,a,b}]//TableForm; 
{solNu[0], solNv[0], solNu[1.], solNv[1.] } 
ParametricPlot[{solNu[x],solNv[x]},{x,a,b}, 
PlotStyle->{Hue[0.8],Thickness[0.007] }] 
ParametricPlot[{{x,solNu[x]}, {x,solNv[x]}},{x,a,b},PlotStyle->{Hue[0.8], 
Dashing[{0.02,0.03}],Thickness[0.02]},PlotLegends->{"u[x]","v[x]"}] 


20.3.8 Phase Plane Analysis for First-Order Autonomous Systems 
In general, a first-order 2D autonomous system of ODEs has the form 


u, = f (u,v), vu; = g(u,v). 
For a 2D system in u(t) and v(t), each initial condition (IC) (for producing one solution 
curve) can be specified in two forms, [to, u(to), v(to)] or [u(to) = uo, v(to) = vo]. 

The phase portrait of a first-order autonomous system of ODEs consists of solutions of 
the system in the phase space, where the solutions u(t) and u(t) are presented as parametric 
equations for the curve u(w). 

In Mathematica, the predefined functions ParametricPlot and VectorPlot can 
be applied to create the phase portrait. 

Consider some examples for performing phase plane analysis for first-order autonomous 
systems of ODEs (linear and nonlinear). 
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> First-order linear autonomous systems. 


Example 20.51. First-order linear autonomous system of ODEs. Phase portrait animated. 
For the first-order linear autonomous system of ODEs with the initial conditions 


w= Tu 20, y%=4u-v, (0) =3C, (0) = 5C, 


where C' € [—1, 0], we create an animation (with the aid of the predefined functions ListAnimate 
and Paramet ricP1lot) of tracing the trajectory in the phase portrait as follows: 


{g={}, n=50, subs={u[t]->u,v[t]->v} 
sysl={u' [t]==Pixu[t]-2«*v[t],v' [t]==4*u[t]+v[t] } 
IC={u[0]==-1/2«*C1,v[0]==1/2«C1} 
{fu=sysl1[[1,2]]/.subs, fv=sys1[[2,2]]/.subs} 
vf=VectorPlot[{fu, fv}, {u,-40,40}, {v,-40, 40}, Frame->True, ColorFunction-> 
Function[{u},Hue[u]],PlotRange->{{-40, 40}, {-40,40}}]; 
ivpl=Table[Flatten[{sysl,IC}],{C1,-1,0,1/n}]; 
sols=Table[NDSolve[ivpl[[i]],{ult],v[t]},{t,0,Pi}],{1i,1,n}]; 
11=Table[{cu=u[t]/.sols[[i,1]],cv=v[t]/.sols[[i,1]]},{i,1,n}]; 
Do[g=Append[g, Show[vf, Evaluate [ParametricPlot[ll[[i]],{t,0,Pi}, 
AspectRatio-—>1,PlotStyle->{Blue, Thickness[0.01]},PlotRange-> 
{{-40,40}, {-40,40}}J]]],{i,1,n}]; ListAnimate[g 


> First-order nonlinear autonomous systems. 


Example 20.52. First-order nonlinear autonomous system of ODEs. Phase portrait. 

Consider one application of first-order nonlinear autonomous systems of ODEs, namely, the 
dynamical system that describes the evolution of the amplitude and the slow phase of a fluid under 
the subharmonic resonance: 


Up=—Vut+eu [d+4-$¢2 (u?+07)++d4 (u?+v7)?] ; 
uy=—vutev [—6+4+5¢2(u? +0") —4ba(u?+07)?] . 
This system has been obtained by performing averaging transformations [for more details, see Shin- 
gareva (1995)]. Here v is the fluid viscosity, ¢ is the small parameter, d2 and ¢4 are the second and 
the fourth corrections to the nonlinear wave frequency, and 6 is the off-resonance detuning. 
Choosing the corresponding parameter values (for the six regions where the solution exists), we 


can obtain phase portraits. For example, here we create a phase portrait (presented in Figure 20.15) 
for one region (where the solution exists) with the corresponding parameter values as follows: 


(20.3.8.1) 


{delta=-1/2, phi2=1, phi4=1, nu=0.005, epsilon=0.1} 
eql=-nuxv[t]+tepsilon*u[t] * (deltat1/4-phi2/2* (u[t]*2+v[t]*2) 
+phi4/4« (u[t]“2+v[t] 72) 72) 
eq2=-nuxu[t]+epsilonsv[t] * (-deltat1/4+phi2/2« (u[t]*2+v[t] *2) 
—phi4/4x (u[t]“2+v[t]*2) 72) 
TIc={{0,1.1033}, {0,-1.1033}, {1.1055,0}, {-1.1055,0},{0,1.613}, 
{07-—L461'3'} 
n=Length[ICc 
Do[{sys[iJ={v' [t]==eq1,u' [t]==eq2,v[0J==IC[[i,1]],uf[O]==IC[[i,2]]}; 
sols=NDSolve[sys[i], {u,v}, {t,-48,400}]; cv=v/.sols[[1]]; 
cu=u/.sols[[1]]; cli]=ParametricPlot [Evaluate[{cu[t],cv[t]}], 
{t,-48, 400}, PlotStyle->{Hue[0.1*i+0.2],Thickness[.001]}];}, 
{i,1,n}] 
{fv=eql/.{v[t]->v,u[t]->u}, fu=eq2/.{v[t]->v,u[t]->u}} 
fd=VectorPlot[{fu, fv}, {u,-2.2,2.2},{v,-2.2,2.2},Frame—->True, 
ColorFunction->Function[{u},Hue[u]]]; Show[fd,Table[c[i],{i,1,6}]] 
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Figure 20.15: Phase portrait of the first-order nonlinear autonomous system (20.3.8.1). 


20.3.9 Numerical-Analytical Solutions 


In this section, we show the very helpful role of computer algebra systems for analytical 
derivation of numerical methods, for combining the analytical approach (and methods) 
with numerical computations (and methods) for solving mathematical problems of various 
types, and for comparing exact, approximate analytical, and numerical solutions. 

Consider some examples of an analytical-numerical approach (variational and projec- 
tion methods) for constructing exact and approximate analytical and numerical solutions of 
two-point boundary value problems. 


> Variational methods. The Ritz method. 


Consider a two-point linear boundary value problem, i.e., a second-order linear nonhomo- 
geneous ODE with the mixed boundary conditions, 


—[p(z)¥rle + (e)y = f(x),  y(a)=a,  y,(b) = 8B, 


where a < x < b. We assume that p(x) is a continuously differentiable function, g(x) 
and f(a) are continuous functions, p(a) > 0, and q(x) > 0. Then there exists a unique 
twice continuously differentiable solution y(x) if and only if y(a) is the unique function 
minimizing the functional 


Jly] = [ {remo + q(x)y* — 2f(x)y} da. 


In the Ritz method (which belongs in variational methods), by introducing an approximate 
analytical solution y(x) in the form of a linear combination of the basis functions ¢;(x), 


y(x) = Cidi(z) +... + Cnén(z), 


we obtain a quadratic form in the unknown coefficients C;. By minimizing this quadratic 
form, we determine the coefficients C;, and the approximate analytical solution y(x). 
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—_ y(x), Exact 
-— — Y(x), Approx 
nanan ¥(x) - ¥(x) 


Figure 20.16: Exact solution, approximate analytical solution, and their difference for the 
two-point linear boundary value problem with mixed boundary conditions (20.3.9. 1). 


Example 20.53. Linear boundary value problem. Mixed boundary conditions. The Ritz method. 
For the two-point linear boundary value problem with the mixed boundary conditions 


Yen —y = sin(2), y(a)=a, y,(b) =8, (20.3.9.1) 


where a <u < b,a =0,b=7, a= 0, and 8 = 0, we find the exact solution y(x) (SolEx) and 
the approximate analytical solution Y (a) (SolApp) by the Ritz method, compare the results, and 
plot the solutions SolEx and SolApp and their difference SolEx-—SolApp (see Figure 20.16) as 
follows: 


nD=10; {a=0,b=Pi,n=8,h=N[(b-a)/n,nD], alpha=0, beta=0} 
f[x_]:=Sin[x]; p[x_]:=1; q[x_]:=1; 

{ODE1={-p[x] *D[y[x],{x,2}]+q[x]*y[x]-f[x]==0}, 
BCs={y[a]==alpha, (D[y[x],x]/.{x->b})==beta},BVP1={ODE1,BCs}} 
SolEx[x1_]:=FullSimplify[ExpToTrig[ (DSolve[BVP1,y[x],x]/. 
x->x1})[[1,1,2]]]]; SolEx[x] 
Do[phi[i]=Cos[ixX]-1, {i,1,n}]; 
Y[X1_]:=Sum[c[i]*phi[i],{i,1,n}]/.{X->X1}; Y[X] 

{J=Integrate [Expand[p[x]*D[Y[X],X]“2+q[x]*Y[X]°2-2«f[X]*Y[X]],{X,a,b}], 
V=D[J, {Variables [J] }]} 
CL=Flatten [Solve [Map [Thread[#1==0, Equal]é&,V],Variables[J]]] 
SolApp [X1_] :=(Y[X]/.CL)/.{X->X1}; SolApp[x] 

g1l=Plot [Evaluate [SolEx[x]],{x,a,b},PlotStyle->Red]; 

g2=Plot [Evaluate [SolApp[x]],{x,a,b},PlotStyle->Blue]; 

g3=Plot [Evaluate [SolEx[x]-SolApp[x]],{x,a,b},PlotStyle->Green]; 
Show[{gl1,g2,g3},PlotRange->{-0.1,0.6}] 


> Projection methods. The Galerkin method. 


Consider the same linear boundary value problem as in the previous section written in the 
operator form 


Lyy|+f(e)=0, yla)=a, yi(b+) =8, 
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where y = y(x),a < x < b, and L[y] = [p(x)y/,|, + q(x)y is a linear differential operator. 
We assume that all the functions occurring in the problem are square integrable. Note that 
not every differential equation admits the minimization of a functional, and we consider a 
more powerful and general method for solving differential equations, the Galerkin method 
that belongs to the projection methods; i.e., the equation to be approximated is projected 
onto a finite-dimensional function subspace. 

In the Galerkin method (as in the Ritz method), we also introduce the approximate 
analytical solution y(x) in the form of a linear combination of the basis functions ¢;(x), 


y(z) = Cigi (a) +... + Cn on(2), 
and we choose the unknown coefficients C; such that the residual 
r(x) = L[y(x)] + f(z) 


is orthogonal to the space spanned by the basis functions ¢;(x), 


b 
| rao de= 0) 4a let: 


i.e., the Galerkin equations are reduced to the solution of a system of linear equations. 


Example 20.54. Linear boundary value problem. Mixed boundary conditions. Galerkin method. 
For the two-point linear boundary value problem with the mixed boundary conditions 


Yoo tsin(x)=y, yla)=a, yi,(b) =8, 


where a < 4 <b,a=0,b=7, a = 0, and 6 = 0, we find the exact solution (So1Ex) and the 
approximate analytical solution (SolApp) by the Galerkin method, compare the results, and plot 
the solutions (SoLEx, SolApp) and their difference (SolApp-—SolEx) as follows: 


1=Plot [Evaluate [SolEx[t]], ,a,b},PlotStyle->Red]; 

g2=Plot [Evaluate [SolApp[t]],{t,a,b},PlotStyle->Blue]; 

g3=Plot [Evaluate [SolApp[t]-SolEx[t]],{t,a,b},PlotStyle->Green]; 
Show[{gl1,g2,93},PlotRange->{-0.1,0.6}] 


nD=10; f[x_]:=-Sin[x]; p[x_]:=x; q[x_]:=x72; 
ODE1 [x1_]:=p[x]*D[y[x],{x,2}]-q[x]*y[x]-f[x]==0/.{x->x1}; 
{a=0,b=Pi,n=8,h=N[ (b-a) /n, nD], alpha=0, beta=0} 
{BCs={y[a]==alpha, (D[y[x],x]/.{x->b}) ==beta},BVP1={ODE1[x],BCs}} 
SolEx[x1_]:=FullSimplify[ExpToTrig[ (DSolve[BVP1,y[x],x]/. 

x->x1}) [[1,1,2]]]]; SolEx[x] 
Do[phi[i]=Cos[ixt]-1, {i,1,n}]; 
Y[t1_]:=Sum[c[i]*phi[i],{i,1,n}]/.{t->t1l}; Y[t] 
Eql=Expand[ODE1[t]/.{y[t]->Y[t],D[y[t],{t,2}]->D[Y[t], {t,2}]}] 
Eqs=Table [Integrate [Expand[Eql[[1]]*phi[i]],{t,a,b}],{1i,1,n}] 
CL=Flatten [Solve [Map [Thread[#1==0, Equal] &,Eqs],Variables [Eqs] ] ] 
SolApp[t1_]:=(Y[t]/.CL)/.{t->t1}; Expand[N[SolApp[t],nD]] 
g t 

{ 
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Chapter 21 


Symbolic and Numerical 
Solutions of ODEs with MATLAB 


21.1 Introduction 


21.1.1 Preliminary Remarks 


In the previous two chapters, we paid special attention to analytical solutions of ordinary 
differential equations and systems owing to the availability of the computer algebra systems 
Maple and Mathematica in modern mathematics. 

Frequently, the functions and data in ODE problems are defined at discrete points and 
equations are too complicated, so it is not possible to construct analytical solutions. There- 
fore, we have to study and develop numerical approximation methods for ordinary differen- 
tial equations [e.g., see Gear (1971), Shampine and Gordon (1975), Forsythe et al. (1977), 
Conte and de Boor (1980), Fox and Mayers (1987), Kahaner et al. (1989), Shampine 
(1994), Ascher et al. (1995), Shampine and Reichelt (1997), Shampine et al. (2003), Lee 
and Schiesser (2004)]. 

Following the most important ideas and methods, we apply and develop numerical 
methods to obtain numerical and graphical solutions for studying ordinary differential 
equations. 

Nowadays, for this purpose one can use computers and supercomputers extensively ap- 
plying convenient and powerful computational software, e.g., an interactive programming 
environment for scientific computing, MATLAB®, which provides integrated symbolic and 
numerical computation and graphics visualization in a high-level programming language. 
Additionally, MATLAB’s excellent graphics capabilities can help one understand the re- 
sults and analyze the solution properties. 

In this chapter, we turn our attention to numerical methods for solving ordinary differen- 
tial equations using MATLAB. Since numerical and analytical methods are complementary 
techniques for investigating solutions of differential equations, we will also consider some 
essential analytical tools provided in MATLAB. 

MATLAB has an extensive library of predefined functions for solving ordinary differen- 
tial equations. We compute symbolic and numerical solutions using MATLAB’s predefined 
functions (which implement known methods for solving ordinary differential equations) 
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and develop new MATLAB procedures for constructing symbolic and numerical solutions. 


Remark 21.1. The numerical methods embedded in MATLAB can solve only first-order ODEs 
or systems of first-order ODEs. To obtain solutions of nth-order ODEs (where the order is n > 1) 
by applying predefined functions, we have to rewrite higher-order ODEs as an equivalent system of 
first-order ODEs. 


21.1.2 Brief Introduction to MATLAB 
> MATLAB’s conventions and terminology. 


In this chapter, we use the following conventions introduced in MATLAB: 
e Cn(n=1,2,...), for arbitrary constants 
e the letter D, the differential operator (should not be used for symbolic variables) 
e Dc, for a dependent variable (in differential equations), where c is any character 
e the letter t, the independent variable (by default) for the predefined function dsolve 


Also we introduce the following notation for the MATLAB solutions: 
e Eqn, for equations (n = 1, 2,...) 

ODEn, for ODEs 

Soln, for solutions 

Exprn, for expressions 

Strn, for string expressions 

ODESysn, for systems of ODEs 

ICn, BCn, for initial and boundary conditions 

IVPn, BVPn, for initial and boundary value problems 

Ln, for lists of expressions 

Gn, for graphs of solutions 

ops, val, for various optional arguments in predefined functions and their values 

vars, for independent variables 

funcs, for dependent variables (indeterminate functions) 


> Basic description. 


MATLAB (short for “matrix laboratory’’) is not a general purpose programming language 
as Maple and Mathematica. MATLAB is an interactive programming environment that 
provides powerful high-performance numerical computing, excellent graphics visualiza- 
tion, symbolic computing capabilities, and capabilities for writing new software programs 
using a high-level programming language. 

The Symbolic Math Toolbox (Ver. > 4.9), based on the muPAD symbolic kernel, pro- 
vides symbolic computations and variable-precision arithmetic. Earlier versions of the 
Symbolic Math Toolbox are based on the Maple symbolic kernel. 

Simulink (short for “simulation and link’’), also included in MATLAB, offers modeling, 
simulation, and analysis of dynamical systems (e.g., signal processing, control, communi- 
cations, etc.) under a graphical user interface (GUI) environment. 

The first concept of MATLAB and its original version (written in Fortran) was devel- 
oped by Prof. Cleve Moler at the University of New Mexico in the late 1970s to provide 
his students with a simple interactive access (without having to learn Fortran) to LINPACK 
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and EISPACK software.* Over the next several years, this original version of MATLAB 
had spread within the applied mathematics community. In early 1983, Jack Little (an en- 
gineer), together with Cleve Moler and Steve Bangert, developed a professional version 
of MATLAB (written in C and integrated with graphics). The company MathWorks was 
created in 1984 and headquartered in Natick, Massachusetts, to continue its development. 


> 


Most important features. 


The most important features of MATLAB are as follows: 


> 


interactive user interface; 

a combination of comprehensive mathematical and graphics functions with a powerful 
high-level language in an easy-to-use environment; 

fast numerical computation and visualization, especially for performing matrix opera- 
tions [e.g., see Higham (2008)]; 

easy usability and great flexibility in data manipulation; 

symbolic computing capabilities via the Symbolic Math Toolbox (Ver. < 4.9 or Ver. > 
4.9), based on the Maple or muPAD symbolic kernel, respectively; 

the basic data element is an array that does not require dimensioning; 

a large library of functions for a wide range of applications; 

it is easy to incorporate new user-defined capabilities (toolboxes consisted of M-files 
and written for specific applications); 

understandable and available for almost all operating systems; 

powerful programming language, intuitive and concise syntax, and easy debugging; 
Simulink, as an integral part of MATLAB, provides modeling, simulation, and analysis 
of dynamical systems; 

free resources, such as MathWorks Web Site (www.mathworks.com), MathWorks 
Education Web Site (www.mathworks.com/education), MATLAB newsgroup 
(comp.soft-—sys.matlab), etc. 


Basic parts. 


MATLAB consists of five parts: 


The Development Environment, a set of tools that facilitate using MATLAB functions 
and files (e.g., graphical user interfaces and the workspace). 

The Mathematical Function Library, a vast collection of computational algorithms. 
The MATLAB language, a high-level matrix/array language (with flow control state- 
ments, functions, data structures, input/output, and object-oriented programming fea- 
tures). 

The MATLAB graphics system, which includes high-level functions (for 2D/3D data 
visualization, image processing, animation, etc.) and low-level functions (for fully cus- 
tomizing the graphics appearance and constructing complete graphical user interfaces). 
The Application Program Interface (APD), a library for writing C and Fortran programs 
that interact with MATLAB. 


“LINPACK and EISPACK is a collection of Fortran subroutines, developed by Cleve Moler and his several 
colleagues, for solving linear equations and eigenvalue problems, respectively. 
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> Basic concepts. 


The prompt symbol >> indicates where to type a MATLAB command; typing a statement 
and pressing Return or Enter at the end starts the evaluation of the command, displays 
the result, and inserts a new prompt; the semicolon (; ) symbol at the end of the command 
tells MATLAB to evaluate the command but not display any result. 

In MATLAB, the cursor cannot be moved to the desired line (unlike Maple and Math- 
ematica) but, for simple problems, corrections can be made by pressing the up or down 
arrow key to scroll through the list of (recently used) functions and then the left or 
right arrow key to change the text. Also, corrections can be made using copy/paste 
of the previous lines located in the Command Window or Command History. 

The previous result (during a session) can be referred to with the variable ans (the last 
result). MATLAB prints the answer and assigns the value to ans, which can be used for 
further calculations. 

MATLAB has many forms of help: a complete online help system with tutorials and 
reference information for all functions; the command-line help system, which can be ac- 
cessed by using the Help menu, pressing F1, selecting He lp—>Demos, or entering Help 
and selecting Funct ions—>Alphabetical List or Index, Search, MATLAB-> 
Mathematics; or by typing helpbrowser, lookfor (e.g., lookfor plot) or 
help FunctionName, doc FunctionName, etc. 

In MATLAB (Ver. 7), anew feature for correctly typing function names has been added. 
One can type only the first few letters of the function and then press the TAB key (to see all 
available functions and complete typing the function). 

MATLAB desktop appears, containing tools (graphical user interfaces) for manag- 
ing files, variables, and applications. The default configuration of desktop includes var- 
ious tools, e.g., Command Window, Command History, Workspace, Find Files, 
Current Directory (for more details, see demo MATLAB desktop), etc. One can 
modify the arrangement of tools and documents. 

For a new problem, it is best to begin with the statement clear all for cleaning all 
variables from MATLAB’s memory. All examples and problems in the book assume that 
they begin with clear all. 

A MATLAB program can be typed at the prompt >> or, alternatively (e.g., for more 
complicated problems), by creating an M-/file (with .m extension) using MATLAB editor 
(or using another text editor). MATLAB editor is invoked by typing edit at the prompt. 

M-files are files that contain code in the MATLAB language. There are two kinds of 
M-files: script M-files (which do not accept input arguments or return output data) and 
function M-files (which can accept input arguments and return output arguments). 

In the process of working with various M-files, it is necessary to define the path, which 
can be done by selecting File->Set Path—>Add Folder or via the cd function. 

The structure of a MATLAB program or source code is as follows: the main program 
or script and the necessary user-defined functions. The execution starts by typing the file 
name of the main program. 


Incorrect response. If you get no response or an incorrect response, you may have en- 
tered or executed the function incorrectly. Correct the function or interrupt the computation 
by entering debug mode and setting breakpoints: select the following on the Desktop menu: 
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Debug->Open M-files when Debugging 

Debug->Stop if Errors/Warnings 

Also, one can detect erroneous or unexpected behavior in a program with the aid of 
MATLAB functions, e.g., break, warning, and error. 

Palettes can be used, e.g., for building or editing graphs (Figure Palette), dis- 
playing the names of the GUI components (Component Palette), etc. 

MATLAB graphical user interface development environment (GUIDE) provides a set 
of tools for creating graphical user interfaces (GUIs). These tools greatly simplify the 
construction of GUIs, e.g., layout the GUI components (panels, buttons, menus, etc.) and 
program the GUI. 

MATLAB consists of a family of add-on toolboxes, which are collections of functions 
(M-files) and extend the MATLAB environment to solve particular classes of problems. 

The toolboxes can be standard or specialized (see Contents in Help). Nowadays, 
many specialized toolboxes are available. MATLAB can be augmented by a number of 
toolboxes consisting of M-files and written for specific applications. 


21.1.3 MATLAB Language 


MATLAB language is a high-level procedural dynamic and imperative programming lan- 
guage (similar to Fortran 77, C, and C++), with powerful matrix/array operations, con- 
trol statements, functions, data structures, input/output, and object-oriented programming 
features. In addition, it is an interpreted language, similar to Maple and Mathematica 
[e.g., see Shingareva and Lizarraga-Celaya (2009)]; i.e., the instructions are translated 
into machine language and executed in real time (one at a time). MATLAB language 
allows programming-in-the-small (coding or creating programs for performing small-scale 
tasks) and programming-in-the-large (creating complete large and complex application pro- 
grams). It supports a large collection of data structures or MATLAB classes and operations 
among these classes. 

In linear algebra, there exist two types of operations with vectors/matrices: operations 
based on the mathematical structure of vector spaces and element-by-element operations on 
vectors/matrices as in data arrays. This difference can be made in the name of the operation 
or the name of the data structure. In MATLAB, separate operations are defined (for matrix 
and array manipulation), but the data structures array and vector/matrix are the 
same. But, for example, in Maple the situation is opposite: the operations are the same, but 
the data structures are different. 

Arithmetic operators: scalar operators (+ — * / ~), matrix multiplication/power (« ~), 
array multiplication/power (.* .*), matrix left/right division (\ /), and array division (. /). 

Logical operators: and (&), or (|), exclusive or (xor), and not (~). 

Relational operators: \ess/greater than (< >), less/greater than or equal to (<= >=), and 
equal/not equal (== ~=). 

A variable name is a character string of letters, digits, and underscores such that it 
begins with a letter and its length is bounded by N=namelengthmax (e.g., N = 63). 
Punctuation marks are not allowed (see genvarname function). Variable declaration is 
not necessary in MATLAB, but all variables must be given initial values; e.g.,a12_new=9. 
A variable can change in the calculation process, e.g., from integer to real (and vice versa). 
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MATLAB is case sensitive, and there is a difference between lowercase and uppercase 
letters, e.g., pi and Pi. 

Various reserved keywords, symbols, names, and functions, for example, reserved key- 
words and function names, cannot be used as variable names (see isvarname, which 
-all, isreserved, iskeyword). 

A string variable is enclosed by single quotes and belongs to the char class (e.g., 
x='string'), and the function sin (x) is invalid. Strings can be used with convert- 
ing, formatting, and parsing functions (e.g., see cellstr, char, sprintf, fprintf, 
strfind, findstr). 

MATLAB provides three basic types of variables: local variables, global variables, 
and persistent variables. 

The operator “set equal to” (=). A variable in MATLAB (in contrast to Maple and 
Mathematica) cannot be “free” (with no assigned value) and must be assigned any initial 
value by the operator “set equal to” (=). 

The difference between the operators “set equal to” (=) and “equal” (==) is that the op- 
erator var=va_l is used to assign val to the variable var, while val 1==val2 compares 
two values; e.g., A=3; B=3; A==B. 

Statements are input instructions from the keyboard that are executed by MATLAB 
(e.g., for i=l:N s=stix2; end). A MATLAB statement may begin at any position in 
a line and may continue indefinitely in the same line, or may continue in the next line, by 
typing by three dots (. . .) at the end of the current line. White spaces between words in a 
statement are ignored; a number cannot be split into two pieces separated by a space. 

The statement separator semicolon (;). The result of a statement followed with a semi- 
colon (;) will not be displayed. If the semicolon is omitted, the results will be printed on 
the screen; e.g., x=-pi:pi/3:pi; and x=—-pi:pi/3:pi. 

Multiple statements in a line: two or more statements may be written in the same line 
if they are separated with semicolons. 

Comments can be included with the percentage sign % and all characters following it 
up to the end of a line. Comments at the start of a code have a special significance: they 
are used by MATLAB to provide the entry for the help manual for a particular script. The 
block comment operators, s{ %}, can be used for writing comments that require more than 
one line. 

An expression is a valid statement and is formed as a combination of numbers, variables, 
operators, and functions. The arithmetic operators have different precedences (increasing 
precedence + — x / ~). Precedence is altered by parentheses (expressions within parenthe- 
ses are evaluated before expressions outside parentheses). 

A Boolean or logical expression is formed with logical and relational operators; e.g., 
x>0. Logical expressions are used in if, switch, and while statements. The logical 
values, true and false, are represented by numerical values, / and 0, respectively. 

A regular expression is a string of characters that defines a pattern (for details, see help 
pattern). For example, 'Math?e\wx'. Regular and dynamic expressions can be used 
to search text for a group of words that matches the pattern (e.g., for parsing or replacing a 
subset of characters within text). 

MATLAB is sensitive to types of brackets and quotes (for details, see help paren, 
help punct). 
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Types of brackets: 

Square brackets, [ ], for constructing vectors and matrices, for example, Al=[1 2 3], 
A2=[1, 2, 3], A3=[1, 2; 4,5]. For multiple assignment statements, for example 
A4=[1,5;2,6], [L,U]=1lu(A4). 

Parentheses, ( ), for grouping expressions, (5+9) «3, for delimiting the arguments 
of functions, sin (5), for vector and matrix elements, Al (2),A3(1,1),A2([1 2]); 
in logical expressions, Al (A1>2). 

Curly brackets, { }, for working with cell arrays; e.g., Cl={int8(3) 2.59 'A'}, 
CMe M2 yal (1 Se 4 61h 


Dot-parentheses, . ( ), for working with a structure via a dynamic field name; e.g., 
S.F1l=1; S.F2=2; F='F1'; vall=S. (F). 
Quotes: 


Forward-quotes, (' '), for creating strings, for example, T='the name=7;' k=5; 
disp('the value of k is'); disp(k), 


A single forward-quote and dot single forward-quote, (' .'), for matrix transposition 
(the complex conjugate/nonconjugate transpose of a matrix), Al=[1+i,i;-i,1-i]; 
Bi Ve Bees 

Types of numbers. Numbers are stored (by default) as double-precision floating point 
(class double). To operate with integers, it is necessary to convert from double to the 
integer type (e.g., classes int 8, int16, int32), x=int16(12.3),str='MATLAB', 
int8 (str). Mathematical operations that involve integers and floating-point numbers 
result in an integer data type. Real numbers can be stored as double-precision floating 
point (by default) or single-precision floating point; e.g., X1=3.25, x2=single (x1), 
x3=double (x2) (for details, see whos, isfloat, class). Complex numbers can be 
created as z1=1+2*1i, z2=complex (1,2). Rational numbers can be formed by setting 
the format to rational;e.g., x=3.25; format rational x format. To check 
the current format setting, we type get (0, 'format'). 


Predefined constants: symbols for definitions of commonly used mathematical con- 
stants; e.g., true, false, pi, i, j, Inf, inf, NaN (not a number), exp (1), the Euler 
constant y, -psi(1),eps. 

In MATLAB, there are predefined functions and user-defined functions. Predefined 
functions are divided into built-in functions and library functions: 


e Built-in functions are precompiled executable programs and run much more efficiently 
(see help elfun, help elmat). 

e Library functions are stored as M-files (in the libraries or toolboxes), which are avail- 
able in readable form (see which, type, exist). MATLAB can be complemented 
with locally user-developed M-files and toolboxes. 

Many functions are overloaded (i.e., have an additional implementation of an existing 
function) so that they handle different classes (e.g., which —all plot). 
Numerous special functions are defined; e.g., he lp bessel, help specfun. 


User-defined functions can be created as M-files (see help ’ function’) or as 
anonymous functions. 

A User-defined function written in an M-file (with the extension .m) must contain only 
one function. It is best to have the same name for the function name and the file name. The 
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process of creating functions is as follows: create and save an M-file using a text editor, 
then call the function in the main program (or in Command Window). 
Functions written in M-files have the following forms: 
function OArg=FunName (IArg); FunBody; end, or 
function [OArgl1,OArg2,...]=FunName (IArgl,IArg2,...); 


FunBody; end 
where OArg and [Arg are the output arguments and the input arguments, respectively. 
For example, the function y = sin x is defined as follows: 

function f=SinFun(x); f=sin(x); end 

Evaluation of functions: FunName (Args). 

For example, for the sine function we have cd('c:/mypath'); SinFun(pi/2); 
type SinFun. 

Anonymous functions create simple functions without storing functions to files. Anony- 
mous functions can be constructed either in the Command Window or in any function or 
script; e.g., the function f(a) = sin x is defined as £=@ (x) sin(x); £(pi/2). 

A function handle, @, is one of the standard MATLAB data types that provides call- 
ing functions indirectly, e.g., to call a subfunction when outside the file that defines that 
function (see class function_handle). 

Nested functions are allowed in MATLAB; i1.e., one or more functions or subfunctions 
within another function can be defined in MATLAB. In this case, the end statements are 
necessary. 

MATLAB language has the following control structures: the selection structures if, 
switch, try and the repetition structures for, while. 

MATLAB does not have a module system in the traditional form: it has a system based 
on storing scripts and functions in M-files and placing them into directories (see cd func- 
tion for changing the current directory, help ..). 

MATLAB data structures or classes, vectors, matrices, and arrays, are used to represent 
more complicated data. There are 15 fundamental classes, which are in the form of a 
matrix or array: double, single, int 8, uint8, int16, uint16, int32, uint32, 
int64, uint64, char, logical, function_handle, struct, and cell. The 
numerical values are represented (by default) as floating-point double precision (float 
double). One can construct various composite data types (e.g., sequences, lists, sets, 
tables, etc.) using the classes struct and cell. 

Vectors are ordered lists of numbers separated by commas or spaces inside [ ]; no 
dimensioning is required. But vector and array indices can only be positive and nonzero. 
The notation X=[1:0.1:9] stands for a vector of numbers from | to 9 in increments 
of 0.1 (see help colon). 

Matrices are rectangular arrays of numbers (row/column vectors are special cases of 
matrices). 
© Literature for Section .1: C. W. Gear (1971), L. F. Shampine and M. K. Gordon (1975), G. E. Forsythe, 
M. A. Malcolm, and C. B. Moler (1977), S. D. Conte and C. de Boor (1980), L. Fox and D. F. Mayers (1987), 
D. Kahaner, C. B. Moler, and S. Nash (1989), L. F. Shampine (1994), U. M. Ascher, R. M. M. Mattheij, and 
R. D. Russell (1995), L. F. Shampine and M. W. Reichelt (1997), L. F. Shampine, I. Gladwell, and S. Thompson 
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21.2 Analytical Solutions and Their Visualizations 


21.2.1 Analytical Solutions in Terms of Predefined Functions 


The Symbolic Toolbox provides various predefined functions for solving, plotting, and 
manipulating symbolic mathematical equations. If we solve ordinary differential equations, 
we can obtain explicit or implicit exact solutions [e.g., see Murphy (1960), Kamke (1977), 
Zwillinger (1997), Polyanin and Manzhirov (2007)]. Consider the most relevant related 
functions for finding analytical solutions of a given ODE problem. 


syms y(x); Soll=dsolve (ODI Sol2=dsolve(’ODE’,’var’) 


Sol3=dsolve (ODE, ICs) Sol4=dsolve (ODE, ICs, ops,val) 


e x=sym(’x’),y=sym(’y’ ), declaring symbolic objects (one at a time) 

e syms y (x), declaring symbolic objects (all at once) 

e dsolve, finding closed-form solutions for a single ODE, where ODE is a symbolic 
equation containing diff or a string with the letter D (for the derivatives); for more 
details, see help dsolve 

e dsolve, ODE, ICs, solving an ODE with given initial or boundary conditions 

e dsolve, ODE, ICs, ops, val, specifying additional options and their values for solv- 
ing ODEs 


> Verification of exact solutions. 


Let us assume that we have obtained exact solutions and we wish to verify whether these 
solutions are exact solutions of given ODEs. 


Example 21.1. First-order nonlinear ODE. Special Riccati equation. Verification of solutions. 
For the first-order nonlinear ODE, the special Riccati equation 


Yr = ay” + ba”, 
we can verify that the solutions 
We 
y(n) =-= "2, 
aw 
where 
b Vab 1 
w(x) = JS/e cin (Pat) +c. ( - “)], k= 5(n+2), v= oh) 


are exact solutions of the special Riccati equation as follows: 


syms x ywknvqab Cl C2; k=(n+2)/2; v=1/(2*k); q=l/k*sqrt (axb); 
w=sqrt (x) * (Clxbesselj(v,q«xx*k)+C2*bessely(v,q*xx*k)); 
y=-1/axdiff(w,x)/w; Testl=simplify (diff (y,x)-axy*2-b*x“n) 


Here a, b,n € R (ab 4 0, n 4 —2) are real parameters, J,,(a) and Y,,(x) are the Bessel functions, 
and C and C3 are arbitrary constants. 
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> Finding and verification of exact solutions. 


Let us find exact solutions and verify whether these solutions are exact solutions of given 
ODEs. 


Example 21.2. First-order linear ODE. Finding and verification of the general solution. 
For the first-order linear ODE 


g(x)¥, = fila)y + fo(x), 
we can find and verify that the solution 


fl(a) 


Soll = a ae) a Hh oS 98) w0 , Ben: J we; = 
g(x) 


presented here as the MATLAB result (for So11) is the general solution of this ODE as follows: 


syms x g(x) y(x) f1(x) £0(x) Soll (x); 

ODE1='g (x) *«Dy-f1l (x) xy-f0 (x) ==0'; 
Soll=expand(dsolve (ODE1, 'x"') ) 

pretty (Soll) 
Testl=simplify (g(x) xdiff (Soll,x)-f1 (x) *Sol1-f0 (x) ) 
latex (Soll) 


Here f0(x), f1(x), and g(a) are arbitrary functions, and C3 is an arbitrary constant. 


Remark 21.2. It should be noted that in this example and in what follows, when we solve a 
differential equation using the predefined function dsolve (without specifying initial or boundary 
conditions), we obtain the solution with an arbitrary parameter name (in this case, C3). Since the 
solution of this problem has just one parameter, the name of the arbitrary constant should be C1 
(according to standard mathematical notation). We think this is an example of stylistic negligence 
and should be corrected in the future. 


Example 21.3. Clairaut’s equation. Finding and verifying solutions. 
For Clairaut’s equation 


y = ry, + f(Yr), 
we can find and verify that 


y(x) = Ca + f(C) 


is the general solution of this equation as follows: 


syms x y(x) £(x) Soll (x); 

ODE1='y-xxDy-f (Dy) ==0'; 

Soll=expand(dsolve (ODE1, 'x"') ) 
Testl=simplify (Soll-xxdiff (Soll, x)-f(diff(Soll,x) ) ==0) 


Here f(z) is an arbitrary function and C is an arbitrary constant. 


Example 21.4. Linear ODE of the second order. Exact explicit solution. 
The exact explicit solution 
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of the second-order linear ODE 


Yio ta(e—l1)y,t+by=0 (a,b€R) 


can be found and tested as follows: 


syms a b x y(x) 


E(x) Soll (); 


ODE1='D2ytax (x-1) *Dyt+b*y==0'; 
Soll=dsolve (ODE1,'x') 
Testl=simplify (diff (Soll,x,x)+ax (x-1) «diff (Soll, x) +b*Soll==0) 


Here M;,,,,(z) and W;,,,,(z) are the Whittaker M and W functions, denoted by whittakerM(k, x, z) 
and whittakerW(k, 1, z), respectively, in MATLAB. 


Remark 21.3. In this example, we have the arbitrary constants C3 and C4 instead of C1 and 
C2; for details, see Remark 21.2 (stylistic negligence of MATLAB). 


> Graphical solutions. 


Consider the most relevant related functions for plotting solutions of ordinary differential 


equations. 


x=linspace (x1,x2,n)j; 


ezplot (func) 
ezplot (func, 


in X 


y 


[xl,x2,yl,y2]); 


fcontour (func, [x1,x2,yl,y2],ops 


Y= eval(vectorize(y)); plot(x,Y,ops 


lA 


lA 


ezplot (func, [x1,x2] 
ezplot (funcx, funcyY, [t1,t2] 


, 


, 


) 
) 
) 
) 


linspace, generating a linear space vector 

vectorize, converting symbolic objects into strings 

eval, evaluating strings (character arrays and symbolic objects) 

plot, constructing a 2-D line plot of the data in Y versus the corresponding values 


e ezplot, constructing plots of the expression func (x) over the default domain 
—27 <x < 27, where func (x) is an explicit function of x 


Example 21.5. Linear ODE of the first order. Graphical solutions. 
Graphical solutions of the linear first-order ODE 


y,, = y + cos(x)x” 


can be generated as follows: 


clear all; close all; echo on; format long; 


syms x y(x); OD 
x = O:0,01s23 ¥ 
for i=-2:2 C3=i 
Y=[Y; C3xexp (x) 


El='Dy==y+cos (x) *x72'; 


= [1]; 


+1%*2; 


Soll=dsolve (ODE1,'x') 


+ ((x+1).* (cos (x) +sin(x)-x.*cos(x)+x.*sin(x)))/2]; end 


plot (xp Y (1s) ee ped (272) Beat pete (Sp 2p Ree pees 
x, (4p ft) 7 ha yp Ry (5,2), "RE, “anewidth',1); 


grid on; xlabel 


first-order linear ODE'); 


'x'); ylabel('y'); title('Solutions of the 


legend ('C3=-2', 
set (gca, 'FontSi 


'C3==1",™C3=0", 'C3=1", 


"C3325 )3 


ze',12); set(gca,'FontName', 'Arial'); 
set (gca, 'LineWidth',1); shg 
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Solutions to the first-order linear ODE 


0 0.5 A 1.5 2 


Figure 21.1: Graphical solutions of the linear equation y/, = y + cos(x)x?. 


Since we obtain the analytical solution (So11) 

Soli = 

C3eexoix) + (ix + Lialcos(=) + Sintx) = x*coe (x) + x45in(<) 1) 2, 

where C3 is an arbitrary constant, we generate several graphical solutions of this ODE and present 
them in Fig. 21.1. 


Example 21.6. Linear second-order ODE with constant coefficients. Graphical solutions. 
Graphical solutions of the linear second-order ODE with constant coefficients and with the 
initial conditions 


Yn —9y, +5y=sinz, y(0)=0, y,(0)=—-1 


can be generated (by using the predefined functions plot and ezplot) as follows: 


clear all; close all; echo on; format long; syms x y(x); 
ODE1='D2y-9x*Dyt+5x*y==sin(x)'; ICs='y(0)=0,Dy(0)=-1'; 
Soll=dsolve(ODE1,ICs,'x!') x=linspace(0,1,40); 

Y=eval (vectorize(Soll)); figure(1); plot(x,Y) figure(2); 

ezplot (Soll, [0,1]) title('Solution of the second-order linear ODE') 


> Constructing exact explicit and implicit solutions. 


If an exact solution is given as a function of the independent variable, then the solution is 
said to be explicit. For some differential equations, explicit solutions cannot be determined; 
however, we can obtain an implicit form of the solution, i.e., an equation that involves no 
derivatives and relates the dependent and independent variables. 


dsolve (ODE1,’x’); ezplot (impSol==0, [xl1,x2],ops); 


ezcontour (func, [x1,x2,yl,y2],name,value) ; 


Example 21.7. First-order separable ODE. Exact implicit solutions. Graphical solutions. 
For the first-order separable ODE 


a2 
alee (21.2.1.1) 
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Implicit solutions to separable ODE 


‘ SS 


Figure 21.2: Implicit solutions of the first-order separable ODE (21.2.1.1). 


we can construct the explicit (So11) and implicit (So12) solutions 


3 2 
y=+v2 -> +04, y+ 50° — 204 =0, 
respectively, and plot the graphs of the implicit solution as follows: 


clear all; close all; echo on; format long; syms x y(x) z; Y=[]; 
ODE1='Dy+x*2/y==0'; Soll=dsolve(ODE1,'x') Sol2=z*2==Sol1(1)°*2 for 
i=-10:10 C4=i; Y=[Y;subs(Sol2)]; end for i=1:21 

h=ezplot (Y(i),[-pi,pi]); hold on; set(h,'color',[0 0 0]); end grid 
on; xXlabel('x'); ylabel('y'); title('Implicit solutions of 
separable ODE'); set(gca,'FontSize',12); 

set (gca, 'FontName','Arial'); set(gca,'LineWidth',1); shg; hold off 


Here C4 is an arbitrary constant. 


Example 21.8. First-order nonlinear ODE. Exact implicit solutions. Graphical solutions. 
For the first-order nonlinear ODE 


y(1+y*) = sing, 
we can construct the implicit solution (So11) 
Soll = RootOf(z? + 3z — 3C4 + 3cos(a), 2), 
where the function Root Of represents the symbolic set of roots of the expression 22 + 3z — 


3C4 + 3cos(x) with respect to the variable z. Also, we plot the graphs of the implicit solution 
(see Fig. 21.2) as follows: 


clear all; close all; echo on; format long; syms x y(x) z; Y = []; 
ODE1='Dy*« (1+y*2)=sin(x)'; Soll=dsolve(ODE1,'x') for i=-10:10 C4=i; 
Y=[Y; subs (z7 3+3*z-3*C4+3*cos (x)==0)]; end for i=1:21 


ezplot (Y(i),[-pi,pi]l); hold on; end grid on; xlabel('x'); 
ylabel('y'); title('Implicit solutions of nonlinear ODE'); shg; 
hold off 
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Here the arbitrary constant is C4 (instead of C1); see Remark 21.2. In this case (the predefined 
function dsolve), we have the warning: “Explicit solution could not be found; implicit solution 
returned.” This result means that the solution in implicit form reads 


y> + 38y — 3C4 + 3cosz = 0. 


> Constructing exact solutions of higher-order ODEs. 
One can construct exact solutions of higher-order ordinary differential equations by apply- 
ing the predefined function dsolve. 


Example 21.9. Higher-order linear homogeneous ODEs with constant coefficients. 
For the fourth-order linear homogeneous ODE with constant coefficients 


vr 


ye” + ary,’ + aryy + agy’ + aay = 0, 


where the constant coefficients are a; = 1, ag = —1, a3 = 5, and ag = —2 and all solutions are of 
exponential form, we can determine the general solution (Sol 1) 


7 7 
y(x) = C3e"/? cos(“2c) pC4er/* sin(2) aGhewe De ace Ware 
as follows: 
clear all; close all; echo on; format long; 


syms x y(x); ODE1='D4y+tD3y—-D2y+5*Dy-2«y==0'; 
Soll=dsolve(ODE1,'x"'); pretty(Soll) 


Example 21.10. Higher-order linear homogeneous ODEs with nonconstant coefficients. 
For the fourth-order linear homogeneous ODE with nonconstant coefficients, the Euler equation 
aya ye” + aga yl” + aga? y” + ary’ + asy = 0, 
where a; = 1, ag = 14, a3 = 55, aq = 65, and as = 16, we can determine the general solution 
(Soll) 
C3ln(xz)?_ C4in(x)?_ = C5ln(x) . C6 
Se 


y(x) 5 


2 x x2 2 


as follows: 
clear all; close all; echo on; format long; syms x y(x); 


ODE1=!x*4*D4y+14«*x* 3*D3yt+55*x*2*D2y+65*x*xDyt16*y==0'; 
Soll=dsolve(ODE1,'x"'); pretty(Soll) 


The general solution y = y(x) of a nonhomogeneous linear ODE can be written as 
the sum of a particular solution y,(x) of the nonhomogeneous equation and the general 
solution of the corresponding homogeneous equation. The general solution of the homo- 
geneous equation is a linear combination of the solutions in a fundamental set of solutions. 
The general solution of the nth-order nonhomogeneous linear ODE has the form 


y = yp(x) + S- Ciyi(a), (21.2.1.2) 
i=1 


where y;(x) (¢ = 1,...,n) is a fundamental set of solutions and C; are arbitrary constants. 
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Example 21.11. Higher-order linear nonhomogeneous ODEs with constant coefficients. 
Consider the fourth-order linear nonhomogeneous ODE with constant coefficients 


Yr + a1yy + aay + asy’ + aay = sin(z), 

where the constant coefficients are aj = 1, ag = —l,a3 = 5, a4 = —2. 
First, we determine the general solution of the homogeneous ODE (SolGenHom). Then we 
write out a particular solution of the nonhomogeneous equation (SolPartNonHom) and form 
the general solution of the nonhomogeneous ODE (So 1GenNonHom) according to Eq.(21.2.1.2), 


7 4 1 
y(x) = C3e"/? cos( 2) pode sin(“2) GChee* U6 aS cos(x), 
2 2 4 
as follows: 


clear all; close all; echo on; format long; syms x y(x); 
ODE1='D4y+D3y—-D2y+5*Dy-2*«y==0'; 
ODE2='D4y+D3y-D2y+5*Dy-2«y==sin (x) '; 

SolGenHom=dsolve (ODE1,'x'); pretty (SolGenHom) 
SolPartNonHom=—cos (x) /4; 
SolGenNonHom=SolGenHom+SolPartNonHom,; pretty (SolGenNonHom) 


Finally, we find the general solution of the given ODE and compare the solution SolGenNonHom 
(as a result of our construction procedure) to the solution SolGenNonHoml (as a result of 
dsolve). It should be noted that these solutions (SolGenNonHomand SolGenNonHoml! ) 
are the same: 


SolGenNonHoml=simplify (dsolve (ODE2,'x')); pretty (SolGenNonHom1) 


21.2.2 Analytical Solutions of Mathematical Problems 
> Initial value problems. 


In many applications, it is required to solve an initial value problem or a Cauchy problem, 
i.e., a problem consisting of a differential equation supplemented with one or more initial 
conditions (which must be satisfied by the solutions). The number of conditions equals the 
order of the equation. Therefore, we have to determine a particular solution that satisfies 
the given initial conditions. 

Consider some initial value problems that model various processes and phenomena [see 
Lin and Segel (1998)]. 


Example 21.12. Malthus model. Cauchy problem. Analytical and graphical solutions. 
A basic model for population growth consists of a first-order linear ODE and an initial condition 
and has the form 
y=ky, y(0)=yo (k>0), 


where &; (k > 0) is a constant representing the rate of growth (the difference between the birth rate 
and the death rate). The increase in the population is proportional to the total number of people. 
We can obtain the particular solution 


y(t) = yor 


of this mathematical problem, which predicts exponential growth of the population, as follows: 
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clear all; close all; echo on; format long; syms k t y(t); 
ODE1='Dy==k«y'; IC1='y(0)==y0'; 

Soll=dsolve (ODE1,IC1,'t') 
Testl=simplify (diff (Sol1,t)-kxSoll1) 


Example 21.13. First-order linear ODE with nonconstant coefficients. Cauchy problem. 
For the first-order linear ODE with nonconstant coefficients and with the initial condition 


y,, — 2y = 32, y(0) =n, (21.2.2.1) 


we can determine the particular analytical solution (Sol 1) 


no) e-$ ere 


and construct it for various values of the parameter n as follows: 


clear all; close all; echo on; format long; syms n x y(x); 
N=7; ODE1L='"Dy-2x«y==3*x'; ICl='y(0)==n'; 
Soll=dsolve(ODE1,IC1,'x") 
for i=1:N n=—-3+(i-1); Sols(i)=subs(Soll); end 
Sols 
for i=1:N h=ezplot (eval (vectorize(Sols(i))),[0,2.5]); hold on; 
set (hy, color’, [0° 0 O)])3 
end grid on; xlabel('x'); ylabel('y'); title('Analytical solutions 
of Cauchy problem'); set(gca,'FontSize',12); 
set (gca, 'FontName', 'Arial'); set(gca,'LineWidth',1); shg; hold off 


> Boundary value problems. 


Consider the two-point linear boundary value problems that consist of the second-order 
ODE 
F(2,Y; Yes You) = 0 

and boundary conditions at the two endpoints of an interval [a,b] [e.g., see Bailey et al. 
(1968)]. Some (simple) boundary value problems can be solved (with the aid of MATLAB) 
analytically as initial value problems except that the value of the function and its derivatives 
are given at two values of x (the independent variable) rather than one. Note that an initial 
value problem has a unique solution, while a boundary value problem may have more than 
one solution or no solution at all. 

Boundary conditions can be homogeneous (if the prescribed values are zero) and non- 
homogeneous (otherwise) and can be divided into three classes, the Dirichlet conditions, 
the Neumann boundary conditions, and the Robin boundary conditions. 

Example 21.14. Second-order linear homogeneous ODE. Boundary value problem. 


For the second-order linear homogeneous ODE with constant coefficients and with the boundary 
conditions (the nonhomogeneous Dirichlet conditions) 


Yro tay=0, yla)=q, y(b) = 92, (21.2.2.2) 


where a, = 2,a = 0,b=7, gi = 1, and gz = 0, we can determine the particular analytical solution 
(Soll) 


ese cos(/27) sin(V/22) 
sin(V2r) 


and construct the graphical solution as follows: 


+ cos(V22) 
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clear all; close all; echo on; format long; syms x y(x); 
ODE1='"D2yt2«y==0'; BCl='y(0)==1,y (pi) ==0'; 
Soll=dsolve (ODE1,BC1,'x') hl=ezplot (Soll, [0,pi]) set(hl,'color', [0 
O 0]); grid on; xlabel('x'); ylabel('y'); title({'Analytical 
solution of boundary value problem.',... 

"Dirichlet boundary conditions.'}); 
set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 
set (gca, 'LineWidth',1); shg; 


Modifying the boundary conditions (the nonhomogeneous Neumann conditions), we obtain the 
following: 
Yro tay=0, Yr(a)=g1, Yp(b) = ge, (21.2.2.3) 


where a, = 2,a = 0,b=7, g; = 1, and gz = 0, and the particular analytical solution (So12) 


1 V2 cos(V2r) cos(V22) 
2 sin(V2r) 


1 
y(x“) = 5 V2sin(V22) + 
can be constructed as follows: 


clear all; close all; echo on; format long; syms x y(x); 
ODE2='D2y+2x«y==0'; BC2='Dy (0) ==1,Dy (pi) ==0'; 
Sol2=dsolve (ODE2,BC2,'x') h2=ezplot (Sol2,[0,pi]) set (h2,'color', [0 
0 0]); grid on; xlabel('x'); ylabel('y'); title({'Analytical 
solution of boundary value problem.',... 

"Neumann boundary conditions.'}); 
set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 
set (gca, 'LineWidth',1); shg; 


For solving more complicated boundary value problems, we can follow the numerical 
approach (see Section 21.3.3). 
21.2.3. Analytical Solutions of Systems of ODEs 


One can find analytical solutions of a given ODE system by applying the predefined func- 
tion dsolve: 


Y=dsolve (ODESys) Y=dsolve (ODESys, ICs, ops, val) 
[yl,...,yN]=dsolve (ODESys) [yl,...,yN]=dsolve (ODESys, ICs) 


[yl,...,yN]=dsolve (ODESys, 1ICs,ops,val) 


e Y=dsolve (ODESys), solving a system of ODEs with the result being a structure 
array that contains the solutions 

e Y=dsolve (ODESys, ICs, ops, val), solving a system of ODEs with initial (or 
boundary) conditions and additional options (specified by one or more pair argu- 
ments ops, val) 

e [yl,...,yN]=dsolve (ODESys), solving a system of ODEs and assigning the 
solutions to the variables y1, ...,yN 

e [yl,...,yN]=dsolve (ODESys, ICs, ops, val), solving a system of ODEs 
with initial (or boundary) conditions and additional options (specified by one or more 
pair arguments ops, val) 
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0 Solutions to the first-order liner system of ODEs 


i 

L u(x) H 

700+ |—... aa i 
I 


Figure 21.3: Exact solutions of the first-order linear system of ODEs (21.2.3.1). 


> Linear systems of ODEs. 


For first-order linear systems of ODEs, one can find the general solution and the particular 
solution for any initial condition (with the aid of the predefined function dsolve). For 
higher-order linear ODEs or systems of ODEs, one can convert them to a system of first- 
order ODEs and then solve them. 


Example 21.15. First-order two-dimensional linear system of ODEs. Analytical solution. 
Consider the general first-order two-dimensional linear system of ODEs with constant coeffi- 
cients 


u,, =agtayutagu, vi, =bo + byut bev, (21.2.3.1) 


where u(x) and v(a) are unknown functions and the coefficients are ag = 1, a; = 1, ag = —1, 
bo = 1, by = 1, and bo =, 
By applying the predefined function dsolve, we find the general solution 


u(x) = —1+e” (C2 cos(x) + C3 sin(z)) , 
vu (a) = —e* (C3 cos(a#) — C2 sin(x)) 


of this linear system; then we verify and plot it for certain values of the parameters C'2 and C3 (see 
Fig. 21.3) as follows: 


clear all; close all; echo on; format long; syms x u(x) v(x); 
ODE1='Du==1+tu-v', ODE2='Dv==l1+tutv' [uS,vS]=dsolve (ODE1,ODE2,'x"') 
Testl=simplify (diff (uS, x) -1-uS+vS) 

Test2=simplify (diff (vS,x)-1l-uS-vS) C2=1; C3=-1; uSP=subs(uS), 
vSP=subs(vS) x=linspace(0,6.5,50); ux=eval (vectorize(uSP) ); 


vx=eval (vectorize(vSP)); plot (x,ux, 'k-',x,vx, 'k-.', 'LineWidth',2) 
grid on; xlabel('x'); ylabel('u,v'); title('Solutions of the 
first-order linear system of ODEs') legend('u(x)','v(x)'); 


set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 
set (gca, 'LineWidth',1); shg 
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Example 21.16. First-order two-dimensional linear system of ODEs. Cauchy problem. 
Consider the following first-order two-dimensional linear system of ODEs with initial condi- 
tions: 
u,, =agtayutagv, vi, = bo + but bev, 


(21:2.3.9) 
u(xo) = Uo, v(Lo) = vo, 

where u(a) and v(x) are unknown functions and the coefficients are aj = —1, a; = 1, ag = —1, 

bo = 1, b} = —1, and bg = 1. Fora first-order two-dimensional system in u(x) and v(x), each initial 


condition can be specified in the form IC= {u(xo) = uo, v(%o0) = vo} (e.g., u(O) = 0, v(0) = 1). 
One solution curve is generated for each initial condition. The solution of the initial value problem 
(IVP 1) can be found as follows: 


clear all; close all; echo on; format long; syms x u(x) v(x) 
ODE1='Du==-1+u-v', ODE2='Dv==1-ut+v' [uS,vS]=dsolve (ODE1,ODE2,'x') 
Testl=simplify (diff (uS, x) -1-uS+vS) 
Test2=simplify (diff (vS,x)-1l-uS-vS) IC='u(0) 0,v(0) LNs 
uC, vC]=dsolve (ODE1,ODE2,IC,'x') simplify(uC), simplify (vC) 
x=linspace(0,6.5,50); ux=eval (vectorize (uC) ); 


vx=eval (vectorize(vC)); plot (x,ux, 'k-',x,vx,'k-.', 'LineWidth', 2) 
grid on; xlabel('x'); ylabel('u,v'); title('Exact solutions of the 
Cauchy problem for ODE system') legend('u(x)', 'v(x)'); 


set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 
set (gca, 'LineWidth',1); shg 


©) Literature for Section .2: G. M. Murphy (1960), P. B. Bailey, L. F. Shampine, and P. E. Waltman (1968), 
C. C.Lin and L. A. Segel (1998), D. Zwillinger (1997), A. D. Polyanin and A. V. Manzhirov (2007). 
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Since 2000, MATLAB has become one of the most important problem-solving environ- 
ments (PSEs) for scientists, professors, and students. 

The first implementation of numerical methods for solving ODEs, RKF'45 [see Shamp- 
ine and Watts (1977, 1979)], was a FORTRAN program (based on the explicit Runge— 
Kutta formulas F'(4,5) of Fehlberg), which is widely used in general scientific computation 
(GSC). It is the foundation of the predefined functions for solving initial value problems 
rk £45 (in Maple), NDSolve (in Mathematica), and ode45 (in MATLAB). 

MATLAB ODE Suite was then developed [Shampine & Reichelt (1997)] with further 
evolutions [Shampine et al. (1999), Kierzenka & Shampine (2001), Shampine & Thompson 
(2001)]. MATLAB ODE Suite (replacing ode45 since Ver. 5) is different in many aspects; 
e.g., it is based on the explicit Runge-Kutta (4,5) formulas, the Dormand-Prince pair. 

Frequently, it is not possible to solve nonlinear (or complicated) systems of ODEs aris- 
ing in realistic problems by applying analytical solution methods. In this section, we con- 
sider various numerical approximation methods for initial value problems, boundary value 
problems, and eigenvalue problems for ordinary differential equations. 


21.3.1. Numerical Solutions via Predefined Functions 


MATLAB has several predefined functions for finding numerical solutions of a given ODE 
problem. These predefined functions are very effective, and they have a common syntax 
(i.e., it is easy to use them). 
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> Numerical methods embedded in MATLAB for initial value problems. 


Let us refer to numerical methods embedded in MATLAB or predefined functions for solv- 
ing some type of problems as solvers. 

The syntax, common to all solvers (predefined functions for solving initial value prob- 
lems), is as follows: 


[outputs] =SolverName (inputs) 
[IndVar, DepVar]=SolverName (ODEfun, InInteg, ICs, ops) 


e ODEfun, a given function containing the derivatives (specified as a scalar or vector 
function) 

ICs, initial conditions (specified as a scalar or vector) 

InInteg, the interval of integration (specified as a vector) 

ops, option structure (specified as a structure array) 

IndVar, evaluation points (specified as a column vector) 

DepVar, numerical solution (specified as an array) 

SolverName, one of the numerical methods embedded in MATLAB 


The solvers for initial value problems implement a variety of methods. All the solvers 
for initial value problems of MATLAB require first-order ODEs or systems of first-order 
ODEs. More detailed information about numerical methods for initial value problems is 
presented in Table 21.1 (for variable-step solvers embedded in MATLAB) and in Table 21.2 
(for fixed-step solvers available in Simulink or on the internet). 

Remark 21.4. The following abbreviations in Tables 21.1—21.3 are adopted: IVP, initial value 
problem; BVP, boundary value problem; BDF’, backward-differentiation formula; IVP—DAE, ini- 


tial value problem for differential-algebraic equations; IVP—DDE, initial value problem for delay 
differential equations. 


Fixed-step numerical methods for solving initial value problems are available in Simu- 
link (for modeling and generating code for real-time systems) or on the internet. 


Example 21.17. Cauchy problem with several initial conditions. 
For the Cauchy problem (with several initial conditions) 


ye=yte?, — {y(0)=0, y(0) =05, (0) =1} (21.3.1.1) 


on the interval [a, b] (a = 0, b = 2), we find the numerical and graphical solutions (see Fig. 21.4) as 
follows: 


clear all; close all; echo on; format long; InInteg=[0 2]; y01=0; 
yO2=0.5; yO3=1; [x,yl]=ode45(@(x,y) ytx*2,InInteg,y01); 
[x, y2]=ode45(@(x,y) y+x*2,InInteg,y02); [x,y3]=ode45 (@ (x,y) 
y+x*2,InInteg, y03); 
plot (x,yl,'k-o',x,y2,'k-.',x,y3,'k-—', 'LineWidth',1) grid on; 
xlabel('x'); ylabel('y'); title({'Numerical solutions of Cauchy 
problem.',... 

"Several initial conditions.'}); 
legend('IC1=0', 'IC2=0.5', 'IC3=1') 
set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 
set (gca, 'LineWidth',1); shg 
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Table 21.1. 
Variable-step numerical methods for initial value problems embedded in MATLAB 
with brief description and some references 


Numerical method Brief description 
Explicit one-step Runge-Kutta (4, 5) formula, Enright et al. (1986) 
the Dormand-Prince pair. Variable step. Fehlberg (1970) 
ode45 Method for nonstiff IVP. Order of accuracy: medium (4-5). Shaninine aid Conless (2000) 
Apply as a “first step” for most problems. P " 
Explicit one-step Runge-Kutta (2, 3) formula, Enright et al. (1986) 
ode23 the Bogacki-Shampine pair. Variable step. Cash and Karp (1990) 
Method for nonstiff IVP. Order of accuracy: low (2-3). Forsythe et al. (1977) 
Multistep Adams—Bashforth-Moulton method. Hairer and Wanner (1996) 
ode113 Variable step. Method for nonstiff IVP. Shampine and Corless (2000) 
Order of accuracy: low to high (1-13). Forsythe et al. (1977) 
Implicit multistep BDF formulas (the Gear method). Enright (1989) 
Method for stiff IVP (and IVP-DAEs). Variable step. Verner (1978) 
odel5s Order of accuracy: low to medium (1-5). Forsythe et al. (1977) 
Apply if ode45 fails (or inefficient). sy ; 
Implicit one-step method. ee sn ae 
ode23s The modified Rosenbrock formula. Forsyt a etal. (1977) 
Method for stiff IVP. Order of accuracy: low (2). Shampine and Corless (2000) 
Implicit one-step method. Method for stiff IVP. 
The trapezoidal rule using a “free” interpolant. Hosea and Shampine (1996) 
ode23t Order of accuracy: low (2). Siow ine et. al (1999) 
IVP-DAEs can be solved with ode23t. P : 
Implicit Runge-Kutta formula with 2 stages (TR-BDF2). Barton et al. (1971) 
The first stage: trapezoidal rule (TR), Forsythe et al. (1977) 
ode23tb the second stage: BDF of order 2 (BDF2). Shampine and Corless (2000) 
Method for moderately stiff IVP. Order of accuracy: low (2). 
Order: variable (1-5). Boyce and DiPrima (2004) 
for fully implicit problems f(x, y, y/,) = 0, Conte and de Boor (1980) 
ode15i for IVP-DAE of index 1. Fox and Mayers (1987) 
Order of accuracy: low. 


> Numerical methods embedded in MATLAB for boundary value problems. 


One can obtain a solution of a given boundary value problem of the form 


y, =f(r,y), 9(a,b,y(a),y(b)) =0, or 
y, =f(a,y,r), g(a,b, y(a), y(b),p) = 0, 


where p is the vector of unknown parameters and f is a continuous function on [a, b] and a 
Lipschitz function in y and has a continuous first derivative there. 

In MATLAB, there exist two predefined functions for solving boundary value problems, 
bvp4c and bvp5c. These solvers have been developed by Kierzenka and Shampine [see 
Kierzenka and Shampine (2001)] and require first-order ODEs or systems of first-order 
ODEs. 

The solvers bvp4c and bvp4c can solve boundary value problems with unknown 
parameters, multi-point boundary value problems, and a class of singular boundary value 
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Table 21.2. 
Fixed-step numerical methods for initial value problems 
with brief description and some references 


Numerical method Brief description 


Explicit one-step Euler’s method, Euler1. 
Method for nonstiff IVP. Order of accuracy: 1. 
Fixed-step method. 


Explicit one-step Heun’s method, Euler2. 
Method for nonstiff IVP. Order of accuracy: 2. 
Fixed-step method. 


Explicit one-step Bogacki-Shampine formula, RK3. 
Method for nonstiff IVP. Order of accuracy: 3. 
Fixed-step method. 


Explicit fourth-order Runge-Kutta formula, RK4. 
Method for nonstiff IVP. Order of accuracy: 4. 
Fixed-step method. 


Explicit one-step Dormand—Prince formula, RKS. 
Method for nonstiff IVP. Order of accuracy: 5. 
Fixed-step method. 


Explicit one-step Dormand-Prince formula, RK8(7). 
Method for nonstiff IVP. Order of accuracy: 8. 
Fixed-step method. 


Implicit one-step Newton’s method with extrapolation. 


Method for stiff IVP. Order of accuracy: variable. 
Fixed-step method. 
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Enright et al. (1986) 
Fehlberg (1970) 
Shampine and Corless (2000) 


Enright et al. (1986) 
Cash and Karp (1990) 
Forsythe et al. (1977) 


Hairer and Wanner (1996) 
Shampine and Corless (2000) 
Forsythe et al. (1977) 


Enright (1989) 
Verner (1978) 
Forsythe et al. (1977) 


Hindmarsh (1983) 
Forsythe et al. (1977) 
Shampine and Corless (2000) 


Hosea and Shampine (1996) 
Shampine et. al (1999) 


Lubich (1989) 
Deuflhrd et al. (1987) 
Hairer and Wanner (1996) 


Numerical solutions to IVP with several ICs 


Figure 21.4: Numerical solutions of the initial value problem (21.3.1.1) with several initial 
conditions (IC1, IC2, IC3). 


problems. The difference between the solvers bvp4c and bvp5c is in the meaning of 
error tolerances. The function bvp5c controls the true error |y(x) — Y(x)|* directly, and 
the function bvp4c controls the true error indirectly; i.e., it controls the discrepancy |Y/ — 


f(x, Y(x))]. 


*Y (a) is an approximate solution. 
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Table 21.3. 
Numerical methods for boundary value problems embedded in MATLAB 
with brief description and some references 


Numerical method Brief description 


Implicit three-stage Lobatto IIIa formula. Order of accuracy: 4. Enright et al. (1986) 
Mesh selection, error control are based on the discrepancy. Fehlberg (1970) 


Collocation polynomials provide C+[a, b]-continuous solutions. Shampine and Corless (2000) 


Implicit four-stage Lobatto Ia formula. Order of accuracy: 5. Enright et al. (1986) 
Mesh selection, error control are based on the discrepancy. Cash and Karp (1990) 
Collocation polynomials provide C™[a, b]-continuous solutions. Forsythe et al. (1977) 


More detailed information about numerical methods for boundary value problems em- 
bedded in MATLAB is presented in Table 21.3. 

The syntax, common to these predefined functions for solving boundary value prob- 
lems, is as follows: 


l=SolverName (ODEfun, BCfun, SolIG, ops) 


1IG=bvpinit (x, yIG, params) yk=deval (Sol, xk) 


e ODEfun is a given function f(x,y, p) (specified as a scalar or vector function); it 
can include unknown parameters p (specified as a scalar or a vector). 


e BCfunisa function that computes the discrepancy in the boundary conditions (BCs). 
For example, for two-point boundary conditions of the form g(y(a), y(b),p) = 0, 
BCfun can have the form Res=BCfun (ya, yb, params), where ya and yb are 
column vectors corresponding to y(a) and y(b) and Res is a column vector. 


e IGis a structure containing the initial guess for the numerical solution, where IG. x 
are ordered nodes of the initial mesh, IG. y is the initial guess for the solution, and 
IG.parameters is a vector for specifying the initial guess for unknown parame- 
ters. The boundary conditions are a=IG.x (1) and b=IG.x (end). A guess for 
the solution at the node IG.x(i) is IG.y(:,1i). It can be formed by using the 
function bvpinit (for specifying the boundary points). 


e ops is the option structure (specified as a structure array); it can be formed by using 
the function bvpset. 


e Sol is the numerical solution structure, where Sol .x is a mesh (selected by the 
solver), Sol.y is an approximation to y(a) at the mesh points, Sol. yp is an ap- 
proximation to y/, at the mesh points, and Sol.parameters are the resulting val- 
ues for the unknown parameters. 


e deval evaluates the solution at specific points xk on the interval [a, 6). 


e SolverName is one of the numerical methods for solving boundary value problems. 
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Exact solutions to first-order linear IVP 


Figure 21.5: Several exact solutions of equation (21.3.2.1). 


21.3.2 Initial Value Problems: Examples of Numerical Solutions 


Consider some examples of initial value problems. 


> Linear initial value problems. 


Example 21.18. First-order linear Cauchy problem. Analytical, numerical, graphical solutions. 
For the first-order linear initial value problem 


¥, = —ycos(xz), y(0)=1 (21.3.2.1) 


on the interval [a,b] (a = 0, b = 4m), we find infinitely many solutions (Sols) of the ordinary 
differential equation and plot some of them (see Fig. 21.5). Then we obtain the unique exact solution 
(So11) and an approximate numerical solution (with ode23 solver) of the Cauchy problem and 
plot them (see the first graph in Fig. 21.6) as follows: 


clear all; close all; echo on; format long; 

syms x y(xX) Zz; Z=[]; ODE1='Dy==-y*cos(x)'; ICl='y(0)==1'; 

Sols=dsolve (ODE1,'x') 

for i=-4xpi:4*pi C3=i; Z=[Z;subs(Sols)]; end 

figure(1); K=21; for i=1:K h=ezplot(Z(i), [-4*pi,4*pi,-40,40]); hold on; 
set (h, 'color', [0 0 0]); end 

grid on; xlabel('x'); ylabel('y'); title('Exact solutions of 

first-order linear initial value problem'); 

Soll=dsolve(ODE1,IC1,'x') figure(2); ezplot (Soll, [0,4*pi]) 

title('Exact solution of linear initial value problem'); N=46; 

x=linspace(0,4*pi,N); Y=eval(vectorize(Soll)); InInteg=[0 4*pi]; 

yO=l1; [x,y]=ode23(@(x,y) -y*xcos(x),InInteg,y0); figure(3); 

plot (x, Y,'k-',x,y,'k-o'); grid on; xlabel('x'); ylabel('y'); 

title('Exact and numerical solutions of Cauchy problem"); 

legend('Exact', 'Numerical'); set(gca,'FontSize',12); 

set (gca,'FontName', 'Arial'); set(gca,'LineWidth',1); shg 


Remark 21.5. Here the MATLAB notation ’k—’ and ’k-o’ (for the predefined function 
plot) denotes the line styles of the two solutions, the solid line (—) of black color (k) for the 
exact solution, and the line with marker type (—o) of black color (k) for the numerical solution. 
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7 Exact and numerical solutions to Cauchy problem 3 New Partition. Exact and numerical solutions 


Exact 


Exact 
—e— Numerical —e— Numerical 


Figure 21.6: New partition. Exact and numerical solutions of the Cauchy prob- 
lem (21.3.2.1). 


Each numerical solver has a certain partition of the interval [a,b], and we obtain a value of 
y at each point in this partition. For this problem, we choose the solver ode23, the interval of 
integration is [0, 47], and the number of points for this solver is N = 46. To plot the numerical and 
analytical solutions, we have to use the same number of points. 

If we would like to increase the accuracy of our approximate solution (see the second graph in 
Fig. 21.6), we can specify the partition of values, e.g., N = 50, as follows: 


N=50; x=linspace(0,4*pi,N); Y=eval (vectorize(Soll)); 

InInteg=0: (4/49«pi) : (4*pi); yO=1; 

[x, y]=ode23 (@(x,y) -y*xcos(x),InInteg, yO); 

figure(4); plot(x,Y,'k-',x,y,'k-o'); grid on; xlabel('x'); ylabel('y'); 
title('New Partition. Exact and numerical solutions'); 

legend('Exact', 'Numerical'); set(gca, 'FontSize',12); 

set (gca, 'FontName', 'Arial'); set(gca,'LineWidth',1); shg 


> Nonlinear initial value problems. 


Example 21.19. First-order nonlinear Cauchy problem. Numerical and graphical solutions. 
For the nonlinear initial value problem 


y, =—e™ cos(x*), (0) =p 


on the interval [a, b] (a = 0, b = 47), we find the numerical and graphical solutions of the problem 
for various initial conditions y(0) = p, where p = 0.17 ( = 1, 2,..., 5), as follows: 


clear all; close all; echo on; format long; 

ICs=[0.1:0.1:0.5]; InInteg=[0 4*pi]; 

for n=1:5 [x,Y]=ode45(@(x,y) -exp(y*x) *cos(x*2),InInteg, ICs); end 

for i=1:5 

h=plot (x,Y(:,1i),'k-'); hold on; set(h,'color',[0 0 0]j); 

end grid on; xlabel('x'); ylabel('y'); title('Numerical solutions 

of nonlinear Cauchy problem'); set(gca,'FontSize',12); 

set (gca, 'FontName','Arial'); set(gca,'LineWidth',1); shg; hold off 
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q=1; IC=[0.2, 0.4, 0.6, 0.8, 1.0, 1.2]; xy=1; q=1; IC=[-0.2, -0.4, -0.6, -0.8, -1.0, -1.2]; xy=+1 


Figure 21.7: Numerical solutions of the Cauchy problem (21.3.2.2) for gq = 1, p > 0 (left) 
and p < 0 (right). 


Example 21.20. First-order nonlinear Cauchy problem. Numerical and graphical solutions. 
Consider the initial value problem for the nonlinear differential equation 


Ye =1—V1—qzr7y?, yy (0) =p, (21;3.2.2) 


where p € Rand q > 0. 

The existence domain for the solutions of this differential equation with g > 0 is given by the 
inequality x?y? < 1/g. 

The differential equation in the Cauchy problem (21.3.2.2) has the equilibrium point y = 0. 
The solutions of the Cauchy problem for this equation with the initial condition y(0) = p behave 
differently depending on the sign of p. 

If p < 0, then the solutions are infinitely extendible to the right. If p > 0, then the solutions 
approach the boundary of the existence domain at some z (that is, they are not infinitely extendible 
to the right). Therefore, the equilibrium position y = 0 is unstable, because in any neighborhood of 
y = 0 there exist solutions that are not infinitely extendible. 

For g = 1, several numerical solutions of the Cauchy problem (21.3.2.2) for various values of p 
are presented in Fig. 21.7 (left) for p > 0 and in Fig. 21.7 (right) for p < 0. 

For example, for p > 0 we take the values 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, and for p < 0 we take the 
values —0.2, —0.4, —0.6, —0.8, —1.0, —1.2. The solutions are valid for x > O and are presented on 
the interval [a,b], where a = 0 and b = 3 or b = 9. In these figures, we also draw the boundary 
xy = +1 of the existence domain of solutions. 

To generate Fig. 21.7 (left), where g = 1 and p = 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, we can write the 
following program: 


clear all; close all; echo on; format long; 
a=0; b=3; IC=[0.2:0.2:1.2]; InInteg=[a b]; c=0; d=3; Lstyle=['-']J; 
for n=1:6 
[x, Y]=ode45(@(x,y) (1.-sqrt(1.-(1.).*x.°2.«*y.72)),InInteg,IC); 
end 
for i=1:6 
h=plot(x,Y(:,i),Lstyle); hold on; axis([a bc d]); 
set (h,'color', [0 0 0],'linewidth',1); 
z=ezplot('1/x', [a,b]); set(z,'color', [0 0 0],'linewidth', 3); 
hold on; axis([a b c d]); 
end 
grid on; xlabel('x'); ylabel('y'); 
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q=1; IC=[0.2, 0.4, 0.6, 0.8, 1.0, 1.2]; xy=1 


0 o5 1 «415 +2 25 8 
Figure 21.8: Real numerical solutions of the Cauchy problem (21.3.2.2) for gq = 1, p > 0. 


title('q=1; IC=[0.2, 0.4, 0.6, 0.8, 1.0, 1.2]; xy=1;'); 
set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 
set (gca, 'LineWidth',1); shg; hold off 


However, the solutions presented in Fig. 21.7 (left) are wrong, since the real solutions do not exist 
if zy > 1. The correct solutions for this case are presented in Fig. 21.8. There is no possibility of 
simple correction of this situation for all solvers for initial value problems embedded in MATLAB. 
Therefore, we have to write another program for this case, for example, as follows: 


clear all; close all; echo on; format long; 

a=0; b=3; IC=[0.2:0.2:1.2]; c=0; d=3; hold on; 

b1=2.4028792; b2=1.6394157; b3=1.2629138; b4=1.0282819; 
b5=.86598559; b6=.74669500; 

TC1=0.2; IC2=0.4; IC3=0.6; IC4=0.8; IC5=1.0; IC6=1.2; 
InInteg1l=0:0.1:b1; InInteg2=0:0.1:b2; InInteg3=0:0.1:b3; 
InInteg4=0:0.1:b4; noo 1:b5; InInteg6=0:0.1:b6; 

g=@ (x,y) 1.-sqrt(1.-(1.). 2.8 Ve 2) 4 

[x1,Y1l]= cseyeceo steer, ae [x2,Y2]=odel5s (g, InInteg2,1C2); 
[x3,Y3]=odel5s(g,InInteg3,1C3); [x4,Y4]=odel5s(g, InInteg4,I1C4); 
[x5,Y5]=odel5s(g,InInteg5,1C5); [x6, fee =odel5s(g, InInteg6,IC6); 
hl=plot (x1,Y1,'k-'); h2=plot (x2,Y2, a h3=plot (x3,Y3,'k-'); 
h4=plot (x4,Y4,'k-'); h5=plot (x5,Y5,'k-'); h6=plot (x6,Y6,'k-'); 
zl=ezplot('1/x',[a,b]); set(zl, jee ,[O 0 0], 'linewidth',3); 
axis([a b c d]); grid we xlabel('x'); ylabel('y'); 
title('q=1; IC=[0.2, 0.4, 0.6, i. 1.0, 1.2]; xy=1"'); 

set (gca, 'FontSize',12); set(gca,'FontName', 'Arial'); 

set (gca, 'LineWidth',1); shg; hold off 


With the aid of Maple, we have evaluated the values b; (¢ = 1,...,6) to the right of which the 
solution becomes complex (see Chapter 18). 

To generate Fig. 21.7 (right), where g = 1 and p = —0.2, —0.4, —0.6, —0.8, —1.0, —1.2, we can 
write the following program: 


clear all; close all; echo on; format long; 

a=0; b=9; IC=[-2/10 -4/10 -6/10 -8/10, -1, -12/10]; 
InInteg=[a b]; c=-2; d=0.1; 

for n=1:6 
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[x, Y]=ode45(@(x,y) (1l-sqrt (1-(1)*(x.*y).72)),InInteg,IC) ; 
end 
for i=1:6 
h=plot(x,Y(:,i),'-'); hold on; axis([a b c d]); 
set (h,'color', [0 0 0], 'linewidth',1); 
z=ezplot ('-1/x',[a,b]); set(z,'color', [0 0 0],'linewidth',3); 
hold on; axis([a b c d]); 
end 
grid on; xlabel('x'); ylabel('y'); 
title ('q=1; IC=[-0.2, -0.4, -0.6, -0.8, -1.0, -1.2]; xy=-1'); 
set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 
set (gca, 'LineWidth',1); shg; hold off 


21.3.3 Boundary Value Problems: Examples of Numerical Solutions 


Let us numerically solve two-point boundary value problems. A two-point boundary value 
problem includes an ODE (of order > 2) and the values of the solution at two distinct 
points. 

Consider some examples of boundary value problems applying embedded methods and 
constructing step-by-step solutions. 


> Linear boundary value problems. 


Example 21.21. Second-order linear nonhomogeneous ODE with nonconstant coefficients. 
Consider a second-order linear nonhomogeneous ODE with nonconstant coefficients and with 
the boundary conditions 


ye, tay), ty =cos(z), (a) = 0, y(0) = 1, (21.3.3.1) 


where a = 0 and b = 2. Numerical and graphical solutions (solN, figure (1),and figure (2)) 
can be constructed as follows: 
1. We rewrite the boundary value problem (21.3.3.1) as the first-order system 


(¥1) ip = Y2, (yo)! = COST — LY2 — V1, 


where y; = y and y2 = y/,, and define this system in the M-file (ovp1 .m) as follows: 
function dydx=bvpl (x,y); dydx=[y(2); cos(x)-x*y(2)-y(1)]; end 


2. We write the boundary conditions in the M-file (bc1.m) as the residues of the boundary con- 
ditions. For the boundary conditions y(a) = 0 and y(b) = 1, the residues are ya(1) and yb(1). 
The variables ya and yb represent the solution at x = a and x = b respectively. The symbol 1 
in parentheses indicates the first component of the vector (e.g., if we have the boundary condition 
y,,(a) = 1, we have to write ya(2) — 1). 


function res=bcl(ya,yb); res=[ya(1); yb(1)-1]; end 


3. We solve the boundary value problem by specifying an initial guess [y(0), y/,(0)] (where y(0) is 
known and y/.(0) is a guess) for the initial value problem and a grid of x values. Thus, a family of 
initial value problems is solved such that the boundary conditions are satisfied. Finally, we find the 
numerical solution (see Fig. 21.9) of the boundary value problem with the solver bvp4c as follows: 
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Numerical solution to boundary value problem Derivative of the numerical solution 


(0) 0.5 1 1.5. 2 


Figure 21.9: Numerical solution of the boundary value problem (21.3.3.1) and its deriva- 
tive. 


clear all; close all; echo on; format long; 

solInitl=bvpinit (linspace(0,2,5),[0 0]); 

solN=bvp4c (@bvp1,@bcl1l,solInitl); x=linspace(0,2,100); 
y=deval(solN,x); figure(1); plot(x,y(1,:),'k-o'); grid on; 
xlabel('x'); ylabel('y'); title('Numerical solution of boundary 
value problem'); set(gca,'FontSize',12); 

set (gca, 'FontName','Arial'); set(gca,'LineWidth',1); shg; 
figure (2); plot(x,y(2,:),'k.'); grid on; xlabel('x'); ylabel('y'); 
title('Derivative of the numerical solution'); 

set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 

set (gca, 'LineWidth',1); shg; 


Example 21.22. Second-order linear ODE. Boundary value problem. No solution. 
Solving a boundary value problem for the second-order linear homogeneous ODE with constant 
coefficients 
yl +ny =0, y(a)=a, y(b) = 8, (21.3.3.2) 


where a = 0, b = 1, a = 1, and 6 = 1, we can find the general solution. However, the boundary 
conditions cannot be satisfied for any choice of the constants (see Chapter 18). Therefore, there 
exists no solution of this boundary value problem. In MATLAB, this can be observed with the 
following functions (M-files bvp2.mandbc2.m): 


function dydx=bvp2 (x,y); dydx=[y(2); -pi°2*y(1)]; end 
function res=bc2(ya,yb); res=[ya(1)-1; yb(1)-1]; end 


and the main program: 


clear all; close all; echo on; format long; 
solInit2=bvpinit (linspace(0,1,5),[0 0]); 
solN=bvp4c (@bvp2, @bc2,solInit2); x=linspace(0,1,100); 
solN.x, solN.y(1,:), solN.y(2,:) 


Note that the solution is written as a structure whose first component sol . x gives the x values, 
and the second component sol.y of the structure is a matrix, where the first row contains the 
values of y(2:) (at the x grid points) and the second row contains the values of y/,. 

The results solN.y (1, :) tell us that the solution y(x) is wrong (with unexpected behavior): 
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Figure 21.10: Nonuniqueness of numerical solutions of the nonlinear boundary value prob- 
lem (21.3.3.3). 


ans = 1.0e+04 * 

Columns | through 5 

0.000100000000000 0.714160289360580 1.400775911995384 2.588166088502601 
3.381556897420243 

Columns 6 through 10 

3.589840740907997 3.660169584376011 3.589840740907997 3.381556897420243 
2.588 166088502601 

Columns 11 through 13 

1.400775911995384 0.714160289360580 0.000100000000000 


> Nonlinear boundary value problems. 


In addition to the nonlinear boundary value problem 
Yoo =S(2,yYr), y(a)=a, yb) =8, 
consider the initial value problem 


(eI): VWa=e 7,@=—s, 


where x € [a,b]. The real parameter s describes the initial slope of the solution curve. 

Let f(x,y, u) be a continuous function satisfying the Lipschitz condition with respect 
to y and u. Then, by the Picard—Lindelof theorem, for each s there exists a unique solution 
y(x, s) of the above initial value problem. 

To find a solution of the nonlinear boundary value problem, we choose a value of the 
parameter s such that y(b,s) = (3; i.e., we have to solve the nonlinear equation F'(s) = 
y(b, s) — 6 = 0 by applying one of the known numerical methods. 


Example 21.23. Second-order nonlinear ODE. Boundary value problem. Nonuniqueness. 
Solving a boundary value problem for the second-order nonlinear ODE 


Yeo tkly|=0, yla)=a, yb) =8, 21333) 


where a = 0, b = 4, a =0, 8 = —4, and k = 1, we can find two numerical solutions by applying the 
bvp4c solvers twice with distinct guess functions (solInit1,solInit1), where 1G1=0.1 and 
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Figure 21.11: Nonuniqueness of numerical solutions of the nonlinear boundary value prob- 
lem (21.3.3.4). 


IG2= —0.1 are two distinct initial guesses. In MATLAB, this can be observed with the following 
functions (M-files bvp3.m, bc3.m): 


function dydx=bvp3 (x,y); dydx=[y(2); -lxabs(y(1))]; end 
function res=bc3(ya,yb); res=[ya(1); yb(1)+4]; end 


and the main program: 


clear all; close all; echo on; format long; 

a=0; b=4; N=100; IG1=0.1; IG2=—-0.1; 

solInitl=bvpinit (linspace(a,b,N), [0 IG1]); 
solInit2=bvpinit (linspace(a,b,N), [0 IG2]); 
solNl=bvp4c (@bvp3, @bc3, solInitl); 
solN2=bvp4c (@bvp3, @bc3, solInit2) ; 

x=linspace(a,b,N); yl=deval(solNl1,x); y2=deval(solN2,x); 
figure(1); 

plot (x,y1(1,:),'k-.',x,y2(1,:),'k-', 'LineWidth',3); 
grid on; xlabel('x'); ylabel('y'); 
legend('IG1=0.1','IG2=-0.1"'); 

set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 
set (gca, 'LineWidth',1); shg; 


The two numerical solutions of this boundary value problem are presented in Fig. 21.10. 


Example 21.24. Second-order nonlinear ODE. Boundary value problem. Nonuniqueness. 
Solving a boundary value problem for the second-order nonlinear ODE 


yt tkty’?)=0; y(a)=a, y(b)=8, (21.3.3.4) 


where a =0, b=3, a=0, 8 =0, and k = 2, we can find two positive numerical solutions by applying 
the bvp5c solvers twice with distinct guess functions (solInit1 and solInit1), where IG1= 
0.1 and IG2= 1.0 are two distinct initial guesses. In this case, we apply the other MATLAB solver 
(ovp5c), since the solver bvp4c does not approach any reasonable accuracy (e.g., le — 1). Also, 
we include some options (see function odeset), e.g., NonNegative, RelTol,andAbsTol. In 
MATLAB, this can be observed with the following functions (M-files bvp4 .m, bc4.m): 


function dydx=bvp4 (x,y); dydx=[y(2); -2*(1l+y(1).°2)]; end 
function res=bc4(ya,yb); res=[ya(1); yb(1)]; end 
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and the main program: 


clear all; close all; echo on; format long; 

a=0; b=2.2; N=100; IG1=0.1; IG2=1.; 

options=odeset ('NonNegative',1, 'RelTol',1le-1, 'AbsTol',le-1); 
solInitl=bvpinit (linspace(a,b,N), [0 IG1]); 
solInit2=bvpinit (linspace(a,b,N), [0 IG2]); 
solNl=bvp5c (@bvp4, @bc4, solInitl, options) ; 
solN2=bvp5c (@bvp4, @bc4, solInit2,options) ; 
x=linspace(a,b,N); yl=deval(solN1,x); y2=deval(solN2,x); 
figure(1); 

plot (x,y1(1,:),'k-.',x,y2(1,:),'k-', 'LineWidth',3); 

grid on; xlabel('x'); ylabel('y'); 

legend('IG1=0.1', 'IG2=1.0'); 

set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 

set (gca, 'LineWidth',1); shg; 


The two numerical solutions of this boundary value problem are presented in Fig. 21.11. 


21.3.4 Eigenvalue Problems: Examples of Numerical Solutions 


Consider eigenvalue problems, i.e., boundary value problems that include a real parameter. 
Discrete values of the parameter that satisfy the ODE are called eigenvalues of the problem. 
For each eigenvalue 2,,, there exists a nontrivial solution y,,(x) that satisfies the problem, 
and it is called the eigenfunction associated with X,,. The set of real eigenvalues is infinite, 
and the set of eigenfunctions is complete. 

Consider the Sturm—Liouville system or Sturm—Liouville eigenvalue problem, i.e., the 
second-order linear homogeneous differential equation 


(v(x)y,),, + (q(a) + Aw(z))y=0, a<a<b, 
together with the boundary conditions 


Biy(a) + Boy!,(a) =0, B3y(b) + Bay;,(b) = 0. 


If p(x), q(x), and w(a) are continuous functions and if both p(x) and w(x) are positive 
on [a,b], then the Sturm—Liouville eigenvalue problem is called regular. Let us find the 
eigenvalues and eigenfunctions for some regular Sturm—Liouville eigenvalue problems. 


Example 21.25. Sturm—Liouville problem. Homogeneous Dirichlet boundary conditions. 
We solve the Sturm—Liouville eigenvalue problem 


Yor tay=0, y(a)=0, y(b)=0, (21.3.4.1) 


i.e., a homogeneous linear two-point boundary value problem with a parameter \ and with the 
homogeneous Dirichlet boundary conditions,* where a < «<b, a=0, b=7, p(x) =1, w(x) =1, and 
q(x) = 0, by applying the predefined function bvp4c. In MATLAB, this eigenvalue problem can be 
solved, e.g., for the first two eigenvalues and the corresponding eigenfunctions with the following 
functions (M-files evp1.m, evplbcl.m, evplGuess1, evplbc2.m, and evp1Guess2): 


“These boundary conditions are called separated conditions, for which there exist a complete set of orthog- 
onal eigenfunctions. 
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function dydx=evpl1(x,y,lambda); dydx=[y erent a )]; end 
function res=evplbcl (ya, yb, lambda); res=[ya(1l);yb(1);yb(2)+1]; end 
function res=evplbc2 (ya, yb, lambda); res=[ya(1);yb(1);yb(2)-1]; end 
function v=evplGuess1 (x); v=[sin(x);cos(x)]; end 

function v=evplGuess2 (x); v=[cos(x);sin(x)]; end 


and the main program: 


clear all; close all; echo on; format long; 

a=0; b=pi; N=10; lambda=0.5; 

solInitl=bvpinit (linspace(a,b,N),@evplGuess1, lambda) ; 
solInit2=bvpinit (linspace(a,b,N),@evplGuess2, lambda) ; 
solNl=bvp4c (@evpl1, @evplbcl,solInitl); 
solN2=bvp4c (@evpl1, @evplbc2,solInit2) ; 

fprintf('The first eigenvalue = %15.6f.\n',solNl.parameters) 
fprintf('The second eigenvalue = %15.6f.\n',solN2.parameters) 
x=linspace(a,b); yl=deval(solNl,x); y2=deval(solN2,x); 
figure(1); plot(x,yl(1,:),'k-', 'LineWidth',3); 

axis([0 pi 0 1]); grid on; xlabel('x'); ylabel('y'); 
figure(2); plot(x,y2(1,:),'k-', 'LineWidth',3); 

axis([0 pi -0.6 0.6]); grid on; xlabel('x'); ylabel('y'); 
set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 

set (gca, 'LineWidth',1); shg; 


Note that the predefined function bvp4c makes it easy to solve Sturm—Liouville problems in- 
volving unknown parameters. If there are unknown parameters, we have to include estimates for 
them (as the third argument of bvpinit). Also, we have to include the vector of unknown pa- 
rameters (as the third argument of the functions for evaluating the ODEs and the discrepancy in the 
boundary conditions). If there are unknown parameters, then the solution structure (in our problem, 
so1N1, so1N2) has the parameters field, which contains the vector of parameters computed by 
the solver bvp4c. 

When solving boundary value problems with bvp4c, we have to provide a guess for the solu- 
tion. The guess is included in bvp4c as a structure formed by the function bvpinit. The first 
argument of bvpinit is a guess for the mesh. In our problem, we try 10 equally spaced points in 
[0, 7]. The second argument is a guess for the solution on the specified mesh. In our problem, the 
solution has two components, y(x) and y/,, and we try a function guess, e.g., [sin(x), cos(a)]. We 
guess that \ is about 0.5. 

As a result, we have the first eigenvalue 41 ~ 1.000028 and the second eigenvalue 2 ~ 
4.000130. 

The first two eigenfunctions of this Sturm—Liouville problem are presented in Fig. 21.12. 


Example 21.26. Sturm—Liouville problem. Homogeneous Neumann boundary conditions. 
We solve the Sturm—Liouville eigenvalue problem 


Yer taAy=0, y,(a)=0, y,(b) =0, (21.3.4.2) 


i.e., a homogeneous linear two-point boundary value problem with the parameter and with the 
homogeneous Neumann boundary conditions, where a < « < b,a =0,b=7, p(x) = 1, w(x) = 1, 
and q(x) = 0, by applying the predefined function bvp4c. In MATLAB, this eigenvalue problem 
can be solved, e.g., for the second and third eigenvalues and the corresponding eigenfunctions, 
with the following functions (M-files evp2.m, evp2bcl.m, evp2Guess1, evp2bc2.m, and 
evp2Guess2): 
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Figure 21.12: The first two eigenfunctions of the Sturm—Liouville problem (21.3.4.1). 


function dydx=evp2 (x,y,lambda); dydx=[y (2); oo 1)J; end 
function res=evp2bcl (ya, yb, lambda); res=[ya(2);yb(2);yb(1)+1]; end 
function res=evp2bc2 (ya, yb, lambda); res=[ya(2);yb(2);yb(1)-1]; end 
function v=evp2Guess1 (x); v=[cos(x);sin(x)]; end 

function v=evp2Guess2 (x); v=[sin(x);cos(x)]; end 


and the main program: 


clear all; close all; echo on; format long; 

a=0; b=pi; N=10; lambdal=0.5; lambda2=3.5; 

solInitl=bvpinit (linspace(a,b,N),@evp2Guess1,lambdal) ; 
solInit2=bvpinit (linspace(a,b,N),@evp2Guess2, lambda2) ; 
solNl=bvp4c (@evp2, @evp2bcl1, solInitl); 
solN2=bvp4c (@evp2, @evp2bc2, solInit2) ; 

fprintf('The second eigenvalue = %15.6f.\n',solNl.parameters) 
fprintf('The third eigenvalue = %15.6f.\n',solN2.parameters) 
x=linspace(a,b); yl=deval(solNl,x); y2=deval(solN2,x); 
figure(1); plot(x,yl(1,:),'k-', 'LineWidth',3); 

axis([0 pi -1 1]); grid on; xlabel('x'); ylabel('y'); 
figure(2); plot(x,y2(1,:),'k-', 'LineWidth',3); 

axis([0 pi -1 1]); grid on; xlabel('x'); ylabel('y'); 

set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 

set (gca, 'LineWidth',1); shg; 


As a result, we have the second eigenvalue Ag ~ 1.000028 and the third eigenvalue A3 


4.000130. The second and third eigenfunctions of this Sturm—Liouville problem are presented in 


Fig. 21.13. 


© Literature for Section .3: E. Fehlberg (1970) D. Barton, I. M. Willer, and R. V. M. Zahar (1971) G. E. For- 
sythe, M. A. Malcolm, and C. B. Moler (1977), L. F. Shampine and H. A. Watts (1977), J. H. Verner (1978), 
L. F. Shampine and H. A. Watts (1979), S. D. Conte and C. de Boor (1980), A. C. Hindmarsh (1983), H. W. En- 
right, K. R. Jackson, S. P. Norsett, P. G. Thomsen (1986), L. Fox and D. F. Mayers (1987), P. Deufihard, 
B. Fiedler, P. Kunkel (1987), Ch. Lubich (1989), W. H. Enright (1989), J. R. Cash and A. H. Karp (1990), 
M. E. Hosea and L. F. Shampine (1996), E. Hairer and G. Wanner (1996), L. F. Shampine and M. W. Reichelt 
(1997), L. F. Shampine et. al (1999), L. F. Shampine, M. W. Reichelt, and J. Kierzenka (1999), L. F. Shampine 
and R. M. Corless (2000), J. Kierzenka and L. F. Shampine (2001), L. F. Shampine and S. Thompson (2001), 


W. E. Boyce and R. C. DiPrima (2004). 
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Figure 21.13: The second and third eigenfunctions of the Sturm—Liouville problem 
(21.3.4.2). 


21.4 Numerical Solutions of Systems of ODEs 


In this section, we numerically solve initial value problems for systems of differential equa- 
tions of various classes in MATLAB [e.g., see Murphy (1960), Lapidus et al.(1973), Kamke 
(1977), MacDonald (1989), Lambert (1991), Zwillinger (1997), Polyanin and Manzhirov 
(2007)]. We consider the following classes of ODE systems: first-order linear and nonlin- 
ear systems of two ODEs, higher-order ODEs with transformations to first-order systems 
of ODEs, first-order systems of general form, and second-order systems. To this end, we 
define differential systems in M-files. 


21.4.1 First-Order Systems of Two Equations 


Consider the system of two first-order ordinary differential equations with the initial con- 
ditions 


u, = filz,u,v), vu, = fo(a,u,v), ula)=a, vla) = vp. 


The unknown functions are u(x) and v(x), and x € [a,b]. 

To obtain numerical solutions, we can apply predefined functions or, alternatively, con- 
struct solutions step by step by applying known numerical methods to each equation of the 
system. 

Let us numerically solve some first-order systems of two differential equations (linear 
and nonlinear). 


> First-order linear systems. 
Example 21.27. First-order linear system. Exact, numerical, and graphical solutions. 
For the first-order linear system with the initial conditions 


/ 


U, =U, UV, =x2-—Uu-—2, u(a) =a, v(a)=8, (21.4.1.1) 


where a < & < b,a=0,b = 2, a = 1, and 8 = 1, we compute the numerical solution Y (where 
Y(:,1) andY(:,2) are wand v, respectively) by applying the predefined function ode45, com- 
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Figure 21.14: The numerical and exact solutions of the linear Cauchy problem (21.4.1.1). 


pare the numerical results with the exact solution (uEx, vEx)*, and plot the exact and numerical 
solutions. We write the MATLAB M-file containing the differential system (sys1.m): 


function Yprime=sys1(x,Y); Yprime=[Y(2);x-Y(1)-2*Y(2)]; end 
and the main program: 


clear all; close all; echo on; format long; 

YO=[1 1]; X=[0,2]; [x,Y]=ode45(@sys1,X, YO) 

plot (x,Y(:,1),'ko', 'MarkerSize',9); 

hold on; grid on; axis([0 2 -1 2]); 

plot (x,Y(:,2),'kd', 'MarkerSize',9); 

UEX=xX+ (3.*x+3) .*exp(-x)-2; VEx=—-3.*x.*exp(-x)+1; 
plot (x, uEx, 'k-', 'LineWidth',1); plot (x, vEx, 'k--', 'LineWidth',3); 
grid on; xlabel('x'); ylabel('u,v'); 
legend('u-Num', 'v-Num', 'u-Exact', 'v-Exact'); 

set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 
set (gca, 'LineWidth',1); shg; hold off; 


> First-order nonlinear systems. 


Example 21.28. First-order nonlinear system. Numerical and graphical solutions. 
For the first-order nonlinear system with the initial conditions 


u,=uv, Vv, =uty, u(a)=a, v(a)=f8, (21.4.1.2) 


where a = 0,6 = 1, a = 1, and 8 = 1, we obtain the numerical solution Y (where Y (:,1) and 
Y(:,2) are u and v, respectively) by applying the predefined function ode45 and plot the results. 
We write the MATLAB M-file containing the differential system (sys2 .m): 


function Yprime=sys2(x,Y); Yprime=[Y(1)*Y(2);Y(1)+Y(2)]; end 


and the main program: 


“For more details, see Chapter 18. 
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Figure 21.15: The numerical solution of the nonlinear Cauchy problem (21.4.1.2). 


clear all; close all; echo on; format long; 

YO=[1 1]; X=[0,1]; [x,Y]=ode45 (@sys2,X,Y0) 

plot (x,Y(:,1),'k-o', 'MarkerSize',7); hold on; 

plot (x,Y(:,2),'k-d','MarkerSize',7); axis([0 1 0 20]); 

grid on; xlabel('x'); ylabel('u,v'); legend('u-Num', 'v-Num'); 
set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 

set (gca, 'LineWidth',1); shg; hold off; 


> Higher-order ODEs. 


If we consider an ordinary differential equation of order n (n > 1) with n initial conditions 


y =f (0. ue in 2)) (eS [a, b]), 
y(a) = 0; y',(a) = V1, a) yD (a) = Yn; 


then we can always obtain solutions of this higher-order differential equation by transform- 
ing it to an equivalent system of n first-order differential equations and by applying an 
appropriate numerical method (e.g., ode45) to this system of differential equations. To 
this end, we can apply the predefined function odeToVectorField and then generate 
a MATLAB function from the symbolic expression obtained (i.e., the system of first-order 
differential equations) by applying the predefined function mat LabFunction: 


V=odeToVectorField(eqnl,...,eqnN) 
[V, Y]=odeToVectorField(eqnl,...,eqnN) 
mFun=matlabFunction(V,’vars’,{'’x’,’Y’}) 


where V is a symbolic vector representing the resulting system of first-order differential 
equations, Y is a symbolic vector representing the substitutions made during the transfor- 
mation, and M is a MATLAB function generated from a symbolic expression. 


Example 21.29. Van der Pol equation. Cauchy problem. Numerical and graphical solutions. 
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For the van der Pol equation with the initial conditions 


yn + uly? — ly, +y=0, y(a)=a, y/(a)=8, (21.4.1.3) 


where x € [a, b],a =0,b = 60,a = 1, 8 =0, and pp = = we can compute a numerical solution as 
follows: 


1. By applying the predefined function odeToVectorField, we transform the second-order 
ODE into an equivalent system of two first-order differential equations (Sys1): 


Sysl=[Y¥[2]; -Y[1]-Y[2]*(¥[1]72/8-1/8)]. 


2. By applying the predefined function mat labFunction,* we generate a MATLAB function 
(mF un) from this system of first-order differential equations: 


mFun=@ (x, Y) [Y(2); -Y(1)-Y(2).*(¥(1) .72.*(1.0./8.0)-1.0./8.0)]. 


3. By applying the MATLAB numerical solver ode45 
solN=ode45 (mFun, [a b],I1C) 


to this system of differential equations, we obtain a numerical solution (So1N) and graphical solu- 
tions, a phase portrait of the solution, and a graph of u(a) and v(a) (see Fig. 21.16) as follows: 


clear all; close all; echo on; format long; 

a=0; b=60; N=500; alpha=1; beta=0; IC=[1 0]; 

syms x y(x) Sysl 
Sysl=odeToVectorField (diff (y,2)+(1/8) « (y*2-1) «diff (y) +y==0) 
mFun=matlabFunction(Sysl,'vars',{'x','Y'}) 

solN=ode45 (mFun, [a b],I1C); 

x=linspace(a,b,N); yN=deval (solN,x); 

figure(1); 
plot (yN(1,:),yN(2,:),'k-', 'LineWidth',1); 

grid on; xlabel('u'); ylabel('v'); axis([-2.5 2.5 -2.5 2.5]); 
figure (2); 
plot (x, yN(1,:),'k-', 'LineWidth',1); hold on; 

plot (x,yN(2,:),'k-.', 'LineWidth',1); axis([a b -2.5 2.5]); 
grid on; xlabel('x'); ylabel('u,v'); legend('u(x)','v(x)'); 
set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 

set (gca, 'LineWidth',1); shg; hold off; 


21.4.2 First-Order Systems of General Form 


Consider the first-order system of differential equations of general form with the initial 
conditions 


(y;,); = PCat see Ur) yi(a) = (yo); (i =1,... :7). 


The unknown functions are y1(2),..., Yn(x), and x € |a, b]. To obtain numerical solutions, 
we can apply predefined functions or, alternatively, construct solutions step by step by 
applying known numerical methods. 

As an example, consider the Lorenz system, which is a dissipative chaotic system with a 
strange attractor. These features can be observed for certain values of the system parameters 
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Figure 21.16: Graphical solutions of the van der Pol equation y””,, + u(y? — 1l)y’, + y = 
(the equivalent system of two first-order ODEs). 


Figure 21.17: Graphical solutions of the Lorenz system (21.4.2.1). 


and initial conditions. This system models an unstable thermally convecting fluid (heated 
from below) and also arises in other simplified models. 


Example 21.30. The Lorenz system. Cauchy problem. Numerical and graphical solutions. 
For the nonlinear system of first-order ODEs, e.g., the Lorenz system [see Sparrow (1982)], 


a=o(y—2), yp=pu-y—xz, 4% = xy — Bz, 


2(0)=1, y(0)=15, 2(0) =10, (21.4.2.1) 


where o, p, and ( are the system parameters, one can investigate the behavior of the system by 
varying the system parameters o, p, and ( and observe the strange attractor. 

We obtain the numerical solution W (where W(:,1),W(:,2),andW(:,3) are x(t), y(t), and 
z(t)), respectively, by applying the predefined function ode45 and plot the results. 
We write the MATLAB M-file containing the differential system (sys3.m): 


function Wprime=sys3(t,W); sigma=15; beta=3; rho=28; 
Wprime=[sigmax (W(2)—-W(1);rho*xW(1)-W(2) -W(1) *«W(3) ; -beta*W(3)+W(1)*W(2) ]; 
end 


“The MATLAB predefined functions for solving initial value problems do not accept symbolic expressions 
(as an input), and so we have to convert the system obtained to a MATLAB function. 
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and the main program: 


clear all; close all; echo on; format long; 
a=0; b=20; WO=[1 15 -10]; t=[a,b]; 


[t,W]=ode45 (@sys3,t,W0) 

figure(1); 

plot (W(:,1),W(:,3),'k-', 'LineWidth',1); 

grid on; xlabel('x'); ylabel('z'); 

figure (2); 

subplot (3,1,1); plot(t,W(:,1),'k-', 'LineWidth',1) 
xlabel('t'"); ylabel('x'); 

subplot (3,1,2); plot(t,W(:,2),'k-', 'LineWidth',1) 
xlabel('t'); ylabel('y'); 

subplot (3,1,3); plot(t,W(:,3),'k-', 'LineWidth',1) 
xlabel('t') ylabel('z'); 


set (gca, 'FontSize',12); set(gca, 'FontName', 'Arial'); 
set (gca, 'LineWidth',1); shg; 


The Lorenz strange attractor (the plot of z versus x) and each component of the solution (2, y, 
z as functions of t) are presented in Fig. 21.17. 


Remark 21.6. If a given problem (including a single differential equation or a system of dif- 
ferential equations) is of order 2 or higher, we have to convert this problem into an equivalent sys- 
tem of first-order differential equations and apply an appropriate numerical method (e.g., ode45) 
to this system of differential equations. For this conversion, we can apply the predefined func- 
tion odeToVectorField and then generate a MATLAB function from the symbolic expression 
obtained (i.e., a system of first-order differential equations) by applying the predefined function 
matlabFunction. 


©) Literature for Section .4: .M. Murphy (1960), L. Lapidus, R. C. Aiken, and Y. A. Liu (1973), E. Kamke 
(1977), C. Sparrow (1982), N. MacDonald (1989), J. D. Lambert (1991), D. Zwillinger (1997), A. D. Polyanin 
and A. V. Manzhirov (2007). 


Part IV 
Supplements 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 


Chapter $1 


Elementary Functions 
and Their Properties 


@ Throughout Chapter S1, it is assumed that n is a positive integer unless otherwise spec- 
ified. 


$1.1 Power, Exponential, and Logarithmic Functions 


$1.1.1. Properties of the Power Function 
Basic properties of the power function: 
ate? = ot? (ay 99)% = aPa%, (2%)P = ow, 


for any a and §, where x > 0, 7, > 0, x2 > 0. 
Differentiation and integration formulas: 


gatl 


(2%)! = art! [ota = we kh +C ifa # —l, 
In|z|+C if a=-1. 


The Taylor series expansion in a neighborhood of an arbitrary point: 
[oe] 
oS pei mac: —29)" for |x — zo| < |zol, 
n=0 


a(a—1)...(a—n+1) 


are binomial coefficients. 
ni 


where Cf) = 


$1.1.2 Properties of the Exponential Function 
Basic properties of the exponential function: 


nal 


a@q22 = grits. a“b® = (ab)”, (a™1)* = Q?1*2 | 


where a > 0 and b > 0. 
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Number e, base of natural (Napierian) logarithms, and the function e*: 


1\72 r\n 
e= lim (1+-) —2.718281..., e* = lim (1+=) 
n n 


n> Co N+ Co 


The formula for passing from an arbitrary base a to the base e of natural logarithms: 


a= erlna 


The inequality 


%>%* if a>, 


Se. = 
<a if0O<a<l. 


The limit relations for any a > 1 and b > 0: 


a™ 


lim —-~ = 00, lim a*|a|’ = 0. 
w~— +00 |ar|® w~—-—0Co 
Differentiation and integration formulas: 


fe") =e", fe dz = e* + C; 


(a*) =a" Ina, [oa SAG 
Ina 


The expansion in power series: 


$1.1.3 Properties of the Logarithmic Function 


By definition, the logarithmic function is the inverse of the exponential function. 


following equivalence relation holds: 
C= lee = - 2a, 


where a > 0,a A 1. 
Basic properties of the logarithmic function: 


qi8at —s x, log, (4122) = log, XY + log, 22, 
log, x 
log,(2") = klog, 2, 10Ba = Ses a’ 


where x > 0,21 > 0,22 >0,a>0,a41,b>0,b41. 
The simplest inequality: 


%>x# Wari, 


log, x1 > log, x => 
Pas eae oe if 0O<a<l. 


The 


S1.2. Trigonometric Functions 1289 


For any b > 0, the following limit relations hold: 


l 
lim sete 0, lim a? log, x = 0. 
@w>+oo 2£ x—>+0 


The logarithmic function with the base e (base of natural logarithms or Napierian base) 
is denoted by 


log, = Ina, 


1 
whigie ota (1 + -)" = 2.718281... 
noo n 


Formulas for passing from an arbitrary base a to the Napierian base e: 


Ina 
log, £ = —. 
Ina 


Differentiation and integration formulas: 


1 
(nz) =—, Pede=aine—240. 
£ 


Expansion in power series: 


2 3 4 5 oo k 
£ x x £ ~ 
n( + 2) x 5 3 7 5 »| ) a \z| ai: 
z+il 2 2 2 9 oo l 
I =—+—,4+—,4+ 54+: =2) ———, 1: 
(2 = *) a Bae > bee Tat = a (2k — 1)x2#-1 |z| > 


1 
2 w-1\' 2 pe w-1\", 
3\a4+1 5\a+l1 T\a+l1 


eecetk pabestie 
ay 0. 
Yaai(SS) id 


$1.2 Trigonometric Functions 


$1.2.1 Simplest Relations 


sin? « + cos? x = 1, tanzcotz = 1, 
sin(—x) = —sing, cos(—x) = cos 2, 
sin x COS & 
tan x = ; cot x = — ; 
COS & sin £ 
tan(—x) = — tanga, cot(—x) = —cotz, 
2 1 
1+tan* 2 = 5 1+ cot" rz = —> 
S* x sin* x 
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$1.2.2 Reduction Formulas 


sin(x + 2n7) = sing, cos(x + 2n7) = cosa, 
sin(x + nm) = (-1)" sing, cos(z + nm) = (—1)" cosa, 
2 1 2 1 
sin(a + “ r) = +(-1)" cosa, Cos (2 ae “> ) = F(-1)" sing, 
; T 2% T : 
sin(x + *) = “5 (sine + cos x), cos (« + *) = —(cosxz # sin x), 
tan(« +n) = tanz, cot(z + nm) = cot x, 
2 1 2 
tan| # = r) =-—cotz, cot (a + iia r) = —tang, 
1 tanz+1 T cot x = 1 
tan (a a *) = ——, cot (a a0 *) = ——, 
4 1+tanz 4 ltcotx 


where n = 1, 2,... 


$1.2.3 Relations between Trigonometric Functions of Single 
Argument 


tan x 1 
sing = +V/1— cos? g = +-—————_—. = + —_____.., 
1+ tan? x V1+ cot? x 


i) cot x 
cos x = +V/1- sin? Se er 
1+ tan? x V1+ cot? x 


sin x V1 — cos? x 1 
tang’ = S——_- = & —_ = ; 
4/1 — sin? x COS & cot © 
1—sin? x COS & 1 
cot s = + = +. = ——.. 
sin x Vl—cos*x tanz 


The sign before the radical is determined by the quarter in which the argument takes its 
values. 


$1.2.4 Addition and Subtraction of Trigonometric Functions 


sina +siny = 2sin(“>*) cos(=—*), 
: 2 ‘ L—Y CY 
sine ~ siny = 2sin( 5 ) cos ( 5 iF 


=) (a) 


x 
cos + cosy = 2.c0s( 


‘ co+y é x—Y 
cosa — cosy = —2sin( ) sin( 5 ), 
sin? x — sin? y = cos” y — cos? x = sin(x + y) sin(x — y), 
sin? x — cos” y = — cos(x + y) cos(x — y), 
sin(@ + sin(y + x 
erp ee eased Oy seep 
COS COS Y sin x sin y 


acosx+ bsinz =rsin(#+ y) =rcos(# — w). 


Here r = Va? +07, siny =a/r, cosy =b/r, siny =b/r, and cosw =a/r. 
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$1.2.5 Products of Trigonometric Functions 


sin x sin y = 5[cos(x — y) — cos(x + y)], 
cos x cos y = ¥[cos(x — y) + cos(x + y)], 
i 
2 


sin x cos y = 5{sin(x — y) + sin(x + y)]. 


$1.2.6 Powers of Trigonometric Functions 


2 pp a ke api Ls 
cos’ x 5} cos 2x 7 

Soe ee 43 
COs” x 4 COS 3x Z COS Z, 

Aas ae wD 3 
COS” & 8 cos 42 5} cos 2x + g> 


cos’ 2 = Tz cos 5a + +x cos 3x + 2 cos x, 
sin? « = —4 cos 2x + 5, 
sin? ¢ = —1 sin 3x + $ sina, 
in¢x = 1 =i 3 
sin” z = g cos 4x — 5 cos2zr + =, 
sin? ¢ = 3h sin 5a — =i sin 32 + sin x, 
i 1 
Qs k n 
cos’ 2 = Sar ) C5, cos[2(n — k)a] + Fan C2ns 
k=0 
1 n 
a on S C§,,41 cos[(2n — 2k + 1)a], 
k=0 
ii 1 
+ on n—k pk n 
sin v= Q2n—1 ) (-1) Con cos|2(n = k)a] + Jan C2n: 
k=0 


n 


1 
sin?” tly = oo So(-1)? * Chaat sin|(2n — 2k + 1)a]. 
k=0 
Here n = 1, 2,... and Ck = ee are binomial coefficients (0! = 1). 


$1.2.7 Addition Formulas 


sin(a + y) = sinxzcosy +coszsiny, 


cos(a + y) = cosxcosy F sinzxsin y, 
tan x + tan y 
ane ¢) = ——— —— 
1+ tanz tan y 
1+ tan x tan 
cot(x4 + y) = Se 


tang ttany — 
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$1.2.8 Trigonometric Functions of Multiple Arguments 


cos 2x = 2cos*x—1 = 1-—2sin’ a, sin 2x” = 2sin x cos 2, 
cos 32 = —3cosx+4 cos’ g, sin 32 = 3sinz—A4Asin® a, 
cos 42 = 1—8 cos? 4 +8cos‘ x, sin 42 = 4cos x (sinz—2sin® x), 


cos 5a = 5cos x — 20cos® x + 16 cos” x, sindx¢% = dsinxz—20 sin? «+16 sin° Lz, 


S - n2(n?2—1)...[n?-—(k—-1)?]_. 
éos(2niz) = EUG gy sin?” g, 


cos|(2n + 1)a] = cos x ioc 
k=1 


1 1)2 1 1)\2 22 2 _4)2 
. [((2n+1)* —1][(2n+1)* — 3°]... [(2n+1)*° — (2k—-1)*] we . 
(2k)! 
n 2 2 92 2 4.2 
—1 —2°)... —k 
sin(2nxz) = 2ncosx post a sin2*-! +] 
~ n 
sin|(2n+1)a] = (2n+-1)fsina-+ (1) 
k= 
141)2 1 1)\2 _ 22 2 _4)2 
. [(2n+1)* —1][(2n+1)* — 3°]... [(2n+1)* —(2k—-1)?] sin2kt! 
(2k+1)! 
2tan x 3tanxz—tan® x 4tanx—4tan® x 
tan 2x = —__,_, tan3x = ——__,—_, tan 4a = SS 
1—tan* x 1—3tan* x 1—6tan* x+tan* x 


where n = 1, 2,... 


$1.2.9 Trigonometric Functions of Half Argument 


p70 = LH COs e 9  1+cosx 
BG pg ho OR ee, 
x sin & 1—cosz x sin x 1+ cosx 
tan — = ————_ = ———__,, cot = = ———— = ———— 
2 1+cosx sin x 2 1 —cos2 sin x 
: 2tan > 1 — tan? 5 i 2tan > 
sinz = ———, cosx= an xz = ————. 
1+ tan? $’ 1+ tan? =’ 1— tan? $ 


$1.2.10 Differentiation Formulas 


dsin x dcos x . dtan x 1 dcot x 1 
= COS @, ——_ =-— sing, = = 
dx dx 


$1.2.11. Integration Formulas 
[snede = - cose +, feosndx = sine +C, 


[rnedr = —In|cosz|+C, [cota = in|sinx +C, 


where C is an arbitrary constant. 
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$1.2.12 Expansion in Power Series 


cosa = 1 z = Ee s+ ( yn oe (|z| < co), 

sinzx =x . z . +o +( et (|x| < 00), 

ee (\a| < 7/2), 

cotn= 2 -(S4 Fe 4g Maley...) (0 <|z| < 7), 
2 4 6 hs 

ao at oe Ee sie (|| < 1/2), 

SI gg NE esi, 


where B,, and E,, are Bernoulli and Euler numbers (see Sections 30.1.3 and 30.1.4). 
$1.2.13 Representation in the Form of Infinite Products 

sing = 2(1- =) (1-4) (0-4) Ae (1- a ha 

cos % = (1- =) (-4) (1- =) re (1- —— ess 


$1.2.14 Euler and de Moivre Formulas. Relationship with Hyperbolic 


Functions 
ev? — e¥(cosa+isinz), (cose+isinz)” =cos(nz)+isin(nz), i =-1, 
sin(iz) =isinhz, cos(iz)=coshz, tan(iz) =itanhz, cot(ix) = —icotha. 


$1.3 Inverse Trigonometric Functions 


$1.3.1 Definitions of Inverse Trigonometric Functions 


Inverse trigonometric functions (arc functions) are the functions that are inverse to the 
trigonometric functions. Since the trigonometric functions sin x, cos x, tan x, cot x are 
periodic, the corresponding inverse functions, denoted by Arcsin x, Arccos x, Arctan x, 
Arccot x, are multi-valued. The following relations define the multi-valued inverse trigono- 
metric functions: 

sin(Arcsin x) =2, cos (Arccos x) =f, 

tan (Arctan x) =z, cot (Arccot x) tt be 
These functions admit the following verbal definitions: Arcsin x is the angle whose sine is 


equal to x; Arccos x is the angle whose cosine is equal to x; Arctan x is the angle whose 
tangent is equal to x; Arccot x is the angle whose cotangent is equal to x. 
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The principal (single-valued) branches of the inverse trigonometric functions are de- 
noted by 


arcsin £ = sin™ arcsine is the inverse of sine), 


arccos © = cos — 


( 
(arccosine is the inverse of cosine), 
‘a 


arctan x = tan™ arctangent is the inverse of tangent), 
arccot x = cot + (arccotangent is the inverse of cotangent) 
and are determined by the inequalities 
—F <arcsing<f, O<arccoszr <a (-l<a< 1); 
—F <arctane< 4, O<arccotr<a7 (—oo < £ < 00). 


The following equivalent relations can be taken as definitions of single-valued inverse 
trigonometric functions: 


y=arcsing, —1l<a<l —S %«c=siny,; -S Syst 
y=arccosz, —l<a<l — «rc=cosy, O<y<T; 
y=arctanz, -wo<r<+o = «r=tany, 5 SUS 5 
y=arecotr, -wo<x<+o <— sr=coty, I0<y<T. 


The multi-valued and the single-valued inverse trigonometric functions are related by 


the formulas 
Arcsin x = (—1)”" arcsin x + 71, 


Arccos = tarccos x + 27n, 


Arctan x = arctan + 7, 


Arccot x = arccot x + 7, 


where n = 0, +1, +2,... 


$1.3.2 Simplest Formulas 


sin(arcsin x) cos(arccos x) = x, 


= x, 
tan(arctanx) =x, cot(arccot x) = x. 


$1.3.3. Some Properties 


arcsin(—x) = — arcsinz, arccos(—x) = m — arccos @, 
arctan(—x) = — arctan z, arccot(—x) = m — arccot x, 
ae x — 2nt i 20g Sy Se SRT Sy 
arcsin(sin x) = 


“etl Da a Oita Soo = 2s les, 


arccos(cos x) = 


xg — 2n0 if 2nq <a < (2n+1)z, 
—@+2(n+1)a if Qn4+1)a<a< 
arctan(tanz)=x—na if nn—-F<a<nn+F, 


arccot(cotz)=a—nr if nt<au<(n+4+1)n. 
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$1.3.4 Relations between Inverse Trigonometric Functions 


arcsinx + arccosz = 5, arctanx + arccotx = 4; 


arccos V1 — x? if 0O<2<1, 
—arccos V1 — x2 if -l<2x<0, 


. as &, 5 bf . 
arcsIn & = 9 arctan ———— if -l<a<l, 
1— x? 
V1l— 2? ’ 
arccot ———— —z7 if -l<a2<0; 
x 


arcsin V1 — x2 if0<2<1, 
mw —arcesinvl—2? if -l<2<0, 
arccos © = J/1— xr? 


arctan ————_. if0<2<1, 
x 
arceot = if -l<a<l; 
—2 
: x fi 
arcsin —— or any x, 
V1+4+ 2? 
: if x >0 
arccos —————— if x 
) —_ 2 
arctan 7 = v1 “ 
— arccos ———— __ if +<0 
V1 + x2 ak 
1 
arccot — if x > 0; 
x 
i : if « >0 
arcsin —— x 
V1+ 2? : 
i : if «<0 
am — arcsin ——— __ if x , 
arccot 7 = i Vl+z? 
arctan — if x >0, 
x 
aw + arctan — if «<0. 
x 


$1.3.5 Addition and Subtraction of Inverse Trigonometric Functions 


aresin © + arcsin y = arcsin (x / 1-y+yv1l- ae?) for a? +y? <1, 
arccos x + arccos y = tarccos|xy F \/(1—2?)(1—y?)| for xty>0, 


ry 


arctan x + arctan y = arctan 7 for avy <1, 
tT Y 
arctan x — arctan y = arctan i for «xy >-—1. 


+ xy 
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$1.3.6 Differentiation Formulas 


1 d 1 
ap = =a ae = =e 
@ arctan Q arccot } 
oe LS —— LS > —— 
dx 1+ 22’ dz 1+ 2? 


$1.3.7 Integration Formulas 


[ sxesin.zae = garcsing + ~1—22+C, 
[ exev0s = garccosx — V1—22+C, 


1 
[ wotan x dr = rarctan x — 3 nl x”) +0, 


1 
[ wecot dr = xarccot x + 5 in aC, 


where C is an arbitrary constant. 


$1.3.8 Expansion in Power Series 


Sees = iz 1x32? | 1x3x52" 
cha a er Wm EY aa SE, 


1x3x-+-x (Qn—1) 22741 


7 <1); 
2x4x-++ x (2n) rarer is (Ia ) 

3 5 7 2n-1 

x x x £ 

t = iy Ee te edt of \ Eh es og <1), 
arctan 7 = x 2 : 7 (-1) ee (|z| < 1) 

rx 1 1 1 ; 1 
atm 9 tage ga TON yaa 1 Mel > DD 


The expansions for arccos x and arccot x can be obtained from the relations arccos x = 
> — arcsinx and arccotx = > — arctan x. 


$1.4 Hyperbolic Functions 


$1.4.1 Definitions of Hyperbolic Functions 


Hyperbolic functions are defined in terms of the exponential functions as follows: 


; e* —e e* +e” 
sinh x = re = cosh x = ————— 


e* — e€ 
tanh x = ————.,,_ cothz = 


$1.4. Hyperbolic 


$1.4.2 Simplest Relations 


cosh? x — sinh? « = 1, 
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tanh x cothz = 1, 


sinh(—x) = — sinha, cosh(—x) = coshz, 
inh h 
tanhaz = aa a4 cothz = sat = 
cosh x sinh x 
tanh(—x) = —tanhz, coth(—2) = —cothz, 
1 1 
1 — tanh? x = ER coth? « —1=— me 
cosh* x sinh* x 


$1.4.3 Relations between Hyperbolic Functions of Single Argument 


(x > 0) 
sinh = cosh? x —1 = 
coshx = V sinh? x +1 = 


tanh x 


\/1— tanh? x 7 coth? z—1 


1 


1 coth x 


V1—tanh? x 7 /coth? z—1 


sinh x cosh? x — 1 1 
tanh « = ——————— = ; 
/sinh2 7 + cosh x coth x 
V sinh? x + cosh x 1 
coth x = ———————- = = 


sinh x 


Joosh®s—1 wae 


$1.4.4 Addition and Subtraction of Hyperbolic Functions 


sinh x + sinhy = 2 sinh (“—*) cosh 


) cosh ( 


t_—Yy 


sinh x — sinhy = 2 sinh ( 


x+y 


cosh x + cosh y = 2 cosh 


) co 
) sin 


xr+y 


cosh x — coshy = 2 sinh ( 


=): 
) 
=1) 
) 


x+y 
2 


x 


sh( 


h(—* 


sinh? x — sinh? y = cosh? x — cosh? y = sinh(x + y) sinh(x — y), 


sinh? x + cosh? y = cosh(a + y) cosh(a — y), 


(cosh x + sinh x)” = cosh(nx) 4 
Ey) 
cosh x cosh y’ 


sinh(x 4 


tanh x + tanh y = 


where n = 0, +1, +2,... 


$1.4.5 Products of Hyperbolic Func 


sinh x sinh y = 4[cosh(x 4 
cosh x cosh y = ${cosh(x 


sinh x cosh y = $[sinh(z 4 


coth x 4 


E sinh(nx), 


sinh(x ale y) 


~ sinh x sinh y’ 


t cothy = 4 


tions 


+ y) — cosh(a — y)], 
+ y) + cosh(x— y)] 
- y) + sinh(« — y)). 
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S1.4.6 Powers of Hyperbolic Functions 


cosh? x = 4 cosh 2a” + 4, sinh? x = 4 cosh 2x — 4, 
cosh® x = + cosh 3x + 3 cosh z, sinh? x = + sinh 3x — 3 sinh x, 
cosh? x = z cosh 4a + 4 cosh 2” + 2, sinh? x = z cosh 4x — 4 cosh 2a” + 2, 


cosh? x = = cosh 5a” + = cosh 3x + 2 cosha, sinh? x= — sinh 5a — = sinh 32 + 2 sinh x, 


n-1 

cosh?” x = Cres S- Cx, cosh[2(n —k)a]+ Zan Can 
k=0 

1m 1 ~ 

cosh?"t! g = an 2 C$,41 cosh[(2n —2k+1)a], 

k=0 
1 n-1 (-1)" 

sinh?” 4 Qan—1 (DRGs. cosh[2(n — k)a] ar gm Cn 

k=0 
ae 1S 

sinh?" *! ¢ = an So(-) Chay sinh|(2n — 2k +1)a}. 

k=0 
Here n = 1, 2, ... and Ck are binomial coefficients. 


$1.4.7 Addition Formulas 


sinh(x + y) = sinh x cosh y + sinh y cosh z, 
oT] 


cosh(x + y) = cosh x cosh y + sinh z sinh y, 
tanh x + tanh y 
tanh(a + EE 
aha =v) 1 + tanh x tanh y’ 
th thy +1 
coth(«x = y) = ee 


cothy +cothx © 


$1.4.8 Hyperbolic Functions of Multiple Argument 


cosh 2x = 2 cosh” x — 1, sinh 2x = 2 sinh x cosh z, 

cosh 32 = —3 cosh x + 4 cosh? x, sinh 32 = 3 sinha +4 sinh® z, 

cosh 4a = 1— 8 cosh? 2 + 8 cosh* x, sinh 42 = 4 cosh x(sinh x + 2 sinh’ «r), 

cosh 52 = 5coshx—20cosh?xz+16cosh’ z,  sinh5a = 5 sinha +20 sinh® z+ 16 sinh? x. 


cosh(na) = 2”—1 cosh” x + = S- er) CR? oP -2k-2 (gosh g\"—2k-2. 
k=0 
[(n—1)/2] 
sinh(nx) =sinhe > 2"-*-1C%_,_ 4 (cosha)”-?h-1. 
k=0 


Here C*, are binomial coefficients and [A] stands for the integer part of the number A. 
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$1.4.9 Hyperbolic Functions of Half Argument 


xe ; /cosha — 1 x /cosha + 1 
sinh — = sign x,/ —————_, cosh — = ,/ ——~_, 
2 2 2 2 


x sinh x cosh x — 1 x sinh x cosh z + 1 
tanh — = ————_ = ——_—_.,,_ coth = = ———__ = —___. 
2 cosh zx + 1 sinh x 2 cosh z — 1 sinh x 
$1.4.10 Differentiation Formulas 
dsinh x dcosh x , 
= coshz, —_ = sinhz, 
dx dx 
dtanh x = 1 dcothz _ 1 
dx cosh? x’ dx —_— sinh? x 


$1.4.11 Integration Formulas 


[ sone ae = coshaz+C, [cosnede = sinha + C, 


[sanirde = Incoshe +C, [cot dz = In| sinh 2| +, 


where C is an arbitrary constant. 


$1.4.12 Expansion in Power Series 


ree eee yon 
foal a”? gt g2ntl 
ES ag ge wie lS ere = t (|x < oo), 
x 225 1727 22” 22” _1)| Bon |x?"—-1 
tana = 9 = 4 Se a (ETP eS ee ee 9) 
a a er | TT aC (@nyl eS), 
zc a 245 2°? Bs, eer 
thr = pues — —]1 Ne Ig 
On gag up Oar * | SF); 
1 a? 5a* 61a Ey 
Se See rena... 2 
cosh x 2° o4 720° Tani” 7 ceri?) 
1 1 Tx? 312° 2(2?"-1_1) Bon, 
_1_e, i 3ile 20 Pangan, (0 <|z| <7), 


che 2-6 360. ism0 (2n)! 


where B,, and E,, are Bernoulli and Euler numbers (see Sections 30.1.3 and 30.1.4). 
$1.4.13 Representation in the Form of Infinite Products 
: x x x x 
Ag? Ag? Ag? Ag? 
he = {1+—~—)](1+—4)(14+— 35 ]...|1+———" > |... 
cane= (14+) (14 pes) (1+ gee) (4 Gea) 
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$1.4.14 Relationship with Trigonometric Functions 


sinh(ix) = ising, cosh(ix) = cos 2, ?=-1, 
tanh(ix) = itanz, coth(iz) = —icot x. 


$1.5 Inverse Hyperbolic Functions 


$1.5.1 Definitions of Inverse Hyperbolic Functions 
Inverse hyperbolic functions are the functions that are inverse to hyperbolic functions. The 
following notation is used for inverse hyperbolic functions: 
arcsinh = sinh~'a (inverse of hyperbolic sine), 
arccosh z = cosh! (inverse of hyperbolic cosine), 
arctanh 2 =tanh~! (inverse of hyperbolic tangent), 
arccoth « = coth |x (inverse of hyperbolic cotangent). 
Inverse hyperbolic functions can be expressed in terms of logarithmic functions: 
arcsinh x = In(x+ V2? +1) (x is any); arccosh x = In(x+ ge — 1) (x > 1); 


1 1 1 
ase (jal <1); arccoth z = — In sin 
1-2 2 «-1 


Here only one (principal) branch of the function arccosh z is listed, the function itself being 
double-valued. In order to write out both branches of arccosh x, the symbol + should be 
placed before the logarithm on the right-hand side of the formula. 


1 
arctanh 7 = zn Cal aLy 


$1.5.2 Simplest Relations 


arcsinh(—x) = —arcsinha, arctanh(—x) = —arctanhx, arccoth(—x) = —arccoth x. 


$1.5.3 Relations between Inverse i aaa Functions 


arcsinh x = arccosh V x2 + 1 = arctanh ———— 
V 7 ia 


Vx =t 
arccosh x = arcsinh Vx? — 1 = arctanh ———— 


: iL 1 
arctanh x = arcsinh ———— = arccosh ———— = arccoth —. 
x 


T-@ TS 


$1.5.4 Addition and Subtraction of Inverse Hyperbolic Functions 


arcsinh x + arcsinh y = arcsinh (1/1 + y? t+yV1+427), 


arccosh x + arccosh y = arccosh [xy + \/(x? — 1)(y? — 1)], 


arcsinh x + arccosh y = arcsinh [xy + \/(x? + 1)(y? — 1)], 


mi mi Fa 1 
arctanh x + arctanh y = arctanh - 2 , arctanh« + arccoth y = arctanh = : 
+ xy you 
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$1.5.5 Differentiation Formulas 
a arcsinh x = ey a arccosh x = ————.,, 
dx ez +1 dx x2 —1 
1 


ee (x? > 1). 


d d 
ae arctanh x = (a? < 1), ae arccoth x = 


1— x2 


$1.5.6 Integration Formulas 


[ wesinn 2 de = garcsinh ez — f/1+22+C, 
[ wccosh x dr = garccoshz — V2? -—1+C, 


1 
[tant x dx = xarctanh x + 5 In(1 — 2”) + C, 


1 
[ ccotn xdx = x arccoth x + 3 hie ye, 


where C is an arbitrary constant. 


$1.5.7 Expansion in Power Series 


12? 1x32? 


am = ES at og 7 

aresinh x = In(20)+ 555+ 5—a gt 

arccosh x =In(22) - 59-5 

wctumhe =e+ E+E 4 Ey ee (\z| < 1), 

Fe a ee Ne (|x| > 1). 
ze 803 5a Tal (Qn + 1)x2n+1 
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Chapter S2 


Indefinite and 
Definite Integrals 


$2.1 Indefinite Integrals 


@ Throughout Section $2.1, the integration constant C' is omitted for brevity. 


$2.1.1 Integrals Involving Rational Functions 


> Integrals involving a + ba 


dz iL 
==] : 
okie oe nla + ba| 
(a+ bx)"*1 
2. bx)"dx = ——__ —1. 
[lar barae me ote 


d iL 
y a = = = (a+ be — aln|a + bal). 


b 
1yl 
/= = |S (a+ ba)? — 2a(a + ba) + a? In fa + ba ; 


dx 1 a+ bx 
a eee ee 
x(a + br) a z 


, z(at+br) ax a eI 
x da 1 a 
7. = (1 : 
l= p (Inlet bel + Te) 
x? dx 1 a? 
: a ae ba — 2a ba| — : 
: [aS plat a a aoe 


1 1 


- [sae am 


ati 


10 [—S-eboe st 
; (at+bz)3 BFL atbr 2atbr)2I1° 
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> Integrals involving a + « andb+ x 
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1. dr = 2 + (a d)Infb-+ al, 
dx 1 b+ea . 
2. | weep a" a . a#b. Fora=b, see Integral 2 with n = —2 
at+z x a- at+z 
in Section S2.1. 
x dx 1 
dx 1 +2 
eee 
=—_ (b—a)(b+2) os +2 
5 , x dx _ b _ In Be 
; (at+2)(b+2)2 (a—b)(b+2) aap + x 
6 / x? dx b? mn a2 In| ei b+ a 
é eS FSi ——, In a ee . 
(atajbt+a (b-al(b+a) (a—be  ''* bay e 
dx 1 1 1 2 at+2z 
7. — a ——__ | 
Ia x)?(b+ 2)? Cay Carer Ga Ce “sah 
x dx a b a+b at+2z 
8. ees (ee In F . 
; x)?(b+2)? Ca Caer a ee +2 
x? dx 1 a b2 2a a+e2z 
‘ / x)2(b ae oye (ses toes) + oe In| al 
> Integrals involving a? + x? 
/ dx 1 x 
1. 5 > = — arctan —. 
ar +2 a a 
2 i; a — zs io a 
: (a2+22)2  Qa2(a2+22)  2a3 a: 
3 / a = is + ee + arctan 
; (a2+22)3  4a?(a2+22)2 © 8a4(a2+ 22) 8a 
4 / dx _ x —— | dx ; 12 
; (a2 + 22)rt+1 — Qna2(a2 + x?)n 2na? (a2 + x?2)”’ ees 
zdz 1 9 
/eo 5 In(a +2“) 
6 / x dx _ 1 
; (a2+22)2  2(a? + x?) 
/ x dx _ 1 
(a2 +27)3 (a? + x?) 
x dx 1 
ices ~~ On(a2 + 22) Tye 
/ x? dx x 
5 5) x — aarctan — 
ac+2 
10 / x? dx a x je : x 
; (a2+22)2 Qa? +22) 2a ae 
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11 / = od + . + —; : arctan — ad 
; (a? 4 x2)3 aa 4(a? + x2)2 8a? (a? + x?) 8aq3 
2 
x? dx x 1 da 
12, ee rere ery ee ee es ne 
hae qe)nel On(az + 22)" 75, | (@@+azr’ ” 
3 2 2 
eds x a 5a 3D 
3 2 
x? dx a 1 
14. = = In(a? + 2”). 
: (+222 2a? +22) +5 n(a” + 2°) 
x? dx 1 a? 
15. SS ———DOoDoo ) a 2, 3, 
e- (a? + e2yrtt 2(n — l)(a2 + 22)"—1 + In(ae+aryr’? ™ 
i x 
16. = —> ln ~~... 
| arom 22 a + a 
_ {aa 1 1 a 
nae a : oP 2a7(a2 +27)  2at* a? 4+ 2? 
1 i 1 a 
18. = 72/2172) * 504/242) 96 2 
x(a? ee) 4a? (a? + 2?) 2a*(a* +27) 2a Goer 
1 1 x 
19. i eae ey Sn pet oon rs 
dx 1 z 3 x 
20. Se ie pe 
/ x? (a? + x)? ata =2a4*(a2 +27) = 2a® Se as 
a1. / dx 1 1 x 
x3 (a2 + x)? 2ata2 = Qat*(a2 +247) aS ar+2? 
99. / dx _ 1 x 7x 15 ei 
g2(a2+27)3 = a®e = da (a2 +22)2  8a8(a2 +22) 8a? a 
55 / dx i 1 1 3 ioe 
; x3 (a2 + x7)3 2a%x2 — a®(a2 +22) 4at(a2*+2?)2 2a8 a2 +2? 
> Integrals involving a? — x? 
dx 1 a+2 
1. 5 5 =>, | 
ar — x 2a la-2 
5 / dx - x in | a+a2 . 
(a2 —2?)2 2a? (a? — 2?) ‘a a-x 
3 / da x 4 32 i 3 1 Jere) 
. = n . 
(a2 —2?)3 — da?(a2— x7)? 8a4(a2-— x?) 16a la-—ax 
4 i: dx x 2n—1 i; dx 12 
j ne el ee es 
(a2 — x?)rt+l — Qna?(a? — x2)” 2na? (a? — x2)” 
x dx 1 2 2 
5. /z3 =—5 nla — x*| 
6 / cdo iF 
: (a2 —a2)2-2(a2 — x2) 
7 / edo 1 
; (a2— 223 4(a2 — x)? 
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= —¢2)r41 ~ In(a2 — 22) n=1, 2, 
x? a at+2 
eae a zm = =I 
10. we x 2 de = x 1 | a+2z | 
2_ g2)2  Q(a2-2?2) 4a la-z 
iL. [gas Gat... © £ 1 joes 
(a2 —2?)3 ~~ 4(a2— 2)? 8a2(a2— 2?) ~~ 16a 
x? dx x 1 dx 
12. ee ey (cee ce ey 
(ae (a2 —a@?)"t1 — Qn(a2 — 27)" — Qn i (a? — x?) - 
3 2 2 
x? dx x a 2 9 
13. [ate al 
x dx a? 
14. = = In |a? — 2? 
baa 2 47)? 2(a? — x?) 29 eee 
15. [oe ae = 1 a? 
aes ntl 2(n —1)(a2 — 2?)"-1 * Qn(a2 — 22)’ 
2 
16. laws eae | # | 
x(a? — Tey 2a? la? — x? 
i 1 a 
i = sao tt | . 
| eros - “a 2a?(a? — x?) oe eri? 
2 | - 1 a 1 a 
; ae _ aR ~ Aa?(a? — x2)? © Qat(a2— 2?) 208 
> Integrals involving a® + «3 
i; dx 1 1 (a+2)? ip 1 adie: 2x —a 
SS SS SS LO OO —_ . 
a ae OF at ae | aa aV3 
5 / da. a x re 2 dx 
(+23)? 3a3(ab +03) 3 J a t+a3° 
/ x dx 1 a* —ax+2? 1 ‘ 2u —a 
—, = — In ——_— + arctan ; 
ai+23 6a (a+)? PAG aV3 


/ edo a s 1 / x dx 
(a3 +23)? 3a3(a3 + 23) 303 J a8 +23" 


2 
x dx 1 3 3 
| eget gle +2 


dx 1 x 
Ge a es 
i z(ae+23) 3a | a3 + x3 | 

‘ i ee ae ee Oe Foe _— | 

z(a3 +23)?  3a3(a3 +23) 3a® 1 a3 +287 
g i dx aS = / x dx 

x?(a3 + x3) er a@)f @+a3° 
9 / dx sg Matta x 2 =a | x dx 

x? (a? + ¢3)? ag. Bar(ae as) “Bae pgs a 
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> Integrals involving a® — «x? 
1 if dx 1 a®? +axn4+ 2? fe 1 eae +a 
5 = = In —m  —— + —=S ; 
ae— 23 6a? (a — x)? a2V/3 aV3 
/ dx x 2 dx 
fe AE le en fe 
(ae — 23)? 3a3 (a3 — 23) 3a3 J ak — x3 
1 a? +ax4+ x? 1 2x +a 


— — arctan 


~ 6a (aap aV/3 aV/3 — 


bo 
Q 
ad 
lle 
3 {8 
w 

| 


Fl / x dx 2, a? a xa | x dx 
(a3 — 23)? 3a8(a — 23) 3a J a — x3 
7 
5. i = = -=In|e — x°| 
dx it x 
° laws = a7 5|a— aa 
1 i or ees eee in| 
x(a®—23)? — 33a3 (a8 — 23) 3a® lab — 23 
g / dx _ 1 a = / eos 
x(a? — x3) are GP) ee a 
9 i On ty ‘ ede 
x?(a® — x3)? a®x = 3a®(a3 — 23) 3a® J ak — 23° 


> Integrals involving at + «4 


1. / de -_ : In a? Fanv2 + x? tary? +27 + : arctan arv2 d 
at*#+a* dabJ/2 a2 -—arV24+272 ~~ 2a8V2 a? — x? 
2: ue = ie arctan oi, 
a4+24 = 2a? a 
3 x? dx a 1 i a? + axV/2 + x? Z 1 eta axvV/2 
) at + a4 4da/2 > a2 —arV2+2?  2aV/2 a2 — 22° 


4_¢74 da? “la-2x 2a 
x dx 1 a2 + x? 
474 Aq? | } 


dl 


20 


Ds at+z2x 
= —lIn 
at—-av* 4a la-2x 


a 


| 
i: 
4, [ee E+ ranean =. 
| 
i 


1 x 
| — — arctan —. 
2a a 


$2.1.2 Integrals Involving Irrational Functions 


> Integrals involving «!/? 


all? da 2 4/2 2a bal? 
Geis = a = ro arctan : 


> / x/2 dx Qe3/2 Qa2x1/2 2a° bal/2 


SReeE See ee 
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; _— bat! 
; (a2 + bx)? b?(a2 +622) ab? a 

4 / x3!2 dr = Q73/2 rf 3a2x1/2 _ 3a ere bxl/2 
; (a2+b2xr)2 b2(a2+b2r) = b4(a2+b2x) ~~ OP , 


5 [— a arctan ne 
(a2 + b?x)arl/2 ab an 


6 —_—— = bee Bs eas bee 
: (a? + Bx) 23/2 Pigles ae 
q fo = eS + a arctan a 
(a2 4 b2x)2r1/2  a2(a*+b2r) = ab oe.” 
all? dx 2 Qa, jatbarl/? 
i aba ee v | a — byx'/2 
g/? de Qx3/2  a?aV2 a3 a+ ba/? 
gegen et ee 
10 / a? dx = gh/2 yee 
, (a2—b2x)2b2(a2 — 2x) ~—-2ab?_ la — ba V/2 1 
Tl / x3/? da _ 8aal? — 20725! a eal 
(a? — b2xr)? b4(a? — bx) 20° la — bal/2 
da. 1 at bal/? 
a / (a2 — b2x)x1/2 ~ ab in| a — bri/? ; 
ee —. ee ee yore) 
(a2 — Bax) a3/2 gone eB epee 
id / Sd rae 
(a2 —b2x)271/2 g#(a2- ber) =. 2b Na — ba 2 | 
> Integrals involving (a + bx)?/? 
1. [lar boy” i= pee t bayer 
5 2 [(a+br)?t4)/2 — a(a + ba) &+2)/2 
2: [xc + bx)?/? dx = B i= — oe 
[Porta fee: | (a+ba)?+9)/2 : 2a(a-+ba)P+4)/2 ‘ a?(a+ba) P+?)/2 . 
b3 pt+6 pt+4 pt2 


> Integrals involving (a? + a?)1/? 

1 2 
1. i@ +a’)'/? dr = sua etal S In[x + (x? + a)? ), 
2. [ee + a?)'/? de = s(@ seg? or? 


1 
3. [@ Aoae Pr? dz = zale er ae + = a?x(a? pane ye “+ =a! In|a + (x? +a?)/?1, 


- 


= 


v 


— 


ed 


wn 


[-e@ + a?)"/? dx = (a? + x?)V/? — aln| 
ll 
(PLE 


dx 


x dx 
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= (x? + a2)¥/2, 


a 


=In[x+ (a? + ay |) 


[@ ++ ie Ga dx = a-*x(a? + Gye, 


Integrals involving (2? — a)1/? 


ar 
oe — a’)? dx = Ga —a 


1 
fae — a’)? dr = 3( 


=o 


23/2, 


+ (0? +2)? 


x 


2)1/2 a” 2 2)1/2 
) —Fhhje+@ — a‘) |. 
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1 3 3 
[@-ar dz = ule? —0?)9? — ala? —a?)/? + oat In|a+ (2? —a)¥/? |. 


1 
[-@ — a’)? dx = (2? — a2)? - aarecos| <I. 
x x 


/ dx 
Vea 
Vea 


x dx 


(a? “5 ay? 


= In|x + (2? - a) /?|. 


[@ - acy? dx = —a~*2(a? — aryl 


> Integrals involving (a? — x 


1. 


a 


~ 


2y1/2 


1 a? x 

Di OD ge = a. Selon ee _ 
ic gt? le 5t(a gy + a aresin —. 
1 

eG — 27)? dr = =a 


1 
fe — 2*)3/? dr = za@ gee <a? 


2 2 


a — ae 


i dx z _ £ 
erie arcsin —. 
x dx 
A a =a = ay, 
eae 
[@ — x?)~3/? dx = a-?a(a? — 2 


yee 


2y-1/2, 


3 x 
Wo 1/2 PA . 
(a — ar)" + go arcsin —. 


2_ .2)1/2 
[= 2 92)1/2 de = (a2 — 22)? —aln a+ (a*— 2x") 
£ 


x 
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> Integrals involving arbitrary powers. Reduction formulas 


1. 


4 


/ da. oe! in| ar | 
z(az” +b) bn laa +bl 


/ dx 2 1 gn/? | 
ll ____*_L_ES = — 1 ——_—_=_=_=_=_=_=_=_"_———_|.. 
rv a2" + a? an Var +are+a 
dx -. 2 a 
eJer ae = — arecos| pre . 


/ dx _ av ax2” + bx” 
aVaxe” + br? bna” : 


@ The parameters a, b, p, m, and n below in Integrals 5—8 can assume arbitrary values, 
except for those at which denominators vanish in successive applications of a formula. 
Notation: w = ax” + b. 


as 


= 


a 


femes” +b)? dx = (ow? + npb [ xu?! dw). 

fees” +b)? dx = tga) [=a tye +(m+n+np+1) ere dx : 
fomas" +b)? dz = eee ee —a(m+n+npt+1) aes dae : 
ferae" +b)? dx = wey Ea a —b(m—n+ 1) fern? dar : 


$2.1.3 Integrals Involving Exponential Functions 


1. 


oe 


= 


a 


a 


1 nN »-1, W(n-1) »-2 _,n! n! 
[rer de =e [ 2a" Fa" oer a Be Resta (1) aa) oe? 


n k ak 
—1 
i Pe" da =e" y (FD) ae ey. where P,, (a) is an arbitrary polynomial 
a x 


k=0 
of degree n. 


1 
| = Flat 0, 


a+beP?’ a ap 


1 a 
——= arctan| e?*,/ ;) if ab > 0, 
/ dx _ ) pvab ( b 
aeP® + be—P® 1 b + eP*,/—ab ; 
—— ln| ———_— if ab <0. 
2pv/ —ab b — eP®\/—ab 


o. 


$2.1.4 


dx 
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i _Jpva” Vat bert + Ja 
Va+ ber® 


Integrals Involving Hyperbolic Functions 


> Integrals involving cosh x 


1. 


1 
[costa + bx) dx = 3 sinh(a + ba). 


x 


Se ee i ee, ee 


2 


x?" cosh x dx = (2n)! S> a 


acoshxz dx = xsinhx — coshz. 


ie 2k 


pail | 
n 


2?"*1 cosh x dx = (2n + 1)! Ss" | 


k=0 


cosh? x dz = 52 + + sinh 27. 


cosh? x dx = sinh x As 1 sinh? x. 


cosh a da = (x* + 2) sinh x — 2x cosh x. 


g2ktl 2k 
Qk+)!~ (2h)! 


oe oe: k sinh[2(n — k)a] 
[cost ae Oy 5m + omer 7 Ch ca erneiee 


1 inh[(2n — 2k +1 ” inh?*+1 
[cost cde = See ule sea 


(i nee ee 


k=0 


2n—2k+1 


1 —l 
[cost ede = —sinhxcosh?—! ¢ + ae! [ cost? de. 
Pp Pp 


if cosh az cosh bx dx = 


| 
/ 


dx 
cosh ax 
dx 


cosh2” x 


n-1 


neg 


k=1 


1 
a2 Be | 


= 2 ax 
= rs arctan (€ Is 


sinh x 1 
2n—-—1 = x 
2*(n — 1)(n —2)...(n—k) 1 
2n — 3)(2 n— see (2 n—22k— 1) cosh2”—2*-1 x : 
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nha — arose 


z? cosh x dx = x? sinh x — px?! coshx + p(p — 1) je cosh x dx. 


acosh bz sinh ax — bcosh az sinh bz). 


SA Dew: 
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1s ; dx _ sinh x 1 
cosh2”*1 7 2n—| cosh?” x 
n-1 
(2n — 1)(2n — 3)... (2n — 2k +1) 1 (2n — 1)! : 
So ———— _arct ha, 
ps Maia eos ae e| Oe 
n=1, 2, 
sign x . b+acoshz es 9 
—_——=—— ———§\_— f b 
/ dx) me aH boosh cae, 
, a+bcosha — 1 ig ee va* — b? tanh(x/2) yee 
Vaz —b? a+b— Va? — b tanh(x/2) 
> Integrals involving sinh x 
1 
1. [ sintia + bx) dz = 5 coshla + bx). 
2. x sinh x dx = xcoshzx — sinhz. 
3. les sinh x dx = (a” + 2) cosh x — 22 sinh x. 
: ID. Aig2h Mp 2h-1 
4. ” sinh x dx = (2n)! —— cosh x — ——— sinhz]. 
fe sinh x dx = (2n) by (hy cosh x > (ki)! sin 7 
n 2k+1 gor 
5. Ve sinh x dx => (2n + 1)! Ylce eal cosh x = (2k)! sinh 7 F 
6. [e sinh x dx = x? cosh x — px?! sinh x + p(p — ja sinh x dx. 
7. [ sint? xa a Fu + + sinh 20. 
8. [ sion’ x dx = —coshz + + cosh® x. 
cect yyy atten DL ON EY ge sinha) 
9. sinh x dx =(-1) Cin 590+ Fanal 2-9) Cin Oink) n=1, 2 Seas 
Te cosh[(2n — 2k + 1)z] 
+ 1 Ont] = kak 
10. [ sion a xdx = aan dV) Cont1—on Oka 


5X 1)rtk oe cosh?**1 L2 
= _ Se m= 1,4,... 
= " 2k+1 


1 —1 
11. [ sint? 2 a = —sinh?—! xcoshx — as / sinh?~? x dz. 
Pp p 


(a cosh az sinh bx — bcosh bz sinh ax) . 


12. [ sion ax sinh bx dx = Doe 


dx 


13. 
sinh ax 


=  in}tanh at 
a 2 
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15 / dx __ cosh x 1 
; sinh2"t1 yz Qn sinh?” x 
(2n — 1)! x 
n 
+ (—1) Qn) In tanh > 
= Dee 


16. | eee 
at+bsinha Va? +0? atanh(x/2) —b— Va2 +b? 

Bg ce 2 ate 
bVa2 +02 atanh(x/2)—b- Va? +? 


/ Ax + B sinh xz 


_&B 
a+ bsinhz oo 


> Integrals involving tanh z or cothz 


1. [rameds = Incoshz. 


2: [ant? adx = x — tanh. 


3)(2n — 5)... (2n — 2k — 1) 


n—-1 ‘ fan As, 
5 Se ) h2n—2k 


k=l sin. 


Ay, = 


3. [ saan’ rdx = —+ tanh? z+ Incoshz. 


h2n—-2k+1 x 


n 
tan 
4. tanh2” ¢ dx = -5 ee Fe 
[om LAL x — = One 


5. ae x dx = |Incoshz — S> ( 


k=1 
eel ey 


6. [anne cae =-— 


7: [cote ae = In|sinh gz]. 
8. [ cow? xdx =x —coths. 


9. [con adx = —4coth? x + In|sinh 


2k cosh?* x 


ge ST De ee, 
sk 


=I kok n t h2r-2k+2 
) n = Incosh x — )> =~, 
n — —_— 


1 
i tanh?—! x + [anne 2eae, 


+1 


n 
coth2”—2"4 
10. [cot nde = 2 — a 2, Gack 


n 


Lis [ cou?” ede = In|sinh -S~ 


k=1 
yD ese 


12. [ cow? zac =— 


1 
i coth?—! x + 


ch " 
= In |sinh z| — S> 
k=1 


——— 
2k sinh?* x 


[cow x da. 


(2n —1)(2n — 3)... 
2k(n —1)(n—2)...(n—k) 
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n=1,2,... 


(2n — 2k +1) 


coth2”—2*+2 x 


2n—2k+2’ 
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$2.1.5 Integrals Involving Logarithmic Functions 


1. [orarae =alnar—z. 


2. [emzae — su° In — qa”. 


1 1 
a? In ag — ——_~ 2?" if —1, 
[orivoste= 7A (p+ 1)? Be 


5 ln? ax if p=-1. 


oe 


4, [oo a)? dx = x(Inx)* — 2x In zx 4 2x. 


Di jf tn2) dx = $27(Inz)? — $27 nx + 42”. 
gee ee Ae ea 
6. [nay ar = mee (p+ 1)? ea PELE a 
$n? x if p=-l. 
[onaytde = MN + Yim. nay n=1,2,... 


8. a qf (nz)? ae, q#-l. 


9. f ar (I ae Se een (m—k+1)(In2)"* 
oa Ot ee a is ~ mele eA oa% ; 
n,m =1, 2, 
10. [ertnay i= pete (nz)? — 2 far(nay dz, p,q#-l. 
1 
11. [x(a + be) de = p (ax + b) In(az + ) — 2. 
Be is ae a? a 
12. [vinta 00) ae = 5 (2 - $7) infa +02) —5(5- fe). 
1 a Lf ae. an. @eo 
2 en Co ee ee a ee ee 
13. fe In(a + ba) dx = 5(« sr) Infa + be AG ob + re ), 
Ina dx Ing 1 x 
14, eee enced oye 
ica. b(a + bax) 7 ab a+ba 
1s i Inedr In es 1 ne 1 ig 
(a+br)3  —- 2b(a ++ bx)? Qab(a +. br) ~~: 2a2b a + ba 
2 ae ' 
—|(Inz — 2)Va+ br + Va In —————.||_ if a > 0, 
- / Inede _ 5 [ns ) ee Vat br — Va 7 
, J Vv b 
ee ee a (me — 2)Vary be + 2V=Caretan LE | if a<0. 
b J/-a 
17. [ae + a*) dx = xln(x? + a”) — 22 + 2aarctan(x/a). 
18. feme +a?) dx = $[(x? + a”) In(a? + a?) — 27]. 
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19. ja In(a? + a”) dx = 3 [2° In(a? + a”) — 22° + 2a7e — 20° arctan(x/a)]. 


$2.1.6 Integrals Involving Trigonometric Functions 
> Integrals involving cosz (n = 1, 2,...) 


1 
1. [costa + bx) dx = o sin(a + br). 


2. [veose ae =cosx+ arsin 2. 


3. [2 eosirde = 200082 + (a? —2)sine. 
4, fe 2” cos x dx = (anyt] 1 1)* —___ sali per SI a: 
sy (2n—2k)! (2n—2k-1)! 
Di ae cos x dz = (2n +1)! SD eee sin © + ee cos |. 
re (2n — 2k + 1)! (2n — 2k)! 
6. je cosa dz = x? sina + px?! cos x — p(p — 1) a cos x dx. 


7: [cos adx = 5x + 4sin2z. 
8. [cost rae = sin x — ssin® x, 


1 sin[(2n — 2k)z] 
2n > k 
9. [cos adx = CR + ——— Qan—1 T Cy 21 on Ok 


1 oy ane — 2k + 1)z] 
10. [cos a da ain a 


n—2k4+1 
[aoe mS DI 


d 
12. / = tana. 
cos? & 
dx sin x 1 uot 
13. = —— + —]1 t (= *)|. 
|= Feast ha ae 
dx sin x n—2 dx 
Sf aca ee raat ee ee, a 
[ss ee 1) cos"“! x eal / cose? 


x dx (2n—2k)xsinz—cosx  2"—-!(n—1)! 
15. [== = et EE (etait feoscl), 


— 
— 


A (2n—2)(2n—4)...(2n—2k+2) 1 
nk ~ (Qn—1)(2n—3)... (2n—2k+3) (2n—2k+1)(2n—2k) 
_ sin|(b — a)a| , snl + a)z] 7 
16. [cosas cos ba dx = Ohana = Oboe) o axztb. 
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arctan ia Sob 
7 7 dx 2 a2 — b2 a2 — b2 
. a+bcosz 1 BR Vb? — a? + (b— a) tan(x/2) Fi b> @2 
b? — a? b? — a? — (b— a) tan(x/2) 


18 / dx = bsin x __ a / da. 
(a+bcosx)? (b2—a?)(at+bcosrz) b%—a? J a+bcosz’ 


dx 1 atan x 
19. >= == arctan — 
a2+b?cos*z ava? +02 ae be 
1 t 
arctan v= if a? > b*; 
20 dx — Java — PP ae — be 
: a2 — b2 cos? xn 1 Vb? — a2 —atanz if p2% 9 
ed  ——— a‘. 
2av/b?-—a2 =| Vb? -a2+atanz 


b ; a 
21. fe cos br dx = e®” lots sin bx + Rao cos br). 
ax 2 
22. [et 008? xe = acos? x + 2sinxcosxz+— }). 
az+4 a 


ax n-1 
e™ cos’ "x ; n(n — 1 “ 
23. eee Seatac e°” cos”? x da. 
ar+n ar+n 


> Integrals involving sin x (n = 1, 2,...) 
1 

1. [snl + bx) dx = Fe cos(a + ba). 

2. [esinzae = sinx — xcosz. 


3. [Psinede = 2x sina — (x? — 2) cosa. 


4. fe sin a dx = (3x” — 6)sinx — (x? — 62) cosa. 
5; ia sin x dx =(2n)! bora cele cos So sin 7 : 
= (2n—2k)! as (2n—2k-1)! 
6. cae sinxz dx = (2n+1)! 3 (yo Cos x 
ran (Qn — 2k + 1)! 
g2n—2k 

aa St ray sing], 
fe fe sin x dx = —a? cosa + px?! sina — p(p — 1) a sin x dx. 
8. [x ode = 4a = + sin 225 
9. [vsin® xdx = ta — +2 sin 2x — + cos 2. 


10. [sv ede =—cosxz+ 4 cos® x. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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ey 


coy Lye sin|(2n — 2k) a] 
[x xdx = = = Cig 92n— Ti "Con —5 oR 
! 
where Cy = _—_ are binomial coefficients (0! = 1). 
: ie cos[(2n — 2k + 1)a] 
2n+1 = nt+k+1 qk 
[om xzdxz = ge DY) Chel 5, 
i dx 
a -| 
sa 
[= — cot x 
sin 
COs © 
[= = SS a + 5In|tan $ . 
os a 2sinea 
|= 2 COs & ip n—2 / dx iss 
sin” oa te n-1J sin”? 2’ ; 
x dx sinz+(2n—2k)xcosx  2”-1(n—1)! . 
/= re Fy et re | |sin z|—2 cot 2), 
Ye de 02 (2n—2)(2n—4)...(2n—2k+2) 1 
nk (Qn—1)(2n—3)... (2n—2k+3) (2n—2k+1)(Qn—2k) 
inl(b — Ate 
[svaz sin bx dx = a a ee a#xb. 
b 2 
arctan uA if a? > b?, 
a 


dx Va? — BP — 0? 
a+bsing — 1 b= a etang/e) ace 5 
———_ |n| ——_ —_ | if 0° >a’. 
b?—a? |b+Vb? —a?+atanx/2 
/ dix = bcos x a a / da 
(a+bsinz)? (a2—b?@)(a+bsinz) a*—b? J a+bdsing’ 
/ dx 1 Va? +b? tanx 
= arctan ——____.. 
a*+b*sin?x avrvV/a2 + b2 a 
Va’ — b? tanx 


arctan ————— if? & B, 


/ dx _ Java _P a 
a2—b2sin?x 1 Vb? —a* tanz+a 


i a) I Se, 
2avV/b? — a? Vb? — a2 tanz —a 
sin x dx 1 . keosz 
————— = —— arcsin ————.. 
V1+k2 sin? x k V1+k? 
inad 1 
= ES nfkcosr + V1 — ksin? x. 
1 — k?2 sin? x k 
. kcosx 


1+k 
sina V1+ k? sin? ade = ———— 1+ kin? 2 — ie 
sina V1—k? sin? «dx = v1 —k2 sin? x 


_ 


In| k cos x +V1—k?sin? x |. 
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cos be) : 


: a : 
27. es sin bx dx = “CG oR sin bx — Poe 


28. fe sin? x dr = 


2 
q (asin? x —2sinxcosx + =). 
a 


n 
; ew sin’ rn, n(n —1 Be gies 
29. eee Weng ase OD e% sin”? x dx. 
art +n ar +n 


> Integrals involving sin x and cos x 


1 [osm ax cos bx dx = selon Dal coslor)2), = 02) a#xb 
2(a + b) 2(a—b) ’ 5 
ia = ; arctan ( tan ax 

b2cos2axr+c2sinzaxr abc b ; 


dx 1 jaan 


b2 cos2ar —c2sinzar 2abe |ctanax —b 


ae ntm—1 tan2*-2m+1 » 
[=== - d Crem 19h = oie * aa 


dx n+m tan2*—-2m » 

5. f= Crm in |tan x|+5 > CR hem eae Oe ee 
k=0 

> Reduction formulas 


@ The parameters p and q below can assume any values, except for those at which the 
denominators on the right-hand side vanish. 


sin?! x cost! x —1 
1. [ sin wos! da = —— + -— sin?~? x cos! x dz. 
Prd Prd 
sin?t! ¢ cos?! & -1 
2: [ow x cos! x dx = —————_ — sin? x cos’? x dz. 
Prd Prd 
inP-l q-1 a 
3. [ow x cos! x dx = lai (sin? xn ——) 
of prg=2 
—1 —l1 
+ Pear i sin?~? x cos’? x dz. 
PrTdpPprqg— 
sin?*! ¢ cost+] +qt+2 
4. [ow x cos! x dx = —— eee 7 / sin?*? x cos! x dx. 
Pp pr 
; sin’t!acosttia = p+qt+2 ; 49 
5. [ svt wos! da a + ae [ sn woos! x dx. 
qr qd 
+ p—l qt+l —] 
6. [ow x cos! «dx = Sc a + — sin?~? x cos?t? x dx. 
qr q 
: p+l q-1 = 
hs [ow x cos! x dx = ——— + a1 pow x cost? x dx. 
Pp Pp 
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1319 


Nl, Qos. 


MS Te Dew 


> Integrals involving tan x and cot x 
1. [rnede = —In|cos a}. 
2 [rode = tang —2. 
3. [ro cds = + tan? x + In|cosa. 
n k Qn—2k+1 
—1)"(t 
4, [vm 2ae = (-1)"x4—- 5 eae i 1g De tk 
£4 on = 2k +1 
n k Qn—2Wk+2 
—1)"(t 
5. fre a dz = (—1)"*" In |cos 2| — > ae 
d 1 
6. pester = ap (a + bln|acos a + bsinz|). 
tan x dx 1 / a ) 
7. ———— = —— areccos 1——cosxz]), b>a,b>0. 
Va+btan?xz Vb-—a ( b 
8. [ootxas = In |sinze|; 
9. [cot xa =—cotx—2. 
10. [cot xa = —4 cot? x —In|sin |. 
n k Qn—2k+1 
2n _ n (-1) (cot x) = 
11. [oo i a eae aaa ar aa NS 1 2 eas 
n 
—1)¥ (cot 2)2n-2k+2 
12. [om x dx = (—1)"In|sinz| + > _ 
d 1 
13. /——_ = wap (ae — bIn|asin x + bcos 2] ). 
$2.1.7 Integrals Involving Inverse Trigonometric Functions 
1. [ sxsin * de = xarcsin — + Va? — 22. 
a a 
2 2 
p2 J (2resin =) ae = x(aresin =) — 27 + 2\V/a? — x? arcsin aed 
a a a 
1 
3. [ vavesin * dx = — (2a? — a?) arcsin = 4 Va? = 22. 
a 4 a 4 
2 Rock ze pide ue 9 
4. ie: arcsin — dx = — arcsin — + —(a* + 2a*) Va? — 2?. 
a 3 a 9 
Si [ sx00s * de = xarccos — — a2 — 2”. 
a a 
x\?2 x\?2 « 
6. (arecos =) i= xr( arccos =) — 2x — 2\/ a? — x? arccos —. 
a a a 
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x 1 Lf 
a [ vaxcc0s — dx = —(2a? — a”) arccos — — — Va? — 2?. 
a 4 a 4 
2 Hy fa zx dls» 2 
8. fe arccos — dx = — arccos — — —(a* + 2a*) Va? — 2?. 
a 3 a 9 


a z 2 
[wean — dx = x arctan — — —In(a? + x”). 
a a 2 


1 
10. J earctan 1 p= rica + a) arctan — _ - 
a 


3 2 3 

x Lc Lc ax a 

11. ? arctan — dr = — arctan — — —— + —1 
fe ctan — xv 3 ctan = r Sar n(a? + 2”), 


12. [ srccot = dx = varecot — + — In(a? + 2”). 
a a 2 
ax 


13. [ varccot = dz = 5(a? +a *) arccot — + i 


3 2 3 
14. fa arccot — dx = > arccot — + —— — In(a? + x). 
a a 


$2.2 Tables of Definite Integrals 


@ Throughout Section $2.2 it is assumed that n is a positive integer, unless otherwise 
specified. 


$2.2.1 Integrals Involving Power-Law Functions 


ah 


> Integrals over a finite interval 
1 .n Mm 
x” dx (-1 
= (-1)"}In2 
far Or [may 


5 [ dx _ &£B 
" Jo 22+22cos8+1 2sin8’ 


1 (et +27*) de rsin(a8) 
_ la Oeene Gl entea\end 1 2 1)n. 
; x? + 2xcos8+1 sin(7a) sin B’ lal < ,BA(Qn+ Ms 
; ma(1— a) 
4, tage oD 4 , 
i ue 2) ae 2sin(7a) ’ Sas 
1 
dx T 
ys en = ee 1. 
. I nee ~ sgintgra)” ees 
1 
. i ; = -— -l<a<l. 
9 (l—a)* — sin(ma)’ 
Tq 
7. [enor antes (p) . ee 
" oe T(p+q) 
: T 
[eta- 1)-?/9 dx = ————,, q>p>0. 
a qsin(p/q) 
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: +q-1 / ap 
9. [arta any rtde= SP. g > p, 
0 q° sin(rp/q) 
1 
10. [ea - 2a = I. pS ies 0. 
0 qsin(1/p) 
1 yp-l _ »—p 
11. [ Fee = reot(ap), |p| < 1. 
0 1-2 
1 yp-l _ »—p 
12. [- Z = , Ipl<l 
0 1l+z sin(7p) 
1 Pp _ oP 
13. [- as dx =—-—acot(mp), |p| <1 
0 x—-1 
1 Pp _ oP ap 
14, a ad ———— ; [pl<1 
9 il+2 p  sin(p) 
1 ,1+p _ »1l—p 1 
x ny 1 Tp 
6 of ia 
/ (2 z= > cot| | > |p| < 
1 ,1+p _ ~1l—p 1 
é % 7 
16. 2 Se Zi 
/ 1+ 2? . p  2sin(mp/2) I 
1 
d 2 
17. | a ee rctav a 
0 Ja+eayi—a) 
1 
18. | Sees 
0 ~/(-a@zr)(l-xv) a Il-a 
1 
da. T 
19. SSS - l<a. 
-1(a—a2)V1—22 Va?-1 
1 n 
2(2n)! 
20. [ cA AG a ee 
1 .n—1/2 In —1)!! 
21. [SS WET Dix; 
0 Jl—-—2 (2n)!! 
ai i x” da _ @1x3x- x Qn—1) ee 
0 Vl—-av2 2 2x4x---x (2n) 
23, [8-28 Pe 
0 Vl—22 %1x3x---x (2n+1) 
1 A= 
x * dx T 
24. ee a. Hs: Se. 
i (l+ar)(l1—2)  (1+a)*sin(7A) se 
' Anti in[(2\ — 1)k] 
x x sin 
25. a se VT KETO a ee eee 
began ORE oe ay aa 


k = arctan \/a, -$<A<1, a> 0. 


> Integrals over an infinite interval 


1 ft Ga. ..> a 
"Jo az? +b 2 /ab 
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z, 


EN 


oy 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


[= dx mV/2 
0 +1 4 
PS at Liga T 
aay 1. 
— +1 sin(7a)’ ae 
se aves m(1 — A) 
7a a A, 2. 
a +ax)* — a¥sin(m)’ as 
oo A-1 A-1 _ pA-1 
Bee ae ae O<A< 2. 
o («+a)(a+b)  (b—a)sin(7)) 
© grl(2 +) dx 7 ie Dag 
ey — 1. 
a (a +a)(x +b) oCere a } 0<A< 
© A dr mA(1 — A) 
So aa. ee 
[ (c+1)% = 2sin(mA) ’ Ke 
oo A-1 fac? =. 4Aq2 
| a = eee) Oey, 
0 e +a Me +b?) 2(a? — b?) sin(w/2) 
a ——— dx = n[cot(mp) — cot(mq)], p,q > 0. 
0 1-2 
Pec pth om _ (A= DA=2)... =n) 
a: Geren asin(tA)’ ~*1 al 
O0<A<n+l. 
oo a™ dx = ain (2n — 2m — 3)!! qin-ntl/2 
n,m =1, 2,.. 
° dx = = x (Qn—3)!! 1 a 
| (x2 +a2)" — 2 (Qn — 2)! a2n-l? a Se Ee 
oo A-1 = pr 
[ ey zy - , a>QO. 
a Ges) da — 1) 
Se T 
i: go +1 bsin(za/b) ’ Ose 0 
co 7A! dy m(a — b) 
— 2b. 
‘ (2° +1)? b@ sin[r(a — b)/b]’ Cees 
oe eas t-nAPA= 1/2) 
ree eT Saas AO. 
i (x + a)*(a@ + 6) vi(va+ vb) Tay. > 
es ee ae asin A Ta 
Oy, ae 
i 1-2? bsinC sin(A+C)’ ape ee 
c>0 
DOE sag ok dle isa , : 
0 Aare 2 ee os 29) porb <1, a> 0. 
ea dx (2m —1)!!(2n — 2m — 3)! 
= 4,b>0, >m+1. 
i (a2 +b)" 2(2n—2)Nampr—m=1V/qb?  “ aoe 
2. gar hada m! (n — m — 2)! 
|, Gee eee te hk ema 
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aed 1 
nf ee (Hy 4), poo, O< nem. 
o (l+azxP)” — pat/P \p p 
love) n+l 
22. [ (Va? + a? — 2)" de = 3 n= 2,3,... 
0 We? 
(oe) 
d 
23 [ =—"__, n=2,3, 
0 (@t+Vvepa)” an —1) 
oo mingrtmtl 
24 M(\/ 2 2 _ dz = 
/ Beer ae) (n-—m—1)(n—m+4+1)...(n+m+1) 
nwm=1,2,..., 0<m<n-2. 
95 [ a™ dx _ m!n 
Jo (w+ Vx% +07)" (n-m—-1(n—-—m+]1)...(n+m+t lar" 
n=2,3,... 
$2.2.2 Integrals Involving Exponential Functions 
eS _i 
1. | e “dr=—, a>0O. 
a 
1 ! ent 1 
a n! = n! 
2. [ ae of dx a7 ae Bl qgnaktl? a>0O, n=1,2,... 
k=0 
ws n! 
3. [ ve dx = 7, a@>0, n=1,2,... 
0 ar 
[o-e) 
is 
4. _ on —, a>O 
0 7 a 
[oe) 
Tr 
5. | ale H® dy = u) pv >0 
0 Vv 
f= _ in2 
9 lt+e%* a 
le) en 1 
27 \ 22 B 
7. [+ on = Da “) =2n nm =1,2,...; the B,, are Bernoulli 
0) “ePt — 1 An 
numbers (see Section S4.1.3). 
lo) pen lq 9 2n|B 
8. [- = (1-2) (=) | 2n| n=1,2,...; the B,, are Bernoulli 
go 6eP® + 1 D An 
numbers. 
oe P® dx T 
9. = >p>0 O>p>gq. 
a ltem qsin(7p/q) vee ue a 
co elt —axr 
10. | Sg, 1G: 
0 e+e 2b cos(=*) 
2b 
[oe] —pxr _ p—qer 
uf : c Se p,q > 0. 
0 1l-—e7 1 —e-@tae p+q p+q 


12, [o- cP de = 5B( Fy +1). 
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13 i. (-ax)dx==,/", a>0 
exp(—ax*) da = —,/—-, a 
0 P 2 a 
14, [ g2+ Vp 0, n=1,2 
2 x exp(—az*) OS Dqntl? a>, m= 1, 4,... 
aad 1x 3x--+ x (Qn—1)J/r 
2 2 
15. / a” exp(—ax ae a> 0, n=l, 2, nae 
ioe) b2 
16. [. exp(—a?2” oe ba) dx = _ exp(=s), 
ee 2 Ob 1 
17. exp(—ax _ =) dx = ~,/— ~ exp(- 2Va b), a,b > 0. 
0 x 2 
80 ; i -71 
18. exp(—2 ) da =-T(-), a>0. 
a \a 
0 


$2.2.3 Integrals Involving Hyperbolic Functions 


1 i dx 
"Jo coshax — 2ial’ 


2 Vb? — a2 ra 
[ dx _ Wa ae 1 | | > lal, 
9 a+ bcosha 1 at+b+vVa?—b? . 
1 if |b] < |al. 


————E n — 
a#—b? a+b—vVa?+6? 
oo 2n dz mT \2n+l 
| eee (=) |Eo,|, @>0; the E,,, are Euler numbers 
9 coshaz 2a 
(see Section S4.1.4). 


4. Lr gn dz ee ak _ 2) 
0 


= a | Bonls the B,,, are Bernoulli numbers 


cosh? ax lal(2a)-" 
(see Section $4.1.3). 
[oe 
h 
5, [~ 20R dg Tage, b> al 
+ Sa Fao) 
cos | “5 
we cosh az ta" 1 
6. an dz = ——- ——_.——.,__ b =1,2 
7 oh Dh da” ena) 
(Se) e(S) 
cos { — } cos{ — 
= = cosh ax cosh bx ce Ic I = estas. 
0 cosh(ca:) c (=) (=) 
cos{ —— } + cos| — 
Cc Cc 
° adx qn 
8. = 0. 
/ _ ogee 


[= _ i mototva +h 
0 hn 7 Vea atb=/e Le 


© sinh ax Ta 
10. are (= )i - 
‘ / cho pte ap) le 
2n 


a sinh ax na d Ta 
(i, an de = ———t (=), b ee ee 
/ “ ‘sinhbr "2b dazr Plas. 
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ee) gen 2" 
12. [ a dx = Z| Ban|, a> 0; the B,, are Bernoulli numbers. 
90  sinh* ax aent 


$2.2.4 Integrals Involving Logarithmic Functions 
1 
1. i eo In” ¢dz = (—1)" nla”? 4, a@>0) n=1, 2,2. 
0 
1 2 
l 
[ Sae--$ 
9 e+1 12 


1 on 2 n k 
x" Ina 1 (-1) 
/ e+ x ( ) E we k2 | n 94> 


1 H-1ly] u-1l 
i: a de = [Ina — mcot(7p)], O<p<l. 
0 


gta sin(7/1) 
1 
5: lIna|*’de =T(ut+1), w>-tl. 
0 
T 
6. | al In(1 + ax) de = ——_——_—_,_ -1 <p <0. 
0 jal sin(71) 
2n k-1 
1 —1 
7 [ emoing + a) de = =) , n=l, 2, 
0 2n k 
k=1 
2n+1 k 
1 —1 
8 | ge" In(1 + 2) dx = In4+ Sp ; = 0, 1, 
k=1 
_ Jind . 4(—1)” a C=1)F 
9 n—1/2 In(1 + a) dx = - =1,2 
[2 a a eae re 24 FIP) NO” 
lee) 2 Pout 
10. / In5s——5 de = n(a—b), a,b>0. 
lee) p-1] 2 
tL. i ED ee cL ree 
9 l+a?% q? sin? (7p/q) 


cos 1 
12. [ riage Sey PSU, CS 0SEI2 5 
0 


$2.2.5 Integrals Involving Trigonometric Functions 


> Integrals Over a Finite Interval 


; [cost nan = FER BA ORD) be any 
ety 2 2x4x---x (Qn) ’ ne 8 


n/2 9x4AxK-- x (2 
2: fl aot eee ee Oi Oe eae 
0 1x3x---x (2n4+1) 
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~ (n—-2k+1)(n—2k4+3)...(n—-—1 1 
s-! )( pani ) 


m/2 
af Pe et (n—2h)(n—-2k+2)...n n—2k 


m(Q2m—2) 

fi 2 m1) if n= 2m—1, es 
n? (2m — 1)! ee 8 lied 
38 Qmy Am 


F [ dex a | (2n— mA 1)! (2k-1)! Es 
"Jo (atbcosz)rt! a ams (n—k)!k! a—b 
a > bj. 


n/2 1 eX (Qn —1 
5. | ge fe = ly Desc 
0 2 2x4x--- x (2n) 


n/2 9x 4xK--- x (2 
6. | Sg m= 1, 2) bs: 
0 1x3x---x (2n4+1) 


T 2 
1 
7. [ esint rae = SS POI >-l1 
. Trt DP 
g i sin x dx 1 1+k 
: ——————— = —]n : 
0 Vl—ksin?x, 2k 1-k 
m/ fen! 
9. | sin2”+! g cog? ¢ dx = —— al ho aoe 
0 2(n+m-+1)! 
m/2 
10. | sin?! x cos?! dx = 4B(Sp, $q). 
0 
20 
2n — 1)! 
if, / (asin.r + 6080)?" dr = 2x SEE (a? 0)", n=1,2,... 
D [ sin x dx _ J2 if 0<a<1l, 
© Jo Va? +1 —2acosx 2/a if l<a. 


3 
Te, 
i) 


(tan x)** dx = » lA 


wo 
> 


cos(acos x) dx = 27Jo(a), Jo(z) is the Bessel function. 


wo 
> 


[7. sin(acos x) dx = 0. 


wn 
oo Sy ey ay 
oH 
wn 
on 
5 
— 
8 
Cs 
eae 
Q. 
ey 
| 
Q 
Ss 
— 
g 
8 
See 
SH 
— 
nd 
_ 
i?) 
> 
i@’) 
ow 
oO 
DN 
i? 2) 
Oo 
O, 
> 
i=} 
Q 
=e 
(@) 
5 


> Integrals over an infinite interval 


© cos ax 7 
i, dx =,/—, a>0O. 
i Vax * Oa 


15. 


16. 


19. 


20. 


21. 
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a ee ae = In|], e268 
0 


7) coe 8M yb) a,b > 0. 


(oe) 
a at! cos ax dx = aT (u )eos($7u), a>0, O<p<l. 


(oe) 
Cos ax a3 
if dz =—e, a,b >0. 


0 b + x? 2b 
7 cosat r/2 ( =) (=) +sn(S)] 
= exp( ——= | |cos{ —= sin( —— } |, 
9 pat ae PLB v2 v2 
cos ax 7 
z= —(1+ab)je"@ b>0. 
54 awe a | +abje"", a,b> 
ae cos ax dx a bee = ce 
| ‘(ho lV we), of ee a,b,c > 0. 
9 6(b% + x7) (c*# + x?) 2bc(b? — c?) 
CO 
1 
>) cos ( \dv == as, a> 0. 
0 2 2a 
=o T(1 
ef cos(ax?) d = OP) eos =, a>0O, p>l. 
0 pal/P 2p 
pete 1 
c= — signa. 
0 2 
ae ax T 
= Ziel. 
0 
posite 1 
—, a>Q0. 
0 2a 


(oe) 
mT at! sin aa dx = aT (pu )sin($mu), a>0, O<p<l. 
0 


1 7 5% 
in( = —4/— : 
i Doge 


sin ( (ax?) dz = ——“sin—, a>0 >1. 
i pat/P 2p’ » ?P 


oO 
8 
Fal 
fe 
exn 
= 
3 


°° sin x cos ax a Mela 
oy —— dx = 44 if |a|=1, 
: 0 if 1<|a| 
pins T 

x= —signa. 

0 2 

b 
foe ae Re a> 0. 

a 

0. i 
ae “ cos ba dx = Dae a> 0. 
0 


vs 2ab 
fae * sin ba dx = CaP a> 0. 


a,b>0. 
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oe ees 
; / xe CO eae gaya a> 0. 
eS nm i—ax os n o” b 
23. / xv”e ™ sin bx dx = (-1) s+ (aa): a>0, n=1, 2, 
24. er ae b = (-1)°"—— | —— =1,2 
i xz"e ™ cos ba dx = (-1) o> (a): a>0,n , 2, 
oo b2 
23) / exp( ) cos ba dx = =~ exe(-z), a> 0. 
oo b b2 
26. / x exp(—ax”) sin bx dz = vn exp(-=), a> 0. 
pu y cos(aa”) cos ba dx = * cos a + sin ia a,b >0 
"Jo ~ V 8a 4a 4a} |”? , 
0° 2 2 2 2 
28. / cos(ax”) sin bx dx = Vos lcos( 7 )e( 2) -sin()s(2)]. 
a,b > 0 and C(z) and S(z) are Fresnel integrals. 
lee) 2 2 
29. i sin(ax”) cos bx dx = Ve cos( +) - sin()], a,b>0 
00 2 2 2 2 
30. / sin(ax?) sin ba dx = ,/ oa cos( )e(Z) ar sin()s(T)]. 


a,b > 0 and C(z) and S(z) are Fresnel integrals. 


al br b? b? 
i, = si 7 b = —C| — 
3 . = sin(ax*) cos bx dx = 5 s(=) o(Z) 
a,b > 0 and C(z) and S(z) are Fresnel integrals. 


32 [ ax + sin ax) cos(b?x?) dx = 2 * ex oo 
ane eS ees a: 


33; . (cos ax + sinaz) sin(b?”) dx = [= exp(—= 


$2.2.6 Integrals Involving Bessel Functions 


> Integrals over an infinite interval 


om 1 
1. / J(ax)dx =—, a>O0, Rev >-1. 
a 


1 
ee ae 
2 i cos(xu) Jo (tu) du = t? — x? 
0 0 if x >t. 
sin(xu)Jo(tu) du = L ; 
0 marys if x >t. 
1 
‘a t 
4. | cos(xu) Ji (tu) du = t 
(0) — 
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Wn 


| oo Fae san) Ko(ab), b>0, 0<t<a, Ko(z) is the modified 


Bessel function (see Section S4.7). 


[ usin(tu) Jo (au) fags 
0 


an 


rp = eM Io(ab), b>0, a<t< ov, Ip(z) is the modified 
U 


Bessel function. 


[ sin(tu) Jy (au) uae 
0 


= 


TR u= 7 eT, (ab), b>0, a<t<o, J;(z) is the modified 
Uu 


Bessel function. 


© wsin(tu)J- 
Vent) a, dante Riad, BOs he pea, Kato ie tieanoailied 
0 U2 + b2 
Bessel function. 


Jy ( au) ie 
——— _ du = ——, a>0, Reb>0. 
| Vu? + b? ab 


> Other integrals 


1 
/ uJo(xu) du = 
[ Ji (ba) dx — 1—cos(ab) 
0 


a2 — x? ab 


[ uJo(au) du sin(at) | 
0 


ae 


ad 


a 


Ji (x) 


N 


, a>O0. 


2 


\/t2 — y2 x 
~ SJi(vu)du _ sin(at) 
i vee « ’ 
©) References for Chapter 82: H. B. Dwight (1961), I. S. Gradshteyn and I. M. Ryzhik (2000), A. P. Prud- 


nikov, Yu. A. Brychkov, and O. I. Marichev (1986, 1988), D. Zwillinger (2002), I. N. Bronshtein and K. A. Se- 
mendyayev (2004). 


ia 


z>0,t>0. 


Taylor & Francis 
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Chapter S3 


Tables of Laplace 
and Inverse Laplace Transforms 


$3.1 Tables of Laplace Transforms 


$3.1.1 General Formulas 


Original function, f(x) Laplace transform, f(p) = ‘ e ?* f(x) dx 
0 


afi(e) + bfa(a) afi(p) + bfalp) 
0 


if 0<24<a, 


ead ifc>a 


1[f(p—iw) + f(ptiv)], 7 


| fP=-1 
t?) dt 


[tiny se(avt )F(t) at 


f(asinhz), a>0 i. Jp(at) f(t) at 
0 

f(a +a) = f(z) 1 * el n\o—P® toe 
= / f(a)je ?* dx 


periodic function) 


f(a +a) =—f (2) 1 [seer ae 


(antiperiodic function) 1+ e-%P 


— 
N 


ios) 


7 
i 
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——— Original function, f(x Laplace transform, f(p) = fe e P* f(x) dx 
0 


F(p) — f(+0) 


— — Sop? * ff (40) 


a(x 


—t)] 
; — t)| 


[femme — [ae 
p? iz p) 
ip 


rie ~ 
fpeepneonee|nees 
BE i fi - ae a ‘“ 
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$3.1.2 Expressions with Power-Law Functions 


No } Original function, f(x) Laplace transform, f(p) = / e ?* f(x) dx 
0 
a | 
0 if0<a<a, 
2 . ifa<a<b, (ce? —e7) 
0 ifb<a 
aS | 
s =? Bi(— ap) 
zr+a fs 
! 
iB. HA, BSc . 
Pp 
. 2 1 


nt+1 
-3...(Qn-—1)/n 


BlR slr 


| 


aN 


Qrpnt1/2 
Qq71/? — 2(rp)/7e%? erfc(./ap ) 

2? (a-+a) (n/p)'/? = ra'/e*? erfe(/ap)) 

oe +a) 
x, v>-l Tv +1)p 


14 | 2’(a@+a)', v>-l ke“?T(-v,ap), k=a"T(v+1) 


= 
re 
a 
ie 


No | Original function, f(a) Laplace transform, f( 


a 


TW)(p+a)” 
In(p +6) —In(p +a) 


(p + 2a) In(p + 2a) + pInp — 2(p + a) In(p + a) 


zo 
~ Ab 


2b — 2n'/?b?/*nerfe(pVb), a= + 


> 2/a/p Ks (2,/ap 
Jztexp(—a/z), a>O0 5V7/p3(1 + 2,/ap) exp(—2,/ap ) 
1 


ap) 
ap) 
a>0 Va ]pexp(-2/%) 


(xb)? exp(bp”) erfe(pVb), a 


~ 


x 
BEEBE REBEEE 
8 ° l 
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Original function, f(x) Laplace transform, f(p) = See vee || e ?* f(x) dx 
(a/p) 


—a/x), 


exp(—2Vaz ) —— hs Mae 
EE Fe exp( —2,/az ) (1/p)'/7e*/” erfe(/a/p) 


$3.1.4 Expressions with Hyperbolic Functions 


Original function, f(x) Laplace transform, f(p) = / e ?* f(x) dx 
0 

fw Geeeces lh, = = 

1 sinh(ax) ery) 

2 
2 sinh” (ax) eo 
— 4a2p 
Soe — oe ee —— 
(p + a) 


" sinh( (ax), v>-—l 


sinh (2/az ) ec/P 
ie 


Vz sinh(2V/az ) ny iis | 


sinh (2Vaz ) a) —1/2,a/p erf(/a/p 


a —_ 

Frais — ee aeons ——* 
p? — 4a2p 

oo 


cosh (2Vaz ) 


x Vz cosh( (2Vax ) 
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$3.1.5 Expressions with Logarithmic Functions 


—— Original function, f(z Laplace transform, f(p) = fone “PY f(x) dx 
0 
—Lanp+e) 
Ina p me : 
C = 0.5772... is the Euler constant 
p= 


—e* Bi(—p/a) 


—j(l+$+ 5+-::+--mp-C), 


< 


C = 0.5772... is the Euler constant 


ein, oe —Inp], 
(v) is the logarithmic derivative of the gamma function 
Dp “wee a 


$3.1.6 Expressions with Trigonometric Functions 


Ne] ont nctn Fe) Original function, f(x Laplace transform, f(p ery. 
a 
CC — er 


a?” (2n)! 
+ (4a)?] ... [p? + (2na)?] 


I yrtt Qk+1 
Par dy 2 koa (= ) 
+a p 


) 0<2k<n 
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Original function, f(x) Laplace transform, f(p) = Lassie uk ae e ?* f(x) dx 
0 
2380 __f aia gid : ae on ae 


VEG = 
sin(2V/az ) a/p 


— sin(2V/ax ) 


(ax 
2(4 


1 | azcos(ax) — sin(ax) parctan < — a 
x? = 


2 ferent 
eee ore 
sin(ac) sinh(ax) 
Ei (ax) 
Ee 


sin(ax) cosh(az) 


cos(azx) sinh(az) 


ll 
12 
13 
14 
15 
16 
17 
18 
19 
20 
2 

22 
23 
25 
26 
27 


(ax) 
Ei cos(az) cosh(az) 
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$3.1.7 Expressions with Special Functions 


it osc oa Original function, f(x Laplace transform, f(p ers 


aN 


Nn 


= 
So 


fs 


Fe 
Fc CT 
Erba 


J(az), v>—-l get la Tee 3) a’p(p’ ae 
Jo (2V/az ) 
Vin (2Va) 

pa’? i (avez), v>-1 | pa’? i (avez), v>-1 | >-1 
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bo natn Original function, f(x Laplace transform, f(p) = [ “PY f(x) dx 


Io Seve) =e%/? 


a (2\/az ) (e%/? — 


a’! I, (2 (az ) v>-—l eS —v-1 et!P 
__ 2 arcsinh( —————e 
Yo( ax) JVpta 
[pe A2 Ina 
Ko(ax) n(p + uel In(p+ Vip? — a?) Ina = 
Vp? — a? 


© Literature for Section $3.1: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), V. A. 
Ditkin and A. P. Prudnikov (1965), F. Oberhettinger and L. Badii (1973), A. P. Prudnikov, Yu. A. Brychkov, 
and O. I. Marichev (1992, Vol. 4). 


$3.2 Tables of Inverse Laplace Transforms 


$3.2.1 General Formulas 


2 f(x) cosh(ax) 
2f(x) sinh(azx) 


0 if 0O<a<a, 
f(xw—a) ifa<a. 


df(x) 2. 
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1 c+ioco = 
a Laplace transform, f(p Inverse transform, f(x) = Fat if eP* f(p) dp 
e 4 sin [b(a — t)] f(t) dt 

— bat —t)" t) dt 
oo — ca a ye ae 
Pape 

1 r( sin( ne 

ria 
Pie eit" oe : 

vf [: 

po 

Ly 

pe 


a - : ame a : 
liv") | te 7 ‘i aa es 


Vp? +a?) 
a 
Jp +a 
_ /p? — a?) 
Sve =e) = = (a Va? — #7) 
Jp a 


i. f(/@+a)?—2) 


i TO f(t) dt 
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ES ne cos 
dp” _ 


Laplace transform, f(p) 


1 1 


| 
| 


Z sinh(ax) 
a 


cosh(az) 


= 
N 


ww 


i oa 
ae sin(ax) 


& 


en | (ax) — = sin(az)| 


Nn 


an 


— 
~ 


= 


Je 


= 


(+ av+)(pto 
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41 a?(c— bye” + (a — cle ® +. 72 (b— ale" 
(a — b)(b—c)(c—a) 


3 | Gear 
= 
25 | aap 
28 | Gea 
27 | Eas 


‘s + 5 sin(br) - = 


+ bsin(bzx)] 


26°” — absin(ba) 4 


[cos(ka) - V3 sin(ka)| , 


* cos(cx) + ke~°* 
(a—b)? +c? 


~>” cos(ca) + ke” sin(cx) 
——————— (a — 6)? +c? ; 
(p+ a)[(p +b)? +e] pa Pte ab 


—ae ** + ae 


Cc 
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a c+ioo 
Laplace transform, f(p) » J(x : 


F 2e—9” 4 (6? 4+. c? — Qab)e~>” cos(cx) + ke~”* sin(ca 
P 


(p +a) |(p +b)? + c?] 


wo 
oo 


aN 


aN 
ie) 


Bs 
K 


aN 
n 


[ax = sin( ax)] 


== [sinh( (ax) — sin(ax) 

=> [cosh(ax) — cos(ax)] 

= [sinh(ax) + sin(az)| 
= [cosh(ax) + cos(az) | 


5 (cosh § sin € —sinh€cos€), € = 


) aan 


N 


Nn 
ios) 


ax) + ax cos(ax)] 


nN 
a 


:) — Sax sin(ax) 


Nn 
oo 


Nn 
Ne} 
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1 c+ioco at 
Laplace transform, f(p Inverse transform, f(x) = aa eP* f(p) dp 


cosh(ax) — cosh(ba) 
= Ate 
a Sate — bsinh(bz) 
a? — b? 
a’ sents) — b’ cosh(bx) 
— $2 


sin(ax) — = sin(br)| 


1 1 
b?—a?la 
cos(ax) — cos(ba) 

bra 
—asin(ax) + bsin(ba) 
aie 
—a’ cos(ax) + b? cos(bx) 
b2 — a2 


a : 
rrr oe exp(ax) [az Cos(bpx) — bp sin(bex)], 
k=1 
: m(2k — 1) 
Gk = acosyr, be = asin gs, pe = 


. h( » 
hart sin! (ax) an exp( Apx) 


x [ax cos(bkx) — be eae 
m(k — 1) 


Gk = acosyr, be =asinygr, Pr= 


en 2 
(Qn + 1)a2” = (Qn + 1a2rtt Doe) 


pertl 4 ganti? m=O, Ts x [ax cos(bkx) — be sin(bex)], 
m(2k — 1) 


ak = acosyr, be =asinygr, Yr= al 


ee” 2 
Qn+ha +a tt Qn + lartt + Dern dpe) 


1 


pnt — gana’ n=0,1,... 


x [an cos(bpx) _ by sin(bp«)], 
27k 


ak = acosyzx, by =asinygr, Yr= aaa 


exp (apa) 
(p— a1)... (Pp an); Pa 
is a polynomial of degree 


ae stands for differentiation) 
1; a: Aajift Ag 
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c+ioco eo 
No | Lantern Fo) Laplace transform, f(p Inverse transform, f(x) = os e?” f (p) dp 
(ie peer 


Qe) 


P(p)’ in(ae) mpl 
(mx = 1)! (l = 1)! 


]. Pe) = 


exp (ana), 


P(p) 
(p — ax)™* 


a = 


(p— a1 ..(p— an)"; 

Q(p) is a polynomial of degree qi-1 Q(p) 
<mi + mae +--++ mn — 1; ¢ = Px(p) 
At x aj if 1 x J 
Q(p) + pR(p a 

op gE a ET) 
P(p) = (p? +a)... (p? +42); apes) 
Q(p) and R(p) are polynomials =>, P=-l 
of degree < 2n—2; ax Aaj, l1#Z Dp* + yp, 


? 


ax) + Io(a2)] 


p3/2(p — a) 


eg se 
ax)'/? + (1 —2ax)e *lerf( Vax 
aaa 
— 1 1 ax 2 
rare Jay. 2 + (22 - =e erfe(/ax ) — 
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<<: 1 c+too = 
Laplace transform, f (p) Inverse transform, f(x) = ae eP* f(p) dp 
Peaiila ce .-.  . © Vl. Slctan* wr oma. ##2#2#~#~*~*«~S 
15 VB( yp + a)? In V2 el? _ 2aze™® erfc(av/z ) 
1 ; : 2 
16 | 77 (a?x + 1)/x — ax(2a7x + 3)e* * erfe(a/x 
15 (Vp +a) (av) 


N 


N 


Nn 


N 
oo 


~ oe) ee 


$3.2.4 Expressions with Arbitrary Powers 


c+tioco Bf 
No | Laplace transform, f(p) - 


scr 
1 
1 >0 
) 


x e 


T(v) 


PPO) o0 
[(p +a)? + (p+ b)7]-*", v >0 


[(p 4 


Tv) = sy exp(- 


" 
a 
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$3.2.5 Expressions with Exponential Functions 


if axax 

ifa<az 

if 0<2<a, 
“he? — : < ifa<x<b, 

ifb<az 


if 0<2<a, 
ifa<a2<b, 


— cosh (2/az ) 
sinh(2/az ) 


1 
Via 
(= cosh(2V/az ) — WS sinh (2Vaz ) 
(x/a)"”71, (2Vax) 


(2 2eve) 
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it acon Inverse transform, f(x) = — me ce?” f(p) dp 
a 
a 


a a/a)’!? J, (2V/az ) 


ifO0<a<k, 


Jo (ava? — k?) ifk<-2 


0 if0<a<k, 
In (ava? — k? ) ifk<2z 


te Kiaeeomas Laplace transform, f(p Inverse transform, f(x) = e 
f(x) =2n if a(Q2n—-1) <a < a(2n+4 1); 
ra ap) n=0,1,2,... (a >0) 


f(x) = a —an) if a(Qn-—1) <a <a(2n+1); 
Fae ules . (x > 0) 


= see ag) 
sinh(a/p 
De a: ee) 2 
3 (2/a) 


oF ea — VD 


a>0O 


+Gy= 0 if a(4n—1) <a < a(4n4 
ODE =) 2 if a(4nt1) <2 <a(4n4 
peosh(ap) n=0,1,2,... (xc >0) 


a —(-1)"(a@—-2an) if 2n-1<2/a<2n+1,; 
OE n=0,1,2,... (a >0) 
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ee Laplace transform, f(p Inverse transform, f(x) = oan e 
aval 
cosh( ee 
——— — [sinh (2Vax + sin(2/ax 


~"cosh(a/p), uv >—1 4(a/a)””? [IL (2Vazx) + J, (2Vaz )| 
x) =(—1)""' if 2a(n—1) < x < 2an; 
N= Lys eax 


I z) = (2n—1) i = 
X woltian)s St f(x) = (2n—1) if 2a(n—1) <a < 2an; 
p n= 1, 2. see 
arccoth(p/a) Z sinh(az) 
x 


$3.2.7 Expressions with Logarithmic Functions 


c+ioco rs 
80] Lance vansorm, Fo) Laplace transform, f(p Inverse transform, f(x) = _ eP* f(p) dp 
i 
a —Ing- C = 0.5772... is the Euler constant 
1 ple 


14+5+gt+: 
= 0.5772... is the Euler constant 
— In(4x) — Clee, 
C= O16 2226 


1 
11 Fi tanh(ap), a>0 


x£ 
nl’ 


en 7 C= OST2is, 


ee cos(ax) Si(axz) + “ sin(az) [Ina — Ci(az)| 


— 


ios) 


A 


ax) —1] + < sin(az) 


1 a. 
aT [cosh(ax) — 1] — ze sinh(ax) 
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$3.2.8 Expressions with Trigonometric Functions 


= 1 c+too ar 
Laplace transform, f(p) Inverse transform, f(x) = a / eP* f(p) dp 


sin aaa 7 cos ax ) sin ax 
ws = h(V2ax ) sin(V2az ) 


ok = cosh(V/2az ) cos(V2az ) 


cos(a/p 1 
= sinh( V2ax ) ) cos( V2az ) 
onc : 
is ) sin( : Te* 
—_ in 
p(- Jt Ge) 
exp(—./ap ) cos(\/a d cos ( 
- P( v@) ven) JTL a) 
a 1 
7 SS _ — sin(ax) 
x 
a 
— arctan — ax 
Ce a 
a 1 
parctan — —a [ax cos(az) — sin( 
P = 
2ap : 
arctan PIP = sin(ax) cos(a/a? + b? ) 


$3.2.9 Expressions with Special Functions 
1 c+ioco , 
Laplace transform, f(p Inverse transform, f(x) = Dae / eP* f(p) dp 
1 7 
a exp( ap’) ) erfe( (pVa) = exp (| 


Ly x 

a ) erfe (pVa) ms ze 

D- 2V/a 

if 0<a<a, 
erfc(./ap ifa<2 
TL /L—a 

4 fe( —— 
 — - d 


[gem [ares 
(x a(x +a) a) 
[faeces 


ae (a/p) erf(/a/p) (ae 
(Va/p) Ta ox (-2V08) 


if0<2<6b, 
ifb<2 
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a c+too = 
Laplace transform, f(p) Inverse transform, f(«) = — eP* f(p) dp 


ame 


if 0<a2<a, 
tay 72 iface 


0 if 0<a2<a, 
cosh[v arccosh(«/a)| 
2 


ifa<a2z 


x? — a? 


© Literature for Section $3.2: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), I. I. 
Hirschman and D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965), A. P. Prudnikov, Yu. A. Brychkov, 
and O. I. Marichev (1992, Vol. 5). 


Chapter S4 


Special Functions 
and Their Properties 


@ Throughout Chapter S4, it is assumed that n is a positive integer unless otherwise spec- 
ified. 


$4.1 Some Coefficients, Symbols, and Numbers 


$4.1.1 Binomial Coefficients 


> Definitions 


(7) 2 | 
0 __ ko a ay ae p(—@)k — afa—1)...(a—k+1) 7 
Cy = 1, Cf = (7) =( eee — ee ee 


Here a is an arbitrary real number. 


> Generalization. Some properties 


General case: 


Cc T(a + 1) 


= TO+DFa—b4+1)’ where I'(2:) is the gamma function 


Properties: 
Co =1, ck =0 for k= —1,-2,... or k>n, 


a a—b 4 
aoe = Fw Cat Cr = Crh 


b+1 _ 
a = 
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(-1)" (2n — 1)! 
Cr 12 = pan C2n = arora 
ed a ee nes 
Me pe eRe a | a = Dy 
Cee = (-1)°2-*"-1¢2 , Con+1/2 = oe 
9 n+1 g2n 
Ties cn/2 — 4 a(n-))/2. 


$4.1.2 Pochhammer Symbol 


> Definition 


(a)n =a(at1)...(a+n—-—1)= 


> Some properties (k = 1, 2,...) 


(@)o=1, (@)nsk=(@alatna, (np = EE 
eS) ee a 
ee Ta) (lan h Fn eee | 
(Dn=nl, (1/2)n = gee (3/2)n = pee 
_ (Cl eaeacep Gung hh ee (a)on Gshg eas (a)p(atk)n 
(a+mk)nk = ee eae , (a+n)n (ayn (a+n)x 7 ae : 


$4.1.3. Bernoulli Numbers 
> Definition 


The Bernoulli numbers are defined by the recurrence relation 
n-1 
Boel, “Si CB Oy Hes ox 
k=0 


Numerical values: 


B=1, Be=-5, B=%, B=-y B=q, B=-H 
Rips wat Bias SU. for mH 12s 


All odd-numbered Bernoulli numbers but B, are zero; all even-numbered Bernoulli num- 
bers have alternating signs. 
The Bernoulli numbers are the values of Bernoulli polynomials at x = 0: B, = B,(0). 
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> Generating function 


Generating function: 


x = a” 
1 =) Bas) |x| < 27. 
n=0 


This relation may be regarded as a definition of the Bernoulli numbers. 
The following expansions may be used to calculate the Bernoulli numbers: 


Peas ae 
(ane 3 | Bo, | _————— my) ) a, |x| < a 
oO ye eee 
cotz = 4 (—1)"Bon——2""," |x| < 7. 
dX "(2n)! 


$4.1.4 Euler Numbers 
> Definition 


The Euler numbers E,, are defined by the recurrence relation 


n 
S° C2* Ey, = 0 (even numbered), 
k=0 
Font = 0 (odd numbered), 


wheren =0,1,... 
Numerical values: 


Eo=1, EFo=-1, Es=5, Eg =-—61, Eg =1385, Ey =—50251, ..., 
Fonsi = 0 for n=0,1,... 


All Euler numbers are integers, the odd-numbered Euler numbers are zero, and the even- 
numbered Euler numbers have alternating signs. 

The Euler numbers are expressed via the values of Euler polynomials at x = 1/2: 
E.= 2" (1/2); where 1 = 0,0, s 
> Generating function. Integral representation 


Generating function: 
e” _ a 
n= 


This relation may be regarded as a definition of the Euler numbers. 
Representation via a definite integral: 


ioe) #2" dt 
an = (—1) 9 cosh(zt) 
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$4.2 Error Functions. Exponential and Logarithmic 
Integrals 


$4.2.1. Error Function and Complementary Error Function 
> Integral representations 


Definitions: 
erf xz = a = | exp(— 2) dt (error function, also called the probability integral), 


efex =1—erfx= VE Lp exp(—t”) dt (complementary error function). 
1 


Properties: 


erf(—x) =—erfz; erf(0)=0, erf(oo)=1;  erfc(0)=1, erfc(oo) =0. 


> Expansions as x — 0 and x — ox. Definite integral 


Expansion of erf x into series in powers of x as x — 0: 

2ktl D) oy ee Dk 2k+1 
fr= > ASS a 
erfx = ROO kl(Qk +1) a Ds Qk+ DI 


=0 


Asymptotic expansion of erfc 7 as 7 — 00: 


ue 


(2 
1B + O(\x|- ae |, Ma 1,2. 


l M- 
erfe x = — exp(- 2 


JT 


m=0 


Integral: 


i 4 , 
erft dt = xerfx — — + —exp(—2*). 
R 5° 9 


$4.2.2 Exponential Integral 
> Integral representations 


Definition: 
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Other integral representations: 


ee, int+t t 
Bi(—2) =-e7* a. ee Gas. 
0 


xg? +t 
a int —t t 
Ei(—z) = an) ae at for x <0, 
0 x +t 
(oe) 
Ei(—z) = - | e “'Intdt for «> 0, 
1 
® et] 
Ei(a)=C-+ine + [ dt for «> 0, 
0 
where C = 0.5772... is the Euler constant. 
> Expansions as x — 0 and x — co 
Expansion into series in powers of x as x — 0: 
(oe) ak 
C+In(-2)+ az tee aa 
Ei(z) = a en 
x 
C+Ina+ ay if o> 0 
k=1 
Asymptotic expansion as % —> oo: 
—2x . k (k = 1)! n} 
Ei(—) =e"* 5 (-1) et Rn Bn < 
k=1 
$4.2.3 Logarithmic Integral 
> Integral representations 
Definition: 
* dt 
— if0<e¢<l, 
7 = 0 Int 
Kz) == Me de pt at 
im (f+ fh ) ite>t. 
E—>+0 0 Int Ite Int 


> Limiting properties. Relation to the exponential integral 


For small x, 
x 
li(z) = ———_. 
2) aa) 
For large x, 
x 
li(x) » — 
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Asymptotic expansion as x — 1: 


Ink x 
li(z) =C +In|Ing| +e 
Relation to the exponential integral: 
liia= Hi(ln 2), Gols 


li(e”) = Ei(z), z= 0. 


$4.3 Sine Integral and Cosine Integral. Fresnel Integrals 


$4.3.1 Sine Integral 
> Integral representations. Properties 


Definition: 


Properties: 


Si(—z) = —Si(x), si(w)+si(—x)=—x, lim si(z) = —7. 


> Expansions as x — 0 and x — co 


Expansion into series in powers of x as x — 0: 


oo [k+l g2k-1 
“a soa (2k —1)!" 
fa | 
Asymptotic expansion as  —> oo: 
M-1 
(-)" (2m)! _2M- 
si(x) =—coszx | S> “amt + O(|a| 2M 1) 
m=0 
N-1 
; (—1)™(2m — 1)! = 
sine] am + Olle ae) 
m=1 


where M,N = 1,2,... 


S4.3. Sine Integral and Cosine Integral. Fresnel Integrals 


$4.3.2 Cosine Integral 
> Integral representation 


Definition: 


© cost ® cost — 1 
ci(e) =~ f S a= c+ine+ ——— tt, 
x 0 


where C = 0.5772... is the Euler constant. 


> Expansions as x — 0 and x — co 


Expansion into series in powers of x as x — 0: 


(-1)¥x 2k 
Ci(x) = C+ines oO 


Asymptotic expansion as « — oo: 


where M,N = 1,2,... 


$4.3.3 Fresnel Integrals 
> Integral representation 


Definitions: 


=| 5 ue dt = 2 aa 

~ an Vr 

Cla) = 9 ard ae t dt. 
— V/ 27 Jo 


> Expansions as x — 0 and x — co 


Expansion into series in powers of x as x — 0: 
“= feed (—1)hx2h+1 
eae 


(—1)*a 2k 
2-29) ano 
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Asymptotic expansion as % —> oo: 


1 cos & sin x 
1 sin x COS 
1x3 1x3x5x7 1 1x3~x5 
P= 1~ Gap tae PO aS Ba 


S4.4 Gamma Function, Psi Function, and Beta Function 


$4.4.1. Gamma Function 
> Integral representations. Simplest properties 


The gamma function, ['(z), is an analytic function of the complex argument z everywhere 
except for the points z = 0, —1, —2,... 


For Re z > 0, 
CO 
TR) = Ce sade: 
0 


For —(n + 1) < Rez < —n, where n = 0, 1, 2,..., 


I(z)= i le“ — 3 eat 


Simplest properties: 
Te+ lj H21e). Torti aHa) £)H=Te)e1, 


Fractional values of the argument: 


> Euler, Stirling, and other formulas 


Euler formula 


~— zsin(mz)’ 


(5 +2)0(3 -#) = satay 
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Multiple argument formulas: 


T(2z) = — ret (z+5), 

Fie) = Nail T(z)P (2 + s F(z + =): 

Rie) = nye Men? Tr(: + =) 
k=0 


Asymptotic expansion (Stirling formula): 


T(z) = Van e771? [1 + ae + a a O(27°)] (larg z| < 7). 


$4.4.2 Psi Function (Digamma Function) 
> Definition. Integral representations 


Definition: 
= Gln Z).. FL) 


v(2) dz Izy 
The psi function is the logarithmic derivative of the gamma function and is also called the 
digamma function. 
Integral representations (Re z > 0): 


W(z) = fe [e* —(1+t)~7]t71 dt, 


W(z) =Inz+ [ oe -(1- eo yr les dt, 


1-t 
where C = —7)(1) = 0.5772... is the Euler constant. 
Values for integer argument: 


14 _ 42-1 
Ue) =-c+ f aaa 
0 


n-1 
p)=-C, on) =-C+ Sok" (n=2,3,...). 
k=1 


> Properties. Asymptotic expansion as z — co 


Functional relations: 


(2) -wa+2)=-4, 

(z) —v(1 — z) = —rcot(zz), 

W(2) — U(—2) = —neot(n2) - 5, 
( 


5+2z)-v(3%-2) =Ttan(rz), 


m-1 


V(mz) =Inm + ~ yo v(z+=). 


k=0 
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Asymptotic expansion as z — oo (\arg z| < 7): 


om 1 1 i Ai 1 
= WA — ———— { —————— al | 0 
2) 02 ~ oF 222 * 12024 25226 22 


where the By,, are Bernoulli numbers. 


$4.4.3. Beta Function 
> Integral representation. Relationship with the gamma function 
Definition: 


1 
B(x,y) = i e-11 — 2-1 de, 


where Rex > 0 and Rey > 0. 
Relationship with the gamma function: 


Bte,y) = LEW), 


> Some properties 
B(z,y) = Bly, x); 


B(a,y +1) = 2B(e +1,y) =—+ B(x, y); 
x r+y 
B(z,1-2) =$—"~, 0<2<1,; 
sin(7z) 
1 


—1 m—1 
——$— = mC" =n - 
B(n,m) nt+tm—-1 n+m-—-1? 


where n and m are positive integers. 


$4.5 Incomplete Gamma and Beta Functions 


$4.5.1 Incomplete Gamma Function 
> Integral representations. Recurrence formulas 


Definitions: “ 
Oe) = i ee Pae Rea > 0, 
0 


liege) = i e tt?! dt =T (a) — y(a, 2). 


y(a+1,x2) =ay(a,x) -—2%e*, 


Vat 1a) =(e+a)y(a,x) +(1—a)ey(a— 1,2), 
T(a+1,2) =al(a,z)+2%e”. 
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Special cases: 


y(n+1,x2) =n! [1 —<=( =)}. i Oy Mie pack 
k=0 
[(n+1,2)=nle*) 7, W=— 0) lewd 
k=0 
-1 
(—1)" ake k! 

Fa 2)= as T(0,x) —e a eo GS cad 

k=0 


> Expansions as x — 0 and x — ov. Relation to other functions 


Asymptotic expansions as x — 0: 


7 (—1)"* aot" 
Mase) =o, ni(atn)’ 
ge 
T(a, x2) =T(a) »u Ga 
Asymptotic expansions as x —> oo: 
M-1 
aya) = Pla) <a tee] YY Ee 4 (ai), 
m=0 
M-1 
T(a,x) = =e al Ss ae + (ler) | (—30 <arge < $n). 
m=0 


Asymptotic formulas as @ — oo: 
y(x,a) =T(a) | >(2vz-Va-T) +0(=)]. O(x) = = [ 2(-3*) dt; 


y(x,a) =T(a) [@(3va2)+0(-)], — Gua 


a 


Representation of the error function, complementary error function, and exponential 
integral in terms of the gamma functions: 


1 1 1 1 
erfx = ay ), erfe x = al (>: a), Ei(—x) = —I(0,2). 


$4.5.2 Incomplete Beta Function 
> Integral representation 


Definitions: 


B,(a,b) = ee —t) 1d, I;(a,b) = oe 


where Rea > 0 and Reb > 0, and B(a, b) = Bi (a, b) is the beta function. 
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> Some properties 


Symmetry: 
Ea b) + Fab; a) ae 


Recurrence formulas: 
I,(a,b) = ef,(a — 1,6) + (1 —2z)I,(a,b — 1), 


(a + b)I,(a, b) = al,(a + 1,b) + bI, (a,b + 1), 
a+b —az)I,(a,b) = a(1 —2)I;(a+1,b-1) + di, (a,b+4+1). 


$4.6 Bessel Functions (Cylindrical Functions) 


$4.6.1 Definitions and Basic Formulas 
> Bessel functions of the first and the second kind 


The Bessel function of the first kind, J,(x), and the Bessel function of the second kind, 
Y,(x) (also called the Neumann function), are solutions of the Bessel equation 


ry! 7 LY), + (Gg? = vy = 0 


and are defined by the formulas 


1) = So DE gy = Dwleosny = Jnl) 


a AT(v+k+1)’ sin TV 


The formula for Y,(x) is valid for v 4 0, +1, +2, ... (the cases v £4 0, £1, +2, ... are 
discussed in what follows). 

The general solution of the Bessel equation has the form Z,(”) = Ci J, (x) + CoY_(«) 
and is called the cylinder function. 


> Some formulas 
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> Bessel functions for vy = +n + z, where n = 0,1, 2,... 


/2Q2. f2. 
Ji /2(2) = ay in J_1/2(x) — 77 08 x, 
/ 2 1 2 1 
J3/2(2) _ = ( {sine ~ cos), J_3/2(2) = = (—Peoser sine), 


[n/2] k 
7 Be nm = (—1)*(n + 2k)! 
Insap2l@) = Ve sin(s a) d QRH = 2k)! 22 )P* 
a [(n—1)/2] 
+ cos (2 = a) 


(—1)¥(n + 2k +2)! 


2 nm\ C2 (-1)#(n + 2h)! 
J_n—1/2(2) = 4/— cos(« + “) d eee 


Tx 21 \!(n — 2k)! (2x)?* 
. Kn 2/2] (-1)'(n+.2k+ 1)! 
~sin(e + >) 2+ REF Dn — 2k — DI apr | 


2 fea S 
Yj /2(z) = — Ty COS Y_12(@) = a, sine, 
mt1/2(@) = (-1)"**J_n_1o(2), Y_n-1/2(@) = (-1)"In412(2); 


where [A] is the integer part of the number A. 


> Bessel functions for v = +n, where n = 0,1, 2,... 


Let vy = n be an arbitrary integer. The relations 
J-n(@) = (-1)"In(@), — Yon(@) = (-1)"¥n(#) 


are valid. The function J,,(x) is given by the first formula in (1) with v = n, and Y,,(z) 
can be obtained from the second formula in (1) by proceeding to the limit vy — n. For 
nonnegative n, Y,,(a) can be represented in the form 


n—-1 
_ 2 eG. 1 (n-—k—1)! (2\n-2k 
Yn(x) = =Jn(x) In 5 — or (=) 


LO y(t okt) + ¥(n+k +1) 
Heo) @ ki (n +k)! 
k=0 
n-1 
where w(1) = —C, y(n) = —C + >> k7!, C = 0.5772... is the Euler constant, and 
k=1 


w(x) = {InT'(a)]’, is the logarithmic derivative of the gamma function, also known as the 
digamma function. 
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> Wronskians and similar formulas 


2 2 
Wid, oe) = ~ 7, sin(ty), WiJps¥p) = ar 


Jy (a) J_yi1(2) + J_y(2)Jp_1(x) = a 
J(2)Yp41(2) — Ipzi(2)Y,(z) = of 


Here, the notation W(f,g) = fg’. — fig is used. 


$4.6.2 Integral Representations and Asymptotic Expansions 
> Integral representations 


The functions J,(x) and Y,,(x) can be represented in the form of definite integrals (for 
x > 0): 


TJ ye) = iE cos(« sin @ — v@) d0 — sin nv f exp(—2 sinht — vt) dt, 
: 0 

AY) = | sin(x sin 0 — v0) dé — | (e”! + ev cos TV) et sinh t ap 
0 0 


For |v| < 3, x > 0, 


Je) = Dee © im sin(axt) dt 
oe APT Lav) J (#2 = 1)?’ 
Y,(z) = ee ae ee ia cos(at) dt 
i 7 mrs —v) jy (t? — 1)¥+1/2 : 
For v > —3, 
a(n /2)" i ae 2 | 
Jue) = apap i gy t)sin2” tdt (Poisson’ la). 
(x) MPT av) Jo cos(x cos t) sin (Poisson’s formula) 
For vy = 0, x > 0, 
2 Pa . 2 [o-e) 
Jo(x) = =| sin(« cosh t) dt, Yo(x) = -= | cos(x cosh t) dt. 
tT Jo 7 Jo 


For integer v =n = 0,1,2,..., 


cos(nt — xsint)dt (Bessel’s formula), 


dons (L):= sin(x sin t) sin|(2n + 1)¢] dt. 


Sy 
3 
Sa 
| 
Alm Alw Ale 


I 
a /2 
i cos(a sin t) cos(2nt) dt, 
0 
i 
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> Asymptotic expansions as |a| — oo 


Jt) = ae {cos( ==" =") [Syne om) (20)-2 + o(|al-2)| 


m=0 


7 sin( 277) [Same 2m + IQ) fe O(lal- 2-4) \ 


m=0 
(eo) = = {sin(= un *) [Sayre 2m) (Qxr)~ 2" + o(lel-™)| 
m=0 


* cos(— =") PS ayme, Qm +1)(Qx)-2"-1 + O(lal- 2-4) \ 


m=0 


I(g+v+m) 


where (v,m) = f+ 42 =Th4i = 9" );.., 4? — (a= 1) |= niiav—a) 
ne} 


22mm! 
For nonnegative integer n and large z, 
Vana Jon(x) = (—1)"(cos x + sin x) + O(2~?), 
Vre Jons1(£) = (—1)"*(cos x — sin) + O(x7?). 


> Asymptotic for large v (v — oo) 
1 ex \V 2 (ex\-Y 
160) a ( ZY vt) =-JE(S) 
(2) Inv \2v (x) Ty \2v 


ae oe il 
~ se  ;)OEOM YW) 2 - = 
2/471 (2/3) ws aT Q/3) a 


where x is fixed, 
J, (v) 


> Integrals with Bessel functions 


Let F(a, b,c; xz) be the hypergeometric series (see Section S4.10.1). Then 


7 a gre A+v+1 A+V+3 o 
a Jy(s) de = ——__<___.. x F( ——. > th 
0 W(Atv+1)rvt+l) 2 2 


where Re(A + v) > —1, and 


° a 2 
i PY, (a) de = — SAO he pA fqn ees. ) 
0 


a(\ ty + 1) 7° 2° A 
V _ _ 2 
ee) prvtl p A VET ie ic ee 
A-vt+l1 2 2 4 


where Re A > |Rev| — 1. 


1366 SPECIAL FUNCTIONS AND THEIR PROPERTIES 


$4.6.3 Zeros and Orthogonality Properties of Bessel Functions 
> Zeros of Bessel functions 


Each of the functions J,,() and Y,,(x) has infinitely many real zeros (for real 1). All zeros 
are simple, except possibly for the point 7 = 0. 
The zeros 7, of Jo(x), i-e., the roots of the equation Jo(ym) = 0, are approximately 
given by 
Ym = 2.4+ 3.13 (m — 1) (= yee 


with a maximum error of 0.2%. 


> Orthogonality properties of Bessel functions 


1°. Let 4 = [Wm be positive roots of the Bessel function J, (41), where v > —1 and m = 
1, 2, 3, ... Then the set of functions J,,({umr/a) is orthogonal on the interval 0 < r <a 
with weight r: 


< Um? LET 0 if m fa k, 
Jy J, ( — |rdr = 
/ ( a ) ( a )r a [Ji (Hm)? 50 Jia mk “it nF: 


2°. Let 1 = [lm be positive zeros of the Bessel function derivative J/,(41), where v > —1 
and m = 1, 2, 3, ... Then the set of functions J,(~mr/a) is orthogonal on the interval 
0 <r <a with weight r: 


a 0 if mFk, 
Lm? LK 

| a a ) Jul a )rdr = ee ie J? (tm) if m=k 

0 5% 72, ) [bm m=k. 


3°. Let 4 = [Um be positive roots of the transcendental equation pJ/(u) + sJL(w) = 0, 
where v > —1 andm = 1, 2, 3, ... Then the set of functions J,(imr/a) is orthogonal on 
the interval 0 < r < a with weight r: 


0 if m#k, 
1 


[a(F)1(2)rar= poe(1+ 57) 22m) if m= ke 


m 


A°. Let = [4m be positive roots of the transcendental equation 

Ju Am) Yuan) — Jo Ama) Yom) =0 (a1 1B ba) 
Then the set of functions 

Le Aint) = Jul Art) ta ind) de Aan) oe Aaa) (fea Oe gs Reece 


satisfying the conditions Z,,(Ama) = Z)(Amb) = 0 is orthogonal on the interval a <r < b 
with weight r: 


; 0 ee 
i Ly Nat Zo er rar = 2 J? (Ama) — J2(Amb) 


Re. T20nb) if m=k. 
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5°. Let ~p = Um be positive roots of the transcendental equation 

Inv One) Oma Om) a0: (> 1, = 1,28) sas): 
Then the set of functions 

Zul Amt) = Jv Qmny, Ome) =o, Oma YuOwl)s ia oo. 


satisfying the conditions Z/, (Ama) = Z/,(Amb) = 0 is orthogonal on the interval a < r < b 
with weight r: 


0 if mZ#k, 
2 


b 
i Zu(Amr)Zv(Agnr)r dr = 2 vy LE Ona) v : _ 
‘ 7, (: oa) [F.Omd)]> (- a?)?, ) ied 
$4.6.4 Hankel Functions (Bessel Functions of the Third Kind) 
> Definition 


The Hankel functions of the first kind and the second kind are related to Bessel functions 
by 

H(z) = J,(z) + 1¥L(z), 
H?)(z) = J,(z) — iY, (2), 


V 


where i? = —1. 


> Expansions as z — 0 and z > co 


Asymptotics for z — 0: 


Hy (ye In z, Hh (ge (2/2)” (Rev > 0), 
Eig. (ars Tne SEER) (z/2)” (Rev > 0). 


Asymptotics for |z| — co: 
2 
HY (z) ~ ,/— exp|i(z — $7v — F7)] (—1 < argz < 2r), 
TZ 
2 
2 / . 1 1 
H)(z) ~ — exp[-i(2 —4nv—4m)| (—20 <argz <n). 


S4.7 Modified Bessel Functions 


$4.7.1 Definitions. Basic Formulas 
> Modified Bessel functions of the first and the second kind 


The modified Bessel functions of the first kind, I,,(x), and the modified Bessel functions of 
the second kind, K,,(x) (also called the Macdonald function), of order v are solutions of 
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the modified Bessel equation 
oie hy, (2 yy = 0 

and are defined by the formulas 

o° (x /2)2e+Y 


De Tw FR +1) 


ae i 
Kyle) = 2 
(see below for K,(x) with vy = 0,1,2,...). 


> Some formulas 
The modified Bessel functions possess the properties 
K_,(x) = K,(2), I_,(z) = (-1)"In(z) (n =0,1,2,...), 
2vi,(“) = z[lb-i(@) — Lai(x)], 2vK_(x) = —2[Ky_-i(2) — Kv41(2)], 


£12) = $lbeil@) + be@h Kv(0) = —5[Ky-a(2) + Kai(2)] 


> Modified Bessel functions for vy = +n + $s where n = 0,1, 2,... 


[2 2 
Ty j2(x) = ne, T_4/2(2) = eZ 


2 1 2 1 
I3)9(@) = =(-+ sinh x -— T_3/9(@) = 4/ oar cosh x + sinh), 


Mk be atone n+k)! 
Tn41/2(2) =e ea ki(n —k nea Wie = mop 
— sone n+k)! 
T_y-1/2(2) =e aa k(n —k ae ga lO ran Teor | 
K41/2(@) = = e*, K43/2(2) = = (1 " sje", 


T Z n+k)! 
Ky4i/2() = K_p-12(2) = or ee. d aoa 


> Modified Bessel functions for v = n, where n = 0,1, 2,... 


If v = nis a nonnegative integer, then 


= —n(n—m-— 1)! 
Kyla) =(t(aing +5 -yn(G) 
2 
Lye St (2) Pr vnt mt) +omt) 
eG) aaa 


m=0 
where 7)(z) is the logarithmic derivative of the gamma function; for n = 0, the first sum is 
dropped. 
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> Wronskians and similar formulas 
2 | 1 
Wiglay= = sin(rv), W(l,,K,) = i 


Lj el pag le) df ly Ae) = melee 


TL 


1 
I(x) Ky41(@) + In4i(2) A (2) = ae 
where W(f,9) = £9 — fag: 
$4.7.2 Integral Representations and Asymptotic Expansions 


> Integral representations 


The functions [,,(x) and K,,(a) can be represented in terms of definite integrals: 


a’ 1 7 
IAa) = speedy | owl =P yd aS 0, —4), 
ae 
co 
Ke): = / exp(—ax cosh t) cosh(vt) dt (2 > 0), 
0 , 7 
Kyle) = aaa J cos(z sinh t) cosh(vt) dt (c >0, -l<v<1), 
hi = 
K,(«) = ea sin(x sinh t) sinh(vt) dt (x > 0, -l<v< iL). 
2 
For integer v = n, 
1 TT 
ie S =| exp(x cos t) cos(nt) dt (9 = 1,2. 22.) 
T JO 
(oe) (oe) t 
Kola) = cos(z sinh t) dt = RcslGUE dt (a > 0). 
0 0 vert 


> Asymptotic expansions as x — oo 


{1 +e m (4? eee 


ee ml (8x) 


J2rx 


Rie= jee fi >! Ay? — 1)(4v? Ee — (2m — 1)?] \ 


The terms of the order of O(2~™—') are omitted in the braces. 


> Integrals with modified Bessel functions 


Let F(a, b,c; x) be the hypergeometric series (see Section S4.10.1). Then 


x A+v+1 2 
\ % Atv+1 A+V4+3 x 
Log. Oe ee pee 

fe pia (AX +y+1)(v +1) ( 2° a eae | 
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where Re(A + v) > —1, and 
‘ 26 7 A-v+1 ASUS a 
/ Pu F(a (po =) 
0 


A-v+l1 2 2 4 
-—v-1lpy/(_ 2 

2 T( V) tel p BAVA, Ge fey IEP Sy a . 
A+u+l1 2 2 4 


where Re A > |Rev| — 1. 


$4.8 Airy Functions 


$4.8.1 Definition and Basic Formulas 
> Airy functions of the first and the second kind 


The Airy function of the first kind, Ai(x), and the Airy function of the second kind, Bi(x), 
are solutions of the Airy equation 


W 
Yeo — TY = 0 
and are defined by the formulas 
1 [o-e) 
Ai(xz) = =| cos($t° + xt) dt, 
T Jo 


Bi(x) = =f [exp(—4¢? + xt) + sin($¢° + at)] dé. 


Wronskian: W {Ai(x), Bi(x)} = 1/z. 


> Relation to the Bessel functions and the modified Bessel functions 


Ai(z) = $V 2 [I_1/3(2) — Lys(z)] = 77 [he Kyj3(2), z= 2y3/2 
Ai(—2) = $V2 [J_1/3(z) + Jija(z - 


Bi(x) = Jie [Z-1/3(2) + Lys(2)], 
Bi(—n) = 42 [J-13(2) — Ayal). 


$4.8.2 Power Series and Asymptotic Expansions 


> Power series expansions as x — 0 


Ai(x) = a f(x) — c2g(a), 
Bi(x) = ee ) + c2g(a)], 
x4 


a 1 3 6 ERERS 60s (2) aan 
Fla) = 1b gat Aah Ta aD, 

- 24 2X57 2X5X8 0 K(2) genet 
Soler Tk ai ee 10! =o ak (3k + 1)!" 


where c; = 3~2/3/T'(2/3) & 0.3550 and cp = 3~1/3/T(1/3) = 0.2588. 
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> Asymptotic expansions as x — oo 


For large values of x, the leading terms of asymptotic expansions of the Airy functions are 


Ai(xz) ~ dq V2 -VA exp(—z), z= 2743/2 
Ai(—a) x 172-4 sin(z + 4), 
-1/2,,-1/4 


ait exp(z), 


Bi(—a) © a-V/2g-1/4 cos(z + 4). 


$4.9 Degenerate Hypergeometric Functions (Kummer 
Functions) 


$4.9.1 Definitions and Basic Formulas 
> Degenerate hypergeometric functions ®(a, b; x) and (a, b; x) 


The degenerate hypergeometric functions (Kummer functions) ®(a, b; x) and V(a, b; x) are 
solutions of the degenerate hypergeometric equation 


Lyne + (b— z)y, — ay = 0. 


In the case b 4 0, —1, —2, —3, ..., the function ®(a, b; x) can be represented as Kum- 
met’s series: 


 (a)y av 
= 4 AO 
(a, b; x) + > (Be Bl 
k=1 
where (a), = a(a+1)...(a+k—1), (a)p = 1. 
Table S4.1 presents some special cases where ® can be expressed in terms of simpler 
functions. 
The function (a, b; x) is defined as follows: 


T(1—)) 


T(b—1) 
T(a—b+1) 


W(a,b;0) = Tia) 


®(a,b; x) + a 6(a—b+1, 2—5; 2). 


Table S4.2 presents some special cases where W can be expressed in terms of simpler 
functions. 


> Kummer transformation and linear relations 


Kummer transformation: 


(a, b; x) = e” B(b — a, b; — zr), 
U(a,b; 2) = 2 (14+ a—b,2— 5; 2). 
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TABLE S4.1 
Special cases of the Kummer function ®(a, b; z) 


Incomplete gamma function 


y(a, x) =| et" dt 


0 
Error function 


Hermite polynomials 
n a2 d” Sy" 
H,,(x) =(-1)"e" 7 (e*), 


n=0,1,2,... 
Laguerre polynomials 


eta d” fer" *) 
mn! dx” : 
a=b-l, 


(b)n =b(b+1)...(b+n—1) 


L@@)= 


Modified Bessel functions 
I(x) 


TABLE S4.2 
Special cases of the Kummer function (a, b; z) 


| TIncomplete gamma function _| gamma function 
T(a, 2) =I ett dt 


ieee error function 
Va exp(2”) erfe x 2) dt 


SRE integral 


x t 
Ei(x) = / < dt 


Logarithmic integral 


* dt 
lie= [ — 
o t 


Hermite polynomials 
n x2 d” ae 
H,(z)=(-1)"e" 7 (e™*), 


n=0,1,2,... 
Modified Bessel functions 


Ki (a) 
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Linear relations for ®: 
(b— a)®(a — 1,6; x2) + (2a — 64+ x) ®(a,b; x) — a®(a + 1,b; x) = 0, 
b(b — 1)®(a,b — 1; x) — b(b-—14 x) (a,b; x) + (b— a)x®(a,b4+1;2) = 0, 
(a—b+1)®(a,b; x) — a®(a + 1,6; 2) + (b- 1) 8(a,b —1;2) = 0, 
b®(a, b; x) — b®(a — 1,6; x) — x®(a,b4+ 1; 2) = 0, 
b(a + x) ®(a, b; x) — (b— a)x®(a,b+1;2) — ab®(a4+1,b; x) = 0, 
(a—1+2)®(a,b; x) + (b— a)®(a — 1,b; x) — (b— 1) ®(a,b— 1; 2) = 0. 


Linear relations for VU: 
W(a—1,b;x2) — (2a—b+2)V(a,b;2) +a(a—b+1)V(a+1,b;x2) = 0, 
(b-—a—1)V(a,b-1;2) —-(b-1+2)V(a,b;2) + 2V(a,b+1;2) =0, 
W(a,b;2) —aV(at+1,b;x) — V(a,b—1;2) =0, 
(b— a)V(a,b; x) — cV(a,b+1;2) + V(a—1,b;x) =0, 
(a+ x)V(a,b;x) +a(b—a—1)V(at+1,b;x2) —2V(a,b4+1;2x) =0, 
(a—1+2)WV(a,b;r) —- V(a—-1,b;2) + (a-—c+1)V¥(a,b-1;2) =0. 


> Differentiation formulas and Wronskian 


Differentiation formulas: 


“va, tp = O(a+1,b+ 1-2) (a, a) = We O(a+n,b+n; 2), 
“wa, b;x) = —aW(a+1,b+1;2), wa, b; 2) = (—1)"(a)nV(atn, b+n; 2). 
Wronskian: . rb)». 

a aa lee Te : 


> Degenerate hypergeometric functions for n = 0,1, 2,... 


al 


—4)r-1 eee = fase 
Wan +2) = of o(antise) ne + “oe ye : 
+ eet) vat vd tnt 


where n = 0, 1, 2, ... (the last sum is dropped for n = 0), w(z) = [InI'(z)]4 is the 
logarithmic derivative of the gamma function, 


where C = 0.5772... is the Euler constant. 
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If b < 0, then the formula 
U(a,b; 2) = 21 °W(a—b +1, 2-5; 2) 


is valid for any x. 


For b £ 0, —1, —2, —3, ..., the general solution of the degenerate hypergeometric 
equation can be represented in the form 


y = C1 ®(a,b; x) + CoV (a, b; x), 
and for b = 0, —1, —2, —3, ..., in the form 


y=2'(C\G(a—-b +1, 2—b; x) + C,U(a—b+1, 2-6; a)]. 


$4.9.2 Integral Representations and Asymptotic Expansions 


> Integral representations 


T(0) hea b-a-1 
&(a,b; x) = ———->_ Pepe reteescbye eae Eh 
(a, b; x) sora e ( ) dt (for b>a>0), 
1 oe 
W(a,b;x =z / Peumile fagmtes @ lee 9 aaa for a>0, x >0), 
(aia) =a f +s) ) 


where ['(a) is the gamma function. 


> Asymptotic expansion as |x| — oo 


N 
(a,b; x) = aad oe | ys Coen te], m0, 
n=0 
T(b Ss a a)n(a—b+1)n a%; 
®(a,b;x2) = wo Die: +e]. Gees 
N 
W(a,:2) = 2*| (1) ig) eo el, —0o <“%< 0 
n=0 


where ¢ = O(x— 4-1), 
> Integrals with degenerate hypergeometric functions 


-—1 
[ %(a.t:2) a0 = -— 7 ¥(a—1,b-1;2) +6, 


1 
W(a,b; x) d. w= 7 Wa-1b—-ha)+e, 


(l-—a),(n-—k+1)! 


n+1 = 1)* ty n—k+1 


=n! ——————— — —k; : 
a" W (a,b; x) dx = oo, (i —a)(n B+ 1) U(ia—k,b—k;x)+C 


n+l k+1 n—k+1 
=| i= 
[ore ®(a,b;x) dx = n! ) eet abe i) ey ey 
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$4.9.3. Whittaker Functions 


The Whittaker functions My,,,(x) and W;,,,(x) are linearly independent solutions of the 
Whittaker equation: 


Yoo + [—g tka! + (F—n)e“]y =0. 
The Whittaker functions are expressed in terms of degenerate hypergeometric functions as 


My,y(2) = ght 2 e—2/2@(L +p—k,1+2u; 2), 
Weep) = ght/2——a/2y (1 +p—k, 1+ 2p; 2). 


$4.10 Hypergeometric Functions 


$4.10.1 Various Representations of the Hypergeometric Function 
> Representations of the hypergeometric function via hypergeometric series 


The hypergeometric function F(a, (,7;x) is a solution of the Gaussian hypergeometric 
equation 


a(t —1)yre + (a+ 8 +1) — yy + aby = 0. 


For y 4 0, —1, —2, —3, ..., the function F'(a, 3, y; 2) can be expressed in terms of the 
hypergeometric series: 


°° Qa ak 
F(a, 8, y;2) =1+5 -—s (a), =e@+1)...fa+h=1), 
k=1 


which certainly converges for || < 1. 
If + is not an integer, then the general solution of the hypergeometric equation can be 
written in the form 


y = CF (a, 8, y;2) + Cot! IF(a—y+1, B-y4+1, 2-7; 2). 


Table S4.3 shows some special cases where F’ can be expressed in terms of elementary 
functions. 


> Integral representation 


For y > 8 > 0, the hypergeometric function can be expressed in terms of a definite integral: 


uty) 


MOP HTH) 


1 
[ Pe te) 
0 


where ['(3) is the gamma function. 
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TABLE S4.3 
Some special cases where the hypergeometric function 
F(a, 8,7; z) can be expressed in terms of elementary functions. 


| 


Nile 


Vl1l-<«z 
(1+a)*7?* - (1—a@)*7* 2a —(1-2) 1-2a 
2ax(1— 2a) 


“e cos(2az) 


3[ (tay *4+0= 


7 eae Gl +4 — 

sin|[(2a — 2)x 

(a — 1) sin(2z) 

(V+? +2)! + (Vi+a?- 
Wit 

sin[(2a — 1)a 

(a — 1) sin(2z) 

cos|[(2a — 1)x 


Nl Ripe] ele] Re} wle 


Q 
| 


2a 


1+22+2) Jl +22 — 


sin? x cos(2az) 
ea 5 = 
“ 
— arctan x 
x 
1 
— arcsin © 
x 
al 
—arcsinh x 
x 


™in+m+l+1)! d™*™ 4 1G Py, 
n+m+1l+2 x Ea (m+1)! dant Feel 
pa, Bes), n,m,l=0,1,2,... 
x 


é 
2 
1 
2 
1 
2 
2 
2 
- 
2 
a 
2 
a 
2 
. 
2 
= 
2 
. 
2 
2 
2 
2 


$4.11. Legendre Polynomials, Legendre Functions, and Associated Legendre Functions 1377 


$4.10.2 Basic Properties 
> Linear transformation formulas 
F(a, 8,7; 2) = F(B,a,732), 
F(a, B,y;2) = (1-2) * "F(y- a, 7-8, % 2); 
F(a, 8,42) = (1-2) *F (a, 1-8, % —); 
x 


F(a, 8,42) = (1-2) FF(B, ya, % —). 


> Gauss’s linear relations for contiguous functions 


(8—a)F(a, 8,y;2)+aF(a+1,8,7;2)—BF(a,8+1,7;2) =0, 

(Voa=)) Fe, 8,52) her @+rl 6.72) = Dra 8.4 —la)— 0, 

(y= BUF 6.958) 4+ PPro e+e) = DE aye) =9; 
W=a=B)F la, B72) alla) Fat 1.8.72) =(y— F(ab =1)4i2) 0, 
aH 2)F( x) — 


tes Oe aot 
y—a—B)F(a, 8,7; (y—oa)F(a—1,8,7;2)+ 60-2) Fla, 6+1,7;2) =0. 


> Differentiation formulas 


£ F(a,8,7;2) = F(a +1, B+1, 7+h 2), 

dx ¥y 

a” (@)n()n | — 
dx” n Fla »B, iv r) = (Vn F(a n, B rn, YON; x), 


—_ [27 F(a, 8,7; 2)] = (¥—1)nz "F(a, B, y— 15 2), 
sale ati F(a, Bee a) |= (a)nx° 1 F(atn, B, 3 2), 


where (@)p, =a(a+1)...(a+tn-—-1). 
See Abramowitz and Stegun (1964) and Bateman and Erdélyi (1953, Vol. 1) for more 
detailed information about hypergeometric functions. 


$4.11 Legendre Polynomials, Legendre Functions, 
and Associated Legendre Functions 


$4.11.1 Legendre Polynomials and Legendre Functions 
> Implicit and recurrence formulas for Legendre polynomials and functions 


The Legendre polynomials P,,(a) and the Legendre functions Q,(x) are solutions of the 
second-order linear ordinary differential equation 


(L—a*)yf, — Qry!, + n(n + l)y = 0. 
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The Legendre polynomials P,,(x) and the Legendre functions Q,,() are defined by the 
formulas 


= 1 d” 2, n 
P,(z) Ao da Ce a 
1 l+2z Lorne 
Qn(z) = 5 Pn(o) In ae S> — Prm—1 (22) Pn—m(2). 


The polynomials P,, = P,,(a) can be calculated using the formulas 


Meat, Boe B= 5 (30° 2.4), 


1 1 
P3(x) = 5 (0 —3z), Py(x) = q (35a" — 30x? + 3), 
2n+1 n 
P, = P,,(x) — P,_1(2). 
nti (x) rarer rP, (x) ae ae 1(z) 


The first five functions Q,, = Q,,(x) have the form 


J 1l+a x 1l+a 
=] — a —1 
Qo(x) 2 one Q(x) 2 as ’ 
1 2 l+a 3 1 3 +2 5 9 2 
— —1)l oe == — 1 oe = 
1 4 2 1l+a2 35 3 59d 
= — — i — —r. 
Q(x) ig (352° — 302° +3) In — togt 


The polynomials P,,(x) have the explicit representation 


[n/2] 
Pre) = 2°" )o (1 Cr Cr one =, 


m=0 


where [A] stands for the integer part of a number A. 


> Integral representation. Useful formulas 


Integral representation of the Legendre polynomials (Laplace integral): 
1 TT 
Ele) = =| (x +Va?-1 cost)” dt, bases 
0 
Integral representation of the Legendre polynomials (Dirichlet-Mehler integral): 


: wt Jo Vcosp—cosé ’ j ee a 


Integral representation of the Legendre functions: 


Qn(x) = eo at z>l. 


$4.11. Legendre Polynomials, Legendre Functions, and Associated Legendre Functions 1379 


Properties: 


Recurrence relations: 


(n+ 1)Pr4i(xz) — (2n + 1l)eP, (2) + nPr_-1(x) = 0, 


Pala) = n|zP,(x) — Pri(x)] = DANE) iG) — P,-1(2)]. 


2 
Lay 
ere) n+l 


Values of the Legendre polynomials and their derivatives at x = 0: 


(2m — 1)! 
2rm! 


Pm (0) = 0, (are (0) a (—1) 


Pom (0) = (-1)™ Pom+i(0) = 0, 


m (2m + 1)! 
2m! 


Asymptotic formula as n — oo: 


fe VP Tyo a 
Py (cost) « (<=) sin| (n+ 50+ 3], O00 a 


ansin 6 


> Zeros and orthogonality of the Legendre polynomials 


The polynomials P,, (a) (with natural n) have exactly n real distinct zeros; all zeros lie on 
the interval —1 < x < 1. The zeros of P,,(x) and P,,41(x) alternate with each other. The 
function Q,, (x) has exactly n + 1 zeros, which lie on the interval —1 < x < 1. 

The functions P,, (a) form an orthogonal system on the interval —1 < x < 1, with 


1 0 if nAm, 
/ pa N gen Cea he ca 2 


ea GP HS 
aed wn m 


> Generating functions 


The generating function for Legendre polynomials is 


>> P,( (\s| <1). 
Vv V1—QIsz +582 2sx +s? 
The generating function for Legendre functions is 


1 a—s+vV1—2szr 4 “| = 
I. | MAA | = nin)s” 
V1—2sx + s? V1— 2? 28 2) 


(\s| <1, a > 1). 
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$4.11.2 Associated Legendre Functions with Integer Indices 
and Real Argument 


> Formulas for associated Legendre functions. Differential equation 


The associated Legendre functions P’"(x) of order m are defined by the formulas 


q™ 
P™(x) =(1- Pym? Pal); n=1,2,3,..., m=0,1,2,... 
It is assumed by definition that P(x) = P,,(z). 
Properties: 


P™(2)=0 if m>n, P™(-x) =(-1)"-™P™(c). 


n 


The associated Legendre functions P’"(a) have exactly n — m real zeros, which and 
lie on the interval —1 < x <1. 
The associated Legendre functions P’”(x) with low indices: 


POSO=2)"; a Ssdary,. oH st=2), 
Ph(x) = $52? -1)(1-2°)/?,  P2 (x) = 15a(1—27), P3(x) = 15(1—27)9”. 


The associated Legendre functions P’”(x) with n > m are solutions of the linear ordi- 
nary differential equation 


2 


(1-27 )yt_ — 2ay;, + |n(n+ 1) er 


y = 0. 


> Orthogonality of the associated Legendre functions 


The functions P’” (a) form an orthogonal system on the interval —1 < x < 1, with 


1 0 Pek 
i P™(2)PP(x)de=2 2 (n+m)! 
“ 2n+1 (n—m)! 


if n=k. 


The functions P’”(x) (with m ¥ 0) are orthogonal on the interval —1 < x < 1 with weight 
(1 — x?)—}, that is, 


1 P™(z) PF (a) 0 if m # k, 
pa Se ee = | 
‘a — dx (n+m)! 


$4.11.3 Associated Legendre Functions. General Case 
> Definitions. Basic formulas 


In the general case, the associated Legendre functions of the first and the second kind, 
Pi'(z) and Q?(z), are linearly independent solutions of the Legendre equation 


2 


1— 2? 


(1—27)y, — zy + |v(v +1) y=0, 
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where the parameters 1 and yz and the variable z can assume arbitrary real or complex 


values. 
For |1 — z| < 2, the formulas 
1 zt+1y\zu/2 1l-z 
Ee =_— ( ) F(-v,1 ,l= ; i 
v@) = Tay lea oe a 
g= 15 l-z 
H(2) = 4() F(-v,1+y, 1to 2 ) 
Ks i 
+B(— \?R(-4 +n, 1-5 =), 
z—-1 2 
A= cium E —w) TA er) B= iver DUH) 72 _— =i, 
20(1+v—p) 2 


are valid, where F’(a, b,c; z) is the hypergeometric series (see Section $4.10). 
For |z| > 1, 


@) = g-¥-1p —$-v) gvte (ga _1)-#ap (OR 2+v—p 2v+3 1 ) 
9 ? 


pl = 
: Jarl (-v—p) 2 ° 2 ? 2 
Vv 1 
cee) attn(?—1)-eap(_Ee ee =) 
T(1+v—p) ye? i ir a 
Q(z) = eimn VOT (vt e+ 1) geet (g?_ aya (STEER pana 2 oie =) 
° 2’+1T(v+3) 2 7 2 % 2 gah 


The functions P,(z) = P®(z) and Q,(z) = Q®°(z) are called the Legendre functions. 
Forn = 1,2,..., 


d* d” 
P@= = W arerrea QE (z) = (2? - 1"? (2). 


> Relations between associated Legendre functions 
Twvw+n+1)__, 


PH(z) = PL,_1(2), = Tia ey (z), n=0,1,2,..., 
2v+1 vy+p 

pt = Pe oe pH 

+1 (2) p= st » (2) Vaal v1 (2) 


PH, (2) = PH (2) + (204 (2 — 2 PH"), 
(22 — 1) PH(2) = v2PH(2) — (v + m) PY (2), 


dz 
Qe) = seri) — EEE mea], 


. mn \1/2 _ pe Zz 
QU (z) — imu (=) Tv + EL + 1)(z? _ 1) i ae (=). Re z > 0. 


> Integral representations 


For Re(—y) > Rev > —1, 


Rtas ye ee ee 
LL = Ev v+1 
PHY) fel DrCa=a) / (z + cosht) (sinh t) dt, 


1382 SPECIAL FUNCTIONS AND THEIR PROPERTIES 


where z does not lie on the real axis between —1 and oo. 
For pp < 1/2, 
2H (2? — 1)~#/? 
Val (3— 4) 


where z does not lie on the real axis between —1 and 1. 
For Rev > —1 and Re(v + «+ 1) > 0, 


PY (2) 


| (2+ V22-1 cost )”*"(sin t) PP ae, 
0 


ai vrpt Heike 


Qp(2) =e" IT (y + 1) 


| (2+ cost 4"? (sin ty de 
0 


where z does not lie on the real axis between —1 and 1. 


Forn = 0,1, 2,..., 
T 1) [* 
Po(a) = SS) (z+ V22—1 cost)” cos(nt) dt, Rez > 0; 


T(v+n+1) 


Q(z) = (—1)" SIR} 41) 


(Cee is | (z + cost)*-"1 (sin t)?"*? de. 
0 
Note that z A x, —1 < x < 1,and Rev > —1 in the latter formula for Q?(z). 


> Modified associated Legendre functions 


The modified associated Legendre functions, on the cut z = x, —1 < x < 1, of the real axis 
are defined by the formulas 


PH (a) = [e2%™ PH (a + i0) + 7 2" PH (a — 40)], 
ze Hn [en 2!" QE (a +40) + ex'!™ QU (a — i0)]. 
Notation: 
Pi(z) =Pr(z), Q(x) = QU(z). 
> Trigonometric expansions 


For —1 < x < 1, the modified associated Legendre functions can be represented in the form 
of the trigonometric series: 


Qe Diy+pt+l) * 24+u),+u+p), 
PY (cos 0) = ———.— (sin 0)" 2 sin | (2h E+ + 16), 
(88) = TH in il 4] 
PP 1 SS (Fth)e(t+v4 
Q’(cos #) = Vr pLWe THT) (in gy (oF PFI cosl(ak-+v-+u+1)6), 
Pv+35) k=O R(vt+s)r 


where 0 < 6 < 7. 
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> Some relations for the modified associated Legendre functions 


For0<2< 1, 


Pi (—a) = PL (x) cos[a(v + u)] — 20 QP (x) sin[r(v + 4), 
Qi (-2) = —Qh(x) cos[m(v + p)] — 5a Ph (x) sin[m(v + 1). 


For -—1 <x <1, 


2v+1 v+ pu 
Lt a SOT Dh Ee pe 
Po4i(2) =p yo pei il); 
Pr +d oe (2) — (2v + 1)(1 — 2”)? PET (a2), 
PP s(x) = aPe(a) — (v + w)(1 — 2”)/?PE (a), 
d Vx vyt+p 
Ue = Lb _ Ht 
dz = PUle )= 2 Prt ) pay -i (2): 
Wronskian: 
d d k T(4*)r(ae*) 
Him) —~_ QOH _— OF (7) —_ PE ~ — 92h 2 2 
Pile) ge We) — Wed Pbe) = Toa k= PE eae) 
Forn = 1,2,..., 


$4.12 Parabolic Cylinder Functions 


$4.12.1 Definitions. Basic Formulas 
> Differential equation 


Formulas for the parabolic cylinder functions. 
The Weber parabolic cylinder function D,,(z) is a solution of the linear ordinary differ- 
ential equation: 
yi + (-42 ++ 5)y =0, 


where the parameter v and the variable z can assume arbitrary real or complex values. 
Another linearly independent solution of this equation is the function D_,_1(iz); if v is 
noninteger, then D,,(—z) can also be taken as a linearly independent solution. 

The parabolic cylinder functions can be expressed in terms of degenerate hypergeomet- 
ric functions as 


D,(z) = exp(—F $27) gif2 
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> Special cases 


For nonnegative integer v = n, we have 


2 
Dale) = sozexn(-2) (+). oa ie ean 
Hila) =(1)* exp(z ?) Sex p(—z’), 


where H,,(z) is the Hermitian polynomial of order n. 
Connection with the error function: 


D_4(z) = = en(=) erte( =), 
TT 2 z 2 
pial) = fF sem(2)ete( 4) ~eo(-2). 


$4.12.2 Integral Representations, Asymptotic Expansions, 
and Linear Relations 


> Integral representations and the asymptotic expansion 


Integral representations: 


[o-e) 
D(z) = V2/a exp(42°) | is exp(—3t”) cos(zt — 47) dt for Rev >-—l, 
0 


1 ioe) 
Dilz) = Fo) exp(—F2”) i poe exp(—zt — $1”) dt for Rev <0. 


Asymptotic expansion as |z| — oo: 


FEMCHE= De Ly O(a] 


where |arg z| < 37 and (a)o = 1, (a), = a(a+1)...(a+n—1) forn =1, 2, 3,... 
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$4.13 Elliptic Integrals 
$4.13.1 Complete Elliptic Integrals 
> Definitions. Properties. Conversion formulas 


Complete elliptic integral of the first kind: 


a= i da 7 i dev 
0 W1—k?sin2 a 0 (1 — x?)(1 — kx?) 


Complete elliptic integral of the second kind: 


Spa ce 
y= f[" V1—k? sin? ada= [aes fs 


ila 
The argument k is called the elliptic modulus (k? < 1). 


Notation: 
k= J1-R, K(k) = K(k’), E(k) = E(k"), 


where k’ is the complementary modulus. 
Properties: 
K(—k) = K(k), E(—k) = E(k); 
K(k) =K’(k’), E(k) = E(k’); 


E(k)K’ (i) + E(k) K(k) — K(k)K'(k) = 5. 


Conversion formulas for complete elliptic integrals: 


1—k' 1+k' 
«(458) - En 


ive = a): a E(t) + RK(E)], 


1+! 


> Representation of complete elliptic integrals in series form 


Representation of complete elliptic integrals in the form of series in powers of the modu- 
lus k: 


co 3 (Yee (BR) en} 


0-3 (YE GEYER} 
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Representation of complete elliptic integrals in the form of series in powers of the comple- 
mentary modulus k! = V1 — k?: 


Kay = fia (2 *(1-k! a 1x3\? /1-k’\* 
~ 1+k! 2 1+k! 2x4 1+k! 
(2n—1)!]? (1—k \”” 
feeef Se aes fee. ; 
(2n)!! 1+k 
ee eee ia oe Ke LO Le. - 2 ne 
eS nz+(5) (mo -5 Jo +(34) Pg ao axa) 
143x5)\ 7. 4 2 2 2 i 
(3) (me Txa 3x4 9 eae 
m(1+k’) ft tee. . de-N 
Ep = Se | Se) ee 
(*) 4 { +3 (=) * Oxae isk 
ag fOn=3)! apie ane 
(2n)! 1+k! : 
iL 4 il Pe emEn baw ce 4 2 1 a 
EW Tats 5 (1m os) +a (ne- ep e)®) 


2x32x5/ 4 2 2 1 (Hy? 4 
a EF ESO BUA BG 


> Differentiation formulas. Differential equations 


Differentiation formulas: 
dK(k) E(k) K(k) dE(k) E(k) — K(k) 
dk K(k’)? eee dk k 
The functions K(k) and K’(k) satisfy the second-order linear ordinary differential equa- 
tion 


d >, dK 7 
htt =) —kK =0. 


The functions E(k) and E’(k) — K’(k) satisfy the second-order linear ordinary differential 


equation 
d dE 
—_ 2 — — 
(l-k ae («5) he: 


$4.13.2 Incomplete Elliptic Integrals (Elliptic Integrals) 
> Definitions. Properties 
Elliptic integral of the first kind: 

dx 


k) c a ‘a 
de: «f= sina Jo (1 — x2)(1 — 2a?) 


Elliptic integral of the second kind: 


" ae sing \/] — £272 
— V1—k*sin* ada = ————-_ dx. 
[ 0 V1l— 2? 
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Elliptic integral of the third kind: 
17) sin y 

I(y.n.k)= f° ——__“____. | ae. 
0 (l—nsin?a)V1—k2sin*?a Jo (1—nex?)/(1— 2?)(1 — ka?) 


The quantity k is called the elliptic modulus (k? < 1), k' = V/1 — k? is the complemen- 
tary modulus, and n is the characteristic parameter. 
Complete elliptic integrals: 


> Conversion formulas 


Conversion formulas for elliptic integrals (first set): 


F(w, z) = kF(¢,h), 


B( v7) = FLEW) - HFFA), 


where the angles y and w are related by sinw = ksiny, cosy = \/1— k? sin? y 
Conversion formulas for elliptic integrals (second set): 
1—k’ 
F(v ap) = C+ eF WM, 
E( a oe 2 [E(y, k) +k’ F(y, k)| -— a ~ 
— | = — —— sin 
9 1 k! 1+k’! YP; YP; 1+k’! 9 
where the angles y and w are related by tan(w — vy) = k’ tan. 
Transformation formulas for elliptic integrals (third set): 
2/k 
P — ]}=(1+k)F(y,k 
(2) <0+ Fen) 
Wk 1 sin py cosy ; 
E(w, —— ) = ——|2E(y, k) —(k')? F(y, k) + 2k—— 1 1-k? sin? yp], 
(« a eal (Os We EVs) 1+ksin? y Pea 


1+k)si 
where the angles y and w are related by sinw = eee 
1+ksin* yp 
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> Trigonometric expansions 


Trigonometric expansions for small & and ¢: 


2 2 2x4 
Fk) = “K(b)p — singe os (ao + zasin’ p+ a sagsin' y+), 
Onn ae 


2 
ao = — K(k) —1,) Qn =GQy,_-1- | (Oni : 


2 2 2x4 
E(y,k) = AEtk)p _ sin poos p(t + 301 sin? y + 3 ~ 502 sin* yp +- -), 
2 (2n —1)! 7? k2” 


Trigonometric expansions for k > 1: 


2 t 2 2x4 
F(esk) = 2k") ntan($ 42) - Se (al, — Sal tan’ y + * cgtant y—--), 


A 
(2n — Dey awe 


2 
—_ ! | a 
ag = —K'(k)-1, a, =a,_1- eerie 


2 p tan yp 2 2x4 
E(y,k) = —E’(k) Intan{ = + — by = = Eten? bi, tant y — --- 
(ek) = Ze") mtan(S + F) + SE (ay — Soh tanto + oh tant +), 
2n — 1)!!]? (k’)2" 
b5 = —E’(k) —1 b) =v! — (an — 1)! aa ay 
Ss Pn | (2n)! 4 


$4.14 Elliptic Functions 


An elliptic function is a function that is the inverse of an elliptic integral. An elliptic func- 
tion is a doubly periodic meromorphic function of a complex variable. All its periods can 
be written in the form 2mw , + 2nwe with integer m and n, where w 1 and we are a pair of 
(primitive) half-periods. The ratio T = w2/w 1 is a complex quantity that may be considered 
to have a positive imaginary part, Im7 > 0. 

Throughout the rest of this section, the following brief notation will be used: K = K(k) 
and K’ = K(k’) are complete elliptic integrals with k’ = V1 — k?. 
$4.14.1 Jacobi Elliptic Functions 
> Definitions. Simple properties. Special cases 


When the upper limit y of the incomplete elliptic integral of the first kind 


77) 
u=[ GS 
0 1 — k?2 sin? a 


is treated as a function of u, the following notation is used: 
u=amy. 


Naming: ¢ is the amplitude and u is the argument. 
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Jacobi elliptic functions: 


snu = siny = sinamu (sine amplitude), 


cnu = cosy = cosamu (cosine amplitude), 


dnu = 1/1—k?sin?y = 2 (delta amplitude). 


Along with the brief notations sn u, cnu, dn u, the respective full notations are also used: 
sn(u, k), en(u, k), dn(u, k). 
Simple properties: 


sn(—u) = —snu, cn(—u) =cnu, dn(—u) = dnu; 
sn? u + cn? u = 1, k? sn? u+ dn? u = 1, dn? u — k? cn?u = 1— k’, 
where i? = —1. 


Jacobi functions for special values of the modulus (kK = 0 and k = 1): 


sn(u,0) = sinu, cn(u, 0) = cos u, dn(u,0) = 1 
1 1 
sn(u, ) ann U, cn(u, ) maeieue n(u, ) cosh u 


Jacobi functions for special values of the argument: 
sn(+K k) = eae en(4K k) =,/ a dn(4K k) = WARE 
Dye) JI+ Ek" Q's 1 4k" aS) ’ 
sn(K,k) = 1, cn(K, k) = 0, dn(K, k) =k’. 


> Reduction formulas 
cnu 


ae + Sep + = ——: 
sn(u + K) = faa cn(u + kK) k Aan dn(u + K) re 
sn(u + 2K) = —snu, cn(u + 2K) = —cnu, dn(u + 2K) = dnu; 
1 a dnu cnu 
+4 ! — +4 ! =-e-C-- +4 ! = -—'-—_:? 
sn(u + iK’) pean cn(u + 7K’) aa dn(u + 7K’) re 
sn(u + 2iK’) = snu, cn(u + 2iK’) = —cnu, dn(u + 2iK’) = —dnu; 
dn wu ik’ snu_ 
ae 1K’) = ae VEN vet ni . ! 
sn(u + K + 7K’) cna en(u + K + ik’) ema dn(u + K + ik’) = Wane: a 
sn(u + 2K + 2iK’) =—snu, cn(u+ 2K + 2iK’) =cnu, dn(u + 2K + 2iK’) = Bee 


> Periods, zeros, poses, and residues 


TABLE S4.4 
Periods, zeros, poles, and residues of the Jacobian elliptic functions (m,n = 0, £1, £2, ;7=-1) 


ad AmK + 2nk’i ImK + 2nKk’4 


(4m + 2n) K+2nk’i (2m+1) K+2nk’i 2mK 
ImK +.4nk'i (2m+1)K+(2n+1)K'i | 2mkK 
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> Double-argument formulas 


2snucnudn wu 2snucnudnu 


sn(2u) = = 
(2u) 1—k?sntu cn2u + sn2 udn? u’ 
9 cn? u — sn? udn? u cn? u — sn? udn? u 
ene) 1 —k? sn4 ene are ee 
sn* u cn* u + sn* udn* u 
dn?u—k?sn?ucn?u — dn?u+ cn? u(dn? u — 1) 
dn(2u) = ——————_ = 


1—k*sntu dn? u— cn? u (dn? u — 1) 


> Half-argument formulas 


2 U 1i-dnu l1-—cnu 
snot = = — = ——_ 
2 k*?1l+cnu 1+4+dnuw’ 
on? — cnutdnu _ 1—-k 1—dnu 
2  1+dnu k2) dnu—cnu’ 
ee 1—cnu 
2 1l+cnu dnu—cnu 


> Argument addition formulas 


snucnudnv 


r snucnudnu 


teen) = 1 — k? sn? usn2 vu : 
oy chucnu F snusnvdnudny 
a 1 — k? sn? usn? v , 
dnudnv + k? snusnvcnucnv 
dn(u + v) = ——————_._.—__.—. 


1—k* sn? usn2v 


> Conversion formulas 


Table S4.5 presents conversion formulas for Jacobi elliptic functions. If k > 1, then 
ky = 1/k < 1. Elliptic functions with real modulus can be reduced, using the first set 
of conversion formulas, to elliptic functions with a modulus lying between 0 and 1. 


> Descending Landen transformation (Gauss’s transformation) 


Notation: 
1—k’ u 
= | —_—— v= 
ae T+u 
Descending transformations: 
1 2 2\ 4 2 
nee (1+ 1) sn(v, 3 nee en(v, uw) dn(w, 1 ) 


1+ psn?(v, 1?) 1+ psn?(v, p?) 
_ dn? (v, py?) +—1 


dn(u, k) = 
ee 1+ pu —dn?(v, 1?) 
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TABLE S4.5 
Conversion formulas for Jacobi elliptic functions. Full notation is used: sn(u, k), cn(u, k), dn(u, k) 


cn(u, k) dn(u, k) 1—ksn?(u, k) 
1+ksn?(u, k) 1+ksn?(u, k) 


(1+k’) sn(u, k eee ,k) 1—(1+k’) sn?(u, k) 1—(1—k’) sn?(u, k) 
dn(u, k) dn(u, k) 


> Ascending Landen transformation 


Notation: 
U 


TESoE o= |e ieee: 


Ascending transformations: 


b= 


sn(v, jt) cn(v, lL 1l+o dn?(v, ph) —o 
sn(u, k) = a+) enone en(u,k) = ree 
— 1l-o dn?(v, pu) +0 

mw dn(v, 1) 


p> Series representation 


Representation Jacobi functions in the form of power series in wu: 


— 1 L h2)\,,9 4 1 \ 2, LA4),,5 
snu =U api + ku t (lt 14k + k*)u 
ees 135k? + 135k4 + kul +---, 
os l 4» | a 2 i 2, 4), 6 
i 1 1 
dnu =1— at + Zee + k?)u* — ak (16 44k* + k*)u® 
2,,3 2 2 2 2 A), 7 
amu=u- ok + ah (4+ k?)u? - = P16 44k? + k*)u 


These functions converge for |u| < |K(k’)]. 
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Representation Jacobi functions in the form of trigonometric series: 


27 q ‘ TU 
= 5 —_——__ Sa 
sn U EKG 24 1— sl sin [ n Iz 


20 q” TU 
= 5 —— Oy ye 


Dae n 
Fn ee q cos( “"). 


a 
2K Kea ogre K 
[oe 
TU 1 q . (nru 
amu = — +2 — — 
ne 2K * Serer al K ) 


where g = exp(—7K’//K), K = K(k), K’ = K(k’), and k! = V1 — k?. 


> Derivatives and integrals 


Derivatives: 
d d 2 
—snu=cnudnu, —cnu=—snudnu, —dnu=-—k*snucnu. 
du du du 
Integrals: 


rl Re xl 


snudu 


[enue = 


[enudu = arcsin(snu) = amu. 


In(dnu — kenu) = = In(an +kenu), 


1 
arccos(dn u) = 5 arcsin(k sn u), 


The arbitrary additive constant C’ in the integrals is omitted. 


$4.14.2 Weierstrass Elliptic Function 
> Infinite series representation. Some properties 
The Weierstrass elliptic function (or Weierstrass ¢-function) is defined as 


1 1 1 
(2) = o(Z|w1,02) = > + d. oe ~ Oni nae 


where the summation is assumed over all integer m and n, except form = n = 0. This 
function is a complex, double periodic function of a complex variable z with periods 2w 
and 2w}: 
»(—2) = (2); 
o(z + 2mw, + 2nw2) = e(z), 


where m, n = 0, +1, +2,... and Im(w2/w 1) # 0. The series defining the Weierstrass 
go-function converges everywhere except for second-order poles located at 2,7), = 2mw , + 
2nw2. 
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Argument addition formula: 


U —~o(z 2 
p(z1 + 22) = —(z1) — @(z2) 4 Hi beaeeneean 


(21) — (22) 


> Representation in the form of a definite integral 
(z|w1, w2) is defined implicitly by the elliptic 


The Weierstrass function = ¢(z, 92, 93) 
dt 


at Merce [ 2 ei) = e2)(t— e3) 


The parameters go and g3 are known as the invariants 
The parameters €1, €2, €3, which are the roots of the cubic equation 4z° — goz — g3 = 0 


integral: 


are related to the half-periods w , w2 and invariants go, g3 by 


€1= (41), e2=Plwr+u2), er = 
e1€2 + €1e3 + €2€3 = —i92, 


= (we), 
€1€2€3 = $93- 


ey +e2 +63 = 0, 
Homogeneity property: 
9(z, 92; 93) = MN o(Az, r~* 90, d~° gs). 

> Representation as a Laurent series. Differential equations 


The Weierstrass o-function can be expanded into a Laurent series 


2 
96 , 39293 8 _ i 2k-2 
a et Lee ; 


a. 92 2 93 4 
OO) + 98* * 200 


a, = eae 3 Gapayes, fork A. 0 < |z| < min(|w1|, |wel). 
The Weierstrass g-function satisfies the first-order and second-order nonlinear differ- 


ential equations: 
(92)" = 49° — g29 — gs, 
Ore = om _ $92. 


> Connection with Jacobi elliptic functions 
Direct and inverse representations of the Weierstrass elliptic function via Jacobi elliptic 


cn? w n? w €1 — €3 
=e) + (€1 — €3)—5— = 68 a 
sn? w sn? w 


plz) — ea, 


functions: 


sn est cn 
w= ny ee US Saf aN eae ) 
9(z) — e3 (z) — e3 9(z) — e3 


w = ze — €3 = Kz/w1. 
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The parameters are related by 


€2 — €3 ! e€, — €2 BOT 
——, fk =,/——,  _ K=ua,Ve1—63, iK =wovVe, —e3. 


€] — €3 €j — €3 


S4.15 Jacobi Theta Functions 


$4.15.1 Series Representation of the Jacobi Theta Functions. 
Simplest Properties 


> Definition of the Jacobi theta functions 


The Jacobi theta functions are defined by the following series: 


01(v) = Vi(v,q) = Vi(v|r) = 2 S(-1)%gt/7" sin[(2n + 1)rv] 


Co 


= 4 S- (—1)%q("-1/2)* gtr (2n—1)u_ 
Vo(v) = Vo(v,q) = Va(v|r) = 2 > g(r t3/2)" cos|(2n + 1)rv] = > git 1/2)? eim(2n—1v 
n=0 n=—oco 


03(v) = U3(v, gq) = V3(v|r) =1+2 3 q” cos(2n7v) = g” e2inne 
n=0 n=—0co 

84(v) = Va(v, q) = Va(vlr) =14+ 25 (-1 )"q” cos(2nmv) = S*> (-1)%qr em”, 
n=0 n=—0o 


where v is a complex variable and q = e’"7 is a complex parameter (7 has a positive 
imaginary part). 


> Simplest properties 


The Jacobi theta functions are periodic entire functions that possess the following proper- 
ties: 


(!]} Ji(v) odd, _ has period 2, vanishes at v = m+ nT; 
Vo(v) even, has period 2, vanishes at v = m+ nt + 5; 
03(v) even, has period 1, vanishes at v = m+ (n+ 5)T + 3; 
VJ4(v) even, has period 1, vanishes at v = m+ (n+ 4)r. 


Here, m,n = 0, +1, +2,... 


Remark $4.1. The theta functions are not elliptic functions. The very good convergence of their 
series allows the computation of various elliptic integrals and elliptic functions using the relations 
given above in Section $4.15.1. 
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$4.15.2 Various Relations and Formulas. Connection with Jacobi 
Elliptic Functions 


> Linear and quadratic relations 


Linear relations (first set): 


0; (v 2 5) =0(v), 9 (v 4 5) = —0;(v), 

Da(v + 5) =v4(v),  Ba(v + >) = 33(v), 
o(v+z)= ie (+2) Q4(v), Dg (v+5)= eit (++4) 95(y), 
ds(v+ =) —eit(-+F) 959), Dy (v+ =) — je (+4) 9, (v) 


Linear relations (second set): 
B1(y\r +1) = e'/49, (v|7), Vo(ul7 +1 
03(v|r +1) = Va(vI7), V4(v|r +1 


nELB=hlFerrncin, (24 
n(E-B =< YFermin, 9-4 


Quadratic relations: 


Jj (v)95 (0) = V5(v)93(0) — V3(v)94(0), 
J (v)93 (0) = 4(v)93(0) — V3(v)94(0), 
J{(v)94(0) = V3(v)03(0) — V3(v)93(0), 
95(v)94(0) = 93(v)93(0) — V3(v)03 (0). 


> Representation of the theta functions in the form of infinite products 


Vi(v ) = 2qoq'/4 sin(v ‘TILL [1 — 2g?” cos( (2rv) + q* ale 


(oe) 
82(v) = 2qoq'4 cos(rv pu 24° cos(2mv) + q* mils 


(oe) 

03(v) = qo II [1 + 2q7”"—' cos(2mv) + "ieee 
n=1 
[oe) 

Ba(v) =o | | [1 - 29q°"—! cos(2mv) + ane 
n=1 


oe) 


where go = JJ (1 — 4”). 


n=1 
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> Connection with Jacobi elliptic functions 


Representations of Jacobi elliptic functions in terms of the theta functions: 


_ 93(0) V1(v) — Ya(O) Pav) gd, — Bal) Yate) 
02(0) 04(v) : 02(0) 04(v) , 03(0) 04(v) : 


= +930), K! = —irk. 


S4.16 Mathieu Functions and Modified Mathieu 
Functions 


$4.16.1 Mathieu Functions 


> Mathieu equation and Mathieu functions 


w = 2Kv. 


The Mathieu functions ce,,(x, q) and se,,(x, q) are periodic solutions of the Mathieu equa- 


tion 
Yon + (a — 2q cos 2x)y = 0. 


Such solutions exist for definite values of parameters a and q (those values of a are referred 


to as eigenvalues). The Mathieu functions are listed in Table $4.6. 


TABLE S4.6 


The Mathieu functions ce, = cen(x,q) and sen = sen(x, q) (for odd n, functions 


ce, and se, are 27-periodic, and for even n, they are 7-periodic); definite 


eigenvalues a = an(q) and a = bn(q) correspond to each value of parameter q 


; ‘ Recurrence relations Normalization 
Mathieu functions - ie 
for coefficients conditions 


qA3” = Gon AQ”: 


Az” a 7" 4 Az” 2 Ae”. 
cean = 3 A3”, cos 2ma qA4" = (dan —4) Ag" — 2g 
m=0 Ase is = (a2n —4m? ioe { 


—qA3r,2, m= 2 


gAzrtt = (Qen41 oe LAr 
C€an+1 = A cos(2m+1)a GAs = [@2n41—(2m+1) Ala 


a —gAgn i, m>1 
qBi" = (ben —4) B32”; 
qBP. 49= -. (ban —4m fee 
seo = 0 —qB3" 9, m>2 
qB3"** = (bengi—1—-q) Bi"; 
SCan+1 => Boi Sin(2m+1)a | gB3rh' =[bong1—(2m+1)7] Bary 
= gn, ’ m = I 


2 2 
Bsn, sin2mz, 


2 ye aay 


m=0 


2 if n=0, 
lifn>1 
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> Properties of the Mathieu functions 


The Mathieu functions possess the following properties: 
" T ” T 
con (x, —q) = (1) cean(S — x, q), cean41(x, —q) = (—1) Seonti (> — a, q), 


sean (+ —2,q), S€an4i(x, —q) = (-1)” coms (= — 2, q). 


n-1 


seen (x, —q) = (-1) 


Selecting a sufficiently large number m and omitting the term with the maximum number 
in the recurrence relations (indicated in Table $4.6), we can obtain approximate relations 
for eigenvalues a,, (or b,,) with respect to parameter g. Then, equating the determinant of 
the corresponding homogeneous linear system of equations for coefficients A?), (or B7",) to 
zero, we obtain an algebraic equation for finding a,,(q) (or b,(q)). 

For fixed real g # 0, eigenvalues a,, and b, are all real and different, while 


if g>0O then ag<bi < ay <bg <ag<:::; 
if q<0O_ then ag < ay <b) < bn < ag < ag <b3<bg<::-. 


The eigenvalues possess the properties 


d2n(—q) = G2n(q), ban(—@) = ben(@),  @an41(—@) = ben41(@)- 


Tables of the eigenvalues a, = a,,(q) and b,, = 6,(q) can be found in Abramowitz and 
Stegun (1964, Chapter 20). 

The solution of the Mathieu equation corresponding to eigenvalue a,, (or b,,) has n zeros 
on the interval 0 < x < 7 (qis areal number). 


> Asymptotic expansions as q — 0 and gq — co 


Listed below are two leading terms of the asymptotic expansions of the Mathieu func- 
tions ce,,(xz, q) and se,,(x, q), as well as of the corresponding eigenvalues a,,(q) and b,,(q), 
as q > 0: 
ail qs. 2 ae, 
ceo (x, q) = (1-702), ao(q) = — + I98' 


cey(z,q) = cosa F cos 3x, ai(q)=1+¢q; 


q cos 4x bg? 
; = 32 f(1- ; =4 —;3 
ceo (x, q) = cos ets 3 a2(q) + 7) 
q[cos(n+2)x  cos(n—2)x 5 q’ 
cen(tq) = cosne+ 4 | AOI _ ene > Aan(q)=n * 9q2=1) (n > 3); 


sei (x, q) = sine < sin 32, bi(q) = 1-4q; 


sin 4a q’ 
= sin 22— bo(q) =4—“L. 
se2(x, q) SIN 2v — q 2” 2(q) 12” 
; q|sin(n+2)a  sin(n—2)x Pe ¢ 
se(z.g) =sinna—$] AS, bl) = toga 29) 
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Asymptotic results as g + 00 (—1/2 < x < 1/2): 


An(q) © —2q+2(2n+1)/q+F(2n?+2n+1), 
bn4i(q) © —2q+2(2n+1)/g+ 4(2n?+2n+1), 
\ Ana “A cos? a[cos*”*? € exp(2,/gsin x) +sin?”+* € exp(—2,/qsin z)], 
)e yu —"—! g[cos’"t! €exp(2,/qsin x) —sin?"*? € exp(—2,/qsin z)], 


—1/4 
n+1d / cos 


where ,, and fz, are some constants independent of the parameter g, and € = 52 +4. 

The Mathieu functions are discussed in the books by McLachlan (1947), Whittaker & 
Watson (1952), Bateman & Erdélyi (1955, vol. 3), and Abramowitz & Stegun (1964) in 
more detail. 


$4.16.2 Modified Mathieu Functions 


The modified Mathieu functions Ce,,(x,q) and Se,,(x,q) are solutions of the modified 
Mathieu equation 
Yun — (a — 2qcosh 2x)y = 0, 


with a = a,,(q) and a = b,,(q) being the eigenvalues of the Mathieu equation (see Section 
S4.16.1). 
The modified Mathieu functions are defined as 


Cesn in (e.g) = cloning) => A cosh[(2k + p)z], 


Se2n+p(x, gq) = —tsean+p (tz, g) >> Be sinh[(2k + p)z], 


where p may be equal to 0 and 1, and coefficients Adnte and Bae 


Section S4.16.1. 


are indicated in 


$4.17 Orthogonal Polynomials 


All zeros of each of the orthogonal polynomials P,,(2) considered in this section are real 
and simple. The zeros of the polynomials P,,(x) and P,,+1(«) alternate. 
For Legendre polynomials, see Section $4.11.1. 


$4.17.1_Laguerre Polynomials and Generalized Laguerre 
Polynomials 


> Laguerre polynomials 


The Laguerre polynomials L,, = L,,(x) satisfy the second-order linear ordinary differential 
equation 
LYrq + (1—2)y, + ny = 0 
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and are defined by the formulas 


1 a =e — 1)? 
Ly (2) _ cit aah (ae) = ( 1 er —n2gr t+ 5 ) i 


The first four polynomials have the form 


Io(z)=1, In(a)=-a+1, L(x) = (a? — 42 + 2), 
L3(x) = + (—2° + 9x? — 18x + 6). 


To calculate L,,(x) for n > 2, one can use the recurrence formulas 


Tiectay = — [(2n4+1—2)Ln(#) — nLnr(2)). 


The functions L,,(2) form an orthonormal system on the interval 0 < x < oo with 


[ Bee Tome . Le 
0 


weight e~*: 
1 ifn=™m. 


The generating function is 


1 Sx 
pos (-F) = Las", sl <b 


> Generalized Laguerre polynomials 


The generalized Laguerre polynomials L° = L°(x) (a > —1) satisfy the equation 
LY ng + (@+1—a)y;, + ny =0 


and are defined by the formulas 


d 
L2(z) = at fae 8) 
= . crm (aye _ . T(n + OP 1) =a)" 
oe nta ! = his a ce eae 
at m! , T(m+a+1) m!(n—m)! 


Notation: L°(x) = Ly (2). 
Special cases: 


Le(2)=1, L¢(e)=at1—2, 13%) =(-"S. 
To calculate L(x) for n > 2, one can use the recurrence formulas 


Saal) = [Qn +a +1 —a)Le(v) — (n+ a)Le (a). 
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Other recurrence formulas: 


= d 
Ene) = Lhe) + Ln "(@),  sohn(e) = -Lah(@), 
d 
v—_L, (2) = nLi(a) — (n+ a)LR_1(2). 
The functions L(x) form an orthogonal system on the interval 0 < x < co with weight 
ore" 


eee oe re 0 if nAm, 
| ge “Ly, (x) L7, (2) dx = T(a+n+1) 
n! 


ifn=m. 


The generating function is 


(ites), 4 exp(— - 
—s 


(oe) 
; )= oes", Is] <1. 
n=0 


$4.17.2 Chebyshev Polynomials and Functions 
> Chebyshev polynomials of the first kind 


The Chebyshev polynomials of the first kind T,, = T,,(x) satisfy the second-order linear 
ordinary differential equation 


(1-2 )yte — ty, +n’y = 0 (S4.17.2.1) 


and are defined by the formulas 


T(x) = cos(n arccos x) = Ct ie [(1 - x)" 3] 


where [A] stands for the integer part of a number A. 
An alternative representation of the Chebyshev polynomials: 


LAe).= ame — ry Sa = gy: 


The first five Chebyshev polynomials of the first kind are 
To(x)=1, Ti(z)=2, To(x)=2x?-1, T3(x) = 422-32, Ty(x) = 8x*— 827 +1. 
The recurrence formulas: 


Tate) = 297 ay = (aes Te 2: 
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The functions T;, (x) form an orthogonal system on the interval —1 < x < 1, with 
0 if n Am, 
dx = $n if n=mF0, 


T if n=m=O0. 


Bie) 


1 V 1-2 2 
The generating function is 


ne =m (\s| <1). 


1—2Qsxr + 5? 


The functions T;,(x) have only real simple zeros, all lying on the interval —1 < x < 1. 
The normalized Chebyshev polynomials of the first kind, 2'~"7;,(a), deviate from zero 
least of all. This means that among all polynomials of degree n with the leading coeffi- 
cient 1, it is the maximum of the modulus max \2'~-"'T,, (a)| that has the least value, the 


maximum being equal to 2'~”. 


> Chebyshev polynomials of the second kind 


The Chebyshev polynomials of the second kind U,, = U,,(x) satisfy the second-order linear 
ordinary differential equation 


(1—- x)y"! — 3ry,, +n(n+2)y =0 


and are defined by the formulas 


ee sin[(n+1)arccosz] — 2"(n+1)!_ 1 d” aT (1 — g2ynt?2 
EE  — ieege - => MORRIE aang? aay 
a (n —m)! 


n—2m Bu 
m@=aml (i ='0, 1p) occ); 


The first five Chebyshev polynomials of the second kind are 
Up(z2) =1, Uy(x)=22, Ue(x) = 4a? — 1, 
U3(x) = 8a2 — 4a, Us(x) = 16x24 — 1227 +1. 
The recurrence formulas: 
Ug (8) = 2e0 (2) — Uae), nS 2: 


The generating function is 


Ut 1). 
Ene -> Ria 
The Chebyshev polynomials of the first and second kind are related by 
1 od 
U, (2) == Ti (2). 


n+1 dz 
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> Chebyshev functions of the second kind 
The Chebyshev functions of the second kind, 


Uo(x) = arcsin a, 


V1— 2? dT,,(x) 


n dx 


U,(x) = sin(narccos x) = (2 eer 


just as the Chebyshev polynomials, also satisfy the differential equation (S4.17.2.1). 
The first five Chebyshev functions are 


Usies=0, U@H=Vile-w, Use)=22/1=—<27, 
Us(a) = (42? —1)V1—2?2, Us(x) = (82° — 42/1 — 2?. 


The recurrence formulas: 
U,o3(2) = 22U,(2) = Up-ale), n> 2. 


The functions U,, (a) form an orthogonal system on the interval —1 < x < 1, with 


~1 vV1l—-<x? dn if n=mF0. 


2 


wae |) ii nmém or n=m=90, 


The generating function is 


wie = So Uasalo (\s| <1). 


1—2Qsx + 52 


$4.17.3. Hermite Polynomials 
> Various representations of the Hermite polynomials 


The Hermite polynomials H,, = H,,(x) satisfy the second-order linear ordinary differential 
equation 
You — 2xy, + 2ny = 0 


and is defined by the formulas 


an [n/2] Hi 
H, (2) (—1)" exp (x? ee - exp(—2 a") = Gea 
= | ! 


The first five polynomials are 


Ho(x)=1, Hi(x)=22, Ho(x) = 4x? — 2, 
H3(x) = 82° —122,  H4(x) = 1624 — 48a? + 12. 
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Recurrence formulas: 


H,.o7i(@) = 20H (2) = 2nd, i(e)s me 2 
a 
dx 


Integral representation: 


Hie) =n eie): 


Hop (x) = Cyr exp (2?) ihe exp(—t?)t?” cos(2at) dt, 
vn 0 
Fan +41(X) = aa exp (x?) i exp(—t?)¢?"t1 sin(2zt) dt 
vu 0 


where n = 0, 1, 2,... 


> Orthogonality. The generating function. An asymptotic formula 


The functions H,,(x) form an orthogonal system on the interval —co < x < oo with 
: 2 
weight e” : 


oo i 0 if nAm, 
/ exp(—2*) Hn(x)Hm(x) dr = 
—oo fn 2a! if n= mM. 
Generating function: 
(oe) gh 
exp(—s? + 250) = 2, Hale) 


Asymptotic formula as n — oo: 
ntl nm _n 
Hy(z) x2 2 n2e 2 exp(zx”) cos( V2n + 1a - inn). 


> Hermite functions 


The Hermite functions h,,(a) are introduced by the formula 


mr 


hy (2) = exp(—52”) H,(«) = (-1)” exp(52”) exp(—2’), ee | a 


aa® 
The Hermite functions satisfy the second-order linear ordinary differential equation 
Al +(Q2n+1-—27)h=0. 
The functions h,,(2) form an orthogonal system on the interval —oo < x < oo with 


weight 1: 
oo 0 if nAm, 
/ (fo tg Ley Oe 
—oo Jr2n! if n=m. 
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$4.17.4 Jacobi Polynomials and Gegenbauer Polynomials 
> Jacobi polynomials 


The Jacobi polynomials, Py’ B (x), are solutions of the second-order linear ordinary differ- 
ential equation 


(1—a?)yt, + [B-a-(at+6+2)a]y, tn(ntat6+Dy=0 
and are defined by the formulas 


(-1)" a” 


PoP (a) = (1-2) *(1 +2) $1 — 2) +2) 


=2" » CraCneg (@ — 1" ™(@ + 1)™ 


where the C7’ are binomial coefficients. 
The generating function: 


20+ R-1(1-s+R)°(1+s+R)~ Padre) Js", R=V1—22s+8?,  |s|<1. 


The Jacobi polynomials are orthogonal on the interval —1 < x < 1 with weight 
(l—2)*(14+2)8: 


i (1 — 2) *(1 + 2)? Pye? (a) Pre? (a) de 


-1 
0 if nAm, 
- get841 = M(atn4+Dr(6t+n+1) 


Se 
a+B+2n4+1 nT(a+8+n+4+]1) pa eee 


For w > —1 and 8 > —1, all zeros of the polynomial P, B (x) are simple and lie on the 
interval -l1 <a <1. 


> Gegenbauer polynomials 


The Gegenbauer polynomials (also called ultraspherical polynomials), C2), are solu- 
tions of the second-order linear ordinary differential equation 


(1—a)y", — (2A + lay! + n(n + 2dA)y = 0 
and are defined by the formulas 


(—2)” T(n+ A) T(n + 2A) 


( ade NE 
mt T(A)PQn +2) 


in/l we Diem atone 
=D SO ee) ics 
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Recurrence formulas: 


() 7) _ 2(n +A) 
Cr4i(2) << i(z); 


CMa) =CIPEMe), LEME) = nce). 


gOS nel 
n 


The generating function: 


1 ~ r n 
(129s 4 s2)> ~ door oe 


The Gegenbauer polynomials are orthogonal on the interval —1 < x < 1 with weight 
(1 = apy We. 


1 0 if nAm, 
/ (1 — 22) 220™)(2)C (2) de = nT(2\ +n) 
zg 


ee, i ae, 
PT r+nynll2a) 


$4.18 Nonorthogonal Polynomials 


$4.18.1 Bernoulli Polynomials 
> Definition. Basic properties 


The Bernoulli polynomials B,,(x) are introduced by the formula 
n 
Baha CoBe Gat, 2 <x), 
k=0 


where Ce are the binomial coefficients and B, are Bernoulli numbers (see Section S4.1.3). 
The Bernoulli polynomials can be defined using the recurrence relation 


n—-1 
Bole) =, S > CRBr(2) =p, gy 8, By ass 
k=0 


The first six Bernoulli polynomials are given by 


Bo(xz) = 1; By(x) =x“- 5, Bo(x) =x? —-xr+H, B3(x) = 2° — 32? 4+ ta, 


Ba(a) = 24-203 +2?-2, Bs(a) = 0° — S04 + S23 — de. 


Basic properties: 


By (a +1) — Br(a) = na", Brii(t) = (n+ 1)Bp (2), 
— x) = (-1)"B, (2), (=1)"E,(=—2) = E,(z)+ na", 


where the prime denotes a derivative with respect to 7, andn = 0, 1,... 
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Multiplication and addition formulas: 


m—-1 
B,(mz) — mrt S- Bn (x + —), 
k=0 
n 
B,(at+y) = >| CRB, (x)y"*, 
k=0 


wheren =0,1,... andm=1, 2,... 


> Generating function. Fourier series expansions. Integrals 


The generating function is expressed as 


(oe) 


tert t” 
“tt = D0 Bala) (\t] < 27). 


n=0 


This relation may be used as a definition of the Bernoulli polynomials. 
Fourier series expansions: 


_— Qnkx — + 
= yo (n=1,0<a<1; n>1,0<2<1); 


(2Q7)” A kn 

(2n — 1)! & sin(2krx) 
Boga (6) = 2-1)" ae (n=1,0<2<1; n>10<2<1); 

(27)? 1 — k2 1 

n (2n)! QS cos(2krax 
Bon (x) = 2(—1) ets peas (n=1,2,..., OS a<1). 
k=1 
Integrals: 
“3 (t) dt Bn+i(2) = Bn+1(@) 
. n n+1 ’ 


where m and n are positive integers and B,, are Bernoulli numbers. 


$4.18.2 Euler Polynomials 
> Definition. Basic properties 


Definition: 7 


E 1\n-k 
B,() = Crs (2-5) (n=0,1,2,...), 
k=0 


where C* are the binomial coefficients and E,, are Euler numbers. 
The first six Euler polynomials are given by 


Fo(x)=1, Ex(z)=a- 5, Fale) =2?-2, E(x 


) 
Ex(x) =a24- 203 +2, Es(x) = 2° — 304+ 3a? - f. 
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Basic properties: 
En(@ + 1) + En(x) = 22”, Eg = (+ DE), 
E,(1 x) (—1)" £, (8), (—1)""'E,(—2) = E,(x) = 20", 
where the prime denotes a derivative with respect to x, andn = 0, 1 
Multiplication and addition formulas: 
m-1 
B,(ma) =m" 5° (-1)*E,(e@+—), 2=0,1,..., m=1,38, 0.45 
k=0 
9 m—-1 
Ep(mzx) = . (—1)* En4i (« + —), n= 0, 1, >» ms 2, 4, 4 
n+1 
k=0 
n 
En(x+y)= >> CRE,(z)y"*, n=0,1, 
k=0 
> Generating function. Fourier series expansions. Integrals 
The generating function is expressed as 
Jett ee tn 
c= > En(@) (ele a) 
This relation may be used as a definition of the Euler polynomials 
Fourier series expansions: 
sin ( ((2k + 1)ra — inn) 
E, (a) = ai Oka De (n=0,0<a<1; n>0,0<a<1); 
sin ((2k +1)rax 
Een(x) = 4(— poe SE ae oe (n=0,0<a<1; n>0,0<a<1); 
n(2n- ye cos((2k + 1)ra) 
Eon—1(a) = 4(-1)" d, ORF I (n=1,2,..., 0<a<1) 


_ _4)n m+nt2 __ m!n! 
i's Ey (t)En(t) dt = 4(-1)"(2 a Bint 


where m, n = 0, 1, 


. and B,, are Bernoulli numbers. The Euler polynomials are orthog- 
onal for even n + m. 
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Connection with the Bernoulli polynomials: 


fate) =* [ay(242) —1,(3)] =2 [sa -2"04(3)] 


where n = 1, 2,... 


©) References for Chapter S4: H. Bateman and A. Erdélyi (1953, 1955), N. W. McLachlan (1955), M. Abra- 
mowitz and I. A. Stegun (1964), W. Magnus, F. Oberhettinger, and R. P. Soni (1966), I. S. Gradshteyn and 
I. M. Ryzhik (2000), G. A. Korn and T. M. Korn (2000), S. Yu. Slavyanov and W. Lay (2000), D. Zwillinger 
(2002), A. D. Polyanin and V. F. Zaitsev (2003), E. W. Weisstein (2003), A. D. Polyanin and A. V. Manzhirov 
(2007), F. W. J. Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark (2010). 
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second kind, exact solutions, 394—430 
admitting reduction of order, 218 
autonomous, 33, 605-618 
chemical reactors, 429 
combustion theory, 429 
containing arbitrary functions, 389, 392, 595, 
599, 786, 820, 892, 1015, 1040, 1064, 1087 
defined parametrically, 40, 129, 822 
containing arbitrary functions, 515 
first-order, 3-92, 367-518 
containing algebraic and power functions 
with respect to y/,, 490 
integrable by quadrature, 4 
fourth-order, 999-1050 
fourth-order linear, 999-1019 
with arbitrary functions, 1015-1019 
with exponential functions, 1007—1009 
with hyperbolic functions, 1009-1011 
with logarithmic functions, 1011 
with power functions, 1000-1007 
with sine and cosine, 1012-1014 
with tangent and cotangent, 1014-1015 
with trigonometric functions, 1012-1014 
fourth-order nonlinear, 1019-1050 
with arbitrary functions, 1040-1050 
with cosine, 1037-1038 
with cotangent, 1039-1040 
with exponential functions, 1027-1029 
with hyperbolic cosine, 1030-1032 
with hyperbolic cotangent, 1033 
with hyperbolic functions, 1029-1033 
with hyperbolic sine, 1029-1030 
with hyperbolic tangent, 1032—1033 
with logarithmic functions, 1034—1035 
with power functions, 1019-1026 
with sine, 1035-1036 
with tangent, 1038-1039 
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with hyperbolic tangent, 562 

with inverse trigonometric functions, 

580-585 

with logarithmic functions, 565-567 

with power functions, 519-552 

with sine, 568 

with tangent, 573 

with trigonometric functions, 568-579 
second-order nonlinear, 605-828 

with arbitrary functions, 786-828 


with arbitrary functions of three variables, 


820, 821 
with cosine, 778-780 
with cotangent, 781-782 
with exponential functions, 761—768 
with hyperbolic cosine, 771-772 
with hyperbolic cotangent, 773-774 
with hyperbolic functions, 769-774 
with hyperbolic sine, 769-770 
with hyperbolic tangent, 772-773 
with logarithmic functions, 775-776 
with power functions, 753-760 
with sine, 777—778 
with tangent, 780-781 
with trigonometric functions, 777—782 


second-order not containing x explicitly, 124 
second-order not containing y explicitly, 124 


second-order not containing y/,, 100 
second-order not solved for y’”,, 818 
solved for derivative, 3, 8, 123, 217 
solved for highest derivative, 217 
third-order, 829-998 
third-order linear 
with arbitrary functions, 892-901 
with cosine, 869-872 
with cotangent, 876-879 
with exponential functions, 848-853 
with hyperbolic cosine, 855-857 
with hyperbolic cotangent, 860-863 
with hyperbolic functions, 853-862 
with hyperbolic sine, 853-855 


with hyperbolic sine and cosine, 857-858 


with hyperbolic tangent, 858-860 

with inverse trigonometric functions, 
879-884 

with logarithmic functions, 863-864 

with power and exponential functions, 
851-853 

with power and logarithmic functions, 
864-866 

with power functions, 830-848 

with sine, 866-869 

with sine and cosine, 872 

with tangent, 873-876 

with trigonometric functions, 866-879 

third-order nonlinear, 901-998 

with arbitrary functions, 978-998 

with cosine, 974-976 

with cotangent, 977-978 

with exponential functions, 963-966 

with hyperbolic cosine, 967-969 
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with hyperbolic cotangent, 970-97 1 elementary theory of using invariants, 277 
with hyperbolic functions, 967-97 1 elements of bifurcation theory, 263 
with hyperbolic sine, 967 elements of stability theory, 250 
with hyperbolic tangent, 969-970 elliptic functions, 1388 
with logarithmic functions, 971-973 elliptic integral 
with power functions, 955-963 first kind, 932, 1385, 1386 
with sine, 974 second kind, 1385, 1386 
with tangent, 976-977 incomplete, 405, 608, 623, 638, 939 
with trigonometric functions, 974-978 third kind, 1387 
underdetermined, 345 elliptic integrals, 1385 
with coefficients having pole at some point, elliptic modulus, 1387 
98 elliptic Weierstrass function, 607 
with separable variables, 8 Emden—Fowler equation, 619 
with separated variables, 8 generalized, 652 
differential inequalities, 57 discrete transformations, 677 
mth-order, 315 equation 
differential variable, 82 Abel, 18-24 
differential-algebraic equations, 40, 81, 130, first kind, 18 
191, 262 first kind, canonical form, 19 
digamma function, 1359, 1363 first kind, general form, 18 
Dirichlet conditions, 103, 1140, 1260 first kind, normal form, 19 
Dirichlet—-Mehler integral, 1378 second kind, 20 
discrete group method, 355 second kind, canonical form, 21 
based on inclusion method, 364 second kind, general form, 20 
based on RF-pairs, 358 second kind, normal form, 21 
for point transformations, 355 Airy, 520, 1370 
discrete point group of transformations, 355 Bernoulli, 10, 368 
discrete transformations of generalized Bessel, 533, 1362 
Emden—Fowler equation,677 nonhomogeneous, 596 
discriminant of characteristic equation, 236 binomial, 213, 214 
dispersion equation, 231 Blasius, 1156 
Duffing equation, 173, 613 Burgers—Huxley, 300 
Duhamel integral, 200 Clairaut, 505 
dynamic computation, 1198 Darboux, 11, 496 
dynamical system, 263, 439 degenerate hypergeometric, 527 
nonrough, 264, 266 dispersion, 231 
phase portrait, 263 Duffing, 173, 613 
rough, 264, 266 Emden—Fowler, 619 
generalized, 652 
E modified, 678 
Euler, 533 
eigenfrequencies, 1181 nonhomogeneous, 596, 898, 1067 
eigenfunctions, 110, 1181 nth order, 202 
of integral equation, 139 fifth Painlevé, 167 
eigenmodes, 1181 first Painlevé, 158 
eigenvalue problems, 110, 1141, 1206 first-order 
numerical solutions, 1181, 1235, 1276 Bernoulli, 10, 368 
eigenvalues, 110, 1181 separable, 367 
of Mathieu equation, 571 for prolate spheroidal wave functions, 550 
elementary functions, 1287 fourth Painlevé, 165 


elementary symmetric polynomial, 282 Gaussian hypergeometric, 541, 1375 
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equation (continued) 

Halm, 548 

hypergeometric, 541, 1375 
degenerate, 527 

invariant under dilatation—translation 
transformation, 498, 792, 816, 997, 1098 

invariant under translation—dilatation trans- 
formation, 498, 792, 816, 997, 1050, 
1098 

Lagrange, 39 

Lagrange-—d’ Alembert, 505 

Lamé, in form of Jacobi, 592 

Lamé, in form of Weierstrass, 592 

Laplace, 211 
second-order of special form, 212 

Legendre, 538, 549 

Lienard, 613 

linear 
fourth-order constant coefficient, 1004 
nth-order constant coefficient, 197, 1055 
second-order constant coefficient, 94, 521 
third-order constant coefficient, 838 

logistic, 25 

Mathieu, 383, 571, 1396 
algebraic form, 540 
modified, 561, 1398 

modified Mathieu, 561, 1398 

of damped vibrations, 521 

of forced oscillations, 568, 570 
with friction, 595 
without friction, 595 

of free oscillations, 519 

of loaded rigid spherical shell, 1014 

of oblate spheroidal wave functions, 550 


of oscillations of mathematical pendulum, 615 


of theory of diffusion boundary layer, 524 
of transverse vibrations of bar, 1019 


of transverse vibrations of pointed bar, 1006 


Painlevé 
fifth, 167 
first, 158 
fourth, 165 
second, 160 
sixth, 169 
third, 162 
palindromic, 280 
Pfaffian, 44 
completely integrable, 45, 46 
not satisfying integrability condition, 48 
quasi-homogeneous, 429 
Rayleigh, 616 


Riccati, 13 
general form, 13 
special, 17 
Riemann, 551 
second Painlevé, 160 
separable, 367 
sixth Painlevé, 169 
third Painlevé, 162 
trinomial, 214 
Whittaker, 532, 1375 
Yermakov, 249, 786 


equations 


Abel, 394-455 
first kind, exact solutions, 431-455 
second kind, exact solutions, 394-430 
admitting reduction of order, 218 
algebraic, 279 
generalized reciprocal, 281 
of even degree, 280 
of odd degree, 281 
palindromic, 280 
reciprocal, 280 
reciprocal of even degree, 280 
reciprocal of odd degree, 281 
with even powers, 279 
autonomous, 33, 605-618 
chemical reactors, 429 
combustion theory, 429 
containing arbitrary functions, 389, 392, 595, 
599, 786, 820, 892, 1015, 1040, 1064, 1087 
defined parametrically, 40, 129, 822 
containing arbitrary functions, 515 
differential 
first-order, 3—92, 367-518 
fourth-order, 999-1050 
higher-order, 197-226, 1051-1098 
of arbitrary order, 197—226, 1051-1098 
second-order, 123—196, 519-828 
third-order, 829-998 
differential-algebraic equations, 40, 129 
first-order, 3-92, 367-518 
containing algebraic and power functions 
with respect to y’,, 490 
integrable by quadrature, 4 
fourth-order, 999-1050 
fourth-order linear, 999-1019 
with arbitrary functions, 1015-1019 
with exponential functions, 1007—1009 
with hyperbolic functions, 1009-1011 
with logarithmic functions, 1011 
with power functions, 1000-1007 


INDEX 


with sine and cosine, 1012-1014 

with tangent and cotangent, 1014-1015 
with trigonometric functions, 1012-1014 
fourth-order nonlinear, 1019-1050 

with arbitrary functions, 1040-1050 
with cosine, 1037-1038 

with cotangent, 1039-1040 

with exponential functions, 1027-1029 
with hyperbolic cosine, 1030-1032 

with hyperbolic cotangent, 1033 

with hyperbolic functions, 1029-1033 
with hyperbolic sine, 1029-1030 

with hyperbolic tangent, 1032—1033 
with logarithmic functions, 1034—1035 
with power functions, 1019-1026 

with sine, 1035-1036 

with tangent, 1038-1039 

with trigonometric functions, 1035-1036 
higher-order, 197-225, 1051-1098, 1184, 
1239, 1281 

higher-order linear, 197-216, 1051-1068 
with arbitrary functions, 1064-1068 
with exponential functions, 1058-1059 
with hyperbolic functions, 1059-1060 
with logarithmic functions, 1061 

with power functions, 1051-1058 

with sine and cosine, 1061-1063 

with tangent and cotangent, 1063-1064 
with trigonometric functions, 1061—1063 
higher-order nonlinear, 217—226, 1068-1098 
admitting reduction of order, 218 

with arbitrary functions, 1087-1098 
with cosine, 1084—1085 

with cotangent, 1086 

with exponential functions, 1075-1077 
with hyperbolic cosine, 1079 

with hyperbolic cotangent, 1080-1081 
with hyperbolic functions, 1077-1081 
with hyperbolic sine, 1077-1078 

with hyperbolic tangent, 1080 

with logarithmic functions, 1081-1082 
with power functions, 1068-1075 

with sine, 1083-1084 

with tangent, 1085-1086 

with trigonometric functions, 1083-1086 
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not solved for derivative, 7, 37, 503 
not solved for second derivative, 813 
nth-order 
autonomous, 219 
homogeneous in both variables, 219 
homogeneous in independent variable, 219 
homogeneous in unknown function, 219 
linear, containing arbitrary functions, 1064 
nonlinear, containing arbitrary functions, 
1087 
not containing x explicitly, 219 
of general form, 103, 126, 220, 815, 1096 
of theory of nonlinear oscillations, 430, 610 
of third degree in y/,, 478 
Pfaffian, 44 
completely integrable, 45, 46 
not satisfying integrability condition, 48 
quasi-homogeneous, 429 
reciprocal, 280 
of even degree, 280 
of odd degree, 281 
Riccati 
containing arccosine, 387 
containing arccotangent, 389 
containing arcsine, 387 
containing arctangent, 388 
containing cosine, 383 
containing cotangent, 385 
containing exponential functions, 375 
containing hyperbolic functions, 378-380 
containing inverse trigonometric functions, 
387-389 
containing logarithmic functions, 380 
containing power functions, 369 
containing sine, 382 
containing tangent, 384 
containing trigonometric functions, 
382-386 
exact solutions, 368-393 
with hyperbolic sine and cosine, 378 
with hyperbolic tangent and cotangent, 380 
second-order autonomous, 124 
second-order homogeneous 
in both variables, 125 
in dependent variable, 125 


integro-differential, 210 in independent variable, 125 

invariant under scaling-translation transfor- second-order linear, 519-605 
mations, 126, 220 asymptotic solutions, 102 

Lie, 314 with arbitrary functions, 595-605 

Monge, 345 with arccosine, 581 


Navier-Stokes, 129 with arccotangent, 584 
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equations (continued) 
second-order linear, 519—605 
with arcsine, 580 
with arctangent, 582 
with cosine, 570 
with cotangent, 575 
with exponential functions, 553-559 
with hyperbolic cosine, 561 
with hyperbolic cotangent, 564 
with hyperbolic functions, 560-564 
with hyperbolic sine, 560 
with hyperbolic tangent, 562 
with inverse trigonometric functions, 
580-585 
with logarithmic functions, 565-567 
with power functions, 519-552 
with sine, 568 
with tangent, 573 
with trigonometric functions, 568-579 
second-order nonlinear, 605-828 
with arbitrary functions, 786-828 


with arbitrary functions of three variables, 


820, 821 
with cosine, 778-780 
with cotangent, 781-782 
with exponential functions, 761—768 
with hyperbolic cosine, 771-772 
with hyperbolic cotangent, 773-774 
with hyperbolic functions, 769-774 
with hyperbolic sine, 769-770 
with hyperbolic tangent, 772-773 
with logarithmic functions, 775-776 
with power functions, 753—760 
with sine, 777-778 
with tangent, 780-781 
with trigonometric functions, 777—782 


second-order not containing x explicitly, 124 
second-order not containing y explicitly, 124 


second-order not containing y/,, 100 
second-order not solved for y/",., 818 
solved for derivative, 3, 8, 123, 217 
solved for highest derivative, 217 
third-order, 829-998 
third-order linear 
with arbitrary functions, 892-901 
with cosine, 869-872 
with cotangent, 876-879 
with exponential functions, 848-853 
with hyperbolic cosine, 855-857 
with hyperbolic cotangent, 860-863 
with hyperbolic functions, 853-862 


INDEX 


with hyperbolic sine, 853-855 


with hyperbolic sine and cosine, 857-858 


with hyperbolic tangent, 858-860 

with inverse trigonometric functions, 
879-884 

with logarithmic functions, 863-864 

with power and exponential functions, 
851-853 

with power and logarithmic functions, 
864-866 

with power functions, 830-848 

with sine, 866-869 

with sine and cosine, 872 

with tangent, 873-876 

with trigonometric functions, 866-879 

third-order nonlinear, 901-998 

with arbitrary functions, 978-998 

with cosine, 974-976 

with cotangent, 977-978 

with exponential functions, 963-966 

with hyperbolic cosine, 967-969 

with hyperbolic cotangent, 970-97 1 

with hyperbolic functions, 967-97 1 

with hyperbolic sine, 967 

with hyperbolic tangent, 969-970 

with logarithmic functions, 971-973 

with power functions, 955-963 

with sine, 974 

with tangent, 976-977 

with trigonometric functions, 974-978 

underdetermined, 345 


with coefficients having pole at some point, 


98 
with separable variables, 8 
with separated variables, 8 
equilibrium points, 25 
of autonomous system, 249 
Erbe—Hu—Wang theorem, 141, 148, 151, 152 
first boundary value problem, 141 
mixed boundary value problem, 148 
third boundary value problem, 151 
Ermakov equation, 249 
Ermakov system, 249 
error estimate 
of approximate method, 51 
of approximate solutions, 52 
error function, 1354, 1372, 1384 
complementary, 1354, 1372 
essential singularities, 158 
estimates of convergence range, 49 
Euler constant, 534, 1359, 1363, 1373 


INDEX 


Euler equation, 94, 533, 847, 1006, 1057, 1258 
nth order, 202, 1057 
Euler formula for gamma function, 1358 
Euler formulas, 1293 
Euler method 
explicit, 1171, 1223 
forward, 1171, 1220 
implicit, 64 
modified, 64, 256, 260, 1166, 1173, 1225 
of polygonal lines, 64 
Euler numbers, 1353 
Euler polynomials, 1406 
Euler system of ODEs, 243 
exact analytical solutions in terms of predefined 
functions,1127, 1193, 1253 
exact differential equation 
first-order, 12, 498 
second-order, 127 
exact second-order equations, 127 
exact solutions 
for Abel equations of first kind, 431-455 
for Abel equations of second kind, 394-430 
for arbitrary order equations, 197-226, 
1051-1098 
for Burgers—Huxley equation, 300-301 
for Emden—Fowler equation, 619 
for equations invariant under dilatation— 
translation transformation, 498, 792, 816, 
997, 1098 
for equations invariant under translation— 
dilatation transformation, 498, 792, 816, 
997, 1050, 1098 
for fifth Painlevé equation, 167-169 
for first-order equations, 3-92, 367-518 
for fourth Painlevé equation, 165 
for fourth-order equations, 999-1050 
for fourth-order linear equations, 999-1018 
for fourth-order nonlinear equations, 
1019-1050 
for generalized Emden—Fowler equation, 652 
for higher-order equations, 1051-1098 
for Laplace equation, 211, 212 
for linear equations of fourth-order, 999-1018 
for linear equations of higher-order, 
1051-1068 
for linear equations of second-order, 519-602 
for linear equations of third-order, 829-900 
for modified Emden—Fowler equation, 678 
for nonlinear equations of first-order, 367-518 
for nonlinear equations of fourth-order, 
1019-1050 
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for nonlinear equations of higher-order, 
1068-1098 
for nonlinear equations of second-order, 
605-828 
for nonlinear equations of third-order, 
901-998 
for Pfaffian equation, 45, 46 
for Riccati equations, 369-391 
for second Painlevé equation, 162—164 
for second-order equations, 123-196, 
519-828 
for second-order linear equations, 519-605 
for second-order nonlinear equations, 
605-828 
for sixth Painlevé equation, 170 
for special Riccati equation, 17 
for third Painlevé equation, 165-166 
for third-order equations, 829-998 
for third-order linear equations, 829-900 
for third-order nonlinear equations, 901-998 
existence and uniqueness theorem 
second-order linear ODE, Cauchy problem, 
96 
second-order ODE, boundary value problems, 
137 
systems of ODEs, 245 
existence theorem, 4, 7, 96, 123 
first boundary value problems, 134, 135 
Peano, 4 
second-order linear ODE, 96 
third boundary value problems, 137 
exp-function method, 297 
explicit Euler method, 1171 
explicit single-step method, 63 
exponential integral, 1354, 1372 
extrapolation methods, 68 


F 


factorization, 95 
factorization method, 335 
factorization principle, 326, 346 
general case, 329 
special case, 326 
fifth Painlevé equation, 167 
fifth- and sixth-order equations, 1068, 1069, 
1075, 1076, 1087 
first boundary value problem, 103 
existence theorems, 134 
lower solution, 135 
numerical solution, 191 
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first boundary value problem (continued) 
reduction to mixed boundary value problem, 
275 
upper solution, 135 
first integral, 334 
of system of ODEs, 247 
first integrals, 334, 625-627 
first method 
for reducing order of equations, 319 
for successive refinement of estimates, 59 
first Painlevé equation, 158 
first RF-pair, 358 
first-order equation 
Bernoulli, 10, 368 
Clairaut, 505 
Darboux, 11, 496 
Lagrange, 39 
Lagrange-—d’ Alembert, 505 
logistic, 25 
first-order equations, 3-92, 367-518 
Abel, 394—455 
first kind, exact solutions, 431 
second kind, exact solutions, 394 
containing algebraic and power functions with 
respect to y/,, 490 
containing arbitrary functions, 389, 392 
defined parametrically, 40 
not solved for derivative, 7, 37, 503 
Pfaffian, 44 
completely integrable, 45, 46 
not satisfying integrability condition, 48 
quasi-homogeneous, 429 
Riccati 
containing arccosine, 387 
containing arccotangent, 389 
containing arcsine, 387 
containing arctangent, 388 
containing cosine, 383 
containing cotangent, 385 
containing exponential functions, 375 
containing hyperbolic functions, 378-380 
containing inverse trigonometric functions, 
387-389 
containing logarithmic functions, 380 
containing power functions, 369 
containing sine, 382 
containing tangent, 384 
containing trigonometric functions, 
382-386 
exact solutions, 368-393 
with hyperbolic sine and cosine, 378 


INDEX 


with hyperbolic tangent and cotangent, 380 
with separable variables, 8 
with separated variables, 8 
first-order exact differential equation, 12, 498 
first-order linear autonomous systems, 1240 
first-order linear equations with arbitrary 
functions, 389, 392 
first-order linear ODEs containing arbitrary 
functions, 389,392 
first-order linear systems, 1279 
first-order nonlinear autonomous systems, 1240 
first-order nonlinear systems, 1280 
first-order ODE 
with separable variables, 8 
with separated variables, 8 
first-order ODEs, 3-92, 367-518 
containing algebraic and power functions with 
respect to y’,, 490 
containing arbitrary functions, 389, 392 
first-order systems of ODEs, 1183, 1236, 1279, 
1282 
numerical solutions, 1183, 1236 
of general form, 1282 
first-order systems of two equations, 1279 
first-type boundary conditions, 103, 1140 
fixed singular points of solutions to ODEs, 157 
formal operators, 324 
formula 
Adams-Bashforth, 68 
implicit, 68 
Bessel, 1364 
Cauchy for ODE, 202 
conversion, 1385, 1387, 1390, 1391 
de Moivre, 1293 
Euler for gamma-function, 1358 
Liouville, 95, 201, 241 
for system of ODEs, 241 
Poisson, 1364 
Post—Widder, 208 
Stirling, 1359 
formulas 
Euler, 1293 
forward Euler method, 1166, 1171 
forward sweep, 118 
fourth Painlevé equation, 165 
fourth-order classical Runge-Kutta method, 
1166 
fourth-order constant coefficient linear 
equation, 1004 
fourth-order equations, 999-1050 
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fourth-order linear equation 
arises in turbulence theory, 1003 
constant coefficient, 1004 
Euler, 1006 
of loaded rigid spherical shell, 1014 
of transverse vibrations of bar, 1019 
of transverse vibrations of pointed bar, 1006 
trinomial, 214 
fourth-order linear equations, 999-1019 
with arbitrary functions, 1015-1019 
with exponential functions, 1007—1009 
with hyperbolic functions, 1009-1011 
with logarithmic functions, 1011 
with power functions, 1000-1007 
with sine and cosine, 1012-1014 
with tangent and cotangent, 1014-1015 
with trigonometric functions, 1012-1014 
fourth-order nonlinear equation 
arises in hydrodynamics, 1024 
autonomous, 1040, 1049 
generalized homogeneous, 1020, 1040, 1041, 
1049 
homogeneous, 1040, 1049 
invariant under translation—dilatation 
transformation, 1050 
fourth-order nonlinear equations, 1019-1050 
with arbitrary functions, 1040-1050 
with cosine, 1037-1038 
with cotangent, 1039-1040 
with exponential functions, 1027-1029 
with hyperbolic cosine, 1030-1032 
with hyperbolic cotangent, 1033 
with hyperbolic functions, 1029-1033 
with hyperbolic sine, 1029-1030 
with hyperbolic tangent, 1032—1033 
with logarithmic functions, 1034—1035 
with power functions, 1019-1026 
with sine, 1035-1036 
with tangent, 1038-1039 
with trigonometric functions, 1035-1036 
fourth-order Runge—Kutta method, 260, 1166, 
1174, 1218 
Frank-Kamenetskii approximation, 142, 148, 
149 
Fresnel cosine integral, 1169 
Fresnel integrals, 1357 
function 
Bessel, of first kind, 533, 1362 
Bessel, of second kind, 533, 1362 
Bessel, of third kind, 1367 
beta, 1360 


incomplete, 1361 
digamma, 1359 
elliptic Weierstrass, 607 
gamma, 1358 
incomplete, 1360, 1372 
Green, 107 
modified, 108, 109 
incomplete beta, 1361 
incomplete gamma, 1360, 1372 
Jacobi elliptic, 592, 615, 1388 
logistic, 299 
Macdonald, 1367 
Mittag-Leffler type, 1052 
modified Green, 108, 109 
Neumann, 1362 
regularizing, 85, 193 
parabolic cylinder, 1383 
psi, 1359 
sigmoid, 299 
Weber, 1383 
Weierstrass, 1392 
functions 
degenerate hypergeometric, 1371, 1373 
Gegenbauer, 537, 540 
Hankel, 1367 
Hermite, 1403 
hypergeometric, 1375 
Kummer, 1371, 1373 
Legendre, 1377 
associated, 1380 
associated, of first kind, 1380 
associated, of second kind, 1380 
second kind, 538 
Mathieu, 571, 1396, 1397 
modified Mathieu, 1398 
Whittaker, 1375 
fundamental solutions for system of ODEs, 241 
fundamental system of solutions, 100, 101, 213, 
214 


G 


G'/G-expansion method, 311 

Galerkin method, 182, 1243 

gamma function, 527, 1358 

Gauss relations for contiguous functions, 1377 
Gauss transformation, 1390 

Gaussian hypergeometric equation, 541, 1375 
Gegenbauer functions, 537, 540 

Gegenbauer polynomials, 539, 1404 

general Riccati equation, 13, 16 
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general scheme 
of averaging method, 176 
of method of matched asymptotic expansions, 
179 
of method of two-scale expansions, 178 
of using invariants for solving mathematical 
equations, 279 
general solution 
of Airy equation, 520 
of Bernoulli equation, 10, 368 
of Bessel equation, 533 
of Clairaut equation, 505 
of damped vibrations equation, 521 
of Darboux equation, 11, 496 
of degenerate hypergeometric equation, 527 
of Duffing equation, 613 
of Euler equation, 533 
of forced oscillations 
with friction equation, 595 
without friction equation, 595 
of forced oscillations equation, 568, 570 
of free oscillations equation, 519 
of Gaussian hypergeometric equation, 541 
of Halm equation, 548 
of hypergeometric 
degenerate equation, 527 
of hypergeometric equation, 541 
of Lagrange equation, 39 
of Lagrange—d’ Alembert equation, 505 
of Legendre equation, 538, 549 
of linear 
fourth-order constant coefficient equation, 
1004 
nth-order constant coefficient equation, 197, 
1055 
second-order constant coefficient equation, 
94,521 
third-order constant coefficient equation, 
838 
of loaded rigid spherical shell equation, 1014 
of oblate spheroidal wave functions equation, 
550 
of oscillations of mathematical pendulum 
equation, 615 
of prolate spheroidal wave functions equation, 
550 
of separable equation, 367 
of theory of diffusion boundary layer equation, 
524 
of transverse vibrations of bar equation, 1019 
of transverse vibrations of pointed bar 


INDEX 


equation, 1006 
of Whittaker equation, 532 
of Yermakov equation, 786 

general solution of differential equation, 3, 123, 
217, 242 

generalized Emden—Fowler equation, 652 

generalized Ermakov system, 1111 

generalized homogeneous equation, 9, 126, 220, 
430, 495, 787,815, 979, 996, 1020, 1040, 
1041, 1049, 1074, 1098 

generalized Jentzch theorem, 139 

generalized Laguerre polynomials, 1399 

generalized reciprocal equations of even 
degree, 281 

generalized reciprocal polynomial equation, 28 1 

generalized Yermakov equation, 786 

global order of approximation, 63 

graphical solutions, 1130, 1196, 1255 

Green function, 107 

group analysis of ODEs, 1153 

group analysis of second-order ODEs, 316 

group methods for ODEs, 313 

growth exponent, 204 


H 


Halm equation, 548 

Hamming predictor-corrector method, 71 

Hankel functions, 1367 

Hermite functions, 1403 

Hermite polynomials, 522, 1372, 1402 

Heun equation, 545 

Heun method, 64, 1166 

higher-order equations, 197—225, 1051-1098, 
1184, 1239, 1281 

linear, 197-216, 1051-1068 
with arbitrary functions, 1064-1068 
with exponential functions, 1058-1059 
with hyperbolic functions, 1059-1060 
with logarithmic functions, 1061 
with power functions, 1051-1058 
with sine and cosine, 1061-1063 
with tangent and cotangent, 1063-1064 
with trigonometric functions, 1061-1063 
nonlinear, 217-226, 1068-1098 

admitting reduction of order, 218 
with arbitrary functions, 1087-1098 
with cosine, 1084-1085 
with cotangent, 1086 
with exponential functions, 1075-1077 
with hyperbolic cosine, 1079 


INDEX 


with hyperbolic cotangent, 1080-1081 
with hyperbolic functions, 1077-1081 
with hyperbolic sine, 1077-1078 
with hyperbolic tangent, 1080 
with logarithmic functions, 1081-1082 
with power functions, 1068-1075 
with sine, 1083-1084 
with tangent, 1085-1086 
with trigonometric functions, 1083-1086 
higher-order linear equation 
constant coefficient homogeneous, 1055 
constant coefficient nonhomogeneous, 1055 
Euler, 1067 
higher-order nonlinear equation 
autonomous, 1087, 1096, 1098 
generalized homogeneous, 1088, 1097, 1098 
homogeneous, 1097 
invariant under dilatation—translation 
transformation, 1098 
invariant under translation—dilatation 
transformation, 1098 
hodograph transformation, 7, 82, 192, 357, 1151 
homogeneous and generalized homogeneous 
equations, 9 
homogeneous boundary conditions, 104 
homogeneous equation, 9, 125, 219, 368, 437, 
786, 1049, 1088,1097 
linear, 93, 197, 200, 519 
with respect to independent variable, 430 
homogeneous linear equation, 93 
general solution, 197, 200 
of second order, 519 
homogeneous linear systems of higher-order 
ODEs, 231 
homogeneous systems of linear first-order 
ODEs, 240 
hyperbolic functions, 1296 
of half argument, 1299 
of multiple argument, 1298 
hyperbolic point, 237 
hypergeometric equation, 541, 1375 
hypergeometric functions, 1375 
hypergeometric series, 541, 1375 
hysteresis, 264 
hysteresis parameters, 149 


ill-conditioned linear problem, 120 
ill-conditioned problems, 73 
implicit single-step method, 63 
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improved Euler method, 1166, 1173, 1226 
improved polygon method, 1166 
incomplete beta function, 1361 
incomplete elliptic integral of second kind, 405, 
608, 623, 638,939 
incomplete elliptic integrals, 1386 
incomplete gamma function, 1360, 1372 
indefinite integrals, 1303 
infinitesimal generator, 314 
infinitesimal operator, 314, 323 
initial condition, 4 
initial value problem, 4 
initial value problems, 1137, 1171, 1203, 1223, 
1259 
linear, 1168, 1221, 1268 
nonlinear, 1170, 1222, 1269 
numerical solutions, 1168, 1221, 1268 
instability by first approximation, 252 
integrable combinations, 248 
for autonomous systems of ODEs, 248 
integral curve, 3 
integral transform methods for ODEs, 1147, 
1209 
integrals 
involving a + bx, 1303 
involving (a + ba)?/?, 1308 
involving a? + x, 1304 
involving a? — x”, 1305 
involving (a? — «?)!/?, 1309 
involving a? + x, 1306 
involving a? — x°, 1307 
involving a‘ + a*, 1307 
involving arbitrary powers, 1310 
involving Bessel functions, 1328 
involving cos x, 1315 
involving cosh z, 1311 
involving cos x, 1318 
involving cot x, 1319 
involving exponential functions, 1310, 1323 
involving hyperbolic functions, 1311, 1324 
involving inverse trigonometric functions, 
1319 
involving irrational functions, 1307 
involving logarithmic functions, 1314, 1325 
involving power-law functions, 1320 
involving rational functions, 1303 
involving sin z, 1316 
involving sinh x, 1312 
involving tan x, 1319 
involving tanh x, 1313 
involving trigonometric functions, 1315, 1325 
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integrals (continued) 
involving x!/?, 1307 
involving (a? + a)!/?, 1308 
involving (x2? — a?)1/?, 1309 
over finite interval, 1320, 1325 
over infinite interval, 1321, 1326, 1328 
with Bessel functions, 1365 
with degenerate hypergeometric functions, 
1374 
with modified Bessel functions, 1369 
integrating factor, 13 
Pfaffian equation, 46 
integro-differential equations, 210 
invariance condition, 315 
invariant of group, 314 
invariant of operator, 314 
invariant of transformation, 278 
inverse hyperbolic functions, 1300 
inverse Laplace transform, 204 
inverse problems, 315, 341 
inverse transforms of rational functions, 206 
inverse trigonometric functions, 1293 
iteration methods, 185 


J 


Jacobi elliptic function, 592, 615, 1388 
Jacobi equation, 424 

Jacobi polynomials, 541, 1404 

Jacobi theta functions, 1394 


K 


Kummer series, 527, 1371 
Kummer transformation, 1371 
Kummer-—Liouville transformation, 96 


L 


Lagrange equation, 39 
Lagrange-—d’ Alembert equation, 505 
Laguerre polynomials, 1372, 1398 
generalized, 1398 
Lamé equation 
in form of Jacobi, 592 
in form of Weierstrass, 592 
Landen transformation, see Gauss transforma- 
tion 
Laplace equation, 211, 1056 
second-order of special form, 212 
Laplace integral, 212, 1378 
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Laplace transform, 204 
inverse, 204 
Lax theorem, 73 
least squared error method, 185 
least squares method, 183 
Legendre equation, 538, 549 
Legendre functions, 1377 
associated, 1380 
first kind, 1380 
second kind, 1380 
with integer indices and real argument, 1380 
second kind, 538 
Legendre polynomials, 538, 1377 
Legendre transformation, 43, 477 
lemniscate functions, 646 
Lie equations, 314 
Lie group method, 313 
Lie—Backlund groups, 323 
Lie—Backlund symmetries generated by first 
integrals, 337 
Lienard equation, 613 
limit theorems for inverse transforms, 207 
linear boundary value problems, 1177, 1229, 
1272 
boundary conditions of first kind, 103, 187 
boundary conditions of mixed kind, 104 
boundary conditions of second kind, 103, 188 
boundary conditions of third kind, 104, 188 
linear constant coefficient coupled ODEs, 235 
linear equation, first-order, 10, 368 
linear equations, 519, 829, 999, 1051 
with constant coefficients, 197, 1147 
with variable coefficients, 200, 1209 
linear initial value problems, 1168, 1221, 1268 
linear ODE 
fourth-order constant coefficient, 1004 
nth-order constant coefficient, 197, 1055 
second-order constant coefficient, 94, 521 
third-order constant coefficient, 838 
linear ODEs, 93-122, 197-216, 519-604, 
829-900, 999-1050 
homogeneous 
arbitrary order, 197, 200 
fourth order, 999 
nth-order, 197, 200 
second-order, 93 
third-order, 859 
nonhomogeneous 
arbitrary order, 198, 201, 202 
fourth order, 999 
nth-order, 198, 201, 202 
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mesh nodes, 62 
method 


second-order, 96 


third-order, 859 
linear systems of ODEs, 227-244, 1099-1108, 
1145, 1207, 1262 
with constant coefficients, 1147, 1209 
linear systems of three and more ODEs, 1107 
linear systems of two ODEs, 1099 
Liouville formula, 95, 201, 241 
for system of ODEs, 241 
Lipschitz condition, 5, 49, 58, 246 
Lipschitz constant, 5, 61, 134 
local one-parameter Lie group of transforma- 
tions, 313 
local order of approximation, 63 
logarithmic branch points, 158 
logarithmic derivative of gamma function, 528, 
534, 535, 1363,1368 
logarithmic integral, 1355, 1372 
logistic differential equation, 25 
logistic equation, 25 
logistic function, 299 
lower solution 
boundary value problem, 135 
Cauchy problem, 59 
Lyapunov function, 253 
Lyapunov stability, 250 
asymptotic stability, 250 
Lyapunov theorem 
of asymptotic stability, 254 
of stability, 254 


Macdonald function, 1367 
main properties of Laplace transform, 205 
Malthus model, 1137 
Malthusian population model, 26 
Maple, 1121, 1122 
conventions and terminology, 1122 
language, 1124 
Mathematica, 1187 
conventions and terminology, 1187 
language, 1189 
Mathieu equation, 383, 571, 1396 
algebraic form, 540 
Mathieu functions, 571, 1396, 1397 
modified, 1398 
MATLAB, 1246 
conventions and terminology, 1246 
language, 1249 
mesh increment, 62 


Adams type predictor—corrector, 70 
Adams-—Bashforth, 68, 1167 
fourth order, 68 
Adams-—Bashforth—Moulton, 1167 
arc length transformation, 83, 85, 194 
averaging 
for equations of special form, 175 
general scheme, 176 
Van der Pol-Krylov—Bogolyubov scheme, 
175 
based on differential variable, 82, 193 
based on hodograph transformation, 82, 89, 
192 
based on introduction of new independent 
variable t = —y/,, 89 
based on nonlocal transformations, 84, 193 
based on special Rosenbrock scheme, 86, 91 
based on use of equivalent system of 
equations, 90 
Bubnov-—Galerkin, 182 
collocation, 183, 215 
consistency for two equations, 306 
D’ Alembert, 233 
differential constraints, 302 
direct expansion in powers of small parameter, 
173 
discrete group, 355 
based on inclusion method, 364 
based on RF-pairs, 358 
for point transformations, 355 
Euler, 64, 255, 259 
explicit, 1171 
implicit, 64 
modified, 64, 256, 260, 1166 
of polygonal lines, 64, 255, 259 
exp-function, 297 
expansion in powers of independent variable, 
154 
explicit Euler, 1171 
explicit single-step, 63 
factorization, 335 
for construction of contact transformations, 
43 
for construction of solvable equations of 
general form, 222 
for reducing order of equations, 319, 320 
for successive refinement of estimates, 59, 61 
forward Euler, 1166, 1171 
fourth-order Runge-Kutta, 260, 1166 
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method (continued) 

G’/G-expansion, 311 

Galerkin, 182, 1243 

group, 313 

Hamming predictor-—corrector, 71 

Heun, 64, 1166 

implicit single-step, 63 

improved Euler, 1166 

improved polygon, 1166 

integral transform, 1147, 1209 

integration by differentiation, ODEs not 
solved for derivative, 37 

invariants, 277 

least squared error, 185 

least squares, 183 

Lie group, 313 

Lindstedt—Poincaré, 174 

logistic function, 299 

matched asymptotic expansions, 178 

Milne, 69 

Milne predictor—corrector, 71 

modified Euler, 64, 256, 260, 1166 

modified shooting, 117 

moment, 182 

multistep, 68, 1174, 1227 
modified, 72 

Newton—Kantorovich, 50 

Numerov (for Cauchy problem), 116 

Nystrém, 69 

of accelerated convergence (eigenvalue 
problems), 119 

of matched asymptotic expansions, 179 

of simplest equation, 311 

of two-scale expansions, 178 

partitioning domain, 184 

Picard, 49 

power-law functions, 293 

predictor, 1167 

predictor—corrector, 70, 186, 1167 

@-expansion, 299 


regular expansion in small parameter, 56, 173 


regular series expansions with respect to 
independent variable, 154 

Ritz, 1241 

Runge-Kutta 
fourth-order, 65, 256, 260, 1166 
general scheme, 66 
second-order, 1166 
third-order, 1166 

scaled parameters, 174 
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series expansion in independent variable, 53, 
154 
shooting, 187, 1178, 1180, 1231, 1233 
simplest equation, 297 
sine-cosine, 297 
sinh-cosh, 296 
successive approximations, 49 
Cauchy problem, 185 
sweep, 118 
tanh-coth, 295 
Taylor series expansion in independent 
variable, 53 
two-scale expansions 
Cole—Kevorkian scheme, 177 
Van der Pol equation, 177 
undetermined coefficients, 292 
methods 
Adams, 68 
approximate analytic, 49 
based on auxiliary equations, 74 
Butcher, 72 
extrapolation, 68 
for construction of particular solutions, 289 
for first-order ODEs, 3 
for linear ODEs of arbitrary order, 197 
for linear systems of ODEs, 227 
for nonlinear ODEs of arbitrary order, 217 
for nonlinear systems of ODEs, 245 
for Pfaffian equations, 46 
for second-order linear ODEs, 93 
for second-order nonlinear ODEs, 123 
iteration, 185 
modified multistep, 72 
multistep, 68, 1174, 1227 
modified, 72 
numerical 
embedded in Maple, 1162, 1164 
embedded in Mathematica, 1217 
embedded in MATLAB for boundary value 
problems, 1265 
embedded in MATLAB for initial value 
problems, 1264 
for equations defined implicitly or 
parametrically, 190 
perturbation, 171 
projection, 181, 1242, 1243 
single-step, 63, 1171, 1223 
variational, 1241 
Milne method, 69 
Milne predictor—corrector method, 71 
Mittag-Leffler type special function, 1052 
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mixed boundary value problem, 104, 273 
Erbe—Hu—Wang theorem, 148 
nonexistence theorem, 146, 147 
theorems on existence of two solutions, 147, 

151 
theorems on nonexistence of solutions, 145 

mixed-type boundary conditions, 104 

model for population growth, 1137 

model problem having three solutions, 150 

modified associated Legendre functions, 1382 

modified Bessel equation, 534 

modified Bessel function, 1367, 1368 
of first kind, 534, 1367 
of second kind, 534, 1367 

modified Emden—Fowler equation, 678 

modified Euler method, 64, 256, 260, 1166 

modified Green function, 108, 109 

modified Mathieu equation, 561, 1398 

modified Mathieu functions, 1398 

modified multistep methods, 72 

modified shooting method (boundary value 

problems), 117 

moment method, 182 

Monge equations, 345 

monotonic blow-up solution, 82, 192, 193 

movable critical points, 158 

movable singular points of solutions, 157 

mth-order differential invariant, 315 

multistep methods, 68, 1174, 1227 
modified, 72 


N 


Nagumo-type theorem, 135 
natural oscillations, 232 
Navier-Stokes equations, 129 
Neumann boundary conditions, 103, 1140 
Neumann function, 1362 
Newton—Kantorovich method, 50 
Nother theorem, 339 
nonautonomous equations, 29, 34 
nonexistence theorem 
for first boundary value problem, 140 
for mixed boundary value problem, 146, 147 
nonhomogeneous Bessel equation, 596 
nonhomogeneous Euler equation, 596, 898, 
1067 
nonhomogeneous higher-order linear sys- 
tems, 233 
nonhomogeneous linear equations 
arbitrary order, 198, 201, 202 
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fourth order, 999 
nth-order, 198, 201, 202 
second-order, 96 
third-order, 859 
nonhomogeneous linear systems, 242 
higher-order ODEs, 233 
of first-order equations, 230, 242 
nonhomogeneous systems of linear first-order 
equations, 230,242 
nonlinear boundary value problem in combus- 
tion theory, 142 
nonlinear boundary value problems, 1179, 1233, 
1274 
nonlinear equations 
arbitrary order, methods, 217—226 
fourth-order, exact solutions, 1019-1050 
higher-order, exact solutions, 1068-1098 
involving linear homogeneous differential 
forms, 128, 221 
second-order, exact solutions, 605-828 
second-order, methods, 123-196 
third-order, exact solutions, 901-998 
nonlinear initial value problems, 1170, 1222, 
1269 
nonlinear systems of ODEs, 1146, 1208 
nonlinear systems of three or more equa- 
tions, 1116 
nonlinear systems of two equations, 1108-1112 
nonlocal exponential operator, 325 
nonlocal variable, 85 
non-monotonic blow-up solution, 85, 194 
nonorthogonal polynomials, 1405 
nonrough dynamical systems, 264, 266 
normal coordinates, 232 
normal form, Abel equation of first-kind, 19, 
431 
normal form, second-order ODEs, 95 
nth-order equations containing arbitrary 
functions, 1064,1087 
number e, 1288, 1289 
numbers 
Bernoulli, 1352 
Euler, 1353 
numerical integration 
equations defined implicitly, 80, 191, 225 
equations defined parametrically, 79, 224 
equations with fixed singular points, 76 
nth-order ODEs, 224 
problems with blow-up solutions, 256, 260 
problems with root singularity, 258, 261 
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numerical methods 
embedded in Maple, 1162, 1164 
embedded in Mathematica, 1217 
embedded in MATLAB for boundary value 
problems, 1265 
embedded in MATLAB for initial value 
problems, 1264 
for equations defined implicitly or parametri- 
cally, 190 
numerical solution 
blow-up problems, 81, 192 
with logarithmic singularity, 86 
of Cauchy problem for nth-order ODEs, 224 
of Cauchy problem for parametrically defined 
equations, 190 
of equations defined implicitly or parametri- 
cally, 224 
of problems with root singularity, 88 
numerical solutions 
first-order systems of ODEs, 1183, 1236 
in terms of predefined functions, 1160, 1215, 
1263 
initial value problems, 1168, 1221, 1268 
of ODEs, 1263 
of systems of ODEs, 1279 
visualizations, 1160, 1215 
numerical-analytical solutions, 1241 
Numerov method (Cauchy problem), 116 
Nystrém method, 69 


O 


ODE 
Burgers—Huxley, 300 
classification, 1132 
first-order 
with separable variables, 8 
with separated variables, 8 
ODEs 
containing arbitrary functions, 389, 392, 595, 
599, 786, 820, 892, 1015, 1040, 1064, 1087 
fourth-order, 999-1050 
fourth-order linear, 999-1019 
with arbitrary functions, 1015-1019 
with exponential functions, 1007—1009 
with hyperbolic functions, 1009-1011 
with logarithmic functions, 1011 
with power functions, |000—1007 
with sine and cosine, 1012-1014 
with tangent and cotangent, 1014-1015 
with trigonometric functions, 1012-1014 
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fourth-order nonlinear, 1019-1050 
with arbitrary functions, 1040-1050 
with cosine, 1037-1038 
with cotangent, 1039-1040 
with exponential functions, 1027-1029 
with hyperbolic cosine, 1030-1032 
with hyperbolic cotangent, 1033 
with hyperbolic functions, 1029-1033 
with hyperbolic sine, 1029-1030 
with hyperbolic tangent, 1032—1033 
with logarithmic functions, 1034—1035 
with power functions, 1019-1026 
with sine, 1035-1036 
with tangent, 1038-1039 
with trigonometric functions, 1035-1036 
higher-order, 197-225, 1051-1098, 1184, 
1239, 1281 
higher-order linear, 197—216, 1051-1068 
with arbitrary functions, 1064-1068 
with exponential functions, 1058-1059 
with hyperbolic functions, 1059-1060 
with logarithmic functions, 1061 
with power functions, 1051-1058 
with sine and cosine, 1061-1063 
with tangent and cotangent, 1063-1064 
with trigonometric functions, 1061-1063 
higher-order nonlinear, 217—226, 1068-1098 
admitting reduction of order, 218 
with arbitrary functions, 1087-1098 
with cosine, 1084-1085 
with cotangent, 1086 
with exponential functions, 1075-1077 
with hyperbolic cosine, 1079 
with hyperbolic cotangent, 1080-1081 
with hyperbolic functions, 1077-1081 
with hyperbolic sine, 1077-1078 
with hyperbolic tangent, 1080 
with logarithmic functions, 108 1—1082 
with power functions, 1068-1075 
with sine, 1083-1084 
with tangent, 1085-1086 
with trigonometric functions, 1083-1086 
nth-order 
autonomous, 219 
homogeneous in both variables, 219 
homogeneous in independent variable, 219 
homogeneous in unknown function, 219 
linear, containing arbitrary functions, 1064 
nonlinear, containing arbitrary functions, 
1087 
not containing x explicitly, 219 


INDEX 


Riccati 
containing arccosine, 387 
containing arccotangent, 389 
containing arcsine, 387 
containing arctangent, 388 
containing cosine, 383 
containing cotangent, 385 
containing exponential functions, 375 
containing logarithmic functions, 380 
containing power functions, 369 
containing sine, 382 
containing tangent, 384 
with hyperbolic sine and cosine, 378 
with hyperbolic tangent and cotangent, 380 
second-order 
autonomous, 124 
homogeneous in both variables, 125 
homogeneous in dependent variable, 125 
homogeneous in independent variable, 125 
not solved for y’”,,, 818 
second-order linear, 519—605 
asymptotic solutions, 102 
with arbitrary functions, 595-605 
with arccosine, 581 
with arccotangent, 584 
with arcsine, 580 
with arctangent, 582 
with cosine, 570 
with cotangent, 575 
with exponential functions, 553-559 
with hyperbolic cosine, 561 
with hyperbolic cotangent, 564 
with hyperbolic functions, 560-564 
with hyperbolic sine, 560 
with hyperbolic tangent, 562 
with inverse trigonometric functions, 
580-585 
with logarithmic functions, 565-567 
with power functions, 519-552 
with sine, 568 
with tangent, 573 
with trigonometric functions, 568-579 
second-order nonlinear, 605-828 
with arbitrary functions, 786-828 
with arbitrary functions of three variables, 
820, 821 
with cosine, 778-780 
with cotangent, 781-782 
with exponential functions, 761—768 
with hyperbolic cosine, 771-772 
with hyperbolic cotangent, 773-774 
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with hyperbolic functions, 769-774 
with hyperbolic sine, 769-770 
with hyperbolic tangent, 772-773 
with logarithmic functions, 775-776 
with power functions, 753-760 
with sine, 777-778 
with tangent, 780-781 
with trigonometric functions, 777—782 
second-order not containing x explicitly, 124 
second-order not containing y explicitly, 124 
second-order not containing y/,, 100 
third-order, 829-998 
third-order linear 
with arbitrary functions, 892-901 
with cosine, 869-872 
with cotangent, 876-879 
with exponential functions, 848-853 
with hyperbolic cosine, 855-857 
with hyperbolic cotangent, 860-863 
with hyperbolic functions, 853-862 
with hyperbolic sine, 853-855 
with hyperbolic sine and cosine, 857-858 
with hyperbolic tangent, 858-860 
with inverse trigonometric functions, 
879-884 
with logarithmic functions, 863-864 
with power and exponential functions, 
851-853 
with power and logarithmic functions, 
864-866 
with power functions, 830-848 
with sine, 866-869 
with sine and cosine, 872 
with tangent, 873-876 
with trigonometric functions, 866-879 
third-order nonlinear, 901-998 
with arbitrary functions, 978-998 
with cosine, 974-976 
with cotangent, 977-978 
with exponential functions, 963-966 
with hyperbolic cosine, 967-969 
with hyperbolic cotangent, 970-97 1 
with hyperbolic functions, 967-97 1 
with hyperbolic sine, 967 
with hyperbolic tangent, 969-970 
with logarithmic functions, 971-973 
with power functions, 955-963 
with sine, 974 
with tangent, 976-977 
with trigonometric functions, 974—978 
with constraints, 40 
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one-dimensional problem on thermal explo- 
sion, 148 
one-parameter Lie group of transforma- 
tions, 313, 1156 
one-parameter Rosenbrock scheme, 86 
operator in canonical form, 324 
operator of total derivative, 315 
order of approximation of numerical method, 62 
order reduction of ODEs, 1158 
order reduction of ODEs), 284 
orthogonal polynomials, 1398 
orthogonality properties 
of associated Legendre functions, 1380 
of Bessel functions, 1366 
of Legendre polynomials, 1379 


P 


Padé approximants, 156 
Painlevé equation 

fifth, 167 

first, 158 

fourth, 165 

second, 160 

sixth, 169 

third, 162 
Painlevé transcendental functions, 158 
Painlevé transcendents, 158 
palindromic equation, 280 
palindromic polynomial, 280 
parabolic cylinder functions, 1383 
particular solution, 3 
particular solutions, rational, 161, 162, 165, 

167, 170 
Peano existence theorem for system of 
ODEs, 245 

perturbation methods, 171 
Pfaffian equations, 44 

completely integrable, 46 

not satisfying integrability condition, 48 
phase plane, 250 

first-order autonomous systems, 1239 
phase portrait of dynamical system, 263 
phase space, 263 
phase trajectory, 263 
phase variables, 250, 263 
plane problem of combustion theory 

for Arrhenius law, 149 

for Frank-Kamenetskii approximation, 148 
Pochhammer symbol, 1352 
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point 

algebraic branch, 158 

attracting, 264 

bifurcation, 264 

equilibrium point, 25, 26 

fixed singular, 76, 157 

hyperbolic, 237 

logarithmic branch, 158 

movable critical, 158 

movable singular, 157 

singular, 157 

movable, 157 

stable spiral, 238 

stationary, 25, 249 

transition, 100 

turning, 273 

unstable spiral, 238 
point transformations, 6, 307, 313, 1150, 1212 
points 

equilibrium, classification, 235 

equilibrium, for autonomous system, 249 

singular, classification, 265 
Poisson formula, 1364 
polynomial 

characteristic, 838 

elementary symmetric, 282 

palindromic, 280 

reciprocal, 280 

symmetric bivariate, 282 
polynomial solutions of Riccati equation, 15 
polynomials 

Bernoulli, 1405 

Euler, 1406 

Gegenbauer, 539, 1404 

generalized Laguerre, 1399 

Jacobi, 541, 1404 

Laguerre, 1372, 1398 

generalized, 1398 

Legendre, 538, 1377 

nonorthogonal, 1405 

orthogonal, 1398 

ultraspherical, 1404 
positive definite kernel, 139 
positive property solutions, 138 
Post—Widder formula, 208 
power-law functions method, 293 
predefined function dsolve, 1193 
predictor method, 1167 
predictor—corrector method, 70, 186, 1167 
principle 

factorization, 326 
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Rayleigh-Ritz, 112, 119 
superposition, 201 
homogeneous system, 227, 240, 241 
nonhomogeneous system, 243 
probability integral, 1354 
problem 
boundary value 
approximate solution, 181 
axisymmetric in combustion theory, 149 
lower solution, 135 
nonlinear of combustion theory, 142 
upper solution, 135 
with modulus of unknown, 145 
Cauchy, 4, 28, 33, 1137, 1203, 1259 
constant-coefficient linear ODEs, 209 
existence and uniqueness theorem, 123, 217 
existence and uniqueness theorem for 
second-order linear ODE, 96 
lower solution, 59 
numerical solution for nth-order ODEs, 224 
numerical solution for parametrically 
defined equations, 190 
reduction to integral equation, 203 
reduction to integro-differential equation, 
210 
uniqueness and existence theorems, 4 
upper solution, 59 
first boundary value, 103, 187 
Erbe—Hu—Wang theorem, 141 
existence theorems, 134 
lower solution, 135 
nonexistence theorem, 140 
numerical solution, 191 
reduction to mixed boundary value problem, 
275 
theorem on existence of two solutions, 141 
theorem on nonexistence of solutions, 139 
upper solution, 135 
initial value (Cauchy problem), 4, 1137 
mixed boundary value, 104 
Erbe—Hu—Wang theorem, 148 
nonexistence theorem, 146, 147 
theorems on existence of two solutions, 147, 
151 
theorems on nonexistence of solutions, 145 
nonlinear boundary value of combustion 
theory, 142 
on bending of flexible electrode in electrostatic 
field, 150 
on convective mass transfer with heteroge- 
neous chemical reaction, 154 
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on electron beam passing between two 
electrodes, 143 
on thermal explosion 
for Arrhenius law, 149 
in cylindrical vessel, 149 
in plane channel, 148 
one-dimensional on thermal explosion, 148 
plane 
combustion theory, Arrhenius law, 149 
combustion theory, Frank-Kamenetskii 
approximation, 148 
second boundary value, 103, 188 
Sturm—Liouville, 110 
third boundary value, 104, 137, 188 
Erbe—Hu—Wang theorem, 151 
theorems on existence of two solutions, 151 
well-conditioned linear, 120 
problems 
blow-up, 192 
with logarithmic singularity, 194 
with power-law singularity, 28 
boundary value, 103, 133, 1140, 1205, 1260 
bifurcations, 270, 273 
existence and uniqueness theorem, 
second-order ODE, 137 
existence theorems, 133 
Green function, 103 
linear, 1177, 1229, 1272 
linear equations with nonlinear boundary 
conditions, 152 
linear, bifurcations, 270 
linear, boundary conditions of first kind, 
103, 187 
linear, boundary conditions of mixed kind, 
104 
linear, boundary conditions of second kind, 
103, 188 
linear, boundary conditions of third kind, 
104, 188 
mixed, 104, 273 
nonexistence theorems, 133 
nonlinear, 1179, 1233, 1274 
nonlinear boundary conditions, 188 
numerical methods embedded in MATLAB, 
1265 
numerical solutions, 1176, 1229, 1272 
on unbounded interval, 105 
reduction to integral equations, 137 
sweep method, 118 
uniqueness theorems, 133, 134 
with degeneration at boundary, 105 
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problems (continued) 
boundary value of first kind, 103, 187 
boundary value of mixed kind, 104 
boundary value of second kind, 103, 188 
boundary value of third kind, 104, 188 
Cauchy with non-unique solutions, 36 
eigenvalue, 110, 1141, 1206 
numerical solutions, 1181, 1235, 1276 
first boundary value 
existence theorem, 134 
ill-conditioned, 73 
initial value, 1137, 1171, 1203, 1223, 1259 
linear, 1168, 1221, 1268 
nonlinear, 1170, 1222, 1269 
numerical methods embedded in MATLAB, 
1264 
numerical solutions, 1168, 1221, 1268 
inverse, 315, 341 
linear boundary value, 1177, 1229, 1272 
boundary conditions of first kind, 103, 187 
boundary conditions of mixed kind, 104 
boundary conditions of second kind, 103, 
188 
boundary conditions of third kind, 104, 188 
linear initial values, 104, 273, 1168, 1221, 
1268 
nonlinear boundary value, 1179, 1233, 1274 
bifurcations, 270 
nonlinear initial value, 1170, 1222, 1269 
numerical integration 
for blow-up solutions, 81, 192, 256, 260 
for blow-up with logarithmic singularity, 86 
for root singularity, 88, 258, 261 
qualitative features, for nonlinear boundary 
conditions, 152 
well-conditioned, 73, 120 
with boundary conditions 
involving values of unknown (or/and its 
derivative) at both endpoints of interval, 
104 
of first kind, 112 
of second kind, 113 
of third kind, 114 
with mixed boundary conditions, 114 
with nonlinear boundary conditions, 188 
with nonlocal condition, 104 
projection methods, 181, 1242, 1243 
prolonged operator, 314, 315 
properties 
of exponential function, 1287 
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of integral equations with positive kernel. 
Jentzch theorem, 138 
of logarithmic function, 1288 
of Mathieu functions, 1397 
of nonhomogeneous linear ODEs, 97 
of power function, 1287 
psi function, 1359 


Q 


(-expansion method, 299 
qualitative features 
of problems with nonlinear boundary 
conditions, 152 
of Runge—Kutta schemes, 67 
quasi-homogeneous equations, 429 


R 


rational particular solutions, 161, 162, 165, 167, 
170 
Rayleigh equation, 616 
Rayleigh-Ritz principle, 112, 119 
reciprocal equations, 280 
of even degree, 280 
of odd degree, 281 
reciprocal polynomial, 280 
reduction of Abel equation of first kind 
to Abel equation of second kind, 19 
to canonical form, 19 
reduction of Abel equation of second kind 
to Abel equation of first kind, 22 
to canonical form, 21 
reduction of boundary value problems to 
integral equations, 137 
reduction of bounded interval to unit inter- 
val, 107 
reduction of Cauchy problem for ODEs to 
integral equations, 203 
reduction of generalized Emden—Fowler 
equation to Abel equation,678 
reduction of nonautonomous system of ODEs to 
autonomous system of ODEs,247 
reduction of nth-order ODE to system of 
first-order ODEs, 218 
reduction of quasilinear equations to normal 
form, 129 
reduction of Riccati equation 
to canonical form, 16 
to second-order linear equation, 16 
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reduction of second-order linear ODE 
to canonical form, 95 
to Riccati equation, 95 
reduction of standard ODEs to parametric 
differential equations, 133 
reduction of systems of ODEs to single 
ODE, 246 
reduction to constant-coefficient ODE, 96 
regularizing function, 85, 193 
relations between associated Legendre 
functions, 1381 
representation 
of complete elliptic integrals in series form, 
1385 
of Green function in terms of particular 
solutions, 108 
of hypergeometric function via hypergeomet- 
ric series, 1375 
of inverse Laplace transforms 
as asymptotic expansions, 208 
as convergent series, 207 
of theta functions in form of infinite products, 
1395 
RF-pair 
first, 358 
second, 359 
Riccati equation, 13, 368 
nonlinear transformation, 16 
polynomial solutions, 15 
special, 17 
Riccati equations 
with arccosine, 387 
with arccotangent, 389 
with arcsine, 387 
with arctangent, 388 
with cosine, 383 
with cotangent, 385 
with exponential functions, 375 
with hyperbolic functions, 378-380 
with hyperbolic sine and cosine, 378 
with hyperbolic tangent and cotangent, 380 
with inverse trigonometric functions, 387-389 
with logarithmic functions, 380 
with power functions, 369 
with sine, 382 
with tangent, 384 
with trigonometric functions, 382-386 
Riemann equation, 551 
Ritz method, 1241 
Robin boundary conditions, 104, 1140 
root singularity index, 89 


Rosenbrock scheme 
one-parameter, 86 
special complex, 86 
rough dynamical systems, 264, 266 
rough limit cycles, 266 
Runge-Kutta method, 186 
general scheme, 66 
of fourth-order, 65, 256 
of second-order, 1166 
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saddle, 237 
scaling transformation, 7 
second boundary value problem, 103 
second method 
for reducing order of equations, 320 
for successive refinement of estimates, 61 
second Painlevé equation, 160 
second RF-pair, 359 
second-order constant coefficient linear 
ODE, 94, 521 
second-order equation 
of general form, 186 
of special form, 187 
second-order equations 
homogeneous, 430 
invariant under some transformations, 431 
second-order exact differential equation, 127 
second-order linear equation 
Airy, 520, 1370 
Bessel, 533, 1362 
nonhomogeneous, 596 
constant coefficient, 94, 521 
degenerate hypergeometric, 527 
Euler, 533 
nonhomogeneous, 596, 898, 1067 
nth order, 202 
for prolate spheroidal wave functions, 550 
Gaussian hypergeometric, 541, 1375 
Halm, 548 
hypergeometric, 541, 1375 
degenerate, 527 
Lamé, in form of Jacobi, 592 
Lamé, in form of Weierstrass, 592 
Laplace, 211 
second-order of special form, 212 
Legendre, 538, 549 
Mathieu, 383, 571, 1396 
algebraic form, 540 
modified, 561, 1398 
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second-order linear equation (continued) 
modified Mathieu, 561, 1398 
of damped vibrations, 521 
of diffusion boundary layer, 524 
of forced oscillations, 568, 570 
with friction, 595 
without friction, 595 
of free oscillations, 519 
of oblate spheroidal wave functions, 550 
Riemann, 551 
Whittaker, 532, 1375 
second-order linear equations, 519-605 
asymptotic solutions, 102 
with arbitrary functions, 595-605 
with arccosine, 581 
with arccotangent, 584 
with arcsine, 580 
with arctangent, 582 
with cosine, 570 
with cotangent, 575 
with exponential functions, 553-559 
with hyperbolic cosine, 561 
with hyperbolic cotangent, 564 
with hyperbolic functions, 560-564 
with hyperbolic sine, 560 
with hyperbolic tangent, 562 
with inverse trigonometric functions, 580-585 
with logarithmic functions, 565-567 
with power functions, 519-552 
with sine, 568 
with tangent, 573 
with trigonometric functions, 568-579 
second-order nonlinear equation 
Burgers—Huxley, 300 
Duffing, 173, 613 
Emden—Fowler, 619 
generalized, 652 
modified, 678 
invariant under dilatation—translation 
transformation, 792, 816 
invariant under translation—dilatation 
transformation, 792, 816 
Lienard, 613 
of chemical reactors, 429 
of combustion theory, 429 
of oscillations of mathematical pendulum, 615 
Painlevé 
fifth, 167 
first, 158 
fourth, 165 
second, 160 
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sixth, 169 
third, 162 
Rayleigh, 616 
Yermakov, 249, 786 
second-order nonlinear equations, 605-828 
with arbitrary functions, 786-828 
of three variables, 820, 821 
with cosine, 778-780 
with cotangent, 781-782 
with exponential functions, 761—768 
with hyperbolic cosine, 771-772 
with hyperbolic cotangent, 773-774 
with hyperbolic functions, 769-774 
with hyperbolic sine, 769-770 
with hyperbolic tangent, 772-773 
with logarithmic functions, 775-776 
with power functions, 753-760 
with sine, 777-778 
with tangent, 780-781 
with trigonometric functions, 777—782 
second-type boundary conditions, 103, 1140 
secular terms, 174 
self-adjoint form of equations, 107 
semi-explicit DAEs, 40 
separable equation, 367 
series representation of Jacobi theta func- 
tions, 1394 
shift transformation, 1150 
shooting method, 187 
sigmoid function, 299 
simplest equation method, 311 
simplification of boundary conditions, 106 
sine integral, 1356 
sine-cosine method, 297 
single-step methods, 63, 1171, 1223 
Runge-Kutta methods, 61 
with second-order approximation, 64 
singular integral curve, 7 
singular points of solutions, 157 
singular solutions, 7 
sink, 236, 239 
sixth Painlevé equation, 169 
solution 
approximate, for boundary value problem, 
181 
asymptotically stable, 25, 251 
blow-up, 11, 28, 81 
monotonic, 82, 192, 193 
non-monotonic, 85, 194 
with logarithmic singularity, 28 
with power-law singularity, 28, 81, 192 
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general 
for homogeneous linear equation, 197, 200 
of differential equation, 3, 123, 217, 242 
in implicit form, 3 
in parametric form, 3 
in terms of Bessel functions, 161, 164 
in terms of solutions of Riccati equation, 166 
indefinitely extensible to right, 26 
lower 
boundary value problem, 135 
Cauchy problem, 59 
numerical 
blow-up problems, 81, 192 
blow-up problems with logarithmic 
singularity, 86 
for Cauchy problem for nth-order ODEs, 
224 
for Cauchy problem for parametrically 
defined equations, 190 
for equations defined implicitly or 
parametrically, 224 
for first boundary value problem, 191 
for problems with root singularity, 88 
of linear ODEs using Laplace integral, 212 
of linear ODEs using Laplace transform, 211 
particular, 3 
rational, 161, 162, 165, 167, 170 
singular, 7 
spatially localized, 33 
stable, 25 
asymptotically, 25, 251 
unstable, 25, 250 
upper 
of Cauchy problem, 59 
to boundary value problem, 135 
with root singularity, 89 
solution methods for Pfaffian equations, 46 


solutions 


asymptotic, for fourth-order linear ODEs, 213 
asymptotic, for higher-order linear ODEs, 214 
asymptotic, for second-order linear ODEs, 99, 
102 
exact 
Abel equation of first kind, 431 
Abel equation of second kind, 394 
linear equations of fourth-order, 999-1018 
linear equations of higher-order, 105 1—1068 
linear equations of second-order, 519-602 
linear equations of third-order, 829-900 
nonlinear equations of first-order, 367-518 
nonlinear equations of fourth-order, 


1019-1050 
nonlinear equations of higher-order, 
1068-1098 
nonlinear equations of second-order, 
605-828 
nonlinear equations of third-order, 901-998 
Riccati equation, 368-393 
exact analytical 
in terms of predefined functions, 1127, 1193 
exact polynomial 
Riccati equation, 15 
fundamental, for system of ODEs, 241 
graphical, 1130, 1196, 1255 
in form of ratio of exponential polynomials, 
301 
in form of Taylor series, 159 
in terms of elliptic function, 170 
in terms of hypergeometric functions, 170 
in terms of Whittaker functions, 169 
numerical 
first-order systems of ODEs, 1183, 1236 
in terms of predefined functions, 1160, 
1215, 1263 
initial value problems, 1168, 1221, 1268 
of ODEs, 1263 
of systems of ODEs, 1279 
visualizations, 1160, 1215 
numerical-analytical, 1241 
particular, rational, 161, 162, 165, 167, 170 
symbolic 
with Maple, 1121 
with Mathematica, 1187 
with MATLAB, 1245 
traveling wave, 289 
with root singularity, 88 
with singular points, 157 
source, 236, 239 
spatially localized solution, 33 
special function 
Mittag-Leffler type, 1052 
special functions, 1351-1407 
special methods based on auxiliary equations, 74 
special numerical methods, 74 
special Riccati equation, 17, 369, 1129 
spheroidal wave functions, 550 
spiral sink, 238 
spiral source, 238 
stability, 72 
by first approximation, 251 
of numerical methods, 72 
stable difference scheme, 72 
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stable focus, 238 
stable node, 236, 239 
stable solution, 25 
stable spiral point, 238 
standard numerical methods, 61 
stationary point, 25, 249 
step size, numerical methods, 62 
Stirling formula, 1359 
Stoermer rule, 187 
structure of admissible operator for second- 
order ODEs, 316 
structure of general solution of linear ODE, 200 
Sturm comparison theorem on zeros of 
solutions, 115 
Sturm-Liouville problem, 110 
superposition principle, 201 
homogeneous system, 227, 240, 241 
nonhomogeneous system, 243 
sweep coefficients, 118 
sweep method (boundary value problems), 118 
symbolic notation for derivatives, 1126 
symbolic solutions of ODEs 
with Maple, 1121 
with Mathematica, 1187 
with MATLAB, 1245 
symmetric bivariate polynomial, 282 
symmetries of equations, 277 
system 
Clairaut, 1109 
of n constant-coefficient first-order linear 
homogeneous ODEs, 1108 
of special type resulting from single nth-order 
ODE, 260 
of two constant-coefficient first-order linear 
homogeneous ODEs, 1099 
of two constant-coefficient second-order 
linear homogeneous ODEs, 1102 
systems 
autonomous, 249 
general form, 1109 
reduction to systems of lower dimension, 
249 
involving three or more ODEs, 259 
of algebraic equations, 282 
of first degree of nonroughness with one 
parameter, 266 
of first-order linear homogeneous ODEs, 227, 
228 
of first-order ODEs, 248, 1099, 1109 
of linear constant-coefficient ODEs, 227 
of linear variable-coefficient ODEs, 240 
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of ODEs, 1144, 1207, 1261 

of second-order ODEs, 248, 1102, 1110 
of two equations, 255 

solved for derivative, 245 


T 


t-discriminant curve, 7 
tables 
definite integrals, 1320 
inverse Laplace transforms, 1338 
Laplace transforms, 1331 
tangential group, 322 
tanh-coth methods, 295 
theorem 
Erbe—Hu—Wang, 141, 148, 151, 152 
first boundary value problem, 141 
mixed boundary value problem, 148 
third boundary value problem, 151 
existence and uniqueness, 96 
instability by first approximation, 252 
Jentzch, 138, 139 
Lax, 73 
Lyapunov, asymptotic stability, 254 
Lyapunov, stability, 254 
Nagumo-type, 135 
Nother, 339 
on estimates of solutions, 115 
on nonexistence of solutions to first boundary 
value problem, 139 
on roughness of dynamical system, 266 
stability by first approximation, 251 
Sturm on zeros of solutions, 115 
theorems 
of stability and instability, 254 
by first approximation, 251 
on estimates and zeros of solutions, 115 
on existence of two solutions 
for first boundary value problem, 141 
for mixed boundary value problem, 147 
for third boundary value problem, 151 
on nonexistence of solutions for mixed 
problem, 145 
on smoothness and parametric continuity of 
solutions, 6 
on stability or instability of equilibrium 
points, 26 
on symmetries of first integrals, 337 
thermal explosion 
for Arrhenius law, 149 
in cylindrical vessel, 149 
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third boundary value problem, 104, 137 with sine, 974 

Erbe—Hu—Wang theorem, 151 with tangent, 976-977 

theorems on existence of two solutions, 151 with trigonometric functions, 974-978 
third Painlevé equation, 162 third-order Runge-Kutta method, 1166 
third-order constant coefficient linear ODE, 838 _ third-type boundary conditions, 104, 1140 
third-order equations, 829-998 topological structure of phase portrait, 264 
third-order linear equation topologically equivalent dynamical systems, 264 

constant coefficient, 838 transform 

Euler, 847 inverse Laplace, 204 
third-order linear equations Laplace, 204 

with arbitrary functions, 892-901 transformation 

with cosine, 869-872 arc length, 83, 85, 194 

with cotangent, 876-879 Gauss, 1390 

with exponential functions, 848-853 Kummer, 1371 

with hyperbolic cosine, 855-857 Kummer-Liouville, 96 

with hyperbolic cotangent, 860-863 Landen, 1390 

with hyperbolic functions, 853-862 Legendre, 43, 477 

with hyperbolic sine, 853-855 scaling, 7 

with hyperbolic sine and cosine, 857-858 shift, 1150 

with hyperbolic tangent, 858-860 translation, 7 

with inverse trigonometric functions, 879-884 von Mises, 129 

with logarithmic functions, 863-864 transformations preserving form of equa- 

with power and exponential functions, tions, 283 

851-853 transition point, 100 
with power and logarithmic functions, translation transformation, 7 
864-866 traveling wave solutions, 289 

with power functions, 830-848 trigonometric functions, 1289 

with sine, 866-869 of half argument, 1292 

with sine and cosine, 872 of multiple arguments, 1292 

with tangent, 873-876 trinomial equation, 214 

with trigonometric functions, 866-879 turning points, 273 


third-order nonlinear equation two linear constant-coefficient coupled 
autonomous, 982, 995 ODEs, 235 
Blasius. 1156 two-term asymptotic expansions for second- 


generalized homogeneous, 979, 996 order linear ODEs, 100 


invariant under dilatation—translation 


transformation, 997 U 

invariant under translation—dilatation ultraspherical polynomials, 1404 
transformation, 997 underdetermined equations, 345 

third-order nonlinear equations, 901-998 uniqueness theorems for boundary value 

with arbitrary functions, 978-998 problems, 134 

with cosine, 974—976 universal invariant, 314 

with cotangent, 977-978 unstable focus, 238 

with exponential functions, 963-966 unstable node, 236, 239 

with hyperbolic cosine, 967-969 unstable solution, 25, 250 

with hyperbolic cotangent, 970-971 unstable spiral point, 238 

with hyperbolic functions, 967-97 1 upper solution 

with hyperbolic sine, 967 of Cauchy problem, 59 

with hyperbolic tangent, 969-970 to boundary value problem, 135 

with logarithmic functions, 971-973 use of Laplace transform for solving linear 


with power functions, 955-963 systems of ODEs,234 
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use of particular solutions Weber equation, 520 
to construct general solution, 15, 23 Weber parabolic cylinder function, 1383 
to construct self-transformations, 22 Weierstrass elliptic function, 1392 
using of local groups for reducing order of well-conditioned linear problem, 120 
ODEs, 319 well-conditioned problems, 73, 120 
using of particular solutions for reducing order Whittaker equation, 532, 1375 
of ODEs, 200 Whittaker functions, 1375 
Wronskian determinant, 94, 108, 201, 241 
V for system of ODEs, 241 


Van der Pol equation, 177, 618, 1132 

Van der Pol oscillator, 610 Y 
variational methods, 1241 

Volterra integral equation of second kind, 203 
von Mises transformation, 129 


Yermakov equation, 249, 786 


Z 


W zeros of Bessel functions, 1366 
wave functions, spheroidal, 550 zeros of Legendre polynomials, 1379 


